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MODIFIED DIPOLES
1I. NUMERICAL SOLUTIONS

By

Peter S. Kao

Division of Engineering and Applied Physics

Harvard University - Cambridge, Massachusetts

ABSTRACT

The 'modified dipole' has its origin in the consideration of the ge-
neral properties of a satellite antenna which bears great resemblance to
a dipole modified to incorporate at the center a conductir.; volume which
is used to radiate electromagnetic waves and to house a power supply and
radio frequency generators, etc. The object of this research is to pursue
a theoretical and experimental exploration of the effects induced by the
presence of the conducting volume on the antenna performance, i.e., in-
put characteristics, current distribution along the surfaces of the entire

radiating structure and radiation properties.

In Volume I a mathematical model consisting of a perfectly con-
ducting sphere from which project the ends of a thin biconical antenna is
chosen to simulate the actual sphere-centered thin dipole. The conical
antenna is driven at its junction with the sphere by a rotationally symmetric
electric field maintained across the gap by a biconical transmission line
excited by the TEM mode. The attractive features of this model include
the fact that it has surfaces that permit a simple specification of boundary
conditions and, hence, a rigorous forniulation for the (‘iectronlagnetic
fields and a shape such that its properties should come reasonably close
to those of a modified cylindrical antenna as the cone angle becomes quite

small.

The measurements of both input admittances and current

distributions on modified dipoles (with either conical or cylindrical




antenna projecting from the sphere) are also presented in Volume 1.
Comparisons were also made between modified conical and cylindrical
antennas with the same sphere radii and antenna heights. The radius of
the cylindrical antenna is the same as the smaller end of the cone., The
fact that the admittance curves for modified cylindrical and conical
antennas involve only slight shifts suggests that by introducing an
equivalent antenna length that is a little longer than the actual physical
length of the conical antenna a good approximation is obtained for the

cylindrical antenna.

An infinite set of algebraic equations was solved numerically in
Volume II for small cone angles. Comparisons were made between the
modified conical antenna and its limiting biconical antenna which provides
both an extrapolatory numerical check for the modified conical antenna
with shrinking central sphere and an understanding of the underlying
physical phenomena. Theoretical and experimental results are in very

good agreement,
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1. INTRODUCTION

The formal solution for the bk's and with them the determination of
the driving point admittance, the current distribution and the far-field
pattern of the modified conical antenna with half cone angle 90 and
central sphere of radius b is contained in the infinite set of linear
equations, (1-57) and (1-64) which appear in Volume I of this report. No
general, exact solution of this set of equations is available for cones with
arbitrary angles 00. Hence, a general formula for the input admittance
of the modified dipole cannot be provided. Thus, although the analysis of
the problem is not restricted in its formulation, mathematical limitations
make an exact solution unavailable. However, if the half cone angle 90
60 < 40)

is sufficiently small (i. e. which is of special interest in the

5 b

present problem, a numerical solution of (1-57) and (1-64) can be

carried out, In this problem an exact result can be obtained only by an
infinite sequence of steps. Since the process necessarily has to be
truncated after a certain finite number of steps, truncation errors are
unavoidable. There are, however, three sources of truncation errors in
the approach taken to this problem. First,there is the error introduced
when the infinite matrix is truncated to one of finite dimensions. Secondly,
error is introduced by truncating the infinite sum (over v) in the
calculation of each matrix element. Thirdly, the double series re-
presenting the input admittance, current distribution and near fields is
twice truncated; once over v and once over k. In addition, because of

the formidable amount of computation required to solve the truncated
infinite matrix, small round-off errors may cause errors in the computed
solution out of all proportion to their size. Above all, the truncated
system of linear equations has to be solvable (i. e., the coefficient

matrix must be non-singular) before problems of accuracy and con-

vergence of the computed solution can be considered. .

An exact error analysis relating different sources of errors to the
final results is very difficult, if not impossible, when many equations are
involved. It cannot be made here. Hence, after all possible precautions

have been taken to prevent error from growing out of proportion and to



preserve the accuracy of the final solution, the computed results are to

be justified by comparison with experimental measurements,

A brief review of the major steps taken in the course of the

numerical calculation and their associated theories follows:

(A) Existence of the Solution

Once the infinite set of linear equations is truncated, a set of n

simultaneous linear equations in n unknown is at hand. It is
)T S - Ol o (2-1a)

Equation (2-1a) is conveniently written in matrix form as follows:
A X b (2-1b)

where A = [aij] is the nxn matrix of coefficients, XT (x} SER
bT 4 (b1 . bn) with T denoting the transpose. Let Ab denote the

n x (ntl) matrix which has the column vector b appended as an (nt1)st

x ) and
n

column to A. The rank of any matrix A is r(A). Then the basic theory
on the existence of a solution of (2-1) states that the system of linear

equations has a solution if and only if

r(A) - r(A (2-2)

b)
This familiar theorem may be proved by using Gaussian

elimination, This will not be pursued here [1]-[2].

The theoretical proof of the existence of a unique solution for the
simultaneous linear equations does not in any way guarantee the correct-
ness of a computed solution of (2-1la,b). There is no hard-and-fast rule
in carrying out a numerical solution for simultaneous linear equations.
Different approaches need be employed for different matrices with
different characteristies; e. g., direct methods are usually used for

matrices which are filled but not large, while iteration methods are use-

ful for matrices that are sparse and filled etc,



(B) I11-Condition

In numerical calculations, a class of matrices of coefficients is
encountered which is called ill-conditioned such that no matter how
accurately it is calculated, the solution may still be grossly in error. If
the matrix A is normalized so that the largest term in magnitude has the
order of magnitude of unity and is such that A_l contains some very
large elements, the matrix and therefore, the system of equations is
ill-conditioned. Conversely, if the largest element in magnitude of A_1
has the order of magnitude of unity, the matrix may be said to be well-
conditioned. This can easily be seen by writing (2-1b) in the following

form:

X = A‘lb (2-3)

Suppose that A_1 has very large elements, one of which is aj-il = Aij/lAl :
|A| denotes the determinant of A and Aij is the cofactor of a, Thee
assumption that aj_i1 is large means that Ai' must be large relative to |A|
Since one of the terms in the expansion of |A| about the ith row and jth

column is a,.A,.,
ij 1

a small error in aij may cause a large relative error
' . . -1 s

in |A| and therefore a large relative error in aji . This in turn can
cause a large relative error in X. Similarly, a small change in an

element of b could cause a large change in X.

