


























Notice that H-l represents the Crarur-Rao lower bound for the covar-
iance of an unbiased estimator of 0. /0oki and Staley (5] show that in the
multi-parameter case, the maximizatiou of tr{M] is asymptotically equivalent
to the minimization of tt[H-ll. Recently, Nahi and Napjullls] have proposed
the use of weighted trace of M as a maximization criterion. We will con-
sider these and other optimization criteria for designing optimal inputs.
Most of the important concepts, however, can be presented by considering

first the case of a scalar parameter in G.

2,2 Optimal Energy-Constrained Input for One Parameter Using Maximum
Principle

Let the input be energy constrained as follows:
T

/ uTu dt = E . (6)
(o]

There are no other constraints on u(t) and x(t). Consider first the
case where O is an unknown parameter in G. The information M 1is scalar

and the sensitivity function Vex is obtained as follows:

v;x = F Vgx + (VsG)u (7)

VeG is a matrix with all zero elements except a single one.

The maximization of M subject to constraint (6) is equivalent to

the minimization of the performance index

T
3= 0T W R @0 + uT o - By oae (8)
2 6 ) T

(o]
where u 1is a constant multiplier chosen to keep Eq. (6) satisfied. This
is a linear-quadratic problem for which the Euler-Lagrange equations are

easily written down.


















The energy coustraint of Eq. (6) is written as
<u,u> = E

It is well known that M 1is maximized subject to the above constraint by

u* which is an eigenfunction corresponding to the largest eigenvalue of the
operator AMTR 1ua, Furthermore, since AR A 1s s positive self-
adjoint operator, all its eigenvalues are real and pooitive.llz] For finite
T, the operator is also compact and has a finite maximum eigenvalue. The
optimal u* is the eigenfunction of A*HTR-IHA corresponding to this eigen-

value and normalized according to <u,u> = E,

A" TR A u = pu (28)
Also,

Max M = y E (29)

u

To show the relationship of the above eigenvalue problem with the two
point boundary value of Eq. (12), define

z = Au ' (30)

and

* T -
@) n = A"HR ke (31)

Then, using the definition of A and A*,
z=Fz+Vlu, 2(0) =0 (32)

he-Fn+HR Mz, n() =0 - (33)
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5.2 Recommendations for Further Research
Following areas are recommended for future research.

Process Noise Case: When process noise is present in the state

equations, the information matrix M, in general, becomes data-dependent.
This requires using the expected value of M as the criterion for optimi-
zation. Moreover, the expression for the information matrix M is given
in terms of the Kalman filter for the system. The resulting optimization
problem is much more difficult to solve numerically. A special case was
considered in Section 2.6.

Dimensionality Problem: The dimensionality problem arises due to the

augmentation of the state vector with all the sensitivity functions. It
[14) [15) that this is un-
necessary since most of the sensitivity functions can be obtained by linear

has been shown by Wilkie and Perkins and Denery

transformations of a few of the sensitivity functions. Thus the dimension

of the augmented state vector can be kept fixed even though the number of

parameters may increase. It would be interesting and useful from an appli-

cations viewpoint to use the techniques of Ref. [1%] and [15] and, if necessary,

to develop new techniques in order to solve the dimensionality problem.
Max-Min Criterion: As mentioned earlier, (Section 2.5) the maximization

of the minimum eigenvalue of the information matrix M is a better criterion
than trace (M). However, since the saddlepoint property is not satisfied
(i.e., max-min is not equal to min-max), the optimization problem is not easy
to solve. It is recommended that a gradient procedure be developed to search
over the function space of inputs. Notice, however, that the minimization
problem is finite dimensional and is easily solved by eigenvector methods.
Random Inputs: The random inputs currently in use for process dynamic

identification are Pseudo Random Binary Sequence (PRBS) and white noise pro-
cesses. These inputs, however, are not optimal under all situations and

better identification can be achieved by varying the frequency spectrum or the
correlation functions of the random inputs. Preliminary work in this direction

[27) 4nd wates!28). 1t would be interesting to

has been done by Box and Jenkins
relate this work with the deterministic input design work reported herein in

order to develop efficient methods for designing random inputs.
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