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MODIFIED   DIPOLES 

II.     NUMERICAL   SOLUTIONS 

By 

Peter S.   Kao 

Division of Engineering and Applied Physics 

Harvard University    •     Cambridge,   Massachusetts 

ABSTRACT 

The  'modified dipole' has its origin in the consideration of the ge- 

neral properties of a satellite antenna which bears great resemblance to 

a dipole modified to incorporate at the center a conductor, ; volume which 

is  used to radiate electromagnetic waves and to house a power supply and 

radio frequency generators,   etc.     The object of this  research is to pursue 

a theoretical and experimental exploration of the effects induced by the 

presence of the conducting volume on the antenna performance,   i. e. ,   in- 

put characteristics,   current distribution along the surfaces of the entire 

radiating structure and radiation properties. 

In Volume I a mathematical model consisting of a perfectly con- 

ducting sphere from which project the ends of a thin biconical antenna is 

chosen to simulate the actual sphere-centered thin dipole.     The conical 

antenna is driven at its junction with the sphere by a  rotationally symmetric 

electric field maintained across the gap by a biconical transmission line 

excited by the TEM mode.     The attractive features of this model include 

the fact that it has surfaces that permit a simple specification of boundary 

conditions and,   hence,   a  rigorous formulation for the electromagnetic 

fields and a shape such that its properties should come  reasonably close 

to those of a modified cylindrical antenna as the cone angle becomes quite 

small. 

The measurements of both input admittances and current 

distributions on modified dipoles  (with either conical or cylindrical 
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antenna projecting from the sphere) are also presented in Volume I. 

Comparisons were also made between modified conical and cylindrical 

antennas -with the same sphere radii and antenna heights.     The radius of 

the cylindrical antenna is the same as the smaller end of the cone.     The 

fact that the admittance curves for modified cylindrical and conical 

antennas involve only slight shifts suggests that by introducing an 

equivalent antenna length that is a little longer than the actual physical 

length of the conical antenna a good approximation is obtained for the 

cylindrical antenna. 

An infinite set of algebraic equations was  solved numerically in 

Volume II for small cone angles.     Comparisons were made between the 

modified conical antenna and its limiting biconical antenna which provides 

both an extrapolatory numerical check for the modified conical antenna 

with shrinking centra] sphere and an understanding of the underlying 

physical phenomena.     Theoretical and experimental results are in very 

good agreement. 

Accepted for the Air Force 
Joseph R. Waterman, Lt. Col. USAF 
Chief, Lincoln ! ahorrtorv Project Office 
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1.    INTRODUCTION 

The formal solution for the b. 's and with them the determination of 
k 

the driving point admittance,   the current distribution and the far-field 

pattern of the modified conical antenna with half cone angle 9~ and 

central sphere of radius b is contained in the infinite set of linear 

equations,   (1-57) and (1-64) which appear in Volume I of this   report,     No 

general,   exact solution of this  set of equations is available for cones with 

arbitrary angles 0   .     Hence,   a general formula for the input admittance 

of the modified dipole cannot be provided.     Thus,   although the analysis of 

the problem is not restricted in its formulation,   mathematical limitations 

make an exact solution unavailable.    However,   if the half cone angle 6 ~ 

is  sufficiently small (i. e. ,   6 ~ < 4   ),   which is of special interest in the 

present problem,   a numerical solution of (1-57) and (1-64) can be 

carried out.     In this problem an exact result can be obtained only by an 

infinite sequence of steps.     Since the process necessarily has to be 

truncated after a certain finite number of steps,   truncation errors are 

unavoidable.     There are,   however,   three sources of truncation errors in 

the approach taken to this problem.     First,there is the error introduced 

•when the infinite matrix is truncated to one of finite dimensions.     Secondly, 

error is introduced by truncating the infinite sum (over v) in the 

calculation of each matrix element.     Thirdly,   the double series re- 

presenting the input admittance,   current distribution and near fields is 

twice truncated;   once over v and once over k.     In addition,   because of 

the formidable amount of computation required to solve the truncated 

infinite matrix,   small round-off errors may cause errors in the computed 

solution out of all proportion to their size.    Above all,   the truncated 

system of linear equations has to be solvable (i. e. ,   the coefficient 

matrix must be non-singular) before problems of accuracy and con- 

vergence of the computed solution can be considered. . 

An exact error analysis  relating different sources of errors to the 

final results is very difficult,   if not impossible,   when many equations are 

involved.     It cannot be made here.     Hence,   after all possible precautions 

have been taken to prevent error from growing out of proportion and to 



preserve the accuracy of the final solution,   the computed  results are to 

be justified by comparison with experimental measurements. 

A brief review of the major steps taken in the course of the 

numerical calculation and their associated theories follows: 

(A)       Existence of the Solution 

Once the infinite set of linear equations is truncated,   a set of n 

simultaneous linear equations in n unknown is at hand.     It  is 

n 
D      a. . x . -•   b: (2- la) 

j= 
ij      J i 

Equation (2-la) is conveniently written in matrix form as follows: 

AX b (2-lb) 

T 
where A =   [a. .1 is the nxn matrix of coefficients,   X (x,   ...   x   )and 

T 
L   ij 'In 

b     =   (b,   . . .   b   ) with T denoting the transpose.     Let A.   denote the 
In b ^ b 

n x (n+1) matrix which has the column vector b appended as an (n+l)st 

column to A.     The  rank of any matrix A is   r(A).     Then the basic theory 

on the existence of a solution of (2-1)  states that the system of linear 

equations has a solution if and only if 

r(A)    =     r(Ab) (2-2) 

This familiar theorem may be proved by using Gaussian 

elimination.     This will not be pursued here [l]-[2j. 

The theoretical proof of the existence of a unique solution for the 

simultaneous linear equations does not in any way guarantee the correct- 

ness of a computed solution of (2-la, b).     There is no hard-and-fast rule 

in carrying out a numerical  solution for simultaneous linear equations. 

Different approaches need be employed for different matrices with 

different characteristics;   e. g. ,   direct methods are usually used for 

matrices which are filled but not large,   while iteration methods are use- 

ful for matrices that are sparse and filled etc. 



(B)       Ill-Condition 

In numerical calculations,   a class of matrices of coefficients is 

encountered which is called ill-conditioned such that no matter how 

accurately it is calculated,   the solution may still be grossly in error.     If 

the matrix A is normalized so that the largest term in magnitude has the 

order of magnitude of unity and is  such that A       contains  some very 

large elements,   the matrix and therefore,   the system of equations is 

ill-conditioned.     Conversely,   if the largest element in magnitude of A 

has the order of magnitude of unity,   the  matrix may be  said to be well- 

conditioned.     This can easily be seen by writing (2-lb) in the following 

form: 

X   =    A_1b (2-3) 

Suppose that A       has very large elements,   one of which is a..    = A. ./ | A | . 

A    denotes the determinant of A and A. . is the cofactor of a. ..     The 
-1  . 1J 1J 

assumption that a.,    is large means that A., must be large relative to   |A| 
.II Since  one    of the terms in the expansion of  | A|   about the ith row and jth 

column is a..A...   a small error in a., may cause a large relative error 
i)   ij' ij -1 

in   I A |   and therefore a large relative error in a..  .     This in turn can 
. . J1 

cause a large relative error in X.     Similarly,   a small change in an 

element of b could cause a large change in X. 

(C)       Truncation Error 

The errors caused by truncating the infinite sum by finding an 

approximation (or an upper bound) to the remainder in each series after 

truncation will be examined.     Having found these,   an estimate could be 

found of the relative error in each matrix element by comparing the 

remainder with the corresponding truncated sum.     Finally,   the remainder 

estimate is added to the corresponding matrix element,   the system is 

solved and its  solution compared with that of the unaltered matrix.     This 

comparison yields an estimate of the error one might expect in the field 

pattern,   current distribution and input admittance etc. 



(D) Intermediate  Round-of fs 

One way of checking the round-off error in the course of com- 

putation is by substituting the calculated values into the left-hand members 

of the original equations.     The presence of the deviations between the 

resultant members and original right-hand members  serves to indicate 

the presence of errors due to intermediate round-offs.     Again,   the 

relationship between the magnitudes of these deviations and the magnitude 

of the errors in the solution column is not a simple one.     Use will be 

made of this simply as a check if the round-off errors are too far out of 

proportion to afford a reasonable solution. 

(E) Convergence of the Solution 

Before considering the convergence of the solution of the system of 

linear equations,   error checks were made for several cases with various 

combinations of the extreme sizes of antennas and inner spheres.     The 

maximum size of matrices has been studied so that the different kinds of 

errors mentioned above can be kept within one per cent.     It has been 

found that for most cases a 40 x 40 matrix is  still -well -within the 

acceptable range and the solutions show rapid convergence when the 

matrix size exceeds  15 x 15. 

The convergence of the solution of the system of linear equations 

will be dealt with empirically by solving the same problem -with matrices 

of increasing size and examining the successive solutions for conver- 

gence. 

2.     ROOTS   OF    THE   CHARACTERISTIC    EQUATION   L^Q)     0 

The application of the boundary condition given by equation (1-35) 

in Volume I together with the property of anti-symmetry of E„ with 

respect to the equatorial  plane  (i. e. , 0  -   1\/£ -  plane) leads to the 

following characteristic equation [see equation (1-30) in Volume I]: 



which is independent of the presence of the conducting sphere at the 

center.     Once the half cone angle 9     is fixed,   an infinite sequence of 

discrete values of v is obtained from the above equation.     The present 

analysis will be restricted to small half cone angles (i. e. ,   9    < 4). 

In the neighborhood of the point 9 - ft,   Legendre's functions can be 

expressed in the following way [3] : 

sin V77 ? 9 
P   (-cos^J        F(-v,v+l;l;sin    -^) •   H(v,0n) 

v U 77 C U 

oo       (_v). .(-v+a-l)(v+l)--(v+a) 0n2ai 
+    2         = (j>(v, a)(sin-^) (2-4) 

a=l (alp 

where 9 ~ = 77 - 9 is in the neighborhood of zero 

H(v, 9)    =    2 sin I   + l//(v+l) + i//(-v) + 2y (2-5a) 

and 
T(c) 00        r(a+n)T(b+n)      n 

F(a,b;c;z) r(a)F(b)     S r(c+n)     ST (2_5b) 

n=0 

which is the Gauss hypergeometric series whose circle of convergence is 

the unit circle   |z|   =   1. 

1 1 1 <|>(v, r)    -    -— + • • •   + -4~ + + T     ' v+1 v+r      -v •v+r-1 

-  2({   +   \   + •••   +|) (2-5c) 

and \p{z) is the logarithmic derivative of the Gamma function; i. e. , 

W«)      TTzf (2"5d) 

or 
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oo . 
- v + (z-1)     2        ,    ,1W    ,    > (2-5e) 

n     (n+1  (n+z) 
n   0 

where y denotes Euler's or Mascheroni's constant equal to 0. 57722. 

The expression (2-4) will be single-valued,   on account of the 

cross-cut of the plane of [i. - cos 0  along the  real axis from - 1 to -co. 

Using the  reflection formula for the ^/-function,   namely, 

\p(z+\) l^(-z)  - 7T cot/Tz (2-6) 

(2-4) is  rearranged in the following form; 

Lv(cos0o)    =    sinvTi G(v, 6)   ) (2-7a) 

sin VTT   [Gj(v,(J0) + G2(v,0o)] (2-7b) 

where 

G1(v,0Q) F(-v, v+1; l;sin2   -^) •   F(v, 0Q) (2-8a) 

F(v,eQ) C((?0)+    ^(vll)-tan   ^ (2-8b) 

In (2-8b) 

2 90 
C(6Q) | [ln(sin -f) + y] (2-8c) 

co (v-a+1)- • v(v+l)- • (v + a)     <|>(v, 0   ) 
G,(v,0n)        2 (-i)Q  -r-n        _ (2-8d) 2V   '    0' 

a-1 

Thus,   finding the  roots of the characteristic equation is now 

equivalent to setting   G(v, 0   )      0.     Before actually carrying out the 

numerical calculation of the roots of (2-7a),   it is instructive first to 

survey the equation qualitatively.     Some general properties of these 

roots  regardless of the cone angle 0-  (as long as it is  small) can be 

derived by looking at (2-7a,b) more carefully.     The  vanishing of (2-7a) 

can also be accomplished by finding the intersections of two functions, 

i.e.,   -G. (v, 6   ) and G   (v, 0   ) with \- as a variable. 



It is  convenient to look into the  restrictions upon v and 0     such that 

the numerical solution of G(v, 9   ) -  0 is feasible and a sufficient number of 

roots is obtained to provide accuracy in the calculation of the matrix 

elements,   the input admittance and the current distribution.    It has been 

found that both the functions G    and G    are -well behaved (i. e. ,   the  series 

converges quite rapidly) and the above-mentioned requirements were met 

over the range of interest so long as v is not too large in magnitude and 

the cone angle 9     is  sufficiently small so that the product of these two 

quantities  does not exceed the order of magnitude of unity [i. e. , 
0 

v sin 0 < 0(1)]. 2 

The function -G   (v, 9   ) behaves essentially like tan -=-   with its 

values continuously adjusted by first adding to it a slowly-decreasing quantity 
2 

[i.e. ,   -C(0„)  - — l//(v+l)] and then multiplying it by a slowly-varying 

2 °0 2 °0 
function [i.e.,   F(-v, v+1; 1; sin    -r-) «•*» (1 -v(v+l) sin    -=- +•••)].     Therefore, 

-G,(v, 0   ) is a continuous,   monotonically increasing function within each 

equally-spaced segment which has a total length of two and the odd integers 

as its end points.     G. (v, 9   ) becomes  singular in the neighborhood of the 

end points and changes sign whenever it crosses the end points.     The „ 
2    .20 

derivative of   G9(v, 9 n) with respect to   v   is proportional to    (4-3v    sin   -y)' 
9 L        u 9Q 

c 

(v sin -=-) which is positive as long as v sin -=- ^ 1.    So G?(v, 9 „) is also a 

monotonically increasing continuous function over the range of interest. 

Accordingly,   the functions  -G,(v, 9   ) and G?(v,0   ) intersect only once in 

each segment.     Therefore,   the form of the roots is an odd integer plus a 

small number which increases with v and 9   . 

The simplification usually employed [4] to obtain an approximation 

of the roots of (2-7) is actually to take the leading term of G. (v, 0») 

[i. e. ,   F(v, 9„)] and retain only the two terms in F[i. e. ,   tan (v7i/2) and 

ln(6*n/2)] under the assumption that   ln(sin -=-) approaches infinity for 

sufficiently small angles 9 Therefore,   the approximate roots are 

V k   + 1    n (2-9) app. 9Q 

In(sin -=-) 



This approximation is in error due to the fact that even for half cone 
eQ 

angle 0     as small as 0. 1   , | ln(sin -~-) | (   7. 044 in this  case) is  still of the 

same order of magnitude as the two neglected terms,   i. e. ,   (v-(l) and y. 

Furthermore,   ln(sin -r-) becomes even smaller than l//(vH) as one proceeds 

to find larger v's.     In this range,   the higher-order terms of G become 

comparable in magnitude and can no longer be neglected. 

In Fig.   2-1,   the results from the approximate formula (2-9) are 

compared with those calculated from the exact formula (2-7a) for various 

cone angles.     Generally speaking,   (2-9) provides quite a poor 

approximation of the accurate formula except for very thin cones for 

which the approximate formula gives the correct trend but the results are 

shifted from the accurate ones by a constant. 

The numerically calculated v's were checked by substituting them 

in a subroutine which generated Legendre functions of fractional orders. 

At 6 - (9„,   the generated values of L   (6 „) (which are equal to zero 

theoretically) are of the order of 10      which indicates the accuracy of the 

solution. 

3.     COMPUTATION   OF    FRACTIONAL   ORDER    LEGENDRE   FUNCTION 

The computational difficulties with the fractional order Legendre 

functions lie in the following facts: 

(a)    The Legendre function,   defined in the interval (-1, 1),   can be 

expressed by the hypergeometric series -with various elements,   i. e. , 

2   % 
P   (cosB) F(-v, v+1; 1; sin     —•) (2-10) 

The above expansion can be employed for the calculation of values of 

the function P   (cosO) only in a limited region of variation of the argument 
0 v 

sin -y    and order v.     With an increase in v and 9,   the convergence of the 

series grows worse,   which makes it of little use for calculation with 

large values of v and 0. 



1.5 

1.0 

0.5 

(z/ = K+S,K= 1,3,5,-..) 

APPROXIMATE   SOLUTION 

a—a-* NUMERICAL SOLUTION 

00=2.9 

0 

FIG. 2-1    ROOTS OF CHARACTERISTIC EQUATION   L„(0O)=O 
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(b)    The process in generating higher-order functions by a  re- 

currence relation is unstable,   since the generation is carried out with 

rounded values which propagate in the  recurrence process of increasing 

order and hence cause loss of significant figures. 

The Legendre function P JcosO) assumes various  representations 

suitable for numerical calculation in different ranges of v and 0 with the 

aid of definite and contour integrals.     In this work use is made of re- 

presentation of P   (0) in the form of Mehle r-Fock,   namely. 

T->   / fli 2 cos v-H /2)t ,. P   {cost)) -~-.—s—-r-1 TT-\   dt 
v 71     n    Zcost-cosf' 

(2-11) 

which provides  (under different conditions for v and 0) rapidly converging 

series for numerical calculation. 

Equation (2-11) can be expanded in positive powers of (v+l/2) by 

substituting in it in place of cos(v+l/2)t its  series expansion.     After 

changes of variables and rearrangement of terms,   one obtains 

P   (cos0) 2        B     (v+ 1/2) 
v m 

m- 0 

2m 
(2-12) 

where 

B (-1 
m 

m    2 (2m+l)       1/277      [sin     (psinx)] 

2 2       1 /2 
77 (2m)|        0 (1-p    sin    x)  ' 

dx (2-13) 

and 

p S] n(0/2) 2-14) 

In the last integral,   the function under the integral sign becomes 

infinite only when    p     1,   that is for   0    77.     Consequently,   outside the 

neighborhood of the point    Q     77,   it is  possible to calculate this  integral by 

the usual numerical methods. 

One limitation in using  (2-12) for computing Legendre functions is 

its  slowness  in convergence as  v becomes larger. 



11. 

An expansion of Legendre's function of (2-11) can be expressed in a 

series of Bessel's function [5],   namely, 

co 
P   (cos9) 2       a     (9)J     [(v+l/2)0](v+l/2fm (2-15) 

m-0 

where the a     's are elementary functions,   regular in   0  =S 9  sj ^     and 

ao(0)   =     ^ (2.16a) 

a     (0)--    (2m- 1)!! a„(0) 0nty    (0) (2-16b) 
m 0 m 

'i/     (0) is a combination of functions of <p      which is obtained from T m ?       0 T m 
2(cos t - cos 9) in terms of a series of (9    - t   ),   i. e. , 

2(cost-cos0)   =    (02-t2)^^[l+     2    (6Z -t2)v~lkm(6)]    (2-17) 
m: 2 

where J        1  (0) 
m-_ 

k      (0)     -     ~ 7^—TT —, H  (2-18) 
m!   2(m-1}       9(m-l) Jj  (0) 

Taking the inverse of the square root of (2-17),   one obtains 

2      (92 - t2)m^/     (9)   (2-19) 
,2(cost - cos 9        V 9     - t       sin0     m= 0 

Therefore,   the combination of (2-17) and (2-19) gives 

*0   =    l 

*i   =  T 

(j)4      3 1 

*3 -X + 4   ^2 ^3 -2^2 
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^4 " \ ^5 + 1 ^\ + Z^zh] ~ T6 ^2 + T~28 ^2 

^5 -\K + ! (<M 5 + M^  " if (3<y 3  '   3<t>4<J>2) 

+ 1 ^3+ifcT ^ (2"20) 

By using the recurrence  relation for Bessel's functions of the first 

kind,   namely, 

Jn_l(z) + Jn+1(z) ^Jn(z) (2-21) 

and substituting (2-21) into (2-15),   we finally obtain an expression for 

P   (cos 9): 
v 

a 4a 
P  (cos0) J   [(v+l/2)0][a    -  ^-—   -  3—T + ••} 

V U U      (v+l/2r       (v+l/2)^ 

a (afl-2a) 8a 
+ J  [(v+l/2)0]  i   -— f- + H-2 + •• 

(v+1/2)       (v+1/2)   6       (v+l/2)   « 

(2-22) 

At first glance,   (2-22) does not assume any advantage over either 

of the more general expressions  (2-10) and (2-11).     But the asymptotic 

expansion for large values of v is a convenient representation of the 

function P   (cosl)) from the computational point of view.     It gives a good 

approximation to the functions themselves and can also be used for the 

computation of their derivatives and integrals with respect to the 

variable v.     Furthermore,   the coefficients of the representation are 

associated with functions of spherical  Bessel's functions and integral 

order Bessel's functions of the first kind J     and J       which are available 

as built-in functions on the IBM 360/65 machine in use at the Harvard 

Computing Center.     Hence,   (2-22) is both a convenient and accurate 

formula for computation. 
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In summary,   it is necessary to use a suitable representation for 

Legendre's functions of fractional order in different regions in the v-Q 

plane for purposes of computation with desired accuracy.     Therefore,   as 

shown in Fig.   2-2,   the v-6 plane is divided into four regions.     In region I, 

the hypergeometric expansion (2-10) is generally suitable as long as the 

angle is small and the order is not large;   also the product of v and 

sin(0/2) must be less than one.     In region II,   (2-4) is a suitable expansion 

in generating Legendre's function -with the same restrictions upon v and 

6 as in region I.     In region III,   use is  made of the expansion  (2-12) as 

long as the order is not large (v <  10).     Finally,   in region IV,   (2-22) 

provides a good tool which is also valid in the neighborhood of 6 = 0 and u 

for large values of v.     Therefore,   in computing L   (6) =  P   (9) - P   (77 -Q), 

formulae for different regions must be used simultaneously,   e. g. ,   for 

small 0,   formulae for region I and II must be used. 

The quantity Q   ,   in the second set of linear equations is generally 
r rC 

a small quantity for small half cone angle 6 _.     For    k/r,   Q   ,   can easily 

be expressed in a close form,   i. e. , 

,     [k(k+l)P;(u0)Pk(u0)-r(r+l)Pr(u0)P^0)] 

rk " ZU"V [k(k+l) - r(r+l)] 

(2-23) 

and for   k- r 

Qrk 2l-(l-UQ)Pk(u0)Pk(u0) + 2k(k+l)(l-jiJ)H(k,0o)] (2-24) 

2 90 
where H(k, 6   ) is a polynomial of sin    -=- of order k,   namely, 

00       C _   0 

^%)     2
ft mTr(sin  -r> (2-25) 

m- 0 

where 

k            m k     k 
C        =     2 A    A                                                                                               (2-26a) m               _ n     m-n 

n   0 



v x sin 0 = 1 

REGION I 

I- 

REGION   EZ" 

10 

REGION HE 

REGION I 
•6 0 TT /2 7T 

FIG. 2-2   COMPUTATION OF  FRACTIONAL ORDER 
LEGENDRE   FUNCTION 
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and 

,k .   ,.m r(k+m+l) /0   ->/u\ A       =      -1 Tl—in m—IT\ (2-26b) m l(m+l)  i(k-m-l-l) 

Hence,   A 0    for m > k. m 

The generation of Bessel's functions of fractional order is not 

significantly different from that for functions of integral order.     It will 

not be discussed here. 

4.     THE    BICONICAL   ANTENNA 

As a preliminary to the later discussions of the modified dipole, 

the problem of the thin,   center-fed biconical dipole will be treated first. 

Based upon equations (1-90),   (1-97) and (1-99) given in Volume I,   a 

numerical solution for the input impedance and current distribution with 

various cone angles and antenna heights can be obtained. 

Most of the considerations here will provide an opportunity to 

develop the technique which will be employed later for the more com- 

plicated case of the modified dipole.     Furthermore,   they will also serve 

as a numerical extrapolatory check for the modified dipole with a 

shrinking central sphere. 

Three sets of linear algebraic equations describing the same 

biconical structure will be solved numerically for various antenna lengths 

and cone angles with proper error estimate for the elements of the 

coefficient matrices and the terms with infinite summations. 

The general terms of the coefficient matrix in (1-90) include the sum 

(2v+l) (1-UQ) dv 

g(r,k, v) 2     v(v+1)      [k(k+l) - v(v+l)]fr(r+l) - v(v+l)]     ajl^ 

(2-27) 
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To discuss this case for large v,   some approximate formulae are 

introduced for the Legendre's functions -which have been given by 

Schelkunoff [6] provided 6    is not near 0 or 77, 

i->   / o\ cos(q  - 77/4) ,0   _      , 
P   (cost)     ^    -^ V7T (2-28a) 

v ,77        .    ml/2 
(- p sinu) 

and 

cos(q77 - qO n - n/4) 
P   (~cos8)    f%         . ,. (2-28b) 

V ;77 •      n\ f / ^ (•^-psinfl) 

where 

p [vlv+1)]1/2 and q [(v+1/2)2 +   1 /4 ]*' 2 

Thus, 

L   mj    ^    sin(q?7/2 - 77/4) sin(77/2 - 9) (2-29) 
V ~" ,77 •       n \ 1 / 2 

("2 p sinti) 

Using the fact that L   (0   )       0,   it follows that for v very large 

2 
2       (2v+l)       9v 4 sin   0 

(1^o]   ^TvTT)    8^   ^     (77-2^ (2"30) 

The factor  l/[k(k+l) - v(v+l)]   [r(r+l) - v(v+l) ]   tends to be quite 

large and sensitive to the value of v -when v is near k or r.     Let N be the 

matrix size,   then the largest value that k or r may have is  (2N+ 1).     Let 

v      be the value of v at which the series  (2-27) is terminated.     An 
m 

examination of (2-27)  shows that the most significant values occur when 

v-k and/or v-r are small as v passes through the entire range of values 

obtained from L   (0.)      0.     Therefore,   it is necessary to require that v v    0 ' /-1 m 

be greater than (2k+l) and (2r+l) in all computations. 

