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FOREWORD
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Dr. K. H. Powers, Director. The principal investigator and project engineer
is Dr. D. A. de Wolf.
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conclusions. 1t is submitted only for the exchange and stimulation of ideas.

The Air Force Program Monitor is Lt. Darryl P. Greenwood.
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ABSTRACT

Several statistics of the focal spot of a focussed laser beam in turbulent
air are computed. The average area is recomputed for horizontal propagation,
and corrected graphs are presented. Comparison to the half-power area is made,
and it is concluded that the irradiance-weighted radius variance is a slightly
better criterion, although the differences are small. The calculations are
extended to slant paths. The power spectrum of the area scintillation is shown
to be proportional to that of angle of arrival of a ray. It is computed for
frozen flow and for random flow with zero mean velocity. Both spectra are
initially flat, then decay as £-2/3, A composite formula is suggested for
the general case.
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SUMMARY

Atmospheric turbulence causes the focal spot of a focussed laser beam to
scintillate, i.e., the irradiance distribution in the focal plane varies irreg-
ularly. In the first quarter of the contract period (9 June to 8 September 1971),
a simple calculation of the variance of an irradiance-weighted radius of the
focal spot was presented. It yielded an average focal-spot area equa} to_the
sum of the diffraction-limited area and an_area proportional to L3rm1 3Cn2
(L = range, km = microscale wavenumber, C,* = refractive-index structure
constant).

There exist arguments whether such a variance represents an effective area
as well as the half-power area in the focal plane. Moreover, some numerical
errors crept into the analysis and the graphs. Hence, the entire matter is
presented again in Section I with errors rectified, and with a considerable
discussion of the "differing" definitions of effective focal-spot area. We
conclude that the differences are unimportant, and that the irradiance-weighted
variance is more proper.

In Sections II and III, the analysis is extended to slant paths, ground-to-
air, and air-to-ground. The theory summarized by W§ngaard, et al.[5] is uti-
lized for incorporating the height dependence of Cp (z) into the theory. The
effects are much less than in ground-level horizontal propagation, and weakest
for the ground-to-air case. Graphs are presented that allow ome to convert the
horizontal-propagation parameters into slant-path equivalents, when altitude of
laser or receiver is known.

In Section IV, the power spectrum of focal-spot radius scintillation is
computed. It is proportional to the power spectrum of angular fluctuations of
a ray. We compute the latter for two cases: (1) Taylor's hypothesis, i.e..
frozen flow with a steady wind velocity, and (ii) random velocity distribution
with zero mean. An approximate formula is constructed for the composite of
these two cases: it yields a spectrum that is a function of a square velocity
v2 = ur? + 16AU2/3. Here, UT is the mean-velocity component across the beam,
and AUZ is the velocity variance. The spectrum is flat when w < v/Lo (w is the
angular frequency variable of the spectrum, L, is the macroscale). It decays
as w2/3 for v/Lo < w < kgv, and cuts off quite sharply when w exceeds wnpV.
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I. HORIZONTAL PROPAGATION PATH
| !
In the First Quarterly Report[l], a formula was derived for the effective
focal-spot radius rp, of a focussed laser beam propagating through turbulent air
characterized by strength an and scales %245 & 5.92/kp and L,. The definition

of ry, is
1

! 2I 2 p ! ' ;
‘ r =fd o p2 < I(K,L)>/fd2p <I(p,L)> 1)
, . t »

- hence it is an average-ifradfance weighted variance of the distance in the focal

plane from the central axis. The result we obtained is

|
)

3 1/3.2 )
Km‘ Cn - . (2)

’ rL2 - (L/kr°)2 +131L

!

for a Gauésiaq beam. The general result is

2 2 3 1/3.21 '

where r; , 1s defined by (1) if < I(;,y)> is feplaced by the free-space IO(E,L).
The result '(2) is essentially the same as that of Varvatsis and Sancer[2].
! | ' : .
Lutomirski and Yura[3] define anothgr effective focal-spot radius ry'
(z6 in.their notation) which is defined ds a half-power radius such that
<I(,L)> =1/2 <I(0,L)> for p = r'. They obtain
L

r = 0.9 L3/2 K 1/6

2 5/3,. 2.
L ? . cn f?r 0.45 Lzo cn > 1

: | : (4)
| i , H
& 0.7.8/51/5¢ 6/5 | ¢op 0.ax%Le /3¢ 2 << 1
. I n (o g n
i ' |

There is also a lower bound on L for the second criterion in (4) but it is of
‘the order of one or deveral meters for systems with apertures of at least 10 cm
diameter, and hence not of much practical importance.

I ! :

The results (3) and (4) appear different for L less than (0.4k2205/3cn2)-1,

a distance of roughly 7 km at 0.6 um and more than 2000 km at 10.6 um. This
difference thus appears to manifest itself in practical situations, particularly
in the infrared regime. At the time of writing - early 1972 - there appears
ito be Gisagreement among workers in the field about relevance and applicability
of results (3) and (4). The purpose of this section is to clarify the matter.

i %

The peculiarity of result (3) is the following: for truncated beams -
particularly for the so-called Airy-disk case - one finds Tio ™% hence L

| |



and the result agpears meaningless. Moreover, rLz-rLo2 depends on the micro-

scale 2o (or Km_ ).
The peculiarity of result (4) lies in the somewhat arbitrary definition
of r,' as a half-power radius,* and the dependence of rp' upon the macroscale Lo.

We wish to make a case for the statements that result (3) is more funda-
mental than result (2) - also in the case that rpo > ® - and that the differ-
ence between (rLz-rLo )1 2 and r,' is rather small for all practical cases.

In order to do so, it is first noted that the defin§7§on§ of
(rLz-rLoz)l/2 = rpp, and 1.25 rp,' coincide when 0.4k2L%, C,” >> 1. The
reason is that the irradiance profile at z = L has become Gaussian in which
case the half-power radius differs from the irradiance-weighted variance by
only a numerical factor ~ 1,25.