(C) Truncation Error

The errors caused by truncating the infinite sum by finding an
approximation (or an upper bound) to the remainder in each series after
truncation will be examined. Having found these, an estimate could be
found of the relative error in each matrix element by comparing the
remainder with the corresponding truncated sum. Finally, the remainder
estimate is added to the corresponding matrix element, the system is
solved and its solution compared with that of the unaltered matrix. This
comparison yields an estimate of the error one might expect in the field

pattern, current distribution and input admittance etc,




(D) Intermediate Round-offs

One way of checking the round-off error in the course of com-
putation is by substituting the calculated values into the left-hand members
of the original equations, The presence of the deviations between the
resultant members and original right-hand members serves to indicate
the presence of errors due to intermediate round-offs. Again, the
relationship between the magnitudes of these deviations and the magnitude
of the errors in the solution column is not a simiple one. Use will be
made of this simiply as a check if the round-off errors are too far out of

proportion to afford a reasonable solution,

(E3) Convergence of the Solution

Before considering the convergence of the solution of the system of
linear equations, error checks were made for several cases with various
combinations of the extreme sizes of antennas and inner spheres. The
maximum size of matrices has been studied so that the different kinds of
errors mentioned above can be kept within one per cent. It has been
found that for most cases a 40 x 40 matrix is still well within the
acceptable range and the solutions show rapid convergence when the

matrix size exceeds 15 x 15,

The convergence of the solution of the system of linear equations
will be dealt with empirically by solving the same problem with matrices
of increasing size and examining the successive solutions for conver-

gence.

2. ROOTS OF THE CHARACTERISTIC EQUATION Lv(@O) 0

The application of the boundary condition given by equation (1-35)
in Volume I together with the prouperty of anti-symmetry of ER with
respect to the equatorial plane (i.e., 8§ = 7/2 - plane) leads to the

following characteristic equation [see equation (1-30) in Volume 1]



LV(()O) LV(‘n—OO) =0

which is independent of the presence of the conducting sphere at the
center. Once the half cone angle ()O is fixed, an infinite sequence of
discrete values of v is obtained from the above equation. The present
00 < 4),

analysis will be restricted to small half cone angles (i. e.,

In the neighborhood of the point 6 = 7, Legendre's functions can be

expressed in the following way (3] :

sin vg 6

PV(—COSQO) F(-v,v+1;1;sin2 TO) : H(V,QO)
00 (=v) - (-v+a-1)(v+1)- - (v+a) 90 Zai
+ = 5 b (v, a)(sin 5-) (2-4)
a-1 (al)
where 90 = 7 -0 is in the neighborhood of zero
H(v, 0) 2 sin% + Y(vtl) + Y(-v) + 2y (2-5a)
and
I'(c) @ I'(a+n)I (b+n) iy
Elaybyeh=z) = I'(a)I (b) n%O I (ctn) n' 2=l

which is the Gauss hypergeometric series whose circle of convergence is

the unit circle |z| =l
1 il ]
Blig &) = S f e e e e
1 1 1
- Z(T + > + - + r) (2-5c)

and Y/(z) is the logarithmic derivative of the Gamma function; i.e.,

It

(2-5d)




I8¢ 1 .
-y t(z-1) nlo m (2-5e)

where y denotes Euler's or Mascheroni's constant equal to 0. 57722.

The expression (2-4) will be single-valued, on account of the

cross-cut of the plane of p - cost along the real axis from -1 to -oo.
Using the reflection formula for the Y/ -function, namely,
izl Y(-2) - Tcotpz (2-6)

(2-4) is rearranged in the following form;

Lv(coseo) = sinvy G(V,HO) (2-7a)
sin vy [Gl(v,()o) + Gz(v,(-)o)] (2-7b)
where
2 80
Gl(v, 90) F(-v,v+1;1; sin —2——) - F(v, 90) (2-8a)
F(v,0,) = C(O,) + % Y (v41) - tan L (2-8b)
In (2-8b)
2 90
i) = [In(sin =) + Y] (2-8¢)
oo o (veatl)- o v(vil). - (via) ¢(v,90)
Galv,8g) = = (-1) = - (2-8d)

Thus, finding the roots of the characteristic equation is now
equivalent to setting G(v, UO) 0. Before actually carrying out the
numerical calculation of the roots of (2-7a), it is instructive first to
survey the equation qualitatively. Some general properties of these
roots regardless of the cone angle 90 (as long as it is small) can be
derived by looking at (2-7a,b) more carefully, The vanishing of (2-7a)
can also be accomplished by finding the intersections of two functions,

i. e., —Gl(v,HO) and GZ(V,()O) with v as a variable.



It is convenient to look into the restrictions upon v and (90 such that
the numerical solution of G(v, 90) - 0 is feasible and a sufficient number of
roots is obtained to provide accuracy in the calculation of the matrix
elements, the input admittance and the current distribution. It has been
found that both the functions Gl and GZ are well behaved (i. e., the series
converges quite rapidly) and the above-mentioned requirements were met
over the range of interest so long as v is not too large in magnitude and
the cone angle 00 is sufficiently small so that the product of these two

quantities does not exceed the order of magnitude of unity [i. e.,

90
v sin > < 0(1)].
The function —Gl(v, 90) behaves essentially like tan v_217_ with its

values continuously adjusted by first adding to it a slowly-decreasing quantity

[i.e.. -C(HO) - ﬂgl,l/(v+1)] and then multiplying it by a slowly-varying

function [i. e.,

F(-v,v+l; 1; sin2 70) ~ (1-v(vtl) sin2 70 t+.--)]. Therefore,

—Gl(v,GO) is a continuous, monotonically increasing function within each
equally-spaced segment which has a total length of two and the odd integers
as its end points. Gl(v, 90) becomes singular in the neighborhood of the
end points and changes sign whenever it crosses the end points. The

2
derivative of GZ(V,GO) with respect to v 1is proportional to (4—3v2 sinZTO)-
)
(v sin 70) which is positive as long as v sin > =1, S8 GZ(V’ 90) is also a
monotonically increasing continuous function over the range of interest.
Accordingly, the functions —Gl(v, 90) and GZ(V’ 90) intersect only once in
each segment. Therefore, the form of the roots is an odd integer plus a

small number which increases with v and 90.

