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INTRODUCTION 

Tle importance of i nput s~lection for system identification has been 

recognized for a long time, though a unified mathematical treatment has 

emerged only recently. Some of the earlier attempts at input design were 

based on frequency domain methcJs and engineering judgment. An interesting 

discussion of the relative advantages and disadvantages of oscillatory 

versus pulse type inputs for aircraft flight testing is contained in Ref. 1. 

A large amount of lite~ature exists on Pseudo Random Binary Sequence (PRBS) 

inputs which have been found to provide improved identification fo: a large 

number of systems.C 2- 4 J However, PRBS inputs use very little information 

about the known properties of the system. Since in a number of physical 

systems some a priori infor111.ation is available about the modes of the system 

(e.g., short period mode, phugnid mode, etc. of an aircraft's longitudinal 

motion), one can use this information to design inputs for identifying these 

modes more precisely. This is the basis of the approach considered in this 

paper. 

The present work is most closely related to that of Aoki and Staley,[S] 

Levadi, (6) Nahi and Wallis, (7) and Levin (8) on input signal design for 

system identification and to that of McAulay (9) and Esposito [lO] for 

signal synthesis. Aoki and Staley [SJ consider single-input, single-output 

discrete-time systems. The results presented here for multi-input, multi­

output continuous time linear systems are conceptually similar to theirs, 

but the computational methods used are entirely different. Levadi's 

results (6) are only applicable to the case in which the unknown parameters 

enter linearly in the system impulse response. Levine's results (8) are 

applicable when linear regression is used to estimate the unknown para­

meters. The optimal inputs in the present work are derived under the assump­

tion that the input is either energy or power constrainted and an efficient 

estimator is used to estimate the unknown param~ters. In practice, a 

1 



maximum likelihood eatiutor may be used. The optimal input which maximizes 

the simple or the weighted trace of the information matrix is shown to be 

an eigenfunction of a positive self-adjoint operat or. The resulting 

eigenvalue problem can be solved in a number of different ways, some of 

which are (i) transition matrix method, (ii) Riccati Equation method, 

(iii) resolvent method, and (iv) Ritz-Galerkin method. Relative advantages 

and disadvantages of various methods are discussed. Four analytical examples 

are given to illustrate the procedure for determining optimal inputs. 

Several numerical examples are solved to verify the theoretical results 

and to compare the optimal input for the short period dynamics of an air­

craft with the suboptimal inputs currently in use. 

The arrangement of the material. is as follows: The theory of input 

design is contained in Section II. The problem is stated in Section 2.1 

and is solved using the Maximum P~inciple for a single parameter in the 

gain matrix in Section 2.2. Stronger results are derived in Section 2.3 

using Functional Analysis which also gives an operator-theoretic represen­

tation and an integral equation representation for optirAl inputs. Two 

first order examples and a second order example are solved in closed form 

in Section 2.4. The extensions of these results to the identification of 

parameters in the system dynamics matrix are given in Section 2.5. The 

multi-parameter case, the process noise case, and the state variable con­

straints are discussed in Sections 2.6, 2.7, and 2.8. 

Section III contains a description of the computer program developed 

to implement the results of Section II. This is followed by a description 

of the numerical results and suggestions for further research. 
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THEORY OF OPTIMAL INPUT DESIGN 

2.1 Problem Statement 

Consider a time-invariant linear dynamic system 

• 
x • Fx + Gu (1) 

where x is a nxl state vector and u is a mxl control vector. F 

and G are n x n and n x m matrices of unknown parameters. The output of 

the system is denoted by a p x 1 vector y(t) which is contaminated with 

white noise v(t) 

y(t) • Hx(t) + v(t). (2) 

His a p x n matrix and v(t) is a zero mean Gaussian white noise process 

T E{v} • O, E{v(t)v (T)} • R6(t - T). (3) 

Let e denote an N x 1 vector of unknown parameters in the above 

system. It is required to select the input {u(t), 0 < t < T} to maximize 

a suitable norm of the information matrix M subject to suitable constraints. 

The information matrix M for the unknown parameter set e can be shown to 
be [7] 

M•[ 
0 

(4) 

where 

( a a a ) 
V 0 • "a'e• "a'e• .•• ' 0 ' 

1 2 N 
(5) 

3 



-1 Notice that M represent• the Cra~,-r-Rao lower bound for the covar-

iance of an unbiased estimator of 8. / .oki and Staley [SJ •how that in the 

multi-parameter case, the maximizatiou of tr(M] ia asymptotically equivalent 

to the minimization of tr[M-1). Recently, Nahi and Napju• [lS] have propo•ed 

the use of wdghted trace of Mas a maximization criterion. We will con­

sider these and other optimization criteria for designing optimal inputs. 

Most of the important concepts, however, can be presented by con• idering 

first the case of a scalar parmeter in G. 

2.2 Optimal Energy-Constrained Input for One ParaMter Uain& Maximum 

Principle 

Let the input be energy constrained aa follows: 

T 1 uTu dt • E • 

0 

(6) 

There are no other constraints on u(t) and x(t). Consider first the 

case where 8 is an unknown parameter in G. The information M is scalar 

and the sensitivity function v8x ia obtained as follows: 

v8c is a matrix with all zero elements except a single one. 

The maximization of M subject to constraint (6) is equivalent to 

the minimization of the performance index 

11T T T -1 T E J - 2 0 [-<Vex> H R H(Vex> + µ(u u - T)] dt (8) 

where µ is a constant multiplier chosen to keep Eq. (6) satisfied. Thia 

is a linear-quadratic problem for which the Euler-Lagrange equations are 

easily written down. 

4 
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• 

Hamiltonian: 

where ). is an x 1 costate vector • 

or 

Stationarity Condition: 

or 

.ye - 0 u 

The boundary conditions are homogeneous. 

(10) 

(11) 

Substituting for u* in Eq. (7), we obtain the two point boundary value 

problem, 

d 
dt - (12) 

5 



Since the boundary condition• are hoac)aeneoua, the aolution 1a trival 

viz. Vex= O, A= 0, u = 0 except for certain valu•• of ~ which are the 

eiaenvalue• of the two point boundary value prcbl•. In other vorda, the 

probl• 1, of the Stura-Liouville type.(121 The eiaenvalu•• and the optiaal 

input can be detend.ned in a nuaber of vaya. Two poaaible Mthod• are (1) 

the tranaition utrix Mthod and (11) the Riccati equation • ethod. 

2.2.1 Tranaition Matrix Method 

Let t(t,O;µ) denote the tranaition • atrix of (12) for a particular ~-

t(t,O;µ) (13) 

Partition t(t,O;µ) into Vex and A part• aa follow•: 

(14) 

Then 

[

Vex(T) l 
A(T) 

(15) 

The aecond equation in (15) along with the boundary condition• aivu 

(16) 

For a nontrivial solution 

(17) 

6 
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Eq. (17) 1a the eiaenvalue equation for the HDiltc:aian ay• ter..a (12). It 1• 

a nonlinear alaebraic equation in u and can be aolved by a Nevton-Raphaon 

iteration. In aeneral, there 1• an infinite ••t of eiaenvaluea, but we will 

be only interHted in the largest value of u which will be ahown to • ini• ize 

J (Section 2.3. 

2.2.2 Rice.ti Equation Method 

The eiaenvalue• are function• of the interval lenath T. Therefore, 

one can fix u and determine T for which AA(T,0;u) becOM• ainaular. 

Another way ia to uH the Riccati • atrix P(t) defintid by the relationtthip 

(18) 

An equation for P(t) 1• obtained by differentiating both aid•• of Eq. (18) 

and aubttituting fro• Eq. (12). 

or 

or 

(19) 

P 0) • o • (20) 

The Riccati Eq. (19) differ• fro• the uaual Riccati-equation of the 

Linear-Quadratic problea since the forcing term (la•t tenn) in Eq. (19) 

enter• neaatively. Eq. (18) can alao be written aa 

7 



A(t) • ,-1 (t)V8x(t) 

whenever ,-i uiata. At final Uae t • T, • inc• A(T) • O, 

-1 P (T) • O. (21) 

which • un• that a conjugate point exi• ta at t • T. 

Eq. (21) provide• u• with a aethod to obtain the critical interval length 

T corre• pondina to an eiaenvalue µ. The Riccati Eq. (19) i • integrated 

forward in tiae for a particular µ u• ina initial condition• (20). When 

the •l•ent• of P(t) bec011e very lara•, the critical length T corre• pond­

ina to an eipnvalue i • beina reached. Now ,-1(t) 1• integrated u• ing the 

equation 

or 

L (P-1) • _ p-1 P ,-1 
dt 

At the critical interval lenath T, all the el ... nt• of ,-l 10 to zero. 

It follow• from the Sturmian propertyl121 that the ••lle• t T corre• pond• 
to the larae• t eiaenvalue µ. 

The r.iccati Equation Method 1• • imilar to the Invariant labedding 

Mthod of Al•pauah, Kaaivada and Kalaba (S) for deterainina eigenvalue• in 

the probl•• of buckling of bea• • By thi• .,thod, one obtain• a curve 

relatina µ and T. 

