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In the folklore of optimization theory it has been said that 

by means of tricks and transformations any nonlinear programming 

problem of the form 

minimize fn(x) 

xeEn 

subject to 

fi^x^ Io » 10 1».. .»m 

hk(x) » 0 , k - 1,...,p 

can be converted to an "equivalent" separable problem of the form 

minimize ^ F (y ) 

y e E J 

£ï-i Wi0,i'1.M* 

£j-i “kjV ■0 •k *..p • 

subject to 
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There exist scattered results such as separation of a product form 

f(x)g(x) or of a form f(x)8(x) (Wagner [1] , pp. 556-557), 

but there is to the author's knowledge no paper which states a 

systematic procedure for doing this, or shows the equivalence of 

the resulting problems. 

The motivation for dealing only with separable problems is 

that it is simple to provide standard input formats for nonlinear 

programming algorithms which are separable, it is easy to provide 

canned computer programs to obtain the first and second derivatives 

of separable functions, it allows use of branch and bound methods 

for obtaining global solutions to nonconvex separable programming 

problems, and it allows the use of large scale separable programming 

codes. 

The method for separating programming problems has two basic 

steps which are used repeatedly until they can no longer be applied. 

(1) Replace any product term of the form 

by 

qj/x) q2(x> 

2 
y2 

and add the constraints 

qi(x) m y1- y2 

q2<x> " ?! + y2 • 

One application of this step adds two variables and two equality 

constraints to the problem. 
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(2) Replace any tera of the form T[t(x)J by Ttyp and 

add the constraint 

t(x) - yx . 

One application of this step adds one variable and one equality 

constraint to the problem. 

The class of nonlinear optimization problems which can be 

separated by application of the above steps is very broad. Let the 

word transformation mean a function of a single variable such as 

e(,), sin(.), (.)a etc. 

~inition. A factorable function is a function of n variables 

which is generated by first composing (adding or multiplying) functions 

of a single variable, transforming those functions, composing those, 

transforming ,... a finite number of times. For a factorable program¬ 

ming problem, one where all the functions are factorable, it is a simple 

matter to prove the following theorem. 

Theorem. Repeated application of Steps (1) and (2) above will 

reduce any factorable programming problem to a separable programming 

problem. 

A significant computable function of 2 variables which is not 

factorable is the gamma distribution function. That is 

r(k) 
k-l 

where p,k are the variables is not a factorable function. 

The ’equivalence' of problems created by application of Steps 

(1) and (2) can be established in two ways. The first is to state 

that local solutions of the final problem correspond to local solu¬ 

tions of the original one, and that all original local (and hence 

global) solutions are preserved. These facts are established by the 

following two lemmas. 

- 3 - 
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Lemma: 

(1) If X is a local minimizer 

PROB (A) toî Min f0<x) s.t. q1(x) • q2(x) + i^x) < 0 , 

xeS 

then is a l°cal minimizer 

PROB(B) to: Min fQ(x) s.t. yj ~ + i1(*) ^ 0 » (T 
(xeS,y1,y2) 

qlix) “ yl " y2 

q2(x) = yi + 

where y1 = [q^^íx) + q2(x)]/2,ÿ2« [q2(x) - q1(x)]/2 . 

(Li) If (x, y1,y2) is a local minimizer to Problem (B)then x 

is a local minimizer to Problem (A). 

Proof: 

(1) If (x,y^»y2) is not a local minimizer to (B) then there 

exists a sequence feasible to (B) such that {x »y^*y2) + («»y^^) 

with < ^x^ i'or a11 k ' But imPlie8 that each xk 

k - k ,- 
is feasible to (A), x -*• x , and Íq(x )< f(x) . This contradicts 

the assumption that x is a local minimizer to (A). 

(ii) The proof of part (ii) is similar to that above. 

Q.E.D. 

Lemma: 

(i) If x is a local minimizer to 

PROB(C) Min fQ(x) s.t. T[t(x)] + f^x) 0 , 

xeS 

then (x,y^) is a local minimizer to 

PROB(D) Min f0(x) s.t. Tiy^ + f^x) 0 , t(x) - yl 

(xeS,y^) 

where T[t(x)] . 

- A - 
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(ii) If is a local minimizer to Problem D, then x is 

a local minimizer to Problem C. 

Proof: 

The proof to this theorem is transparent. 

The second way in which the problems are equivalent can be 

established by showing that points which are first and second-order 

Kuhn-Tucker points of the original problem correspond to first and 

second-order Kuhn-Tucker points of the separable problem and con¬ 

versely. These facts can be proved using the following two lemmas. 

