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ABSTRACT

A target is located in one of n boxes. Initially,
the target is in box 1 with a given prior probability
p: ’ X pg = 1 . A sequential search is made. Searching box
1 costs c; > 0 and finds the target with preobability a

(i.e., the overlook probability is 1 - ai) if the target
is in the box at that time. A reward Ri is earned if the
target is found in box 1 . A strategy is any rule for
determining when to search, and if so, which box. The
objective is to maximize the probability of finding the
target in a given number of searches or to minimize the
risk (expected searching cost minus expected reward).

In the above model, suppose n = 2 and the cbjective
is to minimize the risk, Consider the optimal strategy as
a function of the state (deiined as the posterior probability
vector). Let SO be the set of states for which an optimal
strategy stops searching. Let Si be the set of states for
which an optimal strategy searches box i, i =1,2 . A
counterexample shows that although So is a convex set,
surprisingly, Si need not be convex.

A moving target model is studied in which a target is
assumed to move from box to box in accordance with a Markov
transition probability matrix. Conditions are given so that
the optimal strategy can be characterized for a general n
box model.

In an optimal search model with random overlook

probabilities, the ai's are allowed to be random variables.

For instance, the a's may be random due to weather
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condition. Let a; be the a's at the t-th stage told
after the t-th search. For fixed 1 , it is assumed that

ai.ui, +so are independent identically distributed random

variables. The following results are derived. To maximize

the probability of finding a target in a given number of

searches, an optimal strategy searches at each time a box

with max pil-:ai . To minimize the expected searching cost

before finding the target, an optimal strategy searches at
piﬁa

each time a box with max c 1 . Although these results
i

resemble the classic results for a mudel with deterministic

ai's » the proofs are entirely new.
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CHAPTER 1

INTRODUCTION

1.1 Introduction of the Model

Optimal search models have been of theoretical interest as well
as practical importance. In practical application, the most frequently
encountered problem of this type would be the optimal search of a
target. The target may be in any one of m regions, which is the
same as saying a ball may be in any one of the m boxes as treated in
this thesis. An optimal decision is desired as to which region to search
in order to find or hit the target. Prior to the search, it is assumed
that the probability distribution of the locaticn of the target is
known. Suppose further that, due to technical errors or other reasons,
one might miss the target even when the correct location is searched.
Thus after the search, if one misses the target, some information is
gained and used for the next search. The problem is to find an optimal
sequence of searches in order to maximize the probability of finding the
ball in a finite number of searches or to minimize the expected searching
cost before finding the target.

One can easily think of some possible complications of the above
problem, For example, the target may be moving; the overlook probability
may bu random due to weather condition, etc. These are the various
aspects of the problem which will be investigated in this thesis. A

more precise mathematical model will be given later.

1.2 Backeground

The problem of optimal search models has been studied by many

authors. Among them are Blackwell, Chew, Ross, Kadane, Pollock, etc.
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A simple optimal search model is as follows. Suppose a ball
.

is in one of m boxes. Initially, the ball is known to be in box
m
1 with probability P‘; , ) P~

i
i=1
1 Searching box 1 incurs a cost ¢y > 0 . The probability of finding
3

the ball is a

1 . A sequential search is made. ’

i (i.e., the overlook probability is 1 - ai) if a search

PR TLRY

is made in box i , given that the ball is in that box. After a search

if the ball is found then the searching process terminates.

TS Lo

If the

ball is not found, then the searching process continues. The objective

is to minimize the expected cost before finding the ball,

Blackwell (1962) characterized an optimal strategy for the above
Ei .
g model.

He showed that an optimal strategy is to search at any time
a.P;
that box with max —

» Py being the posterior probability of the
i
ball being in box 1 at that time.

Chew (1967) considered the care of equal costs and introduced

the option of stopping at a penalty. He required at least one of the

a's to be zero and proved that an optimal stopping rule exists. Some 1
of the results he obtained are as follows:
: 1. An optimal strategy either stops or searches the box with ?
; 4
3 max a,p, .
2. To maximize the probability of finding the ball in L searches, 3
it is optimal to search the box with max %Py i

Kadane (1968) considered the problem of maximizing the probability

of finding the ball under a budget ceiling. He allowed the costs and

i
i
overlook probabilities to depend on the number of searches made in a box. i

By applying the Neyman-Pearson Lemma, he prcved that, under some

conditions, it is optimal to search the box with maximum probability

per cost.
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Ross (1969) investigated a general optimal search and stop model.
He assumed that a reward Ri is gained if a ball is found in box 1 .
if Ri £ R , then this is equivalent to a penalty fsr stopping without

finding the ball. He used a general result on negative dynamic programming

to show that an optimal strategy exists. The main results he obtained

are as follows.

1. The optimal risk, defined as the expected searching cost
minus the expected reward, is a concave function of the initial
distribution ®= {pg} . The optimal stopping region, defined
as the set of P° at which it is optimal to stop, is convex.
2. For the equal rewards but unequal costs case, he proved that

an optimal strategy either stops or searches the box with

a.p
it .
max —E~l . That is more general than Chew's result, since
i
costs are allcwed to be different, and no requirements on a
assumed.,

3. For the case where both the rewards and the costs are allowed

to be different, he proved that ar optimal strategy either
a.P,
searches the box with max

e or else never searches that
box in the sequence that follows.

Pollock (1970) introduced the optimal search model of a moving
target. He assumed that the target moves from box i to box j with
probability pij after every search. Otherwise, the model is the same
as previous ones. He took the model with two boxes and characterized the
optimal strategy for the perfect detection case (ai 2 1) and the no

information case (i.e., the matrix pij has identical rows). For the

general case, he incorrectly proved that an optimal initial decision, as
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a function of the initial distribution, can be represented as two

regions. This will be discussed in detail in Chapter 3.

1.3 Introduction of the Subsequent Chapters

The purpose of this thesis is to consider various versions of

optimal search models. In Chapter 2, an optimal search and stop model

wich two boxes is considered. The rewards are assurmed equal. Ross's

rasults for this model as mentioned in the preceding paragraph have
snown that the stopping region S0 is convex., A natural question to
ask is as follows. If Si , 1=1,2, ... is the set of states for

which It is optimal to search box 1 , is it necessarily true that Si
be convex as well? Intuitively, one would say yes. However, the
counterexample in Chapter 2 shows the contrary. It shows, in the case

of two boxes, where the state variable can be represented. as the

probability that the ball is in box 1, the structure of an optimal policy is

p124¥ 52 ' Sl S Sl pTl
L ! '

—_—-state p

where neither of the regions need be vacuous. Hence Sl need not be

convex.

In Chapter 3, Pollock's optimal search model of a moving target
is undertaken. However, results such as for the no information case
as well as the perfect detection case are generalized to n boxes' case.
The proof is quite different. Next, some results on the model with a

Jordan matrix as transition probability matrix are derived. When a

stop option is added, the following result applies. 1f, in minimizing
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the expected number of searches, it is optimal to search the box. with

max a.p. , then when one is allcwed to stop, an optimal strategy either

stops or searches the box with max a.p,; - Finally, a two box optimal

search model with a, =0, and symmetric transition probability matrix

is studied in detail. Conditions are given to assure that searching

the box with larger Py is optimal. Also under some condition, the

optinal strategy takes on an alternating searching sequence.

In Chapter 4, the overlook probabilities of an optimal search model

are allowed to be random variables. Specifically, let a? be the

' th

R . . 1 2
a's at the ¢t stage. For fixed i , it is assumed that ai,ai, ‘ee

are independent identically distributed random variables., Two cases

may occur. First, at each stage, the random overlook probabilities are

told after the search. For this case, the following results are derived.