After the critical lenath T corre• ponding to the larae• t value of µ 

ha• been determined, Eq. (12) i • •olved forward in tiae u• ing A(O) obtained 

from Eq. (16) and (17) aa an eigenvector of tAA(T,O;µ) corresponding to 

8 
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• 

the zero eigenvalue. 

matically satisfied. 

Thereby, the boundary condition A(T) • 0 is auto-

A unique value of A(O) is found by using the normal-

ization of condition of Eq. (6). 

2.3 Application of Functional Analysis 

In the last section, the optimal input u was characterized in terms of 

the solution to a two point boundary value problem. In this section, we 

show that the optimal u is an eigenfunction of a positive self-adjoint 

operator corresponding to the 1 rgest eigenvalue µ. 

Let A denote the operator corresponding to Eq. (7) vi&. 

t 

j F(t-T) A[u] • e ('iJ 
0
G)u(T)dT 

0 

Let A*[•] denote the adjoint operator to A[•) 

1 T FT( t) 
A*[w] • (v0G) e s- w(s)ds 

t 

Let <u,w> denote the inner product 

1TT 
<u,w> • 

0 

u (t)w(t)dt 

The information matrix M can be written as 

T -1 
M • <'iJ0x, HR H 'iJ0x> 

T -1 • <Au, HR H Au> 

9 

(24) 

(25) 

(26) 

(27) 



The energy couatraint of Eq. (6) ia written aa 

<u,u> • E 

It is well known that M is maximized subject to the above constraint by 
* u which is an eigenfunction correaponding to the largest eigenvalue of the 

* T -1 * T -1 operator AHR HA. Furthermore, since AHR HA ia a positive 1elf-

adjoint operator, all its eigenvalues are real and poaitive.[121 For finite 

T, the operator is also compact and has a finite maximum eigenvalue. The 
* * T -1 optimal u ta the eigenfunction of AHR HA corresponding to this eigen-

value and normalized according to <u,u> • E. 

Also, 

Max M • '1,1 E 
u 

(29) 

To show the relationship of the above eigenvalue problem with the two 

point boundary value of Eq. (12), define 

z • Au 

and 

* Then, using the definition of A and A, 

• z • Fz + ~8Gu, z(O) • 0 

10 

(30) 

(32) 

(33) 
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' 
, 

• 

From Eq. (31) and (28) 

T * T -L . (V0G) n •AHR 71Au • µ u (34) 

1 T 
u - - µ cv6G) n (35) 

Therefore 

• 1 T z • Fz - µ V8G(V8G) n, z(O) • 0 

• n • - n(T) • 0 

I (36) 

• 

A comparison of Eq. (35), (36) with Eq. (11) and (12) shows that 

n • A. 

We now express the operator Eq. (28) as a Fredholm Integral equation. 

2.3.1 Fredholm Integral Equation for Optimal Input 

From Eq. (28), a Fredholm Integral equation for optimal input u is 

derived as follows: 

or 

• µ u(t) 

11 



or 

Pefine 

Then 

or 

where 

V8Gu(T) • µ u(t) 

K(t,T,B) - l 
T 

(V8G)TeF (s-t)HTR-1u eF(s-T) VaG, 

T 
(VeG)?eF (s-T)HTR-lH eF(s-t) VeG, 

J
T T 

ds J dTK(t, T ,a)u(T) - ~ u(t) 

0 0 

(t,T)u(T) • µ u(t) 

T 

A(t,T) - J K(t,T,s)ds 

0 

S > t > T - -
8 > T > t 

(37) 

This equation is of the same type as given by Levadi(2) for the case 

of white noise in the observations and scalar u. It is seen that the 

optimal input u(t) satisfies a Fredholm Integral Equation of the second 

kind. 

The above representation suggests two other methods for obtaining v 
and u(t). These are the Ritz-Galerkin Method[ 121 and the Resolvent 

Methodfl9J 

12 
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2.3.2 Ritz-Galerkin Method 

In this method, u(t) is expanded in a series of orthogonal functions. 

L 
u(t) • L ak ~k(t) 

k•l 

where L, the number of terms in the expansion is chosen large enough to give 

an adequate representation for u(t) on [O, T]. One possible choice is 

1 '1ft 
~ (t) • cos (k - -) -k 2 T k • 1, ••• ,L 

which automatically satisfies the boundary condition 

u(T) • 0 

The coefficients~• k • l, ••• ,L are chosen to minimize the squared error 

in satisfying the integral equation. This is achieved by making the error 

orthogonal to ~j' j • l, ••• ,L. 

For a nontrivial solution, let 

where I •I denotes the determinant of L x L matrix with rows j • l, ••• ,L and 

columns k • l, ••• ,L. The optimal input is given by the eigenvector corre­

sponding to the largest eigenvalue of this matrix. 

13 



2.3.3 Resolvent Method 

The Resolvent Method is based on the Resolvent ldentity[l9] 

R - R, •(µ-µ')RR, 
µ µ µ µ 

where R • (µI - A*HTR-l HA)-l 
µ 

Using this identity, initial value problems are set up inµ for the resolvent 

ernel and the input u. These equations are integrated forward starting from 

µ • o till the first pole of R is encountered. The advantage of this method 
µ 

over the Riccati Equation method of section 2.2 is thatµ is detemined for a 

fixed T and not vice versa. (For details see Appendix A.) 

2 • 4 Examples 

We now apply the above results to two first order and a second order 

example. 

2.4.1 First Order System with Unknown Gain 

Consider the system 

x • -x + eu 

where x and u are scalars and e is the unknown gain. 

y • X + V t 

where E{v} • 0, E{v(t)v(T)} • r o(t - T). 

rrom Eq. (11) and (12) 

u -
l ). 
µ 
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(38) 

(39) 
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(41) 
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Eigenvalues 

Equation (41) gives 

. 1 
A•-'vx+ A r 6 

• (1 - .!_) A 
µr 

Let a2 • 1 - 1/µr. Three cases arise: 

(i) a2 > 0 or 1 1 
> -µr 

A(t) • c
1 

sinh at+ c2 cosh at 

• r[c
1
a cosh at+ c

2
a sinh at - c

1 
sinh at - c2 cosh at] 

Since 

or 

A(T) • 0 :;.C1 [sinh ~T + a cosh ~T] • 0 

For a nontrivial solution 

tanh aT • - a 

(42) 

(43) 

Since a> 0, no solution to Eq. (43) exists. Therefore c1 • 0 and only 

the trivial solution exists for this case. 

15 



(ii) 2 
a • 0 

=>C • 0 1 

Again the solution is trivial. 

(iii) a2 < 0: 

Let 

A(t) • c1 sin wt+ c2 cos wt 

A(T) • 0 c1 [sin wT + w cos wT) • 0 

For nontrivial solution, 

! tan wT • -w I 

16 
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Eq. (45) is the eigenvalue equation. The smallest root w of Eq. (45) 
0 

corresponds to the largest value ofµ • 

Eq, (40). 

* Cl 
u • - - [sin wt+ w cos wt] 

µ
0 

o o o 

The optimal input u is obtained from 

(46) 

2 whereµ • 1/r(l + w ) . Notice that u satisfies the same second order dif-
o 0 

terentlal equation as >. viz. Kq. (42). c1 is determined from the condition 

fT u2dt • E. 
0 

This gives 

- --- . 

cl • ✓T/2 - 1~4 sin 
(47) 

The Riccati equation method for this problem gives the same result. 

Eq. (19) gives 

or 

2 1 
p - -2p - L. - -r µ 

----~r~d~p _____ • -dt 

<P + r>
2 + r

2 cL - 1> µr 

Integrating both sides from Oto t 

-1 1 I t+tan ~ 
- - 1 µr 

p(T) ~~for T which satisfies 

or 

-~T• V µr - • 

✓i- ---
- - - 1 -µr 

-1 1 ir 
tan V 1 _ 

1 
+ (2k + 1) 2 

µr 

tan -~ T V µr -

17 

k • 0,1,2, ... 

(48) 



This is the same equation as Eq. (45). Notice that if w • 11/µr - 1 is kept 

fixed, the T for which w is the smallest eigenvalue can be found by inte­

grating the above Riccati equation until p(t) ~ m for the first time. This 

corresponds to k • 0 in the above equation. 

2.4.2 Levadi's Example 

Levadi considers the following example in hi3 paper.[6 ] 

x • -x + bu 

y • X + V 

where vis a correlated noise process with autocorrelation function. 

-al t-t I E{v(t)v(-r)} • c e 

It is required to estimate b only. 

Levadi's[6 ] results can be easily derived as follows: 

v(t) can be represented as 

v •-av+£ 

where£ is a white noise process and 

E{d • O E{c(t)c(-r)} • 2ac o(t - -r) 

(49) 

(50) 

(51) 

A new measurement can be generated by differentiating Eq. (50). (This 

procedure is similar to that of Bryson and Johansen.)[ll] 

• (a - l)x + bu - ay + £ 

18 
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Now y can be regarded as a new measurement which has white noise£ in 

it. The new infcrmation matrix is: 

T 
r 1 2 

M • 
Jo 2ac [(a - l)'i/bx + u] dt (52) 

where 

V X - - 'ii X + u 
b b 

(53) 

Now the problem is in the same form as example 2.4.1 except that the 

performance index is slightly different. 

