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ABSTRACT

A method has been developed for treating the three-dimensional compressible
laminar boundary-layer equations for the case of a right circular cone at angle of attack
in supersonic and hypersonic flow. Swallowing by the boundary layer of the inviscid
entropy layer, i.e., streamline swallowing, has been treated by means of a mass-flow
balance between the inviscid and viscous flowfields. The boundary-layer equations were
developed in a general Crocco-variables form and particularized to the case of a right
circular cone at angle of attack. A finite-difference technique was formulated for solving
the governing equations and freating the streamline-swallowing phenomenon. The
resulting second-order accurate set of coupled nonlinear difference equations were solved
in an iteration scheme which employed an efficient algorithm especially suited to their
form. The general treatment of the problem and the method of solution were verified by
the good agreement obtained between the results of the method developed and both
experimental data and results from another method of computation. Results were
presented which showed that, for sufficiently high Mach number and bow shock strength
variations, streamline swallowing has a significant influence on computed boundary-layer
data. It was concluded that streamline swallowing should be included in three-dimensional
boundary-layer analyses for conical bodies under these conditions.
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CHAPTER !
INTRODUCTION

As indicated by the reviews of the literature by Cooke and
Hall (1)] and Stewartson (2), there exists a large body of work dealing
with three-dimensional boundary-layer flows. In spite of this large
body of literature, a number of significant areas in three-dimensional
boundary-layer theory remain relatively unexplored. Although this
statement is especially true for turbulent boundary layers, the present
work is directed toward laminar boundary layers, as only a heuristic
treatment of three-dimensional turbulent boundary layers currently
appears feasible.

In comparison with the two-dimensional and axisymmetric flow
situations, relatively 1ittle rigorous work has been done on the com-
putation of the three-dimensional boundary-layer flow over even simple
axisymmetric bodies at angle of attack, and most of that has involved
treatment of only the most windward 1ine of a body, e.g., Libby (3).
Because of the simplifications introduced by the spanwise derivatives'
being zero, the case of the three-dimensional boundary layer on a yawed
infinite cylinder has received considerable attention, as in the report
by Reshotko and Beckwith (4). Another case which has received con-
siderable attention because of its simplifying features is that of the

INumbers in parentheses refer to similarly numbered references
in the bibliography.
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three-dimensional boundary layer on a conical body. In this case the
classical treatment of the problem is such that the governing equations
may be transformed to eliminate the dependence on the strearnwise independ-
ent variable, as has been done by McGowan and Davis (5).

In addition to the special cases just mentioned, some compu-
tations have been performed for more general three-dimensional boundary
layers; however, in many instances these computations have been based on
the small crossflow assumptions. The small crossflow assumptions involve
assuming that the boundary-layer velocity component normal to the in-
viscid body-surface streamlines and all derivatives of this velocity
component are everywhere zero. These assumptions permit considerable
simplification of the governing equations; however, the results of Moore
and DeJarnette (6) have shown that, for cases of interest to them, the
use of the small crossflow assumptions leads to errors of approximately
ten percent in computed surface heat-transfer and skin-friction data,
when compared to more exact calculations.

It can be seen that most treatments of three-dimensional
boundary layers deal with special cases which permit simplification of
the problem because of either the restrictions of the physical problem
or assumptions made in the governing equations, and that there are many
significant areas remaining to be investigated. Consideration of
phenomena such as variable wall temperature, surface mass transfer, and
chemically reacting flows have not yet been generally delved into, even
if in principle the approach is understood.

The problem of streamline swallowing by the boundary layer on
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blunt bodies in supersonic or hypersonic flow is one which has received
considerable attention in the cases of both two-dimensional and axially
symmetric flow, e.g., Ferri (7) and Mayne and Adams (8). This same effect
exists for blunt-nosed axisymmetric bodies at angle of attack, as noted

by Fannelop and Waldman (9); however, this complicated problem has not yet
been treated. In addition to these blunt-body cases, there is also an
effect of streamline swallowing in the boundary-layer flow around a sharp
conical body at angle of attack in supersonic and hypersonic flow, and,
although it has not yet been investigated, this problem is amenable to
analytical treatment.

For the case of flow over a two-dimensional or unyawed axi-
symmetric blunt body, the streamline-swallowing phenomenon may be
demonstrated by first considering that in the classical treatment of the
boundary-layer problem, the outer-edge boundary conditions for the
boundary-layer equations are taken to be the conditions at the body sur-
face calculated by inviscid techniques. This is equivalent to assuming
that all of the flow along the outer edge of the boundary layer crossed
the normal portion of the bow shock wave. In reality, however, as the
flow proceeds along the body, and the boundary layer entrains fluid, the
portion of the flow which crossed the blunter forward part of the shock
wave will be "swallowed" by the boundary layer, as indicated in Figure 1.
The flow along the outer edge of the boundary layer on the aft portion of
the body will have passed through an oblique part of the shock wave,
and will be at a different state than had it passed through a normal shock

wave. Naturally, the use of the outer-edge boundary conditions resulting
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Figure 1. Streamline Swallowing on Blunt Axisymmetric Body at Zero
Angle of Attack
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from considering the streamline swallowing yields solutions to the
boundary-layer equations which differ from those solutions obtained using
the classical treatment of the outer-edge boundary conditions. References
7 and 8 show significant effects of the streamline swallowing on com-
puted boundary-layer profile data, surface heat transfer rate, and skin
friction.

For the case of supersonic or hypersonic flow over a right
circular cone at angle of attack, the streamline-swallowing phenomenon is
caused by the entrainment by the boundary layer of the lateral flow
around the cone. (Certainly this discussion applies to a more general
class of sharp bodies; however, a simple description of that class of
bodies is not possible.) The conventional treatment of this boundary-
layer problem involves using the inviscid body-surface conditions for the
outer-edge boundary conditions. This is equivalent to assuming that the
fiow along the outer edge of the boundary layer all crossed the most
windward (and bluntest) part of the shock wave. In fact, however, the
flow which crossed the blunter portion of the shock wave is swallowed by
the boundary layer, as shown in Figure 2. A more proper treatment of
the outer-edge boundary conditions, as noted by DaForno (10), would be to
take into account the swallowing of the inviscid flow by the boundary
layer. This can be done by an appropriate mass balance between the
boundary layer and the inviscid flowfield, such that the resulting
boundary conditions applied along the outer edge of the boundary layer
properly reflect the entrainment process.

The purpose of this work is an analytical investigation into
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Figure 2. Streamline Swallowing on Right Circular Cone at Angle of Attack
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the effects of streamline swallowing on solutions to the three-dimensional
boundary-layer equations for cases of supersonic and hypersonic flow over
right circular cones at angle of attack. The following chapters will
present the transformation of the governing equations into a tractable
form, a method for their solution, and the results of calculations which

have been performed.
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CHAPTER |l
FORMULATION OF THE PROBLEM

In this chapter are presented the governing equations for
three-dimensional compressible Taminar boundary-layer fiow, the trans-
formation of these equations into a tractable form, and a discussion
of the boundary conditions required to solve the equations, especially
as determined through the streamline-swallowing treatment. The
boundary-Jlayer equations are first presented in a general metric form;
these equations are then nondimensionalized and transformed into a
Crocco-variables form. Since the three-dimensional boundary-layer
equations in the present Crocco-variables form have not been presented
elsewhere, the equations developed in this chapter are not based on
any particular body geometry, so that they may be applied to any
desired body.

The gas under consideration is assumed to be both thermally and
calorically perfect. The governing partial differential equations which
are presented are the continuity equation, a longitudinal momentum
equation, a lateral momentum equation, and an energy equation. The per-
fect gas equation of state and a viscosity law complete the set of
governing equations. The Crocco transformation is used to eliminate the
component of velocity normal to the body surface as a dependent variable,
and, thereby, to reduce the number of partial differential equations

which must be solved from four to three. The spirit of the treatment
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given herein to the boundary-layer equations follows the work of Raetz
(11), who made the first significant advance into the solution of general
three-dimensional compressible laminar boundary-layer problems.

Streamline swallowing by the boundary layer is treated by deter-
mining the outer-edge boundary conditions for the boundary-layer equations
through a mass balance between the boundary layer and the inviscid flow-
field over the body. The outer-edge boundary conditions required for
solving the boundary-layer equations are obtained through the streamline-
swallowing treatment from the results of inviscid flowfield computations
made using the method of Jones (12) for supersonic and hypersonic flow
over conical bodies at angle of attack. Boundary-layer displacement
effects (i.e., boundary-layer influences on the inviscid flowfield) are

neglected in the treatment of the problem considered herein.

