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PERSONNEL-ASSIGNMENT BY MULTIOBJECTIVE PROGRAMMING 

M. A. Pollatschek 

Stanford University- 

Abstract 

Assigning personnel is a task where several goals should be 

simultaneously achieved. It is demonstrated that multiobjective pro- 

gramming in combinatoric medium is possible both methodologically and 

computationally. Following Geoffrion, it is assumed that the decision- 

maker has in mind an implicit function mapping the numerical values of 

the objectives to the real line. The following strategy is suggested: 

in each stage of a branch-and-bound type procedure the DM is requested 

to choose the first- and second-best assignment from a given set, and 

compare several pairs of assignments. The computation is reducible to 

well-known problems of assignment and shortest routes for which efficient 

solution-techniques exist. 

Key-words: Assignment 

Multiobjective Programming 

Branch-and-Bound Procedure 

Shortest Route Problem 
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INTRODUCTION 

Kuhn* s Hungarian assignment algorithm should be in principle a 

good tool for personnel-assignment to jobs, however its application is 

reportedly scarce [9]. A successful application has recently been re- 

ported [k]  in which servicemen were assigned to several posts and the 

"cost" of an assignment was the dollar costs of moving the individual, 

his family and belongings to a new place of residence. However, not 

each assignment was acceptable since certain policy-rules had to be con- 

sidered as well. 

This example pinpoints the difficulty in the application of the 

algorithm: namely, the policy-rules cannot be casted into single scalars 

attached to the assignments the sum of which is to be minimized. One 

general approach to circumvent this fact is to attach a vector to the 

assignment and thus to solve a multiple objective-function problem.  (For 

a summary see [11].) If this is possible we still have to face a further 

difficulty: namely, the definition of the optimum. Clearly, no solution 

optimizes all the objective functions simultaneously and no apparently 

simple function can weigh properly the several objectives. Geoffrion [6]^ 

proposed that such function exists in the case of convex multiobjective 

function and its derivatives at given points can be assessed by the 

decision-maker (DM) although we are unable to construct the function ex- 

plicitly. Hence, what is needed in such cases is an algorithm influenced 

properly by the DM. The DM continuously exercises his judgement during 

the computational framework by choosing between the alternatives. 



The main objective of the paper is to demonstrate that multi- 

objective programming in combinatoric medium is possible both methodo- 

logically and computationally and in this sense the presented material 

seems to be novel. On the other hand most of the techniques are taken 

from well-established fields as branch-and-bound procedures [j],   [8] 

and network analysis [3], [5] which the reader is assumed to be familiar 

with. 
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METHODOLOGY:  FORMULATION AND STRATEGY OF SOLUTION 

Assume that there are n candidates and m jobs, m < n,  and 

there are K objectives,  K > 1. The deviation caused by assigning 

candidate i to job j from the ideal value, 0, concerning objective 

k is c. . > 0, k = 1, 2, ..., K. Define x. . = 1 if candidate i is 

assigned to job j and x.. = 0 otherwise and let r  be: 

f* = Z   C±j Xi-j. 

_k 
f  measures the distance of an assignment pattern X = {x. .)  from the 

ideal value,  0. 

F is not known explictly. However, it is an increasing function 

of f,, k = 1, 2, ..., K if the remaining variables are held constant. 

The decision-maker wants to minimize F. 

If F is independent of X this approach is equivalent with 

that proposed by Geoffrion in the continuous, convex-programming case [6]. 

Thus, it can be considered as generalization of [6] in a discrete problem. 

To illustrate, let us discuss assigning servicemen to posts when 

there are three considerations: 

(i)   Cost caused by moving the individual, his family and be- 

longings to the new post. The total cost of all the 

It is interesting to observe that if F = £ c  x.. + M(l - det(l - X)) 

for n = m,  and M -»» we obtain a correct formulation for the notorious 

traveling salesman problem [10]. This shows the generality of this approach. 
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assignment should be kept low. Define c. . as this cost 

in $. 

(ii)  Reliability of the system after assignment. Let p.. the 

estimated probability of error made by servicemen i in 

post j. Postulating independency, the probability of no 

error in the whole system is ir(l - p..) where the product 

is carried over (i, j) such that x. = 1. This should 

2 
be kept reasonably high. Therefore define c. . = 

- log (1 - p ). 