The next point is that (3) is a very general result, as noted on page 9
of Reference[l]. In Appendix I, we give a derivation well-known in radio
astronomy[4] where an analogous problem exists in analyzing the power spectrum
of backscattered radio pulses. The spectrum is a convolution of the spectra of
the target scattering amplitude and the pulse envelope. Hence the variance
width of the spectrum (which tells you something about the Doppler content of
the astronomical object viewed) is the Pythagorean sum of the variance widths
of the two component spectra in the convolution. The variance width of a square-
pulse spectrum is infinite. Hence the analogy. The difficulty is circumvented
by regarding the difference of the variances which can be computed in any prac-
tical case by exploiting the finite bandwidth of the observed spectrum. In
our case, that means that rL32 = rLz-rLoz can be computed in practice because
rLo is not really infinite: it is limited by finite signal-to-noise ratios and
if these are taken into account congistently for rp, and rLo there is no real
difficulty. I.e., one computes from the data,

o
1]

0
n
] ) -5
r, =f % o2 [<1(3.L>> -Io(p.mﬂ f % <13,1)> (5)
0 a

where pp is a value of the radius beyond which the patterns vanish into noise.
If the broadening due to turbulence occurs well within Pns i.e., if the result
of the above calculation yields LB << Pps then it follows that the denominator
of (5) is adequate since it is essentially equal to the total power emitted by
the laser. It is quite true that the second p-moments of < I(p,L)> and IO(K,L)
are proportional to py, but their difference is not. The quantity rpp‘ there-
fore can be calculated and has meaning even when the variance width r; .2 of the
vacuum irradiance pattern is infinite. The irradiance pattern is thus broad-
ened in turbulent air by convolution with the Fourier transform IB(E) - see
Appendix I - of the mutual-coherence function of a spherical wave field in
turbulent air divided by the equivalent vacuum field. The quantity rig2 is
simply the variance width of this Fourier-transform pattern IB(E), where

d = (k/L)3.

*However, definition (II) of Ref. 1 yields essentially the same result (private
communication, D, P. Greenwood).
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In my opinion this settles the question of whether the resulting broadening
should depend upon the macroscale Lo or upon the microscale %5. The broadening
is clearly determined by the shape of Ig(q). The variance width rL32 of Ig(q)
is finite and therefore clearly a valid measure of the width. It is given by
(A-10), hence it is a function of the microscale. It is fairly easy to under-
stand why the broadening depends more essentially upon the microscale. The
definition of IR(4) in (A-3) makes it perfectly clear that the radius parameter
4 = (k/L)? of the Fourier-transform pattern in the focal plane is the Fourier-
conjugate variable of Ehe difference coordinate AZ in < B(1)B*(2)> Consequent-
ly the behavior of Ig(q) for large q is determined by the small Ap-behavior of
< B(1)B*(2)> . These are both therefore determined by the mieroscale Lo. On
the other hand, the macroscale L, determines the behavior of < B(1)B*(2)> for
large Ap, hence of Ig(4) for small q.

What we are saying is in effect that the half-power radius rp' is not
really a good measure of the broadening (although we will show further on that
it isn't bad either). Bgmember that*the pattern < I(K,L)>- in the focal plane
is a convolution of I, (p,L) with Ig(p,L) = IB(ﬁ%. When Ig is broad compared
to I,, obviously the broadening is given by r;pc ~ Lokp~/3C and the first
criterion for ry' given in (4) must hold. When Iy is narrow compared to I,
the broadening is also given by rpp v L3Km1/30n2, but this quantity is then
small compared to the width of the main lobe of Iy, and therefore not interest-
ing. The interesting case is when ry;g is comparable to thg main-lobe width in
which case Lutomirski and Yura[3] utilize rp' ~ L8/5k1/50n /5 and the second
criterion in (4). At infrared fre uenc}es, most propagation paths of interest
fall into this case when an ~v 10-13m™ What happens in this case is that
the nulls between main lobe and side lobes of Ty are rapidly filled. The total
patterns < I> given in [3] indicate this at p-ths L larger than several hundred
meters (L = 100 z.). The half-power radius then becomes rather arbitrary.

There is another way to examine this difference between ry' and rpg. It
is simply to compare them! In fact, let us compare rpg and 1.25 rp' to each
other, since these coincide for a Gaussian beam.

'
L8/5k1/50n6/5
2]

TLB L

1.25 T

-5/3,2 2)1/10 6)
= [« % c
3/2 " 1/60 <m n
m n

For fixed frequency, this ratio varies with (Lan)lllo, i.e., very weakly.
Clearly, the definitions are not very different. More serious, however, is
the restriction of validity of the numerator of (6) to the condition (p. 1657
of[3]),

{

10 < 0.4k2L L°5/3 2 4 (7

C "~ <10
n

for errors of less than 25%. By taking the 10-th root of (7), we obtain



-1/6 ' -1/6 '
1.4(KmLo) < 1.25rL /rLB < 2.8(KmLo) (8)

A typical large surface value for Kmlo 18 103, hence we note th.t in the region
of validity of the expression for rL', we have

1
L /rLB < 0.9 (9
Relationships (6) and (9) indicate clearly that there is not much numerical
difference between ry' and rpp in the region of validity of the cited expression
for r,'. On the other hand, the expression for rjp is valid over a wider range.
Hence it is concluded that (3) is to be preferred to (4), although careful use
of (4) does not lead to appreciable differences.

0.4 < 1.25r

Horizontal propagation is characterized by constant an along the propaga-
tion path. It is therefore fairly simple to plot (3) for this case. Figures
1 and 2 of Reference[l] contain some inaccuracies, hence new graphs are sup-
plied in this report.