I. METRIC FORM OF THE BOUNDARY-LAYER EQUATIONS
AND A PRELIMINARY TRANSFORMATION

The three-dimensional compressible laminar boundary-layer
equations can be obtained from the Navier-Stokes equations by an order-
of-magnitude analysis in which only the dominant terms in the equations
are retained. This analysis can be conveniently accomplished in the
general orthogonal (£,n,z) coordinate system indicated in Figure 3, where
t£ and n are defined in the surface over which the boundary layer flows,
and ¢ is a coordinate normal to the surface. On this surface ¢ is a con-
stant, usually zero. For this coordinate system the general element of

length is
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Figure 3. Orthogonal Coordinate System and Velocity Components for
Boundary-Layer Equations

10
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()2 = K2 (de)2 + B2 (dn)? + K2 (d)? (1)
where the bar over a quantity designates a dimensional quantity. It is
assumed herein that ﬁ} and'ﬁé are functions of only £ and n; this assump-
tion should be valid so long as the surface is not excessively curved in
comparison to the boundary-layer thickness. The metric coefficient ﬁé is
generally a function of £, n, and z; Féd; is a differential element of
the physical distance normal to the body surface, i.e., Féd; = dy.

For a perfect gas, at steady state, with no body forces, in this
non-rotating coordinate system, the three-dimensional compressible laminar

boundary-layer equations, as given by Mager (13), for example, are:

Continuity
D (FFa et e (PR TN +3 (FF = =
ﬁ(h23pu)+-a;(h'|3Dv)+-a?(1}1_20m'0 (2)
£ Momentum
U,V . W o, uv M
h-] 13 FZ an 5.3 14 FI FZ an (3)
- 72 ah2=- 1 EE-I- 1 -a_. E_ﬁ
hyhy 2% ohy 38 phy az | By 3¢
n Momentum
T T oW W s TT o
é}.ﬁ!.+ Yy av L uv 32
2 T - - - (4)
e I N U - | L(g_a_v)
'ﬁ.lﬁz an 35'2 an ph3 14 h3 14

1
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Energy
u H, v H w oH
hy 3¢ hy an Py sz
1o [ w3 _ 1w (-Pr) 2 (@ +7?) (5)
o hyaz|Prhy 3z 2 hy Proag

The boundary-layer form of the z-momentum equation is %%—= 0.
This yields a constant pressure across the boundary layer, having the
value of the pressure imposed along the outer edge of the boundary layer.

The equation of state and the viscosity law may be written as

Equation of State

P=e¢RT (6)

Viscosity Law

re=u (T (7)

The following equation relates the total enthalpy to the
temperature and the kinetic energy of the flow. In keeping with the
boundary-layer assumptions, the kinetic energy of the motion in the

directional normal to the wall is qeglected.

H=r¢

cTHi@ed? (8)

Equations (2) through {8) are the equations governing three-
dimensional compressible laminar boundary-layer flow, under the assumptions

which have been given. The dependent variables are u, v, w, H, p, 1, and T.

12
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Equations (2) through (8) are now cast into a nondimensional

(9)
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The Reynolds number factor appearing in the relations for h3
and w is not necessary to nondimensionalize these variables; however, it
does serve to eliminate any explicit dependence of the resulting equations
on the freestream Reynolds number.

The application of Equations (9) to Equations (2) through (8)

yields the following set of nondimensional equations:

Continuity

S5 (hohgou) ¢ 2o (yhy o v) + 2 (hhp o w) = 0 (10)
£ Momentum

u au v du w au, u M

hy 3 " hyan " hyar * hsh, on

(1)

vo ahp 1 ap, 1 3 [pau

hhy 3% = T Tohy 3¢ T phy 3z | h3 Bt
n_Momentum

[+
<

u a_V+_Y__+w____
hy 3 " hp an * h3 3z~ hyhy

BT N I R B uv (12)
T1PRFT) phy, an T phy 3r | hy T
Energy
u_on, v 3H, w aH
hy 3 " hy an ~ h3 3z
S w_3H _1u (-Pr) 3 2,2
‘Bﬁgﬁ[vr—ﬁgac'szWlM ‘“*"’] )

14
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Equation of State

pP=——>pT o (14)

Viscosity Law

p = u(T) (15)
Equation (8) has the nondimensional form

H-T+1§(u2+v2) (16)

In obtaining Equation (14}, the re]ationship'ﬁ'= zil-?i;has been

employed.

Il. THE CROCCO TRANSFORMATION

In this section Equations (10) through (13) are transformed
according to a transformation introduced by Crocco (14). This trans-
formation is accomplished by letting the coordinate normal to the body
surface be defined to be the longitudinal velocity component, or, in the
present treatment, a normalized form of the longitudinal velocity. This
yields the convenient limits of zero and unity for the normal coordinate.
(The term "longitudinal” is used to refer to the & direction, and
"lateral" is used to refer to the n direction. The term "normal" refers,
of course, to the ¢ direction.) The velocity component normal to the
body surface is eliminated from the equations by combining the longitud-
ina) momentum equation with each of the continuity, lateral momentum,

and energy equations. This results in eliminating one of the partial

15
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differential equations entirely. As a part of the transformation, a form

of the longitudinal component of the shearing stress becomes the dependent

variable associated with the transformed longitudinal momentum equation.
The Crocco transformation is accomplished by first introducing

the following definitions:

_u
G:v_
Ve
=Y
Ue
_H
°* Fe
_uZ (17)
*Thy

where Z is a function of £ and n which can be defined for a particular
case so as to eliminate singularities at a stagnation point or sharp tip
of a body, or to introduce similarity into certain cases. The subscript
"e" refers to the value of a variable at the outer edge of the boundary
layer; quantities so designated are functions of only £ and n. In order
for the Crocco transformation to be meaningful, it is necessary that u
increase monotonically from zero at the body surface to ug at the outer
edge of the boundary layer.
The independent variables in the transformed equations are

E, n, and ¢ = %—. The dependent variables associated with the transformed
e

16
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differential equations are G, J, 8, and ¢, although J is eliminated from
the equations. Through the definitions of the coordinate ; and the metric
coefficient h,, ¢ is proportional to the longitudinal component of the
shearing stress.

The nondimensional temperature may be obtained from Equations
(16) and (17) as

T=Hyo- %—(;z ue2 + G2 vez) (18)

For convenience the temperature is retained in the transformed differ-
ential equations, although it is an explicit function of the edge con-
ditions and the primary dependent variables. The nondimensional vis-
cosity is treated similarly.

Application of the transformations given in Equation (17) to

the £-momentum equation yields the following equation for the trans-

formed velocity component normal to the body surface:

J=x11 Ta y1 w22 T 3
P 9C Y ue2¢ ﬁh] 13

w2l g2 3 72 Ve ¢ g 20 (ughy)
e? My 38 T Uy o By an

¢ o hyhy 3¢ (19)

Application of the transformations given by Equations (17) to
Equation (10), together with the introduction of Equation (19), yields
the following equation which may be considered to be the transformed

g-momentum equation:

17
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where

ol )|

Gp2

%24

%95

3P 9% 390
+a¢'|a—c-+ ap2 ¢+a¢3+a¢4-é-£--l- a¢5ﬁ-=0 (20)
= AX(5) 153 + Ax(6) M58 - ax(7) 13-2-+ AX(8) %>

T T T ¢
=0
=¥ 3 _ 1
T (AX(1) 'ﬁ— 3¢ - Ax() + 5
G au G_ T
+ AX(Z) 14 AX(2) —- - AX(2) + &
2 d
+ AX(3)z + AX(4)6 - AX(5)2; - AX(5) =t
+ AX(5) & T _ ax(e)r 2E& - AX(6)6 {
LI T
- AX(6) L8 2 4+ px(g) §6 32 + MX(7)26 28
2
G 3w - AX(8) I
+ AX(7) T AX(7) (8) o
= - AX(1) EE.
02T
= - AX(2) E- (21)
T

Equation (20) is cast into a standard form which is convenient

for the numerical solution technique presented in Chapter III. The AX{I)

coefficients in Equation (21) are functions of the body geometry and the

18
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outer-edge conditions. Since many of them occur a number of times, their

explicit forms are given later in this section.

form

where

The n-momentum equation transformed into the Crocco variables

is
a2[;'+<:: LI, G+ apy + oy 28
a2 * %6 a G2 G3 G4 3%
3G
& |1} 2 + AX(6 uzG - uGz u
G
= -AX(10 - AX(11)
ow T MO0 - MO
ap, = AX(9) e AX(12) ¥
i 02T 2
- 114
agg = = AX(1) ;2?
ags = - AX(2) %g'? (23)

The Crocco variabies form of the energy equation is
229

96 a0 30 _
-;;—2-4'0.9]32'"' 0929+093+094T€+085“a'n‘-0 (24)

vhere

19
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2
- lf_d. a@ + AX(5) ﬂ.;.':_. + AX(6) ﬂELG.

a
o1 6T T
AX(7) wPre | AX(8) 2EL
" o2 3
092 =0
= L 9¢
ag3 = - AX(13) ( +2 2
_ G 36 3¢ . . 3% , [aG)2
AX{14) [¢ ey E) ]
ang = - AX(1) EPrE
ot 0T
ags = - AX(2) u;_rG (25)
o°T

Although the grouping of some ‘of the n-momentum equation
coefficients in Equation (23) is not unique, they have been formulated
analogous to the coefficients for the ¢-momentum and energy equations,
and the groupings presented have proven well-behaved in the solution of
the equations.

