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FOREWORD 

OM« ^ !r ^^«t f,30602-71-C-0132, the Electro-Science Laboratory of 
exrer^ent.?    r/3^7 ^ ^ ^idi^ <*™<* theoretical support 
S^«-?    ^fTt9 °0^UCted at Rome Air ^velopnent Center.    Both the 
Ä S 5i+!5

0rJ8 Ofu03" ^ the exPe^«ntal work of RADC have been 
n^ffat1of n^^ the ^^t10113 of atonospheric turbulence on the 
propagation of laser signals for precision pointing, tracking and 
imaging applications.    The efforts are in direct response Sr^uire 

SoCCr ^^^ 0ptlCal ^ ^ing^r^cS1^ ■ J 
^m^ theor^ical developnent and analyses provided by OSU have been 
aimed at providing realistic predictions for the spatial and temporal 
behavior of propagated laser signals.    Analysis of averagS* Se re- 

?orr"Sdt3
Dr^a0ti?ted ^ ^ t0 dete-^ ^niZT^r^iteZnts 

JJf. Jir ffPfßftion measurements and has served to provide svs terns l' 
tAirZl minJ,ni2in« Rational errors.    'Ihe extensionTtheoretiSl 
probation Ttt^lT? ^^ S that " pr0Vide3 a -asure o? the    ' 
cSrfo obSaS Ca3e3 Where «^^«tal results are diffi- -1 

PUBLICATION REVIEW 

This technical report has been reviewed and is approved. 

RAD^ Project Engineer    JiO 

fl 
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ABSTRACT 

This report contains detailed information on the theoretical efforts 
of Ohio State University conducted in direct support of the RADC Laser 
Propagation Program.    The efforts described are concentrated in three 
main areas:    the examination of proper averaging times required for 
specific propagation experiments; the calculation of theoretical curves 
predicting results of various experiments along slant paths; and the 
calculation of predicted results for the temporal spoctra of particular 
atmospheric effects. 

The theoretical development and calculations have been aimed at 
providing useful information for comparative purposes with experimental 
efforts and for use by systems designers.    The atmospheric effects in- 
cluded in the analysis are; phase structure function, angle of arrival 
and coherence length.    Both the spatial and temporal characteristics 
have been considered. 
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INTRODUCTION 

This is Report 3163-3, the final technical report under Contract 
No. F30602-71-C-Ö132 entitled "Investigation of Laser Propagation 
Phenomena." The effort is aimed at providing theoretical support to 
the RADC Laser Propagation Program. The report covers the period 
January 1, 1971 to February 28, 1972. 

The theoretical support is in the area of linear atmospheric 
propagation phenomena. Areas of interest include theoretical support 
to the performance of propagation experiments and the interpretation 
and processing of the data to ensure proper match between theory and 
experiment. 

The work presented ^nerally relates to a broader program aimed 
at providing basic technical information on atmospheric imaging and 
restoration" of atmospherically degraded images, on pointing laser 
beams and tracking objects viewed through a turbulent atmosphere. 
Experiments are in progress at the Rome Air Development Center to provide 
the desired basic information. The work reported here first provides 
theoretical support for these experiments and second provide? information 
useful to systems engineers who might use the information generated for 
particular applications. 

This report describes in detail work performed during the past eight 
months of the contract. Work performed before that time will be briefly 
summarized subsequently. 

During the past eight months work has been concentrated in three 
main areas: the examination of proper averaging times required for 
particular propagation experiments, the calculation of theoretical 
curves predicting results of various experiments along slant paths and 
the calculation of predicted results for the temporal spectra of certain 
recorded data. These areas will be discussed. There will also be 
presented a writeup on a suggested redefinition of coherence lenths. 

The work on averaging times is in direct support to the RADC 
experimental program because it supplied procedures for the per- 
formance of effective experiments. Indeed data has been examined at 
RADC amd at The Ohio State University to check the recommended procedures. 
Further, an averaging-time meter has been built, for use at RADC. 

The slant path curves calcul?ted include phase structure function 
and angle of arrival variance. They take into account the variation with 
altitude of the structure constant C?, and the outer scale, L0. These 
are useful for systems design studies. 

The temporal spectrum calculations back up the temporal spectrum 
measurements being made presently at RADC. They cover the time lag 
spectra of the phase difference temporal correlation, log amplitude 
correlation, and phase correlation; and "iclude plane and spherical waves. 



Work performed during the first portion of the contract is covered 
in reports already distributed and in oral papers delivered. The first 
was the semiannual technical  report (hereafter designated a    (3163-2) 
2 lonll^Tr1 a/eview of ave^gi"g time studies, a bib iMrapiw 
of propagat^n literature, and calculations of angle of arriva   correlation 

gd Phase structure function for select cases vÄ the   tr ct re par me er 
Cn   and the outer turbulence scale varied with altitude.    The second reoort' 
was a study of angle of arrival fluctuations.    It presented extensive 

c    re a' ^ ^HT ^'^ Tiati0n for an9le of an-fval two   o nt correlations and for large aperture angle of arrival  variance     In it 

e^ir^-m r^eT^l??6?-9 C0~tal  ide"tity beSIhe tl'which greatly simplified calculations,    ihere were also five oral  oaners nre 
sented. one (Hunt. 1971a) at the Spring Meeting of the Op? cal Societv of 
America in Tuscon. Arizona. April  5-8, 1972, and the other four at the 

OcInhlT' S^i01".?6 0ptiCal S0cie^ of ^<* in O^Lwa. Canada. 
(ÄaMä;!^^)! 1971a)' (Wyn9aard' 1971b)' ^ 1971^' 

52adiÄS S^^-Jf S j;.--- ^ Ctch^;ar^ndiX 
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I. AVERAGING TIMES 

Hafa 
Int^s section we present work on averaqinq times for propanation 

data  As indicated, this work is aimed at supporting the RADC exper - 
mental program by providing means for assuring that a given data Record 
Is sufficiently long so that assumpt^ns made in the theoretical de- 
velopments are born out experimentally. Typical criteria are that 
liTt fit fl

e
u
nsemble.averages be identical (thL ergodic hypotheses and 

that the average is independent of starting time (statianarity)  The 
averaging times also depend intimately en the quantitv being measured 
d?f?plrritS r«Suirin9 longer times than second moments, and ?equ?rinq 
extension J^Ll*™ do^ectral  etc. This work is essentially an   9 

ml-lT. reP0   ^  e firSt sem1annual technical report 

in thr^1!?^he P!St ei'9ht m°nths averaging time work has progressed 
data recor edfeItnRAnrre\SL the ^T^0" of optical phase' difference aata recorded at RADC, the construction of an averaging time metpr tn 
a^r.n.-nT •time '^.^T of '^^ ^ ™*  the^alcuuJion o^ 
be cons?d9

ereS!
S ^^  f0r tmP0ra]  SpeCtra- These toPics ^ ™ 

A. Examination of RADC Data 

On August 16, 1971 several runs were made measuring the phase 
difference at two points on an atmospherically degraded sphericSl wave 
?hpaH^S reCf'rded rith SeVeral va1ues of separatio'n oft e two poin? The data was computer processed at RADC to remove ambiguities of / 

Co i-esS0?
n hror^ss^ H^ t0 9ive mear,s' ^^«ncefln^ tlS o a'/spectra. 

aJeraginJ times ^ transrnitted t0 osu ^  examinatioti of 

reDorl^3?]5 0Thlhe analriS are based on a previous technical report UI63-2J. This procedure was applied to the data directlv and tn 
the square of the data to give the averaging times for ?he mean and ?he 
variance  A given section of data reduced to zero mean was divided 
into equal length subsections (designated by subscr^" s)  The variance 
ZJlt  sub!ecti0". Bs' ™s  computed as was the variance for the 
percPentaeaeedCUYP^nr The ??*** 0f  the su^ection vaMances and the 
S^fnln^L'^fated:^ '^ that and the COmplete sect-n variance 

(1)     £""{*sh*S-BH)/BU 

d^Honenfa?^ difJere"ce was then plotted as a function of the time 
duration of the subsections. A typical curve is olotted in F n i 
te

hnednpHthtenSHUb^eCtl'?n dUrSti0n WaS *00 sma11 the su  c on ar a'ncls tended to differ from the complete section variance  However «Jho 
section length increased the subsection variances^pproSd'mo^ cfosely 



the last point was necessaHli ,Lo  T2- 
vanances were identical so 

sections of increas?ng duraJ on" Jh llir^t"™ T  repeated ^ 
was obtained where thi percen?aqe deJiat?In KSfh aS.uthe or,e 1'n Fi9- 1 
variance and the complete "ction var anJ° K

betWeen the mean subsection 
section duration S ^1^t^aVrrfn^e^e?rLS??^.f0r SUb- 

12    IS    IS 
(SECS) 

21 24   27 30 

F19- '• ^l^TuZT^^^r •"'•*" '-.^es 



One would then preselect a desired degree of precision and look 
for the subsection duration giving the precision. That duration would 
then be used for all succeeding runs. 