100
Figure 1.

The free-space focal-spot radius
rLo, and its average bro:dening
rg (< rL2> = ILo +rL32) as func-
tions of range L for 10-14 < Cn

in m=2/3 < 10-12,

. in cm ———»

o.l




In Figure 1, we plot r], vs L according to (3). The solid lines represent
r;p» the second term in the right-hand side of (3). The dashed lines represent
rLo for two different frequencies.

In Figures 2 and 3, we plot ro. vs L. The critical laser aperture ryoc is
defined to be such that rp o = rpg. If ro. is increased, then ri, is decreased
and ry, v ryg. That indicates that larger apertures than those with radius rgc¢
will not yield smaller average focal areas: a lower limit erBZ masks the
diffraction area. By setting rpo = L/kry. equal to rip we obtain

» 1/2 1/6 i
T 1/1.4 kL Ko C, = L/krLB (10)

A=0.6um

o
T
|

CnZ in m2/3 10718

foc in cMm ——

/

Q. | 10

L in km —=

Figure 2. Maximal aperture radius roc required to obtain a minimal
average focal-spot area as a function of range L for
1014 < ¢p2 in m=2/3 < 10-12 a¢ A = 0.6 ym.



foc in cm ——»

100

o

A | 1

0.1 ] 19

L in km —
]

! . oy

Figure 3. Maximal aperture radius Ioc required to obtain a minimal
average focal-spot area as a function of range L for

10~14 < an in m~2/3 < 10-12 at A = 10.6 um.
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' II. SLANT-PATH PROPAGATION: GROUND-TG-AIR

I . ! |

| \ '
In this section, we will modify (3). for the case of slant-path propaga-
tion in which case an is a function of altitude. To do so, we note that the
main difference with horizontal propagation is that instead of obtaining in

(ArlO) a factor

i \ i , ' ) |
o' ,
I ' .
Le f akiok) - | | ! ;
| 0 ! :
from the limit p + 0 in (A-9), we should be oPtaﬂning

. ;
| ] : ; ! : r
L o [
g .

'1im 4p'2 .f dsez(s) f dRKO(K) [1 - Jo(Kps/L)]
p"o . o ! o l . i
! ‘ . !
! ' I ' . (11)
' L ) !
! o f dsez(s) '(ss/L)2 'fl dKK3d>(K)
0 0 ' ‘

! '
' i

\
I ! i
oo

for a slant path chatracterized by a path parameter s. Equation' (11) inserted
.1nto (A-10) yields .
! .
J . L :

’ . ! 1
2 .21/3 W2 A2 ! ' .
239187 [ asem? e . T (12)
. 0

| ) |
In adapting (12) to a situation where the laser is located at an altitude zq
close to the ground and pointed upwards at an elevation 'angle of 6 with the
horizop towards an object at distance L, it is noted that path coordinate s is

, related to altitude z through g = (z-zo)/sina.

The behavior of C, (z) with altitude is fairly complicated - particularly
at altitudes above 1 km. The Hufnagel curve, Figure'4, indicates the diffi-
culties: xo%currence'of random disturbed layers and dependence of lower-
altitude Cnh“ upon time of 'day. Wyngaard et al. have surveyed recent develop-
ments in altitude dependence of Cp2[5]. Their results yield,

:Cﬁ (z?’= C (z )(T /T) (z /2)2/3 (1+?/28)T?/3 !
| (13)
x exP['Z(zfzo)/h] ,
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Figure 4. Cp(z) in cem /7 vs altitude z; the "Hufnagel curve".
The Wyngaard, et al. predictionms [Reference 5] are
included.

where T is the temperature at altitude z (To at 2,), h is the scale-height of
pressure at sea level (h ~ 8.3 km), and L5 is a length parameter related to the
Monin-Obukhov length Lyg by £g = -Lyg/7. This model predicts (for 2z << h).

an « 2-4/3 sunny day - midday (zs 1.5 m)
C 2 « z-Z/3

n dawn, dusk (zs + =),

and Figure 4 bears the prediction out quite well. The older Fried model,
cited by Titterton[6], and Sutton[7] will therefore not be followed. Note
that Equation (12) is a function only of the receiver altitude Z = Lsinf, and
that it can be rewritten as



2

2
B (z) = B (0) .F(2)

Z
F(2) =% f dz exp(-Zz/h)(z/Z)2 (14)

Z
(o]

x (/2 ) 3114 (zrz ) 12172

Note that the temperature dependence on altitude has been ignored. It is
variable, but weak compared to the other s-dependent parameters in the F(Z)
factor of (14). Certain approximations simplify the calculation of (14):

(1) sunny day - midday situgtion: We may replace the last two fac-
tors in (14) by (2025)2/3 (2)~4/3 provided Z >> zg,%g. For Z << z,
we obtain F(Z) = 1. The critical altitude Z. for which Z, = 2o, g
is of the order of 1 m or less when zo 1 m, and L > 1 km. Hence,
slant paths are handled easily for most non-zero angles 6 by
means of this simplification.

(i1) dawm, dusk situation: Because g + = in this case, we replace
the last two factors in (14) by (z/zo)'2 3 under the proviso
that Z >> z,, which is always true for any airborne target

under consideration.

The remainder of this section is devoted to straightforward numerical
expression of (14). It is easily seen from (10) and (14) that

r (D, (0) = £, (O/r @ = [F@)]1 2. 15)

Hence, it suffices to plot (15) as a function of Z in order to infer the slant-
path quantities from those at zero altitude for an equivalent path of length L.

(i) sunny day - midday: With the previously discussed simplifica-
tions, it follows that

F(Z) ~ 1.8 [(zoR,s)l/z/Z]l'/3 for Z << h/2
(16)
v 0.85 h5/3(zozs)2/3lz3 for Z > h/2,

the intermediate regime is governed by the incomplete gamma
function from which (16) is derived.