It should be noted that in performing the Crocco transformation,
the density was eliminated from the equations through the application of
the equation of state. Additionally, the Prandtl number has been assumed
to be constant. No assumptions have been made concerning the viscosity

law, although a Sutherland viscosity law was used in all calculations
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performed in this investigation.
The coefficients AX(1) through AX(14) are functions of only ¢

and n, and not .

AEDC-TR-72-134

They are essentially made up of body geometry data

and data concerning conditions along the outer edge of the boundary

layer.

Their

AX(1)

AX(2)
AX(3) =
AX(4) =

AX(5) =
AX(6) =
AX(7) =

AX(8) =
AX(9) =

AX(10) =

explicit forms are

tep?”

Z 3
T fhy 5z (h2Zpue)

Z_ 3
Y-T Fighz an  (MZpve)

N
N
Q>
o

y VePZZ 3an{ughy)
Y:I h2 an

X e “epz 3an(vehy)
Y- 13
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AX(11) = -LL Ve
2 an

AX(12) = _:_ ﬁ

AX(13) = (1-Pr) Ye2
He

X
AX(14) = (1- Pr) __ (26)

In utilizing the results of calculations performed using the
Crocco-variables form of the three-dimensional boundary-layer equations
presented in this section, certain parameters are of interest from a phy-
sical standpoint. The coefficient of longitudinal skin friction may be

obtained in the form

Cr, 2 /RE = 2 ug(0) g (27)
where
Lﬂl_
ﬁé 9 |,
The coefficient of lateral skin friction can be obtained as
Cfy 2z /RE = 2vy | @ %g) (28)
z=0
where
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The Stanton number may be represented as

" -9 T (29)
St_Z /Re [rFf'(‘l—Tr =TT=8 ‘ac]
=0
where
% %)
st, = 3L
o, u_ (H.- ,;=0)

The distance normal to the surface may be determined from

y Re . f‘ L g (30)
0

Itl. BOUNDARY CONDITIONS

The appropriate boundary conditions needed to solve the set com-
posed of Equations (20), (22), and (24) depend on the nature of the
equations. This matter has been considered in some detail by Raetz (11),
Der and Raetz (15), and Wang (16). In considering the situation for a
general point P in the boundary layer, the concept of zones of influence
apd dependence have been developed, as illustrated in Figure 4. The
partial differential equations are of an elliptic nature in the ¢
direction, and the conditions at point P affect, and are in turn affected,

by the conditions along the entire 1ine which is normal to the surface
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zone of
dependence

zone of
influence

Figure 4. Zones of Influence and Dependence
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from ¢z = 0 to £ = 1 and passes through P. This is a consequence of the
di ffusion phenomena which are involved. Downstream of P there is a zone
of influence bounded by the surfaces ¢ = 0 and ¢ = 1 and by two surfaces
called the "outer and inner characteristic envelopes". These character-
istic envelopes are such that they are generated by the normals to the
surface emanating from the projection on the surface of the streamlines
having either the minimum or maximum angular displacement from the
constant-n surfaces. The conditions at point P affect the conditions

at all points within this zone of influence. Upstream of P there exists
a similarly defined zone of dependence such that the conditions at P are
dependent upon the conditions at all points within the zone of depend-
ence.

The concept of dependence sub-zones associated with the govern-
ing equations is important in the determination of just what boundary
data are required in order to solve the equations over a given region.
The general characteristic surfaces of the governing equations are sur-
faces generated by straight lines normal to the body surface and extend-
ing fromg =0 to g = 1. If the solution is desired in a region bounded
by the surfaces ¢ = §1» § = &p, n = Nps M = My § = 0, g = 1, where
£r > £ and ng > Ny, then the specification of data on the charac-
teristic surfaces ¢ = a], n=n, and n = n, is the maximum that could
be required, in addition to data on ¢ = 0 and ¢ = 1. In fact, data are
required on n = ny orn = np only if there is flow across those surfaces
and into the region under consideration. A given region may be divided

into a number of sub-regions to provide convenient regions over which to
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apply this concept.

In addition to indicating the appropriate boundary conditions
needed to solve the boundary-layer equations, the concepts presented in
this section are valuable in determining a proper numerical scheme for
solving the equations, as will be indicated in this next chapter.

For the present problem of flow over a right circular cone,
the governing equations degenerate to two-dimensional or even one-
dimensional problems along the windward symmetry line and at the sharp
tip, permitting the governing equations in these regions to be treated
as simple boundary-value problems or as conventional two-dimensional
parabolic systems, provided that appropriate boundary conditions are
known at £ = 0 and £ = 1. These special similarity solutions, together
with the boundary conditions for ¢, G, and 6 on the surfaces ¢ = 0 and
z =1, permit the solution of Equations (20), (22), and (24) over the
entire surface of the body.

The boundary conditions to be imposed on G and 6 at the body

surface and at the outer edge of the boundary layer are the following:

at ¢ = 0: G=0

6 = [e{g,n)];=q. prescribed (3n)
at g =1: G=1

=1 (32)

The surface boundary condition on e could also be a prescribed heat-
trans fer rate distribution, although that possibility is not treated in

this investigation.
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The surface boundary condition on & is obtained from evaluating
Equation (19), the Crocco-variables form of the t-momentum equation, at

t = 0, where G is also zero. The resulting expression yields

99
3

z=0

ug PJ (33)

. [?!T — + AX(8) %]

£=0

The factor J in Equation (33) would be used to include surface
mass transfer effects if transpiration or suction were being considered.

The outer-edge boundary condition on ¢ may be obtained from the

definition of ¢ as
T A du
o ol r—all vy 34
z=1.0

where

i<l

In the classical treatment of boundary-layer theory, the term
(du/dy);=1.0 is set equal to zero. In the present treatment of the
problem, however, where streamline swallowing is being considered, this
term is equated to its value at a certain point in the inviscid flow-
field. It should also be noted that ug, vg, and their variation with g
and n must also be determined in an appropriate manner from the inviscid

flowfield over the body. This matter is considered in the next section.
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IV. TREATMENT OF STREAMLINE SWALLOWING

In this section the technique used to determine the boundary-
Tayer outer-edge conditions through the treatment of the streamline-
swallowing phenomenon is presented. Basically, the boundary-layer outer-
edge conditions are determined on a surface in the inviscid flowfield
which separates the flow entrained by the boundary layer from that not
entrained by the boundary layer. The location of this inviscid
separating surface is obtained by a mass balance between the boundary
layer and the inviscid flowfield. In the actual computations the
location of this surface is coupled to the solution of the boundary-layer
equations, and is obtained in an iterative manner in conjunction with
the solution of the boundary-layer equations. As noted previously, it is
assumed that the boundary-layer displacement effects on the inviscid
flowfield are negligible, and no such effects are considered in this
investigation.

The description of the method of determining the location of
the separating surface described in the previous paragraph is accomp-
lished most easily by anticipating the finite-difference treatment used
in the solution of the complete problem. The description of the method
of determining the Tocation of the inviscid separating surface is,
therefore, done from a control-volume point of view which is analogous
to the finite-difference treatment. Figure 5 shows a typical control
volume for use in applying the mass-balance scheme, The control volume

shown in Figure 5 represents either a rectangular parallelepiped region
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Outer edge of boundary layer or
separating surface in inviscid flowfield

Figure 5. Control Volume for Streamline-Swallowing Mass Balance
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of the boundary layer (in £, n, ¢ coordinates), with its base on the body
surface at = 0 and top at z = 1, or a region in the inviscid flowfield
having the same base, but with the top being in the inviscid separating
surface,

The flow which crosses the indicated part of the inviscid
separating surface is the same flow which is entrained by the boundary
layer over the region with corners marked 1, 2, 3, and 4 in Figure 5.
Let the sides of the control volume be denoted by the numbers at the
corners of the base; let a prime superscript denote the boundary-layer
flow through the control volume; and let an asterisk superscript denote
the inviscid flow through the control volume. Letting m be the dimen-
sional mass flow across a side of the control volume (typical explicit
forms for m are presented shortly), and equating the mass flow across
the top of the inviscid flow control volume to that across the top of

the boundary-layer control volume yields

Mmoo+ -m -m =+ -mx - (35)
3-4 1-3 2.4 12 3-4 1-3 2-4 -2

Were there surface mass transfer occurring, an additional term accounting
for this would need to be added to Equation (35).

"Typical forms for the m terms are presented in Equations (36)
and (37); in the forms given the m are dimensional quantities, although,

for simplicity, the bar over the symbol has been omitted.
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ﬂ4 1
ig= | [ 5T ah,w
ﬂ3 0
E] 1
.' — — —
m]_3 -[ [ pV h3 dz F'l de (36)
83 o

where p, u, and v refer to quantities in the boundary layer.

For the inviscid flow, typical forms are

o] J

o g‘ 9<|
|
<|
[~
|
=l
N
(=%
=

—

o%mgl
o|

3
= j vd 7 de (37)
&3
where p, u, and v here refer to quantities in the inviscid flowfield. The
variable y is the dimensional distance normal to the body surface, and
yss is the value of y on the inviscid separating surface along which the
boundary-layer outer-edge conditions are taken.
In treating the problem of streamline swallowing by the boundary
layer on a cone at angle of attack, Equation (35) is employed in an itera-
tion scheme which results in determining y. (as a function of £ and n)

and the concomitant boundary-layer outer-edge conditions in a manner such

that the final solution obtained for the boundary-layer equations
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satisfies Equation (35). This iteration scheme is described in detail in
the next chapter.