The plot in Fig. 1 has two interpretations (3163-1). The first is 
that the averaging time is sufficiently long that the variance of the 
data has come within a given fraction of the stationary value. I he 
second is that the fractional difference between the tfc» average value 
and the ensemble average value has also come within the given value. 

Figure 2 shows a plot of a section of data used, redrawn from a 
computer printout of the- digitized values. Each point represents a 
tenth second average. Figure 1 shows a typical plot of the percentage 
difference eN ror a data section of 30 seconds duration. There It is 
seen that an averaging time of approximately 10 seconds would suffice 
for a value of ew % •03'    This v?lue was checked by increasing the data 
section duration up to as much as five minutes with the same result. 
Further the value was also checked by delaying the starting instant ot 
the section with the same result. The conclusion is that for the mean 
value alone a ten second section of data would have been sufficient and 
that the variance value is stationary after that time. 

The same procedure was applied to a second data section formed by 
squaring the original phase difference data. Figures 3 and 4 show 
typical plots of the percentage difference for the squared data, one 
for twenty and the other for one nundred and twenty seconds section 
duration. Both show the expected monotonically decreasing behavior. 
However in the longer section the normalized difference has dropped to 
0 0012 in half the section duration, (60 seconds point on time scale), 
while the shorter record has dropped only to .04 at half section, 
(10 sec point of time scale) duration. Thus it appears that the 
averaging time of sixty seconds would be sufficient for a relative un- 
certainty of .035 2L p5T2. a value well within the five minutes of data 
actually recorded. 

B. Averaging Time Meter 

It is certainly desirable to have all data records of sufficient 
duration." On the other hand, excessively long data records give in- 
efficiency. Hence it would be desirable-to have some method of de- 
termining how long a data section should be while data is being taken. 
Towards this end two schemes have been proposed. The first is the use 
of an on-line digital computer to perform the calculations indicated in 
the previous section. The second scheme is an electronic techmquo to 
provide the same information with considerably less hardware investment. 
In its essence the averaging-time meter computes in analog fashion the 
quantities needed to determine averaging time and combines them so as 
to read out on a meter the requisite data duration. This averaging time 
meter will now be discussed. 
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Fig. 3. Normalized difference between time and ensemble averages 
vs averaging time (20 sec. record). averages 
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Fig. 4. Normalized difference between time and ensemble averages 
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We start with the simple equation for averaging time given in Eq. (2) 
(3163-1), Lumley, (1964) 

(2)T.i^!. 
2 

Where f is a random variable and e   is the mean square difference between 
the ensemble and time averages normalized to the square of the mean value. 
T is the integral scale of the autocorrelation. 

W   I = BW 0 
B(T) dx 

(4)    B(T) =  (f(t) -T)(f(t+T) -7) 

The restrictions in Eqs. (3) and (4) are that the averaging time be much 
longer than I, and that the data be normally distributed. Assuming 
a gaussian random process, then the averaging time is (Lumley, 1964) 

(5) 4 
B(T)dT 

0 
T ~wr 

In terms of frequency integrals rather than time domain integrals 
Eq. (5) becomes 

(6) T ■ 2* W(0)  

e  I  W(f)df 

Equation (6) contains the ratio of two power levels, the power at DC 
and the broadband power, """'us the problem becomes one of measuring 
these two quantities. The block diagram of a circuit for accomplishing 
this is shown in Fig. 5. There we see the signal entering at the left 
and split into two parallel paths. The top path squares the signal and 
then integrates it to obtain the average power. This implements the 
denominator of Eq. (6). In the bottom string the signal is integrated 
to give the average signal which is then squared to give the average 
DC power corresponding to the numerator. The logarithms of the two 
signals are then subtracted to obtain a voltage proportional to the log 
of the averaging time. A meter with a log scale is used to read out 
the averaging time directly. 

The circuit indicated in Fig. 5 has been constructed and is shown 
in Fig. 6 but it has yet to be tested. Tests are expected with the same 
random signals used for the analysis in the preceding section. 
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Fig. 6.    Circuit board for c/eraqinq time meter. 
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C. Temporal Spectra Averaging Times 

It is of interest to examine the temporal spectra of random data 
as well as the time averages. Indeed Section III of this report contains 
analytical predictions for the form of the temporal spectra of log-amplitude, 
phase and nnase difference fluctuations for turbulence-degraded light 
beams. It is the object of this subsection to consider one averaging 
time prediction procedure (Blackman, 1958) as applied to phase difference 
temporal spectra. The prediction will then be interpreted to show that it 
provides one limitation on averaging times, but not necessarily the 
dosired limitation. 

The discussion is based on the expression for power spectral averaging 
times found in the literature (3163-1), (Blackman, 1958). The pertinent 
expression is 

(7) Tj 

where 

(8) We= 
[ W(f)df]' 

[w2(f)df 

T^ is the required averaging time, e is the relative mean square un- 
certainty in the power spectral measurement and We is a mean effective 
bandwidth. Analytical expressions for the power spectra for various 
propagation variables are calculated in Section III. These can be used 
to obtain analytical estimates for the mean bandwidth and therefore the 
averaging time using Eqs. ^7) and (8). We present such a calculation 
for a typical case of interest, phase difference measurement. 

For phase difference measurements the power spectrum W (f) 
predicted in Section III to have the form <Ss is 

(9a) W6s(f) 
-8/3 sin X 

1 + (U -4/3 

where 

(9b) K = .033 x (21r)
8/J xil ■x k2LCn2p8/3v 

(9c) X = 2TTfn/v 

(9d) R = 1.077p/L 

13 



tiirh,.i^.r !  1  p, Lo 1S the turbulence outer scale c2 u  thp 
turbulence structure parameter, and A = Z./k is the "ght ifivelength. 

time Ihe9expressionPl?naEP
Q
Pr0r^te eStim?te cf the Predicted ^eraglng 

tn three differen? region's/^ *** ^^ hy  itS l7mitin9 valu« 

(10) K 2/6R8/3 
0 .< X « R 

= X ■2/3/6 R < X 

= X" ■8/3 
6 « X 

and the integrations indicated in Eq. (8) were DPrfnrm«H  ThQ expression for W is given by performed. The resulting 

,-1 
(11) W"1 = (2Wv) 

4R ■1/3 
-ft- 

3-l/6 

rr- 
(e7'6 

i RV3) 

the range of values for the decor^l at on!? P =u015 m and e = 0.1. then 
.33 seconds, and thea^er^ino0   m'f ^    .! l^^V,- ^tween ^ *** .33 seconds. and-the'ave^ginrtS^rSetS'lS',^ ^g* ^ 

olution consistent with the desired precision goe^rom lü frequency resol 
to 15.0 Hz. 

may Ä SÄwo       1      t f   o9n 1m%baSe •0n
1?

ne Cn'terion ^ 
the ^correlation time ad no   ordes^edSct^1^ 1,t If baSed on 

cases the spectral resolution reguiremenJ wfn hf t[
eSOlUtl0"-•  In "^ 

requiring longer data duratlonThanpTSfcSJ^y^^^:6       ^ 0ne 

section o^dafa6 M^rinÄlIJ"'^ TT that we start *™ a 

spectrum.    It will have a   eso ution o?" /P?1^^^-^6 ««^«^ 
random there will probably be «MtSr In thl f '    Slnce the data is 

We could then group adjacent oointftnnpt^   frequency spectrum points, 
to reduce the scatter     Thi. ?n^L to9ether and average within a group 
by the uncerta n y princlp e     at    s rn. Ihi^6^1'^ frequency bandwid^ 
data section Into sSbsectlow   fi JlnT^El1? e^1va]ent to dividing the 
and averaging the   ubsect on^plctr   '        SPeCtrUm 0f each subsection 

D 
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The interpretation of We is that is provides a limiting largest 
bandwidth. It will do no good grouping spectral points with a bandwidth 
larger than Wg because the individual points would be no longer independent 
That is, grouping the data points into a larger frequency interval would 
be equivalent to dividing the time data section into subsections each 
shorter than the correlation time, and therefore into subsections which 
are no longer independent. 

If better frequency resolution is desired with scatter reduced, then 
a longer section of data must be used to provide a greater density of points 
in the spectrum and hence groups of smaller bandwidth but the same scattpr 
As indicated this is more apt to be the limiting factor on averaging time 
than is the coherence time limit indicated in Eq. (7). 

