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FOREWORD

Under Contract F30602-71-C-0132, the Electro-Science Laboratory of
Ohio State University has been providing direct theoretical support to
experimental efforts conducted at Rome Air Development Center. Both the
theoretical efforts of OSU and the experimental work of FADC have been
aimed at determining the limitations of atmospheric turbulence on the
propagation of laser signals for precision pointing, tracking and
imaging applications. The efforts are in direct response to require-
ments under the ARPA Advanced Optical Image Pointing and Tracking
Technology Program.

The theoretical development and analyses provided by OSU have been
aimed at providing realistic predictions for the spatial and temporal
behavior of propagated laser signals. Analysis of averaging time re-~
quirements has pointed the way to determining minimum time requirements
for valid propagation measurements and has served to provide systems
data for minimizing operational errors. The extension of theoretical
predictions has proved useful in that it provides a measure of the
propagation effects for cases where experimental results are diffi-
cult to obtain.

PUBLICATION REVIEW

This technical report has been reviewed and is approved.

lepacl L UA0

RApd Project Engineer 7/
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ABSTRACT

This report contains detailed information on the theoretical efforts
of Ohio State University conducted in direct support of the RADC Laser
Propagation Program. The efforts described are concentrated in three
main areas: the examination of proper averaging times required for
specific propagation experiments; the calculation of theoretical curves
predicting results of various experiments along slant paths; and the
calculation of predicted results for the temporal spectra of particular
atmospheric effects.

The theoretical development and calculations have been aimed at
providing useful information for comparative purposes with experimental
efforts and for use by systems designers. The atmospheric effects in-
cluded in the analysis are; phase structure function, angle of arrival
and coherence length. Both the spatial and temporal characteristics
have been considered.
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INTRODJUCTION

This is Report 3163-3, the final technical report under Contract
No. F30602-71-C-0132 entitled "Investigation of Laser Propagation
Phenomena." The effort is aimed at providing theoretical support to
the RADC Laser Propagation Program. The report covers the period
January 1, 1971 to February 28, 1972.

The theoretical support is in the area of linear atmospheric
propagation phenomena. Areas of interest include theoretical support
to the performance of propagation experiments and the interpretation
and processing of the data to ensure proper match between theory and
experiment. :

The work presented y2nerally relates to a broader program aimed
at providing basic technical information on atmospheric imaging and
restoration of atmospherically degraded images, on pointing laser
beams and tracking objects viewed through a turbulent atmosphere.
Experiments are in progress at the Rome Air Development Center to provide
the desired basic information. The work reported here first provides
theoretical support for these experiments and second provides information
useful to systems engineers who might use the information generated for
particular applications.

This report describes in detail work performed during the past eight
months of the contract. Work performed before that time will be briefly
summarized subsequently.

During the past eight months work has been concentrated in three
main areas: the examination of proper averaging times required for
particular propagation experiments, the calculation of theoretical
curves predicting results of various experiments along slant paths and
the calculation of predicted results for the temporal spectra of certain
recorded data. These areas will be discussed. There will also be
presented a writeup on a suggested redefinition of coherence lenths.

The work on averaging times is in direct support to the RADC
experimental program because it supplied procedures for the per-
formance of effective experiments. Indeed data has been examined at
RADC amd at The Ohio State University to check the recommended procedures.
Further, an averaging-time meter has been built for use at RADC.

The slant path curves calculated include phase structure function
and angle of arrival variance. They, take into account the variation with
altitude of the structure constant C&, and the outer scale, Lo. These
are useful for systems design studies.

The temporal spectrum calculations back up the temporal spectrum
measurements being made presently at RADC. They cover the time lag
spectra of the phase difference temporal correlation, log amplitude
correlation, and phase correlation; and “aclude plane and spherical waves.



Work performed during the first portion of the contract is covered
in reports already distributed and in oral papers delivered. The first
was the semiannual technical report (hereafter designated as (3163-2).
That report covered a review of averaging time studies, a bibliography
of propagation literature, and calculations of angle of arrival correlation
agd phase structure function for select cases where the structure parameter,
Chs and the outer turbulence scale varied with altitude. The second report
was a study of angle of arrival fluctuations. It presented extensive
calculations giving predicted variation for angle of arrival two point
correlations and for large aperture angle of arrival variance. In it
there was also demonstrated a coincidental identity between the two which
greatly simplified calculations. There were also five oral papers pre-
sented, one (Hunt, 1971a) at the Spring Meeting of the Optical Society of
America in Tuscon, Arizona, April 5-8, 1972, and the other four at the
annual meeting of the Optical Society of America in Ottawa, Canada,
October 5, 1971, (Wyngaard, 1971a), (Wyngaard, 1971b), (Hunt, 1971b),
(Zintsmaster, 1971, 1971A).,

This present report is divided into three separate sections each self-
contained. The sections cover averaging times, slant path calculations,
and temporal spectral calculations. 1In addition the report has one appendix
dealing with coherence length redefinition,
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I. AVERAGING TIMES

In this section we present work on averaging times for propagation
data. As indicated, this work is aimed at supporting the RADC experi-
mental program by providing means for assuring that a given data record
is sufficiently long so that assumptions made in the theoretical de-
velopments are born out experimentally. Typical criteria are that
time and ensemble averages be identical (the ergodic hypothesis) and
that the average is independent of starting time (stationarity). The
averaging times alsc depend intimately on the quantity being measured,
fourth moments requiring longer times than second moments, and requiring
different times than do spectra, etc. This work is essentially an
?xtensign of that reported in the first semiannual technical report

3163-2).

During the past eight months averaging time work has progressed
in three different are s: the examination of optical phase difference
data recorded at RADC, the construction of an averaging time meter to
give a real-time indication of averaging time and the calculation of
averaging times required for temporal spectra. These topics will now
be considered.

A. Examination of RAD. Data

On August 16, 1971 several runs were made measuring the phase
difference at two points on an atmospherically degraded spherical wave.
Data was recorded with several values of separation of the two points.
The data was computer processed at RADC to remove ambiguities of n
radians and ¢nalyzed at OSU to give means, variances and temporal spectra.
Copies of the processed data were transmitted to OSU for examination of
averaging times.

The details of the analysis are based on a previous technical
report (3163-2). This procedure was applied to the data directly and to
the square of the data to give the averaging times for the mean and the
variance. A given section of data reduced to zero mean was divided
into equal length subsections (designated by subscript, s). The variance
for each subsection, B_, was computed as was the variance for the
complete section, B,. >The average of the subsection variances and the
percentage differenye,eN, between that and the complete section variance
were finally calculated.

N

N 1
(1) "-N"(W ! BS'BN)/BN
The percentage difference was then plotted as a function of the time
duration of the subsections. A typical curve is plotted in Fig. 1.
When the subsection duration was too small the subsection variances
tended to differ from the complete section variance. However, as the
section length increased the subsection variances approached more closely



the complete section variance. When there was only one subsection,

the section variance and complete section variances were identical so
the last point was necessarily zero. This procedure was repeated with
sections of increasing duration until a plot such as the one in Fig, 1
was obtained where the percentage deviation between the mean subsection
variance and the complete section variance became very smail for sub-
section duration much lTess that that of the complete section,
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Fig. 1. Normalized difference between time and ensemble averages
VS. averaging time (30 sec. record),



One would then preselect a desired degree of precision and look
for the subsection duration giving the precision. That duration would
then be used for all succeeding runs.

The plot in Fig. 1 has two interpretations (3163-1). The first is
that the averaging time is sufficiently Tong that the variance of the
data has come within a given fraction of the stationary value. The
second is that the fractional difference between the time average value
and the ensemble average value has also rome within the given value.

Figure 2 shows a plot of a section of data used, redrawn from a
computer printout of the digitized values. Each point represents a
tenth second average. Figure 1 shows a typical plot of the percentage
difference ey for a data section of 30 seconds duration. There it is
seen that an averaging time of approximately 10 seconds would suffice
for a value of ey & .03. This value was checked by increasing the data
section duration up to as much as five minutes with the same result.
Further the value was also checked by delaying the starting instant of
the section with the same result. The conclusion is that for the mean
value alone a ten second section of data would have beeri sufficient and
that the variance value is stationary after that time.

The same procedure was applied to a second data section formed by
squaring the original phase difference data. Figures 3 and 4 show
typical plots of the percentage difference for the squared data, one
for twenty and the other for one nundred and twenty seconds section
duration. Both show the expected monotonically decreasing behavior.
However in the longer section the normalized difference has dropped to
0.0012 in half the section duration, (60 seconds point on time scale),
while the shorter record has dropped only to .04 at half section,

(10 sec point of time scale) duration. Thus it appears that the
averaging time of sixty seconds would be sufficient for a relative un-
certainty of ,035 ~ |.0012, a value well within the five minutes of data
actually recorded.