Let R(r,k, v) denote the remainder such that 
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ao 
R(r,k,vm)   =     _        g(r,k,v) (2-31) 

v   v 
m 

From (2-Z7) and (2-30),   one obtains for 

(i)     off-diagonal elements,   i. e. ,   k / r 

4sin   9o 1 1 1 1 
«(r' k' v)   ^   (7T- 2«0)     Ai te " V^T} + A2 (7+T - ^7-T) 

(2-32) 

where 

Al (2k+l)(k+r+l)(r-k) (2-33a) 

and 
1 

2 (2r+l)(kfr+l)(k-r) 
(2-33b) 

From (2-30),   one finds that the separation of zeros of L   (0 „) is 

approximately 

Av    ii^fej ,2-34) 

then ., ., 
77 - 20 oo 

R(r, k,vm)    ^  g(r, k, v)dv 

m 

2 sin   fl0                     v     -k-1                         v     -r-1 
A.   In ( ,.     )   + A, In ( ——)j 

77 1 v+k 2 v    +r 
m m 

(2-35) 

(ii)    For diagonal terms,   i. e. ,   k   r 

4sinZ(> 1 1 1 Z 

g(r,k, v)    ^ U _____ (2.36) 
-20 (2k+l) v-k-1      v+k 
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thus  for large v, 

R(k. k, v     ) 
m 

Z sin   8, 

IT 

Z 

k+T 

1 I 

— + —— 

ln( 

Zk + 1) v    +k     v     -k-1 
.    m m 

v    +1 
m       . i 

v    -k-1' 
m 

(2-37) 

For those terms with infinite summation over v in (1-97) and (1-99), 

the approximate formulae are introduced for large v and v » x,   i. e. , 

Meissel's formula [7] 

Jv(x) (jgE,l/2 
(v+l/Z) ,   ,,/.,2 Z      ,     . /_. 

x exp        (vfl/Z)     - x     -  (v+l/Z) 

'-'^ 

T7T 
i t(l-x7 2/  2,1/2 

v 

/ -1/3. (v-x  >> V ) (2-38) 

Actually,   since v is much larger than x,   a further approximation 

can be made,   namely, 

[(v+l/Z)2 -x2]l/2 
V 

1      (      x .   i2!1/4 1        x' 
'v+l/Z; 

1+       1   - (-)2]   ^    ZV exp(- |- 
» v     J r      4v 

thus. 

(v+1 
Z 

J   (x) 
V 

1/2 expl 4( v+l/Z) I 

Z(V+1)  Kv+3/2) 
(2-39) 
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Similarly, 

P(x) V+1       T      I     \     J   (x) 
X V 

2-40) 

Again,   let g   (r, k, v) and g~(r, k, v) denote the remainders for the 

first and second set of linear equations, respectively;   one finds for: 

(i)      the off-diagonal elements,   i. e. ,   k/r 

_9y_ 
2v+l       J;r(PQh) 9uQ 

8l(r'k'v) v(vfl)    Jv(PQh)    [k(k+l) - v(v+l)J[r(r+l) - v(v+l)] 

and 
Jv(P0h)    2 

g2(r,k,v) gj(r,k,v)      JTJ^h) 
v    U 

(2-41) 

(2-42) 

For v large and v >;   Pnh>   one gets 

•   2 a sin    y 
R.(r,k,v    )    ^ 0 

m 
77(30h(k2-r2) 

22 4.1, v     -r .         v    + k 
i   /  m       v 1 -,   ,   m 
ln<   2    , 2> +    kln(~ 

v     -k 
m 

v    -k 
m 

. v    +r 
1   ,   , m    > —   In ) 
r v    - r 

m 
(2-43) 

Similarly, 

RJr,k,v     ) 
Z m 

2(30hsin   0Q 

A 
v    +k 

In(-^n)  H In 
v    -k-1 

m 
1    k-1      Mv     +1'      k<-2       v v    +1 

m m 

1 v    +r 1 v     -k-1 
+ A,    r  ln(   m,,)   + —T ln(   m ) 

2r-l v    + J r+2 v+1 
m m 

(2-44) 

(ii)    the diagonal terms,   i. e. ,   k   r 
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sin   0              1             v-k 1-v/r 
R.(k,k,v    )   ^  —^ ln(-21—) + m          I             (2-45) 

7Tp„h 2r            v    +k v     -r r0                                 m m 

2(3   h sin2 0 -1 

*Mk,k,v   ) 
71 (2k+l)2(k-l)      v    +k 

in 

] 1 

(2k+l)Z(k+2)     (v     -k-1) 
(2-46) 

Having found the error estimate due to the truncation of the infinite 

sum in the calculation of each matrix element,   it has been possible to get 

the relative error introduced in each element by comparing the error 

estimates with the corresponding truncated matrix elements and hence 

keep the relative error in each element of the matrix less than a 
3 

specified value (one part in 10    in our calculation).     Furthermore,   by 

adding the error estimates to each element of the matrix and solving the 

resulting equations,   it is possible to determine how sensitive the solution 

is to the degree of uncertainty in the matrix elements. 

Before solving (1-90),   it is of interest to consider an approximate 

solution derived originally by Schelkunoff [6] by assuming a sinusoidal 

current distribution along the thin biconical antenna and later from a 

different point of view by Tai [4] by neglecting all the off-diagonal 

elements of the coefficient matrix of (1-90) under the assumption that the 

half cone angle t) ~ is small so that the diagonal elements are dominant. 

The fact that the same formula was obtained by both for d,   in (1-90) 

signifies nothing more than that the approximations involved in the two 

approaches are essentially the same.     In other words,   a sinusoidal 

current distribution in itself implies  sufficiently severe restrictions on the 

magnitude of the cone angle.     Ab in the thin cylindrical antenna [4],    a 

sinusoidal current distribution can only be accomplished with a line of 

ideal generators distributed along the length of the antenna which,   in 

practice,   does not exist and thus the assumed distribution is acceptable 

only for determining certain properties of very thin antennas over a very 
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limited range of length. 

The approximate formula for the input impedance of a thin bi conical 

antenna is [4], 

Z     ( 
Z          sinS^h  -   iZ     cos (3_h 

mc   0 J     c r0   , 

Z     sin [3   h  -  iZ cos6„h 
c r0 J     mc r0 

(2-47) 

w h e r e 

mc 
Re     + j Xe 

mc      J     mc (2-48) 

R 
mc 

30 l2Cin2(3Qh + (Si 4 pQh - 2Si2(3Qh) sin 2(3Qh 

+  (2Cin2PQh - Cin4pQh) cos 2(3   h] (2-49a) 

x1 
mc 

30 [2Si2(3Qh + (ln4 - Cin4(3Qh) sin2p  h 

Si 4(3Qh- cos 2(3  h] (2-49b) 

where   Si x 
x 

0 

sin u 
x 

du   is the integral sine    and Cin x 
J 0 

1 -cos u 
u 

du. 

Generally speaking,   the coefficient matrix of (1-90) has  symmetric 

elements with its dominant part lying on and near the main diagonal.     For 

each row in the upper triangular matrix of coefficients,   the diagonal 

element is always the dominant quantity with the other matrix elements 

rapidly decreasing in value as the distance from the diagonal is increased. 

The size of the diagonal elements,   however,   also decreases in the 

direction of larger  row numbers,   but with a much smaller rate than that 

of the off-diagonal ones. 

It is instructive to look into the elements of the coefficient matrix 

of (1-90) for the case of a quarter wave conical dipole.     Note that,   while 

all the off-diagonal elements are decreasing with shrinking cone angles, 

the diagonal elements continue to increase substantially.     Therefore,   in 
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the limit,   this justifies the approximation made by Tai in deriving (2-47) 

for extremely small cone angles (0 _ < 0. 01).     Whereas,   on the other 

hand,   when the angle becomes larger,   the opposite trend occurs and the 

dominance in value seems to spread from the diagonal elements to the 

ones near them.     Hence,   the neglect of off-diagonal terms will cause 

great errors in the final solution.    A typical example of a 5 x 5 matrix, 

normalized by its maximum element for the cone angles  1     and 0. 1   ,   is 

shown below 

1. 000 

[C] 

0. 040 

0. 230 

0. 020 

0. 070 

0. 096 

0. 010 

0. 005 

0. 003 

0. 056 

0. 007 

0. 003 

0. 002   I 

0. 0013; 

0. 034 

C] 

V0-1 

1.000        0.010        0.005        0.003 0.002 

0. 160        0. 018        0. 001 0. 0008 

0. 083 0. 0006      0. 0004 

0. 050        0. 0003 

0. 0320 

A concentration of the dominant values is  readily observed from 

the above examples.     But even for angles as  small as 0. 1   ,   element C.,. 

which is  small compared to C. .  is  still of comparable magnitude with 

respect to element C,^.     Hence,   the neglect of C-,.  will cause at least 

10% error in the final solution for b^.     For large cone angles,   elements 

in the first row,   and hence first column,   become quite comparable to the 

corresponding diagonal elements,   which implies that a greater error is 

introduced by neglecting the off-diagona] terms. 

The  results presented in Fig.   2-3 are the calculated input impedance 

from (1-90) for the biconical antenna with cone angles 0 1.5,1.1 

and 0. 1   .     The impedance variation is given as a function of the electric 

length of the antenna (i. e. ,   P^h) with particular points where the electric 
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length attains the values X./4 and X./2 specially noted.     Larger cone angles 

tend to flatten the impedance curve and shorten both the  resonant and 

anti resonant lengths of the antenna.     A discussion of the characteristics 

of the curves for the impedance    Z„ =  R„ 4   iX„    may be centered about 1 0 0      J     0 ' 
certain critical points.     Of these,   the most important are the values of 

P„h for which the  reactance vanishes and which involve some interesting 

points which have counterparts in the cylindrical antenna. 

Input resonance is characterized by 

X0 °.        R0 ^   (R0>res.      and       X0      <X0>res. (2"50) 

The condition of input resonance occurs first when P„h is  somewhat 

smaller than 77/2.    It is seen that the resonant length of a biconical 

antenna moves toward 77/2 as  l/0n (and hence Z   ) increases.    It is 

significant to note that when (3  h      77/2 the input impedance given by the 

approximate formula (2-47) is 

ZQ =   73. 13 + j  153. 7 ohms (2-51) 

Thus the input impedance of the thin biconical antenna as given by 

(2-47) is a constant independent of the cone angle 6 -when h is a quarter 

wave in length and 6    is sufficiently small. 

For the cylindrical antenna,   such constancy obtains in the modified 

zeroth order approximation when for (3   h = 77/2,   i. e. , 

(Z_)     .. . =  73. 13 + j 42. 5 ohms (2.52) 0 cylindrical J 

It was observed by King [1] that the curve of Z     at (3„h      77/2 

approaches the value of 73. 13 + j 42. 5 ohms as   SI     2 ln(2h/a) increases. 

The same phenomenon is observed for the biconical antenna as the 

corresponding characteristic impedance Z    increases.     This is shown in 

Fig.   2-4 in which the impedance curves tend to converge to the value of 

73. 13 + j  153. 7 ohms as the cone angle becomes vanishingly small.     This 

suggests that the formula (2-47) may be no better than a modified zeroth- 

order approximation. 
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Input antiresonance is characterized by 

X„      0,        Rn      (R_) and     (3  h      (B  h)     .. (2-53) 0 ' 0 0 antires. r0 r0     antires. 

It occurs at values of (3nh that are less than 77 by an amount that 

increases with decreasing Z     in a manner  resembling the occurrence of 

resonance near 77/2.     The reactance X    has a maximum for (3   h slightly 

less than (S«h)      ,. .     The  resistance has its maximum very near to r0     antires. 
anti-resonance.     The fact that the  ratio   JX    .    |/|X characterizing 1    min1    '     max1 

the behavior of the  reactance near antiresonance is always greater than 

one for the cylindrical antenna is not necessarily true of the biconical 

antenna.     The ratio   IX     .      /|X I   for the biconical antenna is quite 1     min'    '     max1 

different:   in fact,    IX    .    |/|X I   is greater than one only for small cone 1    min'    '    max1 

angles (9    <  1   ) and becomes less than one with increasing 0„.     This 

implies that the capacitive lobe of the  reactance curve increases with 0 ~ 

and becomes larger than the associated inductive lobe.     In other words, 

the capacitive loading effect of the upper and lower conical surfaces which 

act more or less as a capacitor with electric lines E , between them to 

the point generator are much larger in the biconical case than in the 

cylindrical one. 

The difference in the behavior of the reactance curves might be 

ascribed to the quite different driving condition in these two types of 

antenna;   for the biconical antenna,   there exists a point generator at the 

center while for the cylindrical dipole,   the excitation is actually over a 

circular surface with vanishing  separation between them.     This  suggestion 

is later justified in the experimental comparison between modified 

conical and cylindrical dipoles in which both are driven by a circular 

radial electric field at some distance away from the origin.     Both real 

and imaginary parts of the impedance curves are more comparable than 

observed here. 

A comparison of the input impedance of the thin biconical antenna 

as  computed from (1-90) with the corresponding approximate results 

using  (2-47) is shown in Fig.   2-5.     It is  seen that the approximate results 

lead to lower resistance near anti - resonance and resonance and larger 
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resonant and anti-resonant length than the computed results.     The 

reactance behaves in an analogous manner.     In general,   the approximate 

formula leads to results comparable to those with (1-90) only at very small 

cone angles.     This  suggests that for cone angles greater than 0. 1   ,   (1-90) 

must be used for studying the behavior at resonance and anti-resonance. 

In Fig.   2-6,   is shown the variation of the cylindrical antenna 

impedance as a function of antenna length with various values of the 

parameter ft and a comparison with a biconical antenna with half angle 

0 1.1.     The comparison is interesting since by judicious adjustment 

of the radius of the cylindrical antenna,   a measure of correspondence can 

be achieved.    It is obvious from Fig.   2-6 that for the cylindrical antenna 

•with radius equal to or greater than the maximum radius of the biconical 

antenna a      the impedance behavior is quite different from that of the 

biconical antenna,   whereas the impedance curves tend to be comparable 

as the radius of cylindrical antenna remains within the range of l/4 or 

1/5 of a .    Again the resistance curves seem to match each other better 

than the  reactance curves.     One way of measuring the comparability is 

by defining the average of the antenna as follows  [6],   i. e. , 

< ft > =   ~ ln(—) dR (2-54) ave. h       _ r 

where r is the radius of the section at radial distance R from the driving 

point at the origin.    Accordingly,   the average ft for the cylindrical 

antenna with radius a is 

< ft > 2 [In (—) -  1] (2-55) ave. L a J 

and that for the conical antenna with angle 0    is 

<^>ave_ 2 1n(2cot0o) (2-56) 
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It is  seen in Fig.   2-6 that the impedances of the biconical and 

cylindrical antennas are comparable when both have approximately the 

same < SI > (for curve (d) < Q > =  12. 5 and < Q >        .     . =    14.1).     This 

means that for purpose of comparison,   one must  choose a cylindrical 

antenna with a  radius at least smaller than half the maximum radius of 

the cone antenna.     No attempt has been made here to pursue further a 

theoretical study of the relation between these two radiating structures. 

The general properties provide a qualitative guide of the extent to which 

these two radiating antennas behave reasonably alike,   so that information 

obtained from one can be generally applied to predict the behavior of the 

other.     This is essential later in interpretating the experimental 

comparison between modified cylindrical and conical antennas in which 

both the cone angle and antenna radius are fixed by the measuring set-up. 

Numerical values for (1-97) and (1-99) for a corresponding biconical 

structure are also obtained along much the same lines as for (1-90).     All 

three sets of equations give the same results with differences less than 1 

per cent among them.     For each equation,   matrices of order N-2,   N-l, 

N etc.   are solved separately and the solution inspected for convergence. 

It was found if v      > max.   (2k+l,   2r+l) that the solutions converge both 
m ° 

rapidly and monotonically.     However,   if v      < max.   (2k+l,   2r+l),   the 

solutions tend to oscillate widely and show little tendency to converge. 

The choice of the size of the matrices depends upon the accuracy 

required for the solution on the one hand and the computation time on the 

other.     As a compromise,   a less elegant method was adopted.     That is, 

the extreme cases are examined with great care (i. e. ,   the longest antenna). 

In addition to checking among themselves for convergence in the course of 

a numerical  solution,   solutions from a truncated matrix were continously 

checked with those of the modified matrix in which each element was 

corrected by adding the error estimates.     To proceed one step further, 

solutions from a matrix of size N  (which is the number when solutions 

show convergence of 1  per cent) are compared with solutions from a 

matrix of size (N+ 10).     It is  required that their difference lie within  1  per 

cent.     Although it is  not known  exactly how this truncated  solution 

converges to the true  solution,   at least a self-consistent one is obtained 
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in this manner,     The number N is then used for antennas of shorter 

lengths without   repeating the same test  for convergence. 

As a double  check for convergence,   observations were made 

particularly at (3„h       1. 6 and 0 1. 1   .     Numerical  results  from (1-90) 

and (1-99) for a series of matrix sizes are  shown in Fig.   2-7.     It is 

observed that values of (1-90) tend to converge toward the final value in 

a monotonically increasing way with an increasing size of the matrices 

while the solutions from (1-99) also approach the  same value in much the 

same but monotonically decreasing way. 

The mutual checking among these three sets of linear equations 

suggests that the procedures used in the derivation of (1-97) and (1-99) 

for the biconical antenna and hence,   in quite a similar manner for  (1-57) 

and (1-64) for the modified dipole are justified. 

5.     THE   MODIFIED   CONICAL   DIPOLE 

Based upon (1-57),   (1-64),   (1-73) and (1-76),   a numerical solution 

for the current distributions along both antenna and sphere with various 

sizes can be obtained.    Also the input conductance and susceptance of the 

antenna are readily known as the real and imaginary parts of the total 

current at the driving point.    In the process of the numerical computation, 

much of the analysis and many of the results from the preceding section 

can readily be utilized with some necessary modifications. 

The general terms  of the coefficient matrix of (1-57) and  (1-64) are 

the following forms: 

(2v+l)      MMPQa) 1 
Rl(r'k'v) v(v-H)      Mv(PQa)      [k(k+l) -v(v+l)" 

1 9v n   S7v 
[rlr+1) - v(v4 1)]       Su \C~D,, 

and 
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M   (pa)     2 
g   (r,k,v) g,(r,k,v) V (2-58) 

_ M;(P0a) 

where subscripts   1 and 2 denote the first and second sets of linear 

equations respectively. 

The above equations differ from those for the corresponding 

biconical antenna only in the ratio   M' (S»a)/M   (B„a). 
' v r 0 v    0 

By applying the approximate formulae for the Bessel's function of 

the second kind for large v,   i. e. , 

1/2 
2 

Nv(x)    *    (ff)  /U 2    I (v + 1/2) x'v exp   4{*+1/Z) (2-59a) 

and 

N' (x)    ^    - -   N   (x) (2-59b) 
V X V 

and by using the fact that v » x,   one obtains 

M' (x) (v+1) J' (x) 

Mv(x) x Jv(x) 
12-60) 

The fact that M' (x)/M   (X) and J' (x)/j   (x) have the same asymptotic 

behavior for large v implies that all of the formulae for error estimates 

in the preceding section [(2-35)  -  (2-46)] can be used directly for the 

modified conical antenna with (3-h replaced by Pna.     Furthermore,   the 

same error bound obtained for the two cases  suggests that the coefficient 

matrix associated with the modified dipole should have essentially the 

same convergence properties as that for the biconical one;   especially for 

a small central sphere in which D   _. and D' _ are small relative to D   , r r2 r2 rl 
and D   , [(1-57) and (1-64)1. rZ 

Additional terms (i. e. ,   D   _ and D' n) which characterize the '      r2 r2 
presence of the central sphere for the modified dipole are also present in 

the form of an infinite summation in the driving terms of (1-57) and (1-64) 
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For a small central sphere,   these terms are of the order (P(J>)       [where 

v.   is the first root of the characteristic equation L,   (0   )      0| and vanish in 

the limiting case of the biconical antenna.     On the other hand,   D   , and 

D1 _ become more important as the central sphere becomes larger. 
rZ 

The error estimates for D   ., and D' _ will be examined first.     Thus, 
rZ rZ 

D 
r2 60 

(2v+i: i 

Pr(^0)(l-|^0)     2    Cv     v(v+1)       [r(r+l)-v(v+l)J 

8v 

Mv^0
a) j;((3ob)   9^0 

12-61) 

again,   for large v,   one gets 

- sin(v0Q) 

V v in{0Q,Ol)  sinOQ. sin(QQ+0 {) 
TJz ;2-62a) 

v      ,a. v 
Mv(P0a) JMP0b)    -   2^  (b ;2-62b) 

Therefore,   the upper bound of the remainder of D       is R._., 

D       / \ 4 1 ,b.   m R1D(r,vm)    - (-) 
n      iMO^O^     a [s\nOQ- sin(0Q + 9l 

,1/2 

1 v 1 v 

r(2r+l) lv    +r' (2r+l)(r+l) v     -2r-l'' 

(2-63) 

Similarly for D' _ , 1 rZ 
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R2D(r'vm) 
4a     b    m 
77       a fn(^(),O1)[sin0o- sin^Q + ej)] T72 

1 1 
     +     

>+l)v (r+1)' 
m 

v    -r-1           1           v    +r 
lnl      -    —^   In   

in m 

(2-64) 

The errors caused by the double truncation which occurs in the 

computation of the fields  [i. e. ,   (BJ,,-, and (E^). „] and the input admittance 

l. e. Y.r) can be estimated in the following way.     A comparison of the 
1 v_* 

real part of the complex power radiated as seen from the driving point 

with the far-field radiated power computed from (1-89) gives: 

240     2' 
k (2k+l)(k+l) k Rk(Poa) 

(2-65) 

The right-hand side converges extremely fast.     It was found that 
5 

less than ten terms were needed to achieve accuracy of one out of 10   . 

It is reassuring to note that in the calculation,   the left-hand side of (2-65) 
3 

agrees within the range of relative error one part out of 10    with the 

right-hand side. 

It is interesting to note that the computation on the right-hand side of 

(2-65) involves only the radiation field coefficients (i. e. ,   b, 's) which is 

the solution of an infinite set of linear equations while the left-hand side 

is a result involving all the fields inside antenna region.     The excellent 

agreement between these two demonstrates the internal consistency and 

accuracy of the computation. 

(A)      Input Admittance 

The input admittances of modified conical antennas with half cone 

angle Q~       1. 1     and driving gap 6,       1.5    and antenna heights ranging from 
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P   h       0.6 to 4.0 and  spherical  radius   ranging from (3   b      0.  15 to   1. 5 have 

been obtained (numerical data are listed in Appendix A). 

In Fig.   2-8,   are shown graphs of the input admittance: of a modified 

conical antenna as a function of (3   h with the sphere  radius as a parameter. 

This is  convenient theoretically and also for a later experimental  check 

in conjunction with a partially fixed installation for which the frequency 

is varied (i. e. ,   in the experimental set-up,   the physical  size of the 

central sphere,   center conductor and hence the cone angle are fixed while 

the antenna length varies in discrete steps). 

Because the input admittance of the modified conical antenna is 

defined as that seen at one driving terminal,   the admittance curves in 

Fig.   2-8 have to be rescaled by a factor  l/2 in order to compare them 

•with that for a corresponding biconical antenna. 

In general,   the admittance curves are broadened and flattened as 

the center sphere is enlarged.     More specifically,   the magnitude of the 

maximum values of    G and    B and the minimum    B 1    max' '    max1 '    nun1 

decrease as the radius of the central sphere increases until approximately 

at (3   b      1 where the circumference of the sphere equals one wavelength, 

and the magnitudes   of  IG I,    IB I,   and   [B     .    I   start growing again 1    max1'    '    max1' '    nun1 & &    & 
with increases in the size of the sphere. 

The behavior of the susceptance near resonance and anti-resonance 

is also of interest with a change in the radius b.     In Fig.   2-9,   are shown 

the resonant and anti-resonant lengths as a function of Pnb.     It is seen 

that (P~h)      .. first decreases with increases in P_b until P_b r0    antires. r0 r0 
approximately equals one,   when (P„h)      ,. begins to increase again. 1 K 7     n > vr0   'antires.        ^ ft 

On the other hand,   (p„h) remains at much the same value for 
'       0     res. 