The simplification usually employed [4] to obtain an approximation
of the roots of (2-7) is actually to take the leading term of G, (v, 00)
tan (vr/2) and

[i.e., F(v, 90)] and retain only the two terms in F[i. e.

In(@ 0/2)] under the assumption that In(sin 70-) approaches infinity for
sufficiently small angles 90. Therefore, the approximate roots are
v o =t (2-9)
7 =

app.
In(sin 7)



This approximation is in error due to the fact that even for half cone

9

angle UO as small as 0. lo, |1n(sin —2-9) |( 7. 044 in this case) is still of the
same order of magnitude as the two neglected terms, i.e., (vil) and y.

{
Furthermore, In(sin =) becomes even smaller than Y(vtl) as one proceeds

2
to find larger v's. In this range, the higher-order terms of G become

comparable in magnitude and can no longer be neglected,

In Fig. 2-1, the results from the approximate formula (2-9) are
compared with those calculated from the exact formula (2-7a) for various
cone angles. Generally speaking, (2-9) provides quite a poor
approximation of the accurate formula except for very thin cones for
which the approximate formula gives the correct trend but the results are

shifted from the accurate ones by a constant,

The numerically calculated v's were checked by substituting them
in a subroutine which generated Legendre functions of fractional orders.
At 0 - 00, the generated values of LV(GO) (which are equal to zero
theoretically) are of the order of 10 ~ which indicates the accuracy of the

solution.

3. COMPUTATION OF FRACTIONAL ORDER LEGENDRE FUNCTION

The computational difficulties with the fractional order Legendre

functions lie in the following facts:

(a) The Legendre function, defined in the interval (-1, 1), can be

expressed by the hypergeometric series with various elements, i.e.

2 60
Pv(cosf)) F(-v,v+l1; 1; sin —2—) (2-10)

5

The above expansion can be employed for the calculation of values of
the function Pv(cos()) only in a limited region of variation of the argument
sin% and order v. With an increase in v and !, the convergence of the
series grows worse, which makes it of little use for calculation with

large values of v and 4.



(v=K+§,K=1,3,5,....)
1.5

o—o—o APPROXIMATE SOLUTION

s——A NUMERICAL SOLUTION

FIG. 2-1 ROOTS OF CHARACTERISTIC EQUATION L,(6,)=0



=Tk

(b} The process in generating higher-order functions by a re-
currence relation is unstable, since the generation is carried out with
rounded values which propagate in the recurrence process of increasing

order and hence cause loss of significant figures.

The Legendre function Pv(cos(?) assumes various representations
suitable for numerical calculation in different ranges of v and  with the
aid of definite and contour integrals. In this work use is made of re-

presentation of Pv(()) in the form of Mehler-Fock, namely,
{)

2 cos(vil/2)t
Pv(cos()) T 2(cost - costl)

dt (2-11)

which provides (under different conditions for v and )) rapidly converging

series for numerical calculation.

Equation (2-11) can be expanded in positive powers of (v+1/2) by
substituting in it in place of cos(v+1/2)t its series expansion. After

changes of variables and rearrangement of terms, one obtains

[0 0]

P (cos0) 5B (el (2l 2)
M m-0 i
where
.o=1 : 2m
b 2(emtl) 1/27  [sin” (psinx)]
B (=1} —— dx {2-13)
o 7{2m)! 0 (l-p2 sin2 x)l/2
and
p  sin(t/2) (2-14)

In the last integral, the function under the integral sign becomes
infinite only when p 1, thatis for 0 7. Consequently, outside the
neighborhood of the point ¢ 7, itis possible to calculate this integral by

the usual nunierical methods.

One limitation in using {2-12) for computing Legendre functions is

its slowness in convergence as v becomes larger.
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An expansion of Legendre's function of (2-11) can be expressed in a

series of Bessel's function [5], namely,

oo
PV(COSQ) e B a (Q)Jm[(v+l/2)9](v+l/2)

m
m-0

-m

(2-15)
where the a . 's are elementary functions, regular in 0 =6 < 7, and

6

" . sinf

a,(6) (2-16a)

m

" m
a_(8)= (2m-1)! a (6) 67y _(6) (2-16b)

’J/m(e) is a combination of functions of ¢)n1 which is obtained from

2

2(cost-cosf) in terms of a series of (87 -t), i.e.,

o QO
Hlebst~casl) = (Batr) 515‘9 1+ = 0%-t5" % _(0)] (2-17)
m=2 e
where J 1 (9)
m-3

(2-18)

Taking the inverse of the square root of (2-17), one obtains
0o
; 1 ‘ 21 . 0 s (92 _ t2
"/2(cost - cosf YO© -t sinf m-=0

YTy (6) (2-19)

Therefore, the combination of (2-17) and (2-19) gives

Vo - 1
%2
Vi - 2
4, %
Vp 7ot
b 1



P

1 8 03 15, 2. 38 44
W, -z b5tg 95+ 20,05 - 77 630, F 135 &,
1 3 5 2 2
Vs - §'¢6 +?I(¢2¢5 i ¢3¢4) 'i“(3¢2¢3 t 3¢4¢2)
36 .3 63 5 ,
+3‘z¢>24>3 +m¢>2 (2-20)

By using the recurrence relation for Bessel's functions of the first
kind, namely,

J (zp+ J (z) —J (z) (2-21)

n+1 Z n

and substituting (2-21) into (2-15), we finally obtain an expression for

PV(COS 0);

a2 4a3
P_(cos?) J ((v+1/2)0][a, - 5 + o]
v 0 O bel/2)e (uiiie e
a (a,-2a,) 8a
+0 [(vi1/2)0) —— - 2L — S+ -
(vil/2) (v+1/2)°8  (v+1/2)70
[2-22)