(iii)    Certain pattern of assignments are not feasible due to,  say, 

union-contracts which forbid them. 

Function F in this case weigh the desirability of low cost 

against the advantage of high reliability and also avoids the forbidden 

patterns. 

F is actually a map from the k-tuple (r, r , ..., r ) to 

yeR1: y = F(r , r , ..., r ). Hence if one has p k-tuples (fv, ff, ..., 

fV)  i = 1, 2, ..., p,  and the corresponding y., the DM should be able 

the point out the k-tuple leading to the first or second minimum of y 

or to compare the distances between two pairs of y.,  i.e., if 

|y-i — y^j | < |y — y. |, etc. Therefore it is sensible to ask him about 

his first or second preference or compare the distances between given 

pairs of k-tuples. This may prove incorrect in practice. In order to 

compensate for this strong assumption the DM will be allowed to change his 

mind retroactively during the execution of the algorithm, mainly as the 

results of the earlier decisions concerning preferences turn out at later 
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stages. This necessiates a backtrack-type algorithm similar to that 

given in [8]. 

The DM assigns the m jobs to m candidates one at a time. 

In assignment of Z    given jobs to Z    given candidates, 

i = 0, 1, ..., m is termed an ^-assignment (Z  -a). Let Zx     be 

the cost of the specific Z  - a plus the cost of optimal assignment of 

the remaining jobs and candidates concerning objective k only. Clearly, 

JLT      is a lower bound of r  in an Z   -  a. If (i, j)  is to be the 

following assignment from the so far unassigned jobs and candidates, it 

can be shown (see the following section) that   ^ZT    -    f:      is a function 

of the specific Z  - a, C  and (i, j) denoted by  AfV ..  Zx ,     and 
Z    *■> J  z 

Af7. are displayed to the DM. On the basis of this information, the DM 
z     lj 

indicates his first and second preferences for the remaining candidates 

for each remaining job. These will be denoted by i, (j) and ip(j) for 

job j. As a following step the DM is requested to indicate the job j 

for which the difference between [ Jf*  +„AfT      Ik = 1, 2, ..., K} 
_k    k Kj),J 

and { „ZT    +„/vfV ,.\   .    k = 1, 2, ..., K)  is the greatest. This job 
*    &     ig ^''^ 

will be denoted by j(i). Following the heuristics in [7] and [8] the 

branching step is performed on j (Z). Backtracking takes place only if 

the DM so desires and he specifies also the node in the branch-and-bound 

tree toward which the algorithm backtracks. Like in [8], after back- 

tracking, the proper c. (A(O\)   •(0\     is set *0 a high number, and the 

calculation is restarted from that point. 
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CALCULATIONS 

For each I  -a, i = 0, 1, ...,m-l there are (m - Z)    re- 

maining jobs and (n - &)    remaining candidates. The corresponding 

K(n - Z)  x (m - £)    assignment-problem are solved independently for the 

K objectives by standard methods [2], [7]. Let v  be the optimal 

value of the k-th objective function. Then the lower bounds on r 

is given by 

Z, %(d(p)),j(p)' 
3 = 1   -L 

k ■ Z c. V  + 

where if i  = 0, the sum is defined as 0. 

For the calculation of .AfV. we need some further definitions. 
X,        lj 

Without losing generality we proceed by assuming £ = 0,     and observing 

only one (arbitrary) objective. Therefore indeces k and £    will be 

omitted in the foregoing. 

Associate a bipartite, directed graph to an arbitrary but fixed 

optimal assignment with vertex-sets €.= {1, 2, ..., n}  and €p= (1, 2, 

[1, 2, ..., m} corresponding to the row and column indices of matrix C 

whose elements are c... Let the optimal pairs (i,j) correspond to 

edges  (i>j), i£^^ je€p and all the other pairs  (i,j) correspond to 

edges  (j,i), ie€-, je£?. Reindex the rows so that the optimal pair« 

c.. are on the diagonal of C. This is achieved by premultiplying C 

with a suitable permutation-matrix,  P. Thus, the optimal paris of PC 

are (j>j)> j + 1> 2, ..., m. In the following we assume this index- 

system: thus c. . indicates the (i,j)-element in PC.  In assignment, 

A is a matching in this bipartite graph. 
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The compressed graph is defined as follows: it has a vertex-set 