To maximize the probhatility of finding the ball in m searches, an

. WL . .
optimal strategy searches the box with max pihai . To minimize the

i
t
P Eai
expected cost, an optimal strategy searches the box with max

i %4
When a; is deterministic and independent of ¢

t , this reduces to the

classic results due to Blackwell and Chew. Secondly, at each stage,

the random cverlook probabilities are told before the search. For

this case, it was hoped that under some restrictions, an optimal strategy

would be similar to that in the first case. Unfortunately, this is not

s0, as demonstrated by a number of counterexamples.
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CHAPTER 2

A COUNTEREXAMPLE FOR AN OPTIMAL SEARCH AND STOP MODEL

2.1 The Model

Consider the type of optimal search and stop model introduced by
Ross [ 5]. Let there be two boxes. Let pg be the given prior
probability that a ball is hidden in box 1 , i = 1,2,2 p: =1.
A search of box i costs cy (ci > 0) and finds the ball with
probability g if the ball is in that box., Assume that a reward R
15 earned if the ball is discovered. At the beginning of each time
period t = 1,2, .,. a searcher may decide to search box 1 or box 2 or
to stop searching. The objective is to find an optimal strategy to
maximize the expected net reward (expected reward minus expected
searching cost).

Let the state at any time be characterized by Py » i=1,2 where
Py is the posterior probability that the ball is ;n box i at a
certain time (or stage). Since there are only two boxes the state at
any time can be represented by a scalar p , where Py =P, Py = l-p.

Then the following results are due to Ross.

i) At any time t , an optimal strategy either searches a box

with max @p, or else stops. In terms of the state p , this
i

* *

implies that there exists a number p , 0 <p <1, such
*

that if p > p , an optimal strategy either stops or else

*
searches box 1; if p < p , an optimal strategy elther stops

* %
alp az(l - P )

*
or else searches box 2. p is determined by =
‘1 €2

Py A TR ARTTIR NPIAC P I s ok 2 s Sk on : £15 o : et et
e
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i1) The stopping region SO , defined as the set of states for

which it is initially optimal to stop is a convex region or

.

an interval since p 1is a scalar.

Let the horizontal coordinate be p,0 <p <1 . Let Si ’

i=1,2 be the set of states for which it is initially optimal to

search box 1 .

*
by S0 . Sl , S2 on p . In fact, by i) and ii), if p ¢ So , then

there exists an optimal policy which has at most three regions as below.

e S R T
f %
0 p p 1

This policy of three regions is intuitive. It says that if p ,

the probability that the ball is in box 1 is large, then box 1 is

searched; if p 4is small, meaning that Py = 1l - p is large, then

box 2 is searched. On the other hand, if p is somewhere in the middle,

then stop.

At this point, one may raise the question: Could it happen that

*
p £ SO ? If so, then by i) and ii) the structure of the optimal

strategy could be like

S S S S
l 2 1 1 0 L 1
¥ ;‘ ¥ ¥ 1
0 p p 1
or

S
e R N I S
! T -1 T 1
0 = * 1

P

Then the structure of the optimal policy is characterized
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More precisely,

S0 nonempty Y
*
Ptso
> => an optimal policy which has
1 ¢ S0 four regions
0 ¢ Sg /

Contrary to intuition, the counterexample will show that the
structure of four regions could occur. Basically, it says that one
might want to search box 1 when p 1is large and stop when p is
slightly smaller. Then when p 1is still smaller, surprisingly, one

searches box 1 again before searching box 2.

2.2 The Counterexample

A strategy is any sequence (or partial sequence)
§ = (61, coss 63) where 6i e {1,2, ..., m} for 1i=1, ..., s and
s ¢ {0,1,2, ..., »} . The policy & instructs the searcher to search
box 61 at the ith stage and to stop searching if the object has not
been found after the sth search. s = 0 means that the searcher stops
immediately and s = « means that he does not stop until he finds the
ball.
For any strategy ¢ and any state p , 0 <p <1, let
f(p,6) = the expected net reward
(expected reward minus expected
searching cost) incurred when p
is the prior probability that the ball
is in box 1 and strategy 4 is employed.

Let f£(p) = sup £(p,6) . The following lemma will be used in the
8

counterexample.

PR
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: ] Lemma 2.1:

™

zet &0, ot

*
. 62 be some searching strategies and & be the
’alp az(l - P) 1
strategy of searching max > P ‘ until finding the ball.
1,2 1 2

Then the following conditions imply that the structure of the optimal

policy may have four regions. %

* * %
£Q1,6Y) > 0, £00,8% >0, £¢ 6D >0, fp .6 <0 .

am—— .

‘ £Q) > £(1,6Y) > 0=>1¢ S,

£(0) > f(o,so) > 0=>0 ¢ SO 3

* * *
() > £(p 160 >0=>p £ S, . f

; Suppose the structure of the optimal policy has no stopping region,
‘ i.e., the optimal strategy never stops. Then clearly 6* is optimal

; for all p ¢ [0,1] , which implies f(p*,é*) > 0 . Therefore,

. f(p*,G*) < 0 implies chat the stopping region S0 is not vacuous.

It follows from i) and ii) that there exists an optimal policy which

has four regions

Q.E.D.

It remz2ins to find numerical values for the parameters so that
the conditions in the lemma are satisfied.

Let R = 6.6 , a, = 3/4 a, = 1/2 ¢, = 1, c, = 3,
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60 = keep on searching box 2 until finding the ball.

61 = keep on searching box 1 until finding the hall.

62 = gearch box 1 then box 2 then stop.

3

*
6" = the sequence used by following 6 , given that the initial

*
state is p .

Let p(i) be the posterior probability of the process after ith

* *
stage given that the initial state is p and that & 1is used. At

* *
x OqP u2(1 -p) %

P = . Hence 6 says one may search either box 1
‘1 )

or box 2, i.c., 61 =1 or 2. Suppose 61 = 1, then

%2
P* = cz = jL
a, o 11
et
1 2
* *
alp(l) az(l - p(l)) , ) a,p a2(l -p)
= (1-a :
cl c2 1 c1 c2
= ] -~ al ¢t 1= 62 = 2
: = (1l-0a,) : (1L ~-a,) =1/4:1/2
c c 1 2
1 2 .
=> 63 = 2
S : S = (1 - al) s (1 - az) =1
1 2
*
"> 64 =1 or 2=> p(3) =p .
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1.

It follows that 63 can be a periodic sequence, namely

63 = 122,122, ... . Consequently

£, 8) = £, 6)

alp*R -c t (1 - clp*) [az(l - p(l))R - cz]

.

(1 - alp*)[l - a,(1 - p(l))][uz(l - p@Dyr - cz]

+

+

* %
Thanks to the recursive relation, one can compute f£(p ,§ ) by

substituting the numerical values of the parameters.

£p,8) = —3-3-‘37;——2—@ = 3/4 (6.6 - 6.606 ...) <0
[
£Q1,6%) = R - ;—1-= 6.6 - 4/3 > 0
1
Cc
£(0,6°) =R—;3= 6.6 - 6 >0
2
x * %*
ﬂpA%=aﬂR~c1+@-ag)@gl-#”m-cJ
* 1 2
+ (1 - 0P )[l - az(l - p( ))] [az(l - p( ))R - cz]

24
44 (606 - 60583 o‘o) > 0 .

Thus all the conditions in the lemma are satisfied, and the

countercxample is complete.

11

(1 - alp*)[l - 5,1 - p(l))][l - o, (1 - p"-))]-f(p*,53) .

A
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CHAPTER 3

OPTIMAL SEARCH OF A MOVING TARGET

3.1 Introduction and Formulation

Let there be n boxes., A target is initially in box 1 with
a given probability P; » where Py Z_O,Z P; = 1 . Then at discrete
time (or stage) t = 1,2, ..., it moves from box to box. If at time

t , the target is in box i , then it will be in box j with

probability pij at time t + 1 where T = [pij1 y1l<i<n,l<j<n,

is a Markov transition probhability matrix,

A sequential search is made. At each time t , a decision is made
as to which box to search. The searching process continues until the
target is found or until one decides to stop when there is a stop
option., Searching box i incurs a cost ¢y > 0 and finds the target
with probability @ if the target is in box 1 at that time,

(i.e., Bi =] - a is the overlook probability for the ith box). Let
R be the reward earned when the target is found. This is needed only
when there is a stop option.