P,.b < 0. 5,   after which (P~h) increases  rapidly.     The increasing trend 0 ' Ores. vi t-> 
of (p.,h) is stopped and reserved also at approximately p   b       1.     The 

relative constancy of (P„h) for B.b < 0. 5 might be the  result of 
' 0     res. 0 ° 

simultaneous capacity loading due to a central modification which tends 

to shift (Pnh)    ,,     toward the right and a thickening on the average of the 

protruding portion which tends to pull (P„h) back toward smaller r 0     res. 
values. 
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In the neighborhood of (P„h) the slope of the susceptance curves 

decreases with increases in (3nb.     The flattening of the curve is accompanied 

by a shift of the point of zero susceptance (P0b > 0. 5) from smaller values 

toward JT/2.     The fact that (Pnh) becomes even larger than 77/2 as 

((3   b) becomes greater than 0. 8 suggests that the central modification it- 

self becomes  such a substantial part of the whole radiating structure that 

the performance of the antenna protruding out from the sphere is changed 

beyond any resemblance with the corresponding dipole. 

In the neighborhood of (3   b =   I,   the susceptance stays fairly constant 

over the range of (3„h from TT/Z to 77 even though the associated conduct- 

ances differ significantly (e. g. ,   at (3   h =  0. 91,   the susceptance varies 

within 0. 7 millimhos of a mean value near 0. 2 millimhos,   whereas the 

conductance ranges between 2 and 8 millimhos).     This observation con- 

firms the experimental results for the modified cylindrical antenna 

reported by Iizuka [8]. 

Consider specifically the effect on the input characteristics of a 

sudden change from a point generator in the biconical case to a radial 

ring driving a modified conical antenna.     In Fig.   2-10,   the input impedance 

is  shown near ((3„h)      .. for both the biconical and the modified r0    antires. 
conical antenna with a small central modification (Pnb = 0. 15).     Although 

the real parts are still comparable with each other,   one remarkable 

change in the imaginary parts is the ratio  [X    .    |/|X I   which is b ° ' f 1    min 1    1    max' 
larger than one in the biconical case but is now less than one.     This means 

that with a small central modification which provides the modified 

conical antenna with a driving condition quite similar to that of the 

cylindrical antenna,   the input characteristics of the two become more 

comparable. 

In Fig.   2-11,   is  shown the variation of antenna admittance with a 

fixed length of protrusion as a function of the radius of the central sphere. 

Again,   the driving point admittance of the antenna is  seen to change 

significantly with the size of the sphere.     Generally speaking,   for 

P„b <  1,   the change in susceptance with respect to (3nb is larger than that 

of the conductance.     Specifically,   for (3   b < 0. 2,   there are practically no 
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changes in the conductance but relatively large changes in the susceptance. 

It is also significant to note that all admittance curves can be extra- 

polated toward smaller p„b and that they coincide with the values of the 

corresponding biconical antenna. 

In Fig.   2-12,   are shown the changes in antenna admittance with 

fixed total length (i.e.,   (3„a is fixed) of the radiating structure with the 

radius of the central sphere p„b as the parameter.    It is seen that drastic 

changes in performance are introduced by the central sphere.    Again,   as 

was observed in Fig.   2-11,   the modified dipole with a small central 

sphere behaves essentially as the corresponding dipole with the same 

length. 

With its driving point situated symmetrically at a distance from the 

center and an enlarged central volume,   the modified dipole bears some 

resemblances to the sleeve dipole.     One of the important properties of 

the sleeve dipole is its broad-band behavior.     One would expect the same 

behavior from the modified dipole.     This subject will not be pursued 

extensively here,   since it is not involved in a fundamental check of the 

validity of the theoretical formulae.     Furthermore,   the broad-band 

properties cannot be investigated in general without extensive numerical 

computations of the input impedance for a range of antenna lengths and 

sphere radii.    However,   the fact that the modified conical dipole does 

possess broad-band properties can easily be seen by using the available 

tabulation of theoretical input impedance (Appendix A).    Suppose the 

frequency for which (3  h =   1. 6,   p   (h+2b)  -   3. 42 and (3   b =  0. 91 is f„ and 

the associated angular frequency is un.     For a variation in frequency from 

CJQ -  ACJ    to W^ + ACJ       where Au    =  tJ„/4,   the electrical lengths have the 

following ranges: 

1.2    «=   f3Qh    <   2. 0 

luo$uo^luo      2-6  $ (30
(h+2b)   $4-2 

0. 7    =?   PQb    =S   1. 1 
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Let the frequency response of the modified conical dipole be 

compared with corresponding biconical dipole with half lengths Pr>h        (3   h 

or Pnh-, = (3   (h+2b).     Let Z.   and Z? denote the input impedance for 

antennas with half lengths Pnh    and P^h., respectively.     Tables  (A-l) 

through (A-12)  show the input impedance of the modified dipole and Fig. 

2-3 shows the input impedance of the biconical antenna.     It  is  seen that 

the reactance of the modified conical dipole is fairly constant near a mean 

value of  -4 ohms over the range (i. e. ,   from 25. 3 ohms at Pfth      2. 0 to 

-38. 82 ohms at (3„h =   1. 6),   whereas the corresponding reactance of the 

center-driven conical dipole (Fig.   2-3) varies -widely over positive and 

negative values (20 < X    < 480,   -675 < X    < 650).     The resistance for the 

modified dipole varies within 30 per cent of a mean value near 111 ohms 

(77 < R„ < 145) whereas R,   ranges between 50 ohms and 475 ohms and R_ 

varies over a range between 175 ohms and 1550 ohms.     Clearly the 

frequency response of the modified conical dipole is very much better 

from the point of view of broad-band operation than the response of an 

unmodified dipole. 

(B)      Current Distribution 

Due to the continuous change in the cross section of the conical 

antenna,   the current density along the conical surface is proportional to 

the total current crossing the corresponding circular cross section with a 

constant whose value changes with the antenna length,   i. e. ,   I      =  2tfR sin(9x 

I,      where b ^ R ^ a.     Correspondingly,   for the central sphere one can 

also define It   (0) =  Ztfb sin0 Id   (0) where 9Q + 0.  < 0 < ff - 0     - 0 The 

current density can be compared directly with experimental data while 

the total current along the antenna has the advantage of being readily 

compared with its corresponding cylindrical dipole as long as the cone 

angle is small. 

Numerical results for the current distribution of antennas with the 

half cone angle 0- =  1.1   f   antenna lengths (3„h =  1.6 and 3. 1 and central 

sphere with (3„b = 0,   0. 31,   0. 51,   0. 91 and 1. 31 have been obtained and 

shown in Fig.   2-13 and Fig.   2-14. 
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(a)     PQh   :   1. 6 

Both total current distributions and the corresponding current 

density for (3-h       1. 6 with various central spheres are shown in Fig.   2-13. 

The curves  show components I"./V_,   I'   /V. as a function of X,   [-   B,,(R-b)l r ct      0'     ct      0 h l     r 0 ' 
and I",./V     ,   I' ,,/V_ as a function of X   (    p   b')) with corresponding angle 

variations marked.     It is to be noted that the current densities presented 

here are in milliamperes per volt per electrical length,   so they differ 

from actual current density by a constant   (3  -  u    uf. 

Both the real and imaginary part of the total current I       remain 

finite at the end and change their direction as the current passes around 

the edge of the conical antenna to the cap.     The  real part of the total 

current seems less affected by the size of the central sphere and remains 

much the same in shape except for a continuous increase in magnitude 

with an increase in the size of the central sphere.     The real current 

behaves very much like a combination of terms made up of cosines and 

shifted cosines with half-angle arguments.     The imaginary part of the 

current I'     is capacitive along the antenna for    Pnb < 0. 91    but the magnitude 

continues to decrease with an increase in the size of central sphere.     The 

range over which the I!     is capacitive is reduced and inductive currents b tc K 

begin to appear near the driving point.     Although the total current on the 

surface of the sphere remains quite comparable in magnitude with that on 

the antenna,   the magnitude of the corresponding current density decreases 

sharply with distance from the driving point.     This is due to the fact that 

on the hemisphere,   the surface of an incremental belt (27rb sin(9) A0 

increases with an increase in 9 and current spreads out over a widening 

area with distance away from the driving point. 

The real current I''   ,   which has the same value as I"   at the driving ts ' tc s 

point,   remains essentially constant for a small sphere (i. e. ,   Pnb < ^- ^1). 

As the sphere becomes larger,   it can be approximated by trigonometric 

functions.     The imaginary part I'   ,   like its counterpart I'   ,   changes 

significantly with variations in sphere radius.     I!     becomes larger in 

magnitude and more capacitive with an increase in sphere radius. 
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(b)     (3Qh  =   3. 1 

The distributions of total current for the antenna with (3   h -   3. 1 

are shown in Fig.   2-14.     The general shapes of the current distribution 

along the conical antenna seem less affected by the presence of the central 

sphere than when 8   h =   1. 6.     In general,   the real current I"   can still be r r-Q tr> tc 

approximated by a shifted cosine and a shifted cosine with half-angle 

argument,   while the imaginary current I!     can still be approximated by 

trigonometric functions.     Near the end of the antenna,   the  real part of the 

current is  negative for  small  spheres.     As  b increases,   this   region with 

a small negative value decreases and the real current becomes more and 

more positive.     The imaginary current I!     remains essentially capacitive 

over most of its  range except near the driving point.     The range over 

which the current is  capacitive remains fairly constant except for a 

continuous increase in magnitude as the central sphere is made larger. 

The current distribution on the sphere seems to have undergone a 

drastic change when compared with that for (3   h =   1.6.     Again,   the 

behavior of I!'   bears great resemblance to that with (3_h -   1. 6 but the rate ts 6 r0 
of change with respect to the sphere radius seems to be approximately 

doubled (e. g. ,   I!'   begins to have a negative part for 3   b > 0. 91  at 

B„h -   1. 6,   whereas I!'   has a negative part for a much smaller central 0 ' ts or 
sphere).     The most affected part is the imaginary current I'     which has a 

small range of inductive current near the driving point and becomes 

capacitive rapidly over the rest of its  range with an increase in the size 

of the central sphere.     At (3   b      1 ,   I!     begins to become less capacitive 

near the equatorial region of the sphere (i. e. ,   d - 7T/2).    As can be seen 

in Fig.   2-14c,   I!     becomes inductive again near the 9 -  ir/Z. 

In general,   the distribution of current along the thin conical antenna 

has much the same shape as along a simple dipole with enlarging central 

sphere.     Yet,   the current on the sphere is quite sensitive to the antenna 

lengths especially for larger spheres. 

(C)    Far-Field Pattern 

Far-field patterns with a fixed central sphere and various antenna 

length are shown in Fig.   2-15.     The size of the central sphere ranges from 
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P   b -  0. 15 to 1.51 and the antenna lengths range from p~h =   1. 6 to 3. 9. 

Because of the properties of symmetry of this  radiating structure 

(i. e. ,   rotational symmetry and symmetry with respect to 9 - TI/2 plane), 

it is necessary only to know the field patterns in the range 0     < 0  < 90   . 

In order to facilitate the observation of the effect of the central sphere, 

all curves are normalized to have a maximum value one. 

In general,   the far-field pattern of the modified conical antenna 

behaves quite like a simple dipole for small central spheres.     The 

presence of the central sphere effectively lengthens the antenna as 

compared to a simple dipole of length equal to the portion that protrudes 

from the sphere. 

Note that the far-field patterns are more sensitive to the total 

length of the radiating structure than to the size of the central sphere. 

In Fig.   2-15a,   are drawn the field patterns of a quarter wave 

antenna with various central spheres.     The effect of the central sphere 

can readily be seen in the continuous flattening of the field patterns which 

correspond in effect to those of a dipole -with half length longer than 

quarter wavelength. 
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APPENDIX   A 

TABULATION   OF   THEORETICAL   INPUT   IMPEDANCES 

AND   ADMITTANCES 

The driving point characteristics (i. e. ,   input impedances and 

admittances) have been computed for modified conical antennas with 

half cone angle 6~ =   1.1     and driving gap 9.  -  1. 5   .     It covers the 

folio-wing ranges: 

(3   b 0. 15    to    1. 51 

and 

(3Qh 0. 6      to    3. 9 
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^aMe A-l Theoretical data for 
modified diuole; 

the input admittance of 

V poa Y
0 ^0 

0.60 0.75 0.126 + ,i 3.850 3.48 -J259.33 
-.1206.34 0.70 0.85 0.254 +.1 4.833 10.36 

0.80 0.95 0.574 + .i 6.313 14.28 -J157.00 
0.90 1.05 1.303 +J 8.394 18.05 -J116.00 
1.00 1.15 3.298 + j- LI.637 22.54 -j  79.54 
1.10 1.25 9.806 +y. L5.930 27.90 -j 45.50 
1.20 1.35 25.410 +j 9.732 34.30 -j  13.14 
1.30 1.45 20.490 -j 8.294 41.93 +j  16.97 
1.40 1.55 10.210 — T 9.713 51.40 +j 48.92 
1.50 1.65 6.103 7.740 62.82 + j  79.67 
1.60 1.75 4.22R -j 6.097 76.80 +3110.75 
1.70 1.85 3.228 -j 4.884 94.19 +J142.50 
1.80 1.95 2.630 -j 3.971 115.90 +.1175.00 
1.90 2.05 2.270 - j 3.277 142.85 +J206.23 
2.00 2.15 1.976 - 3 2.675 178.70 +J241.80 
2.10 2.25 1.305 -.1 2.205 222.32 +J271.60 
2.20 2.35 1.644 -J 1.764 282.70 +j303.uo 
2.30 2.45 1.553 -J 1.407 353.73 +J320.30 
2.40 2.55 1.457 _ i 1.050 452.20 +J325.30 
2.50 2.65 1.409 -j 0.750 553.19 +J294.3S 
2.60 2.75 1.350 -j 0.431 672.10 +J214.60 
2.70 2.85 1.318 -j 0.141 750.00 +j   80.10 
2.80 2.05 1.20s +J 0.145 760.80 -j   85.20 
2.O0 3.05 1.2Q0 +j 0.433 696.8O -.1233.70 
3.00 3.15 1.294 +,i 0.727 587.50 -J329.70 
3.10 3.25 1.313 +j 1.033 470.40 -J370.00 
3.20 3.35 1.350 + i 1.359 367.90 -J370.40 
3.30 3.45 1.410 + 1 1.713 266.50 -j348.00 
3.^0 3.55 1.500 + j 2.061 230.81 -3317.24 
3.50 3.65 1.642 + 1 2.549 173.60 -J277.30 
3.60 3.75 1.837 + 1 2    OQQ 143.56 -.1242.48 
3.70 3.85 2.186 + ] 3.660 120.30 -,i201.40 
3.80 3.95 2.658 +.1 4.274 104.92 -1168.74 
3.90 4.05 3.605 + 1 5.153 c:i.03 -.1130.25 
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TableA-2   Theoretical data for 
"lodified dipole; 

the  irmut  admittance of 

Poh P0a Yo z 
0 

0.60 0.80 0.148 + 3 3.972 9.36 -J251.40 
C.70 0.90 0.310 +3 5,010 12.31 -J198.85 
0.80 1.00 0.705 +3 6.555 16.20 -J150.80 
0.n0 1.10 1.577 +3 8.671 20.30 -jlll.60 
1.00 1.20 3.920 +3^ Li.850 25.15 -,i 76.00 
1.10 1.30 11.056 +3^ L5.340 30.92 -3 42.90 
1.20 1.40 24.280 +3 7.262 37.81 -j 11.31 
1.30 1.50 18.440 -•3 7.750 46.09 +3 19.33 
1 .40 1.60 9.990 •• j 8.849 56.92 +j 49.68 
1.50 1.70 6.169 -j 7.232 68.27 +3 80.03 
1.60 1.80 4.336 •-3 5.773 83.19 +3110.75 
1.70 1.90 3.331 -3 4.653 101.70 +J142.10 
1.80 2.00 2.719 -3 3.792 124.90 +J174.16 
1.90 2.10 2.356 -3 3.H7 154.30 +J204.1Q 
2.00 2.20 2.039 -3 2.546 191.60 +3239.30 
2.10 2.30 1.867 -.1 2.082 238.73 +J266.19 
2.20 2.40 1.687 -3 1.657 301.70 +3296.30 
2.30 2.50 1.598 -3 1.302 376.19 +3306.33 
2.40 2.60 1.485 -3 0.951 477.60 +3305.60 
2.50 2.70 1.440 -3 0.653 575.85 +3261.3+ 
2.60 2.80 1.367 -3 0.33B 689.70 +J170.40 
2.70 2.90 1.329 -3 0.048 751.^-0 +.1 26.96 
2.80 3.00 1.304 +3 0.239 741.90 -3135.85 
2.90 3.10 1.292 +3 0.527 663.60 -3270.95 
3.00 3.20 1.292 +3 0.823 550.50 -3350.80 
3.10 3.30 1.307 +,i 1.133 436.80 -3378.70 
3.20 3.40 1.340 +3 1.463 340.34 -3371.60 
3.30 3.50 1.398 +3 1.823 264.85 -3345.40 
3.40 3.60 1.493 1. 2.170 215.16 -3312.76 
3.50 3.70 1.631 +3 2.676 166.03 -3272.50 
3.70 3.90 2.195 +.1 3.815 113.30 -3197.00 
3.°o 4.10 3.694 +.1 5.332 87.7° -3126.70 
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Table A-3  Theoretical data for 
modified dipole; 

the inuut adnittance of 

P h 
0 Poa Yo Z 

0 

0.60 0.85 0.130 + ,i 4.115 10.58 -.1242.50 
O.SO 1.05 0.856 + (i 6.784 18.30 -J145.10 
0.90 1.15 1.884 + 3 8. "12 22.70 -.1107.40 
1.00 1.25 4.573 + V LI."50 27.92 -3 72.98 
1.10 1.35 12.870 + .1 L4.430 34.10 -3 40.73 
1 .20 1.45 22.320 + ,'; 5.433 41.48 -3 9.86 
1.30 1 • 55 17.360 _ T 

0 6.465 50.58 +3 18.33 
1.40 l.t5 9.302 _ 1 8.037 61.00 +j 50.00 
1.50 1.75 6.240 -j 6.738 74.00 + 3 79.90 
1.60 1.85 4.447 ~3 5.450 89.83 +3110.15 
1.70 l .05 3.4? 7 4.421 109.60 + jl40.r'3 
1.80 2.0 5 2.317 "3 3.611 134.20 +J172.40 
1.90 2.15 2.44n -,i 2.953 166.37 + ,i200.64 
2.00 2.25 2.105 _ i 

0 2.416 205.00 +J235.30 
2.10 2.35 1 cn£ -3 1.956 255.55 +3258.20 
2.20 2.-4-5 1.733 1.548 320.90 +3236.70 
2.3C 2.55 1.649 _ i 1.195 307.60 +3288.08 
2.40 2.65 1.515 -3 0.352 501.30 +3281.90 
2.50 2.75 1.476 -j 0.556 593.16 +.1223.50 
2.60 2.85 1.884 -3 0.243 700.90 +J123.00 
2.70 2.05 1.341 + i 0.047 744.70 -J258.50 
2.80 3.05 1.3H +J 0.334 716.30 -J182.20 
2.90 3.15 1.294 +1 0.623 627.20 -3302.20 
3.00 3.25 1.2Q0 +3 0.922 513.20 -.1366.70 
8.10 3.35 1.301 + i 1.235 404.40 -3383.70 
3.20 3.45 1.332 * 1.570 314.30 -3370.40 
3.30 3.55 1.387 + : 1.936 244.60 -3341.30 
3.&0 3.65 1 

3.50 3.75 1.623 + 3 2.807 154.40 -3267.00 
3.60 3.85 ' 
3.7C 3-p5 2.210 + 3 3.971 107.00 -JI92.3O 
3.80 4.05 2.732 + 3 4.573 96.28 -3161.17 
3-c'0 1 '4.1* 3.796 + 3 5.497 3 5.06 -3123.00 
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.'able A-4       theoretical data for the  input admittance of 
modified clipole; 

P0h poa Y
0 Z 

0 

0.60 C.91 0.221 + i 4.,,?4 12.06 -,i233.40 
0.70 1.01 0.452 + 3 5.352 15.68 -1185.30 
0.80 1.11 0.972 + i 6.878 20.14 -3142.50 
0.90 1.21 2.l4t; + i 8.970 25.25 -J105.40 
1.00 1.31 5.365 +j- LI.910 31.46 -3   69.32 
1 .10 1 .41 12.9^0 +J13.1C0 38.17 -3   38.63 
1.20 1.51 20.P30 + 3 3.925 46.15 -.1    8.65 
1.30 1.61 15.780 -.1 5.855 55.70 + 3  20.66 
1.40 1.71 9.613 -3 7.H6 67.20 +j ^-9.70 
1.50 1.81 6.331 -3 6.158 81.17 +3  78.94 
1.60 1.91 4.586 -3 5.065 98.24 +3108.48 
1.70 2.01 3.570 -3 4.142 119.40 +J138.50 
1.80 2.11 2.928 -3 3-393 145.79 +3168.90 
1.90 2.21 
2.00 2.31 2.189 -3 2.258 221.30 +3228.30 
2.10 2.41 
2.20 2.51 1.791 -.1 1.417 343.40 +3271.65 
2.30 2.61 
2.40 2.71 1.55^ -.1 0.733 526.48 +J248.16 
2.50 2 .81 1.528 -.1 0.438 604.80 +J173.58 

+ 3  64.01 2.60 2 !oi 1.40? — "i 0.128 704.89 
2.70 3.01 1.357 +3 0.161 726.47 -.1  86.37 
2.80 3.11 1.321 +3 0.44^ 678.50 -J230.67 
2.90 3.21 1.298 +3 0.741 581.06 -.1331.63 
3.00 3.31 1.289 +3 1.042 469.09 -3379.29 
3.10 3.41 I.296 +j 1.360 367.32 -J385.36 
3.20 3.51 1.323 +3 1.700 285.01 -.1366.34 
3.30 3.61 1.377 +,i 2.074 222.17 -.133^-72 
3.40 3.71 1.468 +3 2.491 175.56 -.1297.95 
3.50 3.81 1.629 +.1 2.865 149.94 -.1263.79 
3.60 3.91 1.849 +,1 3.393 123.56 -J227.10 
3.70 4.01 2.237 +3 4.161 100.22 -3136.45 
3.30 4.11 2.790 +3 4.736 92.33 -3156.75 
3.90 4.21 3.93^ + i 5.681 82.33 -3118.97 
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"able A-5   Theoretical data for the 
modified di^ole; 

input admittance of 

P0h v Yo zo 
0.60 1.01 0.299 + 3 4.507 14.64 -J220.90 
0.70 1.11 0.603 + j 5.602 18.9° -J176.45 
O.CO 1.21 1.274 + j 7.122 24.34 -J136.50 
0.90 1.31 2.730 + 3 °.073 30.41 -jlOl.10 
1.00 1.41 6.038 + .i: LI.192 37.50 -j 68.95 
1.10 1.51 12.710 +v L0.770 45.81 -j  38.80 
1.20 1.61 17.430 +j 3.H7 55.60 -j    9.94 
1.30 1.71 14.070 "j 4.232 65.14 +j  19.61 
1.40 1.81 9.375 J 5.675 78.06 +j 47.25 
1.50 1.91 6.508 -j 5.209 93-65 +j  74.97 
1.60 2.01 4.840 -j 4.421 112.64 +J102.90 
1.70 2.11 3.814 -j 3.671 136.10 + J13L00 
1.80 2.21 3.143 -j 3.024 165.24 +J158.98 
1.00 2.31 2.745 -j 2.524 196.26 +J181.60 
2.00 2.41 2.343 -j 1.992 247.74 +j210.6l 
2.10 2.51 2.217 -j 1.535 304.96 + J2U.13 
2.20 2.61 2.019 -j 1.173 370.39 +J215.18 
2.30 2.71 1.747 -j 0.850 462.75 +J225.26 
2.40 2.81 1.737 -j 0.533 526.13 +J161.51 
2.50 2.91 1.528 -j 0.226 640.36 +j  94.48 
2.60 3.01 1.450 +.1 0.069 688.10 -j  32.50 
2.70 3.11 1.383 +j 0.^58 675.60 -J174.20 
2.80 3.21 1.340 +0 0.648 604.84 -J292.29 
2.90 3.31 1.307 +j 0.944 502.97 -J363.10 
3.00 3.41 1.289 +j 1.251 399.48 -J387.73 
3.10 3.51 1.288 +.1 1.577 310.70 -J380.28 
3.20 3.61 1.310 +.1 1.929 240.05 -J354.80 
3.30 3.71 1.361 +j 2.316 188.56 -j320.92 
3.40 3.81 1.506 +j 2.610 165.84 -J287.48 
3.50 3.°l 1.613 +j 3.248 122.66 -J246.98 
3.60 4.01 1.878 + i 3.629 112.46 -J217.34 
3.70 4.11 2.263 + j 4.263 97.16 -J183.02 
3.80 4.21 2.905 + j 4.976 87.50 -J149.89 
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Table A-6 Theoretical data for the input admittance of 
modified dipole; 