The inviscid flow field data required for the present problem
were obtained using the numerical method of Jones (12) for treating the
problem of steady supersonic inviscid flow around smooth conical bodies
at incidence. This method has been shown to agree well with other
theoretical methods and with experimental results, and it is very
efficient in usage of computer time.

. The inviscid flowfield over a conical body at incidence is
itself conical. That is, flow properties are constant along any ray
emanating from the apex of the body. This condition of conicity is
used in Jones' method to reduce the problem to a set of elliptic non-
linear partial differential equations in two independent variables.

A transformation is introduced in which the unknown location nf the

shock wave becomes one of the boundaries, and the resulting equations

are numerically solved by a very efficient numerical scheme. Limitations
of the method are such that for cases of interest herein, solutions can
be obtained for angles of attack up to a value approximately equal to
the cone half-angle,

The variation in the shock wave strength from the windward side
to the Teeward side of a right circular cone at incidence is, of course,
the origin of the streamline swallowing phenomenon. The inviscid flow-
field associated with this problem is such that the entire body surface
is wetted by fluid which crossed the most windward part of the bow

shock, The fluid at some point off the body surface will have crossed
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a weaker portion of the bow shock, and the fluid can be characterized by
the entropy value it attains thrdugh crossing a particular part of the
bow shock., In the neighborhood of the body surface the entropy, density,
velocity, etc. (but not the pressure) change rapidly in the direction
normal to the body surface, because of the bow shock wave strength
variation. This region of large gradients in the direction normal to
the body surface is generally referred to as the inviscid "entropy
layer"” because of its relation to the entropy change across the bow
shock wave., This terminology will also be used in the discussion in
this report. (The term "vortical layer", used by some authors,

has the same meaning as the term entropy layer described above.)
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CHAPTER 111
NUMERICAL SOLUTION OF THE PROBLEM

The numerical scheme used to solve the coupled nonlinear second-
order partial-differential Equations (20), (22), and (24), and the method
used to determine the outer-edge boundary conditions through the streamline-
swallowing treatment are presented in this chapter for the case of flow
over a right circular cone at angle of attack. Basically, Equations (20),
(22}, and (24) are replaced by a set of consistent linearized algebraic
equations. This set is of tridiagonal form and is solved by means of
an especially efficient algorithm., The finite-difference scheme is an
implicit one, chosen because of the lack of problems with stability and
mesh size, as opposed to explicit schemes.

For those situations' involving derivatives with respect to ¢
or n, the finite-difference formulation follows that introduced by Crank
and Nicholson (17) or the three-dimensional analogue of this form, as
used by Dwyer (18). The set of finite-difference equations so developed
is uniformly valid to second-order in the mesh spacings of the finite-
difference grid. The a-terms given in Equations (21), (23), and (25)
are generally assumed to be known, resulting in the uncoupling and linear-
ization of the set of equations which must be solved. This assumption is
removed by an "updating" of the a-terms through iteration on the solution
of the set of finite-difference equations. In addition to this iteration,

there is a second iteration involved in determining the outer-edge
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conditions through the mass-balance treatment of the streamline-swallowing
phenomenon., Figure 6 shows a simplified flow diagram of the digital
computer program used to solve the finite-difference equations at a
general point on the body. (A11 computations made in this investigation
were performed on a Control Data Corporation Model 16048 digital com-
puter. )

At this point the explicit form of the coordinate system and
the metric coefficients used will be described, with reference to Figure
7. Letting £ be along rays of the cone, with £ = 0 at the apex, and n
be the angular displacement about the cone axis from the windward plane
of symmetry, and defining ﬁ} to be equal to the reference length L, the

following results may be obtained:

h] = 1.0

hy = € sin 6, (38)

Examination of the AX coefficients given in Equations (26) shows that the

term 22/h2 occurs a number of times. At the apex of the cone hy = 0;

however, defining Z as

Z=/ (39)
N : :
gives HE-= ETE'EE" and this term is well defined everywhere.

Although the boundary-layer equations are not physically
applicable at the apex of a cone, they are mathematically amenable to

solution there, and the solution so obtained may be considered applicable
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Apply Streamline-Swallowing
™1 Mass Balance
Evaluate o-Terms and
®1 Solve Finite-Difference Equations

Is Solution of

No Yes

Finite-Di fference Equations
Converged

Is
Streamline-Swallowing Procedure
Converged

Proceed to Next Station

Figure 6. Simplified Flow Diagram for Solution at a General ¢ - n Station
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Figure 7. Coordinate System for Right Circular Cone
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"near" the apex. At £ =0, n = 0, where n = 0, z = 0 coincides with the
windward-most ray of the body, the governing equations reduce to a two-
point boundary-value problem dependent only upon z. For £ =0, n > O,
the equations have no g-dependence, and the solution may be obtained by
beginning with the solution obtained at n = 0 and "marching" around the
body. For the surface n = 0, £ > 0, streamline-swallowing effects on
the solution of the boundary-layer equations must be minimal, and in this
investigation the similarity solution obtained at n = 0, & = 0 has been
assumed to apply along n = 0, £ > O even when streamline-swallowing is
being considered over the region € > 0, n > 0.

So long as the lateral velocity component is greater than or
equal to zero, the similarity solutions along the surface £ = 0 and the
surface n = 0, together with the boundary conditions on gz =0and g = 1,
provide sufficient data to allow the solution of the governing equations
over the region 0 <n <, £ > 0, in keeping with the discussion in
Section III of Chapter II.

The following sections describe the method of solution used
for the governing equations (a) at £ =0, n =0, (b) along £ =0, n > 0,
and (c¢) for £ > O,n > 0, and the final section of this chapter describes
the treatment of the streamline-swallowing phenomenon through the

application of the mass-balance scheme described in the previous chapter.
I. SOLUTION AT ¢=0AND =0

At £ = 0, n = 0, the AX coefficients which are not identically

zero are the following:
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Ax(3) = Iy 5 pu,

- Ve
AXM)'#T sTn o, on
AX(10) = T—}T pU,

IR

AX(11) = _VT_,L_

y=i SIN ec an

-1 2
1 22-- 1 ave\ 9
AX(12) ve_sin_e: an  sin B¢ (an i ;,,-g-

2
AX(13) = (1-Pr) Eﬁg (40)

In obtaining these forms, the symmetry (with respect to n) of U and p at
n = 0 were used, together with 3p/3g = 0 and Vo = 0. Additionally, it
has been assumed that, in the vicinity of n = 0, Ug and v, are functions
of only n. This is consistent with the conical flow and the assumption that
streamline-swalTowing effects are negligible along n = 0. The indeter-
minate form of AX(12) may be conveniently evaluated by L'Hospital's rule,
as the second form shows.

The introduction of the AX coefficients for £ = 0, n = 0 into
Equations (20) through (25) yields the following general form for the
governing equations at £ = 0, n = 0, where X represents ¢, G, or o.

2
X 3X
e AT VI I (41)
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The required a-terms take the following forms:

oy = 0
agp = 0
ag3 = 37 { AX(3)z + AX(4)G
ag = 0
ag = - ;;? AX(10)z + AX(11)6
agg = - AX(12) 7:'2
_1-Pr 3¢
%1~ ¢ 3t
%y, = 0
ag3 = - AX(13) (1 + -:’r%% (42)

The o-terms omitted from the set of Equations (42) are identi-
cally zero. The set of equations represented by Equation (41) is a set
of coupled, nonlinear, second-order ordinary differential equations with
independent variable .

For the case of n = 0, £ > 0, Equation (41) must have added to
it the term ax4-§§, and except for the addition of.the ays-terms,

Equations (42) remain unchanged. If the boundary conditions on ¢, G, and
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0 (at £ = 0 and ¢ = 1.0) and the edge conditions ug, Ves €tc. are not
functions of £, then the solution obtained for the set represented by
Equation (41) at £ = 0, n = 0 is also the applicable solution for £ > 0,
n = 0. The conditions necessary for these similarity solutions to be
valid are (in addition to the previous assumption of ug and vg being
functions of only n near n = 0) that the surface temperature not be a
function of £ and that J = wZ/ug not be a function of &, With Z = /¢,
this latter condition is equivalent to requiring that any surface mass
transfer velocity be proportional to the inverse of the square root of £
along any ray of the cone. These two conditions are met in this investi-
gation by having zero mass transfer and a constant surface temperature.
In order to cast Equation (41) into an appropriate finite-

di fference form, a grid is established which divides the region from

=0 toz =1 into NZ - 1 equal increments with NZ grid points. At each
interior point finite-difference forms for the first and second deriva-

tives with respect to z are obtained from Taylor series truncation as

( ) n+1 = -1 +0(A;2)

(43)

(32X) o S - %t X1 a2
ag? n ag2

where Az = NZ;T , and 0({az2) means that the lowest order terms which have

been neglected in the Taylor series development are of the form Acz times
some quantity which is independent of Az. The subscript n refers to the

grid point under consideration, where n = 1 refers to £ =0 and n = NZ

refers tog = 1,
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The resultina finite-difference equivalent of Equatinn (41) is
%n = A, Xae1 ¥ Bxon Xpe1 * Cxon (a8)
The explicit forms of A, B, and C are

2 + ay) ,n AL
n - 2(2'6;(2,“ ACZ)

Bx . = 2 - Gx],n AL
2
2 2V) Ac
Cx n s A3,n 2 (45)
’ 2"")(Z,n az”

In the evaluation of the finite-difference forms of the a-terms,
all of the quantities involved are taken from an initial approximation or
the previous iteration. and may, therefore. be considered known. The
quantities involved in the derivatives in Equatinn (41) are treated as
unknovins and ultimately appear as the unknowms in Eauation (44).