B. Averaging Time Meter

It is certainly desirable to have all data records of sufficient
duration. On the other hand, excessively long data records give in-
efficiency. Hence it would be desirable: to have some method of de-
termining how long a data section should be while data is being taken.
Towards this end two schemes have been proposed. The first is the use
of an on-line digital computer to perform the calculations indicated in
the previous section. The second scheme is an electronic technique to
provide the same information with considerably less hardware investment.
In its essence the averaging-time meter computes in analog fashion the
quantities needed to determine averaging time and combines them so as
to read out on a meter the requisite data duration. This averaging time
meter will now be discussed.
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We start with the simple equation for averaging time given in Eg. (2)
(3163-1), Lumley, (1964)

e e
(2) =2 L;Efl_ 1

Where f is a random variable and 52 is the mean square difference between
the ensemble and time averages normalized to the square of the mean value.
T is the integral scale of the autocorrelation.

[54]

(3) 1= E%ﬁT JO B(t) dr

(4) B(r) = (f(t) - F)(F(t+) - F)

The restrictions in Eqs. (3) and (4) are that the averaging time be much
longer than I, and that the data be normally distributed. Assuming
a gaussian random process, then the averaging time is (Lumley, 1964)

JmB(T)dT
(5) 1= Yo

In terms of frequency integrals rather than time domain integrals
Eq. (5) becomes

(6) T = 21\' Woog()! —__

e Jo W(F)df

Equation (6) contains the ratio of two power levels, the power at DC
and the broadband power. T'us the problem becomes one of measuring
these two quantities. The blcck diagram of a circuit for accomplishing
this is shown in Fig. 5. There we see the signal entering at the left
and split into two parallel paths. The top path squares the signal and
then integrates it to obtain the average power. This implements the
denominator of Eq. (6). In the bottom string the signal is integrated
to give the average signal which is then squared to give the average

DC power corresponding to the numerator. The logarithms of the two
signals are then subtracted to obtain a voltage proportional to the log
of the averaging time. A meter with a log scale is used to read out
the averaging time directly.

The circuit indicated in Fig. 5 has been constructed and is shown

in Fig. 6 but it has yet to be tested. Tests are expected with the same
random signals used for the analysis in the preceding section.

10
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Fig. 6.

Reproduced from
best available copy.

Circuit board for averaging time meter.
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C. Temporal Spectra Averaging Times

It is of interest to examine the temporal spectra of random data
as well as the time averages. Indeed Section III of this report contains
analytical predictions for the form of the temporal spectra of 1og-amplitude,
phase and rhase difference fluctuations for turbulence-degraded 1ight
beams. It is the object of this subsection to consider one averaging
time prediction procedure (Blackman, 1958) as applied to phase difference
temporal spectra. The prediction will then be interpreted to show that it
provides one Timitation on averaging times, but not necessarily the
desired Timitation.

The discussion is based on the expression for power spectral averaging
times found in the literature (3163-1), (Blackman, 1958). The pertinent
expression is

V. &

UL

L
where

2

!Wfdf
(@) We"[ (f)df]

sz(f)df

Ty is the required averaging time, e2 is the relative mean square un-
certainty in the power spectral measurement and We is a mean effective
bandwidth. Analytical expressions for the power spectra for various
propiagation variables are calculated in Section III. These can be used
to obtain analytical estimates for the mean bandwidth and therefore the
averaging time using Eqs. (7) and (8). We present such a calculation
for a typical case of interest, phase difference measurement.

For phase difference measurements the power spectrum wds(f) is
predicted in Section III to have the form

: -4/3
(92) W, (f) = k . x™/3 [1 Sl X}[] +(.§.)2J

where

(9b) K = .033 x (21)%° x {;}x k2L cﬁ o873,
(9¢c) X = 2nfn/v

(9d) R = 1.0770/L,

13



p is the phase measurement point separatiun, v is the wind component
velocity parallel to ps Lo is the turbulence outer scale, C¢ is the
turbulence structure parameter, and A = 2u/k is the Tight wavelength,

To give a simple approximate estimate cof the predicted averaging
time the expression in Eq. (9a) was replaced by its Timiting values
in three different regions,

(10) K = x%/6R%/3 o < x < g

%36  Rexe< 6
x-8/3

6 < X

and the integrations indicated in Eq. (8) were performed. The resulting
expression for we is given by

w13 g1/
(11) w;] = (2np/v)|—35 13

7/6
6 4 ,1/3)2
(1TT" -g R ‘)

Wa! nomalized to o/v is plotted in Fig. 7. Using Eq. (9d) and Fig. 7,
we see that for p/L, in the range .01 < p/Lgy < 1.0, Wé]/(p/v) is in the
range 1 < H']/(p/v) < 5. If we take representative values for separation
and wind velocity, v = 15 mph (%7.2 m/s) and o = 0,5 m and e = 0.1, then
the range of values for the decorrelation time, We', is bhetween .066 and
.33 seconds, and the averaging time is between 13.3 and 66 seconds. The

frequency resolution consistent with the desired precision goes from 3.0
to 15.0 Hz.

Equation (7) gives an averaging time hased on one criterion which
may not be the best.for al situation§. Specifically it i§ based on

To see the decorrelatiun time limit, imagine that we start with a
section of data T seconds in duration and calculate the associated
spectrum, It will have a resolution of 1/2T Hz. Since the data is
random there will probably be scatter in the frequency spectrum points,

by the uncertainty principle that is roughly equivalent to dividing the
data section into subsections, finding the spectrum of each subsection
and averaging the subsection spectra.

14
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The interpretation of We is that is provides a limiting largest
bandwidth. It will do no good grouping spectral points with a bandwidth
larger than We because the individual points would be no longer independent.
That is, grouping the data points into a larger frequency interval would
be equivalent to dividing the time data section into subsections each
shorter than the correlation time, and therefore into subsections which
are no longer independent.

If better frequency resolution is desired with scatter reduced, then
a longer section of data must be used to provide a greater density of points
in the spectrum and hence groups of smaller bandwidth but the same scatter.
As indicated this is more apt to be the limiting factor on averaging time
than is the coherence time 1imit indicated in Eq. (7).

As an example, in the case considered, if it is desired examine
frequencies below 1.0 Hz, than a 0.1 Hz resolution would be more
appropriate than the range 3.0 to 15 Hz cited. One must go to a data
section of 33 min. duration and group to provide more spectral points to
average,

Summarx

To summarize the results of this section: three areas associated
with averaging time have been considered. In the first area, an
examination of a section of RADC propagation data on phase difference
fluctuations indicated that sufficiently long averaging times had been
chosen. In the second area, a real time averaging time meter had been
designed and constructed. In the third area it was indicated that the
Timitation on averaging time for spectral data was probably the snectral
resolution desired rather than the percentage uncertainty required.

16
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II.  SLANT PATH CALCULATIONS

A. Introduction
—~—=12duction

along slant anq vertical paths through the turbulent atmosphere, and

of the distortion of the simple Phase of a wave and is the starting point
for calculating the angle of arrival statistics. The wave structure
function is used in determining the modulation transfer function of the
turbulent atmosphere which leads to determination of transmitted image
quality and focused spot size. The angle of arrival correlation functions
are important in determining tracking error of a distant source,

However many interestihg practical applications and even some of the
experimental ranges involve slant op vertical paths, Spherical wave

Part B shows the nondimensionaljzed equations for the phase
structure function, angle of arrival correlation functions and angle
val variance for slant paths, and Part C presents typical
Curves obtained by numerical integration, Part D is a brief Summary

of the calculations and Part E a statement of the important con-

B. The Theory

Sgherica] wave phase structyre for a locally homogeneous isotropic
mediumd jg given by

00

(1) D (o) = 822 jo (1-0, (x0))c de

X j: (lr;-)zcos2 [%J% (k,n,L)dn,

18



where p is the separation of the points under consideration

k is source wave number in the unperturbed medium = %1

L is the range
k is the spatial fréquency

o is the index of refraction structure function.
The phase structure function equation is simply changed to the

wave(sgructure function Dw(p) by removing the cosine squared term in
Eq. (1).

In the case of the larger separations the cosine term does not
differ from unity during the significant part of the integration,
then the phase structure function equals the wave structure function.
For small separations, the cosine term oscillates rapidly during the
significant part of the integration and Dg(o/Lg) is 1/2 Dy(p/Ly). This
is identical to the conclusion for the plane wave case.

The elevation angle of arrival correlation function is related
to the phase structure function by?

;2D (o)
(22) B (p) = =5 —Sp—
2k dp
and the azimuth angle correlation function by5
1 SDS(D)
(2b) By(p) = —5 x
2k"p ap

The angle of arrival variance is

(2¢) B_(0) = B,(0).

The Von Karman Index spectrum6’7 including inner scale is
L 2
-(il-_ 0)
(3) e lkyn,l) = 033 c3(n) 230 5.2

LY Lo P
n I:o

19



Cﬁ(n) is the index of refraction structure constant.