As an example, in the case considered, if it is desired examine 
frequencies below 1.0 Hz, than a 0.1 Hz resolution would be more 
appropriate than the range 3.0 to 15 Hz cited. One must go to a data 
section of 33 min. duration and group to provide more spectral points to 
average. r 

Summary 

To summarize the results of this section: three areas associated 
with averaging time have been considered. In the first area, an 
examination of a section of RADC propagation data on phase difference 
fluctuations indicated that sufficiently long averaging times had been 
chosen. In the second area, a real time averaging time meter had been 
designed and constructed. In the third area it was indicated that the 
limitation on averaging time for spectral data was probably the soectral 
resolution desired rather than the percentage uncertainty required 

16 
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II.    SLANT PATH CALCULATIONS 

A.   introduction 

turbulent f* SedJn detennin1ng the modulaHnn ;     hr wave s^ucture 

ofutfo.nsC.lcUl.t1o„s a„d part E r-J-^ JanD l^*^ 
B« . The Theory 

™^ii7ii:xphase st™«"- ^ a ,„c.„y taogeneous ,sotpop1c 

(1) 

J0 I.V   [aii        ♦„ (sn.L)dn> 

le 



where   p is the separation of the points under consideration 

k is source wave number in the unperturbed medium = — 
A 

L is the range 

< is the spatial frequency 

^ is the index of refraction structure function. 

The phase structure function equation is simply changed to the 
wave structure function D (p) by removing the cosine squared term in 
Eq. (1). w 

In the case of the larger separations the cosine term does not 
differ from unity during the significant part of the integration, 
then the phase structure function equals the wave structure function. 
For small separations, the cosine term oscillates rapidly during the 
significant part of the integration and Ds(p/Lo) is 1/2 Dw(p/L0). This 
is identical to the conclusion for the plane wave case. 

The elevation angle of arrival correlation function is related 
to the phase structure function by^ 

!   9
2
DC(P) 

(2a) B (p) = -L  * 
a     2^    3p^ 

and the azimuth angle correlation function by 

!    9DC(P) 
(2b) BR(p) =-'  x-i  . 

p    2k p   3p 

The angle of arrival variance is 

(2c) BJO) = BB(0). 

The Von Karman Index spectrum '    including inner scale is 
e.   x2 

2, (3) *n(K,n,L) = .033 C^(n) nv •" '      '"     V"' 77TV     „ n77x2\n/6 

/KL     ^o   V 
In     "0?J 

i&i^l) 
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2 

Cn(n) is the index of refraction structure constant. 

^0 = inner scale of turbulence 

L0 = outer scale of turbulence. 

exp;^1lt^^P^t1
h?1

S
c^07jh

n
a

e
t

d by —P-^ ««^ and direct 

^     Cn^) = Cn
2(H0) H(n)-4/3 

(5,    Lo(^ " W "(n) 

calcu^rs^^h^^'^rC^6^^--- Thenondi^ensionalized 
lustrates the beginning of a more comnrfhln'-6^ 0! situatl"ons and il- 
turbulence calculation^ VaccentuaT?nn n SJ-e unde^tanding of 
experimental quantities.'   ThJ"^^^^^ COmb1natl'0"s ^f 

(6) U ~= *W 

v = n/L 

HL   -   Hn 

Y = c  

L 

H(n) ■ (1 + ßv) 

outer scale dependence of'ttTbaienle'slat?;?^"" 
1nit1al 

(7) Ds(("VHo'' " -033 X 8 »2 C2(H0) L0(H0)
+5/3 A 
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The angle of arrival correlation functions are easily derived from 
the phase structure function using Eqs. (2a), (2b), and (7). 

C. Computer Generated Curves 

These calculations have been performed on an IBM model 360 computer 
using double precision arithmetic, and 96 point gaussian quadrature 
numerical integration. 

Figure 1 shows the normalized spherical wave phase structure function 
computed from Eq. (7) for an upward path for two HL/H0 ratios. 

The curves show very little saturation as is the case for infinite 
outer scale, because the expanding upward beam sees an ever increasing 
L0, so that a characteristic beam width is generally less than the local 
outer scale. For inner scales less than a few centimeters the ex- 
ponential term of Eq. (7) is essentially unity and therefore inner 
scale effects are not included in the phase structure function cal- 
culations. 

As an example of the use of this figure consider a 10y spherical 
wave source propagating along a 45° upward slant path starting at an 
elevation of 1 meter and ending at an elevation of 100 meters (L *J4ön). 
Further assume that the initial outer scale (L0) is 2 meters and C^ is 
10-14 m-2/3 at one meter altitude. Choose p = 1 meter . Hence the 
normalization factor k2 c2(H0)L0

5/3(Ho)L is 1.76. From the graph for 
HL/HQ = 100 and p/L0 = 1/2 we get 1.2 x 10-3 and calculate Ds(l m) = 2.11. 
If the path is lengthened so that HL = 1000 m (L = 1414) then D (1 m) = 
106. 

A similar computer calculation for a downward slant path is shown 
in Fig. 2, where the curve has been renormalized to the receiver altitude. 

Figure 3 shows the differential path contribution for HQ/H^ = 1000 
for the case considered in Fig. 2.  There we see a large contribution 
to the phase structure at the lower altitudes (end of downward path). 

p 
When the calculations of Figs. 2 and 3 are extended to large r /M \ 

values, the normalized phase structure function curve saturates   oV L/ 

like the horizontal path curves saturate, and the differential path 
contribution curve shows a more rapid increase near the transmitter end 
than at the receiver end just as in the horizontal path case. The data 
for large P/LO(HL) are not included because they are beyond the range 
of importance for practical applications. 
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Fig. 2. Normalized spherical wave phase structure function vs 
normalized separation for a downward path. 
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Figure 4 illustrates the small aperture azimuth angle of arrival 
correlation function9 or large aperture arrival angle variance for 
inclined and horizontal paths and Fig. 5 shows the same calculation 
for a verticdlly downward path. The 5.005 km initial altitude is 
greater than the limits set by Reference 6, but the equation is 
correct in the lower altitudes where the major contribution to the 
result is made and it is a reasonable extrapolation at the higher 
altitudes. 

IX 10» 

JlSiliONTAL 

■).\ 1.0 

SEPARATION ~  p  (METERS I , RADIUS   (m) 

XIO» 

Fig. 4. Spherical wave small aperture azimuth angle of arrival 
correlation vs separation and large aperture mean 
square angle of arrival vs aperture radius. 

Figure 6 shows the angle of arrival variance for a slightly inclined 
path. The L-V3 dependence can be determined analytically by dropping all 
but the most significant terms in the integral expression obtained by 
using Eq. (3) andfljin Eq. (2b). 

D. Summary 

Typical examples of the slant path spherical wave phase structure 
function, azimuth angle of arrival correlation function and angle of 
arrival variance have been calculated. 
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Fig. 6. Small aperture angle of arrival variance vs range for 
an upward slant path. 
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E.    Conclusions 

»h.« üaria:'0? of th0 turbulence statistics with elevation show 
* oL-  su^ta"tial ^crease in turbulence effects can be achieved bv 
avoidmg the lower atmosphere especially for the downward paJhs       ' 

S^ÄM^tlM-^^ 0f SPhen'Cal -Ve P---tion 
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HI.    OUTER SCALE EFFFCTS IN TURBULENCE nEORADED Llffln BEAM SF! CTRA 

A.    Introduction 

outer'scaireffear^Loa IZZ'l SPefrUm "^«tlons to include 

The flrT'^JaTn"^ S^sLT S^1/^ tW0 distinct —• 
urements because data need be Lken It ,!nT

rument time spectral meas- 
responding spatial corrIu*iJ«. J     •*?"]> one Point.    The cor- 
ments at many paiis of po?nJs     Th^^n SpeCtra re^ire measure- 
correlations and sptctrfa?. in ISlfl?0^ rea!on 1s that temPo^l 
with theoretical estima?es to a.l ?nSf1VeS.USeful quantities to compare 
lence parameters. ?h*s contex? tZs,™^ ^ atmosPheric turbu- 
averaging effects as do spatial mea^rnJn.n0J SUffer from aPerture 

time lags are large enough to reorLpnT^-11?03"56 readily available 
than those convenLtly avai?ab?e     ?hM<: ?ht,al seParatl'ons much larger 
with which to examine ou^e? scale'effects " 900d handle 

ciiffoV^rfn?^:^^^ (
1
Tatarski-' w ***       3 

new feature is the inc u. nn «i ,       ?"Vf te^or^  spectra.    The 
outer scale     The resS tT'nn o     «spatial  spectrum that contains the 

already gi^n ^7 n" ^   J ;Texnpr:srseioSnr;r'e!;tlyKSlm11ar to ^ 
mmimum of mathematical development obtained with a 

spherJc^f^avTc^TwnJV^t^13^"0"5 Ü111 be ^^'    The -1 
amplitude, phase and ohaJn^     ^^idered, expressions for log- 

be followed'^sim   a ^eriv tio'nr^r5?^^:? be1n9 derived-    ™s will 
cases the starting eguations w ?? J n,-        P ane wave case-    In both 
Expressions for 11»1tlM SJ« .L^.?!?*! ^ w1th basi"c ^oHs. 
the results are dlacusSd^c^Ä^I" subsequent sections j 

B« Calculations 

turbuIenJe4;;^^.^^!3"^- ««/j-t ass« T^'°" '"»" ^ 
v are coll,'near thltmroral'.nJLff-1^' »•P'raMon , and wind velocity 

»-..sM and BX,(C) Ä^ÄT^^-Ä^^»,^      fl 

lU)  "»..^ ■ t S (Bx.s (^ Q 
for spherical waves and (Tatarski. 1967) n 

D! 
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(lb) Rx.s^ ■ BXfS{vr) 

for the plane wave case. The subscripts x and s refer to log-amplitude 
and phase respectively. 