The following equations of optimality are easily derived. 

1 u•----- p, -
2(p - _1_) 

2ac 

a -
ac 

. 
>.. • 

(a - 1)
2 

ac 
a - 1 u + , 'i/bx + /\ 

.:lC 

(54) 

(55) 

An equation only in terms of u can also be obtained from Eq. (53)-(55). 

2 
u - [1 - a - 1 ] u • 0 

2µac - 1 

The eigenvalue equation is 

tan(wT + 0) w --a 

2 
where w • [-1 + a - 1 1112 

2 ac - 1 

-1 
(I)• tan w 

The optimal input * u - A sin(wt + 0) 

19 
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(57) 

(58) 

(59) 



Notice that the result• for example 2.4.1 can be obtained by lattina 

a+• and 2c/a + r, where 2c/a represent• the area under the autocorrelation 

function of v. 

The optimum value of w i • chosen to maximiseµ. Prom Eq. (58), 

2 
µ • _J._ (1 + a - 11 (60) 

2ac 1 + w2 

It is seen from Eq. (60) that when a2 
> 1, the maximum ofµ i • attained 

for the smallest value of w. Thi• correspond• to the case when the no1•• 1• 
wide-band. For the narrow band noise case vis.a2 

< 1, the eecond term in Eq. 

(60) ia negative and the maximum ofµ viz.l/2ac i • reached at v • •. The 

practical implication of this result i • that the input should be of a• hi&h 

frequency a• possible. Since the noise i • narr011• band, this increa••• the 

hiah frequency • ianal to noise ratio at the output. 

2.4.3 Second Order Example 

The following &y• tem represent• the short-period lonaitudinal dynaaica 

of an aircraft. 

(61) 

x1 represents pitch rate, x2 i• a linear combination of pitch rate and anal•­
of-attack and 6 i • the elevatot deflection. The transfer function of the 

e 
system from elevator to pitch ate is 

xl(s) bl• + b2 --- -_....:;. _____ _ 
6 (s) 2 
e s - als - •2 

Typical values for the parameter• are a1 • -2.276, a2 • -2.S58, 

bl• 1.913, b
2 

• 1.82. (C-8 Airplane).[lS) 

20 

(62) 



• 

• 

' 

' 

' 

I 

t 

I 

Optiaal Input for Identifying b1: 

Senaitivity equation• are 

:] (63) 

(64) 

--2 l 
(65) 

Bo th the optim l npuc 

equation• of th form 

and A
2 

aatiafy fourth order linear differential 

(66) 

where D denote• the differential operator d/dt. 

A aolution for 2 1• eaaily written a• 

wh•r• 

J l - Jo'l - 2 
wl - 7i 4a2 

J o+Jc2 2 1 
w2 - 7i - 4a 2 

l 2a2 
2 2 2 (68) -(- - - a ) • wl + w2 r l 

Alo w1 w2 • a2• 
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It i • a•• umed here that a > 2a2 or 1/~r > (4a2 + af> • ince other cue• 
lead to hyperbolic function• which baco- unbounded for lara• T. Thay are 

rejected a• po•• ibla • olution• uaina the ••- raa•onina a• u• ad in exaapla• 
2.4.1 and 2.4.2. 

The expree• ion• for A1(t), vb
1

x1, u(t) and vb
2

x2 are euily obtained 

from Eq. (67) using Eq. (63)-(65). The eiaenvalue equation, ae• uaina w1 ~ v2, 

i • obtained a• 

• in w1T co• w1T • in w2T co• v2T 

-w1 co• v1T w1 • in v1T -w2 co• w2T w2 • in v2T 
- 0 (69) 2 2 

-wlal a2 + wl -alw2 a2 + v2 
3 - wl 2 3 - w2 2 

wl - wla2 µr wlal w2 - w2a2 1Jr w2al 

where w2 • - a2/w1. Equation (68) i • u•ad along with (69) to ealact w1 and w2 
which maximize 1,1. From Eq. (68), 

1 --1,1r 
a2 2 2 

(w + --) + a • 1 w1 1 

2 The minimum of l/1,1r i • attained at w1 • -a2 or w1 • w2, i.e., the undapad 

natural frequency of the • y• tem. However • ince w1 • w2 i • ruled out by the 

•olution con• idered here, the root of Eq. (69) clo•e• t to the undamped natural 

frequency •hould be cho• en. Since w1w2 • -a2 , the two frequencia• will bracket 

the natural frequency of the •y• tem. 

* The optimal input 6 i • 
e 

c1, c2, c3, and c4 are determined a• the eiaenvector of Eq. (69) corre•pondina 

to the root w1 • They are normalized u• ina the condition 

J
T ., 6: dt • E 
0 
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2.5 Extension to Unknown Parameter in F 

In sections 2;2-2.4 we only considered the case in which 8 is an unknown 

in G. Consider the case in which 8 is an unknown in F. The sensitivity 

equation is 

Since Eq. (71) involves x. it is necessary to consider Eq. (1). Let 

xA denote the augmented state vector 

then 

where 

where 

x • A 

r· F 07 
FA • l 'iieF F ! 

J 

The performance index J can be written as 

HA• [O: I] 

23 
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The two point boundary value problem becomes 

(73) 

* • - ! GT\ 
u ii A"A 

This problem can be solved by methods similar to the ones discussed 

earlier in section 2.2. The dimension of the problem, however, is doubled. 

2.5.1 Example 

Consider a scalar system 

x • -ex+ u 

y • X + V 

The optimal input for i.dentifyina the unkno"'D time-constant ·8 satisfies the 

following differential equation. 

(74) 

The optimum value of ii is determined from the boundary conditions. It 

is seen that the optimal input is a sum of sine and cosine f~ctions. Notice 

that 8 appears explicitly in Eq. (74). Therefore, the optimal input u cannot 

be obtained in one iteration unless a certain probability distribution is 11ven 
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fore (see Aoki and Staley[5]). Otherwise, one starts with an estimate of 

e to obtain a suboptimal u. Then the estimate of e is refined from actual 

data and u is recomputed. This approach is similar to the Sequential Design 

Approach of Wald. 1211 

2.6 Extension to the Multiparameter Case 

In the multiparameter case, Mis a matrix and the selection of a suitable 

norm for optimization becomes very important. This questic-n has been dis­

cussed earlier by Aoki and Staley[5] and Nahi and Napjus[lS] who have con-

sidered the following norms: 

(i) tr(M) 

(11) tr(M-l) 

(iii) ·iMI or IM-1 1 

(iv) tr(QM)--weighted trace. 

Two sets of useful inequalities for these nonr.s are[5 ,lS] 

N N 
cl tr M)N .2, n mii 2 det M • (det P)-l > n 1 > cl tr P)-N (75) 
N i•l - i•l pii - N 

and 

(76) 

where mi:1 and pii are the diagonal elements of Mand P; a and a i are · max m n 
the maximum and minimum eigenvalues of M. In the second inequality, 

tr P • tr Mis a figure-of-merit which provides a measure of the tightness 

of the inequality (75). 

The approach taken in this paper applies directly to tr(M) and t r (QM) 

since these are linear norms of ¥.. The other norms requi n ~ iterative hill­

climbing methods for solution. The presence of local minima and singular 

arcs make the resulting optimization problem extremely difficult to solve. 
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A straiahtforward •thod to maximize tr(M) ia to define an aupented 

state vector xA ••. follows: 

X 

X • A 
(N+l)nxl 

The state equation for xA can be written as 

where 

x • 
A 

F • A 
(N+l)nx(N+l)n 

Defino 

HA"[: 
H 

0 

(N+l)px(N+l)n 

Then 

F 0 ... 0 

v8 F F 
l . . . . . . 

Ve F F 
N 

0 ~ 

26 
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G • Ve G 
A l 

(77) 

(78) 

(79) 
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where 

-1 
R • 

A 

-1 
R 

0 
-1 

R 
0 

-1 
R 

A comparison of Eq. (78) and (80) with Eq. (1) and (4) shows that the 

optimal input u for the multiparameter case can be obtained by solving the 

same kind of linear two point boundary value problem as for the scalar case. 

This method, however, leads to a high-dimensional problem. Wilkie and 

Perkins[l4 ] and Deneryl 221 have shown that the sensitivity functions for ~11 

the parameters can be obtained by linear transformations of the sensitivity 

functions for few of the parameters. Using these transformations, the dimen­

sion of the problem can be kept low. 

Another useful norm of the information matrix M which can be used with 
* the above technique is the smallest eigenvalue of M. The optimal input u is 

obtained as 

u* • Arg {Max Min eTM(u)e} 
T u u e e e 

(81) 

The Min operation givea the smallest eigenvalue of M(u). One technique to e 
solve the above Max-Min problem is to hold one variable fixed while opti-

mizing over the other variables. For example, one can start with an as1umed 

vector e and maximize over u. Then change e to be the normalized eigenvector 

of M(u) corresponding to the smallest eigenvalue and repeat the process. 