%

L

A recent paper8 has determined by semiempirical theory and direct
experimental verification that

inner scale of turbulence

outer scale of turbulence,

(4) Coln) = C2(H_) H(n)%/3

where H(n) is path altitude divided by the initial altitude Hy.
The outer scale varies linearly with altitude9

(B) Lyl = L (M) H(n)

We now convert to dimensionless variables, The nondimensionalized
calculations allow their use for a large variety of situations and il-
lustrates the beginning of a more comprehensive understanding of
turbulence calculations, by accentuating pertinent combinations of
experimental quantities. The new variableg are

2
v o 2k[Lo(Ho)]

(6) u = KLO(HO) —
2
2k[CL_(H, )]
v = n/L Y' = __lillgl:l_.
L

- H H(n) = (1 + gv)
B = =2 = (1 + gy
A n

where HL is the altitude at the receiving end of the path. This
simplifies the integrals and emphasizes the range and initial
outer scale dependence of the turbulence statistics.

Then

U Dlo/Ly(Hy)) = 033 x 8+ c2(u ) ()53 42
” u
oo (et o))
! -4/3 2
X j() dv (;H. va COSZ( u v‘\)-]))
1.077 |2 74 \-11/6
’({' F B} (%)

20



The angle of arrival correlation functions are easily derived from
the phase structure function using Eqs. (2a), (2b), and (7).

C. Computer Generated Curves

These calculations have been performed on an IBM model 360 computer
using double precision arithmetic, and 96 point gaussian quadrature
numerical integration.

Figure 1 shows the normalized spherical wave phase structure function
computed from Eq. (7) for an upward path for two HL/Ho ratios.

The curves show very little saturation as is the case for infinite
outer scale, because the expanding upward beam sees an ever increasing
Lo, SO that a characteristic beam width is generally less than the local
outer scale. For inner scales less than a few centime¢ters the ex-
ponential term of Eq. (7) is essentially unity and therefore inner
scale effects are not included in the phase structure function cal-
culations.

As an example of the use of this figure consider a 10u spherical
wave source propagating along a 450 upward slant path starting at an
elevation of 1 meter and ending at an elevation of 100 meters (L *_140m).
Further g;gume that the initial outer scale (Lg) is 2 meters and c2 is
10-14 m- at one metgr a]titude. Choose p = 1 meter . Hence the
normalization factor k& CZ2(Ho)Lo5/3(Ha)L is_1.76. From the graph for
H /Ho = 100 and p/Ly = 1/2 we get 1.2 x 10-3 and calculate Dg(1 m) = 2.11.
%S the path is lengthened so that H_ = 1000 m (L = 1414) then DS(1 m) =

6.

A similar computer calculation for a downward slant path is shown
in Fig. 2, where the curve has been renormalized to the receiver altitude.

Figure 3 shows the differential path contribution for Hy/H = 1000
for the case considered in Fig. 2. There we see a large contribution
to the phase structure at the lower altitudes (end of downward path).

p

When the calculations of Figs. 2 and 3 are extended to large T
values, the normalized phase structure function curve saturates o\fiL
1ike the horizontal path curves saturate, and the differential path
contribution curve shows a more rapid increase near the transmitter end
than at the receiver end just as in the horizontal path case. The data
for large p/Lg(HL) are not included because they are beyond the range
of importance for practical applications.
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Figure 4 illustrates the small aperture azimuth angle of arrival
correlation functiond or large aperture arrival angle variance for
inclined and horizontal paths and Fig. 5 shows the same calculation
for a vertically downward path. The 5.005 km initial altitude is
greater than the limits set by Reference 6, but the equation is
correct in the lower altitudes where the major contribution to the
result is made and it is a reasonable extrapolation at the higher
altitudes.

1%10%
=
Elllﬂ
- L} -
E . LESum
a Lg FHyl = B
-
e R
™
3
]
¥ ]
E
']
-~
s (X
-
:.m," — !! I ! ]
T IXI0 b X 1.0 1x10' 1 %102

SEPARATION ~ p {METERS ) , RADIUS (m)

Fig. 4. Spherical wave small aperture azimuth angle of arrival
correlation vs separation and large aperture mean
square angle of arrival vs aperture radius.

Figure 6_shows the angle of arrival variance for a slightly inclined
path. The L-1/3 dependence can be determined analytically by dropping all
but the most significant terms in the integral expression obtained by

using Eq. (3) and (1) in Eq. (2b).
D. Summary

Typical examples of the slant path spherical wave phase structure
function, azimuth angle of arrival correlation function and angle of
arrival variance have been calculated.
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E. Conclusions

The variation of the turbulence statistics with elevation show
that a substantial decrease in turbulence effects can he achieved by
avoiding the lower atmosphere especially for the downward paths.

These calculations show that altitude effects on the size of
turbuience effects are very important and can not be negliected. The
calculations also show the nonreciprocity of spherical wave propagation
along slant and vertical paths.
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ITI. OUTER SCALE EFFECTS TN TURBULINCE DEGRADED LIGHT BIrAM SPICTRA
A. Introduction

This section extends temporal spectrum calculations to include
outer scale effects, Log-amp1itude, phase, and phase difference
spectra are considered for both plane and spherical waves,

Temporal frequency spectra are useful for two distinct reasons,
The first is that it is much easier to instrument time spectral meas-

ments at many pairs of points. The second reason is that temporal
Cirrelations and spectra are in themselves useful quantities to compare

with theoretical estimates to gain information about atmospheric turbu-
lence parameters. In this context they do not suffer from aperture

time lags are large enough to represent spatial separations much Targer
than those conveniently available, Thus they provide a good handle
with which to examine outer scale effects. -

The work presented here parallels Tatarski's (Tatarski, 1967) and
Clifford's (Clifford, 1971) calculations of temporal spectra. The
new feature is the inclusion of a spatial spectrum that contains the
outer scale. The resulting equations are sufficiently similar to those
already given that final Timiting expressions can be obtained with a
minimum of mathematical development,

amplitude, phase and phase difference spectra being derived. This will
be followed by similar derivations for the plane wave case. In both
cases the starting equations will be given along with basic results,
Expressions for limiting cases are tabulated. In subsequent sections
the results are discussed and conclusions drawn,

B. Calculations

To outline the calculations, we first assume Taylors frozen
turbulence hypothesis so that when spatial separation o and wind velocity
vV are collinear the temporal and spatial correlations, respectively,
Ex’s(T) and By <(p) for a path of length, L, are related (Clifford, 1971)

Yy

L
(12) R, () = [o g—z (Bx,s (Y;—L))dz

for spherical waves and (Tatarski, 1967)
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(1b) R, (c) = B (v1)

for the plane wave case. The subscripts x and s refer to log-amplitude
and phase respectively.

Equations (1a) and (1b) show how large separation (p) turbulence
statistics may be obtained by using the time lagged data from a
moderately long record at one point. Further the temporal phase dif-
ference correiation Ras(r) is given by .

(2a) Ry (1) = <[s(ryt) - s(r+o,t)Is(r-vr,t) - s(r+p-vt,t)]>
For a plane wave this reduces to
(2b) RSS(T) = 2TBS(VT) - BS(V(T-%) - BS(V('H'%))

and for a spherical wave

SRCEE R EXCORYETErS)

- BS(;—L-(T +%f—)) dz

Following previous work the temporal spectrum (Tatarski, 1967) is
given by

(3) W g(f) =4 j; dt cos(2nfr)Rx (1),

For the spherical wave case the lTog-amplitude (upper sign)
and phase (lower sign) correlation functions are given by

(4) B _lp) = 2n%k? ) dz mhx ko (x) J_ (X281 7 cos <Cz(L-2 ]
XsS 0 0 n 0 . ‘f

where A = 2r/k is the 1ight wavelength. The index spectrum (Tatarski,
1961) to be used is
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n L

2
(5) o(x) = 0.033 c2 (l;QZZ.) + 2 [-11/6
0

where Ly is the turbulence outer scale. The value of 1.077 for the -

coefficient of 1/Lp was chosen to give two limiting forms for the

index structure fuiction
[Czpz/s

n << Ly
(6) JORE S
Ch Lo o >> L,
so that on a log-log plot of Dph(p) the break point determined by the i

intersection of the asymptotic forms occurs nrecisely at p = Lo'

Following previous work (Clifford, 1971) Egs. (5), (4), (1a) are
substituted into Eq. (3) and the 1 integration is performiei. The
derivation is continued by substituting

(7a) z/L = (u+1)/2 : -
and

(7b) o' = {(kv/2np)? - 1}p"2

where

(7¢) 82 = 1+ (1.077v/2xfL )2

and

(7d) o = 2:£L1/2/ /2,
and performing the o' integration in a fashion following that of
Reference 1. The result is
8 W . = .132n5/2k2/3C§L7/3v']9'8/33'8/3(F(4/3)/r(11/6)
]
1
X Re [ du( 1% expl-102(u21) /430, F, (1/23-1/331 20242 ) a)
0
+ (r(-4/3)r(11/6) /" 20 473) (1622 (u2-1)/0)Y 3