Equations (la) and (lb) show how large separation (p) turbulence 
statistics may be obtained by using the time lagged data from a 
moderately long record at one point. Further the temporal phase dif- 
ference correlation R6 (T) is given by 

(2a) RöS(T) = <Cs(r,t) - s(r+p,t)Xs(r-VT,t) - s(r+p-VT,t)> 

For a plane wave this reduces to 

(2b) Re8(T) = 2BS(VT) - BS(V(T-^) - BS(V(T+^)) 

and for a spherical wave 

Following previous work the temporal  spectrum (Tatarski. 1967) is 
given by * ,  ** 

(3) \,,H)-*f   dx CO$(2.f,)RX($(T) , 

For the spherical wave case the log-amplitude (upper sign) 
and phase (lower sign) correlation functions are given by 

(4)       BXtS(p) = zA2 
fo

L dz j^dK K.n(<) Jo ^jjl T cos KZ{i-Z) 
11 

?£SI? I \2Tr/k iS.the li9ht wavelength.    The index spectrum (Tatarski, 1961) to be used is 
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(5)     »(K). 0.033 CJ^^OZIV  +,2^ -11/6 

where Lp is the turbulence outer scale. The value of 1.077 for the 
coefficient of 1/Lo was chosen to give two limiting forms for the 
Index structure function 

f r2n2/3       I I i'np     p « L. 

(6)    D (p) . -j " 0 

Cn L0
2/3   P » L I n o    M  ^o 

?«*!lüLJ! a 1!9:I09 p10t of Dn(p) the break Point detemined by the 
intersection of the asymptotic forms occurs precisely at p = L . 

Following previous work (Clifford, 1971) Eqs. (5). (4) (la)  are 
substituted into Eq. (3) and the , integration is perfonL   The 
derivation is continued by substituting 

(7a) z/L = (u+l)/2 

and 

(7b) a' = {(<v/27rp)2 - He-2 

where 

(7c) ß2 = 1 + (1.077v/27rfLo)
2 

and 

(7d) n = 27rfL1/2/k1/2v 

and performing the a' integration in a fashion following that of 
Reference 1. The result is 

(8)   Wx>s - .132^/
2
k
2/3cn

2
L7/3v-lfi-8/3e-8/3(r(4/3)/r(11/6) 

x Re J du( 1+ expC-ifi2(u2-l)/4]{1F1(l/2;-l/3;iß
2fi2(u2-l)/4) 

+ (r(-4/3)r(ll/6)/7:1/2r(4/3)(iß2n2(u2-l)/4)4/3 

1F1(ll/6;7/3; iß2n2(u2-l)/4). 
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(5) »(tc) = 0.033 C 2 JVT.077 V 
<    V- 

-11/6 

where LQ is the turbulence outer scale. The value of 1.077 for the 
coefficient of 1/Lo was chosen to give two limiting forms for the 
index structure function 

(6) DJP) 

C2o2/3 Cnp 

r2 , 2/3 
Ln "-o 

« L 

P >> L 

?nfoIl!L?- a ]tg:l0g  Pl0t of Dn(p) the break Point detennined by the intersection of the asymptotic forms occurs precisely at p = L . 

Following previous work (Clifford, 1971) Eqs. (5). (4) Mai arp 
substituted into Eq. (3) and the x integration is performed.' The 
derivation is continued by substituting 

(7a) z/L = (u+l)/2 

and 

(7b) a' = {(KV/27TP)
2
 - Dß-2 

where 

(7c) ß2 = 1 + (1.077v/27TfL )2 
o 

and 

(7d) n = 27rfL1/2/k1/2v 

and performing the a'  integration in a fashion following that of 
Reference 1.    The result is a "■ 

(8)       WXjS - .m^V^VVn-^H^/rOVo) 
rl 

x Re du( 1+ expC-ifi2(u2-l)/4]{1F1(l/2;-l/3;iß2fi2(u2-l)/4) 

+ (r(-4/3)r(ll/6)/7r1/2r(4/3)(ißV(u2-l)/4)4/3 

,•02^2/..2 flW/W/Zi ißV(u^l)/4). 
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where 

(9a) . r(b) lFl(a;b;x).^   J 
n=0 

i'(a-ni) 
r(b+n) n: 

(9b) - r(b)' 
e-^ax-a r   rU+rprd+a-b-m)/ vv-n 

L_    vU\    r/Ua_h\nl    l-x/ r(b-a) nf0 r(a) r(1+a-b)ii 

. eV-0     y   r(b-a+n)    rM-a+n) x"" . 
+ rTiy~   A r(b-a)     r(t-a)      FT; 

3TT II I     \ OTT - -^ < arg(x) < |- 

Equation (8) is given because it is easily manipulated to give 
asymptotic forms. Note that the new information is in the factor 3 which 
contains the outer scale. Indeed Eq. (8) reduces to the corresponding 
equation in the appendixof (Clifford, 1971) if the outer scale becomes 
infinite. 

Using Egs. (9) to expand the functions in Eq. (8) in a power 
series in (u2-l) and using the stand J series expansion for e*, we 
integrate with respect to u to obtain the limiting forms for large 
and small n shown in Table I. The expansions have been carried out 
to a number of terms sufficient to indicate Mie predominant behavior. 
Again if B = " the expressions of (Clifford, 1971) result. 

The sphirical phase difference spectrum is obtained by following 
a similar procedure. Inserting Eqs. (5), (4) and (2c) into Eq. (3) 
and performing the T integration gives 

(10)    w6s(f) 0.264A2/V/3CnVV8/V8/3 • j^ duLos^jcos Vf 

where Eqs. (7) are used to convert to the new variables. With the 
exception of the B factor, this term is identical with Eq. (20) of 
(Clifford, 1971). Since ß > 1 the arguments given in that Reference for 
dropping the second integral are still valid with the result that 
W (f) has the form given in Table I for large and small f. 
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TABLE I 

The Limitinc) Case Results for Plane and Spherical 
Wave Time Spectra with Outer Scale as a Parameter 

v2^ 

P s f/fo;  fo- ~r=^ 0     0   V2TTXL 

PLANE WAVE 

ß 
2 _ (-W) 

log amplitude 

n3«l Wx(f) 

R&»1 W (f) 

- .850 cl^\7/V\uDAS^3^.2%-2^A30f8/3^/3) 
2.19 Cj;kw  L 

2.2/3. 7/3v-l(fiß)-8/3 

phase 

OS«! Ws(f) 

ftp»! Ws(f) 

4.38c2k2/3L7/V1(fi8)-8/3(l-.194(nß)^8/3) 

2.19c2k2/3L7/V1(fi3)-8/3 

phase difference 

o<< IS* w"(f) 
D» (XL) 

.066 °33k2k2Lv5/3 [l-coS(^)] B-8/3f-8/3 

SPHERICAL WAVE 

log amplitude 

l(l-C.645{ 

Q3»l WX(f) * 2.19 ChZ/\7/V\w)'m 
O0«l W (f) -  .191 C2k2/3L7/V1(l-C.64^4/3-.5733"2/3-.19l3-8/3]fi

4/3) 

phase 

ns«l ws(f) = 4.38 c^^L^V^ne)"8^^! - .0436{n8)8/3: 
n3»l w!(f) = 2.19 C2 k2/\7/\^{W) 

8/3 

P» (XL) 

phase difference 
r 

•f •033]- C2k2Lv5/3 [.066J LnK LV 1 - WT 
e-8/3 re/3 
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For the plane wave case, the log-amplitude (upper sign) and phase 
(lower sign) correlation functions are given by 

k 
(11) BXtS(f>) = 2ir2k2L die K J0(Kpnl + -j- 

0 !   K ' 
- -"(T) V") 

Substituting Eqs. (11), (5) and (lb) into (3), performing the T in- 
tegration and substituting Eqs. (7c) and (7d) and 

(12) 

gives 

z = fi2((KV/2iTf)2.l) 

(13)     Wx s(f) = .033TT2k2/3L7/3C2v"1 dz z ■1/2 

0 (z+fi2)    J 
(z+3V)"11/6 

A convenient closed form for the z integration has not been found, 
*•'     it can be put into a form useful for limiting cases by employing 

14) sin(x+a) u 
Tx+a) 

1 
db coslb (x+a)j 

in Eq.  (13) and performing the z integration to yield 

Wv c(f) = .033Tr5/2k2/3L7/3C2r(4/3)r-1(ll/6)n-8/33-8/3. 

+ r(-4/3)r(ll/6)r"l(4/3)lT"
l/2(-ibn2e2)4/31Fl(ll/6;7/3;-ibß

2n2)j 

(15) 

x,s 

1 + Re 

Employing the series forms for the hypergeometric functions given in 
Eqs. (9) for large and small Q  then gives the expressions quoted in 
Table I. 