€ = {1, 2, ..., n} and for each arc (j,i) ie€,,  je€p in the bipartite 

graph we have an edge (i,j) in the compressed graph with "distances" or 

weights w.. = c. .- c... Additionally there are artificial arcs (i,j) 

with weights w. = 0 for ie {1, 2,   ..., m}, je {m + 1, m + 2, ..., n} 

and w. . = oo for ie {m + 1, m + 2, ..., n}, je (m + 1, m + 2, ..., n} 

and i * j. w.. = 0 for each i + 1, 2, ..., n by definition. 

Let 6 be a family of disjoint circuit in the compressed graph. 

A family of disjoint circuits in the bipartite graph containing the cor- 

responding arcs will be denoted also by 6. Since there exists a one-to- 

one correspondence between the families this abuse is well-defined. 

Lemma. Let A, be an optimal assignment and C - a family of disjoint 

circuits in the compressed graph. Then an assignment ,A_ may be obtained 

from A, and C    in the following manner: if 6 contains a nonartificial 

arc (i,j) then pair (j,j) is replaced by pair (i,j). Moreover, each 

Ap * A. can be obtained from some 6   by this contruction. 

Proof. Take any Ap * A . Then consider the set of arcs JL UjL - (A ^A.) 

in the bipartite graph. They may form either circuits or pathes from 

ie{m + 1, m + 2, ..., n} to j-{l, 2, ..., m} in the bipartite^graph, and 

these circuit(s) and path(s) are disjoint. Therefore, the corresponding 

arcs in the compressed graph together with appropriate artifical arcs form 

a family of disjoint circuits, C   proving the second part of the lemma. 

By reversing the arguments one verifies the first part. 



The value of the shortest route from vertex p to g, denoted 

by w , in the compressed graph is the minimum of £ w. . where the 

sum is taken on a path from vertex p to vertex g. 

The matrix of shortest routes, W  with elements w. . can be 

easily calculated by the Floyd-algorithm [1], [5]. 

Denote by Af an n x n matrix whose elements in the first m 

rows are Af... 

-1 y.j. 

Theorem. Af = P" (W + W ), where t denotes transposition. 

Proof. Note that the (i,j)-elements wW + w   are the values of the 

shortest circuits of the compressed graph when (i,j) is constrained to 

be in these circuits. This follows from the fact that the shortest 

circuit containing arc (i,j) is composed from arc (i,j) and the 

shortest route from j to i and their values correspond to the ap- 

*t propriate elements of W and W   resp. Remark also that no negative 

*t circuits endanger the existence of W   despite the fact that W may 

have negative elements. To see this, by assuming negative circuit C, 

we have 

I   w.=£   c.-Z   cJ!.<o=» S   c.. <  £  c... 
ij ij do ij ii' 

(i,d)eC (i,j)eC   je£ (i,j)e^       Je € 

which implies the nonoptimality of the diagonal elements, C , in 

contradiction to our original assumption. 
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By the construction of the lemma, we obtain from the optimal 

assignment •#,, and G>   containing (r,s) a new assignment, R_, which 

contains (r, s). Let v(A) be the sum of C. . on the arcs of A.   in the 
' ij 

bipartite graph. Then 

v(J?2) = v(^) + v(ff) - v^O^) = v(^) + Z   w(i>j). 

Hence, 

(l,j)t<S 

and by the one-to-one correspondence of Jl^    and    <S   (for a fixed  .$..) 

Min zl rj ■ r ['(Ä2> - T(Ai'] ■ ",.«• 
e (i,j)4    •*■ 

where both £ and ^? contains arc (r,s). The left-hand side is the 

r,s element of VT1^ + W**, QED. 