JF1(117637/3; 18%02(u2-1)74),
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2
2 1.077 2 1-11/6
(5) o(x) = 0.033 c, (‘t;“”) + /
where LQ is the turbulence outer scale. The value of 1.077 for the
coefficient of 1/Lg was chosen to give two limiting forms for the
index structure function
2 2/3
Co p << Ly
(6) JORS S
' Ch Lo o >> L,

so that on a log-log plot of Dn(o) the break point determined by the
intersection of the asymptotic forms occurs precisely at p = Lo'

Following previous work (Clifford, 1971) Eqs. (5), (4), (1a) are
‘substituted into Eq. (3) and the « integration is performed. The
derivation is continued by substituting

(7a) z/L = (u+1)/2

and

(7b) o' = {(xv/210)% - 1)g72
where

(7c) 8% = 1+ (1.077v/2nfL )2
and -

(7d) o = 24812772,
and performing the o' integration in a fashion following that of
Reference 1. The result is
(8) W . = .132n5/2k2/3c§L7/3v"9'8/33'8/3(r(4/3)/r(l1/5)

1

X Re j du( 17 exp[-inz(uz-l)/4]{]F](1/2;»1/3;13292(u2-1)/4)
0
+(r(-4/3)r(1i/6)/7" 2r(4/3) (16202 (u-1)/4)¥/3

(F1(11/6;7/3; 18202 (u2-1)/4).
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where

© n
(9a) 1Fy (asbsx) =T€%‘ A ‘(b_T{‘(aI:) AT
. g-ima ,-a ¢ r(a+n)r(l+a-b+n), _\-n
(96) TONTERT L ey e ()
+ eXx2-P ) r(b-a+n) r(1-a+n) x"
r(a) n=0 r(b-a) Tr1(7-a) re |5

--Tzf-<arg(x) < 3—11

Equation (8) is given because it is easily manipulated to give

asymptotic forms. WNote that the new information is in the factor g which
contains the outer scale. Indeed Eq. (8) reduces to the corresponding
equation in the appendix of (Clifford, 1971) if the outer scale becomes
infinite.

Using Egs. (9) to expand the functions in Eq. (8) in a power
series in (ué-1) and using the stand J series expansion for eX, we
integrate with respect to u to obtain the limiting forms for large
and small @ shown in Table I. The expansions have been carried out
to a number of terms sufficient to indicate t.he predominant behavior.
Again if B = 7 the expressions of (Clifford, 1971) result.

The spherical phase difference spectrum is obtained by following
a similar procedure. Inserting Eqs. (5), (4) and (2c) into Eq. (3)
and performing the t integration gives

1
(10) W, (f) = 0.2641r2k2/3L7/3C2v"]52"8/36'8/3 . J <n1ﬁ-cos("pff)cos "pf]
s n 0 v v

- y a=1/2 2
. jO ?g?:$;TT7§' 1+cos[}92(0'62+1) U= J
o

where Eqs. (7) are used to convert to the new variables. With the
exception of the 8 factor, this term is identical with Eq. (20) of
(Clifford, 1971). Since 8 2 1 the arguments given in that Reference for
dropping the second integral are still valid with the result that
wds(f) has the form given in Table I for large and small f.
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TABLE 1

The Limiting Case Results for Plane and Spherical
Wave Time Spectra with Outer Scale as a Parameter

2 1.077v
Q= f/f ;5 f = g = (14-( g ‘f)
° JZNAL 2nfL,

PLANE WAVE

log amplitude

850 c2k2/37/3,71(1-11.456% 31, 20672/ 3- .430678/320%3)
2.19 A/ (as)” -8/3

Q8<<] wx(f)
$ig>>1 wx(f)

phase

4.38 223773y (ag)"8/3(1- 194(93)*8/3)
2/3 7/3 1 (gay8/3

NR<<] w (f)
28>>1 W J(F) = 219 C2k

phase difference
1/2
p<< (AL) _J.033 5/3 2npf\| -8/3.-8/3
W, (f) = o k Lv [ - €OS (-——)]3 f
. (AL)]/Z 8s {.066} Y

SPHERICAL WAVE
log amplitude
aa<<l W (F) = .191 c2k2/3 71371 (1. 645" 3. 573672/ 3- 191878/ 3 1073
23>>1 w (f) = 2.19 c2r 2/3)7/3,-1(qq)~8/3

phase

asect W_() = 4.38 G337 (ag) ™83 10 - Lou3e(as)¥]
QB>>1 w (f) = 2.19 C2 2/3 7/3 ](QB)-8/3

phase difference

) -8/3

P
V) 8

-8/3

B 1/2 sin
pes (L) "° 4 (6 = [. 033} 2253 |1 - E s
v

0s> (aL)1/2 Test 7066 (
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For the plane wave case, the log-amplitude (upper sign) and phase
(Tower sign) correlation functions are given by

2,2

” 2
(11) Bx’s(p) = 27 kL JO dkc « Jo(Kp) 1% :'Z(E sin(f-k-l-'-) ¢n('<)

Substituting Egs. (11), (5) and (1b) into (3), performing the t in-
tegration and substituting Eqs. (7c) and (7d) and

(12) 2 = Q2((xv/2nF)2-1)

gives

[}

(13) W _(f) = .03372k%/37/3¢2," J
XS n 0

2
iz 512 [] ; sin(z+a )](Z+8292)-11/6

(z+07)

A convenient closed form for the z integration has not been found,
k- jt can be put into a form useful for limiting cases by employing

i4) §%§é§§il = JL db cos(b (x+a»

in Eq. (13) and performing the z integration to yield

W, (£) = 0330 237 3c2ray3)r7 (11/6)07% 36783,

1 2
(15) [1 T Re Jo db o1b® {]F] (1? i _13_; _ibszgz)

+ 1(-4/3)T(11/6)r"] (4/3)ﬂ']/2(-ib9282)4/31F](11/6;7/3;-1‘b8292)}]

Employing the series forms for the hypergeometric functions given in
Eqs. (9) for large and small @ then gives the expressions quoted in
Table I.

The plane wave ghase difference spectrum is obtained quite simply

by inserting Eq. (2b) into Eq. (3) and using the shifting theorem.,
for a real even function. The result is

(16) W, (f) = 2 [1 - cos (Zi;tf)]ws(f)

Equation (16) is also used in finding entries for Table I.
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C. Discussion

A comparison of two limiting values for each temporal spectrum in
Table I reveals that only the log-amplitude has a significant change
in form in going from one limiting case to the other. For the time
lagged phase and power phase difference spectra, the change from one
Timiting expression to the other would probably be undetectable ex-
perimentally,

The main point of interest in the inclusion of outer scale effects
into the temporal spectrum calculations is the effect on low frequency
behavior. To this end the low frequency limits associated with the
expressions given in Table I have been extracted, and are presented
in Table II. They apply for the case where f << 1.077v/27Lg, i.e.,
the period of the frequency being measured is greater than the time
required for the turbulence field to traverse a distance of one outer
scale. (Extremely long averaging times or sophisticated data processing
schemes may be required in some cases to obtain such data.) In any case,
an interesting point is that the log-amplitude and phase spectra
approach a constant limit.

The spherical wave phase difference spectrum is of special interest
because it is being measured at RADC. It may be put into a convenient

nondimensional form by using dimensionless variable combinations. The
form is

W, (f)
2nfp .0770) §s .
and to yield
( J ),C L NK°L ¢2 /3

W (f) -8/3 i
o[ (- 22
-4/3 !

0.033, (2r)8/3 {;}
1
4.04 i

=
I

e

l2

Figure 1 is a log-log plot of Eq. (17) when p << Lo. The initial

slope is +2 until the 1st break point of 2"50 = ]°877° where the slope

is -2/3. The slope then becomes -8/3 after the 2nd greak point of
2nfp _
S =J.
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TABLE I

Low Frequency Asymptotic Results f << %igZZ!
0

PLANF WAVE
Log Amplitude
2

4/3 , \2/3 2nfL 2nfl ¥
3 . 2,2/3,7/3.-1, N.o77 L )
/L <Ly l.ix(f) .850C- k3L 7/ ["(T—) (E) {"45"-‘9(‘r.'07;v) 430(1‘077\:)}]

(o]
L 8/3
e 2,2 -1 ("0
AL > Lo Wx(f) 2.]9an Lv (W)

Phase
AL << L W_(F) = 4.38¢2k%L v*! WL°
o (3 *“n v .
s 2,2 -1 "o
v’it >> LO ws(f) 2.19an Lv (W

Phase difference

p << vAL L 8/3
2,2, =1 "
o> AL Ws(F) ‘{a a7l CakLy (7%77) [‘ - °°S(M)J

SPHERICAL WAVE
Log Amplitude

2 4
3 4/3, \2/3 2nfL 2nfL
AL << L wx(f)s.lglcﬁk"’/ 3,773, [1-(]1';:&) (t-) {-545'-573(1‘D7T. ov‘) -9 (1.5707\' }]

A > L W (F) = 2.19 cﬁksz" (12677')

- Phase

/ ]

) 2 473
AT << Ly W (F) = 4.38 cAPLy”! (1%77) [1 - .0435[(—1—"077) TL(-] I ]

* 0

/3
L
AL >> L W(f)‘?]QCkLV](%f

Phase difference

/3 2npf
p << AL (o) od 4.4 C'zk'sz-l( L )8 - sin(2221)
o > Wil Wss 8.87( "n 1.077 ?wo?)