Poh Poa Yo z 
0 

0.60 l.ll 0.385 +3 4.698 17.32 -3211.43 
0.70 1.21 0.764 +3 5.784 22.43 -3169.94 
0.80 1.31 1.575 +3 7.235 28.72 -J131.97 
0.90 1.41 3.225 +3 8.926 35.81 -3 99.10 
1.00 1.51 6.581 +3IO.306 44.01 -3 68.93 
1.10 1.61 11.845 +3 8.992 53.56 -3 40.66 
1.20 1.71 14.788 +3 3.139 64.71 -3 13.74 
1.30 1.81 12.550 -3 1.970 77.79 +3 12.22 
1.40 1.91 9.238 -3 3.709 93.22 +3 37.42 
1.50 2.01 7.060 -3 3.960 107.74 +3 60.43 
1.60 2.11 5.131 -3 3.769 126.58 +3 92.97 
1.70 2.21 4.095 -3 3.192 151.89 +3118.42 
1.80 2.31 3.390 -3 2.649 183.14 +3143.12 
1.90 2.41 2.940 -3 2.182 219.33 +3162.78 
2.00 2.51 2.522 -3 1.723 270.30 +3184.70 
2.10 2.61 2.273 -3 1.320 328.99 +3191.06 
2.20 2.71 2.023 -3 0.971 401.83 +3192.85 
2.30 2.81 1.847 -3 0.617 487.00 +3162.79 
2.40 2.91 1.707 -3 o.324 565.37 +3107.14 
2.50 3.01 1.601 -3 0.045 624.02 +3 17.46 
2.60 3.H 1.498 +3 0.271 646.41 -3116.94 
2.70 3.21 1.421 +3 0.562 608.32 -3240.63 
2.80 3.31 1.361 +3 0.855 526.76 -3331.00 
2.90 3.41 1.316 +3 1.157 428.46 -3376.74 
3.00 3.51 1.288 +3 1.474 336.22 -3384.63 
3.10 3.61 1.280 +3 1.811 260.28 -3368.27 
3.20 3.71 1.296 +3 2.177 201.93 -3339.14 
3.30 3.81 1.346 +3 2.582 158.80 -3304.55 
3.40 3.91 1.532 +3 3.120 126.82 -3258.23 
3.50 4.01 1.618 +3 3.557 105.98 -3232.94 
3.60 4.11 1.920 +3 4.144 92.05 -3198.67 
3.70 4.21 2.390 +3 4.831 82.28 -3166.29 
3.80 4.31 3.310 +3 5.499 80.35 -3133.49 
3.90 4.41 4.470 +3 6.180 76.84 -3106.24 
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Table A_7 Theoretical data for the input admittance of 
modified dipole; 

Poh (V Y( 1 z 
1 

0 
0.60 1.31 0.534 +j 4.946 21.59 -J199.85 
0.70 1.41 1.006 +j 5.923 27.88 -J164.10 
0.80 1.51 1.924 +j 7.099 35.56 -J131.23 
0.90 1.61 3.498 + .1 8.199 44.02 -J103.18 
1.00 1.71 6.005 +j 8.710 53.66 -j  77.82 
1.10 1.81 9.044 +j 7.630 64.59 -j 54.50 
1.20 1.91 10.986 +j 4.681 77.04 -j 32.82 
1.30 2.01 10.760 +j  1.485 91.22 -j  12.59 
1.40 2.11 9.278 -j 0.542 107.41 +j    6.28 
1.50 2.21 7.669 -j 1.446 125.91 +j  23.73 
1.60 2.31 6.341 -j  1.706 147.06 +j  39.56 
1.70 2.41 5.324 -j 1.655 171.27 +j  53.25 
1.80 2.51 4.553 -j 1.470 198.89 +j 64.22 
1.90 2.61 3.962 -j 1.230 230.20 +j  71.43 
2.00 2.71 3.500 -j 0.970 265.30 +j  73.50 
2.10 2.81 3.106 -j 0.726 305.26 +j  71.40 
2.20 2.91 2.782 -j 0.445 350.47 +j  56.11 
2.30 3.01 2.360 -j 0.178 493.38 +i 43.77 
2.40 3.H 1.940 +j  0.089 514.39 -j 23.52 
2.50 3.21 1.742 + 3 0.395 545.98 -J123.80 
2.60 3.31 

3.41 
1.591 +j 0.700 526.68 -J231.77 

2.70 1.476 +j  1.010 461.37 -J315.77 
2.80 3.51 1.382 +j   1.330 375.80 -J361.47 
2.90 3.61 1.309 +j  1.663 292.20 -J371.30 
3.00 3.71 1.258 +j  2.018 222.49 -J356.91 
3.10 3.81 1.233 +j  2.401 169.30 -J329.60 
3.20 3.91 1.242 +j  2.821 130.76 -J296.94 
3.30 4.01 1.298 +j  3.289 103.92 -J263.23 
3.^0 4.11 1.469 +j  3.790 88.91 -J229.40 
3.50 4.21 1.642 +j 4.410 74.13 -J199.15 
3.60 4.31 2.129 +j  5.110 69.47 -J166.75 
3.70 4.41 2.617 +j  5-821 64.25 -J142.90 
3.80 4.51 3.690 +j  6.710 62.93 -3114.43 
3.90 4.61 4.871 +j   7.392 62.16 -j  94.32 
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.'able A-8 Theoretical data 
modified dipole; 

for the inout admittance of 

?oh V Yo zo 
0.6 1.51 0.52c + .1   5.053 20.507 -jio5.?4 
0.7 1.61 0.935 +j  5.977 26.840 -3162.88 
0.8 1.71 1.713 +j  6.022 33.690 -3136.12 
0.9 1.31 2.861 + .1  7.314 41.310 -JU2.85 
1.0 1.91 ^.537 + i   8.4-02 4-9.760 -3  92.lt 
1.1 2.01 6.640 + ,i   3.253 5°. 137 -3  73.5^ 
1.2 2.11 8.851 +j  7.046 69.490 -3  56.60 
1.3 2.21 9.320 +j 4.9R8 80.950 -j 41.12 
1.4 2.31 9.860 +j  2.839 03.66O -3 ?6.y7 
1.5 2.4-1 9.126 +j   1.197 107.726 -3  1^.13 
1.6 2.51 8.103 +j   0.173 128.360 -3    2.64- 
1.7 2.61 7.087 -2   O.366 140.720 +3    7.27 
1.3 2.71 6.1O0 -.1   O.507 160.050 +3  15.^2 
1.? 2.81 5.484- -j   0.638 179.920 + 3 20.94- 
2.0 2.91 4-. 803 -: 0.564- 205.370 +3 24.13 
2.1 3.01 4-.314 -j  0.44-0 229.4-4-9 +j 23.39 
2.2 3.11 3.332 -,1  0.250 250.860 +3  16.92 
2.3 3.21 3.4-84 -1   0.068 286.060 +3    5.58 
z£ 3.31 3.128 + j   0.172 318.740 »3 17.56 
2.5 3.4-1 2.868 +2  0.386 342.4-62 -i  4-6.02 
2.6 3.51 2.596 +j   0.657 362.030 -3 91.70 
2.7 3.61 2.377 +j   O.Qlo 365.950 -J14-1.4-9 
2.8 3.71 2.185 +j   1.202 351.300 -J193.29 
2.o 3.81 2.01O +J   1.502 318.780 -J237.26 
3.0 3.°l 1.880 +j   1.330 272.900 -1265.94- 
3-1 4.01 1.730 +j   2.148 228.750 -3275.84- 
3.2 4-..1.1 1.702 +J 2.587 177.460 -1269.80 
3.3 4.21 1.683 +j 2.066 144.699 -3255.10 
3.S 4.31 1.737 +J 3.503 113.400 -J228.90 
3-5 4-. 4-1 1.93° +j 4.005 97.930 -1202.28 
^  6 4-  <1 2.142 + i 4.4-96 06.356 -3181.28 
3.7 4.61 2.731 +J  5.041 83.030 -J153.36 
3.3 4.71 3.273 +j  5.576 78.200 -3133.37 
3.9 h       11 

V . Cl 4.050 +3  6.271 72.670 -1122.50 
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Vable A-9  Theoretical data for the input admittance of 
modified dipole; 

f«- V Y0 7. 0 

0.6 1.61 0.477 + .1 5.138 17.93 -j192.98 
0.7 1.71 0.353 +,i 6.006 23.19 -J163.22 
0.8 1.31 1.457 +3 6.033 29.04 -J138.14 
0.9 1.91 2.397 +3 7.857 35.53 -3116.44 
1.0 2.01 3.785 + .1 8.626 42.65 -j  97.22 
1.1 2.11 5.650 +3 8.941 50.51 -j  79.93 
1.2 2.21 7.764 +.i 8.429 59.12 -j  64.18 
1.3 2.31 9.559 +3 6.928 68.59 -j 49.71 
1.4 2 .41 10.442 +3 4.304 7°. 04 -j 36.36 
1.5 2.51 10.315 +,i 2.733 90.57 -j  24.04 
1.6 2.61 9.530 +.1 1.172 103.37 -j  12.71 
1.7 2.71 8.500 + i 0.176 117.65 -j  24.41 
1.8 2 .81 7.470 "3 0.370 133.60 + 3     6.61 
1.9 2.91 6.54(1 -.1 0.612 151.55 +3  14.19 
2.0 3.01 5.744 -j 0.665 171.79 + 3  19.90 
2.1 3.U 5.067 -3 0.596 194.64 +3  22.91 
2.2 3.21 4.4^4 -.1 0.454 220.27 + 3  22.25 
2.3 3.31 4.004 -j 0.264 248.70 + 3  16.41 
2.4 3.^1 3.531 -j 0.039 27°.18 + 3    3.01 
2.5 3.51 3.215 +3 0.213 309.65 -3  20.47 
2.6 3.61 2.8"7 +3 C.480 335.95 -3  55-68 
2.7 3.71 2.618 +.1 0.773 351.38 -JI03.76 
2.8 3.31 2.375 + .1 1.033 348.62 -3158.93 
2.9 3.91 2.166 + i < 1.416 323.42 -3211.44 
3-0 4.01 l.°92 +3 1.777 27°.60 -3249.31 
3.1 4.11 1.857 +.1 2.169 227.84 -3265.99 
3.2 4.21 1.769 +3 2.592 17°.66 -3263.25 
3.3 4.31 1.738 +3 3.042 141.57 -J247.83 
3.4 4.41 1.784 + .i 3.528 114.12 -J225.73 
3.r> 4.51 l.ooi +3 4.093 93.34 -j200.°7 
3.6 4.61 2.194 +3 4.657 82.79 -3175.73 
3.7 4.71 2.624 +3 5.248 76.21 -3152.44 
3.3 4.31 3.240 +3 5.723 74.91 -3132.32 
3.S' 4.91 4.040 +.1 6.035 76.60 -3114.41 
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Table A-10 Theoretical data for the input admittance of 
modified dipole; 

Poh <v Yo zc 
0.6 1.71 0.411 +.1  5.248 14.84 -.1189.38 
0.7 1.81 0.729 + 3   6.122 19.18 -,5161.07 
0.3 1.91 1.237 + 3   7.071 24.00 -3137.22 
0.9 2.01 2.031 +j 8.063 29.34 -3120.20 
1.0 2.11 3.234 +3 9.024 35.19 -3104.32 
1.1 2.21 4.958 +3 9.721 41.64 -3  81.64 
1.2 2.31 7.180 +j 9.791 48.71 -3  66.42 
1.3 2.4-1 9.53^ +3 8.331 56.51 -3 52.29 
1.4 2.51 II.298 +3 6.772 65.12 -3 39.03 
1.5 2.61 11.889 +3 4.223 74.69 -j 26.53 
1.6 2.71 11.374 +3 1.953 85.40 -j  14.67 
1.7 2.81 10.249 + 3 0.364 97.45 -3    3.46 
1.8 2.91 8.960 -3 0.571 111.16 +3    7.09 
1.9 3.01 7.746 -3   1.024 126.88 +3 16.77 
2.0 3.11 6.688 -3  1.166 145.10 +3 25.29 
2.1 3.21 5.795 -3   1.120 166.36 +3 32.15 
2.2 3.31 5.046 -3   0.956 191.32 +3 36.25 
2.3 3.41 4.416 -3   0.724 220.49 +3 36.16 
2.4 3.51 3.886 -i  0.446 253.97 +3 29.12 
2.5 3.61 3.435 -3  0.138 290.65 +3 11-67 
2.6 3.71 3.049 + 3   0.194 326.62 --3 20.81 
2.7 3.81 2.720 + 3   0.545 353.40 -3 70.81 
2.8 3.91 2.441 *3   0.917 359.05 -3134.82 
2.9 4.01 2.207 + 3  1.309 335.26 -3193.80 
3.0 4.11 2.01O + 3  1.722 286.79 -3244.50 
3.1 4.21 1.880 + 3  2.157 229.69 -3263.51 
3.2 4.31 1.795 + 3  2.613 178.60 -3260.00 
3.3 4.41 1.780 + .1  3.091 139.91 -3242.95 
jX 4.51 1.329 +3   3.625 110.95 -3219.91 
3.5 4.61 1.973 + 3 4.263 89.59 -3193.02 
3.6 4.71 2.245 + 3  4.349 78.62 -3169.84 
3.7 4.81 2.651 +3  5.399 73-28 -3149.25 
3.8 4.91 3.216 +3  5.389 71.43 -3130.81 

1    3.9 5.01 3.944 +3 6.253 72.08 -3114.38 
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rable A-11 •"'heoretical data 
n od i f i ed d i po1e; 

for the  input  admittance  of 

Poh P0
a Yo zo 

0.6 1.91 0.2-1 + 3   5.53^- 
r-.49 -3180.20 

0.7 2.01 0.513 + ,i  6.469 12.31 -.5154.08 
0.8 2.11 0.889 +3 7.525 15.48 -J131.06 
0.9 2.21 1.490 +3  3.730 19.01 -.1111.31 
1.0 2.31 2.471 + .110.082 22.94 -3   93.56 
1.1 2.41 4.06^' +311.507 27.31 -3  77.24 
1.2 2.51 6.607 +312.712 32.19 -3 61.93 
1.3 2.61 10.292 +J12.932 37.68 -3 47.3^ 
1.4 2.71 14.4^6 +J10.967 43.88 -.1  33.19 
1.5 2.81 17.159 +3  6.4°° 50.97 -3  19.30 
1.6 2.91 16.761 + 3  1.554 59.15 -3    5.49 
1.7 3.01 14.334 -3 1.753 68.74 +3    8.41 
1.3 3.11 11.569 -J 3.246 80.13 + 3 22.48 
1.9 3.21 9.233 -3  3.611 93.94 +3  36.74 
2.0 3.31 7.434 -.1  3.427 110.95 +.1  51.14 
2.1 3.41 6.073 -.1  3-000 132.29 +J  65.31 
2.2 3.51 5.050 -3  2.473 159.59 + 3  78.32 
2.3 3.61 4.260 -.1  1.929 194.82 +3  88.21 
2.4 3.71 3.642 -3  1.332 240.01 + 3  91.06 
2.5 3.31 3.156 -.1 0.349 295.51 +J  79.53 
2.6 3.91 2.766 -3 0.329 356.55 + 3  42.41 
2.7 4.01 2.455 +3 0.209 404.41 -3 34.46 
2.S 4.11 2.206 +i   0.661 415.89 -3124.69 
2.9 4.21 2.049 + 3   1.160 369.60 -3209.21 
3-0 4.31 1.910 + .1   1.622 304.09 -3258.19 
3.1 4.41 l.n23 + .1   2.242 218.26 -3268.55 
3.2 4.51 1.792 +J  2.824 160.21 -.1252.48 
3.3 4.61 1.920 +3   3.391 122.85 -3228.96 
3.4 4.71 1.914 + 3   3.957 99.09 -3204.80 
3.5 4.81 2.086 + 3 ^-.533 83.79 -3132.04 
3.6 4.oi 2.351 +J   5.H7 74.14 -3161.36 
3-7 5.01 2.727 + 3   5.697 68.35 -3142.80 
3.8 5.11 3.236 +3  6.254 65.26 -3126.12 
3.9 5.21 3.901 +3   6.754 64.13 -3111.02 
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Table A-12 Theoretical data for the input admittance of 
nodified dipole; 

Poh V Yo Zo 
0.6 2.11 0.217 +3 5.854 6.319 -J170.58 
0.7 2.21 0.393 +j 6.881 8.268 -3144.86 
0.8 2.31 0.691 + 3 8.084 10.492 -3122.80 
0.9 2.41 1.202 + 3 9.530 13.032 -3103.29 
1.0 2.51 2.107 +J11.308 15.926 -j 85.46 
1.1 2.61 3.771 rjl3.488 19.230 -j 68.78 
1.2 2.71 6.939 +J15.9H 23.030 -j 52.31 
1.3 2.81 12.828 +317.406 27.440 -j 37.23 
i.4 2.Q1 21.226 +jl4.l6l 32.600 -3 21.75 
1.5 3.01 25.196 + 3 3.962 88.730 -3 6.09 
1.6 3.11 20.705 -3 4.484 46.134 +3 9.99 
1.7 3.21 14.673 -3 7.108 55-200 +3 26.74 
1.8 3.31 10.401 -.1 6.938 66.540 +3 44.38 
1.9 3.41 7.682 -3 5.931 81.047 +3 63.10 
2.0 3.51 5.926 -3 4.961 99.960 +3 82.92 
2.1 3.61 4.745 -J 3.922 125.220 +3103.50 
2.2 3.71 3.962 -j 3.029 159.768 +3123.58 
2.3 3.81 3.315 -3 2.239 207.175 +3139.93 
2.4 3.91 2.864 -j 1.497 274.258 +3143.32 
2.5 4.01 2.515 -3 0.948 348.190 +3131.19 
2.6 4.11 2.347 -3 0.35 416.81 +3 62.16 
2.7 4.21 2.105 + 3 0.248 468.453 -3 55.25 
2.8 4.31 1.958 + 3 0.870 426.473 -3189.59 
2.9 4.4l 1.858 + 3 1.461 332.539 -3261.61 
3-0 4.51 1.799 + 3 2.015 246.564 -3276.09 
3.1 4.61 1.782 +3 2.554 183.727 -3263.33 
3.2 4.71 1.807 + 3 3.090 141.020 -3241.18 
3-3 4.81 1.877 + 3 3.634 112.202 -3217.20 
3.* 4.91 2.001 + 3 4.191 92.781 -3194.31 
3.5 5.01 2.189 +3 4.767 79.555 -3173.25 
3.6 5.11 2.456 +3 5.361 70.621 -3154.17 
3.7 5.21 2.823 +3 5.973 64.688 -3136.85 
3.8 5.31 3.320 +3 6.594 60.O14 -3120.98 
3.9 5.41 3.984 +3 7.205 58.772 -3106.29 
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APPENDIX B.   COMPUTER  PR.OGRAMS  FOR MODIFIED DIPOLES(lst  set) 

FORTRAN IV .:- LZMC.:.      IV MSIN              DATE = 71110         IS/Ib/35 

C FORTRAN IV PR CO'-A v -• C:i >:' MC'MFlrC CONICAL t'-r«£.\NA 
r- 

c 
C THIS   PKCOI'A^   iOLVr-,   ,•>:•-   'HE   !;CEFFICIC-N"S   b-:: :F   EL^CTrCKAGNETfC   FI=LO 
C r     IHE   R* Si AT ION   PFGIC',   "if    TI-f.   ^ODtFtcO   CUNICAL    •WTEl^.A   C-.Y   = £ R S T   SOLVt:;:. 
C Tf '   CHARACTERISTIC   Ed'HAi'IC    Ltfte. )=0   UMlCH   GIVES   A   StT   Or    '.'5   FC*   A   Ft.< = 0 
C C-J:-::   A\GLi:   i\,   ANC    Ihr-i.   :•• •     ,'!'.0:'ff.Ll    7»U'.CATr\G   THE    ! W TNIN S '• r   SET   OF   Ltir* 
C UOSfiRAJC   r" -o 0 i T >'-i S.      '--r   f-L'C"t'R.?»<A:,\=T(C   "iELitS   1'.   T f?   «MM.;A   9.F.CKJN, 
c CIIKR=I':T OiSJRir'jnrt'/S   :LL;NG ;H'-: SURFACES cr T^£ -'*r.iA> ino  ST^UCT-J«<F. ;.:<Q 
C TH£    lrii>UV   CHARACTERISTICS   A«t   tXP^fSiHn   IN   VEf.tfS   Or     bM'o    TOGETHER   KITH 
C 5 M>;   FRACTiCNr.L    : hf.'c'r.   [ r^-.^'C".;    FUNCTION   AND   3ES5FI.   S   HINCT1CNS.      !>IIS   PffCiGi 
C 25.   VALID   FC;;.   HALF   ANGLE     l : =>S   Th.VJ   TwJ   DEGRESS   *M!  ANTENNA   IL!'".H*   BETA* 
r. L'P   TO   3   ANO   CENTAL   SPri = f.f:   HE1 'A"      'J P   TC   ,?* 
r 
C 

0G01 EXTERNAL   FCT 
0102 '-'KM KKfZ>-KK*(KK*11-Z-(?*l) 
0003 COMPLEX V(50.*0) •AI53.5* J.ShiifO) ,DSH(lOO).QTBt £3) tOSOb IK-01 .CUNCi 

120) iCU.'ICI 20 > ,C'JNS12 0» ,C'.i'.:.;r.(2Ci , TAR Ft 2:1 ,r«lrtGtADML»Al;«2 .ACMit A OVA , 
2 VOI-i.RIf, CUK! ,CUMC? iCUNC3»CUNC4,CUNSl .:UNS2.CUNS3 i CONS'- ,CVM* 

COCA, OIMENSI :>N KT«?ii ,n i&c,-o>,F nro.noj ,r-> tj yrr, ,OPH i JO •. m:T ito,bC) 
1 ,CNT ( V'S > .ASf.ISG! I'uMONFMi J) tOMXJP (60 I .GPMXJiSO) |PW<1 10» iCPUPUlOl , 
2PNMU10J ,i.lPM1<\3 )»,!>.\Hf:J),   CfN!.*6C).   L'T I E{ 60 } ,GMX.;P< • .v.*, »,OPMXJ I ( ; 
3 0).eLTA(6C! , GY1 SH {60 t?0> »CYl<T?(60i20) ,kM] 0MI60 ,20! , GM10MP (6Ci.20 J 
<t(r>MfrC> *f><£>C> tCU'3 it' ) .CU', (f.0> .GJQjPt <iO> 

C 
c 
C REA:J    iNrliT   DATA 
<T M*v>r-WAXTMIIM   VALUE   OF   K 
C I4» tr*».*        >'  AX  4 I llji'l       V •-. w -J _       U. < 

C TA-^-'.I:- cc;.c   ANILS   If* CEG^cES 
PETA^DRiVING   u»P    iN   O-GPCSS 

C 
r 

00)5 1   REAC( 5t2)vAXir.>.AX,TA|BETA 
G0C6 2   FOANATJ 15, 15 ,2 iF10.<* >) 
0507 CALL   £kftGET'.20 7t?ail.O'JMPKR! 
C?;i CALL    ERRSCT(210,2,l.l,D«JMPfcR) 
CCCV MAXX = J.nAX + l>/2 
0010 Ml^CA.XX-* 1 
OOli M2 = M+1 
0012 MAl-MAX+1 
0C13 0 = 1.f- •)-> 
CC14 PIC*3.1«i592tn 
0C15 TAR.ePIC*TA/lSC 
CC16 TAKB=P:C*(TA«BETA>/ieO 
C:i7 TAe2=TARB/2 
OOlfi TA?=TA*/2 
CO 19 ITA^IFIXITA)*! 
C020 nfrlTA-TA 
0021 CALL    LEGf II ITi.CF.nO.ai.CPIl 
^C22 ITA?-=!F!XITA««;cT.V»*l 
002? DFi? = ITAS-TA-r3LTA 
CC2*. ?LTA = UC.»."!C 
0025 KLTABiALCC(CCT.A;viTA2 >/ CC1 ANIT A»3 ) ) 
Ci?.!. »l TAsALCGIL'C:T JMU:I 1 
0*2^ 2C-;^0.'^L1A 
C: 0 2 ? w/-LCS(TA„) 
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FORTRAN   V 

002- 

0030 
0 031 
oii.: 
: r 3 :• 
002 • 
003 5 
C03 6 

OC3 7 
0C3E 
0C3S 
OCtO 
C^4l 
f. i •<* > 

004 3 
0044 
0045 
004 6 

0C4 7 

CC46 
GC-V9 
005:3 
0051 
0052 
0053 
0 704, 
0055 
0066 
0 05 7 
C05b 
0C5>3 
006C 
0061 
006 2 
0C63 
0064 
^ P6 * 
CCfcfe 
CC67 

-   L -TL      lf>. 

i X = i I N f T •••: 

Milt r,4TE   a   71110 l«/13/39 

CM* .X ; 
L   ,<   ll.l *    ') 

LCoiTION  Lyl 9.1=   0 

\iT» CALL   RTN'I <A,T5S,Ui':v.-,F,cr'rtPCT,0.2. l.S-Ot.,17, If-fI.?
T^ 

«MA*1 I-'  -: i /> 

c:'D-c v i'.' i 
CALl    L£ rr f i T M ,£,= £ ,-jpr- ,.-., »«,p, ,;oN., ,Df%y ,,-tN:-".,!;NL,i';:jM. > 
KfJAU.M>: F':L if Si 

•>i CCMI.V;: 

?EAO    INPUT   CAT* 
(-7-   ANTE ;•*'•:/.   HcIv.HT'i   JN   ";i:CT?lCA:.   LENGTH 
RS*   CEMKAL   SPHSS'.   R4i:US    IN   ELECTRICAL   L £ Ti G T ; T 
K*-ri-    N'.W.cR   Cl"    rUUAL   SEC-MEWS    ftONG   T r <    ANTENNA    "•••0   ThJ   5PH6K' 

FOR   WHlCr1   CuSrlFNT   CiI37RI9LTiOK5   Af.S   Ce.''PlJTF;C. 