Unfortunately, this simple method does not lead to uniform convergence in the 

present case. Other mP.thods for the solution of this problem are currently 

under investigation. 
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2.7 Extension to Syateu with Proceaa Noiae 

Consider a linear dynamic ayatem 

:it • Fx + Gu+ rn 

y • Rx + V 

where n(t) is a gauaaian white noise forcina function 

E{ n(t)} • 0 T E{n(t)n (t)} • Q6(t - t) 

(82) 

The information matrix Min thi• caae 1• aiven in term• of the JCalman filter 

for the above ayatem.(16 1 

i •Fi+ Gu+ K(y - Hi) (83) 

(84) 

(85) 

where i denote• the beat filtered eatimate of x and E denote• the covariance 

of i. The Kalman filter provide• a linear cauaally-invertible whitenina 

transformation for the proce•• y aince the innovation aequenc• (y - Iii) 1• a 

gauasian white noise sequence. The likelihood function 1• •••ily written 

in term• of the innovation aequence.C 20,l 7J The information matrix M 1• 

aiven .. 

(86) 

where v8t denote• the aenaitivity function of the filtered eatimate i with 

respect to the unknown parameter vector 8. Note that both Kand E are func­

tions of 8 ao that the aenaitivity equation• are much more complicated than 
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for the no process noise case. Mcreover M, in general, depends on the random 

quantities n and v so that its expected value needs to be maximized. 

A special case arises when e contains parameters from G only and the 

initial state is known exactly. Since Kand P do not depend upon G, the 

sensitivity equation has a simple form 

(87) 

K is, in general, time-varying, but if the system is completely controllable 

and observable, K reaches a constant steady-state value.[161 Then Eq. (87) 

is essentially similar to Eq. (7) except that Fis replaced by (F - KH). 

Thus most of the theory developed in Sections 2.2, 2.3, and 2.4 carries over 

to this case. 

2.7.l Example: Let us consider example 4.1 with additive process noise. 

x • -x + eu + n 

(88) 

y • X + V 

where 

E{n} • 0 E{ n(t)n(r)} • q6(t - r) x(O) • 0 

The filter sensitivity equation for e under steady-state filter gain, k > 0 is 

(89) 

Proceeding as in example 4.1, and definina 

w - or. ~ • 2 2 
r[ w + (1 + k) J 

l 
(90) 
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* it is seen that the optimal input u obeys Eq. (45)-(47). Notice that by 

increasina proce••. noise q, the aain increa••• andµ deer•••••· Thu• the 

information Ma µE for the same input eneray E decreases. The frequencies 

w, however, remains unchanged. 

2.8 State-Variable Constraints 

Linear state variable constraints can be handled either directly by 

adding a quadratic penalty function to the performance index or indirectly 

by adjusting the total input energy E. The examples 2.4.1-2.4.3 show that 

the amplitude of the input u 1• determined by E. Thus by adju1tin1 E, the 

amplitude of the input u and the state x can be bounded. Of course, the 

i nputs obtained in this fashion are not strictly optimal. 
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III PROGRAM DEVELOPMENT AND CONSTRUCTION 

This section discusses the features and structure of the computer program 

written to implement the theoretical development given in Section 1. The 

objective of the program development was to provide a completely flexible 

computer program which would compute the optimal input given a minimal set 

of input parameters. These would include the system matrices F, G, and H, 

a specification of those parameters for which the input is to be designed 

along with the partials of F, G, H with respect to these parameters, the 

measurement notse covariance Rand either the eigenvalueµ or the time max 
interval T. The final computer algorithm is completely general as to the 

system dimension and the location of the parameters for which the input is 

to be designed. 

Section 3.1 outlines the formulation which was used in order to treat 

the case of a vector of unknown parameters. This is followed by Section 3.2 

which gives the detailed program steps with an accompanying program flowchart. 

Section 3.3 describes t. 1 1e specialized algorithms which are built in as sub­

routines into the main ; program. Principal among these are the driving logic 

for a weighted trace performance criterion and the driving logic for finding 

the correct. µ for a specified data length T. max 

3.1 Problem Formulation 

As outlined in Section 11, the performance criterion being used for de­

term:'.ning the optimal input is the weighted trace of the iflformation matrix, 

given as (with W • diag{w1, w2 , ••• , wn}) 

t {WM}• t {w112MW112} 
r r 

(91) 
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where e is an N x 1 vector of the parameters for which the optimal input i• 

to be specified,~ is an n x 1 vector of the ay• tem states, (V8x) i• an 

n x N matrix of the partial derivatives of x with respect toe, and W i • an 

N x N diagonal matrix of weights. In order to specify this criterion, 

therefore, the quantity (Vex) must be calculated as a function of time. A 

differential equation for (Vex) can be easily found from the system equation. 
1/2 Since the multiplication by W represents a column operation, this is 

equivalent to calculating successive equations for 

t i • 1, ••• ,N 

This can be accomplished by the following: 

• 
( 1/2 l!_) • ( 1/2 !f_) + F( 1/2 l!_) + ( 1/2 aG) 
Wi ae Wi ae X Wi ae Wi a8 U 

i i i i 
(92) 

with . X • Fx + Gu. 

An equivalent way of formulating the problem which makes uae of the 
1/2 • imultaneous computation of wi ax/aei involves the specification of aua-

mented FA' GA' and HA matrices and xA vector. The1e are defiu.d •• follow• 
(with m the number of input• and p the number of output•): 

F 0 10 G -- - ---
aF F I lo aG 

wl ae wl a8 
F • - J I I --'- G • - _!,_ A . . . A . 

I . I I : • . . . 
-a1 - --- -acr 
WNa8 0 I IF WN a8 

N I I N 

(N+l)nx(N+l)n (N+l)nxm 

HA-[t 
.!L JL ... 

~ RA• [1 
.Q_ ~-

~ JL -¥- ~ JL ~· . . . . . ~ . ..:.. ....: -0 0 ... 0 . .. 
Np X (N+l)n Ni; X Np 
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and 

X • 
A 

X 

ax 
WNae'"" 

N 

(N+l)n x 1 

With these definitions and using Eq. (92), it is possible to write: 

r 
lI.... 

wl ae 
1 

~ 

l
w2 ae

2 
• HAxA 

. . . 
lY__ 

WN aeN 

If the performance criterion is now redefined as 

T 

J 
max TT -1 

tr { xAHARA HAxA dt} 
0 

(93) 

(94) 

it can be easily shown that this is equivalent tot {WM} as defined in Eq. 
r 

(91). Therefore, with the problem analytically redefined with the system 

matrices FA' GA, and HA, the computation of the performance criterion can be 

performed without the use of tensor quantities. The complete theoretical 

formulation for the optimal input, as given in Section II, carries forward 

directly, with a very specific sequence of progranning steps. 
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3.2 Steps in Optimal Input Proaraa 

M outlined in Section II, there are •everal po• aible computational 

technique• which can be used to •olve for a con• i • tent pair of interval 

length T and laraest eigenvalueµ • The •thod that ha• been imple•nted 
max 

in this program 1• to numerically find the fir• t ti• in• tant at which the 

solution of the ricatti equation, relatina v8x(t) and A(t), beco•• infinite. 

The instant: at which this sinaularity occur• can be found with arbitrary 

accuracy by continually uaina a finer and fi er • tap • iz• and notina the 
* instant at which the diaaonal ele•nt• oft• ricatti •olution chana• • ip. 

Thi• change in • ign of the diaaonal •l••nta 1• one key indication that the 

ricatti solution ha• blown up throuah one direction<•••·•-) and returned 

from the other (e.g.,+-). 

The complete flowchart of the computer proaram de• iped to calculate 

optimal input• is given in Pia. 3.1. Many of the detailed • tap• have bNn 

combined into a ainal• descriptive • tap • inc• their description 1• beyond 

the • cope of thi• report. For example, the actual technique used to inte-

1rate the ricatti equation is explained elaewhere.( 231 

The only instant in the computational alaorithm where the theoretical 

development waa not followed exactly wa• in the calculation of the eiaen­

vector of • AA(T,O;µ) a•• ociated with the zero eiaenvalue. The problea en­

countered waa basically nUMrical. Very seldom, if at all, would the aatrix 

• AA(T,0;µ) exhibit an exactly zero eiaenvalue. Thia was caused, to a lara• 

extent, by the fact that T 1• never the exact instant of • insularity of the 

ricatti •olution. Thia difficulty waa resolved by chooaina A(O) such that 

the product • AA(T,0;µ) A(O) had the smallest norm. If ¢A A(T,0;µ) did, in­

deed have a zero eiaenvalue, this would be the associated eiaenvalue and 

* The alternative technique of calculatina the larae• t eigenvalue of the 
Hamiltonian ayatem i• much more difficult since the deterainant of the 
transition matrix for the Hamiltonian• atem exhibit• a very sharp aero. 
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INPUT: 
w, F, C, H, n, N, p, ... Q, R, 

a, ar ». . . . • aeN 1 
ac. G ». . . . • aeN l 

CONSTRUCT: 

,_ ,, 

INTEGRATE RICATTI EQUATION UNTIL SIGN OIANCE: 

• T T -1 T 
P • FAP + PFA - PHA RA 71AP - CAQCA 

p - 0 
0 

TMAX I 
1terate for de•1red accuracy 

CALCULATE: 

z -

<:ALCIJLATE . -6 

• -T 

PARTITION 

.. • 
1-c QGT 
I A A 

EXP(Z • 6) 

EXP(Z •TMAX) 

l
r ; J, 

T - - - T~;2- l 
I , (N+l) n --(N+l)n 

3: 

. 