An equation of the form of Equation (44) is written for each
value of n between 1 and NZ, assuming that ¢, G, and 8 are known at ¢ = 0
and £ = 1: however, for n = 2 the coefficients so determined for the ¢
equation must be modified to take into account the surface boundary con-
dition on ¢ as aiven by Equation (33). For zero surface mass transfer

and 3p/3t = N, as in a conical flow, the boundarv condition reduces to

(ﬂ - 0 (46)

aC)c= 0
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Applying a finite-difference relation of O(A;Z) accuracy to Equation (46)
yields

-4 1
°] = §'°2 - 3 ¢3 (47)

where the subscripts represent the grid locations, with the subscript

"1" being the node on the surface. From Equation (44)

+

- + +
92 Rttt Bt e (4%)

8,2

where the plus superscripts refer to forms obtained assuming % to be
known. Eliminating ¢, from Equations (47) and (48) yields the coeffici-
ents which may be applied to take into account the surface derivative

boundary condition on ¢

A+ - B; 2
= °’2 3
A¢’2
1-4gt
3 9,2
B°’2 =0
c+
9,2
C° 9 = ——t— (49)
’ _9_8"'
T3 78,2

At £ =0, n=20, it is assumed that (¢)c=1 = 0. The boundary
conditions on G and o are those given in Equations (31) and (32). With
the introduction of Equations (49) and the boundary conditions just
mentioned the three sets of equations represented by Equation (44) may be

solved for the values of ¢, G, and @ for 2 < n £ NZ-1. The value of &
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can be determined from Equation (47) after the values of ¢, and ¢; are
found.

The solution of the three sets of equations of the form of
Equation (44) was performed by the standard methods for linear tridiagonal
algebraic systems. The particular form of Equation (44) is that used by
Patankar and Spalding {19), and it has the advantage of requiring less
computer storage than forms which involve four coefficient terms rather
than three. Knowing the values of the dependent variables at n = 1 and
n = NZ (corresponding to z = 0 and ¢ = 1, respectively) except for ®1>
which need not be known, according to the treatment given previously, each
of the sets of equations represented by Equation (44) may be solved for

Xo> through Xyz.1 by applying

Xn = Pp Xp4y + Q
where
A
Pr = TRy
= PX,n "n-1
Q = Bx.n Qn-1 * Cx.n
n 1 '—Bx’n pn_]
with
Py = Ax’z
Q =Byx2 X + G (50)

The set of P's and Q's can be determined consecutively from n = 2 through

n = NZ-1, and the set of values of X, may be determined beginning with
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n = NZ - 1 and proceeding to n = 2. The procedure indicated by Equations
(50) may be considered a special case of the Gaussian elimination pro-
cedure,

After solving the equations represented by Equation (44), the
a terms are recomputed, using the results of the solution, and the
equations are solved again. This procedure is repeated until the solu-
tion converges, i.e., until the difference between successive solutions
is sufficiently small.

The determination of the outer-edge conditions needed in the AX
coefficients, i.e., ug, Vo, 3Vve/3n, etc., will now be discussed. Generally
speaking, taking these data to be those corresponding to the inviscid
surface data is equivalent to the classical treatment of the problem and
neglects any effect of streamline swallowing. Such classical solutions
were obtained in this investigation for comparison with solutions which
included the effects of streamline swallowing. With respect to the
location £ = 0, n = 0, the edge conditions could be taken from any point
in the inviscid flow on the normal to the surface between the surface and
the shock wave, regardless of considerations of streamline swallowing,
without significantly affecting the computed boundary-layer data. When
considering the situation near n = n, where streamline-swallowing effects
were found to be more significant, it was necessary fo} stability
reasons that at £ = 0 the outer-edge conditions be taken at some location
in the inviscid flowfield out of the region near the surface where large
gradients (with respect to the direction normal to the surface) existed

in the inviscid flowfield data. Therefore, for the sake of consistency,
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when streamline swallowing was being considered, all of the outer-edge
conditions at £ = 0, including those at n = 0 were taken at a location
in the inviscid flowfield off the body surface. The exact location from
which these data were taken had no significant effect on thz solutions

obtained for values of £ outside the neighborhood of & = 0.

Il. SOLUTION AT(=0AND 7 >0

Having obtained the solution at £ = 0, n = 0, the solution to the
governing equations may be obtained at successively greater values of n by
“marching” around the body, provided that v is not less than zero. If the
outer-edge conditions are taken to be the inviscid surface data, then the
solutions obtained are the classical similarity solutions.

For £ = 0, n > 0, the AX coefficients have the following forms:

AX(1) = 0

AX(2) = ;77 av‘j—epc

AX(3) = v ol PUg

AX(4) = §%T'sil e (p ::e Ve 3% )
AX(5) = 0

EX(TY = ﬁ.s_l.ﬁé_gc l_e ::e
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veZ p
AX(7) = Xy s

AX(8) = O

AX{(9) = 0

AX(10) = ﬁT Pue

.Y __p 3
AX(11) = v-1 sin 6; an

- 1 3
Ax(12) = Ve Sin o 3%

2
AX{(13) = (1-Pr) Ye©
He

= (1-py) Vel (51)
AX(14) = (1-Pr) e
The introduction of Equations (51) into Equations (20) through
(25) yields the following general form for the governing equations for

E=0,n>0:

2 .
:;x+ax]%§_+ ax2x+ax3+ax5 %:0 (52)

where X represents ¢, G, or o,
The required e-terms have the following forms:

a
o1 '1?;

= 15 {AX(G); - AX(7)6
o
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gy =0
y 36, Sou_ & of
G¢3 = ;1—. AX(Z) [-ﬁ*’ H an T an

G
= - AX(2) K
%e5 (2) 7

oGl = %91
ag? = %2? - AX(10)z - AX(11)G
u
aG5 = adg
- (1-Pr) 3¢
ag] = 9y Pr + 7 'éf
agy = 0
T 30

agg = - MX(13) (1 + 5 ﬁ)

- G 3G 3¢ 226
g = a°5 Pr

(53)
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The solution to the set of equations represented by Equation
(52) for £ = 0, n > 0 are the similarity solutions' (with respect to &),
provided that the edge conditions do not vary with £, the surface temper-
ture is not a function of £, and any surface mass transfer velocity
varies as the inverse of the square root of &.

In order to numerically treat Equation (52), a finite-difference
grid is established over the region £ = 0,0 <n S 7,0 =g £1, The
grid employs uniform step-sizes in both the n and g directions, although a
constant step-size in only g is required for the finite-difference scheme
used. The scheme which is used employs the known results at a given value
of n in determining the solution at the succeeding n-grid location. If
the solution is known at the typical n-location indicated by the subscript
i=1 and is to be found at the n-location indicated by i=2, where xi,j
indicates the value of the variable X at the n-location i and the g-grid
location j, then the finite-difference expressions required to cast
Equation (52) into finite-difference form at the point (0,n) indicated in

Figure 8 are the following:

X1.,n ¥ Xoon

XO,TI = —ﬁ_—L * 0(62)

aX _ X2.n = X1,n )

o Ay T e O
O,n

[ax X341 - X101 Y X2 041 - X2 01 .

= 3 5= 2 + a2y
0,n
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2,n+1

1,n+l

2,n-1

1,n=1

T

n

Figure 8. Typical Section of Finite-Difference Grid for £ =0,n> 0

50



AEDC-TR-72-134

(33&) Xt -2 0t Xy na1 t Xo e -2X2 0 * X2 0
ag? 0,n 282

+ 0(a2) (54)

vhere Az is as described in the previous section, an = NE%K:T , and NETA-1
is the number of n-increments between n = 0 and n = . In Equation (54),
O(Az) implies that the lowest order terms neglected are of the form of a
second-order term in Af or An times some quantity which is independent of
the mesh spacing. The forms given in Equations (54) are consistent with
those of Crank and Nicholson (17), and their introduction into Equation

(52) yields the following general form for the corresponding finite-

difference equation

Xo.n = Ax,nX2,n+1 * By ,nX2,n-1 * Cx.n (55)

where A, B, and C are evaluated at (O,n). The explicit forms of A, B,

and C are
a
A+ — _ X
A .22 dag B, = 288~ dAc
Xsn 5 _oxp _ ax5 Xsn © 1 _ax2 _oxs
ek il i T2 m
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For X equal to each of ¢, G, and 6 an equation of the form of
Equation (55) can be written for 1 < n < NZ, where the surface boundary
condition of ¢ is treated as described in the previous section. The
treatment of the outer-edge data required for the AX coefficients, which
are evaluated at n = 31;22., is also as described in the previous section.
The a terms in Equations (56) are evaluated at the point (0,n) using the
forms given in Equations (54).