3 *EAG<S.4)h7,RS,KrtH 

WRITE(6,AIHT.RS.KKN 
4 FOM"iAT<;nO«4,;5> 

CT«-2.*'UN<HT-RC)/RLTA 
( AI L   -SI'hi- ' > •' - •• • -i 1 • SH t ii'trt, • ..,,,.-, . 
DO   :-CO   KL-! ,.\f'A 
CLC*RT<KL) 
CALL   LEGFt J1 AiC*-" .GLD,~,PN.">.rJPNP|PNMi DPNM. PNL IOPN'L ) 
CM I   GTJM<(CLD,H?tK!ifKMNtCMC»<PtG?XJ?« G^HXJ,GMXJPl , GPHXJ l,G.ICJf >«Y1 

2STI,GYl.Sn ,GfMr„",r,!-'lC^P,GJ:CJ,!DtX,l 1 
300   CCWTINU^ 

GENERATES   MATRIX   ELEMENTS 

DC ! 
I«*< 
ASt?( 
DO 1 
KK> = 
IK-'. 
i n s 
f Si i 
i f. v = 

rO I 
JTtS 
(AC- 
P( Ifi 
P :< I 1 
F *>P = 
FSI ! 
M>T< 
IF(  K 
!CX = 

C> 
Kr<* 
IRI 
0 2 
KK* 

m 
p., I 

o i 
i( I 
RT< 
) =•< 

N ) = 
P( ! 
R .1 

R . H 
i 

K R -:, f A X , I 
1) /?. 

K K •K X , f A X , 2 
4 
l) /r 
R, IK > *•• 0 
K )-0c 

N-l^.J'A 
R, lK>=lTr-STUr<fl K>« 1 
1M 
2.-U/ v. + i. j/i'.jr.- (.V'C» i.) > 
P|!r..i*HIM!M'CN;i IN >/(SX*SX»C?.\L< IN J ) 
N)*f'\Tl IN .'/{(;;'.!."P(!N> '•F<NtK^|Cr-.i;»*F<\(KK 
K )=r"'- t I -', "?)*FSP 
StFSP/FSCIRtlKJ) 
-r.VrOGC   TC    17 

fl J)) 

I IfsJ/CKMK" ,Ct''J)v-;.r'lXJPl. ( 1M J 
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FOBTBAN IV C LEVEL  13 KAIN CAT6 = 7111C iB/ie/3-i 

C06 8 
0 0b 9 
CC7C 
0071 
0072 
OC73 
0C74 
0075 
0076 
0077 
007S 
0C79 
OOPO 
CC61 
0032 

CCc3 
CC?4 
0C65 
CC86 

CC?7 
0036 
CC69 
CJ30 
0091 
0092 

0C9* 
CC95 
CCSS 
0097 
0098 
CC99 
0100 
0101 
0102 
0103 
0104 
0105 
01 06 
0107 
01 cs 
0101 
0110 
cm 
0112 
0113 
Oil* 
0115 
0116 
0117 
Oil f- 
Cll 9 
0120 
0121 
0122 

ASM IK) =ASBl IP.) • ASPS 
R AT A = A3S( ASPS/ASSURI ) 

17   IF(CM>KK2>10,:.:,2! 
21    IF( ! JX.LT.l IGG    (G   25 

If JRA7F.LT .1.£-"><».A*C.I<ATA.LT.l.E-04>00   TC   19 
GC   TG   10 

25   IflPV'.LT.t.or-ir.C   TO   19 
10   COM! ',UE 
19   FI( JRt IK»*-2 .*P1 <*R*l)*PI(KMi»*FSI IRt IK I 

Fl<IK ,!k)=F[( !K,IK! 
iriKR.'C.KKJGC   T •""   51 
V( IP. ,IK)=CT*PI (r.R + 1 l*PI (KM1 >/(K&*KK«(KP t 1)«(KK*1) I 
V( IK,IRI«V(IR,Ui) 
GO   TO   101 

5\   V(IB tIB|«CT*PI(KR*l)**2/(KR*(KS*lJ)**2-2.*<l«/HT*OSOS(KR*l))/C(2.* 
1KR< 1 )>'KR* (KF+li ) 

101 ft I If i IK ) = FI(IP11K)+VI IB,IK) 
AUK , I P ) - A ( I R , I K ) 

102 CONTINUE 
DT16I IR)»PI(KR+1 )*<-2/(ZC*C0SIHT-RSI*KR*(KR*l» J*aSSUBJ/(60*RLTABI 

1) 
DTP. ( IP XPFLXO. ,-DTIEdR)) 
A(IR ,M1)=DTP( I*) 

103 CCN1INUE 
CALL   CSl^EClA.iO.HAXX,!> 
HP H E(6,7 )hT,PS 

7   F0RI«ATl/////46H   =*•«•   ANSWER   FCR   COEFFICIENTS   CF   FIELO   FCR   HT=F10.* 
l.lX'iMiND  RS*F10.4/5H 1.10X.5H   REAL,20X,5H   IfAGJ 

DO £  :^:,y\y>. 
WP I T E I 6 t 9 ) 1 . A 1 i , M 1 ) 

9 FCRKAT(I5i2tlOX,E15.3JJ 
a CONTINUE 
RIVC=(0.,1.) 
ADH1=PIKG*TAN(HT-PS)/2C 
ADH:=(c.,o.> 
DO TC K.l=l ,MAXX 
ADT«=ADK2*PIl2*Kl)*MKl|Ml»/I2*KlM2*Kl-i>l 

700 CCN1 I.'.UE 
ADKi»l20*ACM2/(K*COS<hT-PSI ) 
AD^:--(0. , C. I 
DO   "(01   K2=l ,NMA 
AD3 = t'K(K2 »*GY15T1 (K2,D 
AGM:- = AUf B + A03 
RAT ^0:JS( ACVAGK3) 
IFiRAT.lT.1.E-C3IGG    TC   901 

701 CQN7 (NUE 
901   AC"3=-f: IKG'-ACf 3/ (120.*RLTA9I 

AOM<=( 0. >C. ) 
DC   703   K2^1,f'AXX 
K?.2 = 2»K3 

AD4=(C.,C> 
00   70*   K^i.NMA 
CKC--RTIK.*J 
AC 3 rPtK-'-. )•>&* ICf'fK-,, l)*D.'ir !KA> /TK.N( (K 32-1 ) ,OKD J 
Al;A --A L - • >•, 0 3 
if i < r,<f-',. J.LT.K:: IGO  TC 704 
ft AT - •• -r,( AS3/ADA ) 
IFl*A I.LT.1.E-031GO   TC   902 
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CRT RAN 

0123 
012'. 
012 5 
C12 6 
0127 
012 9 
0129 
C130 
C131 
0132 
01 i 3 
0134 
013 5 

013< 
0137 
0136 
013 9 
0140 
0141 
0142 

01-»3 
0144 
0145 
C146 
01*7 
oi-e 
0\h9 
0150 
0151 
C152 
0153 
C154 
0155 
0156 
C157 
015e 
015 = 
01 6 C 
0161 
C! 62 
ru3 
01 64 
Olt! 
0106 
0167 
C168 
016 5 
01 7C 
0171 
0172 
01 73 
0174 
C175 
0176 
017 7 
oi 7 e 

IV   G   LEVEL      15 MAIN DATE   =   7111C 18/13/3"? 

704   C?>V7 !NU! 
90?    \CM.4=*0««-A(K3.P1 ) "PI (2«K3)»AC4 

ft ATI = CA •:'»< .' C4«A< K3. Vi }»PIl?*K3> /AC*»4: 
IF Iff &TI .LI .1.E-C2 IviO   TO   903 

70 3   CONT f.'iOE 
90 3   A0V=E*( .'• Tv: • AC"i + AVi"i3»-ACM4) 

RIM = l./".C » 
AACV-CAGS(ACPI 
AR IMsl/AACM 
T AOM - AI ;• u;-: i ,\ i MAGI A!) y i, n? A«. J A CM ) ) * 160/ PI" 
TRIH=- r •'.'.:• 
WRITEJ6.lt) 

16   FCF.SAT ( /////41H   >---*    l\PljT   ADMITTANCE   AND   IMPECANCE    «**»/ilH   ACMIT 
ITANCz .JOXiilri   IfPtDANCE    ) 

V.RIT9 (6,1 P> 
'*(• IT£( 6,r<C-'t »ADf«i AADP.TACW.RIM.ARIK.TK!* 
hR ITi ( S,27IACN1,ACV 2 ,AJM3 ,A£f»4 

27   F JRK AT CX , El 5. E .? X. £1 5. S / ) 
lfc  FOPMATU(2X,6H  ~tAL   .10X.6H   1KAG   ,I0X,11H  MAGMTUDE   ,8X.£H   PHASE)) 

90<>   FCR.MAT(2<?Xi£15.S».c>»EiE.6,2X,F6.1.2(2X.E15.8»iiX.E15.8.2XtF6.1) 
SRITE<6,:.0> 

; COMPLIES   CURRENT   OISTR!Bl,T ICNS   AL"NG   At»TF.Nf.A 
20   F0PMATI////49H   **   CURRENT   DISTRIBUTION   ALONG   CCNi CAt. , 5URF ACE   **) 

DIV=lHT~RS>/KfN 
KMN1=KMN+1 
CUK'Cl 1 >=0.5»A0.V 

CUNfMl ) "Cu.\C( 1)/<2«PIC*RS*SXI 
ACUNC=C'.RSICUNC( 1 ) ! 
ACUNP-i • r.i f Cd '1»1 ) i 
TCUNC=ATAN2!AI"AG(CUNCI1)),8EAL<CUNC(1»)>*lSO/PtC 
TCUND = TCU.NC 
HRITE(6,S0^)CUNC(1» lACUNC.TCUhC.CUND'.U.ACUNC.TC'JNO 
DO   9 0 5   K5='2.KMN1 
HTC=RS*C1V**(K5-1 ) 
CUNC1--RIMG*! SIN(HTC-RS)-CGS(hTC-RSI*TAN(HT-3.$)>/ZC 
C'JNC2 = (C.,C. ) 
DC)   30C   Kt = l,fAXX 
CUNC2 = Cui;C?>PI (2»Kc)*A(K6,Ml)/l2*K6* [2*K6-1) I 

801   CONTINUE 
CUNC2-<Ur.C7*C0S(HTC-nS)/(CGS<i-T-RS)*!aTA) 
CUNC2=<C.,0.) 
IFt K5.r«;.KPM)GC   TC   £66 
DO   6C1   K7=1,NPA 
A03=PK(K7»~GYIST\(K7.K5) 
CUNC? = C'.,KC3 + AC3 
KAT=CAES(AC3/CUNC?) 
!F(RAT.lT.i.E-03>GC   TC   ln01 

9 01   CGNTIWJC 
1 501   CUNX3=-3iyG»CUNC3/I UC'^LTAol 

d6c   CLNC''» = ( 0 • »0 • i 
DO   SC3   K£--l ,f-Axy 
KC2-2'K9 
CL>\4 = <0. ,C. I 
CO    KOs    KS=1,NCA 
CKC = ^1 ( K9> 
AC3*P<Ki I 'Gf'lOM H-J.K,;)*CiN1 (K9 l/^lil (ke.c-1 J.CKC) 
CUN»'.-CUVt*AD3 
ITHCKOA* >.LT.K52»GC  TC   304 
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FORTRAN 

017S 
oiac 
0191 
016? 
01 £3 
oi e« 
C1 £ 5 
0166 
0167 
0168 
:ie<; 
01<*C 
019 2 
Cii2 
01 = 3 
019 •» 
C195 
CiS-j 

G1S7 
0198 
019S 
020C 
0 201 
0 20 2 
0203 
0204 
C205 
3106 
02 0/ 
C20£ 
02 CS 
021C 
0 211 
0212 
C2I3 
021* 
0215 
0214 
021 7 
021S 
021" 
C22C 
0 221 
022? 
0223 
0224 
0 22 5 
022t 
022 7 
022 6 
0229 
523 0 
">23! 
02.\ 2 
0:3 3 

IV LEVEL 

614 
100?. 

H03 
l?33 

HAifJ :ATE = 71110 ie/16/3-; 

905 

>31 

5C4 

:cft 

307 
•K J 

0235 

R <1T »CiBS«A03 /CUN<> 1 
IF JriiT.LT.i . ->3 3 ) GO   TO   1032 
CONTINUE 
CL)NCH=CUNCA -MKS.fll ) *P! (2*K£) -CUN4 
A ATIsCAdS( C»JN**A{ K8 i*l 1 '•r'! t •>**•}»/ CO'. "<• t 
IMRATitLT.1.E-C3I30   To   1003 
CONTINUE 
Ci.NC I KS > ^C UNC 1 *C UNC 2« CyNf 3 • C'JNC * 
CONG (K5!=CUfC I K 5 > / 12 '- P IOH1C 'SXt 
6CL>NC=C«BS ICUNC U5> > 
ACL'NC»CAeS<Cl'NC(K5 I t 
fCUNC*ATAM2 l ft I MAG«Ci!NC (K5 )lrfEAL (CUNCtKi ) 1 1*180/PIC 
rcuND*rcvMC 
fcHTE<6 .18) 
V.K [TE(6 , SC* ICUNC (K3 > ,1 CL"C, fCUNC iCL>\i)(K3 » . ACUhC,TCUNC 
WKITE»r-t22>K5 ,CUNC! fCi,NC2 ,CtMC3 ,CUNC * 
FO KM A T ( 2 X, I > / i 2 X t E1 £ . E . ? X • fc 1 5 . 3/ M 
CONTINUE 

COMPlTf-:   CURRENT   DISTR   PUTICNS  ON   THJ   SPHERE 
WRITE(6,23 I 
rORMATJ J,'l!-:\\   *•*  CIFVENT   Ci STR !?». f I Of.  ALCNG   SPHERICAL   SI 
C U.'SI = »IfC -TAN<HT-RS)/ZC 
CuMS2«( C iC > 
0(3  50!  KM1=1,MAXX 
CL.MS2*CUNSZ< ( I (2»KMI»-A£KM1 ,rtl)/< 2*KMl"'i2 *KMl-i ) 1 
CONTINUE 
CUNS2»Ci;«/S2 ./(COS {HT-RS»*RLTA! 
00   5 0 2   K.K2 = i ,\-'i 
CU31KM21- *M KM2>»C"1ST1 [\'.HZ ,l)/t$X* SX  DrKL.CK.H2:'; 
CuM KM2 >-P(N^ )»CMlDf UK.:, i>»DNt CKM2 »/ (SX"SX*OPNl.C<CM2)) 
CONT lr.uE 
00   503   KM3=],10 
IF(KM3.EQ.10>G0   TO   SO<» 
ITABS*lTAfc+lC*<KM3-1I 
TAPaS*PK*llTAB$-CFBW180 
DF8S-DF8 
GU   Til   5C3 
(TABS"35 
DF8S«DFB 
T flRBS -=P I C* { I T AB3-CF BSI/130 
DO   50e   KM4-1 ,MMA 
OKD*RT(KNA> 
CALL   LECF( ITABStOFBStCKCiCtl NP, Of NP , PNH, [3FN,-:, PNL, OPNL > 
CONTINUE 
CUNS3=(C« ,0.) 
CO   5 07   KM5-1 ,NMA 
A 03-CUM KM5)*S1N( TARS5 J **2y*CPNL( KM5I 
CUHS3-CUNS3«&D3 
RAT --C ABSI Af3/( UNS3) 
IFIRAT.LT.l.t-O/OGG   TC   5C5 
CONIINUE 
CUN S3 -- Y I '1G '-CUN S3 /1 1 2C«<R L TA B J 
CL'NS* = < 0. ,0. ) 
DC   5C9  K.l»\6*l , MAXX 
(CM62-2*KM6 
C (. S -i "- ! 3 . . 0 . ) 
r:o   510  KC,7=] ,N''A 
DI»D=Rr«KM7) 

:AC! »* J 
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FOkTRi.;* 

C?i6 
0237 
C2 3* 
0 2 39 
0?<tC 
02^1 
0 2A2 
02*. 3 
? ? <• '< 
o r'»5 
j..-i 
•: t A 7 
3?4e 

IV   6  LEV St     li f »:N D Af C  =    71X10 19/18/39 

2?^r: 
u c 5 0 
025! 
02 5? 
*^2 c ' 
025* 
02 5 5 
0256 
C2 5 7 

02 6 C 
o?M 

026* 
o:a; 
C?fcfc 
C267 
C2A8 
C265 

C27C 
0271 
C272 
;;:73 
02 7', 
C.27 5 
02 76 
0277 
027t 
C27? 
o:sc 
"20 i 
0?<J2 

028t 
« * p /. 

j; 3 7 
02 es 
0 2 " -. 

«D2*C.U'<( Kt«7l -I Sl^trA^BSJ*•-* 2 1 -C*NL( KM7 }/f KN( <KM£.2-1.) tOPOl 
CUS*=CU<*"*AD3 
iF»("fjrc-6).LT,i2«KMfei;ca ro 510 
R»t*iHSi.,.C?/C!..,»<! I 
IFJRA1.17.1 .F- ~    ' !CC.   rc   311 

510  COM !!vU£ 
•511   COMS n--.. \J*»s••-c;;'-••'-Ai.•• > 6 -MI )• t1; 1 •• < :;M>) 

K An=CAE2< ;j£•.- A JK"O ,.v'. > *PI :.:- <vt»/:'JNS*> 
IF<RAT5 .17.1. fc-d-i >0>J   U.   ;312 

= C<=   CCNTIhUfc 
512   Cl'NS ; K:tj i 't UfcS! *CUNS2> CUW.v'-H CUN<<| 

C UN'OS'.KM^ »=CUNSJK*? >/<2.*PI OP!i*SJN< TA^bSM 
ACU.NS-CAbSJCl'NS! KK3 )) 
'•CUNCS -C^SJ tCUfiCi '".S3 ) ! 
7ACOS=AT/,N2 1 A I W»G<CI.NS (Xttjl > i KC-.'L (CUtfS(!<.M3l > >*'.sO/PlC 
TACUO^TACUS 
wR i T c ( 6 t i V 1 
Mil H< t.,90-oCUMS<KH3> lACUivS, 1 ACS .C'JMJS (HKi ) --"CUNDS , 7 ACUD 
WRITS(6.2~ iKI'3,TAP.IiStCONSi.CuUS2.Cl-NS2.Ci;N5^ 

2^   FORMAT( ?X,I3,2X,t i 5. £•/ ;2X,£ "i 5 • 3f2X.ti5.3/ ) ) 
503   C&NTIMUE 

I TAP--3 
fcfi.1 TEl'-,2ti 

26   FOP.MA7l////ioH  **   pAP   FIELD   »*) 
00  2:)|   K»=*ltliJ 
ITAF =JTAF + 5 
a ITAF=I IAP-PIC/ISP 
DFF*0. 
CALL   L.CGF It il AF.CF," . 100 i r itCHli 
FARFIRF»*IC.,C.> 
KT-—1 
TO   202   KFF>1.13 
KT=-KT 
FAi< F <KF ) = FAt».F(KF >»AKFFtMii*&PI I2»KFF)*KT/< i 2*KFF*(2*k!=F-l ) | *HT*SH 

1(?'KFF ) ) 
20?   CONTINUE 

FA- F{KFI*3!MRtTAF>»FoRF<KF>/(REALCCUNC(l>)l 
AP/.ftF=CAES( FARFtKF I I 
TFAPF*ATAN2tAIMAGiPARFIKFI >,RFAL(FAR?JKFI M* 160/PIC 
Mi UCI6.2C31 ITAFtFARF i.'CF! ,.a;--ARFiTFARF 

201    CONTINUE 
2 0?   epkMAT< iX,!5,2x,E15.€i?(2XiE15,6)i2XtFlO.A» 

CALL   LfGFll ITA,l)FilVOfP! tCPI ) 
RRST--0. 
DU   «.7«    I« SI = 1 .13 
OCW<*(.U:SO-T*SH?»1RST» »*•?*{;:' If<ST-l )M2*IKST ) •>•< A*I«ST-11 
KF.>T«^KS7-fCAflS< A( ;«M «Ml i 1*^2/XWN 

6 73   CiiNFlM-F 
P.R! r-1. /( sRST"i.O. I 
X.-.I j£«c»i7S)RRST 

6>79   i'CFf'.M i :x, El 5. ; > 
GO   TO   3 
UrilG    '/.;iiCHK 
AT    1 
!TN0 
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FORT'" HI N   IV   G   L i V t.! G T J Is -1 CATH '/Hi: 13/16/35 

000 1 SS,KR~i.T I'.L    5TJ> "<f- C ,M ,?S,KVN,Gf'CvP,GKXJr-Gr'NXJ,GMXJFl,GP>1X.)l,G JC 
UP.GY; sn iGii ST: ,I,P.ICP tGf ICMF.GJICJ. icfx, \x*. i) 

0002 

0003 
ocot 
CO 35 
CO 06 
o:c7 
rrrn 

0009 
c: i c 
OMI 
0012 
0013 
00i« 
5C1 5 
0016 
0<Vi 7 
cc: e 
coif 
0 )3 0 
0 C 2 1 
0022 
c c ^ ? 
0 1 7 »'• 

03? 5 
0 32 5 
CD2 ? 

•: 0< o 
003; 
CC'3 '' 
OOii 

c 
c 
c 
G 
c 
c 
r 
C 
r 

r 
c 

r 
c 
r 

C 

TH1 5   Si BROi/i ! Nf 
KOOIf-'ICC   CONICAi    hNTEKUA. 
IF    IAMI-1 ,TH£    Ptl!U>   •"•?   CENTRAL    -PH 
IF    IAMI-?,    IT    15   BlCONICAl    <*NT£MNA. 

DR0 =   QkCFF   Q|-   Bf£Sfl 
hi    =   ANTENNA   HF iOTH 

JDMJ B.S-RADIUC   nf    rl'NTRM_ 
£ MO-'"P   =    (•' (HT)/M ' (HI ) 
CKXjP    =    3 (HI •     j ' (HT ! 
G PflX J   -   f'lrV > ••.)( HT) 
G M X J P1 =   M (H T I   -MRS) 
c PMXJI-  HJHT;,jiKSt 
GJOJP    -    JC-lTl / J '(HT) 
Gt'iOMP=A(RSW.«    (HT> 
SJlflJaJlPS)/ JtHT i 
GY1STJ = ( J<cS3*<'.<hU-M',RS>*J(HT>i/(« '»H i>J 
GYlST2=(tf '(HI >--J (MS • -J '(HI I • ••'•>. I r.h ! )/! M '(HT t 

LL    FRACTIONAL   C-Cf*   F.ESSrL   S   F'JNCT I CM   !"C* 

E   IJ   GREATER.   THAN   ZERO. 

S   FUNCTION 

SFHtRF.    IN   f. LFCTKICAL    LENGTH 

P '.) ) 
'   < R3 I I 

1' 

DIMF 
loi.c 
2UTHJ 
3 , GY1 
<-.GTJ 
0-1. 
tTET 
loex 
*. = ( 1 
0RO = 
K b -1 
PIC = 
STb«= 
STPU 
STHf) 
STHU 
sxr<« 
SXH = 
1 Ft S 
ALPH 
ALP)" 
TXS* 
TXH- 
C<K • 

CXH- 
• ' S 7 
TI 

r r 
T t £: 
AU-S 
1F (1 

C 41 '. 
CALL 
C L •• S 
'3 r, = J. 

\S10N GTJC60) fOGT,)(60)fGTM<ieC),DGT>;C6:} liJIUO) ,CE 
;'Y( 1 .''-) ,GKOMP (60), GMXJP(63 ) , G°MX J ! 6 0 ! ,«T < I 60 ; . OGTH 
5),VlR(5l , VTH(5 I tGHXJPl I6CJ ,0 FHX.il it 0 ) ,G JOJF (6 0 I , G 
ST2( 60,20 J ,G«10*< AO ,20) , G.'AICK Pi 60 , 20 ) ,UVR.*<5) ,VTRR 
! C-C) ,GTN1(60 ; , DGTN1 160 ) ,CJI0J(60,2C ) 
L-O* 

JI12 
i. a > 1 

risi 
(5 >. 