( v
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Fig. 1. Normalized phase difference spectra vs normalized
separation when the wind direction is parallel to
the separation.
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D. Conclusions

The previously published temporal spectra for infinite outer scale
have been directly extended to finite outer scales thereby verifying
the conclusion that outer scale effacts only become important when the
period of the temporal frequency under consideration is comparable with
or longer than the time it takes the wind to move the turbulence one
outer scale length, For low temporal frequencies an additional outer
scale dependent break point is added to the frequency spectra, and hence
low frequency temporal spectra can be used to obtain the outer scale as
a check of meteorological measurements.
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IV, SUMMARY AND CONCLUSIONS

To review, in the final technical report three areas were considered,
and one appendix was presented. The areas were averaging times for
propagation data, the calculation of predicted results for various
slant path measurements and the calculation of expressions for temporal
spectra of several propagatior. functions. The appendix presented a
suggested redefinition for the well known coherence length,

In the area of averaging times an examination of some typical
RADC propagation data showed that the averaging times were sufficiently
long to assure, that for the mean square value, there woild be less
than ten percent variation between ensemble and time averages and less
than ten percent variation bLetween any given average and the stationary
value. The design of a real-time averaging-time meter to give required
averaging time while data is being recorded was also discussed, Finally
the limitations to the averaging time of temporal spectra were con-
sidered. It was indicated that the scatter of spectral values is a
lesser restriction on averaging time than is the frequency resolution
desired.

In the area of slant path calculations, computer evaluated ex-
pressions for the phase structure function and angle of arrival cor-
relation functions for spherical waves were presented. These plots
show the nonreciprocal effect of the atmosphere on beams propagating
upward and downward in the atmosphere. Other curves of the differential
path contribution show the exceptionally deleterious effect of the lower
atmospheric layer on downward traveling spherical waves, indicating the
desirability of avoiding when possible the lower atmospheric layer,

In the study of temporal spectra, expressions given in the
literature for spectra of log-amplitude, phase and phase difference of
atmospherically degraded beams were extended to include outer scale
effects. The results for phase difference spectra indicate for
example, a quadratic behavior at low frequencies not heretofore known.

The appendix contains a recommendation that the coherence length, rg,
be redefined in some cases depending on the outer scale. Specifically,
when the coherence length is greater than twice the outer scale, it has
negligible effect on optical parameters and should not be considered.

For values of the coherence length less than twice the outer scale it
should be defined as before,
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APPENDIX:
COHERENCE LENGTH REDEFINITION

A. Introduction

The coherence length rg defined originally by Fried (Fried 1967)
as a parameter in the wave structure function is extremelyv useful in
discussions of atmospheric effects on optical heterodyne detection,
image resolution and focused spot size. Basically it specifies a
receiver diameter above which atmospheric turbulence effects rather
than aperture diffraction provide the mechanisms limiting signal-to-noise
ratio, resolution, etc. of optical systems. For a plane wave over a
horizontal path of length L, wavelength ) = 2,/k and turbulence structure
parameter Cf, rq is given by the wel! known expression rqg =

keLcd)s

(6.88/2.91 /5,

In the past the coherence length has been defined for turbulence
with assumed infinite outer scale. In many applications (say above 10
meters altitude) the size of the outer scale is not a limiting factor
since the outer scale is the order of magnitude of the altitude. How-
ever for situations very near the ground, i.e., within the first few
meters the outer scale may be sufficiently small to have an observable
effect on atmospheric optical measurements. It is the object here to

review concepts involving ry and to suggest an extension of the

In the sections to follow we will first present a review of some of
the situations where coherence length is used. This will lead in a
natural fashion to an effective receiver aperture diameter. The ef-

scales to show both qualitatively and quantitatively the effect of

finite outer scale. Finally a suggested extension of the coherence
Tength definition will be put forth to describe situations where the
coherence length is comparable with or greater than the outer scale.

B. Review

We now consider the situations in which the coherence length was
defined and applied. In this section an infinite outer scale will be
assumed,

Signal-to-Noise Ratio

The coherence length was originally defined (Fried, 1967) in
conjunction with the signal-to-noise ratio of an optical heterodyne
receiver detecting an atmospherically degraded light beam. The
situation comprised an atmospherically degraded beam collinear with
a local oscillator beam, both incident on a round photodetector of
quantum efficiency n and of diameter D. Then the basic expression
for the ensemble average signal-to-noise ratio <S>/N was shown to be
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2
S> _ 2 -\ =
(1) fni = (é{);aﬁ-x <| J E(r])dr] | >
where
e = electron charge,

E(F}) = electric field of atmosphericaily degraded beam at point F} on
photodetector surface, and

angular brackets denote ensemble average.

The expression given in Eq. (1) is simplified in Appendix A with
the final result

2 D
(2a) iﬁi = (g.)f_l.g.u xﬁ— X [8 JO r dr 1(r) M(r)]

where

r = magnitude of separation of two points on detector surface

(2b) t(r) = transfer function of circular aperture

4o 51 - 6]

(2c) M(r) = atmospheric transfer function
= exp (- 5 D,(r)
(2d) Dw(r) = wave structure function

= a3,

The parameter A is defined by Eq. (2d) and will be evaluated subsequently.

In the absence of turbulent fluctuations or in the 1imit of very
small aperture diameters M(r) % 1 and the signal-to-noise ratio is,
(see Appendix A)

<S> _n<]E|™> =D
(3) -
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The coherence length was originally defined by examining the case

where the aperture diameter, D, is sufficiently large that the aperture
transfer function «(r) is constant over the range where M(r) has nonzero
contributions to the integral in Eq. (1). For that case t(r) & £(0) =1
and the signal-to-noise ratio approaches a constant value of (see
Appendix A)

(4) <S>/N {%)ﬂg-l& ﬂ- X (g_g_q &

To define ry, require that Eq. (4) has the same form as the undegraded
signal-to-noise ratio expression, Eq. (3), except that the aperture
diameter, D has been replaced by a new constant ro given by

(5) ro = (6.88/8)%/5,

for a plane wgve prepagating over a Eorizontal path (Fried, 1967) 3/5
Dw(r) = 2.91keLC2r 53 and A=2,91k2LCE, giving ro = (6.88/2.91k2Lc2)3/5,
Thus ro is defined to preserve the form for the case of large aperture
signal-to-noise ratio. Other geometries are considered in Appendix B.

Equation (2) can be written in a compact form which expresses the
general nature of the aperture dependence and the limiting cases. Thig
is done by defining a new quantity, the effective aperture, Doff. The
definition of Deff is made so that for small diameters Dp f = D; for
very large apertures Deff = rg. Hence comparing Eqs. (2a) and (3)
we obtain, (for an infinite outer scale)

D
[8 J rdr t(r) M(r) 172
0

5/3 J1/2
{e | vor g[cos-‘ (g)-gj1-(g)2]e"l”‘5'88($§) ]

The expression for the mean signal-to-noise ratio, expressed in
terms of Deff then becomes

<S> <Je> ese
(7) T’(eﬂ) ?

(6a) Deff

(6b)

'}

so that average Eignal-to-noise ratio is proportional to the effective
aperture area nDeff/4.
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Deff expresses quite directly the concept that for infinite outer
scale there is little to be gained in signal-to-noise ratio by making
the aperture much larger than ro.

The effective diameter will also be useful in expressing other
quantities which depend on the coherence length,

Imaging Resolution

The coherence length, ros also comes into the theory of atmospheric
imaging (Fried, 1966). Consider Tight from a point source propagating
through a turbulent atmosphere, imaged by a lens of diameter D to a
degraded point pattern I(r2) on an image plane a distance d; away. The
two dimensional Fourier transform of the ensemble average o% I(vro)
expressed in terms of spatial frequency f, and normalized to unity at
zero frequency is shown in Appendix C to be ©(f) M(f). The integral of
the spatial spectrum is then defined (Fried, 1966) as the resolution, R.

(8a) R = HT(f) M() dF,

The resolution is more commonly written by expressing it in terms of

n integral over the input or aperture plane (the plane of the lens).
In Appendix C it is shown that the spatial_frequency, T, is related to
the input aperture coordinate difference, v, by r = Ad;T, and that
Eq. (8a) can be expressed as

D
2n
8b) R = £ " 1{r) M(r) rd
(8b) (Adi) jo (r) M(r) rdr

Equation (8b) is in a form which can be immediately expressed in terms
of the effective aperture size Deff giving

WDZ

1 eff

(8¢) R = X
(rdy)

Thus the resolution is also a function of the effective aperture area.