. 

(continued on next page) 



CALCULATE: 

A • ei1envector uaoc. with 
0 •-lleat eiaenvalue of 

T 
tA A •u 

IA 0 j •pecified by input energy 
req ui remen t 

DEFINE: 

CALCULATE: 
szCt+6) • t 6szCt) 

control: u(t) • -~ATA(t) 

energy: E • E+(uTu) • 6 

CONSTRUCT: 
I 

iterate until t • THAX 

Fig. 3 .1 FLOW-CHART OF OPTIMAL INPUT COMPtrrER PROGRAM 
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0. The solution of this minimum norm problem is to chooae ~(O) 

to be the (normalized) eigenvector aasociate.-i with the smallest eigenvalue 
T . 

of tAA tAA. This was the technique incorporated into the optimal input 

program • 

Two additional items should be mentioned concerning the steps in the 

r.omputational algorithm. The first involves specifying some additional fact 

about the eigenvector A(O) so that it can be uniquely specified. It was 

shown in Section II that he control at any time point, t, is a linear func­

tional of A(t). Therefore, if a particular input energy is required, the 

norm of A(O) is scaled to the proper amount. 

The second item concerns the reconstruction of the M matrix as the last 

step in the computer algorithm. To just calculate the performance index, 

tr{WM}, it would be sufficient to use 

-1 However, the information matrix M, the Cramer-Rao lower bound M , and the 

det(M) give important information about the identification of the parameters 

which is not reflected int {WM}. For this reason, the augmented state 
r 1/2 

vector, xA, is rearranged to construct the matrix (V
0

x)W , which is used 

to compute the information matrix M. In addition, the eigenvalues of Mand 

the figure-of-merit tr{M} • tr{M-1} is also computed. 

3.3 Specialized Algorithms 

This section describes the two specialized algorithms which have been 

incorporated into the main p ogram. These are: (i) the algorithm for com­

puting the optimal set of we i ghts when using weighted trace as the performance 

criterion, and (ii) the algorithm for computing the optimal input when the 

data length, T, is specified. 
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An Alaorithm for Choo•ina Weiaht•: 

M outlined in the ••cond ••ction, the purpo•e of the weiahted trace 1• 
to obtain a clo•er approximation to the determinant of Mas the performance 

criterion. Thi• is done by brin1in1 the ratio of the laraest to theamalle•t 

diagonal element of Ma• clo1e to 1 as possible. The computer algorithm 

take• the form of an iterative sequence of choosing weiahts, calculating the 

resulting Mand then updatina the weights and repeatina. 

The formula for the updating of the weights, once an optimal input ha• 

been computed along with the accompanyina information matrix, is a• follow•: 

1 
w • w oldi + a [- - w ld ] new1 m11 o i 

(95) 

th where m
11 

is the i diagonal element of M. Additional logic was •ubsequently 

added to the program to reduce the factor a by successive factor• of 2 if the 

new set of weights failed to reduce the ratio of the laraest to amalle•t 

diagonal element of M. This was made necessary since the eq1Jation (95) for 

updating the weights is by no means optimal. 

An Algorithm for Determiningµ for a Given T: max 

The second special algorithm built into the program enable• a u•er to 

determine theµ for a specific length of data, T. The most direct, but max 
costly, way of determining a value ofµ would be to pick several value• max 
ofµ 

max and run through the program, finding the associated value• of T. 

These pairs (µ ,T) could then be used to construct aµ -T curve, and max max 
from this curve, theµ for a desired T could be determined. However, thi• max 
procedure would require a great many(µ ,T) pairs. A more direct method max 
is to employ the optimal input program with associated zero 

which would converge onto the correctµ • For the simple max 

cros•ing logic 

case of (µ 1,T1) 

and (µ 2 ,T2) as known associated pairs and T1 > Td > T2 where Td 1• the desired 

data length, the iterative equation for successive choices of 
µ ii (µ - µ2) (24] 

d d
2 
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(96) 

With a new, updated choice of µdi' the program is run and an associated Ti 

is found. This new pair is used in Eq. (96) to find an updated µdi• and 

so on. Once the change in values for µd becomes smaller than some £ 9 the 

procedure is stopped. For £ of 1%, this procedure usually requires only 

four or five repetitions. Of course, if the value of Td is outside the 

range of the given initial pair (µ
1

,T
1

) and (µ
2

,T
2
), the logic of Eq. (96) 

is altered appropriately. 

Examples of both these specialized algorithms are given in Section IV. 
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IV 

NUMERICAL RESULTS 

4.1 Introduction· 

This section deals with the numerical examples which were performed in 

support of the theoretical work on optimal input design. Three claaaea of 

experiments were conducted. The first was to validate the theoretical re­

sults with simple single dimensional examples for which the optimal input 

could be analytically calculated in closed form. The second class of experi­

ments dealt with more difficult second order examples and the comparison of 

optimal inputs against other common input aianals. The third class of ex­

periments was a detailed analysis for the short period lonaitudinal dynamic• 

of a C8 aircraft. For this example the weiahted trace performance meaaure 

was used, the frequency spectrum of the optimal input was analyzed, and the 

performance was compared against doublet type of inputs, which are co111DOnly 

used in flight testing. 

In this section, several performance criteria are used in comparina 

the effectiveness of different inputs. As detailed in Section II, the 

principal objective of an optimal input is to enhance the ability to identify 

the unknown parameters and to predict the response of the system more accu­

rately. The ideal performance measure can be shown to be the determinant of 

the covariance matrix of the parameter estimates.[lS] However, thia lead• to 

a highly nonlinear optimization problem and requires an iterative numerical 

optimization technique and global search to derive the optimal input. There­

fore, the basic performance criterion is chosen here as maximizina the 

weighted trace of the information matrix, M, where the weights are either 

prespecified or chosen to make all the diagonal elements of M equal. Aa 

outlined earlier, the maximization of the weighted trace is an approximation 

to maximizing the determinant of M. Notice that maximizing the determinant 
-1 of Mis equivalent to minimizing the determinant of M which baa the property 

of being the lower bound on the volume of the uncertainty ellipaoid (in 

parameter space) for the unknown parameters. It is easily shown that the 

smaller this uncertainty volume can be made, the more accurate will be the 

predicted response of the system. 
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Section 4.2 below gives the results for the one dimensional example• 

and Section 4.3 aives 'the results for the more complicated two dimen•ional 

cases. Section 4.4 presents the results for the CS a craft consistina of 

usina the weighted trace criterion, a comparison aaainst other inputs and a 

frequency domain analysis • 

4.2 One Dimensional Examples 

Two one dimensional examples are employed to verify the computer proarana 

by numerically computing the optimal input and comparing it with the clo•ed 

form solutions (see Section 2.4). 

4.2.1 Single Parameter in G Example 

The system equation in the state vector form for the sinale parameter in 

G example is 

x • -x + eu x(O) • 0 

y • X + V 

where vis a zero mean white noise with variance r. As given in Section II, 

the analytic solution for the optimal input for this example is 

with the boundary conditions 

and 

u(T ) • 0 max 

J
T 2 2 

0 
c1 sin (wt+ c2)dt • E 
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and w 1• the amalleat aolution of the equation 

tan wT • -w (4.4) 

For the values 1,1 • 1/2, r • 1, and the frequency w • 1 thia equation max 
baa the solution T • 2.36 aec. 

The numerical result for the optimal input with the parameter•µ and max 
r specified above appear• in Fig. 4.1 along with the analytic aolution for 

the optimal input. I.a Fig. 4 .1 indicate•, the numerical aolutirt, 1a in cloae 

agreement with the analytic aolution. The standard deviation in ·he par-ter 

eatimate for this exmnple i• 0.082. Notice that the parameter value itaelf 

need not be specified since it does not appear in the differential equation 

for vex· 

4.2.2 Single Parameter in F Exaaple 

The ayatem equation for the single parameter in F example was the 

following 

x • -ex+ u x(O) • 0 

y • X + V 

with v again a zero mean white noise of variance r. Notice that the par ... ter 

8 will appear explicitly in the equation for v8x and therefore a numerical 

value must be assumed. However, for any aiven value of e, the value for the 

optimal data length, T, can be found explicitly. With 8 • 1, a similar equa­

tion relating wand T aa was used in the ainale parameter in G caae can be 

used. Fore• 1, r • 1, andµ • 0.25 the optimal input appear• a• in Fia. max 
4.2 for total eneray of 152. Note that the T of 2.63 sec obtained from the 

numerical methods was sliahtly laraer than the theoretical T computed a• 2.36. 