(11) dawm, dusk: Likewise, we obtain



F(Z) n 1.3(20/2)2/3 for Z << h/2
(17)

N 0.7 h7/3z02/3/Z3 for Z >> h/2.

In our view, the Z >> h/2 forms in (16) and (17) should not be regarded

very seriously because they depend upon validity of the model (13) above .
z =h/2 "~ 4 km, and that is certainly above the altitudes where this model
is valid.

In Figure 5, we plot the Z << h/2 forms of [F(Z)]-]'/2 vs Z, using
20 =20 ~1 m. The plots are substantially the same as those in the Second
Quarterly Report (9 September - 8 December 1971, sequel to Reference[l]).
However, it is simpler to plot the ratios as functions of altitude Z, and to
modify the horizontal-path results of Figures 1 to 3 by these altitude factors

when the image at the end of path L is at altitude Z.

10 , -
SLANT PATH:UP
’;
¥
] d
E A
- L]
. : :
~N ;gr o
/ &
&
.l L i
10 100

Figure 5. Modification factors for rp, and r,, (from Figures 1 to 3)
for ground-to-air propagation for laser transmitters at

altitude 2.
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Clearly, the effect ¢f turbulence is much less pronounced on slant paths.
It should be stressed that the curves in Figure 5 depend on zol 3 and on
251/3, and that we have chosen 29 ~ 1 m, g =~ 1 m. The slant-path results of
Figure 5 should be scaled accordingly, if different values for z, (laser
- height) and 2g(= -Lyo/7) are utilized. Note that Z = L sin 6; these curves are
functions only of the product L sin 6. Each point describes a variety of path-
lengths L and elevation angles 6 subject to L sin 6 = Z,

1i




III. AIR-TO-GROUND PROPAGATION

If it is the transmitter that is at an altitude z = Z, and the recelver
at z = z, such that the propagation path has a length L at an inclination of
-0 with the horizon (ignoring curvature effects), then a slightly different
calculation ensues. Instead of (12), we obtain

L
2 -39 sz;“ f ds(l - s/L)> Cﬁ(z) (18)
0

Because the dominant part of the integral is in the first 150 m or so above
the ground, where (l-s/L)2 ~ 1 for altitudes Z of 500 m or more, and because
the model for an(z) is not trustworthg above several hundred meters, we may
just as well ignore the factor (1-s/L)“ in (16) and adapt (14)- to the present
case by writing

2
2, (2) = rfB(O) F'(2)
7 (19)

F'(z) = %-./. dz exp(—22/h)(1+z/z':))_2/3[1+(z+z':))/ll,s]-2/3
0

We have utilized Lsin® = Z in this formula, as in the previous section. The
numerical work is a little more complex than in Section II.

(i) Dawn, dusk: In this case (17) simplifies to
Z/zo

3z
F'(z) = =2 f ax (1+) 23 exp(-2x2/m), (20)
1

and when Z << h/2 (we need not consider the other case because
the model is then too uncertain) it follows that, to good
approximation,

F'(zZ) ~ 9(zo/Z)2/3 for Z << h/2. (21)

(i1) Sumny day-midday: To sufficiently accurate approximation, (19)
can be simplified to

Z/z
3z 1/32 2/3 o

F'(z) » —5—— f ax x 23" exp (-2xz /) , (22)
1
and a further approximation is to replace Z/zo in the upper
bound of integration bg o, Replacing x by y-1/2, we obtain
L]

an integrand (y2-1)'2/ in which we may ignore the -1 term;
i.e., '

12



3z 1/3£ 2/3 =
F'(Z) ~ -u—f dy y-"/3 n9 2 1/32. 2/3/2. (23)
Z o 8
3/2

The resulting expressions (21) and (23) are inserted into (15) which is
plotted i) Figure 6 for air-to-ground propagation. The effects of turbulence
are somewhat larger in this case than in the equivalent opposite case: ground-
to-air. The reason is that the filter factor of (12) eliminates contributions
from low-altitude an(z), whereas that of (16) removes high-altitude (much
lower) Ch2(z). This may appear surprising, but we must remember that the
focussed bundle consists of spherical wavelets leaving the aperture at z = 0
and coming together close to z = L, each at its own angle. Turbulence affects
the direction of a spherical wave most when the distance frcm the point of
transmission is large. The effect is analogous to the "dirty windshield"
effect: a driver with a dirty windshield can be blinded by the headlight of an
oncoming car, but the oncomer cannot see that the windshield of the other car
is dirty.

10 T T
SLANT PATH : DOWN

Z in km —o
I

0.l A A
10 100

roc(Z)/%¢cl0) = r g (0) /rLB(Z) —
Figure 6. Modification factors for rj, and r,. (from Figures 1 to 3)

for air-to-ground propagation for laser transmitters at
altitude Z.
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L
IV. SCINTILLATION RATES: ANGULAR-FLUCTUATION POWER SPECTRUM ;

i s . |

A. INTRODUCTION o

So far, we have discussed only the average focal-spot broadening due to
atmospheric turbulence. What really happens is that the focal spot scintillates
around the average. Consequently the next questions deal with higher-order
statistics such as the variance of the focal-spot area around the mean, and
with the time scales on which this phenomenon occurs.

|

We will occupy ourselves in this section with the t&me scale of scintilla-
tion; i.e., with scintillation rates. There are many ways to define a signifi-
cant measure of scintillation rates, but the one most cormonly used is the
power spectrum of a scintillating quantity. The power spectrum is the Fourier
transform (with respect to separation time 1) of the autocovariance of the
scintillating quantity with itself at a time T later. It is a function of the
conjugate variable w, an angular frequency. , i ' R -

I 2

Let us trz to define an appropriate autocovariance function RLB(F) thét-
reduces to rpg“ when T + 0. To do 80, we note that the average of Equation i
(A-1) is a special case of C

< E(?;t)E*(?;t+T)> | B .
(24)