At first glance, (2-22) does not assume any advantage over either
of the more general expressions (2-10) and (2-11). But the asymptotic
expansion for large values of v is a convenient representation of the
function Pv(cos()) from the computational point of view. It gives a good
approximation to the functions themselves and can also be used for the
computation of their derivatives and integrals with respect to the
variable v. Furthermore, the coefficients of the representation are
associlated with functions of spherical Bessel's functions and integral
order Bessel's functions of the first kind JO and Jl‘ which are available
as built-in functions on the IBM 360/65 machine in use at the Harvard
Computing Center. Hence, (2-22) is both a convenient and accurate

formula for computation,



i

In summary, it is necessary to use a suitabie representation for
Legendre's functions of fractional order in different regions in the v-0
plane for purposes of computation with desired accuracy. Therefore, as
shown in Fig. 2-2, the v-0 plane is divided into four regions. In region I,
the hypergeometric expansion (2-10) is generally suitable as long as the
angle is small and the order is not large; also the product of v and
sin(@/2) must be less than one., In region II, (2-4) is a suitable expansion
in generating Legendre's function with the same restrictions upon v and
f# as in region I. In region III, use is made of the expansion (2-12) as
long as the order is not large (v < 10). Finally, in region 1V, (2-22)
provides a good tool which is also valid in the neighborhood of 6 =0 and 7
for large values of v. Therefore, in computing LV(G) = PV(B) - Pv(n' -0),
formulae for different regions must be used simultaneously, e.g., for

small 0, formulae for region I and II must be used.

The quantity Qrk in the second set of linear equations is generally
a small quantity for small half cone angle 90. For k/r, Qrk can easily

be expressed in a close form, i.e.,

5 [KFDPL ()P, (1g) - T(r+ )P (1) P} ()]

Rip = - 2lpg) [K(kt1) - £(r41)]
(2-23)
and for k-r
Q 2{-(1- 2)P'( )P, (n,) + 2k(k+1)(1- 2)H(k 0.)] (2-24)
rk Mg 0= 160 gt
2 90
where H(k, HO) is a polynomial of sin > of order k, namely,
= Clr<n 2 90 m
H(k,@o) > — (sin 7—) (2-25)
m-0
where
m
Ck = & Ak Ak (2-26a)
m n m-n



REGION I

0 |

REGION II
y X sin 9=|

REGION I ' REGION T
O w/2 ™

FIG. 2-2 COMPUTATION OF FRACTIONAL ORDER
LEGENDRE FUNCTION



= ]i5i

and

k m I (ktm+1)
Arn (=11 I (m+1) IT(k-m+1)

(2-26b)

Hence, Ai‘(n 0 for m > k.

The generation of Bessel's functions of fractional order is not
significantly different from that for functions of integral order. It will

not be discussed here.

4., THE BICONICAI. ANTENNA

As a preliminary to the later discussions of the modified dipole,
the problem of the thin, center-fed biconical dipole will be treated first.
Based upon equations (1-90), (1-97) and (1-99) given in Volume I, a
numerical solution for the input impedance and current distribution with

various cone angles and antenna heights can be obtained.

Most of the considerations here will provide an opportunity to
develop the technique which will be employed later for the more com-
plicated case of the modified dipole. Furthermore, they will also serve
as a numerical extrapolatory check for the modified dipole with a

shrinking central sphere.

Three sets of linear algebraic equations describing the same
biconical structure will be solved numerically for various antenna lengths
and cone angles with proper error estimate for the elements of the

coefficient matrices and the terms with infinite summations.

The general terms of the coefficient matrix in (1-90) include the sum

(2l | (1-p) -

vivtl) [k(k+1) - v(v+l)][r(r+]) - v(v+1)] 8}.&0

g, k%) = =
v

(2-27)
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To discuss this case for large v, some approximate formulae are
introduced for the Legendre's functions which have been given by

Schelkunoff [6] provided 90 is not near 0 or 7,

Pv(cos 0) ~ chos(q. _()ﬂ{4f) (2-28a)
5 p sin )
and
cos{qm —q(?O -7/4)
P (-cosf) =~ (2-28b)
v (W—Z—p s'1n6)l/2
where
P [v(v+l)]l/2 and q - [(v+1/2)2 + 1/4]1/2
Thus,
__ sin(qm/2 - 7/4) sin(n/2 - 6)
L (0) = = : /2 (2-29)
(—2— p sinf)

Using the fact that Lv(f) )y 0

0 , it follows that for v very large

2
i )
> (2v+1) ov 4 sin ¢« 0

ko) S9D) ey, ~ Twoz0y {2e30)

The factor 1/[k(k+1) - v(v+1)] [r(r+1) - v(v+1)] tends to be quite
large and sensitive to the value of v when v is near k or r. Let N be the
matrix size, then the largest value that k or r may have is (2N+1). Let
Vi, be the value of v at which the series (2-27) is terminated. An
examination of (2-27) shows that the most significant values occur when
v-k and/or v-r are small as v passes through the entire range of values
obtained from LV(OO) 0. Therefore, itis necessary to require that v

m
be greater than (2kt+1l) and (2r+1) in all computations.

Let R(r, k, v) denote the remainder such that




e

(')
BE. 15 vm) % gir, k,v) (2-31)
m

From (2-27) and (2-30), one obtains for

(i) off-diagonal elements, i.e., k 7/ r

4sin200 1 1 | |
Blisyle,iv) el g 20,) S Ve = el | 22 Y T el
(2-32)
where
A L (2-33a)
1 (2k+1)(k+r+1)(r-k)
and
1
by (2r+1)(k+tr+1)(k-r) {Beihy
From (2-30), one finds that the separation of zeros of LV(OO) is
approximately
27
Av e 200) (2-34)
then 72 00 .
R, e, 4 ) =~ = g(r, k,v) dv
Vim
Nz ’
2 sin 00 vm—k—l v -r-1
S B A1 ln(v1+k)+A21n( 1+r——);
(2-35)
(i1} For diagonal terms, i.e., k r
4sinz()0 1 ] 1 2
gir, k,v) = 5 - (2-36)
— 26 (2k+1) v-k-1 vtk