This error is not as serious as mi&ht appear since the largest positive value 

of the input between time 2.4 and 2.63 secs is 0.018, which im~lies the 

numerically calculated input is relatively close to zero bet1'•een the theoretical 
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INPUT 
VALUE 

-s 

-10 

µmax• .5, r • 1 

t ---- con,UTER 

---- ANALYTIC 

' 
OPTI!1AL (ANALYTIC) INPUT• -14.1 SIN (t - 2.36) 

SINGLF. PARAHF.TER IN G 

Fig. 4.1 COMPARISON OF COMPUTED AND ANALYTICAL OPTIMAL INPUTS 
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.2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 2.2 2.4 

-s 

-10 

-1S 8 • 1, \.I • • 2S, ll • 1 max 

TMAX • 2.63 

ENERGY IN INPUT• 1S2. 

Fig. 4.2 OPTIMAL INPUT Wini RESPECT TO SINGLE PARAMETER IN F 
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and numerical T valuea. The atandard deviation of the error in eatimatina e 
with thia input ia.0.026. 

4.3 Two Di•n•ional Example--Six Parwtera 

This experiment involve• a two dimensional example with one input and 

six unknown parametera. One of the important aapects of thi• example is the 

neceasity of usina the eigenvector a• sociated with the minimum eiaenvalue of 
T ~AA • AA as the initial condition, A(O) • 

The system equations for this example are~ 

[
*1] • [-2.276 

*2 -2.558 
l] [xl] + [l.9l37 u 
0 x2 1.82 J 

where.!!. is a 2xl vector of independent, zero mean white noiae with covariance 

R •I• 10-2• 

4.3.1 Calculation of A(O): 

The first run made uses a technique which calculates A(O) assumina • AA 

to have a zero eigenvalue. The reaultina optimal 1nput is shown in Fig. 4.3 

for a value ofµ • 10. max The input duration, was computed to be 1.23 

seconds with an energy of 73.3. The performance criterion, tr{M}, is found 

to be 73.24. A check on the accuracy of the computations is to compare the 

values of tr{M} and µmax E. As ahown in Section II, they ahould be equal. 

For this particular example, they differ by lE·s~ than O. U:. 

The second trial of this example involves computing A(O) a• the eiaen­
T value associated with the minimum eiaenvalue of • AA • AA. The norm of this A(O) 

is taken to be the same as the norm of the X(O) computed the previous way, 
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INPUT 
VALUE 

OPTIMAL INPUT 

12 

10 

8 

6 

4 

2 

.2 .4 
TIME 

.6 .8 1.0 1.2 1.4 

ENERGY 73.3 

[

10-
2 o .l 

Q • 0.1, R • O 10-2J, TMAX - 1.23 

Fig. 4.3 OPTIMAL INPUT WITH RESPECT TO SIX PARAMETERS IN P, G 
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thus assuring that the input eneraiea would come out the same for the two 

caaea. The reaul~ina optimal input ia shown in Fig. 4.4. 

Since the integration of the Ricatti equation in no way depends on A(0), 

the point of singularity is the same in bott cases, 1.23 secs. It is im­

portant to note, however, that in this latter case the zero crossing of the 

input ia much closer to 1.23 seconds than in the previoua case where A(0) 

was derived assuming ~AA baa a zero eigenvalue. If the numerical calculation, 

were completely accurate, the zero cro1sing of the input would occur directly 

at T. 

It is interesting to note that the value of tr{H} increases slightly for 

the latter run. The standard deviation in the parameter estimates, with the 

values placed in the position of the parameters in the F and G matrices, are 

Standard 
Deviation [

0.158 
for F • 

0.578 

0.156] 

0.54 
an ar for G • St d d [0.165] 

Deviation 0_137 

The range of these la value,, compared to the actual parameter valuea, varie1 

from 7% to 16%, except for the value• in the 1econd row of F, where the la 

values are 23% and 54%. Increased accuracy in theae parameter eatimate1 can 

be achieved by increasing the input duration or increuing the measurement 

accuracy. 

4.3.2 Comparison with a Suboptimal Input 

A suboptimal input i1 uaed here for comparison purpose&. The input uaed 

is shown in Fig. 4.5. The energy in the input i1 exactly the same aa for 
-2 the optimal input and the noiae power was again R • I • 10 where I denote• 

the identity matrix. The computation of H, for this input, ia straightforward 

since only the differential equation• for x and v8x must be aolved. The re­

sults for the doublet input are 
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OPTIMAL INPUT 

10 

8 

6 

4 

2 

.2 .4 .6 .8 1.0 1.2 1.4 

tr{M} • 7460 

Q • .01, - 2 ll • 10 , 

E • 73.J 

TMAX • 1.23 

USE ~N T TO CALCULATE >.(0) (AND µ(0)) •u •u 

TIMI 

Fig. 4.4 0PTI IAL INPUT WITH RESPECT TO SIX PAJWIETEIS IN P, G 
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Input Value 

11.3 

.6 
Time 

.3 1.23 

-11.3 Energy • 73.3 

Fig. 4.5 Suboptimal Input Used For Comparison 

With Optimal Input of Fig. 4.4 

tr{M} • 694 

,r- 0,344] Standard l0.387 Standard G • [°•112] 
Deviation for F • • Deviation for 

0.503 0.485 0.102 

Since the standard deviation• do not enter the performance measure indivi­

dWllly ~ uniform improve•nt 111 th• standard deviations when the optimal 

input i s used i s not e xpected. However, the tr{M} and tr{M-1} are • ianifi­

cantly bettor for th• optimal input. 

4.l.l Sensitivity of Optimal Input to Aa• umed Parameter Value• 

In an actual use of the input de• ian proar•, the value• of the para•t•r• 

fo whi ~h the input is to be de• ian•d would be unknown. Therefore, it is 

i aportant to determine how sensitive the optimal input is to • liaht chanae• 

in the par ... ter values . For this purpose, the followina system model is 

used to de • ian th• input. 

[
x1] • [ -1. 949 

x2 -2.814 
l] [xl] + [ l.9l37 u 
0 x2 1.82 J 
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[::]-G :J[::} [::] 
The parameter values here represent about a 10% change for two of the P 

matrix parameters. The covariance, R, of the measurement noi•e wa• fixed 

at the same value as w.aa µ and the input energy. Tha resulting input max 
appears in Fig. 4.6. Although, the data lenath came out to be 1.2 aec, 

which is 0.3 seconds off, the overall shape of optimal input with the al­

tered par.met•r values was extremely close to the original input shown in 

Fig. 4.4. Thi• implies that at least for this limited cl••• of examples, 

small chanaes in the ~arameter values do not materially affect the optiul 

input. 

4.4 Short Period Longitudinal Dynamics of C-B Aircraft 

4.4.1 This experiment deals with finding the optimal input with respect to 

the parameters in the short period equations of a CB aircraft. The etate 

variables are the angle-of-attack, a, and the pitch rate, q, and the input 

is the elevator command, 6 • The equations for the short period dynaaica of 
e 

the CB aircraft are 

-.5627 [q] [-1.66] 
0.737J a + 0 . 005 

6
e 

and the mea• urement equations are 

[::]-G :J [:} [::] 
In determinina the power spectral densities of n and n, the values given q a 
in Reference (15.)- (1 deg./aec. error in q, and 2° in a) are multiplied by two 

time• the correlation time of the noise sources, which is assumed to be 0.01 

secs. The measurement noise spectral density matrix is therefore aiven a• 

so 

; 
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OPTIMAL INPtrr 
t 

10 

8 

t 
6 

4 

t 2 

TIME 

.2 .4 .6 .a 1.0 1.2 

t 

·- -

t 

Fig. 4.6 EFFECT OF VARIATION IN TWO F PARAMETER VALUES ON THE OPTIMAL INPtrr 
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[

0.02 
R• 

0 

In thia experiment the data lenath Tia fixed at 4 seca. The! appropriate 

µ ia found from aµ -T curve ahown in Fig. 4.7. The value of' µ __ v 
max max -

aaaociated with a T of 4 secs is 0.015. The shape of theµ -T curve in max 
Fig. 4.7 is characteristic of the aeneral relationship between theae two 

variables. 

For theµ and R values indicated above the optimal input with respect max 
to the three parameters in the F matrix and the two parameters in G is aiven 

in Fig. 4.8. The energy of the input is 311 and tr{M} • 20,460. Th• check 

value ofµ Eis approximately 20,200, indicating a numerical error of 0.11. max 
The determinant of Mis computed to be 1 x 1015 , with the ratio of the lara••t 

to smallest eigenvalue of M being almost three orders of maanitud~. The 

eigenvalues themselves indicated that much of the relative uncertainty in th• 

parameter estimates is concentrated in two of the five dimenaiona. The 

standard deviations of the parameter estimates, are 

Standard for 
Deviation [

0.167 
F • 

0.0639] 

0.035 

Standard 
Deviation [

0.095] 
for G • 

0.025 

The time histories of the states a and q, resultina from the ;optimal 

input are shown in Fig. 4.9. The eneray of the input is so comprised that 

the a does not exceed 10°. Thia method of energy limitation is the moat 

direct way of applying state constraints; although, as mentioned in Section 

II, the penalty function approach can also be used. 