The objective is to maximize the probability of finding the target
in a given number of searches or to mininize the expected net searching
cost (expected searching cost minus expected reward).

Let state T be defined as the vector of posterior probabilities.
P= (pl, evey pn) where Py is the probability that the target is in
box 1 at that time.

A strategy is any rule for determining when to search, and, if so,
which box. It is a sequence &6 = (61, ceey 63) vhere
61 ¢ (1,2, ..., n} for 1i=1, ..., s and s ¢ {0,1,2, ..., »} . The

policy & instructs the searcher to search box 6i at the ith stage

[CNTIY)
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and to stop searching if the object has not been found after the sth

search.

s = 0 means that the searcher stops immediately; s = =

means that he does not stop until he finds the target.

no stop option, s = =

.

For any strategy § , any state T and any integer m , define

the following functions:
fm(n’,é) = the probability of finding the target in m
searches when P is the initial state and

strategy 6 1is employed.

f?(é) = the conditional probability of finding the
target given that the target is initially in
box i and strategy § is employed.

g(IP,8) = the expected net searching cost when IP is the

initial state and strategy ¢ is employed.

fm(lP) = gup fm(]l’ ,8)
§

g(P) = inf g(P,$)
§

Note that £(F,6) = ] p.£1(5) .
i

Let Tiﬂ’ = [(Ti,H’)l, coey (TiIP)n] , 1=1,2, ..., n, where

(TiIP)4 is the posterior probability that the target is in box J
J

When there is

13

at the next stage given that a present search of box i has not uncovered

it.

Let Pi = [IP:;:,IP;, ceey IP;':] , 1=1,2, ..., n , where 11-"i

]

is the posterior probability that the target was in box j prior to

the search given that a present search of box i has not uncovered it.

Then

2 AL
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3
'l‘ilP = Piol‘ .where T 1is the transition ;
probability matrix
-1
py(l - ap) (349
i
r =
3 1
(1r- “1)91(1 - o,p,) (G=1).

Theorem 3.1:

o e e

In the moving target model, let state PP= (pl, ceesy pn) be

given. Suppose there is a box i such that

ki,

Then to maximize the probability of finding the target in m searches,

where m 1s any given number, an optimal strategy first searches box
i.

4
Proof: ]

Let &8 be any strategy. For any box j , let SjG be the strategy

Astaas

that searches first box j then follows the strategy 6 .

Let box 1 be the same as defined in the theorem. If one can show

£2(1P,5,6) > £7(,S

R

I TR e SR S

- for any j , any strategy & , then the theorem is proven. Now
\q

P SPRL L R

- _ m-1, j
f“‘(m,sjs) agpg + (1 ap)E (BUT,6)

K]
!
i
i

=

%3

- 3 m-1
+ (1 - o) E (B 1), £ (8)

et AR A A TEn e i £ T ah ot T
» Saa £ TN
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]

= oy + ) [ I opp,+Q- aj)pjpjk]fz'l(s) ?

k |r#j 5

i

m-1 ;

= apy+ E[E PPy - ujpjpjk]fk (8) ]

m-1 m-1 1

] - E ajpjpjk[l - £ (6)] + g ) PPk (8 i
/ r
3 B
. m-1 m-1 4
-‘-l{ “i"ipik[l - 5 (6)] * 1{ E PePricfy (D) :

= £ ,5,6)

QQEOD. '

To illustrate the use of the above theorem, the following

3 facts are noticed.

1. If Py = 1, pj =0 j # i, then an optimal strategy

first searches box 1 .

T

2, If pjk = v V j , then an optimal strategy first

EVRNE PO SRy

searches a box with max aipi . This is the nc information case
i
; and will be treated later in more detail.

3.2 Some Special Cases of the Moving Target Mcdel !
In this section, two special cases of the model will be exploited. |
Consider first the case where pij = vj V i . This is the case where

no information is gained from the previous stage. Let V = (vl’VZ’ cosy vn).

: Theorem 3.2:

PRSI PN

a) To maximize the probability of finding the target in m

scarches, where m is any given positive intecger, an optimal strategy

e AL, T4l

searches at each stage the box with max a.ps where Py is the posterior i
i
probability that the target is in box i at that stage. The maximized

Y (P) is
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£ (P) =1 - (1 - m:x “1p:l)(1 - max aivi)m-l
1

b) To minimize the expected searching cost before finding the

target, an optimal strategy, as well as the minimized expected searching

cost can be determined by

g(lP) = min [ci + (1 - aipi)g(V)]

c

g(V) = min —
3 %3

(assuming not all a,v, are zero).

33
Proof :

a) Since pij = vj VvV 1 , the posterior probability vector

for the next stage given that a present search has not uncovered is

V= (vl, vees vn) . Hence

£(P) = mix [aipi + (1 - aipi)fm-l(V)]

- max |op, (1 - 2 In] + £ 1w .
2 [ 1Py ]

Since 1 - fm-l(V) > 0 , searching the box with max a

: P4 is optimal

and part (a) is proven.

b)

g(P) = min [ci + (1 - Gipi)g(v)]
i

g(V) = min [c:L + (1~ aivi)g(V)] .
i

s ae - s kil L -

.z TP PO U SNV e

PN

PO,

Sraaasdtaat P
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To minimize g(V) , one can simply solve the second equation for

different 1i's . Thus

g(V) = min
1 %34

Q.E.D.

Consider now the case where a; £ 1. This is called the perfect

detection case. The following theorem applies.

Theorem 3.3:

In the moving target model, assume e, =1 . To maximize the
probability of finding the target in m searches, suppose an optimal
strategy first searches box i at state P = (pl, ey pn) + Then

: 1 _ ' ' ' '
the same is true at state PP (pl, cees pn) if Py > Py » and Py

is proportionally decreased V j # i . That is,
P2 P
i-"4

1-p!
—2L<1,
Py

Vo= o) where 0 < A =
Pj Pj )

Proof:

For any strategy 6 , any box j , let SjG be the strategy that

first searches box j and then follows strategy & . Then, for any

state P, conditioning on the initial location of the target yields

Z pkft-l(é) .

£2(P ,S,6) = p, +
] I W

Notice that if the target is not in box j initially, then the
probability of finding it depends on § only.

Let box 1 be the same as given in the theorem. By assumption,

A
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the strategy that searches box 1 first and then follows an optimal

*
strategy, say 6 , will be optimal for state P, i.e.,

theorem, let Ské' be the strategy that searches box k first and then 3

i (®) = f"‘(lp ’515*)°

Let box k be any box k # 1 . At state P ' as given in the

follows an optimal strategy &' . If ome can prove

*
f“‘(n’,sia ) - fm(IP',SkG')_?_ 0,

then there exists an optimal strategy which first searches box i at

state

P' . Now

*
fm(IP',SiG ) - (P ',5,8")

> f"‘(m ',sia*) - f’“(IP',ska') - A[fm(]P,SiG*) - (P ,skc')]
= fm(lP',SiG*) ~ Afm(lP ,sis*) - [fm(lP ',Skts') - Afm(IP,SRG')]
m-1

. * . m-1, %
=py+ ] PIE. (8) - Ap, - ) ] p.fL(8)
1ogh 3 17 g 33

[pk“fzpj?l(c)-xk-l ij (6')]
=Py~ Ay - [p;f?‘l(s') - Apif?'1(6'>]
= (pg - 2 [l - f?'l(é')]

>0

Q.E.D.