The plane wave phase difference spectrum is obtained quite simply 
by inserting Eq. (2b) into Eq. (3) and using the shifting theorem., 
for a real even function. The result is 

(16) W6s(f) = 2 Ml ws(f) 1 - COS 

Equation (16) is also used in finding entries for Table I. 
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C. Discussion 

A comparison of two limiting values for each temporal spectrum in 
Table I reveals that only the log-amplitude has a significant change 
in form in going from one limiting case to the other. For the time 
lagged phase and power phase difference spectra, the change from one 
limiting expression to the other would probably be undetectable ex- 
perimentally. 

The main point of interest in the inclusion of outer scale effects 
into the temporal spectrum calculations is the effect on low frequency 
behavior. To this end the low frequency limits associated with the 
expressions given in Table I have been extracted, and are presented 
in Table II. They apply for the case where f << 1.077V/2TTL0, i.e., 
the period of the frequency being measured is greater than the time 
required for the turbulence field to traverse a distance of one outer 
scale. (Extremely long averaging times or sophisticated data processing 
schemes may be required in some cases to obtain such data.) In any case, 
an interesting point is that the log-amplitude and phase spectra 
approach a constant limit. 

The spherical wave phase difference spectrum is of special interest 
because it is being measured at RADC. It may be put into a convenient 
nondimensional form by using dimension!ess variable combinations. The 
form is 

(  2TTfp\/n.077p>\ 

\~KS~) and Vf' 

(17) |-(f^"8/3 
NiA cj; p5/3 

si 

to yield 

:M 

N = 0.033 (2Tr)8/3 . \\ 

^4.44 111 i 
I 

Figure 1  is a log-log plot of Eq.  (17) when p « LQ. 
2rfp = 1.077p 

v     L, 
slope is +2 until the 1st break point of 

is -2/3. The slope then becomes -8/3 after the 2nd Break point of 

The initial 

where the slope 
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PLANF WAVE 

TABLE II 

Low Frequency Asymptotic Results f « I-p77v 

ZnLo 

Log Amplitude 

•^ « l-o     Wx(f)=.850cJk2/3L7/3v 

Phase 

AC « L0     Ws(f) - 4 

^»L0     Ws(f) = 2...fr 

8/'/ IV    o    /        J     ■> 

19C2k2L v-Y^o If   Lo    \ 

Phase difference 

" 5 "..«■{•*Ä}'i!A,-'(^r)W[,. c.s(?j££)J 

SPHERICAL WAVE 

Log Amplitude 

^ « L0 Wx(f)..191Cn
2
k
2/3L^V1 [l-^)4/3(t)2/3{^5..573(^ 

2'fLo t /Zvfl    \4l 

8/3 

« « L. „,(„ . ,.3» CJA,-'  (^j     [, . .«»[(LfZlJ        j.] 4/3] 
«»L^m-j.iüc^i/'^j 

Phase 

Phase difference 

-^w (n JWCVLV-^1» r i sin(^) 
(^) 
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0.001 

Fig. 1. Normalized phase difference spectra vs normalized 
separation when the wind direction is parallel to 
the separation. 
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D. Conclusions 

The previously published temporal spectra for infinite outer scale 
have been directly extended to finite outer scales thereby verifying 
the conclusion that outer scale effacts only become important when the 
period of the temporal frequency under consideration is comparable with 
or longer than the time it takes the wind to move the turbulence one 
outer scale length. For low temporal frequencies an additional outer 
scale dependent break point is added to the frequency spectra, and hence 
low frequency temporal spectra can be used to obtain the outer scale as 
a check of meteorological measurements. 
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IV. SUMMARY AND CONCLUSIONS 

To review, in the final technical report three areas were considered, 
and one appendix was presented. The areas were averaging times for 
propagation data, the calculation of predicted results for various 
slant path measurements and the calculation of expressions for temporal 
spectra of several propagatior. functions. The appendix presented a 
suggested redefinition for the well known coherence length. 

In the area of averaging times an examination of some typical 
RADC propagation data showed that the averaging times were sufficiently 
long to assure, that for the mean square value, there would be less 
than ten percent variation between ensemble and time averages and less 
than ten percent variation between any given average and the stationary 
value. The design of a re^l-time averaging-time meter to give required 
averaging time while data is being recorded was also discussed. Finally 
the limitations to the averaging time of temporal spectra were con- 
sidered. It was indicated that the scatter of spectral values is a 
lesser restriction on averaging time than is the frequency resolution 
desired. 

In the area of slant path calculations, computer evaluated ex- 
pressions for the phase structure function and angle of arrival cor- 
relation functions for spherical waves were presented. These plots 
show the nonreciprocal effect of the atmosphere on beams propagating 
upward and downward in the atmosphere. Other curves of the differential 
path contribution show the exceptionally deleterious effect of the lower 
atmospheric layer on downward traveling spherical waves, indicating the 
desirability of avoiding when possible the lower atmospheric layer. 

In the study of temporal spectra, expressions given in the 
literature for spectra of log-amplitude, phase and phase difference of 
atmospherically degraded beams were extended to include outer scale 
effects. The results for phase difference spectra indicate for 
example, a quadratic behavior at low frequencies not heretofore known. 

The appendix contains a recommendation that the coherence length, r0, 
be redefined in some cases depending on the outer scale. Specifically, 
when the coherence length is greater than twice the outer scale, it has 
negligible effect on optical parameters and should not be considered. 
For values of the coherence length less than twice the outer scale it 
should be defined as before. 
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APPENDIX: 
COHERENCE LENGTH REDEFINITION 

A. Introduction 

horizontal path of length LwavPPnnth5* /?[ a P.Une wave over a 

parameter C*. r0 is qi?en bv tZlTJ,  ' = 2n/k and tlJrb"lence structure 
(6.88/2.91 PLcg)3/5?e     y the Wel    known Session r0 - 

might be noted. errects 01  a finite outer scale 

the sttnT^i Sä0: Mirs^?^ inT&isme 0f 

length S^lÄirS^t fSS'L*^ eXte!:Si0'! of the c°he™« 
coherence .Är^^rtS S ^^„^Ät^,^ 
B. Review 

defined Z ^^ ^ thlTÄn^L^ COherenCe len^H was 
assumed. S Sectlon an infinite outer scale will be 

Signal-to-Noise Ratio 

receiver detecting an atmo5pher??äl"y 5eä?aded ^0^?'^Lhet?.r0dy,'e 

guant™ efflden?; n and o? dlle er J "TLT'SS Ph°rodet'*t°'- of 
for the ens^.e Lerage slgn^^ll^ SS.^^.TS'^ 
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(1) ^•(i)^x<llE(?l,dFll2> 

where 

e = electron charge, 

E(r,) = electric field of atmosphericaTly degraded beam at point F, on 
photodetector surface, and 

angular brackets denote ensemble average. 

The expression given in Eq. (1) is simplified in Appendix A with 
the final result 

(2a)    ^ ■ (f)^- x * x [8 jp r dr T{r) M(r)] 
where 

r = magnitude of separation of two points on detector surface 

(2b) T(r) = transfer function of circular aperture 

cos tl-iRö2] 
(2c) M(r) = atmospheric transfer function 

= exp ( -ytyr)) 

(2d) Dw(r) = wave structure function 

■ Ar5'3. 

The parameter A is defined by Eq. (2d) and will be evaluated subsequently. 

In the absence of turbulent fluctuations or in the limit of very 
small aperture diameters M(r) % 1 and the signal-to-noise ratio is, 
(see Appendix A) 

/o\     <S>  _ n <lEr> TTD 
o)       ir-e-T—r   . 
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(4) <S>/N 
^ 

/6.88 6.88 \ .6/5 

diameter. D has b^^^^J'.^'^.S^XX'^" 

(5) r. = (6.88/A)3/5, 

Sfrl E'rSlÄ^ra^'Ü1!!9 "T»' tTizontal path (Fried   1967) 

s^nal-to-noise ratio/ SU.TÄ^.'l'Ä^ J^ÄT 

is done by defiSin, a new Jüantitv   ?^C%rd.-he ,1mit,'n9 cases-   This 

we SbuS! (foTanlnf^ft; SSter^ca^r'3' ^ EqS-  {^ *"* (3) 

(6a) D eff 

(6b) 

8 J    rdr T(r) M(r) |1/2 

8  !    rdr     £ 
0 

cos •'OHJ'-OO2 1 
7x 6.88^-1 

vV3 1/2 

te™^? O^^^rh:!:^ ^ s^na,-t„-noise ratio, expressed in 

(7) Si.Milflfi ^i ^•(0 eff 

ap0ert^eaaVreraag:Di^!-t0-n0,Se rati0 1s ^POrtlOMl to the effective 

i 

I 

D 

. 