Strehl Imaging Intensity Ratio

For atmospheric imaging we also consider the Strehl intensity
ratio, D, also called the Streh] definition (0'Neill, 1963)

(%) D = <1(0)>/1 (0),

which is the ratio of the ensemble average intensity <I(0)> in the
center of the degraded point image to Io(0), the intensity in the
center of the point image in the absence of atmospheric degradation.
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Equation (9a) is expressed in terms of image plane coordinates. In
terms of aperture plane coordinates (see Appendix C) it takes on a
familiar form

D
J M(r)z(r)r dr
(9b) D =

er(r)r dr

in terms of the effective aperture diameter this becomes
2

D
(9¢) D = (—egf—)

Thus the Streh] intensity ratio also turns out to be a normalized

form of the resolution, R, and a function of the effective aperture
diameter,

Imaged Spot Size

One can talk about another quantity in conjunction with atmaspheric
imaging, the imaged spot size, (Brackey, 1968). That is defiued in
terms of the ensemble average intensity, <I(¥2)>, of the degraded

in Fig. 1. Thus we have

2 =u. =
oy 26 I

In terms of the aperture plane variables this becomes (see
Appendix C)

(Ad.)z

2 16 i

10b d =

(105) o ZX% BJM(r)r(r)r dr

and finally in terms of the effective diameter,

(10c) d = ‘D-i
g Teff
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Fig. 1. Illustration of effective spot size definition,

Focused Spot Size

Finally one can consider the size of a spot focussed through the
turbulent atmosphere onto a receiving plane. The focused spot size,
df, can be defined exactly as the imaged spot size in terms of an
integral scale of I(Eé), the intensity in the receiving plane,

ndy HI(B'Z)dEZ
(Ha) T- —I(U)—-—

It is shown in Appendix D that the expression for I(p,) is formally
identical with that for the image plane intensity wheg the image
plane distance dj is replaced by the range, L. The resulting ex-
pression for the focussed spot size is then

4 )L
(11b) d. = =
fom Deff

The ratio of focused to imaged spot sizes df/dy is then the geometrical
magnification m = d¢/dg = L/d; as one would expect,
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Thus we see that all the quantities considered can be expressed
in terms of the effective aperture diameter. The preceding discussion
has treated cases that originated with infinite outer scale. We
now want to extend the quantities to the case of finite outar scale,
Instead of considering them all separately we will discuss only the
behavior of the effective aperturs diameter Dere with finite outer
scale, The extension to the other quantities 15 then given by
(7). (Be), (9c), {10c) and (11h),

C. Examination of DCff

Having shown that Dapr s a unifying factor for the quantities
indicated which make use of the coherence 12ngth, rg. we now proceed
Lo examine Desf for cases of finite outer scale, We will show that
for outer scale comparabie with the coherence length, the behavior
of Deff 15 sfgnificantly different, approaching that of the small
aperture situation. This will then lead to the recommended extension
of the definition of the coherence length! The procedure will be to
first examine certain limiting cases for Oefs to establish the general
behavior and then to consider a fopw numEricaT values to 11lustrate
the significant prints,

The definition of Deff including outer scale effects will formally
be the same as in Egs. (ZF and (6) with the wave structure function
extended to include outer scale effects.,

1
D 271 -%0D (r)
(12) Dgff =8 fo rdr %[cos'](ﬁ—‘)- % 1- (E-) }e 2w

Outer scale effects are included by utilizing a turbulence spatial
spectrum which includes outer scale effects,

2
0.033 Cn

1176
(( 1 .077)2 . Kz)
(0]

This definitgon was chosen to satisfy two cri%;gia: for r << L,,
Dn(r) = Cf ré/3, and for r >> Lo, Dy(r) = C8LZ/3. The factor of 1.077
arises because of the second criterion, as giscussed in Appendix E.

(13) o(«) =

The associated wave structure functions for plane and spherical
waves are given by Eqs. (14a) and (14b), respectively
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Py W T =T

8n2k2 L JO[:] - JO(K‘ Y‘).]<I>n(|<)|< de

(14a) pr(r)

il oty o

(14b) D, (1)

These two functicns are plotted in Fig. 2. They have the expected
behavior. For small values of r

(14c) D, (r) = %—pr(r) - 3 2.0 k2L cﬁ p/3

Both of these will be represented by the infinite outer scale ex-
pression

- 5/3 _ 5/3
(14d) pr,s = 6.88(r/ro) = 6.88(r/r0p,s)

where rop, and rgg are given in Eqs.(B7) and (B10). For large values
of r they both saturate at the same value which is shown in Appendix
E to be

W - 2,02 5/3
(M4e) D¢ (=) = 1.381 KL Lo

The fact that the wave variance, By(0) = %-Dw(w), was the same for

both plane and spherical documents the fact that the mean square log
amplitude plus phase fluctuation generated along a single line, con-
necting transmitter and receiver depends only upon the path and not
upon the type of wave either side of the path.

We can now also write the infinite separation value Dy(=) in

terms of the coherence length for plane and spherical waves, re-
spectively.

L /3
(15a) D (=) 3.265(-2-)
Wp Cop

5/3
)

L0
8.71 (F;S j

(15)  D,(=)
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The 1imiting expressions for Dy will now be used in the calculation
of asymptotic forms for the effective diameter.

To provide a feeling for how the effective diameter should behave
for various ranges of the actual aperture diameter we qualitatively
examine the integral expression, Eq. (11), for the various cases of
interest. The procedure will be to sketch curves for the various
factors in the integral definition to demonstrate the 1imiting cases.
The two factors of interest are the optical transfer function,

(r) = %- cos~ (% - 5-/1 - (r/D)Z which goes from 1 at r = 0 to 0 at
r =D and the atmospheric transfer function M(r) = exp (- E'Dw(r)

5/3

which drops off as exp{}3.44 <;— l
0

Timiting value of exp{- % (Ly/r ) 3for r >> L,. The value of the

constant C depends on the type of wave as reflected in Egs. (15).
Sketches of t{r) and M(r) are shown in Fig. 3a. From Egs. (12),

the effective diameter is then the square root of area under the curved
formed from r times the product of the two curves,

for r << Lo and assumes the

We now sketch the two curves for various ranges of D.
Case I. D << ro << L, (see Fig. 3b).

This is the infinite outer scale small aperture case considered in the
previous section. M(r) is essentially constant for 0 < r < D so that

D
(16a) D = [8 Jo dr r T(Y‘)]]/z = D.

Case II. ro << D << Lo (see Fig. 3c).

This is the large aperture case considered earlier. t(r) is essentially
constant over the range where M(r) is significant, so that

(16b) Degs = [%#g JO rdr exp {-3.44(r/ro)5/3}]1/2 =r

Case III. D >> rs >> Lo (see Fig. 3d).

This case is new. In this case M(r) drops to an asymptotic value
before t(r) goes to zero so that

51



°qQ pue .04 <0, 40 solLjeud

SnoLueA uoj #39Q Burutwuazsp SuoL3duny jo aorAeyaq buljeaysnyL sydeay g 614

(M Tgvza.lq_ulwm.ﬁ/ (3)
4 ) z
N 1N
(1M
a a
4 J
muuu. Nz
(o)
(9) .
) ) T_ﬁuﬁﬁ?T:w
....rl_l._ll_l_l-ll_|| |\H/
(1) A Vepe- b dus [
.Tm 4 (B
4 a

)2 i

52



(172)  M(r) % exp (- 5 (L /r )%

over almost all of the range 0 < r < D and

D
(7b)  Dyee ¥ Lexp(- 5 ClL /v )¥%) x 8 Jo drr 1(r)7'/2

= D expl- 7 C(Lo/r)3) = b expt- J 0 (o)) .

Thus Deff is again proportional to D, this time the constant of pro-
portionality being exp(- 1/4 D, (=)). These three regions are shown
in the 1cg-log sketch of Deff vs D in Fig. 4,

oo {- 0w @1}

Aa— :jifﬂgff;pgf
F
r
i
Dett .-"f

|
|
|

|

|
u_y—Jl:.L_,r J:-ﬂ - n 4
REGION | REGION 2 REGION 3

Fig. 4. Sketch of Dgff vs D showing various regions.

The significant point here is in the behavior in region III,
For small values of the ratio Lg/r, the sidestep as determined from
the factor exp {- C/4 (LQ/ro)5?3} is negligible and the 1line in
region III is a continuation of the 1line in region I. For that case
the behavior is no different from the infinite outer scale case
discussed in the first section. However, for larger values of Lo/Tos
the line in region III is sidestepped significantly and the behavior
in the two regions is different.