A1l of the data required in the o terms are treated as known,
using initial approximations or results from the previous iteration.
Thus, the three sets of equations represented by Equation (55) can be
solved by application of Equations (50). The iteration scheme previously
described is used to eliminate the assumption made concerning the a terms.
Using the solution obtained at £ = 0, n = 0 as the initial known set of
data, the solution method may be applied at consecutively increasing
values of n, with each solution obtained providing the known solution
for the next step.

The boundary conditions and outer-edge data required for & = 0O,
n > 0 have been treated as described in the previous section, including
obtaining the classical similarity solutions by using the inviscid surface

data for outer-edge conditions.

. SOLUTION FOR ¢ >0ANDn >0

Having the solution to the finite-difference forms of the
governing equations for £ = 0, n = 0 (which are also used as similarity

solutions along £ > O,n = 0) and for £ = 0, n > 0, the solution of the
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problem for the reaion £ > 0, n » 0 is obtained using a finite-difference
formulation which is the three-dimensional analogue of the Crank-Nicholson
scheme., This treatment is valid for non-negative values of v. For cases
with v less than zero the scheme violates the influence principal of
Raetz in that the flow historv convected by the negative v would not be
properly considered. Krause (20) has considered the problem of negative
v from a stability viewpoint and has suqgested a finite-difference scheme
which would be stable for negative values of the lateral velocity com-
ponent. Krause's method has not been used in this investigation because
it would have application only very near the leeward-most ray of a cone
at relatively large angles-of-attack, and that situation is not of primary
interest.

For £ > 0, n > 0, the AX coefficients have the following forms:

AX(1) = 5y pug €

e p
Ax(2) = Y- 1 sin 9
AX(3) = Xy p( za:e
= _Y ] Ve )
AX(4) y-1 sin 6. ‘n-—a-'-‘-+ve —a%)
Y Vg

AX(5) = Tyee o

3
AX(6) = %Tsf'e P 1 2

n ec Ua 9n
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where

Vel p
ax(7) = Ty =52
AX(8) = 0
AX(9) = 0
UaPE 3V
= Y ex ¢
Ax(10) = 2 luep P

_ E 3Ve
AX(11) = 'y-!Tsm B¢

n
p— 2
Ax(12) = Ve SIN 6 3%
= (1- ug?
AX(13) = (1-Pr) £
Vol
AX(14) = (1-Pr) (57)

The general form of the governing equations for £ > 0, n > 0 is

2

%X X =
;2_+ax.|_3.;_+ axz x+ax3+ax4_g%+ax5% =0 (58)
gy = == { AX(5)z2 + AX(6)7G - AX(7)G

1 92T 4 gG - AX(7)6" + AX(8)T
u¢2 = O
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o g aw_z T
03 =oT AA 1T 367 %

+ Ax(2) |28, 8 _31__3__31]

apa = - AX(1) ME_
2 02T

a5 = - AX(2) %g?

g1 = %4

R { AX(10)z - AX(11)G

og3 = 77 AX(8)¢? - AX('IZ)T}
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ags = %og

(1-Pr) 2¢
¢ 14

ae'l = GQ.I Pr +
a0
ag3 = - AX(13) (1 * e

G 3G 3¢ aZG 36 2

Qg = G4 Pr

The finite-difference grid used for £ > 0, n > 0 is indicated
in Figure 9. Considering the general grid point (i,j),i = 1, 3, and 4
represent points where solutions have previously been obtained, while
the solution is to be determined at i=2. The basic approach is that
initially 1=3 and 4 represent locations where £ = 0, for which solutions
have been obtained as described in the two previous sections. The
locations represented by i=1 and 3 are initially at n = 0, where data
are known from the similarity solutions employed there. For a given

value of &, solutions are obtained at consecutive values of n by marching

fromn = 0 toward n = ». After having obtained solutions as far as
desired in n, £ is incremented and the procedure is repeated.
The basic finite-difference expressions needed to cast Equation

(58) into finite-difference form at the point (0,n) shown in Figure 9
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2,n+]

1,n+]

4,n+l

Figure 9. Typical Section of Finite-Difference Grid for £ > 0,7 >0
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are:
X + X
aX) x],n + x2,n - X3.n - x4;n 2
CLA I : +0 (a
(ag on 78% (a%)
ax | _XontXan-X,n- X3
an - 24n +0 (a%)
O,n
X} X201 - X2.n-1 * %3041 - X357 2
ar = VY3 + 0(a%)
o,n
(aZx _ Xont1 = 2% 0+ Xo ny1 + X3 pa ~2X3,n*X3 021 +0(a%) (60)
a? 28¢¢
O,n

where Az and An are as previously described, and At is the £ step-size.
In Equations (60), O(AZ) implies that the lowest order terms which have
been neglected in the development are of the form of a second-order
term in AE, An, and Az times some quantity which is independent of the
mesh spacing.

The substitution of Equations (60) into Equation (58) yields

the standard form of the finite-difference equation as

X2.n = Ax,n X2,n+1 * Bx,n X2,n-1 * Cx\n (61)

The A, B, and C terms are defined as:
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= N | (62)

CNx.n = == (X3,n+1 -2X3 .4 * X3,n-7)

Gx‘l [+ 5
tar (R3,n#1 - X3,n-1) # -%a X3,n

ax4
+ay3 + 750 (X n - %3,n - Xg,n)

o5
*3an (Xan - X3.n - X1,n)

1 %2 %8 %
R e A (63)

The equations represented by Equation (61) are solved for X2.n (1 < n < NZ)
by the application of Equations (50). The a terms in Eouations (63} are
evaluated at the point (0,n) through the use of Equations (60), and are
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treated as known quantities through the iteration scheme described in the
first section of this chapter.

The surface boundary conditions on ¢, G, and 8 are as previously
described. The outer-edge conditions are determined through the
streamline-swallowing analysis in an iteration scheme separate from that
involved in the iterative solution of Equations (61). The details of
that treatment are given in the following section; however, the basic
approach is that the location of the inviscid separating surface at
£§= &, n=ny is initially approximated in some manner. The outer-edge
conditions so determined are used in the solution of the boundary-layer
equations, and that solution is used to determine again the location of
the inviscid separating surface and the concomitant outer-edge conditions.
This entire procedure is repeated until a converged vai.ue is obtained for
the Tocation of the inviscid separating surface. This procedure was
mentioned previously with respect to Figure 5, page 29.

In addition to determining ug, ve, etc. on the inviscid
separating surface, the value of du/dy in the inviscid flowfield at
£=§2, n=nypon the inviscid separating surface 1s obtained for use

in the outer-edge boundary condition on ¢ as given in Equation (34).

1V. NUMERICAL TREATMENT OF THE STREAMLINE-SWALLOWING
PHENOMENON

In Section IV of Chapter II a mass-balance scheme is presented
through which the boundary-layer outer-edge conditions may be determined

in a manner which considers the entrainment of the 1nviscid flow by the
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boundary layer. The crux of the scheme is in the determination of the
height above the body surface of the surface in the inviscid flowfield
which separates that part of the inviscid flow which is entrained by the
boundary layer from that part of the flow which is not entrained by the
boundary layer. The approach of this investigation has been such that

no explicit treatment need be given to the streamline-swallowing problem
along the two surfaces £ = 0 and n = 0; however, the phenomenon is treated
by satisfying Equation (35) at all points where £ > 0 and n > 0.

In particular, with reference to Figure 5, page 29, the general
treatment is that with solutions to the boundary-layer equations having
been determined at points 1, 3, and 4, the height of the -inviscid
separating surface is determined at ¢ = Er, N = np, through iteration,
such that the final solution of the boundary-layer equations obtained at
point 2 satisfies Equation (35). The iteration is necessary because the
height of the inviscid separating surface is needed in order to obtain
the outer-edge conditions required to solve the boundary-layer equations,
while at the same time the solution of the boundary-layer equations is
needed in order to obtain the location of the inviscid separating surface.
With g5 = £y initially at £ = 0, and|n] = ng initially at n = 0, the scheme
may be applied at & = g5, n = np andxmarched around the body in the
direction of increasing n. The scheme is then applied one step further
down the body in the £ direction, and may be repeated until the desired
length of body has been treated.

In applying Equation (35), the integrals given in Equations (36)

and (37) are treated by appropriate finite-difference schemes. The
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general form of Equations (36) and (37) (and their non-dimensional

counterparts, which are used in the actual computations) is

T
b = f f f(x,z)dr g(a)da (64)
Aa 0

where ) represents either £ or n. These integrals are treated as

b
. Jy + 3
Ma-b =( 2 7 b) f g(a)dx (65)
Aa
where
1
0
1
3, ® f F(Apoz)dz (66)
o

The integral in Equation (65) is in all cases a form which can be
evaluated exactly; the integrals in Equations (66) have been evaluated
using trapezoidal rule numerical integration. The indicated treatment
of the ¢ integral in Equation (64) should be adequate since the functions
indicated by f(ir,z) are slowly varying functions of £ or n, as the case
may be.