. 
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sc.leDtherf ?sem^UJ„tehfire-t1i ^e I"1"** "'« f<"- ^^te outer 

Imaging Resolution 

imaglnWF??irmJrVhÄJ1v IT? int0 the theor>' of «tmospherlc 

the spatial spectrum 1s then defined (Fried. 1966) .TthI JeÄSj^R. 

(Sa) R = |fT(f) M(f) dT. 

The resolution Is more commonly written bv exoressino it in t»™, „* 

IT. ISaTcaTKÄT diffe— ^ S-r^.Ma^ t0 

rD 
(8b) R • ^L_.f    T(r) M(r) rdr 

(Ad.)^ ■'0 

»rj^Ä^i ^eartrsT5:cse;;
n

g^^
ed,'ately expressed in te™s 

n2 

(8c) R =  1    ^ 

Thus the resolution is also a function of the effective aperture area. 

Strehl Imaging Intensity Ratio 

r*finFOu  ^P^ic imaging we also consider the Strehl intensity 
ratio. D. also called the Strehl definition (O'Neill. 1963) 

(9a) D = <I(0)>/Io(0). 

cpnJprVth r3ti0 ;fthe.ensemble average intensity <I(0)> in the 
center of the degraded point image to Io(0). the intens tv in fh« 
center of the point image in the^bsencrof atmosJReHc d^gJadation. 
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familiar form "ppencnx L) it takes on a 

fD 

M(r)T(r)r dr 
(9b) D . iO  

T(r)r dr 
•'0 

in terms of the effective aperture diameter this becomes 

(9c) D- f^JL.)   . 

diameter.      reso,utlc,n' R' and a function of the effective aperture 

Imaged Spot Size 

rm^: Z Ädl^ll.TcS?' l^r^^"^ 1th »».spheric 
teras of the ensmhle average IntensUy' luHu ThfJs defi,'ed '" 

?nvnrff 'Tt.'Szrthe -«'• 'A??; «A iJiiL 

T^        <I(0)> 

AppendJx'c™5 ^ the anCrtU,"e ["ane VanaMes this h^omes (see 

dob)      d0
2 =2|x J^il 

8jM(r)T(r)r dr 

and finally m terms of the effective diameter. 

00c)   d . t^l 
O     TT 

eff 
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|<|E(^)|2> 
<lE(o)| 

Fig. 1. Illustration of effective spot size definition. 

Focuseo Spot Size 

f.h Vll^i 0rVan consider the size of  a spot focussed through the 
turbu ent atmosphere onto a receiving plane. The focused spot size 
^on^T  dffinedTexactly as the imaged spot size in terms of an 
integral scale of I(p2), the intensity in the receiving plane. 

^la,   T-   1(0) 

It is shown in Appendix D that the expression for lG0) is formally 

Jl^1S?l^th Hth^ f0r fhe inia9e plane intensity wh^ thl   ma™e   * plane distance di is replaced by the range, L.    The resultina ex- 
pression for the focussed spot size is then ^suiting ex 

(lib) d. = i 
eff 

rI«hqen^ca0t?JnfmC-Sded/dt0 -TM    SPOt s1zes
1^

dO ^ then the geometrical magnincation m - df/d0 = L/di as one would expect. 
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has treated casesthat onalnateJ J^-'e'-■tThe Pre«d'"fl dlscusslc 

C.    Examination of D ^J- 
cff 

be thl^'as^n^r ^ITl^UT ^  effeCtS w111 ^^ 
extended to include outer .ca?P

(fLWLh the wave structure ^"ction 

(12) Df„ = 8  rdr I eff = 8  rdr f il^iify^ co  -i ■ i  ■ i i  / r- i i   7 uiVl') 

«P.ctÄlcMnctdSs^r^cJle'ÄSs!1121"9 ' tUrMe'Ke Spatial 

.,   , 0.033 C2 

(13)  *(K)  = .1  
\n76 

DMU^lzliW was/5osen t0 sat1sfy two criteria:    for r « L Un r; - c^ K/J, and for r » int on(r) = r2|2/3     TUI *   *       5' ) 
•rises because of the second cr?^! .s^tcussJlA?! E;0" ' 

waves^1^^arEq
Ws!e,?JaTr(1

fSE5!V0esSpef?tr
1-vPI?r a,,d SPhen•Ca, D 

D 
0 



(14a)    Du,n(r) ::= S^k2  L f D - Jn(Kr)>n(K)K OK 

(14b)   Dws(r) = sA2^ dn (tj  |o t>J0(.r)>(f) K ,, 

These two functions are plotted in Fig. 2. They have the expected 
behavior. For small values of r 

(14c)   D...» = | Dwn(r) = | 2.41 k2L cj; r5/3 ws 5" V 

Both of these will be represented by the infinite outer scale ex- 
pression 

(14d) Vs = 6.88(r/r0)
5/3 = 6.88(r/ropjS)5/3 

where rop, and ros are given in Eqs.(B7) and (BIO). For large values 
of r they both saturate at the same value which is shown in Appendix 
E to be 

O^e)   D  f«) = 1.381 k2lC2
n I

5/3 

ws,p n o 

The fact that the wave variance, Bw(0) = -^ ^H» was the same for 

both plane and spherical documents the fact that the mean square log 
amplitude plus phase fluctuation generated along a single line, con- 
necting transmitter and receiver depends only upon the path and not 
upon the type of wave either side of the path. 

We can now also write the infinite separation value Dw(<») in 
terms of the coherence length for plane and spherical waves, re- 
spectively. 

(15a) 

(15b) 

D    (») wpv  ' 

L_ Y 

" 3-265fej 
5/3 

DWSW = 8 ■"Cd 
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The limiting expressions for Dw will now be used in the calculation 
of asymptotic forms for the effective diameter. 

To provide a feeling for how the effective diameter should behave 
for various ranges of the actual aperture diameter we qualitatively 
examine the integral expression. Eq. (11), for the various cases of 
interest. The procedure will be to sketch curves for the various 
factors in the integral definition to demonstrate the limiting cases 
The two factors of interest are the optical transfer function, 

T(r) = - cos" jjj- ^yi - (r/D)2' which goes from 1 at r = 0 to 0 at 

r = D and the atmospheric transfer function M(r) = exn f- i D (r)\ 
f    / \5/3) ' V 2 w / 

which drops off as exp|-3.44 /f-j  [for r < < ln  and assumes the 

limiting value of expJ- ■£ (L0/r )S/3\ 

constant C depends on the type of wave 
for r » L0. The value of the 

Cl , .       ,    ; ; "    - -- as reflected in Eqs. (15). 
Sketches of T(r) and M(r) are shown in Fig. 3a. From Eqs. (12), 
the effective diameter is then the square root of area under the curved 
formed from r times the product of the two curves. 

We now sketch the two curves for various ranges of D. 

Case I. D « r0 « L0 (see Fig. 3b). 

This is the infinite outer scale small aperture case considered in the 
previous section. M(r) is essentially constant for 0 < r < D so that 

(16a)   Deff = fs jD dr r T(r)l1/2 = D. 

Case II. r « D « L (see Fig. 3c). o      "o 

This is the large aperture case considered earlier. T(r) is essentially 
constant over the range where M(r) is significant, so that 

ro 
(16b) Deff = \~j   rdr exp {-3.44(r/ro)

5/3}l1/2 

Case III.    D » r0 » L0 (see Fig. 3d). 

This case is new. In this case M(r) drops to an asymptotic value 
before T(r) goes to zero so that 
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(17a)        M(r) ^ exp {-i C(Lft/rJ
5/3 } 

over almost all of the range 0 ^ r ^ D and 

(17b) Diff % [exp{- \ C(L0/r0)
5/3} x 8 f drr T(r)]1/2 

= Dexp{-|c(L0/r0)
5/3} = Dexp{-|DwH} . 

Thus Deff is again proportional to D, this time the constant of pro- 
portionalUy being exp(- 1/4 Dw (-)). These three regions are shown 
in the Irg-log sketch of Deff vs D in Fig. 4. 

exp{-|Dw(cD)} 

A i 

Deff 

REGION I      REGION 2 REGION 3 

Fig. 4. Sketch of Deff vs D showing various regions. 

The significant point here is in the behavior in region III 
For small values of the ratio L9/r0 the sidestep as detennined from 
the factor exp {- C/4 (LQ/r0)573} is negligible and the line in 
region III is a continuation of the line in region I. For that case 
the behavior is no different from the infinite outer scale case 
discussed in the first section. However, for larger values of Ln/r*. 
the line in region III is sidestepped significantly and the behavior 
in the two regions is different. 

The difference in the two regions is indicated by the amount of 
sidestep obtained from the expression exp {- C/4 (Ln/rn)5/3}  j^is 
quantity is plotted as a function of L0/r0 in Fig. Bfo? both plane and 
spherical waves. There we see that for LQ equal to r0 the sidestep is 
1/0.4 = 2.5 for plane waves. (Actually the factor exp {- C/4 (L /r )5/3} 

"o' o; 
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gives a change in the vertical position which is then translated into a 
sidestep of 1/exp (- C/4 (L0/r0)

5/3}. jhe corresponding value for 
spherical waves is 1/0.10 for spherical waves. For the outer scale one 
half the coherence length, the straight line portions in regions I and 
III of the Deff vs D graph should be within a factor of 2.5 of each other 
for both plane and spherical waves. This will be used in the next section 
where a suggested extension of the definition of the outer scale will be 
presented. 