2 2 + > X 5 > 3 -> x 5 > o
« fd plﬁ P, <B(r,r;;t)B (r,rz,t+r)>Uo(rl)Uo(rz)exp[ikp (pq 92””'

When t + 0, we note that the above formula reduces to‘thaﬁ for < I(?)‘)-. So.

the new definition that we introduce for RLp(1) is obtained from (5) by re-
placing <I (#,L) > in the numerator by (24), viz., ' ‘ |

R = [ oo’ [ <EEGoE" Gero> 1 DY fodo ads, 1 (25)
0 0 * !

where ; = (;,L). In fact, the numerator of this definition can be obtained by
multiplying p [E(?;t)-Eo(%;t)] by the complex conjugate,of’p‘[E(?;t+r)-Eo(?;t++)], ‘
averaging this and then integrating over the focal plane (the cross terms are

zero on the average). It is therefore plausible that' R(1) is physically,

analogous to the autocovariance of a focal-spot radius at time separation T,

Let us therefore adopt (25) as the desired autocovariance. ‘ !

If the derivation in Appendix I is followed with .this one difference: ! '

(24) 1s to be used instead of (A-2), it 1s readily seen that we obtain, instead
of (A-10), : | .

14 , : ,




! 3 2 !
RLB(T) dKX
: 0,
1 ' c
where 62¢4(K ;7) 1is the Fourier transform of < Ge(rl,t)de(r st+t) > averaged
| also over t, with respect to the difference coordinate rj-r, = AY. It will be
noted by comparing (26) with Appendix I¥ of Reference [1 that
i 2 }
R (1) = 3— < a'e'(c)-sé’(c+]1)> , (27)

|

3

¢4](K;T), - (26)

11y that the autocovariance of a weighted focal-spot radius is intimately

. associated with the autocorrelation of the angular deviation &8 of a ray over
a path of length L. For those who feel uncomforta%le with the definition
given for Ryg(7), we can therefore state that another physical interpretation
of this quantity is that it is propoitional to the autocovariance of the
angular deviation of a ray. Let us therefore define

'
'

| Re(T)

2 i
', Le 2.2 .
= _[d KK” 0, (K;1).

. [
The qonnéction between Ry and Ry g follows from (27) . We shall now restrict
olrselves to, (28), and to hoIizontal propagation with uniform an along the
~path for simplicity. Extensions to slant paths will be pointed out where
; germane. - : : i

< 63(1:) -63(t+r) >
‘ ; ' (28)

Thelmajor point in further developing (28) is to make a good hypothesis
for ¢4(K;1). By definition |

1

> >
0, (K;1) = fdaArl <se(F it) 6™ 5o > 1NN, (29)

where averaging over time is implied. In Appendix II, we utilize Favre's
hypothesis[S] to find (A-17) as the major step in ensuihg development. In-
serting (A-17) into (28), one obtains,

- .
2, ' ’
Ry(1) = £ [ ae® o(k) 3 (KU 1) exp(- —KZAUZ 2y, (30)
' i S 0 .

where Ur is the component of the mean velocity normal ‘to the propagation
direction, and AU2 ig the variance of the wind velocity in isotropic turbulence.
When AU2 = 0, Equation (28) describes "frozen flow" or "Taylor's hypothesis':
the motion is a steady convection 'of a random spatial structure of eddies

(that are immobile with respect to each other) across the beam with velocity

1 i ! H
.
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component Up. By using_Equation I-3 of Reference [1]), and transforming K to
a new variable x = K2L,%, we rewrite (30) as

2
15.7 L : -11/6
Re(r) = e_L; f dxx (1+x) Jo(wT'r vx)
g (31)

x exp[—x(Aw212/4 + 1/'(: ch,)],

where wp = Up/Ly and sz = 16AU2/3L02 are the frequencies obtained by dividing
the previously introduced velocities by the macroscale L,. Finally, the
powver spectrum of angular fluctuations, Wg(w), is the Fourier transform of (31):

We(w) =2 f dt Re('r) cos Wt (32)
0
A simplification can be made by noting that x(1+x)_11/6 = (1+x)-5/6—(l+x)_11/6'
It allows one to rewrite (31) and (32) as
15.7 €L
We(w) =87 —E; [We(w,5/6) -We(w,11/6)], (33)
with the following definition of We(w,q):
- o0
Wy (©,0) =f d'rf dx (1)1 J_(upt Vx)
0 0 (34)

x expl-x(au?t2/4 + 1/c2 1D)] cos ur.

Thus, we attempt to compute (34) for q = 5/6 and for q = 11/6, and insert the
difference into (33) to obtain the power spectrum. Unfortunately, the double
integral in (34) does not appear integrable into a tabulated function in
general. However, we can do two special cases, namely Aw = 0 and wt = 0.
These two cases are the subject of subsections B and C.

B. FROZEN FLOW (TAYLOR'S HYPOTHESIS), AU2 =0

In this case, it is easiest to carry out the Fourier transformation in
(34) first, inverting the order of integration, to obtain

Wy (w,q) = f dx (1+x)_q(xw,§—w2)

w2/w§

2 exp(xi? 13). (35)
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Let us also introduce the frequency Qr = kpUyr; it corresponds to a velocity
divided by a microscale. Equation (35) is easily transformed into,

- 2

o 2,02 -1/2 2 2,-q _-y/Q

Wo(yq) = w2972 195 _[ dyy Syt +wp) T e T

6 T A
(36a)
2,2 2. 2
/i R e S~ w Hug
2T ) + 9 e ulz, 2 - q, - .

W 2 2° 2 2
O g

The second form was obtained by utilizing Equation (14.4.12) of Reference [?9],
and converting the Whittaker functicn in the result to a Kummer function

U(a,b,z) as in Equation (13.1.33) of Reference [10]. Let us see what We(m,q)
looks like for different parameter regimes:

(1) w << QT:
For the case that w is much less than the microscale-defined

frequency Qp " Up/%o, we can utilize Equations (13.5.10) and
(13.5.12) of Reference [10] to obtain

+ —

_ 2\ 1/2-q
Wy (w,q) = M - <1 ' )

T(q) g 3 (36b)
w
T
(11) w >> QT:
In this case, we utilize the asymptotic form of Kummer's func-
tion U(a,b,z) + z™2 to find,
/n wz -4 -mzlﬂz
We(w,q) KmLo ] 1+ - e T . (36¢c)
T W

This formula is not very interesting since w >> Qp implies a strong
Gaussian decay factor making (36c) quite negligible compared to (36b).