LN 7T T T T VU TR - T I . 1 L P T
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Pollock (1970) analyzed the model with two boxes for the above two
cases. He characterized the optimal strategy as a function of the
initial probability distribution as follows. I1f p and 1~ p are
respectively the probability that the target is in box 1 and box 2,

*
then an optimal strategy is to search box 1 when p > p and search

* *
box 2 when p <p . p can be explicitly computed. For the general

case of the two box model (i.e., with no restriction on either ay

%
T), he claimed a similar result holds but that p remains to be

or

determined. He gave an incorrect proof. The proof was based on the
implicit assertion that two convex functions f1 » f2 on the real
interval [0,1] intersect at only one point if fl(O) > f2<0) ,

fl(l) < fz(l) . This is clearly wrong. Consider the following two

functions fl and f2 on the real line. They satisfy the above

conditions but they may intersect at any odd number of points.

Comment: In the general case of the two box model, it is unknown yet
whether an optimal strategy as a function of p has only two regions.

In the rest of this chapter, some more special cases will be

studied.
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3.3 The Moving Target Model with Some Transition Probability
Matrices Related to a Jordan Matrix

A matrix is a Jordan matrix if there exists exactly ome 1 in
each row and each column, whereas all the rest of the elements are
zero.

In the moving target model, if T dis a Jordan matrix, it means
the following. At time ¢t , if the target is in box i , then at time
t+ 1 it moves to box h(i) with probability one, i =1, ..., n,
h(i) = 1,2, ..., n. But h(i) # h(j) for i 4 3j . If, in addition,
ay Za V i, then after every search, it appears as though the target
iz stationary but that the boxes are renuwbered. Note that if T =1 ,
the identity matrix, then the target is stationary.

For any strategy & , any state IP, any transition probability

matrix T , and any integer m , let

gm(IP,T;G) = the probability of finding the target
in m searches when T 1is the
transition probability matrix for the
model, P 1is the initial state and

strategy 6 is employed.

Let

g (®,1) = sup g (P ,T;6) .
')

L TN TR Y et B
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Let
gT(T;é) = the conditional probability of finding
the target in m searches, given that
the target is in box i initially, the
transition probability matrix is T and
strategy 6§ is employed,
Then
m m
g (P,T;6) = ] p,g,(T;6) .
Theorem 3.4:
Suppose T is a Jordan matrix, a, = a . Then, to maximize the

i

probability of finding the target in N searches, where N is any

given number, an optimal strategy searches the box with max Py each
i

time where 12 is the posterior probability that the target is in

box i at that time. Also

g, =N,

where I is identity matrix, i.e., when

the maximized probability of finding the target in N searches when
T 1is a Jordan matrix is the same as when the target is stationary.

To prove the theorem, induction will be used. N = 1 is trivial,
It will be verified that if the theorem holds for N =m - 1 then it

holds for N =m as well. Now

2 it s

PIOS PRSPPI S5tV GRN T T

TR NP

VORI S

Athaave % v
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! gm(IP ,T) = max ap, + (1 - cpi)gm-l(’ril’ ,T) .
2 1

j By induction hypothesis ) 3
3

By definition, Til’= IPiT . Hence

T}

f
|
»‘
!
|
E e, - ety .
|
3

gm-l(lP 1'1‘,1) corresponds to the probability function for a

m - 1 stage search model where the target is stationary, a, = a ,

i

and the initial state is ]Pi'l' . ZIP:l multiplied by T means E

nothing but a renumbering of the boxes where all the boxes are ]

-1 i -1 i
g (P'T,I) = g¥ (®,I)

PEAR7 P

i

|

F' identical (o, = @) . Therefore,
|

[ and

!

PP

g (P ,T) = max [api + (1 - api)gm'l(r i,I)] .
i

A look at the definition of IPi shows that the right-hand side

is just the formulation for a m stage stationary target model. p
Hence searching a box with max Py is optimal and . ;
1 )

. i

3

¢

g (e ,T) = g"(P,I)
Q.E.D.

PR PR . araa . P ST TN ST T IAI0 SR Pr gy . . e M o . e e
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Theorem 3.5:

For any integer m , any prior probability vector P, and any

transition probability T , gm(lP ,T) 1s a convex function of P .

Proof:

1 1 1 2 2 2
Let P = (pl, seey pn) P~ = (pl, cony pn) be any two prior

probability vectors. Let X be any number 0 < X <1 . Then

forl s (- el

- sup 2P+ (1 - VE2,156)
§

=sup ) DPL+ - x)mz]ig';(r,s)
§

2,
<A sup ] plgT(T,8) + (1 -2 sup | pyE}(T,6)
6 1

=2 g™rhn + - ng™edn .

Hence, gm(P, T) 1is a convex function of 1IP.

Q.EOD.

The following theorem gives an upper bound for the maximum probability

of finding the target in N searches for a large class of tramsition

probability matrices when ay Za

Theorem 3.6:

Let T be a convex combination of Jordan matrices. Assume

a, fa. Then gN(IP 1) < gN(]P »I) where I 1is the identity matrix,

PRI

U PR VST L S L

i
|
i
:
|
%
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Proof:

Induction will be used. When N =1, gl(IP T) = gl(n’ oI) =

max ap, . The theorem clearly holds.
i

It will be verified that if the theorem holds for N=m -~ 1,

then it holds for N =m as well. Now

gm(lP ,I) = m:x ap, + (1 - Ctpi)gm-l(Ti]P ,T) .

By assumption, T is a convex combination of Jordan matrices.
Bence, T can be writtenas T = ZaiQi where Qi s 1 =1,2, ...
are Jordan matrices and a;
By induction hypothesis,

i

e, < TP, .
By definition,
e ,n = "l .

gm“l(Ti]P »I) 1s a convex function of TiIP » by the preceding

theorem. Hence

s gm-l(IPi ) aka’I)
k

<l ag i, .
k

Since Qk is a Jordan matrix

i=1,2, ... are such that a z_O,X ai=1.

Sk

ot 'l Rty g TV m—® 2 & k. o _‘_AJ
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-1, 1 k -1 1
g (PQ,I) =g (PT,I)
by the same arguments as used in the proof of Theorem 3.4. Therefore,
& har,n < g eet,
and
m . m-1, 1
g (I?,T) < max [czpi + (1 - api)g (r ,I)] .
But the right-~hand side 1is just the maximized probability of a m
stage stationary target model. Hence
g (IP,T) < g (P,I)
Q.E.D.

3.4 Moving Target Model with a Stop Decision

Consider a problem where one may decide to stop before finding the
target. Assume ¢y =¢ for all 1 . Let R be the reward earned when
the target is found. The objective is to maximize the expected net
return (i.e., expected reward minus expected searching cost). Call

this problem (C) . The following theorem applies.
Theorem 3.7:

Let IP= (pl, veuy pn) be posterior probability vector. Suppose

in the problem of maximizing the probability of finding the target in

a given number of searches, an optimal strategy searches at each time a

box with max a

4Py Then in problem (C) an optimal strategy either
i

first searches a box with max a;p; or else stops. Note that this applies

i

y Y ot ie ket b e e
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to the no information case in Theorem 3.2, the case in Theorem 3.4

and the stationary target case.

Proof:

Let § be an optimal strategy. Its existence can be proven as
in Ross's paper [6]. Let s be the time at which the searcher stops
if the target has not been found after the sth search. s 1is
deterministic and may be infinite. Let No be the time at which the
target is found. No = if the target is not found. No is a random
variable.

For any positive integer 1 <s , let PG(No <1i), PG(NO = {)
be respectively the probabilities that the target is found before and
J at the ith search when strategy § is employed. PG(NO > 1) 1is the
probability that the target is not found in the first i - 1 searches
by using strategy 6 .

If s = , then since § 1s optimal, the target is found with
probability 1. Otherwise, the expected searching cost will be infinity

and § cannot be optimal. Thus, if s = «» , the expected net reward

is

: R-PG(NO < ®) - c-kzl kP (N = k)

: =R-ce ) PN >k).
5 k=1 000

If 0 <8 <=, the expected net reward is

[VIrE

Nda Tt aasl

XD kA S

e e o kAN L LN L Sk S b N oo L8 B,

LT X & 5 # B Zrn P4 b e AR
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s-1
ReP (No < s8) - c-[ Z kPG(No = k) + SP (No 3_3%]

k=1
8
=R[1-P,(N >s+1)] - c~k§l PN > k) .