In iterating on the height of the inviscid separating surface
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at point 2, if a solution of the boundary-layer equations at point 2 is
known, generally based on a previous iteration, then all of the terms in

Equation (35) can be evaluated, using Equations (64), {65), and (66),

except for my_, and h;_a. Writing Fquation (35) as
* % ok _ .0 .1 s * % . ! N
M Fiy g =iy iy gty Mg g -y g -y, (67)

the right-hand side can be evaluated directly. The sum ﬁ;_z + m;_4 can
then be determined as a function of the distance in the inviscid flowfield
above the body surface at point 2. Finally, the distance which yields the
equality in Equation (67) can be determined, and this distance is the
height of the inviscid separating surface at point 2. From this the
outer-edge conditions to be imposed on the boundary-layer equations may

be determined and the boundary-layer equations solved again. This pro-
cedure is repeated until the desired degree of convergence is attained.

In casting Equations (36) and (37) into their equivalent non-
dimensional forms, the boundary-layer mass-flow integrals take on a
multiplier of the square root of the freestream Reynolds number based
on the arbitrary reference length U, while the mass-flow integrals for
the inviscid flow have the Reynolds number itself as a coefficient.

This has the result that the treatment of the problem is not completely
independent of the freestream Reynolds number when streamline swallowing
is being considered. It is possible in principle, however, to perform
calculations for one value of Re and to apply the results obtained to
cases which have different freestream Reynolds numbers based on body

length. This can be done by choosing for each case an appropriate value
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for the reference length L, and using, in terms of £, only a part of the
solution which was obtained. However, to apply this procedure generally
would mean that the one computation performed would need to consider on
the one hand a body of sufficient length (in terms of £) and on the other
hand still have a sufficiently fine £-grid such that the use of only a
part of the results for low Re cases would be meaningful (i.e., have
reasonable resolution). Rather than use this route, the approach of

this investigation has been to let L take a fixed value, regardless of

Re, and then to perform a different set of computations for each different

Reynolds number condition which is considered for a given body.
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CHAPTER 1V
RESULTS OF CALCULATIONS

In this chapter are presented the results of numerical experi-
ments concerning the behavior of the solution method described in the
previous chapter, comparisons of results from the present method with
experimental data and the results of other computations, and the resuits
of calculations which demonstrate the effects of streamiine swa'lowing

on computed boundary-layer data.

I. NUMERICAL EXPERTIMENTS

A series of calculations were performed to investiaate grid
spacing, convergence criteria, and other factors i1nvorved in applying
the finite-difference solution technique described n Chapter IlI.
Generally, these calculations were performed for the case of a '0-degree
half-angle cone at an angle of attack of eight degrees in a Mach 7.95
flow. A wall-to-total enthalpy ratio of 0.4 and a vaiue ot Re =
1.26 x 'IO6 (based on T = 1 foot) were used in the caiculations. This case
is one which has been investigated experimentaily by Tracy (21).

Practical values for the number of grid points in the ¢ and n
directions and a convergence criterion for the iterative solution tech-
nique were determined by considering the classical sim'!arity solutions
obtained at £ = 0. Results obtained with 51 t-points from the surface

to ¢ = 1 agreed to within less than one-half of one percent with solutions
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obtained with 101 and 251 points; therefore, 51 ¢-points were used in all
calculations. Results obtained using from 21 to 61 n-points fromn = 0 to

n = x agreed to within the same tolerance; therefore, 37 n-points were used,
yielding a convenient value of An = 5 degrees.

The convergence of the iteration resulting from the lineariza-
tion involving the « terms (e.g., between Equations (41) and (44)) was
determined by testing the change in the solution between successive
iterations. It was observed that the surface value of # was the most
sensitive part of the entire solution, and that when the surface value
of ¢ had converged the entire solution was also converged. Specifically,
the iteration was terminated when the surface value of ¢ varied less than
0.01 percent between successive iterations. Results obtained using a
convergence tolerance of 0.001 percent varied less than 0.1 percent from
those obtained using a tolerance of 0.01 percent.

When the outer-edge conditions imposed on the-boundary layer
were the classical inviscid surface data, the t-step used in marching
the solution down the body did not materially affect the results obtained,
and the similarity solutions obtained at ¢ = 0 were fepeated at each
value of £ considered. When streamline swallowing was considered,
however, this was not the case. The use of a £-step which began at
At = 0.05 and increased relatively rapidly with £ resulted in smail but
noticeable oscillations (with respect to £) appearing in the solution.

The use of a g-step having a constant value of 0.05 yielded well-behaved
solutions, and this value was used in subsequent calculations.

The convergence of the iteration described in Section IV of
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Chapter III for the determination of the height of the inviscid separa-
ting surface above the body surface was determined through a comparison
of the values of the height of the inviscid separating surface obtained
from successive iterations. The iteration was deemed to be sufficiently
converged when successive values differed by no more than 0.1 percent.
van Driest (22) employed a Crocco-variables formulation for the
treatment of the boundary-layer flow over a flat plate. In this formula-
tion he encountered a singularity in the solution at the outer edge of
the boundary layer; however, he was able to cope with the problem through
the use of appropriate numerical devices. The origin of the problem lay
in the classical outer-edge boundary condition of zero velocity gradient,
which is analogous to ¢ = 0 at £ = 1.0 in the present treatment. In van
Driest's treatment this quantity appeared in the denominator of a term
which was evaluated at the outer edge of the boundary laver, and yielded
the singularity. In the present treatment no such situation arises in
the solution of the governing equations, although it does arise in the
determination of the distance normal to the body surface, through the
use of Equation (30). The problem here is equivalent to requiring that
the outer edge of the boundary layer be at a distance of infinity from
the body surface, a mathematical requiremenf for an asymptotic approach
of the solution to its outer-edge boundary condition. In the present
investigation, for cases where ¢ = 0 at ¢ = 1.0, the denominator in the
integraﬁ in Equation (30) was treated in the numerical integration by
taking the reciprocal of the average of ¢ rather than the average of

the reciprocals between successive points. This treatment introduced
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no approximations back into the solution; its only result was that the
computed location of the outer edge of the boundary layer was a finite
distance from the surface. For cases in which streamline swallowing was
considered, the entire problem ceased to exist because the value of ¢ at
t = 1 was no longer zero, but some value determined as a part of the
overall solution,

For some cases encountered in developing the digital computer
program used in this investigation, the direct application of the method
of solution described in Chapter III failed to yield a converged solution
at £ = 0, n = 0. Instead, the iteration scheme resulted in an essentially
stable oscillation between two different "solutions”. This problem was
remedied by using a weighted average of the two previous iterations of ¢
in evaluating Equations (42), rather than the value obtained from just
the preceding iteration. This modification yielded convergence and was
used in all subsequent calculations.

A value of one foot has been used for the reference length T
in all calculations made in this investigation. The fluid under considera-
tion was air, and the values used for the Prandtl number and the ratio of

specific heats were 0.7 and 1.4, respectively,

Il. COMPARISONS WITH OTHER DATA

In this section results obtained using the present method are
compared with results obtained using the method of McGowan and Davis (5)
and with experimental data of Tracy (21). The case under consideration

is the same as that in the previous section, namely a 10-degree half-angle
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cone at 8-degree angle of attack in a Mach 7.95 flow. For this case, the
effects of streamline swallowing on the results which are presented were
determined to be negligible, This was because of the relatively weak
shock associated with the slender body under consideration. For this
reason, the computed results presented in this section are from calcula-
tions which used the inviscid surface data for the boundary-layer outer-
edge conditions.

Figure 10 shows a comparison of the results from the present
method with results obtained using the method of McGowan and Davis (5).
The similarity forms of the coefficients of longitudinal and lateral skin
friction and the Stanton number are presented as functions of the lateral
coordinate n. The only noticeable differences between the two sets of
results are in the region of the lee side of the body {n > 100 degrees).
These differences are attributed to a smoothing scheme used in the method
of McGowan and Davis (5) to eliminate certain difficulties encountered
in their treatment of the inviscid data which provided the outer-edge
boundary conditions for the boundary-layer equations. In spite of this,
the agreement between the two sets of results is reasonable.

Figure 11 shows a comparison between the surface pressure dis-
tribution around the body as measured by Tracy (21) and that computed
using the method of Jones (12). There is excellent qualitative agreement
between the two distributions; however, the experimental distribution is
greater than the computed one by an almost constant amount. No likely
source of a consistent error has been found to explain this difference.

Figure 12 shows a comparison between the measured surface heat-
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Figure 10. Comparison of Results of the Present Method with Results
of the Method of Reference 5
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Figure 11. Comparison of Calculated Surface Pressure Distribution
with Experimental Data
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Figure 12. Comparison of Computed Heat-Transfer Distribution with

Experimental Data
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transfer distribution around the body as reported by Tracy (21) and the
heat-transfer distribution computed by the present method. The heat-
transfer parameter shown is the Stanton number at angle of attack divided
by the Stanton number at zero angle of attack, at the same value of &.