Note that the power spectrum is flat below w= UT/LO, and then decays as
an2l3 for Uplly < w <<'UL/£dm As w-approaches Up/%,, the decay -sharpens-into
a Gaussian cut-off, but this has as much meaning as the Gaussian cut-off in

¢ (K).
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C. RANDOM VELOCITY (NG MEAN), UT =0

Returning to (34), we again carry out the Fourier transformation first
to obtain,

2
W (1,q) = /_ dxx“l/z(lﬂ:)-q exp -(Lﬂ——'- -3£") . (37)

0 xAm2 KZLZ
m o

This case is slightly harder tc handle than the pravious one. We can
drop the x/szLoz term in the exporential because the first term in it will

take care of convergence. With the wimplification, we set x = 1/y in (37) to
obtain : )

=) b =)
Wo(w,q) = Z—; f dyyd 3/2 (4971 exp(-ymzl'Amz)
0

(38a)
YT 1 1 mz
= I'(q-1/2) = Uld - 5, 3» —5]-
Aw
The development of the second form is the same as that in (363). It can be

seen that the general shape is similar to (36b) by using the asymptotic forms
of the Kummer function in (38a):

we(m,q) o L1€Q=1/2) m

for w << Aw,

ra M
1-2q
n T(q-1/2) g (-‘l‘;—m-) for w >> w. (38b)

We can algo develop another form from (37) for w >> Aw by retaining the

exp (-x/kp“Lo 2) but setting (1+x)~9 ~ x4, Equation (37) is then reduced by
utilizing the Laplace transform (4.5.29) of Reference [9], and by introducing
the microscale-governed frequency AR2 = 16xkp2AU2/3. We obtain (for q > 1/2),

" 1/2-~
Z/F (Km‘om) a

W (w,q) = M Aw

Ro1/2(20/89)

1-2q
~ T(q-1/2) -X—:T (-‘XI) for w << AQ (38c)

o

-q
m w
n (KmLo) Y (Aﬂ) exp(-2w/AQ) for w >> AQ.

18



N | o -

Here, Kq_l/z(Zw/Aﬂ) is a modified Bessel function in the notation of Reference

[10], and the two asymptotic forms are easily obtained. We note that the

second form in (38c) agrees with the second form in (38b) thus confirming the

validity of the approximations. It is also clear that the power spectrum cuts
o off abruptly as w approaches and exceeds AQ AU/zo.

Just as in case B, we note that the power spectrum starts off flat below
- w A AU/LO, and then it decays as w=2/3 until the cut-off at w = AU/ko.

D. SUMMARIZED RESULTS AND APPROXIMATED POWER SPECTRUM FOR ENERAL CASE

The results found in this section smount to the following. We assume a
random velocity distribution with mean U, and variance AU2, The component of
mean velocity across the beam is Ur. We have defined a power spectrum of
focal-spot radius fluctuations that is proportional to the puwwer spectrum of
angular fluctuations. The latter is named Wg(w). It has to be a function of UT
and AU2. We have defined some frequencies by dividing these velocities by
length scales:

wp = UL, Aar= 16A02/3L§
, (39)
- 2_ .. 2 2

=« U, 407 = 16c200%/3 .

Furthermore, we have found that Wg(w) is the difference of two parts, see
Equation (33). In Tables I and II we summarize the results for Wg(w,q),
bearing in mind that we subtract the q = 11/6 equations from the q = 5/6 ones
to get the power spectrum.

It is interesting to compare the random-flow with the frozen-flow results.
The spectra are very similar. We would like to suggest an approximate formula
for engineering nurposes. To do so, we note from (31) two properties:

2
R (0) =% f du (w) = %21"—7- f-fli r(11/6) (KmLo)]'/a,
0 ° (40)
aZRe(‘) L [ 2 15.7  €XL  r(1/6) 7/3 .2 . 2
-/ o fdww We(w) = 161.7 I T3 (KmLo) (wT +Aw") .
ot =0 0 o

The second property expresses the variance width of the power spectrum. It is
equal to the mean square width L:cause Wg(w) is symmetric around w = 0 so that
we utilize cosine transforms in the preceding. The first property simply
recalculates the angular-fluctuation variance and states that it is the zeroth
moment of Wg(w). The interesting point is that (40) is a function of wT2+Aw2.
We already know that the flat part of Wg(w) (for w < wp, Aw) does not contribute
appreciably to Re(O) because it can be seen readily from (31) if we set l+x = x

19
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that the resulting power spectrum then has no flat part, and we have already seen
that this is a valid approximation in computing Rg(0). Consequently, the flat
part is even less important in computing the second of (40). Since most of

the area under Wg(w) lies in the w-2/3 portion (q = 5/6 ylelds an w-2/3

behavior that dominates over the q = 11/6, w-8/3 part), it appears to us that
this portion of the curve is governed by a parameter wil(wT2+Aw2). Consequently,
we suggest that the following formula is useful over the entire range of w:

2
15.7 ¢ L
Wy (w) = TR _i.: [We(w.5/6) - We(w.ll/G)],

1/2 2\ /24

7 1+ ugu = exp[-wZ/(9%+A92)], (41a)