O.IO 
0. 

PLANE WAVE 

J I  I  I i I I 
0.2   0.3 0.4   0.6 0.8 1.0 

Fig. 5. Graph of effective diameter Deff vs Lo/r0 for plane 
and spherical waves. 

D. Extension of the Definition of r 

In the previous section we examined the limiting cases of the 
behavior of the effective diameter as a function of outer scale and 
coherence length, and noted that with finite but large outer scale, 
Deff saturates at the value ro as it did with infinite outer scale. 
Indeed with outer scale less than half the coherence length, the curve 
of Deff versus D would show less than a factor of two variation in going 
from D less than Lo to D greater than LQ. This behavior is indicated 
more clearly in Fig. 6 where we see computed plots of Deff vs D 

  "     '     '    Lo 
covering the range of D much less than L0 to much greater than 
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100 

1.0 10 
APERTURE DIAMETER    0 

100 

Fig. 6. Effective öperture diameter Deff vs actual diameter 
for various values of ratio outer scale to 
coherence length (L/r I for a spherical wave. 
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for several ratios of L0/rp. We see that for L0/r0 < 1 the transition 
from one straight line portion of the Dgff versus D curve to the other 
is nearly undetectable. Therefore a representative generalization 
when L0/r0 < 1 is that the Deff versus D curve is essentially the no 
turbulence case, where Deff = D. 

Thus it is recomrnended that the coherence length not be defined 
for cases of outer scale less than one half the coherence length, and 
that tor cases with outer scale greater than one half the coherence 
length the definition of coherence length for infinite outer scale be 
retained.This extension is the formal embodiment of the fact that the 
coherence length is a useful quantity for r0 < LQ but that for ro> L0 
the behavior is essentially that of the no-turbulence case. 

E. Discussion 

There are a few loose ends yet to pick up. The first is a dis- 
cussion of the physical behavior for the r0 > L0 case. Basically the 
meaning is contained in the wave variance Bw(0) = .69 k2 LC^ L5/^ which 
is the maximum value of Dw(r)/2. In terms of Bw(0) the larges? ratio 
of Deff/D is exp(- 1/2 Bw(0)). When the maximum phase variance is less 
than 0.5 radS i.e., 0.707 rad RMS deviation or less than a quarter wave, 
then the optical effects of the atmosphere are essentially negligible. 
In such a case the resolution will be unimparied. For such a case a 
quantity which measures the atmospheric resolution degradation will 
cease to have it., full meaning and can be safely neglected. 

F. Summary and Conclusions 

In this appendix we have considered the effects of atmospheric 
turbuience on optical heterodyne detection and on optical resolution 
and spot size. Specifically we considered the case when the outer 
scale of turbulence is comparable with the coherence length, r0, and 
suggested an extension of the definition of the coherence length. 

First the heterodyne signal-to-noise ratio and the imaging 
quantities were shown to all be functions of the effective aperture 
diameter, a quantity which, for infinite outer scale, is equal to 
the aperture diameter for very small apertures, and is equal to the 
coherence length for very large diameters. 

The effective aperture diameter was then investigated for finite 
outer scales. It was found that when the outer scale was small enough 
to be less than one half the coherence length that the effective aper- 
ture diameter varied with actual diameter essentially as if there were 
no turbulence. Thus it is recommended that when the outer scale of 
turbulence was less than half the coherence length that the coherence 
length be undefined and that when the outer scale is larger than the 
coherence length that the usual definition of coherence length apply' 
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APPENDIX A 

In ^ Wndix are presented the steps r.o    .;iy io redlJC0 

he I l^M^wilri.^^1"! certain .limiting cases.    Writirv the ensemble average square of     eta r     ?   « a douh! 
integral and exchanging integrations and suJation   ive     ' d0Ubl 

ng 
e 

(Al)<(|E(r1)dr1|
2> = <       f|     E(rj) E*(r}) dr, «Ff > 

aperture 

<E(r1
,)E*(r1")>dFjdry . 

aperture 

^wnch ^ sum and difference coordinates F = r\ - r? and IT = 

^rn^T/2.    Using the definition of the atmospheric mutual coherence 
function,  (Fried, 1967), 

(A2)      <E(r})EMf»)> =<|E|2> MdFj - p.|) = <,E,2> M(F)| 

and using the aperture function f(F1), given by 

(A3) 

we have 

'(r,) =< 
i;   1^1 < D 

0;   F, | > D , 

a 

m      <l/E(F1)dF1|
2> =||]| f(F.) f(rJ)<E(r1')E*(r})>   dF,-dF; 

(A5) ■ <|Er> dFM(r) dRfon-f) f(ir-j)l. 
> J 

T(r) Jy6 ^ 1nte9ral iS related t0 the ^erture transfer functi on 

(A6) 

nri 

/|dirf(^4)f (f.r)HT(r)  ff^^.jDi  ,. 
-00 ''d 

— CO 

58 



For a circular aperture 

(A7) :(r) =4 cos U&H*)2 

(A8) 

Inserting Eq. (A6) into Eq. (A5) gives 

<|JE(r1)dF1|
2> = <|El2>^-|jdFM(r)T(r) 

Since M(r) and T(r) are functions of r, magnitude of r, we switch to 
polar coordinates and perform the angular integration, giving 

(A9)    <|JE(F1)dF1|
2> = <|E|2>^_ j r dr M(r) T(r). 

Equation (A9) is the desired result. Inserting Eq. (A9) into 
Eq. (1) gives Eq. (lb)! 

Equation (A9) can be examined for two limiting cases. For 
aperture diameters small compared with the coherence length M(r) is 
constant over the region of interest and 

(A10) lJE(r1)dF1p 
o  2n2 rD 

<!E|2>^- r dr 
0 * l[™\$ 

(All) |E|2> 

This is used in the derivation of Eq. (2). 

For aperture diameter, D, much larger than the coherence length, 
T(r) = 1 over the region of interest, and Eq. (A9) becomes 

.- ,2 
2^2 

,2      TT   0 (A12) <|jE(F1)dF1|S = <|E|S^_  j 

(Al 3) 

r dr e 
^Ar5* 

?      2n2 '(I) 
6/5 

x 3 r(6/5) X I 
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(Al 4) = <|E|2>"2 D2 ~r f2  x 3.44 \6/5 

Equation (A14) is used in the derivation of Eq. (4). 
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APPENDIX B 

In this appendix we present general expressions for coherence 
length for plane and spherical waves for cases where C^ is a function 
of range. First consider the plane wave case 

(Bl) 

Taking 

Dw(r) = 8 A2 dz dtc K<i>n(K) [1 - J0(KP)] 

(B2)    t(k) = 0.33C2(z)<"11/3 

and making the substitutions 

(B3)    u = Kp 

and 

(B4) 

gives 

(B5) 

v = z/L 

Djr) = .033 x 8iT2k2Lr5/3       dv C2(vL)       du u_8/5 [1 - J (u)] 
JQ h 0 W 

Further, from Eqs. (2d) and (5) of the main text. 
,5/3 

6. (B6)   Dw(r) '■■'{hi 
Using known values for the u integral, (Tatarski, 1961, p. 269) and 

ts 

3/5 

solving for r gives the desired results o 

(B7a) 6.88 

2.91 ri 
T 

0 
dv C^(Lv) 

and when C   is a constant n 

(B7b) 6.88 
 2 ? 
2.91 r L Cjj 

3/5 

61 



For a spherical wave 

(B8) DW(P) = sA2 dz (ylodKK$n(K i 1 - J0(KP)] 

substituting for *(K) from Eq. (B2), for K and z from (B3) and (B4) 
respectively, and simplifying gives 

(39) 
1 

Dw(p) = 0.033 x 8Tr2k2Lp5/3  I    dv v5/3 C2(Lv)   f duD-J (u):u-8/3 

in n ]n o 

Evaluating the u integral and solving for r   using Eq.  (B6) gives 

l3/5 
6.88 

2.91 k^L  f1 du ub/3 C2(Lu) 

JO 

(BlOa) ro = 

2 
and when Cn is a constant 

(BlOb) ro = 
6.88 

ß/5 

(2.91)^(3/8) kZL C2 

Equations (B7) and (BIO) are the last results of this appendix, general 
formulas for the coherence length,fr0)when C? is a function of longitudinal 
fJU J I L I Uli • 
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APPENDIX C 

In this appendix we present derivations of several expressions for 
imagine) situations. The first is the derivation relatinn the normalized 
Fourier transformation of the imago plane intensity I(r2) to the 
spectrum i(f)M(f) and also to the integral over the input aperture in 
Eq. {6b). The spectrum of the image plane intensity is given by 

(Cl) P(f) ■ei27T7.?2 <I(F2)> dF2 . 