0
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thus for large v,

2 sin 00 1 1 1
R(k.k,v ) =~ > +
e 7 (2k+1) v +k v -k-1
m
g v+l i
T | il
m JI

For those terms with infinite sunimation over v in (1-97) and (1-99),
the approximate formulae are introduced for large v and v >> x, i.e.,

Meissel's formula [ 7]

VD ep (11/2)% - 5P - (v41/2)

I )~ (512

2 1/4° v
1-(ﬁz)2 l+(1-x2/v2)1/2
(v-x >> v-l/3) (2-38)

Actually, since v is much larger than x, a further approximation

can be made, namely,

2
[(v+1/2)2 - XZ]I/Z -V x - ;—V
2
X 2-1/4 X
ISyl U = 1=
4v
2
x,2 v X
(14 1-37] ~ 27 exp(- 32)
thus,
R DI
Jx) ~ 7 7% e (2-39)
2 I(v+3/2)
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Similarly,

vtl (2-40)

J (x)
v

JL/(X) ~

Again, let (r,k,v) and g¢,(r, k, v) denote the remainders for the
g gl ’ L gz y

first and second set of linear equations,respectively; one finds for

(i) the off-diagonal elements, i.e., kfr

ov
e 2v+l IR gh) B
BNV S AR T Boh Tk(RHD) - vvED [r(r+1) - v(viD)]
(2-41)
and J (B h)- >
g,(r, k, v) g (r; k, v) = Ve (2-42)
30 2y B ’ [ -
2 10 J,, (Byh)
For v large and v >> B h, one gets
51n2 90 vrz‘n—r2 1 vm+k
Ry(r,k, v ) ~ 55 In(=—) + 3 In( )
7r60h(k -r) vn]-k vnw-k
1 1n(vm+r) (2-43)
vV __-r
m
Similarly,
2B hsin" 0 1 vtk 1 r ~k-1
) 0 0 . m m
Ralrs ki)~ T A) o nET ) g sl
m m
1 vm+ r 1 \'m—k— 1
Fhy T ST Ee e A i)

(ii) the diagonal terms, i.e., k r
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sin2 ()0 1 vm—k 1- vrn/r2
R.(k,k,v ) ~ 1n( ) + (2-45)
USRS 2 2 2
77[30h _2r vm+k ¥ T
and > _
2[30h sin 90 -1 1
Rz(k,k, \'In) ~ - 5
(2k+1) " (k-1) vm+k
+ L . (2-46)
(2k+1) "(k+2) (vn]—k—l)-

Having found the error estimate due to the truncation of the infinite
sum in the calculation of each matrix elernent, it has been possible to get
the relative error introduced in each element by comparing the error
estimates with the corresponding truncated matrix elements and hence
keep the relative error in each element of the matrix less than a
specified value (one part in lO3 in our calculation). Furthermore, by
adding the error estimates to each element of the matrix and solving the
resulting equations, it is possible to determine how sensitive the solution

is to the degree of uncertainty in the matrix elements.

Before solving (1-90), it is of interest to consider an approximate
solution derived originally by Schelkunoff [6] by assuming a sinusoidal
current distribution along the thin biconical antenna and later from a
different point of view by Tai [4] by neglecting all the off-diagonal
elements of the coefficient matrix of (1-90) under the assumption that the
half cone angle 90 is small so that the diagonal elements are dominant.
The fact that the same formula was obtained by both for dk in (1-90)
signifies nothing more than that the approximations involved in the two
approaches are essentially the same. In other words, a sinusoidal
current distribution in itself implies sufficiently severe restrictions on the
magnitude of the cone angle. As in the thin cylindrical antenna [4], a
sinusoidal current distribution can only be accomplished with a line of
ideal generators distributed along the length of the antenna which, in
practice, does not exist and thus the assumed distribution is acceptable

only for determining certain properties of very thin antennas over a very
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limited range of length.

The approximate formula for the input impedance of a thin biconical

antenna is [4],

> € . o
ZO ZC (an SInBOh - JCLC cos Boh) i
LC 51n[30h - Jch cosﬁoh

where
¢ BY 93 (2-48)
mec mc mec
e : . ! !
an 30 [2Cin ZBOh + (514[30h - 2Si ZBOh) sin ZBOh
+ (ZCinZBOh = Cin4[30h) cos ZBOh] (2-49a)
e : ' .
W 30 [2Si ZBOh + (In4 - C1n4[30h) s1n2[30h
- Si 4[30h- cos ZBOh] (2-49b)
in ¥ l-co
where Si x 2112 du is the integral sine and Cin x = | ==25 U qu.
0 u Jo u

Generally speaking, the coefficient matrix of (1-90) has symmetric
elements with its dominant part lying on and near the main diagonal. For
cach row in the upper triangular matrix of coefficients, the diagonal
element is always the dominant quantity with the other matrix elements
rapidly decreasing in value as the distance from the diagonal is increased.
The size of the diagonal elements, however, also decreases in the
direction of larger row numbers, but with a miuch smaller rate than that

of the off-diagonal ones.

It is instructive to look into the elenients of the coefficient matrix
of (1-90) for the case of a quarter wave conical dipole. Note that, while
all the off-diagonal elements are decreasing with shrinking cone angles,

the diagonal elements continue to increase substantially, Therefore, in
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the limit, this justifies the approximation made by Tai in deriving (2-47)
for extremely small cone angles ((?O < 0,01). Whereas, on the other
hand, when the angle becomes larger, the opposite trend occurs and the
dominance in value seems to spread from the diagonal elements to the
ones near them. Hence, the neglect of off-diagonal terms will cause
great errors in the final solution. A typical example of 2 5 x 5 matrix,
normalized by its maximum element for the cone angles 1° and 0. lo, is

shown below

7.000  0.040  0.020 0.010  0.007
' 0.230 0.070  0.005 0.003
(C] S 0.096  0.003  0.002 !
Ho"’lo ! 0.056  0.0013
. 0.034
1.000 0.010 0.005 0.003 0.002
| 0.160  0.018 0.001  0.0008
(C] » 2 0.083  0.0006 0.0004
IR | 0.050  0.0003
0.0320

A concentration of the dominant values is readily observed from

the above examples. But even for angles as small as 0. 12, element C31

o

which is small compared to C., is still of comparable magnitude with

11
respect to element C33. Hence, the neglect of C31 will cause at least
10% error in the final solution for b3. For large cone angles, elements

in the first row, and hence first columin, become quite comparable to the
corresponding diagonal elements, which implies that a greater error is

introduced by neglecting the off-diagonal terms.