4.4.2 Fourier Transform of the Optimal Input 

Since it was specified that the input be designed with respect to the 

parameters both in F and G, it would be reasonable to infer that the input 
I 

would have a low frequency component for identifying the parameters in G and 
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TIME, SEC. 
• 

1 2 3 4 

- 0 

- 2 

- 4 

- 6 
Elevator 
Deflection, - 8 
6 

e 
(Deg.) - 10 

- 12 
• 

- 14 

OPTIMAL INPUT 

Tr{M} • 20460 E • 311 

Fig. 4.8 OPTIMAL INPUT FOR SHORT PERIOD LONGITUDINAL DYNAMICS • 
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PITCH RATE - q 

• 10 

8 

\DEGS) 6 

t SEC 
4 

2 

• 0 

1 2 3 4 
TIME ~(SEC) 

ANGLE OF ATTACK a 

t 
10 

8 

' 6 

(DEG) 
4 

2 

• 0 

1 2 3 4 

TIME ~(SEC) 
t 

• Fig. 4.9 PITCH RATE AND ANGLE-OF-ATTACK TIME HISTORIES WI'ni OPTIMAL INPUT 
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a high frequency component for identifying the parameter• in F. The actual 

fourier transform of the input aignal i • given in Fig. 4.10. The vertical 

scale has been reduced to 1/10 it• actual hetaht in order to illuatrate 

the smaller variationa. The DC component is 0.98. The amall peak in the 

transform occurs at a frequency of 0.375 eye/sec, which is close to the 

short period frequency of the aircraft. 

The most important point demonstrated by the frequency domain ana1y• ie 

is that the • inusoidal like component of the input signal occurred at a very 

specific frequency. It is well known that the maximum signal power can be 

obtained from a second order system if it is excited at its actual frequency. 

Therefore, in order to maximize the aenaitivity of the output • ianal to the 

parameters in the F matrix (which is given by the M matrix), or in other 

words, to maximize the component of the output signal due to the parameter• 
in F, the input signal had a specific component set at the actual •yatem 

frequency. 

4.4.3 Weiahted Trace Criterion: 

The third 'part of the experiment involved using the weighted trace 

criterion to derive the optimal input and choosing the weight• to uk~ the 

diagonal element• of the information matrix equal. A.a detailed in S ction III, 

the performance criterion ia tr{WM} where Wis a diagonal matrix of weiahta 

chosen to set w1m11 • w2m22 • ••• • wpmpp• When all the diagonal element• 

of WM are equal, maximizing the trace of WM is equivalent to maximizina the 

product of the diagonal elements which is a better approximation to det(M). 

Since the input which maximizes the performance criterion depend• on 

the values of the weights, which in turn affect the input, an iterative 

scheme is used to update the weights until convergence is achieved. 

The optimal input and the state time histories for a T of 0.77 sec and 

an energy of 62.61, and unity weights are given in Figs. 4.11 and 4.12 

The trace of M for this nput is 611 and the determinant of Mis 8.11 x 103• 
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ELEVATOR 
DEFLECTION 
(DEG) .1 .2 .3 .4 .s .6 .7 TIME (SEC) 
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- 8 

-10 

Fig. 4.11 OPTIMAL ELEVATOR DEFLECTION Wl'l11 UNITY WEIGHTS 
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'I DEG) 5 

4 

• 
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Fig. 4.12 OPTIMAL STATE TIME HISTORIES FOR UNITY WEIGHTS 
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The ratio of the largest to smallest eigenvalue of Mis 1270. The eiaen­

value• theuelvea indicate that t he parameter uncertainty i• quite dis­

proportionate along two of the eigenvector directions. The standard devia­

tion in the parameter estimates is 11 .a below. 

Standard for F. [
2

•
03 

Deviation 
5.57] 

1.43 

Standard 
Deviation [

0.381] 
for G • 

0.129 

Using the weighted trace criterion, and 12 iteration• to bring the ratio 

of the largest to smallest element of WM down to 1.14, the optimal input and 

state time histories given in Fig. 4.13 are obtained. The determinant of M 

is calculated to be 2.27 x 104 which is five times greater than the unity 

weights determined. The volume of the uncertainty ellipsoid decreases by the 

same factor. Another indication of this is the fact that the ratio of the 

largest to smallest eigenvalue of M has been reduced by a factor of 2 to 640, 

with the largest eigenvalue itself being reduced by a fa~tor of 2. The 

standard deviations for the parameter estimates are as follows: 

Standard 
Deviation [

1.56 
for F • 

4.04] 

1.23 
Standard for G • [0.304] 
Deviation 0_122 

Notice that the parameters which are poorly estimated with unity weights 

are assigned higher weights. As a result, the lengths of the error ellipsoid 

along each of the axes have become more uniform and the total volume of the 

uncertainty ellipsoid has decreased. 

It is clear from this example that usina a weigh.ted trace criterion does 

result in an input which can, in an overall sense, identify the unknown 

parameters with improved accuracy. This improvement is measured by the in­

crease in the value of the determinant of M. 
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4.4.4 Compari•on with Doublet Input 

The la•t •tep of the nuaerical experi•nt wa• to compare the optimal 

input•• for both the unity and weiahted trace criteria, aaain•t a c0111110n 

input. The data length 1• kept at 0.77 •ec• and the input eneray 1• 62.61. 

The input uaed ia shown in Pia. 4.14. 

Input Value 
12.5 

.2 .4 . . 
• 77 

- 12.5 

Fig. 4.14 DOUBLET INPUT USED FOR COMPARISON WITH OPTIMAL INPUT 

2 The detenu.nant of M for the doublet input is 1.19 >< 10 • which ia two 

order• of magnitude leaa than that obtained by the optimal weiahted trace 

input. The standard deviation• of the parameter estimate are 

Standard for F • [0.955 
Deviation 

4.5 C-8 Monte-Carlo Simulation 

2.62] 

1.78 

St d d 10.232] an ar f G or • 
Deviation .... o. 228 

A complete C-8 Monte Carlo •imulation involving generation of fli&ht 

teat data u•ing optiul and doublet input•• indentification of para•t•r• and 

compariaona baaed on sample •tati• tic• 1• cur-rently under Jevelopment. Th• 

re•ult• of thi• investigation will be report d e l•ewhere.l 26l 
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5.1 SU1111Ary of lle•ult• 

V 

CONCLUSION 

Thi• report ha• con•idered the de•ign of optillal inputs for linear 

•Y•t• identification. The criterion u•ed for optiaization 1• a weighted 

trace of the Fi•her inforution aatrix for ••tillatina the unknown parameters 

in a linear aodel. The input• are a••uaed to be energy or power constrained. 

General re•ult• characterizina the optillal input are developed and •everal 

nuaerical alaor thaa are aiven for their coaputation. It i• •hown that the 

optiaal input i• an eiaenfunction of a po1itive •~lf-adjoint operator corres­

pondiq to the larae•t eiaenvalue. Pour different nuaerical algorittuu are 

de•cribed for the c011putation of optiul input•. Th••• are 

1. A Tran•ition Matrix .. thod, 

2. liccati Equation Mthod, 

J. A Re•olvent Mthod, 

4. Ritz-Galerkin Mthod. 

Nuaerical r•1ult• are obtained by uaing the liccati Equation Method and the 

lle•olvent Method. 

Three analytical exaaplea involvina fir•t and 1econd order •Y•tea dynamics 

are •olved in clo•ed-fora. The nature of the aolution• give• iaportant inaights 

into the nature of the optiul input•. Extenaion• to other noru of the in­

fonaation utrix and to •Y•t-• with proce•• noiae are a!•o indicat•d. 

Section 111 of the report de•cribe1 the detail• of a co• puter ,rogram 

for de•ianina optimal input• ba•ed on the theoretical re•ult• of Section II. 

The re•lllU of uaina thh proar• for delignina elevator fl.i&ht tHt inputs 

to identify the •tabiUty and control derivative• of ,a C-8 aircraft are given 

in Section IV. Al•o included are •everai other exaaple• to verify the theo­

retical re•ult• and ahow their •en•itivity to a priori a••uaption• on the 

par ... ter value• • 
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5.2 lleca.aendationa for Further lle•earcb 

Following aru• are rec~nded for future reaearcb. 

Proce•• Noi• e Ca•e: When proce•• noi• e 1• preaent in the state 

equation•, the information matrix K, in general, become• data-dependent. 

Thia require• uaing the expected value of M as the criterion for optimi­

zation. Moreover, the expression for the information matrix K is given 

in terms of the Kalman filter for the system. The resulting optimization 

problem is much more difficult to solve numerically. A apecial case was 

conaidered in Section 2.6. 

Dillleneionality Problem: The dimensionality problem arises due to the 

augmentation of the atate vector with all the sensitivity functions. It 

baa been shown by Wilkie and Perkins[l4 ] and Denery[lS] that this is un­

necea•ary since moat of the senaitivity functions can be obtained by linear 

tranaformatione of a few of the sensitivity functions. Thus the dimension 

of the augmented state vector can be kept fixed even though the number of 

parameter• may increa•e. It would be interesting and useful from an appli­

cation• viewpoint to uae the techniques of Ref. [1'4) and [15.J and, if necessary, 

to develop new techniques in order to solve the dimenaionality problem. 