In Eq. (Cl) T is spatial frequency in cycles per meter. 

The image plane intensity is related to the input plane fields by the 
well  known relationship 

.. k   - 

(C2) <I^2)>=(^T)   <||lEh)e      i 
H7 rl * r2 

dr 1 

{C3) (^JiJd7Jldri,,<E(rr)E^ii,)>e i 
ifCF,'^")  .r2 

Following steps identical to those in Appendix A we switch to the same 
sum and difference coordinates, express <E(r]' )E(r-i")> in terms of the 
atmospheric transfer function, and perform the integration over the 
sum coordinate, IT.    The result is comparable to Eq.  (A8) and reduces 
to Eq.  (A8) for r2 = 0.    The result is 

("' ^ ■ fej <|E| >-7rj dr T(r) M(r) e 
di 

inserting this expression for I(r2) into Eq.   (Cl) and performing the 
r« integration gives 

(CB)       P(f) 03 < E    > 
2    ^D' 

T" dr T(r)M(r)6 
(2"T + ^F) 

We note that P(0) can be easily evaluated since M(0) = T(0) =1. The 
result is 

(C6)    P(0) = <|E|2>^- 
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tPrJ?räJ:he ' 1!IteSrai1on ^ Eq-  (C5) and normalizing the result 
of l!^)?     S     e deSired reSUltj the f0rm of the "onnallzed transform 

(C6) ^|= T(Adif) M(Ad.f). 

pTürdf 

is 

(C7) 

(C8) 

-f^T my fe)2i dr T(r)M(r) 

_    2Tr 

(Ad,)^    ^0 
7 r dr ^r) M(r) 

Eq.  (C8) is another desired result. 

ratio^we^se^a^^Sf^nH6 PlaJe,eXreSSion for the Strehl intensity 
oration."Ihe'resuU Is   ^^ * Perf0n,,ing the ™^ ? ^- 

{C9) D 1(0) 2^ ) rdr T(r)M(r) 

2TT     rdr T(r) 

use EJ? (ci?!" nV^tt T
sro) -1S(oTr rdefined in Eq-(10a)we 

(CIO)        | <i(F2)> d72 .<|E(2>Ij£ 

and 

(Cll) :I(0): fej <|E|2>   2j-    |ldFT(r)M(r) 
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(C12) i^J^   4-   x 2. | rdr x(r)M(r) 

ves 
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APPENDIX D 

In this appendix we consider e light beam that is focused through 
a turbulent atmosphere to a beam waist. An expression is derived for 
the focused spot size in that situation. The development parallels 
that of deWolf (deWolf, 1971) but the definition is one which reduces 
to proper values in the case of vanishing turbulence and finite aperture. 

Let the transmitting aperture and observation planes be designated 
respectively by transverse coordinates p-| and po and longitudinal values 
zi and z?. Then assuming the limitations of Fresnel diffraction, Epjpo) 
the field at the observation plane is given by c    d 

2 
Po 

-1k(L +5r ) /.. 2. 
(M,   E2,p2,. + Ji-_  m^exopl) 

expte {P1
2
-2P1-P2)JB(?1W where 

(D-lb)   E(P1) exp(-ikp^/2L) is the transmitting aperture plane field 

(D-lc)   L = z2 - z1 

(D-lc)   B(P1,P2) = modification to Greens function due to turbulent 
atmosphere. 

The ensemble average irradiance pattern, I(p2) in the focal plane, R=L 

(D-2)   I(p2) = <|E2(72)|
2> = 

Ä) HU  V^l E^)E*^) e1" T?.  '   (V^P <B(F1.F2)B*(F1
,,F2)> (: 

Assumiiig an isotropic reciprocal atmosphere (DeWolf, 1971), 
<
B(PI,P2) ß*(pj,P2)> is the spherical wave atmospheric transfer 
function 

(D-3)   MTVTZ)  B*(71
,.F2)> = M(|^- tz\)  = expC-^d^-F]!) 

where ^(IP^-P"] |) is the spherical wave structure function. 
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Writing Eq. (D3) in terms of sum and difference coordinates 

(D-4a)   r = "., - ~\ 

(D-4b)   W = ~y—!- 

gives 

(D5) I(p2) WJ. dr e 
-y)ws(r) + ^ p2.r 

rr   r d^E1(^ + ^ ) E|(F-^ ) 

The inner integral is related to the aperture transfer function, 
T(F). For the usual case of a round aperture of diameter D illuminated 
by light of constant intensity, IE, |2, the inner integral is given in 
Eq. (A-5) by 

(D-6) 
2 TTD' dR E1(^+J) E^-Jr) = lE^^-x T(r) 

where T(r) is the aperture transfer function 

:(r) " f (D-7) 

and 

(D.8)   K^-^J^IE,^ dr M(r) T(r) e 
j— P2 

The focused spot size is defined by the normalized integral scale 
as was the imaged focused spot size (see Appendix A) 

(D-9) 
ird 

ff 

1 
"T" 

I(p2)dp2 

IW 

This definition has the advantage that it is applicable to gaussian 
beams as well as evenly illuminated apertures, and reduces to the 
standard finite well definied value for an evenly illuminated aperture 
in the absence of turbulence. 
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Equation (D-9) is simply evaluated by notinn that Ea fD-fi^ I« 

d an Y lÄJJ1*!:1^ Eq- (C-4) if we interchange '' and % ad 
d, and L and that the numerator and denominator of Eq (D-9)2havG 

^ITZ Jr?D:9!cil0) a"d (c-'2) ™"'™y- ^llnm 

(D-'0'   df = ^ 

rS I^^J^^A^XV^ r- the freused spot size is m, where 

do.d1 

m is merely the geometrical magnification as one might expect. 
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APPENDIX E 

In this appendix we present the integrals which determine the 
numerical constants in the Von Karmann index spectrum, let us assume 
that the spectrum has the form 

(E-l)   *n(K) = C* A/((B/L0)
2 +K2)11/6 

v   is the magnitude of the three-dimensional spatial frequency. 
We determine the constants A and B by the requirements placed on the 
associated structure function, D (r) 

n 

(E-2)   Dn(r) = cJI r
2/3  r « L0 

(E-3)    \W-Z\^      r»L0 

This choice is made so that on a log-log plot of Dn(r) vs r, then 
extensions of these asymptotic lines intersect at r=L0 giving the 
effective breakpoint at that value. 

For an isotropic spectrum, the spectrum and structure function are 
related by 

oo 

(E-4)   Dn(r) = 8. j A - ^f-\  o(K)K2dK 

Inserting Eq. (E-l) into Eq. (E-4) and making approximation (E-2) 
gives 

oo 

(E-5) CnV/3 = 8. C2 A |   A  - liiLJSn) K-5/3 ^ 

Using (Tatarski, 1961, p. 270), we have 

(E-6) C2 r2/3 = 8Tr C2 Ar2/3 x TT/2r (8/3) sin U/S) 

where  r(x) is the gamma function.    Thus we have 

(E-7) A = r(S)s1ni/ ^2 = 0.033 A - r(|] sin J 
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(E-3) g?^1"9 Eq'   {Z'})  int0 Eq-   (E'4) and niaking intimations 

(E-8) Cn
2 L0

5/3 = Cn
2 8. A 

2. 
K  OK 

0 ((B/L0)W)11/6      ' 

Using (Gradshteyn, 1965, Eq. 3.251-2) 

(E-9)    - C2 8.A B-2/3 L2/3   ^ B f| .  1 )= c2 8.A B^l^ l ^ ^ 
V   y  n       0   r(n/6) 

where B(x,y) is the Beta function. Using the identity r(z)r(l-2) = 
TT csc TTZ, we find \ / \> '■J 

-io^  ■> Js r(?) I. 

The final result is 

13/2 

(E 1.077. 

(E-ll)   * (K) =   0-033 C^ 
V2   0 Ml/6 

Now consider the plane and spherical wave structure functions for 
rni** °Uter SCale and lar9e seP^ation. Fron, Eq. (B-l) we have lor a plane wave 

oo 

(E■12,   Dw.P£{p) = ^  L d2 1 d< ^n(K) ^1 " Jo(Kp^ '0   0 

and from Eq. {B-8) for a spherical wave 

(E-13)   Dw>sp(p).8.V/;(Lj
2
d2|" dK K$ 

0 n(4)f- J0(KP) 
Substituting <' = K in Eq. (E.12) and <■ = KL/Z in Eq. (E-13) and 

iai^^StfoMr?; nthat JO(KP) -19ives the sJ -^1^ 
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(E-14)   Dw(») = S^k2 I dz dK1 K' * (K') 

Substituting for *„(<) from Eq. (E-ll) and performing the integrals 
gives for both plane and spherical waves 

(E-15)   D H = ^2x0.033x (75)k2 L c2 L5/3 
w       (1.077)5/3        n 0 

= 1.381. 

This value is quoted in Eq. (14e) of the text. 
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