Let Jl  be an optimal assignment concerning  .C  only (the subscript 

k k Z    indicates that .C  is a submatrix of C  from which the rows and 

columns corresponding to Z  - a are discarded) and (ß,. . the circuit cor- 

responding to element (i,j)  (and appropriate shortest route) in £f. If 

in the (Z +  l) - a, the new assignment is (i,j) then an optimal assign- 

ment concerning .+,C is given by ilU£. .- CÄ^y. .). Thus, by finding 

the solution to the shortest-route problem one is able to update the 

k k optimal assignment of »+1C  from that of fC  . 
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k    k 
Similar to p+.C  , »+-.v  can be also updated by the following 

formula: 

ü+i
yk = zv   + J^CJGO),^) • \(dU)),jU)' 

ILLUSTRATIVE EXAMPLE 

For illustrative purposes assume K= 2,  m= 6, n=9 and C  are: 

If 6 5 3 7i 3 

0 4 1 0* 3 2 

1* 1* 2 9 1 2 

0* |   3 1 2 If h 

1 7 1* 2 5 2 

6 2 2 5 u 
5 2 2 2 2 

1 
1* 

3 2 3 5 1* 1 

If If If 3 I   6 3 

•c2 

l 2 3 If 5 6 

ll 2 o| 1 H 0* 3 

2 5 3 6 3 * 1+ 

' 
1- k 2 

1 5 2 

1+ 6 3 5 if 2 3 

5 7 0* 1 i    3 2 3 

6 2 2 4 2 3 1* 

7 4 6 If !     2 5 3 

8 2 9 2 1* if 1 

9 3 1 1* ! 2 2 2 

= if „v2=lf 
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lt 
The optimal assignment for each C  independently are shown by asterisks. 

Their values are v  shown after the matrices. To show the details of 

1 
the procedures described in the previous section consider C . The cor- 

responding bipartite graph showing arcs (i,j) only, ie£, je€p is: 

© »<|> 
CD Kg) 
@ >® 

© ><S) 

e-L  ® >© e2 
© ►€> 

Note therefore that the appropriate permutation is (k,' 3, 5, 2, 8, 7, 

1, 6, 9),  or the permutation-matrix,  P is 
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1 2 3 1+ 5 6 7 8 9 

1 
i 

1 ! 

2 1 

3 1 

k 1 
i 

5 l 

6 1 

7 1 

8 1 

9 1 

Matrix W  is easily calculated as: 

k 

3 

5 

2 

8 

7 

l 

6 

9 

1 2 3 4 5 6 - — — 

0 2 0 2 3 3 0 0 0 

1+ 0 l 9 0 l 0 0 0 

1 6 0 2 it l 0 0 0 

0 3 0 0 2 l 0 0 0 

3 1 2 5 0 0 0 0 0 

3 1 1 2 1 0 0 0 0 

4 5 4 3 6 2 0 oo 00 

6 l 1 5 3 3 X) 0 00 

k 3 3 3 5 2 00 oo 0 
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The index-numbers are of the original C -matrix to clarify the procedure, 

-x- 
Floyd's algorithm yields the following W 

It 

3 

5 

2 

3 

7 

1 

6 

9 

1 2 3 1+ 5 6 - - - 

0 1 0 2 1 1 0 0 0 

2 0 l 2 0 0 0 0 0 

1 1 0 2 1 1 0 0 0 

0 1 0 0 1 1 0 0 0 

2 1 1 2 0 0 0 0 0 

2 1 1 2 1 0 0 0 0 

3 3 3 3 3 2 0 2 0 

2 1 1 3 l 1 1 0 1 

3 3 3 3 3 2 2 2 0 

1   l*t 
so that W + W   becomes 

k 0 1+ 1 2 5 5 3 2 3 

3 5 0 2 10 1 2 3 1 3 

5 1 7 0 2 5 2 3 1 3 

2 2 5 2 0 It 3 3 3 3 

8 4 1 3 6 0 1 3 l 3 

7 k 1 2 3 1 0 2 l 2 

1 k 5 It 3 6 2 0 00 00 

6 6 1 1 5 3 3 oo 0 00 

9 If 3 3 3 5 2 00 00 0 



-lit- 

The relevant part, AT , with £r  (calculated in the same way) are 

displayed to the DNP 

V- 

1 

2 

3 

k 

5 

6 

7 

8 

9 

1 2 3 4 5 6 

u 5 if 3 6 2 

2 5 2 0 It 3 

5 0 2 10 l 2 

0 i+ 1 2 5 5 

1 7 0 2 5 2 

6 1 1 5 3 3 

4 1 2 3 l 0 

If 1 3 6 0 1 

4 3 3 3 5 2 

A*8» 