In either case, if s >0 (i.e., not stopping immediately), the

strategy of searching a box with max a Py will, by assumption,
i

minimize PGINO > k] V k. Hence, an optimal strategy for problem (C)

either first searches a box with max a;py oOr else stops.
i

3.5 A Special Case with Two Boxes

E Consider a rather special case of the moving target model. Assume

there are two boxes and @ =a, =a. The objective is to maximize the
probability of finding the target in N searches, where N is any

f/ given number. Given initjal state IP= (pl,pz) . Tl is the symmetric

transition probability matrix such that

a b
i Tl=[ ]where a,b>0,a+b=1,
b a

An optimal strategy for the above problem will be characterized

in the fcllowing theorems.

Theorem 3.8:

An optimal strategy for the above problem first searches the same

box as a similar problem with @, =@a, =a but with a transposed

transition probability matrix

b a
T =[ } where a and b are the same as in Tl .

a b

it aiab i A

Bla L £ e P L S Yt S AR 4
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Also the maximum probabilities of finding the target are equal for

the two problems, i.e., gN(P ,Tl) = gN(]P ,'1‘2) .

Remark:

This theorem implies that one can assume a > b in '1‘1 in

deciding which box to search first.

Proof:

Induction will be used. N =1 is trivial. It will be verified
that if the theorem holds for N=m - 1 then it holds for N = m

as well, Now for k = 1,2
-1, ik .k
(@, %) = max [api + (1 - pi)gm Lipirk p )]
0

where ll’i = (IP;,IPé) as before. Recall that

-1

i
¥ =
. 1
(1~ a)p (1~ ap) Gg=1.
By induction hypothesis
gm-J.(IP iTl,Tl) - gm_l(lP iTl,Tz) .

) 1 o 1
By definition T° = T°Q where Q =
1 0

posterior probability by Q means a renumbering of the boxes. The

] « Multiplying the

two boxes have the same parameters, namely, the same overlook probability
as well as the same probability of moving to the other box after one

search. Therefore, by symmetry

i &

21 e Padt i
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- - 1
g L irle, 1ty = ™ L@l 1l .
It follows that
Flpig? g2y o mlpip2 ply | omelopdnd oLy

Hence, by the above dynamic programming formulation, an optimal strategy

for both problems first searches the same box and gm(P ,'rl) = gm(IP ,'1‘2) .

Q.E.D.
Theorem 3.9:

If P is such that 1 <

P
or —
Py

before then an optimal strategy first searches the box with larger Py -

»|o

where a >b >0 as

olw

p
— D>
pz—'

Proof:

Since py; = Pyy = 3, Py “ Py =D

a _ = -
2 > OPyP)p = OP)b 2 0py3 = ApyPy, -

Also

P
—l>§'>l=>app = ap.,a > ap,b = ap,p,, .
2-—-b-— 1711 1" - "2 2¥21

Hence by Theorem 3.1, an optimal strategy first searches box 1 (i.e.,

e

the box with larger pi). By symmetry, the case >
2

<

oo

is the same.

Q.E.D.

e o2 Z

!
1
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Theorem 3.10:

Sa

Agsunie a > b in ‘1‘1 and state P is such that 1 -a <

pllpz <1-a . Then, to maximize the probability of finding the
target in N searches, where N 1is any given integer, an optimal
strategy is as follows. It first searches a box with larger Py » 3

and then keep on switching to the other box after every search.

t Proof: 1

Lrreyenti]

The transition probability matrix is

. a b 1 0 4 ]
; 'r-'rl=[ ]=(a-b)[ ]+2b[ }
: b a 0 1 % %

= qlAl + q2A2 where q =a- b>0, q, = b >0, f

1 0 X %
o, Tl
0 1 L 4

One can consider the target moves after every search in the

b daad ALY,

following way. With probability 9y it moves according to A1

g (i.e., it stays). With probability q, = 1 - qq it moves according
1 to Az . Physically, this doesn't occur. But one may think of the
bail moves in the above fashion even after the ball is found.

i let r be the first time it moves according to A2 y 1 <r <N,

r = 1 means that after one search it moves according to A2 for the

PP PRI SN G TS TCRI WP DR LN O Y T4

] first time. r = N means it always moves according to Al . v is

independent of the strategy.

ISP

e

Clearly, r is a random variable with the following distribution.

; Let t be an integer 1 <t <N . Then

ERRRIONE

—
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r =t with probability qrg, if 1<t <N-1
r = t with probability qg if t=N.

Let strategies &' , 62 be defined as follovs.

sl=1212...

62 =2121....

That is, 61 and 62 are alternating searching sequences before
the process ends.

Assume first Py 2Py - Then the theorem says that 61 is

P1__1
optimal if 1 - « E.;;.i e The case p, 2 p; 1s similar and

omitted. To prove the theorem, induction will be used. N =1 is
trivial. It will be verified that if the theorem holds for N <m -1,
then it holds for N =m as well.

Recall that for any positive integer n , gm(l’,T;G) is the
probability of finding the target in m searches when TP is the

state, T 1is the transition probability vector and strategy § 1is

employed.
Let V be the state (,%) . Let 60 be the truncated 61
after truncating the partial sequence for the first r stages.

Conditioning on r yields:
(156 = E{gr(n’ ,Alsél) + [1 - gr(lP ,Al;él)]gm'r(v,T;Go)}
1 -
=1 - E[l - gr(IP A58 )][1 - ™ Tw,1;69)] .

The above formulation can be explained as follows. During the first

r stages, the target moves according to Al . Therefore, the probability
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of finding the target in the first r searches is gr(n’,Al,Gl) . At
the end of the rth search, if the target is not found, then it moves
according to AZ . Hence the state for the r + lst stage is

V = (%,%) , and the strategy is 60 » the truncated 61 . Notice that

before the process terminates, 60 is either 61 or 62 depending on
whether r 1is even or odd.

Since Al =1, P; > " by the results for a stationary target

model, an optimal strategy first searches box 1 to maximize gr(n’,Al,G) s

where 6 1is any strategy. Since (1 - a)pl <P, an optimal strategy

next searches box 2. But 0y =6, = a implies that after searching

twice without finding it, the state becomes IP again for the third

stage. Therefore, repeating the above arguments shows that 61 is

optimal for gr(IP,Al,é) for any r .

Now r>1 and V= (%) = (vl,vz) satisfies

l-a f_v,/v2 <1/1 - a . Since vy, = % , by induction hypothesis,

gm-r(V,T;G) is maximized by either 61 and 62 . Hence 60 maximizes

gm-r(V,T,G) for any r . It follows that 61 maximizes gm(l’,T,é)

and the theorem is proven.

Q.E.D.

Theorem 3.11:

If 1 5_% 23 } 5 then for any state IP, an optimal strategy

first searches a box with larger Py -

Proof:

Py ., P
Theorem 3.9 says that if —= > = or 1f — <
Py~ b Py T

strategy first searches a box with larger Py« Theorem 3.10 says that

& o

» then an optimal

PO TR U O VR e
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P
if 1 -a < A
with larger Py -

RIS 8y ey ) 4 a0

I = p then an optimal strategy first searches a box

P
Now if % 5-1 i 5 then ;i satisfies the condition of either

K - 2
' Theorem 3.9 or Theorem 10. Hence an optimal strategy first searches

[UTTITORNING "

a box with larger p; -

Remark:

P
a 1 1 l1_a
Unfortunately, when 3 1~ o and 1= o j_pz <y » the optimal :

strategy is not characterized by the preceding theorems.
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CYAPTER 4

OPTIMAL. SEARCH WITH RANDOM OVERLOOK PROBABILITIES

4.1 Introduction

Consider an optimal search problem with n boxes. Let Py be

vhe given prior probability that the target is in box 1 ,
n

By 2 0 Z p; = 1 . The target is stationary. The overlook probabilities,
i=1

howzver, are allowed to be random variables. Thus, searching box i

at time t finds the target with probability ug > 0 1if the target is
in box i . For fixed i , ai,ai, ... are independent identically
distributed random variables. The ai's are told at time t either
before the search or after the search as will be treated separately

in the sections that follow.