The results presented in Fig. 2-3 are the calculated input impedance
o o
o= I A T

and 0.1, The impedance variationis given as a function of the electric

from (1-90) for the biconical antenna with cone angles 0

length of the antenna (i. e. , ﬁoh) with particular points where the electric
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length attains the values \/4 and \ /2 specially noted. Larger cone angles
tend to flatten the impedance curve and shorten both the resonant and
antiresonant lengths of the antenna. A discussion of the characteristics

of the curves for the impedance Z - R0 b jXO may be centered about

0
certain critical points. Of these, the most important are the values of
ﬁoh for which the reactance vanishes and which involve some interesting

points which have counterparts in the cylindrical antenna.

Input resonance is characterized by

)% 0 R.= (R

0 , 5 ) and X, - (X,) (2-50)

O'res. 0 res.

The condition of input resonance occurs first when ﬁoh is somewhat
smaller than 7/2. It is seen that the resonant length of a biconical
antenna moves toward 71/2 as 1/9O {and hence ZC) increases. Itis
significant to note that when ﬁoh 7/2 the input impedance given by the

approximate formula (2-47) is

Z, 73.13 +j153.7 ohms (2=51)

Thus the input impedance of the thin biconical antenna as given by
(2-47) is a constant independent of the cone angle 90 when h is a quarter

wave in length and 90 is sufficiently small.

For the cylindrical antenna, such constancy obtains in the modified

zeroth order approximation when for ﬁoh = 77/2, T

(Z 73.13 + j 42.5 ohms (2. 52)

0)cy1indrica1

It was observed by King [1] that the curve of Z, at Boh 7/2
approaches the value of 73.13 + j 42. 5 ohms as £ - 2 In(2h/a) increases.
The same phenomenon is observed for the biconical antenna as the
corresponding characteristic impedance ZC increases. This is shown in
Fig. 2-4 in which the impedance curves tend to converge to the value of
73.13 + j 153. 7 ohms as the cone angle becomes vanishingly small. This

suggests that the formula (2-47) may be no better than a modified zeroth-

order approximation,
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Input antiresonance is characterized by

X 0 R

: -53
0 : 0 (RO)antiros. (2 )

h .
2lne BOh (BO )antlres.
It occurs at values of Boh that are less than 7 by an amount that
increases with decreasing ZC in a manner resembling the occurrence of
resonance near 7/2. The reactance XO has a maximum for Boh slightly
less than (B, h)_ .. . The resistance has its maximunm very near to
0" "antires.
anti-resonance. The fact that the ratio |X . |/|X | characterizing
min max
the behavior of the reactance near antiresonance is always greater than
one for the cylindrical antenna is not necessarily true of the biconical

antenna. The ratio |X |/|Xmax| for the biconical antenna is quite

min
different; in fact, |X ’ |/lX | is greater than one only for small cone
o min max
angles ((90 < 17) and becomes less than one with increasing 00. This

implies that the capacitive lobe of the reactance curve increases with 00
and becomes larger than the associated inductive lobe. In other words,
the capacitive loading effect of the upper and lower conical surfaces which
act more or less as a capacitor with electric lines E(? between them to
the point generator are much larger in the biconical case than in the

cylindrical one.

The difference in the behavior of the reactance curves might be
ascribed to the quite different driving condition in these two types of
antenna; for the biconical antenna, there exists a point generator at the
center while for the cylindrical dipole, the excitation is actually over a
circular surface with vanishing separation between them. This suggestion
is later justified in the experimental comparison between modified
conical and cylindrical dipoles in which both are driven by a circular
radial electric field at some distance away from the origin. Both real
and imaginary parts of the impedance curves are more comparable than

observed here,

A comparison of the input impedance of the thin biconical antenna
as computed from (1-90) with the corresponding approximate results
using (2-47) is shown in Fig. 2-5, Itis seen that the approximate results

lead to lower resistance near anti-resonance and resonance and larger
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resonant and anti-resonant length than the computed results. The
reactance behaves in an analogous manner. In general, the approximate
formula leads to results comparable to those with (1-90) only at very small
cone angles. This suggests that for cone angles greater than 0. ]0, (1-90)

must be used for studying the behavior at resonance and anti-resonance.

In Fig., 2-6, is shown the variation of the cylindrical antenna
impedance as a function of antenna length with various values of the
parameter §2 and a comparison with a biconical antenna with half angle
()0 1.1°. The comparison is interesting since by judicious adjustment
of the radius of the cylindrical antenna, a measure of correspondence can
be achieved. It is obvious from Fig., 2-6 that for the cylindrical antenna
with radius equal to or greater than the maximum radius of the biconical
antenna a, the impedance behavior is quite different from that of the
biconical antenna, whereas the impedance curves tend to be comparable
as the radius of cylindrical antenna remains within the range of 1/4 or
1/5 of a,. Again the resistance curves seem to match each other better

than the reactance curves. One way of measuring the comparability is

by defining the average of the antenna as follows [6], i.e.,

s

i of

< US> In(

-0

2
ave. h R sl

where r is the radius of the section at radial distance R from the driving
point at the origin. Accordingly, the average {2 for the cylindrical

antenna with radius a is

2R
< Q >ave. = 2 []n (—a'—) - 1] (2-55)

is

and that for the conical antenna with angle 90

< §> 2 In(2 cotd

ave, 0) (2-56)
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It is seen in Fig. 2-6 that the impedances of the biconical and
cylindrical antennas are comparable when both have approximately the

same < §! > (for curve (d) < 2> = 12.5and < Q2 > 14, 1). This

conical
means that for purpose of comparison, one must choose a cylindrical
antenna with a radius at least smaller than half the maximum radius of
the cone antenna. No attempt has been made here to pursue further a
theoretical study of the relation between these two radiating structures.
The general properties provide a qualitative guide of the extent to which
these two radiating antennas behave reasonably alike, so that information
obtained from one can be generally applied to predict the behavior of the
other. This is essential later in interpretating the experimental

ccmparison between modified cylindrical and conical antennas in which

both the cone angle and antenna radius are fixed by the measuring set-up.