"
Hafm,q] 2+b“

2

2 2,,.,2
T +Aw )/(QT+A9 )] .

x U[1/2, 3/2~q, (02w

This formula clearly satisfies (40) because it reduces to (36a) if we set
Aw = 0, and (36a) yields (40) with Aw = 0. It is obvious that by substituting
wT2+Aw2 for sz in (36a) we Qatisfy (40) in general, and we obtain the above
formula (41). When w? << Qr +402, we can utilize the approximation

1/2-q

1/2 2

Wy () ~ LD [ 14—t (41b)
wT+Aw wT+Aw

Comparing (41b) to the results in Tables I and II, we note that we obtain the
previous results to reasonable approximation. If we allow wr » 0, we note

that the (41b) approximation is in error for w << Aw by a factor Yr, and by a
factor T (5/6) = 1.1 for w > Aw. This appears sufficient for engineering
purposes. Furthermore, (41b) is in error when wr + 0 for w % AQ, but here the
spectrum 1s very small and its precise shape is governed by the dissipation
range of turbulence for which the precise shape is not crucial anyway. By
choosing (41) as we have, we at least assure ourselves of the proper normaliza-
tions (40) although the cut-off shape at w v AR is not described properly. The
transition regions are probably also imprecise.

Therefore, in conclusion it appears to us that the power spectrum of
angular fluctuations, hence that of focal-spot scintillation, is adequately
described by (41). That is to say,
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(1) the spectrum is flat for w < (mT2+Aw2).

(i1) it falls off as [mzl(wT2+Aw2)]-1/3

for (mT2+Am2)1/ 2 lu< (QT2+A92 /2
2.1/2

(1ii) it cuts off sharply beyond w = (QT‘+A9 ) J

To our knowledge, no calculations of Wg(w) exist in the literature for
this general case. However, Lawrence and Strohbehn[11l] cite untranslated work
by A. S. Gurvich, M. A. Kallistratova, and N. S. Time (Izv. Vyssh. Ucheb.
Zaved. Radiofizika 11, pp. 1360-1370, 1968) for the Taylor's hypothesis case
(0w = 0). Figure 10 of Reference [11] shows a plot of essentially w Wg(w) vs.
w which appears to be misinterpreted in the text of Reference [11]. All three
portions (i) - (iii) of the behavior mentioned above are borne out by this
graph which appears to us to correspond to wr v 1 Hz (note that wr = 2n £1),
and R v 300 Hz (because the peak of the curve is at kglofr =~ 50 Hz).
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APPENDIX I

THE VARIANCE-WIDTH THEOREM FOR FOCAL-SPOT AREA

The purpose of this Appendix is to derive (3) in a very general fashion
and to stress the approximations in it. These do not appear to be understood
as clearly as is desirable in context with the derivation in Reference[l].

Referring for notation to Reference[l], and specifically to Section III,
we note that the irradiance in the focal plane (for a focussed laser beam) is,

1(r) « | ﬁzpl n(}*,}fl) uo(?l) exp(ik 3-31/1.)|2 (a-1)

Here, U (? ) is the transmittance amplitude, the so-called pupil function, of
the aperture at z = 0, and coordinate ?1 = (310). Previously, Uy, was chosen to
be Gaussian. At present, it can be considerad any generally accepted shape.
The "sharp-beam" choice Uo(?l) = 1 for p; < r,, and zero otherwise, yields the
Airy disk in (A-1) when there are no atmospheric effects (B=1).

The approximations in (A-1) are:

(1) radiation-zone, kL >> 1
(i1) near field of the agerture, L << kro
(111) sagittal, kro# << L

These are not very great restrictions at all for A = 10.6 um and higher-
frequency propagation. At 10.6 um, one finds kro2 v 100 km, and (kro4)1 3~ 30 m.
Clearly 1 km < L < 10 km.yields correction terms to (A-1) that are quite small.

2

To proceed further, we note that the expression inside modulus bars in
(A-1) is a two-dimensional Fourier transform of a function of 31. The conjugate
variable is kp/L = 4, and consequently the irradiance is a function of L and
of 4. Therefore

> >
r

1@ « | fabo, BEE) U G emidp) |2, (a-2)

When B(;,;i) = 1, we obtain Io(a)’ the free-space irradiance pattern in the
focal plane z = L.

Only one more approximation will be made: it is assumed that every vector
?¥;1 for |?—?1| N r, is perpendicular to the plane z = 0. This yields,

(iv) small-angle approximation, r, << L
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This approximation ylelds extremely small errors and ip*gasily satisfied in all
practical situations. It is needed only so that <B(r,r%)B*i?,zz)>» can be re-
placed by the mutual-coherence function (mcf) with axis

_L 1'1-1‘2.

. Eecause < B(?,;I)B*(?,?z) > 1is a function of the difference coordinate
K; = rl—?z, 1 Fourier-transform pattern IB(H) can be defined as follows

<IB(E) o P <B(¥,¥l) B*(?,¥2)> exp(1q-Ap) . (A-3)

The average of Equation (A-2) can be rewritten as a convolution integral
of Ip and I, because of this property of the mcf of the normalized spherical-
wave field B:

-> 1 2 > +> >
<IB(q)> = o dq, Io(ql) IB(q-ql)- (A-4)

This formula for the average irradiance is not new, but it is useful to stress
its+convolution property. It states that the free-space irradiance pattern
I,(q) is broadened by the pattern IB(E) which depends only upon the mcf of
normalized spherical-wave fields in turbulent air.