The difference in the two regions is indicated by the amount of
sidestep obtained from the expression exp {- C/4 (Ly/ry)5/3} . This
quantity is plotted as a function of Lo/ro in Fig. 5 for both plane and
spherical waves. There we see that for Lo equal to ry the sidestep is
1/0.4 = 2.5 for plane waves. (Actually the factor exp {- C/4 (Lo/r°)5/3}

53



gives a change in the vertical position which is then translated into a
sidestep of T/exp {- C/4 (Lo/r)%/3}. The corresponding value for
spherical waves is 1/0.10 for spherical waves. For the outer scale one
half the coherence length, the straight line portions in regions I and

IIT of the Deff vs D graph should be within a factor of 2.5 of each other
for both plane and spherical waves. This vwill be uced in the next section
where a suggested extension of the definition of the outer scale will be
presented.
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Fig. 5. Graph of effective diameter Deff vs Lo/ry for plane
and spherical waves.

D. Extension of the Definition of LS

In the previous section we examined the 'imiting cases of the
behavior of the effective diameter as a function of outer scale and
coherence length, and noted that with finite but large outer scale,
Deff saturates at the value rg as it did with infinite outer scale.
Indeed with outer scale less than half the coherence Tength, the curve
of Deff versus D would show less than a factor of two variation in going
from D less than Lo to D greater than Lo. This behavior is indicated
more clearly in Fig. 6 where we see computed plots of Deff vs D
covering the range of D much less than L0 to much greater than L0
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for several ratios of Ly/r,. We see that for L,/r, < 1 the transition
from one straight line porgion of the Deff versus B curve to the other
is nearly undetectable. Therefore a representative generalization
when Lo/rg < 1 is that the Deff versus D curve is essentially the no
turbulence case, where Deff = D,

Thus it is recommended that the coherence length not be defined
for cases of outer scale less than one half the coEerence Tength, and
that for cases with outer scale greater than one half the cohcrence
|en9tﬁ the definition of coherence len?tﬁ for infinite outer scale be
retained,

1s extension 1s the formal embodiment of tie fact that the
coherence length is a useful quantity for r% < Lo but that for ro> Lg
u

the behavior is essentially that of the no-turbulence case.

E. Discussion

There are a few loose ends yet to pick up. The first is a dis-
cussion of the physical behavior for the rq > Lo case. Bas%ca11§ the
meaning is contained in the wave variance By(0) = .69 k2 LCn L3/3 which
is the maximum value of Dy(r)/2. In terms of By(0) the 1argesg ratio
of Deff/D is_exp(- 1/2 By(0)). When the maximum phase variance is less
than 0.5 rad¢, i.e., 0.707 rad RMS deviation or less than a quarter wave,
then the opticai effects of the atmosphere are essentially negligible.

In such a case the resolution will be unimparied. For such a case a
quantity which measures the atmospheric resolution degradation will
cease to have it; full meaning and can be safely neglected.

F. Summary and Conclusions

In this appendix we have considered the effects of atmospheric
turbuience on optical heterodyne detection and on optical resolution
and spot size. Specificaliy we considered the case when the outer
scale of turbulence is comparable with the coherence length, ry, and
suggested an extension of the definition of the coherence length,

First the heterodyne signal-to-noise ratio and the imaging
quantities were shown to all be functions of the effective aperture
diameter, a quantity which, for infinite outer scale, is equal to
the aperture diameter for very small apertures, and is equal to the
coherence length for very large diameters.

The effective aperture diameter was then investigated for finite
outer scales. It was found that when the outer scale was small enough
to be less than one half the coherence length that the effective aper-
ture diameter varied with actual diameter essentially as if there were
no turbulence. Thus it is recommended that when the outer scale of
turbulence was less than half the coherence length that the coherence
Tength be undefined and that when the outer scale is larger than the
coherence length that the usual definition of coherence length apply!
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APPENDIX A

In this appendix are presented the steps necessary to reduce
Eq. (1) to Eq. (2) and to examine certain limiting cases. Writing
the ensemble average square of the integral in Eq. (1) as a double
integral and exchanging integrations and summation gives

W) <l B = < [ e e @

aperture

H <E(F}EX(F) ") >dr1dFY
aperture
Switch to sum and difference coordinates 7 = ry -rrand R =
1 1
lr{ + r#)/z. Using the definition of the atmospheric mutual coherence
function, (Fried, 1967),

(R2)  <E(FDEX(R))> =<[E|® M([F) - P)) = <[> w(F),

and using the aperture function f(?}), given by

_ 15 Iryl <D
(A3) f(r) = _
0; !r]| >D,
we have

[¢ -]

) <|[e(F)dr % ”H fF) FEEFER)> oF, ory

- 00

(A5) = <lEl2> ﬁ dri(r) “f dR f(R + ; ) f(R- g)] .

-] -0

(r) The inner integral is related to the aperture transfer function
t(r) by

(6) Udﬁf(k’+§)f(ﬁ-;)

[e -]

£(r) ﬁ dR £(R) = lf;ﬁ t(r)

[¢ -]
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For a circular aperture !
2
_ 2 -1{r\ r r
(A7) T(Y‘) = -_"- [COS ('ﬁ')- ﬁ 1 -(ﬁ) J

Inserting Eq. (A6) into Eq. (A5) gives

200
(8) <l [EF)dr 1% = <lef? 2 [[6F mie)<(r)

=00

Since M(r) and t(r) are functions of r, magnitude of ¥, we switch to
polar coordinates and perform the angular integration, giving

fepm s o= 12 2 +p?
(A9) <|JE(r1)dr1| > = <Jg|% 3 J rdr M(r) <(r).
Equation (A9) is the desired result. Inserting Eq. (A9) into
Eq. (1) gives Eq. (1b)!

Equation (A9) can be examined for two limitina cases. For
aperture diameters small compared with the coherence length M(r) is
constant over the region of interest and

22 D
g% 2 Jo ¥ dF x -ﬁ-[cos"(-g-)-

r
5416
2\2
2. [aD
<|E| > T)

This is used in the derivation of Eq. (2).

(A10) <|JE(F])d?] P>

(A11)

For aperture diameter, D, much larger than the coherence length,
7(r) = 1 over the region of interest, and Eq. (A9) becomes

1,503
2.2 - 5 Ar
(A12) <|JE(?H)d?}|2> = <|E|2> IL%%- J rdre °
6/5
2.2
(M13) = <Jg)% I x(%) x 3 106/5)

59



2.2 2 6/5
(A1) =<[E! gl X(2x3.44 )

Equation (A14) is used in the derivation of Eq. (4).
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APPENDIX B

In this appendix we present general expressions for coherence
length for plane and spherical waves for cases where Cﬁ is a function
of range. First consider the plane wave case

L B
(B) (1) =863 [ dz | e xo ) D1 - I (k)]

0 0
Taking
(B2) o(k) = 0.33¢3(z)«™'1/3
and making the substitutions
(B3) u = xp
and
(B4) v = z/L
gives

1 w
(B5) D (r) = .033 x 8nk2Lr*/3 J dv c2(vL) J duv®51 9 )1,
W 0 n 0 0

Further, from Eqs. (2d) and (5) of the main text.

(B6) D (r) = s.sm;<{}-
0

Using known values for the u integral, (Tatarski, 1961, p. 269) and
solving for o gives the desired results

3/5

0 o (I
2.91 k"L J

dv Cﬁ(Lv)
0

and when Cﬁ is a constant

(87b) 6.88 3/5
r‘ =
© 1201 K2 L CE]
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For a spherical wave

(B8) Dw(p) = 8rlk2 J: dz (%)2]; dx Kq,n(K %)[1 - JO(KD)]

substituting for o(x) from Eq. (B2), for « and z from (B3) and (B4)
respectively, and simplifying gives

o

1
dv v5/3 Cﬁ(Lv) jodu[l-do(u)]u'8/3

(89) D, (o) = 0.033 x 8:%k%Lp/3 Jo

Evaluating the u integral and solving for o using Eq. (B6) gives

3/5
6.88
(B10a) r = %
° 12,91 k%L F du u’/3 cf](Lu)

0

and when Cﬁ is a constant

6.88
(B10b) 1. = :
0 [(2.91):«(3/8) kL C2

/5

Equatiens (B7) and (B10) are the last results of this appendix, general
formulas for the coherence length,(ro)when C% is a function of longitudinal
position,
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APPENDIX C

In this appendix we present derivations of several expressions for
imaging situations. The first is the derivation relating the normalized
Fourier transformation of the image plane intensity I(r2) to the
spectrum 1 (F)M(f) and also to the integral over the input aperture in
Eq. (6b). The spectrum of the image plane intensity is given by

@) e =[[e’T T2 Ay dF, .

In Eq. (C1) T is spatial frequency in cycles per meter.

The image plane intensity is related to the input plane fields by the
well known relationship

.k
_ K 2 _ 1 a-.l— Y‘-I . Y‘2 3 >
(c2) <1(F,)> =(,m_) (”JE(rﬂ e dry
1

Lk = = -

AR .