1 

2 

3 

5 

6 

7 

8 

9 

1 2 3 it 5 6 

3 2 2 5 0 it 

1+ 3 5 2 k 3 

0 6 3 1 6 2 

5 3 It 3 2 2 

8 0 l It 2 it 

l 3 It l It 0 

3 6 3 1 5 2 

l 10 2 0 5 1 

3 1 0 2 2 3 
.gf-1 = k if2 = it 

Assume that the choices of the DM were: 

ix(j) 

i2(d) 

1 2 3 U 5 6 

2 6 5 2 8 7 

8 9 it it 7 8 

1 2 
j(0) = 3,  so that the first assignment is  (5, 3) with cq , = 1, c_ , = 1, 

J >J ?>3 

The remaining C-matrices are: 
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1 It 6 3 7 

—— 

3 

2 0 1+ 0* 3 2 

3 k l* 9 l 2 

k 0* 

6 

3 

2 

2 

5 

It 

It 

it 

It 

7 3 2 2 2 1* 

8 3 2 5 1* 1 

9 k >l 3 6 3 

^ = 

1 

2 

3 

6 

7 

8 

9 

1 2 it 5 6 

2 0 it 0* 3 

5 3 3 it it 

1* 1+ l 5 2 

6 3 k 2 3 

2 2 2 3 1* 

u 6 2 5 3 

2 9 1* it l 

3 l* 2 2 2 

,^-J ,v2 = l* 

from which we have: 

1 

2 

3 

it 

7 

8 

9 

1 2 it 5 6 

1+ 5 3 6 2 

2 5 0 it 3 

5 0 10 1 2 

0 k 2 5 5 

6 1 5 3 3 

it 1 3 1 0 

it 1 6 0 1 

I» 3 3 5 2 

.Al2» 

1 

2 

3 

it 

6 

7 

8 

9 

1 2 it 5 6 

3 1 5 0 it 

It 2 2 it 3 

0 5 1 6 2 

5 2 3 2 2 

1 2 l 3 0 

3 5 l 5 2 

1 9 0 it 1 

3 0 2 1 2 

if1 = it if2 = 
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Note that in the calculation of  Ar  a negative element (c12" 
cop = " ^ 

was involved, still no difficulties arose as predicted by the proof of the 

theorem. 

The choices of the DM were: 

ixÜ) 

i2(j) 

1 2 k 5 6 

k 6 2 8 7 

8 9 k 9 8 

j(l) is k    so that the second assignment is (2,k)    with c~ ^ = 0, 

'2,h 
= 3 and the remaining C-matrices are: 

1 

3 

h 

7 

8 

1 2 5 6 

1+ 6 7 3 

i+ 1* l 2 

0* 3 It 4 

6 2 k 4 

3 2 2 1* 

3 2 1* 1 

* h 6 3 

.<?- 

1 

3 

k 

6 

7 

8 

9 

1 2 5 6 

2 0 0* 3 

1* h 5 2 

6 3 2 3 

2 2 3 1* 

If 6 5 3 

2 9 4 1 

3 1* 2 2 

,vX=5 ,v = 5 

from which: 
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J?- 

1 

3 

h 

6 

7 

8 

9 

1 2 5 6 

k 5 6 2 

5 0 l 2 

0 5 6 6 

6 1 3 3 

If 1 l 0 

a 1 0 1 

it 3 5 2 

,**- 

1 3 1 0 2 

3 0 )+ 5 2 

U 5 2 2 2 

6 1 1 2 0 

7 3 5 5 2 

8 1 8 U 0 

9 3 0 1 2 

if1 = It !f2 = 

The choices of the DM were: 

i^d) 

i2(j) 

1 2 5 6 

8 9 9 8 

6 6 6 6 

1       2 
j(2) = 6, the third assignment is (8,6): Cn /- = 1, c« ^ = 1. The re- 

maining C-matrices are: 