We now define variance widths for <I>, I,;, and Ig, namely 02, 002, and

032 respectively:

2

2 2 2

2 ﬁiqq <1@> quq<1(3)>

g = 2 - - 2 N . (A-S)
f&q <1d> i’ <1@>

Likewise, definitions for ¢ 2 and OBZ can be written down, although omitted
here. If (A-4) is inserted into numerators and denominators of (A-5), one finds
the variance-width theorem after some rearrangement of terms:

0" =g " +o0 (A-6)

Note that the derivation depends only upon the validity of (A-Z)‘ which
requires assumptions (1)-(iii) and the fact that the mcf < B(1)B"(2) > (in
shorthand notation) is a function of ?1-?2. In applying (A-6) to effective

. irradiance-pattern widths, it is also noted that each 04 need be divided by
(k/L)2 to yileld actual widths. Thus, if we define r = (L/k)a, To ™ (L/k)oo,

and s " (L/k)oB, we obtain
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r, =r +r . (A-7)

For cylindrically symmetric beams EI (3) is anti-symmetric with respect to the
origin, hence the first moment of 1021) is zero. The same holds for the first
moment of IB(E). Hence r;© is properly defined by ), and+rL°2, rL f are
defined likewise by replacing < I(g,L) ™ by IO(K,L) and Ig(p,L) = IB?q) respec-
tively. Finally, it is noted that an expression for rLB2 is8 readily obtained

from the definition,

rLB2 - f % o2 1,@ / % 1@, (A-8)

by utilizing Equation (10) of Reference[l] for the mcf. Unfortunately, part of
the exponent in that equation 18 in error. The correct form for < B(1)B*(2) >
with § = 2,-%; is,

22 ¢ 1
<B(1)B*(2)> = exp {- & - f dKKo(x)[l - fdz Jo(sz)] (A-9)
0 0

When this is inserted into the definition of IB(;), which 18 then inserted in
turn into (A-8), one obtains via a development analogous to that in Section IV
of Reference[l],

3 1/3

K
m

a2
Cn . (A-10)

2 L
r -

3,2 o 7
LB Tar [dKKQ(K) =~ 1.3 L

0
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APPENDIX II

THE RANDOM-VELOCITY HYPOTHESIS

The difficulty in (29) is that the autocovariance < de (xy;t) Ge*(;z;t +1)>
depends on the time separation 1. We will discuss a simple hypothesis thgt
enables us to relate this autocovariance to the t = 0 case. Consider Gg(r;t)
in turbulent air, it is proportional to the air-demsity fluctuation éN(r,t).

The continuity equation states that

dN/dt + NV-U = 0  (A-11)

where N = N, + 6N, and ﬁ is the gas velocity. Thus (A-11) describes the time
change of &N because we may assume that dN /dt = 0. In a hydrodynamical de-
scription, both 8N and ﬁ are functions of r and t, and dN/dt = 3N/ ot + ﬁ-%ﬁ.
The second term of (A-11) is related to expansion or compression of the gas and
the first term simply expresses conservation of density in a unit parcel of air
as it flows from one location to another (perhaps changing its shape).

1f we assume that "sources" of turbulence do not lie directly in or close
to the propagation path, then we may assume NV'U ~ 0 and consider the turbulence
adequatelx described by dN/dt = 0, i.e., by flow governed by a wind-velocity
vector ﬁ(r,t). It is probably not a very wrong assumption to thus ignore com-
pression and expansion of the gas, and it simplifies matters because it implies
that GN(?,t) can be written in general as

t+r
8N(r,t) = SN(r +fdt' U@,t"),t) (A-12)
t

and similarly for 8¢ «6N. It is easily seen that (A-12) implies dN/dt = 0 by
allowing Tt + 0 and keeping the first-order Taylor-series terms. These yield
36N/at + U-VSN = 0 which is identical to dN/dt = O because N, does not vary.
We can apply (A-12) to (29) to obtain: »
' t+r
6e(@ys t + 1) = 8e(r, - f at' (r,,t"); v (A-13)
t

1f this is inserted into (29) we obtain after a coordinate transformation:
t+rT

[1'15-1\?' + fdt' ?J(?z,t‘)] (A-14)

t. >

Oa(i(r;r) -<fd3Ar'6e(;l';t) 6e2';t) e
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where Ar' = ;1'-;2', ;1' = ;1, and t,' is the spatial coordinate in the right-

hand side of (A-13). The coordinate Af' is time-dependent, but. sinFe that time
dependence shows up only in the bouadaries of integration, effectively replaced
. by + © in all dimensions, we can disregard it.
The cardinal assumption to be made at this point :is that the velocity !
structure 1s statistically independent of the spatial structure of &c.

It allows us to write : t+T '
iR K" ike fdt U(rz,t') e :
0, (K3) -fd3Ar' <ce(?1')6e*('r'2')> e <e , > | |
- ' o (A-15)
t+ T C
= ¢ (K) <exp [fi-fdt' U(t')] > . C

t . ' * '

The space dependence of U has not been written down in the last form because an
ensemble average over space and time is implied by the brackets. It is also
plausible that U(t' ) does not vary locally very much with t' in a time interval
T N1 sec., or T less than some other short time in which ¢4(K;t) is essentially
zero. Furthermore, velocity U is most likely to consist of a steady wind com-
ponent and a random component, i.e,, its distribution is probably adequately
described by a Gaussian with non-zero mean. These two statements imply, °

t+r1
<exp [ﬁ- fdt' i'l(t')] >

t

1
1

| (A-16)

iﬁ-ﬁ T
=e ° exp(-ZKzAU% 12). . ' '

Here, 36 is the mean compnent, and we note that only its component UT in a
plane normal 50 the propagation direction occurs in the first exponential. :
Likewise, AUp“ is the variance of wind velocity in this plane. If the wind
variation is isotropic, then it follows that AUT2 = (2/3)AUZ. Finally, all this!

1s summarized by inserting it into (A-16) which is inserted in turn into (A-15)
to obtain

->
iK-U, 1 .
0, (K1) = e T exp(- —KZAUZ 2y oK) an1n)

This set of assumptions leading to (A-17) is also known as Favre's hypothesis([8].
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