4,2 Randem Overlook Probabilities Told After the Search

The main difference hetween this case and the model with deterministic
random overlook probabilities is as follows. The posterior probabilities
after a search is wade without finding it are random variables. It
follows that a strategy is usually not a fixed sequence of searching.

In fact, the decision for time t 4+ 1 is not made until a;'s are

told which occurs after a search is completed at time t . A strategy

§ , therefore, is any rule for determining which box to search at each

time t . The rule depends on the posterior probability distribution at
that time. Since for fixed 1 , ot

i

shall be written as Eai .

has the same distribution for all

t
t, Eai

Theorem 4.1:

lLet N be any integer, P = (Pl’Pz’ coey pn) be the prior

probabilities. To maximize the probability of finding the target in N

e

!
;
4
ki
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searches, an optimal strategy first searches the box with max piEa1 . ;
¢ i B

Proof:

Let N be the allowed number of searches. ]

Using inductiom, N

it

1 is trivial. It will be verified that if
; the theorem holds for N

m~ 1, then it holds for N =m

In a m~-stage problem, when the initial state is P = (pl, cesy pn) ’

let box j be such that ijaj = max piEai + Suppose an optimal
i

strategy first searches box k , p

F PR T

kEak # max piEai . hfter the search, ‘
if the target is not, found, then the posterior probability distribution i
]

' = (pi,pé, cees p;) as a function of the told ai's , is

e

- mk)pk ' Py

P —_— p; =T ifk. g
k 1 ) Py i 1 @) Py ;

IP' is a random vector since ak is a random variable.

can be considered as the initial state for the remaining m - 1

Moreover,

TN

IP!

stage problem, Now

a2 XOTE AR

ijaj 2 p;Ea, 147 J
3 p' p!
._15.5-_1_'.;_1__.__%.;___ vV i#égk.
k Py kP

N Sras o athsenad T

Hence piEa: > p{Eai V 1 . This i¢ true regardless of the value of
J

bw vt aegy -2 el

!
the ai S .

[ S

By induction hypothesis, it will be optimal then tv vearch box j

first for the remaining m ~ 1 stage problem.

Thus an optimal strategy

A PTIY TY

S el e A e
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for the original m stage problem is to search first box k ,

*
1 then box J then continue optimally by following & , say. Let

. *
the whole strategy be denoted by Sksjé .

For any strategy 6 and any prior probability vector P , let

fm(IP,é) = the probability of finding the ball in m searches when 1

I dis the vector of prior probabilities and strategy & is employed.

If one can show

m * m *
£ (m,sjsks ) - £ (IP,SijcS ) >0

then there exists an optimal strategy which first searches box j where

ijaj = méx aip

g Let the ao's for the second stage be ai . Let
i

T

Tkap be the posterior probabilities after searching first box j then

P

box k without finding the target. Then

m * n * _ 1
£ (Ip,sjska ) - f (IP 15,558 )- ;

St . - ) m-2 * _
ijctj + pkhak + E(1 ajpj)(l akpk)f (T TIP,S )

i’k
_ ' el o o m-2 *
pkEctk pj Eaj E(1 akpk) (1 aj pj )33 (Tij P,s )
A - l - - '
, where TkaIP o ujpj)(l — aépk) (pl, ooy (1 aj)pj, ooy (1 ak)pk,

ceey pn) .

e - car s
N JPY SRV BES VLA e R

By assumption, for any i , oy and ai have the same distribution.

m R m *
Bence f (H’,Sjsko } - f (IP,Sij6 ) =0,

edat PRI oian

ol s et
-

Q.E.D.
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Assume searching box i costs g s 0 < cy <™. The problem of
minimizing the expected searching cost will now be treated. For any f
strategy -8 and any prior probability vector IP , let gm(]P,tS) =
stage expected searching cost when IP 1is the vector or prior
probabilities and strategy § is employed.
Similarly, ¢z g(IP,S§) = total expected searching cost when 1P
is the vector of prior probabilities and strategy § is employed. ;

Define ]

g"(P) = infy " (P ,8)

g(P) = inf; g(IP,5) .

ko il et yaien

Lerma 4.2:

Let min c,=¢ >0, Eai >0, and max ¢

= k < », Then 1
i g 1 :

c, é
g(IP) < c-k/<z ﬁ) = M(say) . .

i 774 ]
Proof: ;
Let 61 be the strategy of always searching the box with ;
piEai *
max — at any time t . For any strategy & , let N (§) be the
i i

S N VI ST

random time at which the target is found by using strategy 6 .

*
N (§) = » , if the target is never found. Then

FYPR TP

* ‘
g(P) < g(P,6%) < k-EN' (57 :

el = §oeratsh > m )
m=0
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*
P(N (61) >m) = Pr not finding the target
in m searches by using

strategy 61 .

piEa

The minimal value of max

< is achieved by the vector having
i i

1 pyEe 1

Now each time 6 searches a box with max P . Thus, each time §
i i

searches a box (say box j), the probability ija

f that the target

will be found is such that

Hence

m
* 1 4
P(N (67) >m) < 1-/ e
'[ (i E“i)]

© [
N (sh) = J Pt (sl > m _<_c/( Ei)
i

m=0 i
* 1 © ci
g(P) < k+EN (&) <ck L-E-— .
- - 1%

Q.E.D.
Theorem 4.2:

Let gm(IP)  8(P) be defined as before, then

lim g™(IP) = g(P) .

e

NEVPIRE S T

i
i
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5
i
3
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Proof:

Let 8" be a strategy which minimizes the m stage expected
searching cost, Let gm(IP,G) be the m stage expected cost and let

g(IP,8) be the total expected searching cost defined as before, gm(n’,G)

is a monotone increasing function of m . The same is true for gm(IP) .

Since gm(IP) <g(P) <M (a constant), gm(IP) converges in m . Let
P™(8)

14 ST AL

be the probability of finding the target in m searches by

A%

following strategy 6 . Then

g(®,8M) = g™(®,8™) + (1 - P"(™ g(T"P)

whare ™P is the posterior probability after using & for m stages

without finding the target. Now M 3_g(TmIP) and Pm(ém) + 1 (otherwise
gm(lP) + ») , Hence, g(P ,Gm) > gm(lP,Gm) = gm(]P) . Suppose
gm(IP) + K < g(P) . Then for N large enough, g(IP,GN) < g(IP) which

is a contradiction., Hence, 1lim gm(n’) = g(P) .
L} W

3
:
3
;
1
:
ki
H
\
3
i
]
it

Q.E.D.

Theorem 4.73:

Let IP = (pl, ceey pn) be the state at a certain time. To

PTORSRRNE R LR LR i

: minimize the expected searching cost, an optimal strategy first searches
32

PRI

p.Ea

Resmss

a box with max

1

AR

Proof:

et e s IR

The proof will be carried out by considering an m stage searching

process and then let m go to infinity. Let initial state IP be as

L,ﬁ- S wtn

NS 2 S i ~ " [PPEIIRETIRG WS FRCRPRNPVETE S S S
o . - dan PUPGII O DI SENS S
ren PINTRUARESX- 7Y




s i G T

40

given. Let m be any positive integer. Consider an m stage searching

piEai
process. Let box j be a box with max S . ¢
i

Define the following strategies:

61 = the strategy which minimizes the m stage expected searching
cost given that it searches box j at the mth stage.
62 = an optimal strategy which minimizes the m stage expected

searching cost.

63 = the strategy which first searches box j and then continues

optimally.