Numerical values for (1-97) and (1-99) for a corresponding biconical
structure are also obtained along much the same lines as for (1-90). Al
three sets of equations give the same results with differences less than 1
per cent among them. For each equation, matrices of order N-2, N-1,

N etc. are solved separately and the solution inspected for convergence,.
It was found if v, > max. (2k+1, 2r+1) that the solutions converge both
rapidly and monotonically. However, if v, < max. (2l 2%+1), the

solutions tend to oscillate widely and show little tendency to converge.

The choice of the size of the matrices depends upon the accuracy
required for the solution on the one hand and the computation time on the
other. As a compromise, a less elegant method was adopted. That is,
the extreme cases are examined with great care (i. e., the longest antenna).
In addition to checking among themselves for convergence in the course of
a numerical solution, solutions from a truncated matrix were continously
checked with those of the modified matrix in which each element was
corrected by adding the error estimates. To proceed one step further,
solutions from a matrix of size N (which is the number when solutions
show convergence of 1 per cent) are compared with solutions from a
matrix of size (N+10). Itis required that their difference lie within 1 per

cent. Although it is not known exactly how this truncated solution

converges to the true solution, at least a self-consistent one is obtained
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in this manner. The number N is then used for antennas of shorter
lengths without repeating the same test for convergence.

As a double check for convergence, observations were made
particularly at ﬁoh 1.6 and 00 1.1°. Numerical results from (1-90)
and (1-99) for a series of matrix sizes are shown in Fig. 2-7., It is
observed that values of (1-90) tend to converge toward the final value in
a monotonically increasing way with an increasing size of the matrices
while the solutions from (1-99) also approach the same value in much the

same but monotonically decreasing way.

The mutual checking among these three sets of linear equations
suggests that the procedures used in the derivation of (1-97) and (1-99)
for the biconical antenna and hence, in quite a similar manner for (1-57)

and (1-64) for the modified dipole are justified.

5. THE MODIFIED CONICAL DIPOLE

Based upon (1-57), (1-64), (1-73) and (1-76), a numerical solution
for the current distributions along both antenna and sphere with various
sizes can be obtained. Also the input conductance and susceptance of the
antenna are readily known as the real and imaginary parts of the total
current at the driving point. In the process of the numerical computation,
much of the analysis and many of the results from the preceding section

can readily be utilized with some necessary modifications.

The general terms of the coefficient matrix of (1-57) and (1-64) are

the following forms:

{(2v+1) M'v(ﬁoa) ‘ 1
vivtl) Mv(ﬁoa) (k(k+1) - v(v+l)]

g (r,k,v)

1 v
[r(r+l) -v(v+l)] 8}10

(2-5T7)

and
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: M (Bya) 2
g,(r, k, v) gylr,k,v)  ——— (2-58)
) M'V(ﬁoa)

where subscripts 1 and 2 denote the first and second sets of linear

equations respectively.

The above equations differ from those for the corresponding

biconical antenna only in the ratio M;(ﬁoa)/Mv(ﬁOa).

By applying the approximate formulae for the Bessel's function of

the second kind for large v, i.e.,

N
N (x) ~ (77)1/2 2V T (v +1/2) xV exp 4—(‘11—175 (2-59a)

and
N!'(x) ~ -~ N (x) (2-59b)

and by using the fact that v >> x, one obtains

M! (x) (v+1) J
v

1
\%
e =

M, (%) x T,

(2-60)

The fact that ML(X)/MV(X) and JL(X}/JV(X) have the same asymptotic
behavior for large v implies that all of the formulae for error estimates
in the preceding section [(2-35) - (2-46)] can be used directly for the
modified conical antenna with ﬁoh replaced by Boa. Furthermore, the
same error bound obtained for the two cases suggests that the coefficient
matrix associated with the modified dipole should have essentially the
same convergence properties as that for the biconical one; especially for

a small central sphere in which D _ and D', are small relative to D
r2 r2 rl

and Dr2 [(1-57) and (1-64)].

Additional terms (i. e., D and D!
J rZ r2

presence of the central sphere for the modified dipole are also present in

)} which characterize the

the form of an infinite summation in the driving terms of (1-57) and (1-64).
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*
1
For a small central sphere, these terms are of the order (Bob) [where

V1 is the first root of the characteristic equation LV(OO) 0] and vanish in

the limiting case of the biconical antenna. On the other hand, DrZ and
D'r become more important as the central sphere becomes larger.

2

The error estimates for DrZ and D'r will be examined first. Thus,

2
-V, " (2vH1) 1
DrZ 60 1—)I'(HO)(1 _HO) \7 Cv vivtl) [r(r+1) - v(vtl)]
1 ov
2-61
M (Boa) 1Bl Buy —
again, for large v, one gets
- sin(v )
C = (2-62a)
v . . 1/2
v fn(HO,()l) 51n00- 51n(()0+91)
v a,v
M_(Bya) JL(Byb) ~ 57 () (2-62b)
Therefore, the upper bound of the remainder of DrZ is R]D'
4 1 b, 'm 1
R, _(r,v ~ - — (=)
1D : !
m i fn(00,91) a [sm"o' s;n((?0+(91)]1/2
1 L 1 v
m
reor) P Y Gonoern Pz
m m
(2-63)

_— \
Similarly for DrZ’
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4a b 'm 1
R (r,v ) =~ — (5
21D P a ; : 1/2
L fn(()o,(?l)[smgo- sm((-)0+91)] /A
1 1 n—r—l 1 vV _ +r
+ 5 Inl = = & il LI
(r+l1)v (r+1) v r %
- m m m

(2-64)

The errors caused by the double truncation which occurs in the
computation of the fields [i.e., (Bg;- and (EQ)IC] and the input admittancce
(ke ch) can be estimated in the following way. A comparison of the
real part of the complex power radiated as seen from the driving point

with the far-field radiated power computed from (1-89) gives:

by X

G, = 240 X

. (2-65)
k  (2kt+1)(k+1) k [Rk(ﬁoa)

I 2

The right-hand side converges extremely fast. It was found that
less than ten terms were needed to achieve accuracy of one out of 105.
It is reassuring to note that in the calculation, the left-hand side of (2-65)
agrees within the range of relative error one part out of 103 with the

right-hand side.