(C3) = (m'f—)z Udﬂ” dro"<E(F EX(F")> e
1

Following steps identical to those in Appendix A we switch to the same
sum and difference coordinates, express <E(ry')E(ry")> in terms of the
atmospheric transfer function, and perform the integration over the
sum coordinate, R. The result is comparable to Eq. (A8) and reduces
to Eq. (A8) for ro = 0. The result is )

- kY. 2. 10 ([ HCAE:
(c4) fI(r2)> = (2?37) <|E]%> 31— JJdr (r) M(r) e
' i

Inserting this expression for I(Fé) into Eq. (C1) and performing the
ry integration gives

2 (o]
(c5)  P(f) =(§T)2<|E|2> o || & e (zﬁ' + K F)
1 1

-0

We note that P(0) can be easily evaluated since M(0) = z(0) = 1. The
result is

2
(C6) P(0) = <|E|% T
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Performing the T integration in Eq. (C5) and normalizing the result
to PéO))gives one desired result, the form of the normalized transform
of I(vr,):

2

6 BE = <(d,6) MO, ).

The integral expression for the resolution can be quite easily obtained
by integrating Eq. (C5) with respect to f and noting that ¥ occurs only
in the delta function. The result for

[ i

is
(c7) R = ﬂ g{% dF _(5517 )Zﬂ dr <(r)M(r)
(c8) - f:d,.)z jg rdr +(r) M(r)

Eq. (C8) is another desired result.

To obtain the aperture plane expression for the Streh] intensity
ratio, we use Eq. (C4) and simplify by performing the angular r in-
tegration. The result is

2n | rdr t(r)M(r)
= I(0) _ J

C9 D= _—(_T =

(€9) IO 0 2n J rdr (r)

To obtain the imaged spot diameter as defined in Eq. (10a) we
use Eq. (C4). Thus since (0) = M(0) =1

2
(c10) f <I(r,)> dF, =<|E|% .’LR_

and

2
(€11)  <1(0)> =(?_';a.2_)2 <|E|% L HdFT(r)M(r)
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2 2
(c12) =(—2-1-T§2—) <|E,2> %P— X 27 J rdr t(r)M(r)

Inserting Eqs. (C10) and (C11) into Eq. (10a) and rearranging gives
Eq. (10b) the desired result.
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APPENDIX D

In this appendix we consider a light beam that is focused through
a turbulent atmosphere to a beam weist. An expression is derived for
the focused spot size in that situation. The development parallels
that of deWolf (deWolf, 1971) but the definition is one which reduces
to proper values in the case of vanishing turbulence and finite aperture.

Let the transmitting aperture and observation planes be designated
respectively by transverse coordinates p1 and p, and longitudinal values
z] and Zg. Then assuming the limitations of Fresnel diffraction, Ez(oz)

at

the fiel the observation plane is given by
: 2 "
NS ko’
(D-1) EZ(FZ) =4+ 1L E - dF] E(F]) exn(w—

Sk 2 =N, —

. EXP( (p7-2p7 0. DB(O s05)

where 2L \P17eP17P2 1°P2
(D=1b) E(B}) exdekp%/ZL) is the transmitting aperture plane field

(D-1c) L = zy - 2z,

(D=1¢) B(E},Eé) = modification to Greens function due to turbulent
atmosphere.

The ensemble average irradiance pattern, I(pz) in the focal plane, R=L

(0-2)  1(o,) = <|Ey(m,) | =

2 ik __
(Z%L—) H” doydog E(E'I)E*(F]') et P2 v (pyoey) <B(p; ’;2)3*(3]' 25)>

Assuming an isotropic reciprocal atmosphere (DeWolf, 1971),
<B(p7,p2) B*(o{,02)> is the spherical wave atmospheric transfer

function
(0-3)  <B(B7.55) B*(57.0,)> = M([53- B, 1) = exp(-3D, ([5;-5 )

where DWS(IBH-E}I) is the spherical wave structure function.
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Writing Eq. (D3) in terms of sum and difference coordinates

(nD-4a) T = Ta - ;}
- |
=_"1*n
(D-4b) R =~— 5
gives

4 (r) + XK ST
(D5) 1{p,) =(ﬁ) ” ire " L P2

| ®RE®eF) HE-F)

The inner integral is related to the aperture transfer function,
t(r). For the usual case of a round_aperture of diameter D illuminated
by 1ight of constant intensity, |E]|2, the inner integral is given in
Eq. (A-5) by

- - 2
(D-6) Hdﬁ E(R+5) BER-5) = |E1% - x «(r)

where <(r) is the aperture transfer function

oot )

and

) k5, - T
(0-8)  1(p,) =(?:T)2 (%‘?—) £, |2 Jd? Mr) <(r) e& °

The focused spot size is defined by the normalized integral scale
as was the imaged focused spot size (see Appendix A)

nd? _Hl(pz)da‘z

(D-9) 7 T(0)

This definition has the advantage that it is applicable to gaussian
beams as well as evenly illuminated apertures, and reduces to the
standard finite well definied value for an evenly illuminated aperture
in the absence of turbulence.
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Equation (D-9) is simply evaluated by noting that Eq. (D-8) is
formally identical with Eq. (C-4) if we interchange po and ro and
dj and L and that the numerator and denominator of Eq. (D-9)“have

been evaluated in Egs. (C-10) and (c-12) respectively. The resulting
expression for Eq. (D-9) is

4iL
(D-]O) d. = )
f mDers

Thus we see that D fr also determines the size of a spot focused through
turbulence, We noge also that the ratio of the imaged spot size to
the focused spot size is m, where
_ do = di
ms= a-;-'L—o

m is merely the geometrical magnification as one might expect.
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APPENDIX E

In this appendix we present the integrals which determine the
numerical constants in the Von Karmann index spectrum. Let us assume
that the spectrum has the form

(E-1) s (<) = Cﬁ A/((B/L0)2 +:2)11/6

v is the magnitude of the three-dimensional spatial frequency.
We cetermine the constants A and B by the requirements placed on the
associated structure function, Dn(r)

2 r2/3

(E-2) Dn(r) = Cn

<<
r L0

2 2/3
Cn LO

(E=3) Dn(r) r >> L0

This choice is made so that on a log-log plot of Dp(r) vs r, then
extensions of these asymptotic 1ines intersect at r=Lg giving the
effective breakpoint at that value.

For an isotropic spectrum, the spectrum and structure function are
related by

oo

(E-4) D (r) = 8n jo (1 - s_m_K_r) o()cde

kY
Inserting Eq. (E-1) into Eq. (E-4) and making approximation (E=2)

gives

oo

2.2/3 _ 2 sin «r\ -5/3
(E-5) Cnr = 8¢ Cn A jO (1 - -—:5;——) K de.

Using (Tatarski, 1961, p. 270), we have
(E-6) crzI re/3 . g, crzI A3y wr2r (8/3) sin (n/3)

where 1(x) is the gamma function. Thus we have

(E-7) A= r(%) sin £/ 4% = 0.033
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Again inserting Eq. (E-1) into Eq. (E-4) and making approximations
(E-3) gives

w0

2
2,5/3 2 k dk
(6-8) 2153 . ¢ 8nAJ44
n o n 0 ((B/LO)Z{'K‘Z)‘”/@

Using (Gradshteyn, 1965, Eq. 3.251-2)

2 2/3,2/3 1,(3 1 2 2/3,2/3 ‘;‘ F(%) “(]3
(E-9) = ¢, 8nA B72/3 2 73( )=Cn8nAB'/L -

2°3

r(11/6)

where B(x,y) is the Beta function. Using the identity r(z)r(1-z) =
T €SC wZ, we find

3/2
(E-10) B = g:(%)} = 1.077.
T

The final result is

2
(E11) o () = __0.033CF

2, /6 .
1.077) . 2)
(&) -

Now consider the plane and spherical wave structure functions for
finite outer scale and large separation. From Eq. (B-1) we have for
a plane wave

(s3]

L
(E-12) Dw’pz(p) = 8172k2 JO dz JO dx K(Dn(K) - Jo(Kp)]

and from Eq. (B-8) for a spherical wave

-]

(E-13) D, ¢ (o) - 8n2K? j;(l;)z dz Jo de ko (K -'2-)[1 - JO(KQ)]

Substituting «' = « in Eq. (E-12) and «' = kL/z in Eq. (E-13) and
letting p be large so that Jo(ke) << 1 gives the same expression for
both equations, it is
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L = .
(E-14) D, (=) = 8:°K? Jo dz Jo de' &' o (x')

Substituting for ¢n(x) from Eq. (E-11) and performing the integrals
gives for both plane and spherical waves

4r% x 0.033 x (7/5)K2 L c2 5/3
n o

E-15) D (=) =
(E18) (=) (1.077)>/3

1.381.

This value is quoted in Eq. (14e) of the text.
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