0) ,.:'( 12 
,UT«1:i, 
U60.2C 1 
GTMK60 ) 

r 1A 

ORO 
F I '. 
I. 1 
SOP 
= so 
= so 

HT/ 
Xr. 
R=A 
H»A 
SCR 
SOR 
! /T 
I /T 
1 -A 

(OR 
+ 0, 
(OF 
A 15 
I (P 
f.Tt 
rll 
P I 1 
ORD 
QRD 
Gf . 
LOG 
L GG 
T(l 
i i: 
XP 
XN 
LPH 

D*C»*l)/2 
5 

01 + 1 
9265 
IC/(2.*RS>) 
PIC*3S/2. I 
FIC/C2 .*HT ) ) 
PIC*HT/2) 

1..CR, i.Gc.l. JGC   TO   14 
( ( l.+SQP.T ( i.-sx; ) 1 /SXO ) 

t (1.*S»KT(1.-SXI-*«21 )/S<H) 
-SXR*SXRI 
-3xH*SXH) 

j - i 

O/t'i 
i > 1 

Hi. 
lit 

1 

IK): 

( - 1 

5 Y ( 
( ' . 

2/2 

li 11A ,! 5 t!. & 
:ii; ti'i>"ti;j ,"^J 11. ~c--.r, in i 
«S.CH0,HY,CCYil.£-?7; 
'•-«RY(K6: *i s • 0av IKf. s .* 
'j • t,: (;: •: ! 1 ~ S •"; i: J 11< •• 1 1 
• •' STtO «fJ (K£) /?N« SI f.u< &\ [K6 ; 
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ORTHAN 

0034 
OC35 
C:BC 
o: ? 7 
one 
C03-; 
OO'fO 
CC41 
CO<r2 
0C43 
OCX-<r 
0?-5 
90/, fc 

C A» 7 
0'".-, 8 
00'- 9 
0 .15 n 

CO i-l 
0052 
CC53 
0C54 
0055. 
CC56 
C05 7 
005? 
OCPS 

COtO 
C061 

IV UVEl       l-"t 

?!: 

006? 
C064 
CCi3 
C06t 
CC 7 

CO". 3 

C CCS 
C070 
')C7l 
o C 7 ;• 
C07 2 
CC74 
o: 7 5 
r. C 7 ': 
c •: 7 7 
00 7 8 
0 C " <5 
CC6C 
oo<u 

c:'i3 
C C ri* 
00 d 5 
o.v.- 
O'.r, 7 

CALL 
CALL tLS 
GTJd'. !--•• 
OGTJ! KJ •• 
G1M( <)*s 
DGTNi K)- 
GTM.O--- 
0:.r:-w K) = 
GMJfCtK) 
r, h * j f' i i-.) 
<5P*X "O i 
'i** JIM (K 
GPM <1(K 
G JO JIM •:) 
G C1C V i K, 
GJIO.IU , 
I'.MIOMPJ K 
SY1STJ < K 
GYIST2I K 
GO TO 10 

> CXK?-CXR 
CXh2=-CXK 
I T E T -" 1 
UT*( I)=f. 
UTII! ! )^C 
UTR<;:»=--C 
UTH(D>C 
UTR12 )-C 

114720 
;; in(3 >«-t 

UA7?; 
VTMl | = C 
VTH(J )=C 

vrn( ;> =c 
VT^ (3)^t 

l/4!«>?20 
VTH!3l-C 

: /-H4720 
DEJR-l. 
C£YK=1. 
C E J F R = 1. 
DcYP<J-l. 
DC JH-1. 
OfcYlr-1. 
0EJPH=1. 

CU 19 IP 
JTs-Jl 
C3=o=.r- - 
C5-J»=Dfc 
L>r jn-C;" J 
DtYK-DLY 
D:'i h'UT Y 
u j; ^=o:: 
oGjr-h-rG 
r)£YPr'=-DL: 

GTJNM 

Y5HT , >Y , KY .CSV , 1 . r- - 7 ) 
J< hT ,OC , f J,L:-J , l.h-07, I 
TH'.j« e j ( K r. i 
r,T iJI":» to. •;-" j (r » »*hT*nej ! 
TK'*SYi S'•"') 
:-.! h ;*'. ;,-;v.;,v <KO > *>-TM I-YI 

L"h' CTJIK >/r C liTMK I 
-CF' C C"• .; ['.'- I /tM<LGTN !K. 
- l-O-jfC- uli1.!; HS*'.iTN(K 
= G T K t K I * 0 G '•' J (K I 
• CG1C(K »• Cf.T.MK) 

)=UGTrt(K)' 3N 
-'C'Ji K. )/!.( T.J(K» 
1>=GTMi(KJ/GTWIKI 
'. ! - c- T J i ( K ! / C T J < K : 
,))-GTMl(Ki/5CTMIK) 
,1l=(GTJlIKI<GTMCK)-GT«i 
, 1 )-=(DGTi-:(K r'GTJ I (K) -CGI 
! 
• C X P 
*CXH 

XN--( 3.-5.*CXH: I /?<; 
X>*2* (61, -!CXS2>M-<r620*S»CX?2n/iJ.! 
XH2»'I8'.«tCXHJ; »<-*62*2 S5*Cx^2> 1/1 li 
xs« CXP;:«: f :ov/S4i:x«<:*<-36SoC3«cxk; 

GATE   =   71110 13/19/39 

EBI 

K ;•) > 

KB) » 

J 
) • / t-Lb'C'^-.MM'-DN-DC-TMM ) 

(KI--C-TJIK 
H K ) * G f I* 1 

! )/GM 
(K!!/ 

XJPKK 
GPMXJl K ) 

* ( 7 6 '. 

/H-C Xr2-\ 3u3Vs*CXn2*i-J6«)«!C*-»CXr,/» ( ft: 

XR* (-«• <7*-CXft2) /24 
XH»(-9+7'C\H2»/24 
XR?«(-I3;*C. x^z^issi-- 
XH2*(-i 35+C XH2*< 59A-4 
>R*CXR2* ( -H2C. '.25+CXR2 

76^-^2 5 <» ? 3 * C /.-?.) 1 i/4 

X V1 2 ) ) ) / ^ 

>H"C XH2*( - + :?'', 2 5+CXH2 

5t;»CXft2 ) 1/1152 
55»CXH2)1/1152 
'd-51 737*:Xh2»t- • P S 3'. ; 7f • 47t>i 7 ^ ' CXR,- >) > 

'•[-5.17 J74CXH2"(- - 0 ~yj ,75 + 4 75^ 75" T.xfi,: 11 > 

=111 

IP 
r+UT«( I P)/;ii! 
H + UTM IP»/0:i 
r + .1! *LTT ( It>)/Cf? 
h + JT*t'TH ( I ") /Gr1 

JF{-*\TSJIP ;/:••> 
.j-'ri« viHi 1 P> /ce 
YPr +JT--V ir ( ! i'l/Ci) 
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FJiilRM   IV   G   LtVfcL CTJNM CAT£  =   71110 18/ld/39 

CC63 
0 03 9 
0090 
CC-J1 
C092 
CC<93 
G09^, 

0095 

009 6 
0097 
00"? <2 
CC9S 
010C 
0101 
010 2 
0103 
010^ 
0105 
0106 
010T 

01 Z 9 

C109 
cue 
0111 
CllZ 
C113 
0114 

on 5 

Cl! t 
0 1 • 1 
011c 
0119 
0120 
0121 
0122 
o: z i 
3121 
0125 
012 6 
012 7 
0 12S 
012^ 
013^ 
0131 
C132 
c: 33 
013<r 
013 5 
ont 
o r 3 7 
013J 
C• 13 - 

-il 

101 

IC8 

0EYPHM5E 
CGM INUE 

Gjojpir.i 
C, = t C. 5*C 
f=(3.£*C 
&SiR = (0.5 

1 I 
CE<H=«0.5 

1 ) 
LXPNTM A 
tXPNT=fX 
Y2=SCR'( 
Y3^S^KT ( 
ZI=OEJR* 
GM,10M( K, 
G.J10J(K , 
GMOVP(K 
GV 1 S T 1 ( K 
GY1ST21K 
IrlTESTi 
GKXJP(K) 
1TANHIALP 
GPMXJIK) 

10RD*TANH 
Gl TC <•? 
»OF,x=l 

GMX !p(K) 
CP|*XJ(K) 
IFITF.ST3 
&PXJP1 (K. 

ltxr'NTi*:; 
G >• V X J1 ( K 

1H/CEYR.I/ 
GO T2 10 
IOE X>2 
GMXJPH < 
G P C X J) ( K 
I Ft IAMI. 
0!V=HT/K 
KS'^O. 
on TO ic 
PiV=(HT- 

K MN 1 - K M N 
CO 103 K 
l>r.R-RS»» 
STL>R = SOV 
ST3UP=SC 

1M S/H.G 
AU'HRS** 
TXfiR^SClP. 
fXRK^l/T 
TESTl^AL 
I;-£T? = AL 

vrH*ji"VTH(IP)/ce 

= HT '(0.?«HT*StW' »1.PHH)>p'DtJPM/CEJHJ 
= C,---:MF(K » 
(. JH :-iT -;iNM(i! PHHJwCEJPHI 
E.iR + KS'S i.\H(Al.PHP, HCf JPR) 
-RS": r, INH(Al PHP ) < CEYPP/0EYP)/ I f"i. 5 • K S * S If.hl ALPHB )*DFJ°R/OejS 

-HT*S fNH< AlPHH)','DFYPH/L'>eYH)/{0.5»M »SI \H[ CLPHH)'U>cJ?H/Ct Jh 

LPHP.-'.Lr>HMI -(T A.\hlAi.PhK»-TANH<ALPHH) i 
PNT-CPD 
PS/HTI 
lANHtALPHHI/TANH{Al.PHPI) 
( I .-l./CU-.R) /CF-JH 
I J--Y2*Y3*EXP<-EXPNT)»Z1 
Il=GM10M{K,I) 
t ! I -GM1CM(K , 1 k'HT'CEJH/A 
,1 MRS/<0.5-»S''SINH<ALPHR)»OEYPR/CEVR) 
,1; =r.YisTHK,n 
.GT.iiJJGC   TC  32 
= -LLYW'- Jv(-Cfii-:» P,<P( 2."LXPNT J •>Ct'.JH/DF.J«'tO?.YH/r;£YR )/i 
HH ) ) 
*-DEYR*A-M-DER*EX°J?«*EXPNTl'OFJH/DrJRtCF.YH*06H/CEY 
(ALPHH1) 

=1.F+70 
= i.EWC 
.GT.AU1GO   TC   33 
) --CrYK*?*SCr<T (HT/( '<S*T£i:M .UPr'h! -? ANHCALFHK I )»» <-. 
FJH/OF.Jrv+fXPl -FXPNT)*CEVH/CEYP )/(2.*0RD) 
) --DEYft-6<-A* l-ObK^fc'XPlFXPNT I >Dt JF/DF JP i IX P I -EXPNT )' 
(2.*S0<*I(Hr»KS-TANHlALPHH)' TANH(ALPHR)>*ORD*C>tJH> 
1 

>=-l.F+7C 
)=-l.E*7C 
EQ.l )   GG   TO   103 
MN 

2. 'QRO* 

31/(2.* 

PP. ^?XP( 

DBH*CEV 

ftS l/KMN 

t: •-TE 
l" (CPC.C 

=2,KMN1 
V 
PIC/(2.*RSSI ) 
(PIC*i SK/2) 
PC 
I. .CR.SXRR.GF. .l.»GC   TO   114 
G t(1,*SC3T(1.- SXRR *«2))/SXKB I 
l-S*PP*SXKh> 
f< 

RP-ALI'HH 
2/2 

»( TO   11? 
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FOPTRAN   IV   G   L=V6L      13 GTJN* GATE  =   71110 ie/is/30 

31*1 
0U2 
0143 
0 14« 
H4 5 
0146 
jl'7 
C14 8 
::«-<; 

0151 
0152 
0153 
0154 
3155 
0156 
:-i5 7 
0155 
OJ. 59 

01 6 C 

0161 
Old? 
0163 
016* 
0165 

0166 
0? 67 
3163 

owe 
0171 
C172 
017 3 
0174 
1175 
017 6 
01 7 7 
0173 
01 7 9 
o: 80 
0131 
CIC2 
0103 
01 ("t 
013 5 
01 °. 6 
0! £7 
0188 
oi e<? 
01'50 
0 191 
Ci<>2 
019 3 

1 Ft TCSJl-AUl 
114 CALL BESJI-S 

CALL L-rTYtRS 
GTf'l ; K > = -Ct- '- 
0TJ1 iK)=5-T?U 
GTNKKJ-STBL 
DGTWl (Kl -»STB 
!FI ITfiT.NE.l 
CALL fESVlHT 
CALL BrSJthT 
CTJ( <» = f.THU:' 
OGTJ< K>^S7hD 
GT,N<Ki=STHU« 
CGTN(K)--.;THL 

GTMJK)*-Cb*G 
OGTMIKJ=-L8 

31 GHOMdCKTGI 
GJ10J(K,KTG1 
GHlOMPtKtKTG 
GY1STK K.KT'o 

IK) I >/G",X2Pl ( 
GY 1 S f 2 < K , K 7 G 

iTJ(K))>/GPMX 
GO   TO   103 

115 CXRR2=CXRR*C 
UTRR(It = CXRR 
UTR« (2) = CXRR 
UTKR (31 ^C/RH 

12! > »/4l472C 
VTRRil. ;^CXR* 
VT-.P t2)=CXRR 
V7RRt31 -CXR? 

1RR2 > ) 1/41472 
DEJKR=!. 
DCJPKR=1. 
DEYBK=1. 
DEYPRR=i. 
JTM 
00 119 IPP = i 
JT=-JT 
Ga-ORO'*IPC 
OfJRR-OLJRP* 
DEYRR<"DEYRR« 
CCJPRR-t)EJFfi 
'jfc'Yf RP = 2f:Y FR 

119   CL'UTI fvUF. 
8R=(0.'>-SS*S1NH( 
EXt>NT-( -iLFHRR-AL 
EXPN7 -c'XPNT«OPD 
EXPflTRMAL i-HP-^L 
exPNTU=-£XPNTfi*CR 

Y2-S<iRT<PS^/HT) 
Yi= r.«K7 (TA,NH< ALP 
/.] =( HE JfvR/lit JH-0 
GM10M(l<ftCTG»*Y2* 
GJ10J»K,KTG>*6M1 
GMIOMPIKfKTG<=GM 
GYlSTi(K,KTGI=SC 

114,11=, 
k , 0 !•' D » '.-1.! 

STPLJ1-" HJ 

f< " E J IK R t 
R * 8 Y t K 8 I 
R t i 0 . 5 4 e 
IOC   IT 
,0':S,DY 

£!J<K!<: 
«(C.5'OJ 
SY! KE I 
*i<-;-5'B> 
I^( K l/Bt\ 
OGT J.'K) / 
=GTM1(K) 
= GTJl(K I 
I --CTMUK 
)^-(GTNl 
K ! 
)*-(GTNl 
JlltO 

,CBJfl,f-C?iI 
,r^Y,i .r-on 
IK,-3 >/FN* s ] ?IJR 

FR) 

»3Y< Kb) 

Y(K8>•ftSP*&BY(K8j > 

L'eY , UE-C7) 
CBJ. 1 .c-0 7, r £f» i 

IK8»*H1»CBJ{KB> i 

(«P i+(-T ' DFYIKE) J 
• GTM K ) 
BN+DGTNiKJ 
/GTH(K! 
/GTJ(K) 
I /DGTM(tC) 
iK t*OTj(K MM \.~ (GT»<KI /GTNK 

11U »0GTJIK> >*U»-lDGTMK)/GTI«i 

K ) ) » ( G T 

l(K>>-< GTJ1( 

/GTOl 

K)/t>G 

XRR 
«t3.~5."1(XRR2l/2* 
2*<31, »CXRR2*<-*'J2*?6 

•-CXHRZ',(30375*CXRr;2* < 

• ( -9   7*CXKR2.V24 
2*< -12 5*CXRR2*(594-'V5 
«CxRR2»-- ( -42542 5->CXRR2 
C 

,3 

UTKKI IPP)/0? 
JI«UTKR(IPP>/CB 
P*VT-;<K( IFP)/Oe 

P4JT*VTFR(IPPl/OB 

5*CXRR2) 1/1152 
-3606C3*CXRR2--M7657'.5-4;542 -.*CXkk 

i«-CXRR2) ;/U52 
»!*01737tOXRR2«(- eiij75+475^7^«CX 

f-l PHR)*CEYPR/C6YP 
Pl-H J-lTiNM tLPHap 

Flips )-|1 AMU ALPHR 
Q 

HH)/7ANHJAIPHK 
E.IR*riFYRR*?XPi 
Y3*6XP(-=XPNT1 
CM(K,KTG) 
1CM«K,KTG)'HT*CEJ 
RTJ R5R«RSJ'-5C;«T(T 

) 
)-TANri!ALPHH)1 

)-T ANHl At PHRP.) > 

^1 J 
-2. *cXPM9> /(OE.JH,,OtYh*CeRI > 

11 

H / ft 
tHHi «LPH!<)/T ANHi At PHI<R ) )'[>t>RR-tX 
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FORTRAN IV G LEVEL  ie CTJN^ DATE   =   7111C 1(1/13/39 

0194 
C195 
cut 
ci97 
rise 

IP (-EMM !)/(!.'.•' "I 
GYiS>72( K,MC)--C> 

! 03   CCNT I Ni!C 

*E T;,PK 
END 

[ K , K T G ) 

FORTRAN IV G LEVEL  16 C S 1M '- Q ;AT; 71110 IS/19/35 

000 1 SUBK-COTINF C5H'r.C |A,Vi»N«NJ) 

r. 
c 
c 
c 

CC02 
0003 
0004 
C005 
000 6 
0 00 7 
c:c«? 
oooo 
0010 
con 
0012 
CC13 
0014 
001 5 
COli 
001 7 
CC1S 
oci9 
O02O 
0021 
0022 
0023 
002'. 
C025 
CC2 6 
CC:T 
002 5 
C-C-'-i 
OJ-'O 

0031 
CC3? 

THIS   SLcRCUTINE   SOLVES   SET   T.F   N   LINEAR   ALGEBRAIC   ES'JATIONS, 

CCMPtEX    Z,X,A<M,3» 
UPtil    =   N+   M 
CO   9    I    =    1,N 

Z1 = 0. 
CO   ?   j   -   I ,N 

X1=CAES(A(J, I ) ) 
IF   (21-Xll    If 2,2 

'.       I?"    XI 
li   -    J 

2 CONTINUE 
IF   (21)   3,11,3 

3 2*1(11,11 
AI il,1)   »   A(Itl> 
I PI    =    I   +   1 
03   t,   L   -   I PI ,\PNi 
X   =   A(II,LJ 
A I 11 , L )   *   « ( I, L ) 

4 AI I 11. J    =   X/Z 
DLi   8   J   =    1,N 
IP   (J-I )   5,    8,    5 

e>   IF   (K£AL(£( J fI) )    •£•;.   0.   .ANC.   4IMAGI A( J ,1)) . EC   0.)   GG   TC   9 
Z   »   -AIJ ,1 I 

00   7   L-   I PIi   NPN1 
7 JiJ.L)   =   MJ.L)    t   ;   •   JC,L) 
8 CONTtNUE 
=     CONTINUE 

10     RETURN 
LI   WRITE    (6,12) 
.2   FPRMAT I3IH   COEFFICIENT   MATRIX    II   SINGULAR    » 

RFTURN 
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sORTRAN    (V 

0001 

CC02 
roo3 

"•fi'>5 
C006 
0CO7 
oo c a 
0 009 
0010 
0011 
003 i 
0G13 
0C1 <i 
OJH«i 
CC> 6 
C017 
00 IB 
roi. 5 
0020 
0021 
no? 2 
DD23 
002A 
CO?. 3 
002 6 
0U27 
002 9 
C02Q 
l"C"C 
00 3'. 
00 32 
0C33 

CC35 
c a 31. 
0C3Y 

C 
c 
c 
c 
l" 

c 
c 

EC 

id RTNI CATE   =   7111C 1S/IS/?^ 

iUSROUT INE   HTM (X,TA,N>UX ,F ,DERF ,FCT, >ST ,EPS 11 END* I ER» I tRT,ONT I 

THIS   SJIHIDUTtNf   SOLVES   THE   CHAPACTEf! ISTIC   EQUATION  Lv<9,)=0   FOP   A   r IX- 
CCNE   ANGLE.      "T   PfiOviPES   P.?TH   ROOTS   OF   Lvt £.)=•''   A^O   DERIVATIVE   OF     !• !; H 

:?ECT   T;  COS*5 

DIMENSION   =T(=0; ,CNT(50) 
TA2*TA/2 
TGtF»lOC.*f.F5. 
DO   10   M = l ,NVA>,2 
X = XJ I 
TOL«X 
CALL   FtTCTA.fCLfNl.FtOFPF.FPiH 
pn   6   JJ»l,IENC 
i r-1 F • i,' ,1 

J.    IFIOEkF 12,3,2 
2 DX=F/DERF 

X - X- i) X 
!OL = X 
r.ALl   FCT(7a,T0L,Nl,P.i.f «r,PP,! > 
TOL=EPS 
ft*A8S(X> 
IF(A-i.K ,4,3 

3 TCL=TCL*3 
4 If (AESiDxt- 70LJ5 .5 ,& 
5 IF(A&SCF)-TOLF)?,?.o 
6 COMTTNUF 
7 KMNliU/: 

RTIKJ = X + M 
DNT i K J =-2 *COS ( V A.;) »COS ( T A 2 > * FF/CERF 
IF((2.-XJ.LT.0.0C1JGr   TO    i2 
IHX.CT.I..8IG0   TO   11 
XST = IFIX{X + lCCOO.I/i';v.'.ro. 
co TO ia 

1?    XST»1.^>59000 
10   CCNTlNUfc 

JtR=NMAX 
RETURN 

12    IEP=V1 
RFTURN 

.: 7 | UR N 
ir "<P 

RThCiSTO 

RTNC3h<,0 
RTwOIUSO 

RTNC3920 
R1NO3550 
r,T,-io?<?8'-i 
KTN03SS0 
RTNC400CI 

RTNCOOAO 
RTNC*ft$U 
PT!J(H06C 
RTWC',070 

RTH0':090 

FORTRAN   IV 

00 01 
0002 
Cc;03 
COO4, 
00^5 
ccaci 
0007 

;Vft FCN DATE   *   71110 16/18/35 

FUNCTION   FCNIX.XM 
T=i5*X 

f CN-. t3 661 We« <P51GCXN + l. l»ALGGtSIN(1 ) I* . 57 72 15664 9>-T, 1NCY1 
FCNs-FCN 
RETURN 
END 
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FOATPAN IV G LEVEL  13 LEGF OATE = 71110 ie/18/3<3 

0001 SL'SfOUTJNE LEf -{ iTft.CF.XK.C ,PNFtDFNP,FNPt CPNft PNL t C?M » 
C 
c 
C 'HIS   SLbf<CUTlNE   GENERATES   VALUES   FOP   FRAC7ICNAL   ORDER   LfGENOP.E   FUNC- 
C 7 IONS. 
C AfiGLE*IFlX* &. + 1I-CF 
C XN-.TJCL'-i   CF   LEGENCPE   FUKCTICN 
c r!NF=r-vi,'^ 
c uPNP-rvt/"' 
C f'NM»f»v (-*'). 
C DPNM-Pvl-MJ- 
C PNL = pNF-Fh*' 
C r>PNL*OPNP-CFNP» 
C 
C 

0 00 2 DIMFNStCN   UP VI (50) ,TEPM2(505 , S'JKl I 5 0 ) ,SUK.2 ( 50 ), PNP (100 >, PN,M { (LOO ) t 
lOPNPJ lOOtCPNM 1CO.PNLI&C) ,CPNL(50J 

0003 PIC--3.1*159265 
CCO^ X=( HA-Df >*PIC/180 
CCC; CXP=CCS(X> 
CCC'J CXK---CXP 
CCC7 K*( lFlXlXNM-1 )/2 
ccce r.=s.E-05 
0009 N=IF IX(XN+C) 
001C FN=XN-FLG*T(NJ 
0011 NN1-N+1 
CC12 XO^FN+l. 
0C13 X1-X0*U 
CCi<« 2   CALL   TERMS(X,FN,D,TEkh!l,URH2fIl 
0015 PNP(2>=C. 
ooit PNPIS)*C, 
0017 CO   :-.C   I 1 = 1. I 
0C1 8 PNPf 2)=PNF(2MTEPMUI1I 
CC1<? PNPt 3)^PNP«3l+TEKM2iIi; 
0020 30  CONTINUE 
0021 60   CALl    SUKS(FNtI,SUMl .SUM21 
002 2 4   SNO*SIN(XC*PlC> 
0023 SN1-SIN(Xl'PIC) 
0024 sin =0. 
0025 SU2=0. 
0026 Dt.   5-0   L = 2,t 
002 7 SUl-St!l*SNC*(7cRfim*SUMl{L> )/PIC 
0C2? 5L,2--3U2+bMv(TtRV2« D +SUM2(1 ) ) /PIC 
CC2-;                             SO   CC'.NT [SUE 
C03 0 PNM( 2>*(t .-Sf."C*cCN»Xt >0) >*PNP<2>*SU1 
0031 l;f-,M3)-- ( 1 . -?N]*r CM X, XI ) ) -P!JP< J)-SU2 
C032 PNPd l = < <2.*XC«1 . »*f.XP»PNP(2)-{X0n. I*PNP(3 ) 1/XO 
0 03? PHI* (1) = ( (2t -XC+1. )*CXf"<PNr'( 2)-(XO+l« ) *PNM(3> >/X0 
CC34 CXP2=CXP*GXF-1 
0C35 CXM2*CXF*CXK~l 
003 6 DPNP< 1 > ;XC: ';PNF(.?)-CXPMJNC( ) j )/CXP2 
003 7 C'PNfWl ) = X0 >IPNN<2>-CXK* PfJI'i 1 » )/CXK2 
C03 B DI-f.JP i 2) - XC*( C XP*-PNP< 2 )--'>\P! 1 ) ) /CXP2 
CCs"". DPNM12) -XC* tCXK^FNNi2)-P,NMl ) J/CXM2 
0040 OPNP (31 -XI. i r. XF* (NP (?. )-o\i iZ ) ) /CXf»> 
0041 DPKM13) •• xj • (CX^-PNM( > 5-P.NN f 2 ) ! /CX«2 
0542 IF (NM-4)100,5,5 
0043 5   DO   4C   KK = 4,NM 
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FORTRAN   IV   G   LEVEL     18 LEGF                                    DATE   =   71110                        18/16/39 