For any strategy ¢ , let gm(I’,d) be defined as the m stage

expected cost and let gm(IP) = inf gm(IP »0) as before. Also let g(I)
8

be the minimum expected cost before finding the target (m = =) .

By Theorem 4.2, for any state TP,
g (IP) » g(P) .

Recall that Tin’ is the posterior probability for the next stage

after searching box i without finding the target. Then by definition,

(P ,8) = ¢

m-1
+ E(1 - a,p. T.P
3 ( JpJ)g ( 3 )

gm(P ,63) +¢c, +E(1l-a )g(TjI’) 8s m > ®

3 1P3
Now by dynamic programming,

g(P) = min cy + EQ1 - aipi)g(iin’) .

et e, e e L e g - - ot s ——
o = ot

A% 30 L s L SRR

1
v
i
)
,
b
K
M
i
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Hence if one can show gm(n’,GB) + g(I?) then an optimal strategy

first searches box j for an infinite stage process.

In order to show gm(n’,éa) + g(P) , it suffices to prove the

following two parts:

@) (P,8) < @, .
(b) As m+® , g(P,6%) » g™(P,62) » g(P) .

To prove (a), induction will be used. When m =1,

Em(n’,53) = gm(IP,Gl) =cy (a) is trivially true.

that if (a) holds for m=r -~ 1 for any P, then it holds for m = r

It will be verified

as well.

Loosely speaking, gm(]P ,63) < gm(IP ,61) means that if box j has
piEai
max

Py then searching box j first is no worse than searching box j
i

last, when optimal decision is made at the other stages.

Suppose when m = r , 61 searches box k first. If k = j , the

case is trivial. So assume k # j . After the first search, if the

target is not found, let the posterior probability be

P'= (pi,pé, ceey p;) . Let a; be defined as before. To simplify

1 2

notation, let ay =04, , 0 = ai ,1=1, ..., n. Then, for any 1

P
2oL — 14k
Py kPk
p! l-a
Lo Xy 1=k,
Py kPk

p'Ea p Ea
Hence ol = max 1

where P ' is the state for the remaining
%y i %

. e X
A e ok vk .

t
-y Py

e RN a L ANEALL LR 2T L

1
i
1
!
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r-1 stages. By induction hypethesis, searching box 3j next is
ho worse than searching box j 1last.

* .
Let SijG be the strategy that searches first box k , then

* *
box 3 then follows an optimal strategy & . Then SijG is no 1

worse than 61 for the r stage process, i.e.,
* i
gr(lP ,Sksjé ) < gr(]P ,61) . ]

*
Let SjSch be similarly defined. If one can show

1

r . * Y *
g (IP,bjSkG ) -g (]P,Sksjé ) <0

* %
then gr(IP,GB) igr(m,sjska )igr(IP,SijG ) igr(IP,Gl) and (a)

will be proven. Now

e ,s5 6 r s =
3( 515 )"g("”sksj )

- - — Yot r-z -
cj + (1 ijonj)ck + E(1 ajpj)(l akpk)g (TkaP) ?

- - - - - 1t r"'z
¢ - Q pkEak)cJ. E(1 @ p)(1 clpj)g (TkT r)

3 j
where TkaIP is the posterior probability after searching first box

J then box k without finding the target, Following the arguments as

used in the proof of Theorem 4.1 yields

PR e

) * m *
g (lp,sjska ) - g (IP,Sijé ) =

-(pjhaj)ck + (pkEazk)cj =

p, Ea p.Ea,
ckcj(kck-——l-—l)f_o.
A %k ‘3

PP SR e ST PRIt

H
s
d
i
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Hence (a) is proven.
m 1 m 2
The (b) part is repeated here to be proven, g (IP,8") +g (P,8°) »
g(P) as m~+e ., For any strategy 6 , any integer N , let
fN(IP »8) be the probability of finding the target in N searches when

IP is the initial state and strategy ¢ is employed. Then by definition

g2, 6% = inf {g“"l(m,a) +[1- & e ,6)]-c.} <
§ 3=

g le,eh) + 11 - 2w, 6D aax e
& @,60 = e, + 11- & L@,9)]: min ¢ -

Hence

0<ge,sh) - g™®,eH) < (1- H@,6D)] (max ¢, - minc] .

i

By Lemma 4.2, g(P ) is bounded. Hence gm(]P) = gm(I’ ,62) is
bounded. I1f, as m +> » , fm_l(IP ,62) # 1 , then there is a finite
probability that the target will never be found. Since min cy > 0,

i
this would imply gm(IP ,62) becomes unbounded, which is a contradiction.

Therefore

g (P ,51) + g"(P) and
g (P) + g(IP) by Theorem 4.2.

Q.E.D.

4.3 Random Overlook Probabilities Told before the Search

In this section, the case where the a's are told before the

search will be analyzed. Thus let az be the probability of finding

D Y [y 2 o 2. TP . SN2 P Y 7 P T T U AL o A Y Ty S L R Vs

s RIS

PR SNTIRS P S PP SO

. errranc Rz,
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the target when a search is made in box i at time t , given that the
target is in box i . Again, for any fixed {1 , ui,ui, .e. are :
independent identically distributed random variables. The fact that

ai's are told before time t makes it necessary to include the ai's

as part of the state at time t . That is, the state at time t now

T

consists of the posterior probability of the target being in box 1 at ]

time t ,(call it pz) as well as the a;'s .

To simplify the discussion, two types of ai's are chosen. One

is the case where for any fixed ¢t , a;,ug, ceny a; are assumed to be

independent random variables. The other is the case where ai z ot ,

B

i.e., at any time ¢t , ai's are identical for all the boxes.
Consider first the case where for fixed t , at,at, ceey ut are
1°72 n
independent random variables. In the problem of maximizing the probability

of finding the target in 7 given number of searches, one might conjecture

that an optimal strategy searches the box with max @.p, each time., The
i

following counterexample shows that this 1is not always true.
Suppose in a two box optimal search problem, the objective is to
maximize the prohability of finding the target in two stages. Let the 3

prior probabilities at the first stage be Py s Pyo- For any t , let

‘ ai s a; have the following probability distribution.

‘1 with probability a i
a. =

1
)0 with probability 1 - a t

1 with probability b y

oA R Yk 5 A N 2 Y. L

0 with probability 1 -b .

|
H
§
3
i
i

YRR e g e il i itk o s i N
2 = - —
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-

Assume that at the beginning of the first stage, @y and «, are

2
told to be a =0, = 1, while Py > Py 0 . Then according to the

conjecture, an optimal strategy searches box 1 first. Moreover, since

“1 =1 initially, if the ball is not found at the first search, then

the ball is not in box 1 2nd one always searches box 2 at the next stage.

Let the a's for the second stage be ai and aé and consider the

following two strategies. One is to search first box 1 then box 2,

call this strategy SlS2 . The other is to search first box 2 then

— e e o T S TETTELT

box 1, call it SZSl . The probability of finding the target by using

the first strategy is py + pZEaé . The same probability by using

the second strategy is p, * plEqi . Clearly, if pz(l -~ Eaé) > ?

pl(l - Eai) , then SlS2 is not optimal and the conjecture is wrong.

P

It is easy to see that for some suitably chosen a and b in the

probability distribution of « , namely, for p2(l - b) > pl(l - a) ,

the counterexample is established.

P
e T TN = =
e < 7
" e e

The following definitions will be used in the theorems that come

later.

Let (P ,a) be the state at a certain stage, where

P= (pl,pz, ceny pn) 1s the posterior probability vector at that stage

and o = (al,az, seny an) is the az's at that stage. The superscript

e

t in @ is suppressed since the time is understood to be that specified

stage.

A strategy §

2 ran sa e SAackEY el 324

is defined to be any rule for determining which box

to search at a given state, Since the prior probabilities are given, a

strategy 6 yields a searching sequence which depends on the at

'
i ]

}
{
1
d
|
{
:

which are told cach time before the search.