Max-Min Criterion: As mentioned earlier, (Section 2.5) the maximization 

of the minimum eigenvalue of the information matrix K is a better criterion 

than trace (M). However, since the aaddlepoint property ie not aatiefied 

(i.e., max-min is not equal to min-max), the optimization problem is not ea•y 

to aolve. It is recommended that a gradient procedure be developed to search 

over the function space of inputs. Notice, however, that the minimization 

problem is finite dimensional and is easily solved by eigenvector methods. 

Random Inputs: The random inputs currently in use for process dynamic 

identification are Paeudo Random Binary Sequence (PUS) and white noise pro­

cea• ea. These input•, however, are not optimal under all aituations and 

better identification can be achieved by varying the frequency apectrum or the 

correlation functions of the random inputs. Preliminary work in this direction 

bas been done by Box and Jenkinal 271 and Watts[ 28 l. It would be interesting to 

relate this work with the deterministic input design work reported herein in 

order to develop efficient methods for designing random inputs. 
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VI 

PUBLICATIONS UNDER THIS CONTRACT 

In the following pages we describe the technical publications which 

have resulted from this contract • 

(1) "Optimal Inputs for Linear System Identification, Part I - Theory," 

by R. K. Mehra (to be presented at the 1972 Joint Automatic Control 

Conference, Stanford, California) • 

Abstract 

The theory of input design for linear system identification is 

developed using the Maximum Principle, Sturm-Liouville Theory and Func­

tional Analysis. The optimal energy-constrained inputs maximizing the 

trace of the information matrix are characterized equivalently (1) as 

the solution to a homogeneous two point boundary value problem (Sturm­

Liouville Problem) (2) as an eigenfunction of a positive self-adjoint 

operator and (3) as the solution to a Fredholm Integral equation of 

the second bind. Several numerical algorithms for computing optimal 

inputs are outlined. The choice of a sui table norm of the information 

matrix is discussed, The extensions to process noise and state variable 

constraint problems are indicated. Four analytical examples are in­

cluded to describe the nature of optimal inputs • 

(2) "Optimal Inputs for Linear System Identification, Part II - Numerical 

Results and Applications," by R. K. Mehra, D. E. Stepner, and J. S. Tyler 

(in preparation). 

Abstract 

This paper presents the numerical results of applying the input 

design theory developed in Part I to various analytical and practical 

examples. The application considered is the design of elevator deflection 
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time hiatorie• for identifying lon1itudinal atability and control 

derivative• of a. C-8 aircraft. The • en• itivity of the optillal input 

to •••uaed parameter value• i • studied. A number of perfo_mance cri­

teria are developed for comparin1 the optimal input with other • ub­

optimal inputs (step, doublet, etc.). A complete Monte Carlo simu­

lation of the C-8 longitudinal equation is performed with data gen­

erated by using both optimal and doublet inputs and identifying the 

parameters from the noisy data. 
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APPENDIX A 

A Resolvent Method for Coaputing Optiul Input• 

by John Ca• ti 

In this appendix an approach centering upon the well known resolvent 

equation for bounded linear operator• on a Banach apace 1• outlined for 

obtaining optimal inputs. An initial value procedure i• given which uy 

be easily imple•nted on a digital computer to produce the desired char­

acteristic ele•nte. The results of a numerical experi•nt are also 

given to indicate the utility of the approach. 

1. THE RESOLVENT EQUATION 

To develop an initial value eyetem suitable for computing the 

characteristic values and functions associated with the integral equation 

of section 2.3.1, we shall employ a sull amount of elementary functional 

analysis. 

Let A be the bounded, self-adjoint integral operator generated by 

the kerne V, i.e., 
T 

[Af] (t) • / A(t,r) f (T) dT 

0 
Equation (37), section 2.3.1, may be written in the operator form 

(~.1) 

(µI - A)u • O, (A.2) 

The resolvent operator associated with A 1• defined aa 

( 1 )-1 R(a) • a I - A 
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It is a well known theorem of functional analyeia that the reeolvent 

operator 1• a merc,-,rphic function of a and that Eq. (A.2) has non­

trivial solutions only for those values of a w~ich are pole• of Ra 

(Fredholm Alternative theorem). Consequently, if a system of differ­

ential equations can be obtained for R, viewing a as the independent 
a 

variable, the characteristic values of the operator A may be obtained 

by integrating such a system until the dependent variable becomes un­

bounded. The value of a for which this occurs will then be a charac­

teristic value of A. In the next section we will display such a system 

which will be seen to be a special case of the more general resolvent 

equation 

R(a) - R(a") •(¼-¼--} R(a) R(a") 

valid for any bounded, self-adjoint operator on a Banach apace. 

2. INITIAL VALUE SYSTEM FOR R 
a 

Consider the inhomogeneous form of integral equation (A.1) 

u(t) - g(t) + a /T A(t,T) u(T) dt, 

0 

where g is a bounded function on [O,T]. 

It i• a simple exercise to see that the solution of this equation is 

given by 

(A.4) 

u(t,a) • g(t) + a /T R(t, T, a) g(T) dT, 

0 

(A. 5) 

On ~T, 

where, by a slight abuse of notation•, we write R(t,T,a) for the kernel 

of th£ operator R discussed in the previoua section. Since we are 
a 

intereate 
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interested in the behavior of u and a aa functions of a, we explicitly 

indicate thia independence in Eq. (A.S). It i• alao an eaay utter to 

eatabliah that R(t,t,a) aatiafiea the integral equation. 

R(t,t,a) • A(t,t) +[ A(t,s)R(s,t a) da, 

O~t,t,T • 

(A.6) 

It i• shown in Ref. (19) that an initial value system in a can be derived 

from Eq. (A.S) and (A.6). The resulting equation• are 

T 

dR (t,t,a) • / R(t,a,o) R(a, t ,a) ds , (A. 7) da 

0 
T 

du (t,a) -/ R(t,a,a) u(a,a) de (A.8) da • 
0 

a > 0 • 

The initial condition• at a• 0 are 

R(t,t,O) • A(t,t), (A.9) 

u(t,O) • g(t), t~T. (A.10) 

Note that in these equations t and T are juat parametera, a beina 

the independent variable. Thus, Eqe. (A.7) - (A.10) coapriae an initial 

value system for ordinary differential equation•. 

The aolution procedure is to integrate Eqa. (A.7) and (A.8), aubject 

to the conditions (A. 9) and (A.10) from a • 0 to a • a
1

, the firat value : 

of a for which R become• unbounded. At this point the function u, being 

the solution of the inho1DOgeneous equation, will alao be unbounded. The 

number a1 will be the eaalleet characteristic value of the integral 

operator generated by A, provided A 1• •Y-etric in (t,t) and ia poaitive ~ 

To obtain the aaaociated characteristic function, we aave the function 

u(t,a1-c), c<<l. It is easy to establish that the aolution to the 
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inh01DOgeneous problem for thi~ value of a will arbitrarily cloaely 

approximate the -characteristic function asaociated with a 1 by making 

a1-£ aufficiently small. Numer ical experiments with this procedure 

will be described in the following section. 

3. NUMERICAL RESULTS 

The above equations hav~ been used to calculate the smallest 

characteristic value and assoc!ated function for an integral operator. 

To make computational use of Eqs. (A.7) - (A.10), the integrals 

that appear must be replaced by finite sum approximations. In the 

experiments that follow, Gaussian q11adrature of order N • 7 was used. 

Thus, Eqs. (A.7) and (A.8) become 

7 
Rij(a) • F.i Rik(a) ~j(a) ak 

7 
u (a) • l: Rik (a) ult (a) ak 

i k•l 

i,j • 1,2, ••• ,7, 

where the notation 

has been used. Here the numbers {ti,Tj}, {ai } are respectively the 

nodes and weights of the Gaussian quadrature scheme of order seven. 

The appropriate initial conditions become 
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The integration schae employed is an Adau-Moulton predictor­

corrector with •~ep sized• 0.01. 

The experiment performed correspond• to Example 2. The integral 
1 t+T -2T -3w/2 

operator is generated by the kernel A(t,T) • 2 e [e -e ], 

with interval length T • 3 w/4. The closed form solution of this problem 

is Ai • 2.0 with associated characteristic function u(t) • sin t +cost. mn 
Utilizing the above formulation, the functions Rij(a) exceeded the maximum 

machine number <~1030) between a• 1.96 and a• 1.97. Since it can be 

readily seen in this case that amin ia a simple pole of the resolvent, the 

functions Rij should change sign as a passes through the pole. This behavior 

was observed in going from a• 1.96 to a• 1.97. Undoubtedly a finer 

integration step size could have refined the value 1.96+ to something 

much closer to the actual value. To check the accuracy of the characteristic 

function, we note that since the characteristic function is only determined 

up to a constant multiplier, division of the approximate unnormalized 

characteristic function u(a1-t) by the true solution should be a constant. 

The results of this experiment are shown in Table A.l. 

0.0599558 
0.3045014 
0.6999722 
1.1780972 
1.6562223 
2.0516931 
2.2962386 

Table A.1 Check on Characteristic Function 

-14 ui (1. 96)(xl0 ) 

4.95270 
5.96290 
6.84300 
6.41560 
4.44060 
2.02860 
0.399210 
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