0C44 KKl-KK-1 
0045 KK2=KK-2 
CC46 KK3=KK-3 
0047 XX=X0«FL0AT(KK?) 
0>8 XX0=X0*KK2 
0C4 9 PNP<KX)M{2.*XX*l.MCXP*PNPtKKll-XX*PNP(KK2»l/(XX-»l» 
0050 PNM(KK)*(<2>*XX+1»IICX^PNMiKKl»-XX*PNN(KK21>/(XX*l) 
CC51 DPNP(KK) =XXDM CXP*PNP(KK I-PNP(KK1 H/CXP2 
C?5 2 OPMM(KK)=XXO"(CXM«PNMi«KI-PNM(KKl)J/CXM2 
0053 40   CONTINUE 
0C54 ICO   PNL< KMPNPINNl J-PNMfNNl I 
O.T5 5 DPNL (KJ ^DrNP(NNU-tCF;/.,A(NNl ) 
0056 PNL(K)=^C.5*PNL<K> 
CC57 DPNLtKl=0.5»DPNL(K) 
005 8 RETURN 
CC59 END 

FORTRAN   IV   G   LEVEL      18 SPYNX                                  CATE   -   7111C                        18/18/39 

C001 FUNCTION   SPYNXIN.X) 
C 
C 
C THIS   SUBROUTINE   GENERATES   VALUES   FOR   SPHERICAL   FUNCTIONS   OF   THE 
C SECOND   KIND. 
C 
C 

0002 IF   (X   .GT.   0. I   GO   TO   1 
0003 SPYNXO. 
C004 WRITE (6,2) 
0C05 2   FORMAT (78H SIR. SOME THING WRONG WITH YOU ... YOU KNOK THAT THE A 

1RGUMCNT SHOULO NOT BE 0) 
CCC6 RETURN 
0007 1 IF (N .EC 1) GO TO 3 
0CC8 A=-CCS(X)/X 
CCC9 IF (N .NE. 0) GO TO 3 
0310 SPYNX.-A 
0011 RETURN 
0312 3 B--=-(COS(X) + X*SIN(X| )///X 
0013 IF. (M .NE. 1) GO TO 4 
0014 SPYNX^B 
CC15 RETURN 
0016 4   U=l. 
C0J7 00   5   1^2,N 
0018 U=U+2. 
CC19 C=U*3/X-A 
0020 A=B 
0021 5 B=C 
0022 SPYNX^B 
0023 RETURN 
0024 END 
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FG&TKVJ   I / LEVLU BLSV DATE 7U1C 13/16/39 

0001 

0002 

0CC3 
0 0'v 
OCOS 
0006 
00C7 
cccu 
0C09 
0010 
0011 
0 712 
C 01 3 
OOl* 
0015 
0016 
001 7 
001? 
0019 
C020 
0C21 

0C23 
C02 4 
002 5 
002 6 
002 7 
0 02 £ 
C02S 
0030 
0031 
C03 2 
00 3 3 
00 3* 
OC35 
0C?6 
CO 3 7 
C03 P 
CC35 
CCtC 
0<K1 
'C04 2 
30*3 

SUf;(.aUTlNE   f,.f.SV(X ,x." ,nV ,CBV ,01 

THJf-   '..UfcSClTtM    ,',t" *. .• (ft AI 6 S    F3~..'T I3NAL   tiiSSL.-'s   FUNCTION   Or   ThF    SECOND   KI' 
irOft    -!• GUndM    LI - S   THAN   5 

an: 
10), 

PI = 
c-; 
N=! 
N1-- 
SN = 
IF< 
dl. 
CiL 
EJP 
EJP 
B J K 
ajy 
XTf- 
XTF 
00 
3JP 
bJP 

VOO CON 
BJP 
i". J • 
DO 
6Jf 

f.siCN bvt*o> ,rrw(? 
JVI IC>«HY';K!;C> tg"» 

1 .l'YTI(50) ,BYT2(j>)),ajTl(5 It, PJT2<50),EJP ( 1 

<(C>1 

00 

00 

ecu 
H,H 
BJK 
bY ( 
*iY( 
CBV 
i:6Y 
m 
Of; 
OP. i; 
fj»l: 
BY< 
Of:Y 
r r r • 

•'•' r 1 

C ,' L 

•  !X( 

li*l 
>N-<= 
X.GE 
I tV 
I.   DJ 
II 1 = 
(2> = 
(11 = 
'21- 
i =f x 
M = i 
*0C 
II > = 
I 21 = 
' INU 
111 
I :  l - 

-Cl 
!1>« 
(?) = 
•. INU 
I) )- 
(2> = 
• IM 
; j -< 

I 1! = 

XN + C) 

L C i T ! (> , > 
.5.CUGC   TC   IPO 
l^Etf (>»rwtBf 3VT1 ,3YT?,VM) 
TEKYlx.i "j,r;f BJT) ,3JT? ,HN> 

c. 
/ 2 . ) * * F N 
X/2. >**<!.*FN) 
IK = 1 , f N 
3JPU )< jJTH !K> 
BJP(2I i :JT2! IKJ 

XTFr**KJFl! 1 

IH = l, 
EJM1 
SJPC2 
E 
t!JMl 
6JM< ? 
ejpd 
•JJP12 
-6Y12 
EYll) 
E.2 > 
f = 3,N 
'JATt "» 
El-1. 
.*CRC 

MEYTU IH 
MPYT2(IhS 

!/X1FN 
)//TFM 
1+CrS (FN*PI l-SJM.l) I/S1N4 FN*? I I 
>*CCS((1.-»FN)*PN-BJM(2I l/SIN (11.»FM*PH 
>+rN*6Y{ll/X 
-«1.*FN)»EY12 )/X 
GO   TC   101 

i2) = 
>:: -L 
:- oo 

Kt)*2 
( M ! - 
1 UUE 

'.  BES VC( X.XN,PY.CSYTD, IE» ) 
Wit-: 

1 
-1 MEN 

2*BY(K-1»/X-EY(^- 
1 )-CPDl»ir:Y(M) /X 

I) 

Efi 
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fORTPAN IV    G   LEVEL      1?                                               BE5YC                                   DATE   =   7111"!                         ld/18/3" 

OODl SLBSOUTINF   BFSYfitX,XK,BY,CBY,CtIER1 
C 
c 
L        THIS SU'RCUT INC CFWtRATES VALUES ECR FRACTIGNAL 0(<DER BFSSEL S FUNtT- 
C   TICNS OF "!>? SfCCNC KINO WITH ARGUMENT GREATER THAN 5. 
C 
c 

C002 DIMENSICN  BY <50J ,PRY (50 > TFYEK50 > ,8VE2t 50 ) 
0003 n» 3» 1*1 5*5265 
OOOA C«l.E-05 
0C05 N«IFIXCXN+CJ 
C006 Nl=N+l 
OrO? FN--AN.-Ft.CAT <N) 
0CC3 CALL   BYTFR6(X .FM.BYEI tBYE2.HA) 
0009 XEI=1.'(2   X) 
0C10 Xt12 =XE I »* 2 
0011 BYll*i« 
0012 BY1.2=BYE1 12)"XEI 
0013 BY2l=l. 
001*. 6Y22 = BYE2C)   XEI 
CC15 JT=i 
C016 DO  40r.   I Ml, HA 
0317 JT=-JT 
OOie IK2=2*!K 
001 S BYll--BYll*JT---BYElilK? + l l*XEI2**IK 
C02 0 BY12-BY12*JT "BYf1(lK2 + 2)*Xti*XE12"* IK 
0021 BY2 1=BY21•J7»BYE2(IK2*l»*X£12**IK 
0022 BY22«BY22-' JT*EYF2(IK2*2>«XEI»XE12 >*IK 
CC2 3 400   CONTINUE 
0024 AG1.=X-C. 25'(2"FN + 1)>PI 
002 5 AG2*X-0.25*(2*(1+FN)<1>*P1 
C02 6 3Y(1) = (SIN(A€l>-BY1 1*C0S(AG1»*BY121*SCRT<2./<P I**M 
002 7 BY(2) -CSTNf AG2)»-BY2 1 lCOS( AG2) »BY22 ) 'SGRT 12. / JpI»X)> 
0028 DBYC1)=-BY(2 )»FN*BYa>/X 
CC2 9 DBY(2)=BY(1»-(l.*FN»*BY(21/X 
003C IFCN1.LE.2)   GC   TC   101 
C031 DO   200   H=3,N1 
0032 ORDl=FLGATIM-ll+FN 
0033 0R02=GRDl-l. 
002 «t BY(MI=2 »*0RD2*BY(K-l )/X-BY(M-2l 
0C3 5 DBY(Mt=BY(H-l)-ORDi- BYIM1/X 
0036 200 CONTINUE 
0C37 101 RETURN 
00 38 END 

FORTRAN IV G LEVEL  16 OPSI DATE - 71110 18/18/34 

OCCl FUNCTION TFSI U> 
0002 X-Z-1.5 
0003 DPSI=0.S343020O« X*i-C» B2878SC««-X»iO.704DC294-»X>t-Q. 57956094-X* 10.4 

16426845»X»<-0.35206372•X«(0.26484460*XT{~0,27630536*0.21?fi5378*X)) 
1 » ) 1 1 ) 

0004 RETURN 
.•"*=; F.NP 

FORTRAM   IV   G   LEVEL      16 PSi PATE   *   71110 18/18/39 

0001 FUNC1 ION   f'SI ! Zl 
0CO2 X*Z-1.5 
CO03 PSl^O.SC^FS1;* 4L:-0MX* (C. <33i.8C092 + X*{-C.41439B37«X*(0.23.492277*X* l~ 

10. 144 7? 6 CM< >' 10.915 5 ::'u\?fc -Ol + X"- < "0. 594Z2 3 63E -01 • X * (0 . 493 50996f -0 l- 
J0-326615«J2E-O»X>)> >> >> 

0004 KE7UKN' 
OCCb END 
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PORTRAN 

0001 

IV G L£VL<.  1» EESJG 

SWJ> * OUT I NE Be SJG< X, XN,e JT) 

CATC = 7111C le/18/39 

C002 
000.' 
000* 
0CC5 
0006 
CCC7 
CCCc 
0C0S 
ec;c 
ocii 
0012 
001 3 
GC14 
CC15 
0C1£ 
0017 
cci e 
CC1 = 
002 0 
0021 
0022 

c 
r 

C 
c 
c 
c 

THIS   ScBRC'JTlNf   CSNTRATES   VALUES   FOR   FRACTIONAL   CPDEh   tiESSEL   S   FUNCT- 
TICNS   OF   TFE   FIRST   KINU   telTH   ARGUMENT   iJPEATfR   THAN   5. 

'JIM-:\SiCr.   bJ£U50l 
Pi*3.l4l5S2e5 

M»N*I 
FN-=X\-FLCAT(M 
CALL   BJTtKGIA,V\ ,HJE! ,f-:A) 
X £ I --->./( 2 * X ) 
XEI2=Xc I*»2 
BJ11=1. 
BJ12 "BJE1 (2 » * X E. 1 
JT*l 
DO *0C  ir.«i»t»A 
JT=-JT 
iK2*J!*!K 
3Jll»>BJll*JT*fiJEl(iK<-«l>*XE!2**IK 
BJ12«=BJ12»JT*i2JEItlK2«2)»XS!»XEI2**IK 

4C0  CCNT1NUE 
AG*X-C 25»<2.*FV»1) >PI 
GJT=iCUS( AGI»ejll-SIMA5)«3J12l*S0RT«2./(PI*X) ) 
RETUf N 

FORTRAN    IV   G   LEVEL      1H PSIG 

0071 FUNCTION   PSIG(X) 
0002 IF    (X-2.)   10,11,12 
0C03 10  PSIG'PSMX) 
0004 RETURN 
0005 11 PSIG=-0.4227843351 
0006 RETURN 
CCC7 12 I=IFIX(X)-1 
0000 Z=X-FICAT(I) 
0009 PSIG=PS im + SLMP(Z-l.,I) 
001C SEtlJRN 
OOil END 

DATE * 71110 18/18/39 

KiSTPAii IV G LEVEL  1? CPSIG DATt = 71110 ia/19/20 

C001 
0C32 
00.13 
CCCA 
0005 
c r 06 
CCC7 
occa 
coos 
con 
ooi: 

FUNCT ICN   CFSIGCX ) 
Ifix-2.)   1C11.12 

10 DPSIG=PPSI(X) 
RCTLKN 

11 DPSJG*0.fc449!4C6fc8 
RETU3N 

12 !=ICIX(X)-1 
Z^X-FLCATtI ) 
3PSI C-»DPSI(l l-SUPFPl, 
RETURN 
Et,0 

-1. ,1) 
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FORTRAN 

0001 
0002 
0003 
CCCA 
OC05 
ocoe 
0CC7 
CC06 
ccos 
0010 
cou 
0012 
0013 
001* 
CC15 
001 6 

IV G LEVEL  18 EVT::*G DATE = 71110 13/18/29 

SL6P0LTIKE S YT:«GIX.fk,HVEl.BY£2 ,¥A) 
DIMENSICN cJYEl { ^C »t KVE2 «50) 
f A*1»10/'ALCG1 x; 
ii\Ei< 1 )=1. 
DYL2;l)«l. 
MA2=HA*2*2 
CO i !C I=2,VA2 
11*1-1 

-2 12 = 

xi 2= ir.MU2i 
BYFI;s)=6YE:!: 
BYE2i I»^SYE2( 

100   CG\T INUc 
RETURN 
END 

) *! J-i*FN--x:i )*(0 . j + Ff *XI2 I/Xll 
l*(l.»+FN-Xll)*»l.5+FN4X!2»/xn 

FORTRAN IV G LEVEL  18 eji ER*» HATE = 71110 18/18/29 

0001 
0002 
000 3 
0004 
CC05 
0006 

000=) 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
CC17 

70 

SU3RGLTINE   BJT Efif {X » FNtCfPI ,H,\) 
DIMENSION   L*T(SC) 
KJ^ I : IX<1.6*>+1C ) 
CALL   CI'M(!»«rKfGXtI£RI 
XE2 = r X/2.>**2 
JT«1 
RTM »   " . '"". 
UL   «• 0   <•>i> -1 »r u 

JT=-.JT 
KNi-l'N-1 
XMN«Fl.CAT(*M 
XMN1--K LC/STIMM) 
BT<MN)«J7*ABS(BTCfNl) >*XE2/t X.«M*(XMM«FN »I 
IF( A.»S(tT(MN) ).LE.DI   GG   TC   10 
CCNT.TMJE 
P.ETUI N 
END 

FORTRAN    IV   G   LEVEL      1% ejTERG DATE   =   7111C ie/l8/3r* 

0001 
0002 
000 3 
C0J4 
*> r r c 

r o •; t 
0007 
ooc? 
000? 
0010 
O011 
0012 
0013 
0014 

100 

SLESCLT1KE ejTfRG(X,FN,L«JEltMA) 
OIPENSJCN 3JEU5CI 
KA=1 •IC.'ALCG(X) 
BJlli 1)=1. 
MA.?«f At ?•? 
00 100 I=2,fA2 
11 -- I - 1 
12-1-2 
x 13 ^L:.'TIII ) 
xi.--; ten (12) 
BJFli n = 8JHK 11 >*<C»5+FN~XI1)*I0«5*FN*XI; 
CONTINUE 
= ETl.'-T. 
ENO 

) / X I 1 
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FORTRA 

0001 
COO 2 
CC03 
0004 
0000 
CCC6 
CCC7 

IV   G   LEVEL      13 

13 

FIJNCT !C N   FACKIKI 
FACI'-l. 
DO  13  j = : ,K 

f- AC t. = F '. C K <• < J 
RTTURN 

FACK DATE   =   71110 18/18/39 

FHRTF.A.'.'   !V   G   LEVEL      1-: fflCKr" •OAT; 71110 18/16/39 

0001 
CC02 
COO 3 
0004 

o:c6 
CCC7 
ocoe 
oco? 
coic 
0011 

FUNCTICN   FiCKPIX.K) 
FAOP-l. 
IF(K.LC-.l)   CC   TC   12 
Kl=h-i 
DO   11   I=1rf1 
XI =1 
FACKP*F-'.C.KF*iX**2-ij:**L'S 

11 CONTINUE 
12 FACKP=FACKF*X*<X»KI 

£ND 

FORTRAN    IV   G   LEVEL      18 fcro OATE   •   71110 18/18/39 

0001 
000? 

000- 
0005 
0006 
CCC7 

FUNCTICis   FCTCfTfl,X.M.I 
y~ \<: : 

» = i . t) I   .! / V * .' 3 » ( V * 1 . I 
«i-TA/,i 
.CC10=TAN<Y)-C. 63661 S76M ALGG(SIN( A)) *C.57721566 5+FSIGUNtl. > ) 
KlrTLN.V 
fcNC 

FORTRAN   IV LEVEL      18 CFCTO DATE   =   71110 13/18/39 

0001 
00C2 
C003 
00 04 
CC05 
CCC6 
000 7 

FUNCTICN   CFCTCITA.X.M) 
XK = X»M 
V«l.!W079c33*(X* 1.) 
A=TA/2 
Drr.!C,*-0.63fc£197e*DPSIC(XN+l. 1*1 . 570 79o33/CCi3< V >»"2 
RETURN 
fMO 

FORTRAN IV T,   LEVEL  U SLMP DATE = 71110 18/18/39 

0C01 
0?0? 
0 00 3 
0C04 
000-5 
OCCt 
0GC7 

FLN/.T1CN SUPFIXtKI 
SUVP-C. 

DO   13   J'ltX 
x i. - J 

13  iijvp-i'jf-p*!./<*• xii 
P. e TORN. 
EKD 
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FOiURAU   IV   G   LEVEL     l< SL'MS DATE   =   71110 18/18/39 

0C01 
0002 
CC03 
CC04 

0005 
C006 
0007 
0008 
OCOS 
0010 
0011 
0012 
0013 
CC1A 
CC15 
0016 

20 

SU 
c; 
xo 
x; 
SU 
5;J 
DO 
.;i 
J? 

Fj 
FJ 
So 
SU 
r.r 
RE 
EN 

'JUT 
NS I 
. *? 
D + l 
i 1) 
{'. > 

1NE   SLfS i Ft., r,3UK1-f SUM2I 
CN suv:< =;:), OLP?( •:•:> 

= J" 

'•10 
"LC 
i Jl 
t J) 
IfvU 

•1 T ( J 1) 
A T « J 2 > 
1 .'•> '.• I- i i » 1 I - - • 
= si>u *. .;n-2. 
E 

/f Jl i l./UO+ejll- 
/FJI«-I./< >i•r j11 - 

: . / U 0- F J 2 ) 
1•/(X1-FJ21 

rJRTRAN IV G LEVEL SLCH DATE * 71110 16/1°/ ?.<•; 

000 1 
0C02 
C003 
ooo* 
0005 
C0C6 
CC77 
occe 
000- 

FUNCTION   SUI*P(XtlO 
SuKM»0. 
K1--K+1 
00   1i   J=1,K1 
Jl-J-1 
XJ1=.I1 
SO*.-' -Sil^Ml./(X-XJl> 
BEH' if. 
F 

FORTRAN   IV   C   LEVFL      16 

C001 
CC02 
OC03 
000<* 
0005 
OCC 
C0C7 
C0C8 
OC09 
0010 

00 M 
0012 
C012 

sua«aur 
DIME is SI 
PIOU1 
XN--X + M 
FOf-CTC 
CFC^CFC 
00 2HH 
Cl^-K-l 
SUMN.'H 
SUMMHF 

1VK( >:?. ,^ 
?C   CCNTIKU 

KETUf i- 
EN:; 

SUMNS 

INE   $Uf'N?:iTA,X.Nlt I ,SUHN,3UMNr:) 
CN   SU^N(CJC),SU^NC(50» 

(TA.X.Nl I 
TC(TA, X,M> 
= 1»I 

DATE   =   71110 l8/lo/2<3 

= {FC*PIC«2*SUF«M)-Sljf PCXNtM) + SL)fK(XNt^l)l 
> = t5U"MXNfMl>*SUMi>(XN,M) ) *SUKN (.-!>•( GFC*P I C+S'JP FP ( XN , M >-SU^ 

i> » 

FOKTPAN 

0001 
C002 
0CC3 
000'. 
COO 3 
0CC6 
3CC7 

IV LEVEL       1 

13 

sLW DATE   •   71110 16/19/3S 

FUMCTICN   Sl.f'(K) 
SU* •--". 
DO   13   J*i,K 
X J = J 
Sue -• S :.'••••: . /x.l 
-U'TUKU 
t'KO 
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FGRTRAN    IV   G   LEVEL      18 EFO DATE   =   71110 18/18/3? 

C001 
C002 
0003 
0C04 

CCO = 
0 C 0 6 
0007 

occe 

cccs 
00)0 
0011 

FU.MCTICN   BrC(X) 
IF   (X-3. I   1,1.2 

1 Y*X*X/9. 
Bi-0=l.+v:(-2..^sss:;7iV*( 1. 26^620B*Y*«-.2163866*Y* ( .0444479*Y« C-.00 

129'.4'«*.0eC21*Y)) > )) 
RETLT<f> 

2 Z=a./X 
F0».797eS45.>•.'*(-. l(O-.,C0 77+Z*(-.O05 5,H4 + Z'-(-.COCJ95i2*£*(.OO13 72 3 7 

!•/* ( -.0CC72805*.0CG14476 ) I) ) i 
TO-X-,7£5 3?PU + /'- 1-.C4166 397^^-.OOnc?. 55 W*«.03262 573* Z*i-..O<3054 

li?oi ».*(-.cc: r;3;*.ccci3 5SE«;2)))>i 
BFC=-0*CCS(T31/StRT(X) 
P-FTUU 
L:ND 

FORTRAN IV G LEVEL  16 QF1 DATE 71110 13/18/39 

0001 
CC02 
CC03 
0004 

0005 
CC06 
CC07 

0 009 
OCiO 
0011 

FUNCTION BFltX) 
IF < <-j. I 1,1 ,? 