Lemma: 

(i) If x is a SOKTP for the problem 

PROB((5) Min fQ(x) s.t. f^x) , i » 1,...,m-1 

xeEn 
T[t(x) ] + 0 (x) 0 , 

then (x,y1) , 

where V1 = is a SOKTP for the problem 

PROB(D) Min f0(x) s.t. fl(x) < o , 1 . 1.m-i , 

<’‘CE°'yl) T<yi) + B(x) <.0 , t(x) - yx . 

(ii) If (x, is a SOKTP for Problem D, 

then x is a SOKTP for Problem C. 

Proof : 

The first-order Kuhn-Tucker conditions are 

(1) fjix) ^ 0 , i = 1,.,.,m-l (2) T(t(x)] + 0(x) < 0 

(C) (3) ^ ^ 0 , i - l,,..m (4) u1fi(x) - 0 , i - 1,,..,m 

(5) Í ‘ 7 + E^1 Si 7 fi^> + ûra [7 t(x) T (t(x)] + V 0(5)] 
A 

(6) f^(x) <_ 0 , i » l,.,.,m-l (7) T(y^) + 0(x) < 0 

- 5 - 
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(8) t(x) - y ■ 0 (9) u. > O , i - 1,,..»m 
(D) . , 1 1 ~ 

(10) f^(x) ■ 0 , i - 1, ..,in 

(11) Ç - V fQ(x) + Ul V fi(x) + Ûœ V ßü) + Wl V t(x) 

(12) - 0 » ' um T(y^) + Wj^ (-1) 

. . . ° • 
Now if (x,u) satisfies (1)-(5), thun (x,u,u (T[t(x)]}) satisfies 

tn * * 

(6)-(12). If (x,u,w^) satisfies (6)-(12), then (x,u) satisfies 

(1)-(5). By Pennisi's theorem, all FOKTPS are SOKTPS. 

Q.E.D. 

Lemma: 

(i) If X is a second-order Kuhn-Tucker point (SOKTP) for the 

problem 

PROB(Ã) Min f0(x) s.t. fi(x) , i - l,...,m-l , 

xeEn 
q^(x) * q2(x) + a(x) 0 , 

then (x,^,^) 

where y^ » [q1(x)+q2(x) ]/2,y2 “ [q^ (”:)-q2(x) ]/2 is a SOKTP for the 

problem 

PROB(B) Min f0(x) s.t. ^(x) 0 , i - l,,..,m-l , 

(xeEn,y.,y9) 2 n / . 
2 + o “ y 

q2(x) y1 + y 

(ii) If (x,ÿlfÿ2) is a SOKTP for Problem (B), 

then x is a SOKTP for Problem (Ã). 

2 

2 • 

Proof: 

The proof is similar to that of the previous lemma 
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The following example explains the steps and how they can be 

used to separate a problem which at first glance seems intractable. 

Example: 

2 
Min 

(v.o.p) 
Z* fö, - —i- p f1 e 
1-1 V 1 -» 202 

da 
r 
J 

This has three variables ai\d no constraints. Replacing the trans¬ 

formed functions and rewritting the integral yields the equivalent 

problem 

'i 

Min £ (y,)“ subject to 

(n,°,p,{y,» 11 1 

1 ^ P -i e ; n 
3 + r variables, r constraints for i * l,.L.,r . 

Integral is of form T[t(y,o)] replacing this yields 

Min 

(p,o,p,{y1},{z1}) 

r 2 
^i“! W±> subject to 

- -t- f1 .-t2/2 
•'Zir -< 

i ]rr~ J e dt “ * 1 “ 1* * • • *r» 

3 + 2r variables 

2r constraints 

Introducing new variables and constraints to get rid of product 

terms yields 

Min Z\ml (yi)2 

(y»a»p»{yi}.Í21}»{ui},{vi}, w1,w2) 

- 7 - 
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subject to 

ßi - U2 + Vi " yi • 

? " Ui - Vi ’ 

•Í* ^ 1 § • i r 

i - 1»...^ 

1 rZi -t2/2 . 
__ / e dtBu. +v.i«l r 
/57 :» i i * x *r 

Z1 ■ “r'0 - '4 + u2 • i-l. .'.r 

u " “i - ”2 

J 1 - + w2 . 

This separable problem has 4r + 5 variables and 4r + 2 

equality constraints. 

- 8 - 
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