1 

3 

k 

6 

7 

9 

1 2 5 

It 6 7 

k 1* 1 

0* 3 It 

6 2 It 

3 2 2* 

It It 6 

,0s = 

1 2 0 0* 

3 1* h 5 

it 6 3 2 

6 2 2 3 

7 It 6 5 

9 3 l* 2 

,v* = ,v2 = 2 
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jf- 

1 1+ k 5 

3 5 0 0 

k 0 I* 5 

6 6 0 2 

7 3 0 0 

9 1* 
i.._ 

2 1* 

M*- 

l 2 5 

1 3 1 0 

3 0 h 5 

U 5 2 2 

6 l 1 3 

7 3 5 5 

9 
1 
|3 0 1 

^ «*- 

The choices of the DM were: 

J 1 2 5 

i^J) 3 6 9 

i2(j) 7 9 6 

1       2 
j(j) = 2,    the fourth assignment:  (6,2): c,- _ = 2, c^ _ = 2, leaving: 

<r = 

1 4 7 

3 U 1* 

1+ 0* k 

7 3 2 

9 it 6 
l 

l.V = l 

c2^ 

1 2 0* 

3 1* 5 

4 6 2 

7 k 5 

9 3 2 

2 
, V = 1 
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.Af1 = k 

1 5 

1 if 6 

3 5 0 

k 0 6 

7 5 l 

9-1 3 5 

ltA f2^ 

1 

3 

It 

7 

9 

1 5 

3 0 

0 6 

5 2 

'3 5 

2 2 

if1 = 5 tf2 = 8 

The choices of the DM: 
5 1 5 

i^j) 9 9 

i2(j) 7 l 

jOO = 1,  the fifth assignment:  (9*1): c
0  = ^ > C

Q -,  =  3; leaving: 

.c1» 

5 

1 7 

3 1* 

U 4 

7 2 

5 v*-l 

5 

1 0* 

3 5 

k 2 

7 5 

.v* = 0 

-Af1» 

5 

1 6 

3 0 

It 3 

7 1 

I**- 

tf2- 

1 0 

3 5 

1+ 2 

7 5 

5 
U8- 10 

The choice of the DM i,(5) = *t and the last assignment is (h,  5): 

Cj 5 = 4, c£ 5 = 2 and f1 = 13,  f2 = 12. 
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At this stage the branch-and-bound tree with the lower bounds are 

displayed showing (i^dCO), jOO) 

I 

0 

node-number r 
'(5,3\ «  (i^jCO), J(i) 

'(5,3)  \ 

(5,8) • © 
© (*,5) 

(6,8) .(g) 
©  (M) 

7(8,6) 
(7,7) • ©      A©  (5,7) 

/(6,2) 
(9,7) •<§>      "•© (5,8) 

(8,11) •<© 

(10,15) -@ (13,12) 

Assume that the IM wants to explore the consequences of different 

assesment at node 7 (referring to previous ^£r ): 
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J(10 = 1, the fifth assignment:  (7, l) C1  * 3, (£ , = hf 
If1- (>•*- 

,C    = 

5 

1 7 

3 1* 

I» k 

9 6 

c1 = 

5 

1 0* 

3 5 

4 2 

9 2 

-£ f*- 

6 

0 

3 

5 

vf2 = 

0 

5 

2 

? 

.v1^! _v2 = 0 .if1 = 8     ^f2 = 11 

and the best assignment is (b,  5),    C^  = k,    C^  = 2,  and r" = 11, 
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CONCLUSION 

The derivation of Af is original: note that it gives the exact 

increase of the objective-function if an edge is introduced to the optimal 

solution. This is in contradiction with [7], [8] where only an easily- 

calculable lower bound of the increase is obtained. However, it was felt 

that the DM would like to have the possible tightest bounds which enable 

better decisions. This consideration outweighs the question of numerical 

efficiency. This is obviously the case if the time of DM is more ex- 

pensive than the cost of calculation which appears to be the case in 

practical situations. 

The calculations of the shortest routes are of the order 0(n), 

so that all the calculations of a single branch of the branch-and-bound 

tree (from I =  0 to Z  = m) is of the order 0(n ). If a modest 

number of branches is investigated the calculations do not take a pro- 

hibitively long time or space. Here it can be mentioned that the usual 

Floyd algorithm may be more efficiently solved by techniques discussed 

in [1]. 

Thus the proposed method is computationally feasible, while from 

the point of view of methodology it is similar to that which have had 

success in the convex programming saituation [11], consequently it can 

be an applicable tool in personnel-assigning. 
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