1 Y=X*X/9. 
6F1=X*<.5+Y*I-.5fc24SSe5*Y*<.21093573+Y»I-•0395*289»V*(.004^3319*V* 
K-. 0 303.l7fcl4Y*.00CCllC9»M) ) ) 
RETURN 

2 7--^./X 
Fl=. 7^788456* K<.O000C156->Z*(.0l659667 + Z*(.OC0Wl3-:» 2* (-.00249511* 

l/'«.OOU**-,5*-.r..-r?rf?*T*7ij)ii 
1       '. * '. '. 1 '    ' .7 • 1 ' '    1" •'-7 7'. 1 T ' *~ '. • 7 ?"7C 5 • £ ' I ''    «C?i37"7^*I*l»000T'»3/: 

18fZ*(.0CC79824-.0CC2S16&m » » 
SF1=;1*CC5IT1)/SCRT(X) 
KETUHIV 
ENO 

FORTRAN IV G LEVEL  18 SLMMM DATE = 71110 13/18/3" 

0001 
COO 2 
CCC3 
ceo A 
0005 
0006 
0C07 
CCOH 
CC09 

13 

FUN'CTICN SUKfMX.K) 
S'JVK.^O. 
M--K«l 
DO 1? J=1,K1 
J1 = J--1 
)'J'.--J1 
SUN ?'.-'= <!!V^M4 1. /(X-XJ1>**2 
Hi1UPN 
END 

FORTRAN IV G LEVEL  16 SL'MPP DATE ^ 71110 18/18/39 

0001 
0002 
CC03 
0004 
C005 

000 7 

<: 

FUNCTICI* S'jr^r-rtx.K) 
SUKI'P-0 
DO '0 J«1,X 
XI - J 
S'Ji'FF*SJ^FP*l./IX*XIM*2 
RET U'-' N 
END 
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FORTRAN IV C LEVEL  IS Cfffi                                  CATE =•   71110         18/18/39 

0001 SL3R01T I"*H G^frA < XX, CX t tERl 
CC02 !F(X<-?7,)6,6,4 
0003 4 IEP = '' 
0004 GX»1 .E + 75 
0305 RfTLHN 
0CC6 6 X = XX 
OC07 ERR*l.CE-36 
COOS IEP=n 
CC09 GX=1. 
C01C IFIX-2.0J5C,SC,15 
ooii io  inx-2.: )!i''fno,lS 
o;:2 15 x=x-:.o 
0013 GX*GX*X 
ooi4 r,c T: IO 
0015 50   IFf X-l.O>6C,12C,H0 
0016 60   IF! X-ERF. 16*:,62,60 
CC17 62   f*FLCATUNTJx»i-/; 
0 016 IHAt)SIY»-E' f'JJ 3 C , 1 K.^ 
0C19 64   IF(1.0-Y-Ef«R) J •';,12'., 1C 
CC20 70    I-~fX-L0)3C,»C,110 
0021 ec  CX-GX/X 
002? X = X-rl. 
002 3 CC TO 7C 
002 4 110 Y = X-1.0 
002 5 GY = 1 .0« Y*(-C.5?71 r.lt c+Y-* iCS6 585399*Y,M-0.876*2l82 iY»«0.e3 2S212<Y* 

H-0. 5604729«-Y*<f-„/5iie^C-i,>*Y*(-0.0514^93) )>>>>> 
OC26 GX=GX»GY 
C027 120 RfTMN 
0C28 130 IER=l 
COT -5 P'?l»kh 
0030 END 

FORTRAN 

0001 
0002 
0003 
0004 
0C05 
0CC6 
CCC7 
0008 
0009 
C010 
0011 
0012 
0013 
0014 
CC1S 
0C16 

V G LEVSL  18 FCT CATE * 71110 18/18/39 

SWJPJUTX*i£   FCT(TA,X,M,FtCERF,FP,I> 
0I»E\S!CN TrR^N(50»,SUMN(50 I,SUMND(5C) 
PI=3.14139265 
FP*0. 
CALL TFftKNSCTAtX,M ,T£RI"N, I > 
CALL SU*K$i'. AiXtMi I. SUMN , SUMNC J 
F «F C T C (T A , X , M 1 
Dt(»F»DFCTC(TA,X,Mi 
DO 40 K*l,I 
F- = K + VE.' CM? I*SUKMMI/M 
DL:SF«0?:R?»TEPMM K)*SUPNDI*!>/Pl 
f P=rP-<TE«fr. (»)* IMS'JPMMI-1 » I 

40  CONTIM.S 
FPa(l.»FP»/PJ 

50   RETLWN 
END 
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FORTRAN   IV   G   LEVEL      13 TERMS DATE   *   71110 18/18/39 

0001 SUBROUTINE   TERVS(XtFN.C.TERU,TERP2,I) 
0002 DIMENSION   TEPM45CI tTEP«2<50l 
0003 T=.5*X 
0.C04 S-SIMTI'"2 
0005 XO=l.«rN 
0006 X1*X0*1. 
CCC7 TE«yl(i)=l. 
0C08 TE«*?2tl»*l. 
0 009 JT=1 
0010 00   10   J=2.5C 
0011 JT=-JT 
0012 11 = 1-1 
0013 TfcKMlU)«JT*S«»ll*F*CKP|XOf II )/FACK{1i>**2 
001A 7ERM2U )»JT*S**I1*FACKP(X1,I1)/fACKt '11**2 
0015 IF<ABS!TERM2ti>)-C)S,!C,1C 
CC16 10   CCNTIf>UE 
CC17 1=50 
CC18 RETURN 
0019 9 1=1 
0020 RETURN 
0021 END 

FORTRAN   IV   G   LEVEL     18 TERMNS                               OATE   =   71110                        16/18/39 

0001 SUBRC'.TINE   TERMNS ( TA.X ,M .TEPfN. I ) 
0^02 rv'-M,;..,.  ,. -....v^o, 
00u3 XN=X*N1 
0004 T=0.5*TA 
03C5 S = Sn<T>**2 
0006 JT=1 
C007 DO   13   1=1,50 
C003 JT=-JT 
0009 TER.MN(I» = JT + S**I*FACKP(XN, I)/FACK(I >"*2 
OCIO IF( A13S(TEPMN( 11 )-1. E-07 J 9,10, 10 
C011 10  CCNT!NUE 
CC12 1=50 
0013 RETURN 
0014 9   I=! 
CC15 RETURN 

016 END 

FORTRAN    IV   G   LEVEL      i9 FCN DATE   =   71110 18/18/39 

0001 FUNCTICN   FCMX.XM 
CC02 T=.5«X 
C003 Y = l. 57C7<=£33*>N 
COO^ FCrj = .63 66!97v-*(PSIG(XN + l. H ALOG ( S INI T I ) + . 5772 1 56>><,9 ) -T AN ( Y) 
0C05 FCN=-FCN 
0C06 PFTURN 
000 7 ENC 
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FJRTRAN 

0001 

IV G LEVEL  16 BeSJ 

SUBfCLT 1NE PE3JU ,Xf, ,ej,,:ej,c,!Ef»i 

DATE 71110 19/13/31 

COO? 
0003 
CC3* 
0005 
OOOt 
OOC 7 
CCC6 
CCCS 
0010 
0011 
0012 
0013 
0014 
0015 
CC16 
0017 
ecus 
0C1S 
002 0 
0021 
0022 
D-'.>23 
CC24 
002; 
00.''6 
C027 
CC?6 
0029 
0030 
0031 
C032 
CC33 
0034 
CC3 5 
0036 
OC37 
003a 
003S 
004 0 
0 041 
004 2 
0013 
Of! 4 4 
0045 
004t 
004 7 
OC^ r 
004 S 
TC50 
oo;o 
C352 

c 
c 
c 
c 
c 
c 

TMS   St :•'"•( L'l t':-   G5MSpAT£3   Vii.JES   FOP   FRACTICNi'.   ORDER   BFSSEL    S   FUNfT- 
TIONS   C r   Tt-r.   F IPC1   c :.\L-« 

OIK rsic fr   BJ(13'j) . ?['J(1'J'*3, : T * 5 ~j t ,BJEU50I 
P I • ? • 14! ?<". 26 5 
O5.E-05 
K» I'lM.'.C! 
N1-=N< 1 
N2*N*2 
FN'XN-FLCATJN) 

20   lFCXI?t»f3C,2? 
30   lf-R-2 

RCTu^ •">' 
29    I r ( X --15 . )2 2, ??,?•• 
22   NTEST='iC.«-lC. »X-X**    2/3 

GC  TO   it 
34 NitST>S0**X/2. 
35 IF(M -MESTJ4C i'3tf ,35 
3f   IEP=* 

RETURN 
-0   IF(X.3f.6.C»   CC   Tt   4C5 

CALL   BJTEPf{XiFN.Et&l,H\> 
8JT*=0. 
DO  40 )   !K>lfPh 
t\ .1 :        -    . t *    *    •   .   «    i   K   t 

«00   CONTINUE 
B.IT-;  (/?. )**FN*>. J' 
GC   TJ   3 5 

4C5   CM !.   rtfcS.iG(XiFK,EJTJ 
35   8P!-LV^0. 
70   MKAX = MFST 

r*2tr-ON*ic 
103   DO   190   •• = *7EPC,frAX.; 

Ffl=1.OF-70 
FM-.'< 

130   M2«M-« 
Ml**-] 

2 10   00   16!    K--1 ,N2 
HK-M-K 
M f{ * r- f-' C — 1 

XMK*F U2AT(VK»*FN 
a J: »* ) = ?.. *»K*F^I/X-F« 
F K * F K1 

16?   FM = PJ(-K> 
SJ< ! »=2.*tl.+FN>»F*1/X-FM 
ALfHAT=Sjil!/3JT 

S~( J: I -r" J( J? J/AIFFAT 
301 ccui IM::- 

IF< Ari>( ,-.i! isl )-.*? = :»' )-,«eS(L»LJ!ND J) 201 ,201, ISO 
193   ;>!'• fv = "j(M I 

IhY-Z 
GO 10 20 3 

<Ci I£* = 0 

RES CO'-70 
BESC04?C 

BESC0500 

BESC0520 

DESC0540 
PESC355-" 

BESC377C 
8ESC1S30 

6ESC0850 

BESCOS7 0 
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FORT DAN IV G LEVEL  19 StSJ PATE --- 71110 13/18/39 

00 5 3 
0054 
0055 
0.C5 6 
0057 
005 S 
0C5S 
0060 
0061 

2 03 cajn i*-ej(2i*p\*ejii»/x 
IFIN1-2)5CCtlCl.*01 

401   DC   42C   LL-i»f.2 
LL1»IL-1 
G«D1=FLCAT(LL 1>*FN 
OBJ( 11 )=3J<LL1)-CS01J fcJUl )/* 

4 2?   K'.TlMiE 
SCO   SF.HR,\ 

END 

FUKTPJN   I', 

000 1 

G   LEVEL      12 TOSUM DATE   =   71110 1B/18/39 

SUBRCCTJNE TCSUM : rr.,CF,?•• T?DS«J> 

CC02 
G003 
0004 
CC05 
0C06 
0007 
CC ' •< 
ccos 
0010 
ecu 
0C12 
0013 
0014 
0015 
C016 
CC17 
0018 
CC19 
0C2 0 
0021 
C02 2 
002 3 
0024 
0025 
002fc 
CC2 7 
002c 
00?0 
00 30 
0531 
003? 
0033 
0C34 

c 
c 
c 
c 
c 
c 

20 

<tO 

11 
10 

30 

THIS  SUBSCUMKE   CfrNEPMES   VALUES   FC»  Crj<. 
hALF   CCKE   AMLi = IFIXt t!.+ l»~OF 

CIVEN 
COUL'L 
PIC=0 
TA = ( I 
TA2 = T 
M1 = M 
y I"J «!• 
M2=K* 
sx2=r 
TtRU 
JI=1 
00 20 
JT-=-J 
TEM I 
CCNTI 
DO *0 
T£P< I 
CCNT I 
l)S( 1 ) 
DG 10 
0S< II 
on li 
US1I1 
' c r J T i 
CCNTI 
osu--': 
00   3C 
t>SU=9 
CC^Tl 
CALL 
iJ>SU= 
RE TDK 
END 

S1CN   P!Cl?0)tOPII100l 
E   PPECISUJI,   TERl200»iCS(2C0»iTAtTA2fSX2?CSUtPIC 

31415S2£5D*C1 
VA-DF)*FIC/160 
A/2 
1 
J » I 

2 + 1 
SIMTA2)**2 
)=C.1C+C1 

1*2 ,P] 
T 
> = JT*OABSU FRC I-1))*(K.-I*2)-*(H*I-1)*SX2/((I-1)*U-D) 
HIE 

!I=fll ,fZ 
I >=C.D*01 
f.'JE 
*0,10*01 

11=2,M2 
) -C.0 + C1 
12=1,II 

) = LS! li »*TE M 12 l*TEMI 1-12*1)/II 
f, i I;: 

M,t." 

.'-•01 
K K •-1, f 2 

Sl'+DSIKK) 
KLlC 
IEGPM !TA,Cf ,-.;, PI.TP! ) 
2*(-LS!MTA )*«2*-?I|M1 JT••>> Il«l |4 2.*M*(M*1)»SX2»PSUI 
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FOfcTPAN   IV   C   LEVP.L      13 SFJ\X 

OOOl SURf'Ot:TlNE    Sf- j'.'XtltXf SB) 

CAT: 71110 I G/1S/3? 

HIS   SUBROUTINE   Ci'M N.'.T:"S   SPHESJCAl    EiSSEl/s   FUfvCT IONS  GF   T!'E   FIRST 
KINO 

00^2 
0003 
0004 
CCC5 
0006 
C0C7 
CC08 
occs 
0010 
0011 
0012 
0013 
OCl^ 
0015 
0016 
0017 
001° 
0C19 
0 32 0 
0021 
0022 

Cu^»i 
0C25 
302 fc 
002 7 
0C23 
002 "v 
003 C 
CC31 
0032 
0033 
0034 
0035 
003 6 
CC3 7 
0C33 
0C39 
0340 
0041 
00^2 
004 3 
0044 
00*5 
3046 
OC-7 
0C*8 
0C49 
0C5C 

•"> ^ 1- 1 x*   J  - 1 

00s? 

BIM-NSICN   SBU > 
DO  20 r.N = J. it 

V p V : n 
PIC «3.1'l£S26t 
THS   l*X-FIC 
TFS "?«x-2»?rc 

30   1F( <..\L.C.>&t   TO   1 
!-   < N   .EC.    "U   oO   TC   2 
SB I !M1*C, 
00    "0   20 

2   SBINM'l. 
GO   TO   2C 

I    IF   (N   .GF.   :>   iW.   x   -LT.   I.)   GJ   TO 'iC 
IF    if,   .FC.   5 )   5C   fC   3 
A=S*NIX»/X 
IF   f N   . NF.   n>   GC   7 0   4 

GO    rC   2 0 
4   !F   iX   ,GE.   FLC.iT .Mi   GC    re   3 

IFlABSlTfSTl i.LE.l, L-C5.UK. ABSJTSSTi I, LE. i. ii-05 >GC   TC  *5 

IPX=1 
46   Ml =   3.»<0.S + EXP(-FlC*T(N-2)/4.) >»X 

f=N-. M 

fN=i.S-30 
F-Nl =0. 
N1=M-H 
DO   5   I--I.M 
1.-U--2. 
f 1N"U«FN/X-FN1 
FN1=FN 

6 FMF1N 
S8(MM*FN 
in IPX.NE.DGC   TC   55 
N=N-1 

55   PC   6   1=1    ^ 
L'-U-2. 
Flr*='J*FN/X-FM 
FM"S-N 

a   Fi\=FlN 
Sr;i.NN) = S9lM\>**/Ff« 
CO   "0   2 0 

?   El--'.SlMkl   -X*COS(X> )/X/X 
ir- tt .N: . l > GC TO 7 
F L» { N N» - e 
GO  TO   >0 

7 li-l. 
PO   8   t-2fN 
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FONTRAN   IV   G   LEvEL      13 SPJNX DATE   =   71110 ib/lo/39 

0053 
0054 
0055 
0056 
0051 
0053 
0C59 
0C60 
COfcl 
006 2 
CCi3 
0064 
0065 
CC66 
OT.6 7 
0063 
0C6S 
CC7C 
0C71 
0072 
0073 
0074 
0075 
007c 

11*11* 2. 
FN1=U*B/X-A 
A=-ct 

P   3=FM 
Sfltf NS=a 
GC   *C   2C 

io A-:.. 
B--1. 
X2=--X*X/2. 
CI--0. 
&">=: *N+I 

11 BI=M*I. 
02=t>2 + 2. 
B=B' = X2.'Bl/rt2 
A=A*B 
IF   lABSID/AJ   « 
B=l. 
DO   12   1 = 1.N 
&=iH2 . 

12 A«A/B 
S3( NN>*A*X**N 

20   CONTINUE 
REUiRN 
END 

l.E-6)   GG   TO   11 

FOPTIUK 

0001 
0C02 
CCC2 
CCO 4 
CCC5 
ccct 
0007 
0CC8 
0009 
0010 
0011 
0012 
0013 
0014 
001 5 
ooi e 
CC17 
001 ? 
cci <; 
CC2 0 
0021 

IV  G  LEVEL     10 

SUB!< 
DIf!£- 
PJ = l 
CALL 
XE2- 
JT=1 
3JT1 
t)JT. 
nc r 
JT=- 
Mnl- 
•'•'N2» 
X*i\- 
X*Nj 
XMN? 
t'JTl 
BJT2 
IF (A 

20   CCMT 
io ?.zrc 

BJTCPY 

OCTINE   BJTEP.Y(XtFNt0tBJTl,8JT2trNJ 
NSICN   3JU(5C),ejT?(5C) 
FIXtl.c*X+10.) 
G."PfA(i.*FI\,GX,IERI 

(X/2. )**2 

(1)=1. 
( ]>•!• 
0   MN = 2 
JT 

«N-1 
KN-2 
FLOif( 
=FLCAT 
=CLCAT 
( f«1 = J 
i S\) = J 
£S(fiJT 
INUE 
R.\ 

/GX 
/(GX*(1.*.-N) ) 

(MN1) 
IVN2I 
T=«tPS(3jTl(KM) »*XS2/(XMM*(XMNl*FN1 ) 
1*A2S( BJT^O'M |)*X£2/IXMNl*{XPN«FNl I 
M PM>.Lc.C.«KC.*3$<Bjr2<MNH,LE.CI   GC 10 
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FTRTiUK! IV G LEVrL  13 LEGFI DATE = 71110 13/18/3* 

0C01 
000 2 
0003 
0C0-* 
0005 
CCC6 
CO 7 
CCCS 
CCCS 
0C1C 
c:m 
0012 
0013 
0014 
0 01 5 
0016 
CC1 7 
001 s 
001 Q 
C02 0 
0 021 
c c;. 2 
0023 
002 4 
0025 
002 6 
C 0? 7 
002 a 
0029 
' .        -    ' 
0 0 31 
0032 
00 3 3 
0034 
CC3: 
00 3 c 
003 7 
0036 
O0J9 
CCrC 
oc;i 
C0<t2 
0C4 3 
004* 
0045 
0'>t 
0047 
C048 

'J04 9 
CCbC 
0051 
oo5 z 
C C5 ^ 
0 0 V: 
0055 
CC56 
C C 5 7 

1 c 

SLBi OLTINE   LFGFiUX .CF.N.Pl.CFI) 
rilf-'f NSTLN   SHU,P!l;0l,CP;i50) 
P If--3.1 415 9265 
G = f'I C/J.-30 
IDX--C 
IFJf.x.EC.lRO.Cri.NX.CC.OJGO   TO   305 
IFi»X~9C)2,2 ,i 

1 ID/    1 
NX=?. eo-NX 
X = II X+Of )*G 
SO   " C   3 

2 X=C X- j-: )*G 
IF<<ES(X>.LS«1.E-C2>GC   TC   305 

?   CX=tT.S'»X) 
X2=>:*X 
P I ( ' ) -! . 
cm »=c. 
?;c)=cx 
D?I(2 1 = 1 . 
00   30   L = 3,£ 
ll = L-l 
L?=l-2 
FLl*FlOAT(Ll) 
FL?=FLOAT(L2» 
PI IU»« <2.-«"L2*l. J»CX*PUL1»-FL2*PI(L2»»/(FL2*1.J 
DPI i Ll=ll*ICX*PUL>-PI (Li:)/(CX**2-1 . > 

30   CCN7. IN'JL; 

J*»fc.Lte.6>GC   TC   103 
CALL   SPJLX(4,X,Sa> 

PH3*-SB(3J/t24.*5E(l ) ) 
PH4* StM4>/(lS2.-:Se(l) I 
IFUSSI x J-0. 02)13,13,14 

11   *0=SC«T ( J .-»X21 < l./b. + 7.»X2/36C. ) ) 
GO   1C   15 
AOJQKT(X/SIMX>> 
Al=- .5'-AC*FH2 
A2=/ 0*3 .*C-.5*FH2+. 37 5*PH2**2) 
A3 = ^0"15.*l-.5*°H^+.75»PH2*PH:'-.3125*P^2«*3) 
UO   *0   > = 7,N 
«!-*-: 
M2=f-2 
rf! »FLCAT CM ) 
F»2=FICAT(*2I 
X\=FirAT!"-l) 
XN'XNO.5 
X X= X N * X 
PI JK»-- if:0»XX)*|A0-A2/XN**2-4.*A3/(X*XN**4l)*!}FH XX1 MAI./: 

1X-XM'<r.) + f-3*( e./X>:- *2-?.. )/XN»*3) 
CPI (^ ) = M*(CX*PI(M)-Pl(»<i )>/(Cxv'«£-i. ) 

40   CT.M !M)E 
HI    If I tOX.NE.l IGC   TC   103 

JTTJ 

KT--1 

DO   3 0/:   >. = 1,N 
J7--J r 
KT=-XT 

i"A2/t 
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FORTRAN 

0058 
cess 
0C6C 
COM 
0062 
0C63 
0064 
CC< J 
OOtti 
CCt7 
G<-« r 
CC69 
CC7C 
0071 
0C72 
CC73 
007« 
CC7S 
CC76 
3C77 
0078 
CC79 
0C80 
ooei 

IV   G   LEV'L     IP LECFI OATE  =    71110 1B/1S/39 

•Ji (K) »<<T*"l !.<; 
DFIl K)--JT«0P1 <K> 

10?   CONTINUE 
no  TC  1C3 

3CD   DO  2C-V   IL = ltN 
PIlILhl. 

304   COM1 INUF 
DPI! 1 )=C. 
DPI.?)=1. 
UPH 3) = ?. 
I'D   • «*,?     IP-'   . >. 

OPli IC) = t I0-1)*(0PI( IC- 
3 03   CCN'INUE 

IF<I;X.NE.130IGC   TC   1C3 
JS = 1 
KS=-1 
DO   ICt  KP«lth 
JS=-JS 
KS=-KS 
PI(KP)=KS*Fl(KP) 
DP! ( KP)-JS'OM(KP) 

3C6   CONTINUE 
1C3   RETURN 

END 

i I-PItio>i/(rc-3i 

FORTRAN IV G LEVEL 19 BYTERK CATE = 71110 le/ie/j'i 

0001 
crc2 
0C03 
CC04 
000 f. 
CCCf 
00C7 
000? 
CC09 
0010 
0C11 
001 ? 
0 0! 3 
0014 
0015 
001« 
0C17 
OOiP 
0019 
C02C 
0C21 

20 
10 

SUBROUTINE   BY TERM<X ,FK ,C,EYT1,3YT2,VM) 
DIMENSION   BYT1(50).BYT2(5C» 
KJ*1FIX(10.«SCRT(1.+2.«X*X)J 
CALl    Q>VV PA(1.-FK,GX > I ER ) 
XFZ*(X/2. M*2 
JT = 1 
eYTl(1)=1./GX 
3YT2(1)=-FN/GX 
DO  20   Vf-^2 ,HJ 
JT=-JT 
HKl*fP-l 
*M2=fP-2 
XI'f-FLC..«T(^M) 
Xr-Ml^FLCAMI-M) 
X^K2=FLfAT(rN2» 
K.YT1I MM-=JT*seS(eYTl<•i ) I »XE2/ I XKM1* ( XKM 1-F N I I 
tiYT2«fM» = JT»APSCBYT2(fMl) I* XE2V ( Xffl • A-3S < XM*2- FN > ) 
IF(AHS<ani(MM)>.LE.C.iNC.ABS(BYT2(MH)».LE.0J   GO   TO 
CONTINUE 
PfTURN 
Fi\C 

10 
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FO»TPAN   !V   G   LEVEL     13 SFHNX DATE 18/18/?? 

0001 St'Sf.JLTjNg   SCHN; ( L.X,SH»~iK,OSCSI 
rC?   HAfiKiEL   S   FUNCTIONS. 

0002 
C003 
COO'. 
C00!> 
0001 
OCCT 
coca 
OC 0 9 
COiO 
0011 
001? 
0C13 
0^1 A 
0015 
OCi 6 
0017 
cue 
001 9 
0020 
0021 
002 2 
0 32 3 
002 A 
00? 5 

C026 
n i > •/ 

CC2 6 

0029 
00 3 C 
0031 
00 3 2 
002 3 
0034 
CC35 
0C3i 
003 / 
CC36 
0039 
00^, C 
004 1 
0042 
0043 
0C-':4 
CC45 
0 C4b 
004 7 
C04S 
0C-'S 
CO'SO 
0051 

THIS   S13RCL.TINE   GEf.ERATCS   VAIUTS 
CCPP.fX   SH tiC 1 ,DSM60)tCSCSi50) 
CIMENSU <\   35(50) ,SYt£C> »V15<5),U7 j(5> 
CALL   Sf'JNXiL iX,53) 
CALL    SPYKXU ,X,SY) 
DO   2n   f.Ml.L 
Sh<NS)=Cf'FLX(Se(NN» t-SY(NN|I 

20  CONTINUE 
DSM1 >=-s> (.:> 

!)SH(.!.J-SH«LL-lJ-rLG*'l<lL)",Sh(LLI/X 
30 CCNTIMJ* 

If( L.LE.27JGC   rC   31 
DC  130 KP=;e,L 
0PD».<P-0.5 
H5 = X 
SXS = M.«/CRD 
ALPH5=ALCG((1.*SCBT(1.-SXS*»2))/SXS» 
TXS=5QiiT(l.-£xS"iSXSJ 
CXS=1./TXS 
c.xs2«cxs*c;xs 
EXPN<iRC!*<ALPHS-TANH< ALPHS) ) 
UTS(i>~CXS*<3.-5.*CXS2>/24 
UTSi 2J =CXS2*t Sl.+CXS2*(-*o2*3e5*CXS2))/1152 
UTS C 3>^CXS*f X S2*( 30 37 * + CXS2*<-369bC3*CXS2"»< 76 5765-42542 5-"CXS2> > >/'• 
11*720 
VTS(l)=CXS«C-9*7*CXS2)/24 
y i <-11 > p.-.i y. s £ -M -' ri"-+ .. Xi ' ••• I jsH-^Tj*r XS? > »/t • -..' 

vrS(3»=CXS*CXS2*(-4 25A2E+CXS2*(4 51737*CXS2*(-c83 575 + 475475*CXS2) 1 ) 
l/<-1472C 
DEJS = 1. 
DEYS=1. 
GLJPS=1. 
D£YPS»1. 
JT=1 
DO   19   IP=1,3 
JT^-JT 
Cl)-OFi>*IP 
0-:jS=0£JS*L-TSUP>/09 
•JFYS=DF.YS*JT*LTS(IPI/Ce 
OEJPS=0cJPS+VTS(IP)/C8 
DEYPS=DLYF5-»JT*VTS(IP)/CB 

19  CONTINUE 
K!;-1^0.?*fXF(-2.*£XPN>-'MCEJPS/CEYPS + C£JS/DEYS: • 
DSCS<KP>=Cf'PLX<l .,RIN) 
DS'JS(KP>*C.!:/hS + SlNI-<ALPHS>*CfcYPS*CSCSlKPJ/CL-YS 
DSOS<KP)*-CSCS(KF> 

100  CONTINUE 
31 DO   i)0  U»),l 

OSDSC IK»»CSK IKJ/SHIIK) 
40  CONTINUE 

vt crusts 
END 
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