For any strategy 6, any integer m and any initial state (PP ,a) ,

let fm(ﬂ’,a;d) = the probability of finding the target in m searches
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when (P ,a) is the state at the first stage and strategy & is

employed thercafter.

Let £°(P ,a) = inf £ (PP ,0;8) . For any i , let £7(6) = the
8
conditional probability of finding the target in m searches given that

the target is in box 1 and strategy & is employed.

n
Then Ef'(P,a;8) = [ p £1(6) .
i=1

Theorer 4.4:

Let box i be any box, (P ,x) be any state. Let

a' = (ai,a;, cees aé) be another o« vector such that

] | J
af 20, 5 0p <o Vk#i.

Suppose an optimal strategy first searches box i at state (P ,a) .

Then an optimal strategy first searches box i at state (IP,a') as well.

Proof:

For a given initial state (P ,a) , and for any 3§ , let T,PP

3

be the posterior probability vector for the next stage given tha: the

present search of box j has not uncovered the target. Thus

TjIP = [(Tj]P)l, cees (Tj]P)n] , where

(prcl - ap)7 ¥ 9)
(r

3%)r =

l(l - aj)pj(l - Otjpj)-l (r=3.

Let box 1 be the box specified above,

*
For the initial state (P ,a) , let Sid be the strategy of first

*
searching box 1 then following an optimal strategy &8 . Let box k

_ ) i
. ot o ot et B A s
i i o e R—

PIOEIY] SRS TRY

PR IYERIeT WE T PV

DT et KT 4 N i b T



be any box. For the initial state (P ,a') , let Ské' be the strategy

of first searching box k , k # i then following an optimal strategy

8' . Let a2 be the a vector for the next stage. Then

m _ e 25 _ w1 2y _
£f(P,0) =f¢£ (]P ,a,SiG ) = a.p, + (1 aipi)nf (TiP ,a )
n m-1,.%
P, + (1 - aipi) jZl (Ti]P )jfj () =

m-1, % m-1, k.
apy ¥ (L-a)dp £7(8) + Y op.f. (5) =

g 33

n
m-1, % m-1, %
aipi[l - £ (8 )] + jzl pjfj (§) .

Since «a

n
m . A _m-l*] m-1, %
f (]P '8, 8 ) uipi[l £, ()] + kzl P (6) >

*
fm(lP 14,5, 8 ) = (P ,0) > {(P ,0,8,8") =

k

jv

[ m-1, ., 4 m-1,.,
ukpk_l - £ (8 )] + jzl pjfj (8*)

e T m-1, ., s w-1,.,;
Pyl - £ (8 )] * jEl pyEy (8D

m ', 1Y = ! . - m-1 2)
£ (®,o ,Ské ) 4P T (1 akpk)Ef (TklP ,a ) .

Hence an optimal strategy first searches box 1 at state (P ,a') .
Q.E.D.
Assume searching any box i costs ey > 0 . Now consider the

problem of minimizing the expected searching cost. For any strategy ¢ ,

[ T —
B -
...... PSRN P T TR S e s e Mt it e e 1 4 bk e NALAR Al 2

P T
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any initial state (P ,a) , let g(P ,x;8) = the expected searching
cost when (¥ ,a) is the state at the first stage and strategy &

18 employed thereafter,

Let g(P,a) = inf g(P ,2;8) . For any box i , let 31(6) = the
)

conditional expected searching cost given that the target is in bex

L

and strategy 4 is emploved.

n
Then Eg(®P ,a;6) = Z pjgi(é) .
i=1 -

Thaorem 4.5:

Let box i be any box, (P ,x) be any state. Let

a' = (ai,aé, ceey 0‘:1) be another & vector such that
1 1
aj > a0 <a Vk#1.

Suppose an optimal strategy first searches box i at state (P ,a) .

Then an optimal strategy first searches box i at state (P ,a') as well.

Proof:

Let TjIP be defined as before. For the initial state (P ,a) ,
*
let Si6 be the strategy of first searching box i then following
*
an optimal strategy ¢ . For the initial state (¥ ,a') , let Ské'

be the strategy of first searching box k , k # 1 , then following an

2 I
optimal strateg &' . Let « be the a wvector for the next stage.
p A 8

Then

i

Py

Dt e M e a2

2 ha e LRSI LUAETL S
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%\ 2
g(P ,a) = g(n?,a,sié } =cy + (1 - aipi)Eg(Tin?,a ) =

n

*
¢, + (- amp) j§1 (Til")jgj(é ) =
+(L-a)pg(5)+ ] )
c - a,)p. P.8. =
i 1)P;85 11 118

* n
cg = oypse () + §

)
j-l pjgj .

Since a! > a, , o' <a
- i k

7
i

(p ', o) o5, (8 + 7 6"y <
a{P0tss; 8y ey - a;py8, (6 iﬁl PyB3%° 0 =
g(P ,a;sléx) = g(]P ,d) < g(P ,G;Ské') =
n
- 2t t 1.3 &
cp ~ %P8 (") + jzl P8 (8" < (P ,a';5,8") .

-

Hence an oftival strategy first searches box 1 at state (PP,a') as well.
Q'E.D.
. s . . . t .t .
Consider the case where for fixed time ¢ , @/ 2a, i.e., all
the boxcs have the same overlook probabilities. In the problem of
waximizing tbe probability of finding the target in a given number of

searches, one might conjecture again that an optimal strategy first

searches the box with mnax P - The conjecturz is not always true.
i

Ancther conjecture is that if P= (pl, ey pn) » @ 1s given and it is
optimal vo first seawch btox i at state (P ,u) then it is also optimal
to first search box {1 at state (I ',a) where P ' = (pi, cous p;) ,
p; Zp; p& <Py o k # 1 . Note that the first conjecture implies

the second one. A counterexamp:e is given below to show that even the

second conjecture is not always true.
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Let there be two boxes. Consider a two stage optimal search

ﬁ problem. The objective is to maximize the probability of finding the

’ target in two searches. Notice that ai = a; = at in this case. ’

F Suppose al = q , az = a' , the prior probability vector is P = (pl'pz) . x

l For the last stage (the second stage), obviously the box with the larger 3
probability of containing the target ought to be searched. If the é
second conjecture were true, then there would be a number A > 0 such j

i that an optimal strategy first searches box 1 when ;l-z_l , and first |

1 Py 2 ‘
searches box 2 when ;;-f_l . This will be disproved. :

Assume o < Ea' aund assume first (1 - u)pl 2P, - The probability
of finding the target by searching first box 1 then the box with larger i

posterior probability of containing the target is

2t e Ak Rk P

# (1 - Q)Pl pz
: @y + (L= opy)(Bel)e max 7= s T,
’

b

(*) = apy + (Ea') Ta; {(L - a)py»p,} =
: s

ap, + (Ea')(1 ~ a)pl

2eatnet

since (1 - a)pl 2Py s by assumption. The probability defined the

LA T s

samne way as above except that box 2 is searched first is

i o |

PO L

op, + (Ea') + max {pl,(l - u)pz} =
1,2 !
(k*) "

ap, + (Ea')-pl

since Py > (1 - a)p1 2P, > (1 - a)p2 . Subtracting (**} from (*) yields

P
i
H
K
]
"
i
;

a[pl(l - Ea') - p2] .
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So 1if pl(l -a) > P, » an optimal strategy first searches box 1 or
box 2 depending on pl(l - Ea') - Py is positive or negative.

By symmetry, if pz(l -a) > P; » an optimal strategy first searches
box 2 or box 1 depending on p2(1 - Ea') - Py is positive or negative.

It follows that under the assumption that « < Ea' , the optimal strategy

Py 1 P

searches box 1 when — > 1= Ea’ or when 1 - ¢ > A >1 - Ea' and 5
2 T4 TR TPy T 3

p 3

searches box 2 when L_ . it & < -——l'-—-.- or when L2 ] <1- Ea', 4
l-a-—pz—-l-Ea Py — ;

Hence the second conjecture was wrong.
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