It is interesting to note that the computation on the right-hand side of

(2-65) involves only the radiation field coefficients (i. e., bk's) which is
the solution of an infinite set of linear equations while the left-hand side
is a result involving all the fields inside antenna region. The excellent
agreement between these two demonstrates the internal consistency and

accuracy of the computation,

(A) Input Admiittance

The input admittances of modified conical antennas with half cone

angle UO 1.1° and driving gap 91 1.5° and antenna heights ranging from
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[3011 0.6 to 4, 0 and spherical radius ranging from BOI) 0.15 to 1.5 have

been obtained (numerical data are listed in Appendix A).

In Fig. 2-8, are shown graphs of the input admittance of a modified
conical antenna as a function of Boh with the sphere radius as a parameter.
This is convenient theoretically and also for a later experimental check
in conjunction with a partially fixed installation for which the frequency

is varied (i. e., in the experimental set-up, the physical size of the

)
central sphere, center conductor and hence the cone angle are fixed while

the antenna length varies in discrete steps).

Because the input admittance of the modified conical antenna is
defined as that seen at one driving terminal, the admittance curves in
Fig. 2-8 have to be rescaled by a factor 1/2 in order to compare them

with that for a corresponding biconical antenna.

In general, the admittance curves are broadened and flattened as

the center sphere is enlarged. More specifically, the magnitude of the

min‘
decrease as the radius of the central sphere increases until approximately

maximum values of |G | and [B | and the minimum |B
max max

at [‘}Ob 1 where the circumference of the sphere equals one wavelength,

|, B
1ax max
with increases in the size of the sphere.

and the magnitudes of |Gn |, and ‘Bminl start growing again

The behavior of the susceptance near resonance and anti-resonance
is also of interest with a change in the radius b. In Fig. 2-9, are shown
the resonant and anti-resonant lengths as a function of Bob. It is seen

dhaalt (BOh)anti res,

approximately equals one, when (ﬁoh)

first decreases with increases in Bob until Bob

- — begins to increase again.
On the other hand, (BOh)res. remains at much the same value for

Bob < 0.5, after which (BOh)res. increases rapidly. The increasing trend
of (BOh)res. is stopped and reserved also at approximately Bob 1. The
relative constancy of (BOh)res. for ﬁob < 0.5 might be the result of
simultaneous capacity loading due to a central modification which tends

to shift (BOh)res. toward the right and a thickening on the average of the

protruding portion which tends to pull ([30h)res back toward smaller

values.
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In the neighborhood of (ﬁOh)res. the slope of the susceptance curves
decreases with increases in Bob. The flattening of the curve is accompanied
by a shift of the point of zero susceptance (Bob > 0, 5) from smaller values
toward 7/2. The fact that (BOh)res. becomes even larger than 7/2 as
(Bob) becomes greater than 0. 8 suggests that the central modification it-
self becomes such a substantial part of the whole radiating structure that
the performance of the antenna protruding out from the sphere is changed

beyond any resemblance with the corresponding dipole.

In the neighborhood of B.b = 1, the susceptance stays fairly constant
0 ) P y y

over the range of Boh from 77/2 to 7 even though the associated conduct-
ances differ significantly (e. g., at Boh = 0.91, the susceptance varies
within 0. 7 millimhos of a mean value near 0.2 millimhos, whereas the
conductance ranges between 2 and 8 millimhos). This observation con-
firms the experimental results for the modified cylindrical antenna

reported by lizuka [8].

Consider specifically the effect on the input characteristics of a
sudden change from a point generator in the biconical case to a radial
ring driving a modified conical antenna. In Fig. 2-10, the input impedance
is shown near (B, h) . for both the biconical and the modified
0 "antires.
conical antenna with a small central modification (Bob = 0.15). Although
the real parts are still comparable with each other, one remarkable

change in the imaginary parts is the ratio [aninl/lx | which is

larger than one in the biconical case but is now less tg:ilxone. This means
that with a small central modification which provides the modified

conical antenna with a driving condition quite similar to that of the
cylindrical antenna, the input characteristics of the two become more

comparable.

In Fig. 2-11, is shown the variation of antenna admittance with a
fixed length of protrusion as a function of the radius of the central sphere,
Again, the driving point admittance of the antenna is seen to change
significantly with the size of the sphere. Generally speaking, for
Bob < 1, the change in susceptance with respect to Bob is larger than that

of the conductance. Specifically, for Bob < 0.2, there are practically no
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changes in the conductance but relatively large changes in the susceptance.
It is also significant to note that all admittance curves can be extra-
polated toward smaller Bob and that they coincide with the values of the

corresponding biconical antenna.

In Fig. 2-12, are shown the changes in antenna admittance with

fixed total length (i. e., B,a is fixed) of the radiating structure with the

radius of the central spheore Bob as the parameter. It is seen that drastic
changes in performance are introduced by the central sphere. Again, as
was observed in Fig, 2-11, the modified dipole with a small central
sphere behaves essentially as the corresponding dipole with the same

length.

With its driving point situated symmetrically at a distance from the
center and an enlarged central volume, the modified dipole bears some
resemblances to the sleeve dipole. One of the important properties of
the sleeve dipole is its broad-band behavior. One would expect the same
behavior from the modified dipole. This subject will not be pursued
extensively here, since it is not involved in a fundamental check of the
validity of the theoretical formulae. Furthermore, the broad-band
properties cannot be investigated in general without extensive numerical
computations of the input impedance for a range of antenna lengths and
sphere radii. However, the fact that the modified conical dipole does
possess broad-band properties can easily be seen by using the available
tabulation of theoretical input impedance (Appendix A). Suppose the
frequency for which Boh =" 1. 6 Bo(h+2b) - 3,42 and Bob = 0.91 <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>