The measured and computed data shown in Figure 12 agree quite well.

lll. EFFECTS OF STREAMLINE SWALLOWING

In this section are presented inviscid flowfield data which
indicate conditions for which the influence of streamline swallowing
might be significant, the results of computations which demonstrate the
effects of streamline swallowing on computed boundary-layer data, and
data indicating the relationship between the boundary layer and the
corresponding inviscid flowfield.

It was noted in the previous section that, for the case of the
10-degree half-angle cone at 8-degree angle of attack in a Mach 7.95 flow,
streamline-swallowing effects on surface heat transfer and skin friction
were negligible. This result is indicated by the distributions across the
calculated inviscid flowfield of the longitudinal and lateral components
of velocity shown in Figure 13. Noting the expanded abscissa scale, it
can be seen that, although there is a definite entropy layer near the
body surface, the change of the velocity components across this region of
large gradients is relatively small. Since the effects of streamline
swallowing on computed boundary-layer data are caused by changes of the
inviscid data across the entropy layer, small effects of streamline

swallowing should be expected for this case, as was found in corresponding
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Figure 13. Inviscid Flowfield Data for 10-Degree Cone at 8-Degree
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calculations, The data at n = 90 degrees and n = 157.5 degrees show the
development of the entropy layer as the flow aooroaches the leeward symmetry
plane.

Fioure 13 also shows the pressure distribution across the invis-
cid flowfield. These data and similar data in the succeedino two figures
show the relatively small pressure variation across the inviscid flowfield
between the body surface and the shock wave

The reason for the small changes of the inviscid flowfield data
across the entropy layer for the case shown in Figure 13 is that the
slender body is not highly inclined to the freestream fiow, and has every-
where a relatively weak bow shock wave. This leads to the difference in
the influence of the bow shock on the inviscid flow being relatively small
between its strongest and weakest portions. in spite of the high Mach
number,

Figure 14 shows computed inviscid flowfield data for a 25-degree
half-angle cone at 12.5-degree angle of attack in a Mach 2.0 freestream
For this case the low Mach number causes the changes across the entropy
layer to be small in spite of the variation in the shock wave inclination
being greater than in the previous case.

Figure 15 shows computed inviscid flowfield data for the case of
a 25-degree half-angle cone at 12.5-degree angle of attack in a Mach 7.95
freestream. For this conditinn the variation across the entropy layer of
the velocity components is much greater than in either of the two preceding
cases, and, therefore, this case has been chosen to demonstrate the effects

of streamline swallowing on computed boundary-layer data. The variatinns
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Figure 14. I[nviscid Flowfield Data for 25-Degree Cone at 12.5-Degree

Angle of Attack in a Mach 2.0 Flow
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of the longitudinal velocity component and the pressure across the invis-
cid flowfield at n = 0 has been shown in Figure 15 to indicate the uni-
formity of the inviscid flow there.

For the case of a 25-degree half-angle cone at 12.5-degree
angle of attack in a Mach 7.95 flow, calculations have been performed which
included the effects of swallowing by the boundary layer of the inviscid
flow. A constant value of 0.4 was used for the wall-to-total enthaipy
ratio.

Figure 16 shows the variation with n of the coefficients of
longitudinal and lateral skin friction and the Stanton number at a value
of £ = 1.0, Results are shown from calculations which used the classical
isentropic-surface inviscid data for outer-edge boundar& conditions and
from computations which considered the swallowing by the boundary layer
of the inviscid flow. The streamline-swallowing data are for a value of
Re = 1.26 x 104, The differences between the results with and without
streamline swallowing are zero at n = 0, and increase with increasing =,
although the coefficient of lateral skin friction goes to zero at n =
180 degrees for both cases. The coefficient of longitudinal skin friction
is greater at all values of n for the case which includes streamline
swallowing, with the difference being on the order of 15 percent on the
leeside of the body. The relative values of the two sets of data for the
coefficient of lateral skin friction and Stanton number are not unitorm
with respect to even which is the greater, although the relative differ-
ence between the classical results and the streamline-swallowing results

attains a maximum of about eight percent for both parameters.

78



AEDC-TR-72-134

5.0 4
=== Streamline Swallowing
4.0 u ™ "~ Classical Treatment
‘\\\ Re = 1.26 x 10
3.0 - \\\E = 1.0
~
- = 7,95 ~N
2-0 Mm \\\\
a = 12.5° ~ \
N\
1.0 |- 8y = 0.4 \
0 L ] | { | ] | 1
0 20 40 60 80 100 120 140 160 180
n, deg
(a) Coefficient of Longitudinal Skin Friction
3.0

2.0 \

0 1 [ | i |
0 20 40 60 80 100 120 140 160 180
n, deg

(b) Coefficient of Lateral Skin Friction and Stanton Number
Figure 16. Effects of Streamline Swallowing on Computed Surface Data
at a Fixed Value of ¢



AEDC-TR-72-134

Figure 17 shows the longitudinal variation of the coefficients
of skin friction and the Stanton number at n = 150 degrees for two values
of Re. For Re = 1.26 x 10° the coefficient of longitudinal skin friction
approaches the classical similarity solution value as & increases, while
for Re = 1.26 x 104 tﬁe results are'further displaced from the classical
results, and do not vary greatly over the length of body considered.
Since the boundary-layer growth goes approximately (exactly for similarity
solutions) like the square root of £, while the inviscid flowfield growth
is directly proportional to £, in the limit as £ becomes very large the
boundary-laver data based on the streamline-swallowing analysis should
approach the results obtained using the classical treatment of the
boundary-layer outer-edge conditions. This process is also hastened by

1.26 x 106

increasing Re, and the longitudinal skin-friction data for Re
may well.be a demonstration of the limiting process.

The lateral skin-friction results, although influenced by the
value of Re, do not exhibit the above mentioned approach to the classical
treatment result as a limiting case.

Concerning the scaling of the results with respect to £ and Re
(discussed in Section IV of Chapter III), the data for Re = 1.26 x 104 on
the range 0 £ £ £ 1.0 should also be the appropriate results for Re =
1.26 x 108 on the range 0 = g 2 0.01. In fact, the results so scaled are
probably more apnropriate than the data shown for Re = 1.26 x 106. since
for both values of Re the solutions obtained for ¢ less than about 0.05
should be considered "starting solutions" rather than accurate results

(see Section I of Chapter III).
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The Stanton number data in Figure 17 exhibit little dependence
upon Re, although the results for Re = 1.26 x 106 appear to be tending
toward the classical results toward the end of the body considered.

The reason for the small variation with £ of the results shown
in Figure 17, especially for Re = 1.26 x ]04, is that the boundary layer
has completely swallowed the entropy layer, and the resulting outer-edge
boundary conditions being apprlied to the boundarv-laynr equations vary
only slightly with &.

Figure 18 shows boundary-layer profile data at £ = 1.0 and n =
150 degrees. Shown are the results of computations which include Stream-
line swallowing for Re = 1.26 x 10% and Re = 1.26 x 108 and results
obtained using the classical treatment of the outer-edge boundary con-
ditions. The longitudinal velocity profile data approach the classical
results as Re increases from 1.26 x 10% to 1.26 x 106. This result
follows from ygc/ygn being less for the higher value of Re and from the
value of u in the inviscid flowfield varying monotonically between the
surface and the shock, as shown in Figure 15, page 77.

The relationship of the lateral velocity profiles for the two
values of Re, with respect to the classical result, is different from
that of the longitudinal velocity. In fact, because of the behavior of
the va]ue‘of v in the inviscid flowfield (as shown in Figure 15, page 77),
the relationship of the results based on the streamline-swallowing treat-
ment to the classical results cannot be predicted beforehand.

The variation of the temperature across the boundary layer shows

that when streamline swallowing is included in the analysis the temperature
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in the outer part of the boundary layer may be only one-half of the value
determined by the classical treatment. Following this, a factor of two
applies to the density in the outer part of the boundary layer computed by
the two treatments, since, under the assumption of constant pressure with
respect to the direction normal to the wall, the density is inversely
proportional to the temperature.

Figure 19 shows the variation with n at £ = 1,0 of the location
of the surface in the inviscid flowfield which separates that part of the
flow entrained by the boundary laver from that part not entrained by the
boundary layer. Results are shown for two values of Re, and the two sets
of data differ by approximately a factor of ten, the square root of the
ratio of the two Reynolds numbers. If the boundary conditions determined
from the inviscid flowfield using the data of Fiqure 19 did not vary with
the distance from the surface, the two sets of data would differ by a
factor of exactly ten at each value of n,

Figure 20 shows the variation with £ at n = 150 degrees of the
location of the inviscid separating surface for the same two conditions
considered in Figure 19. In addition to the previously mentioned ratio of
approximately ten between the data for the two values of Re, these results
also show that ygq/Ygn varies approximately as the inverse of the square
root of g. This follows from the boundary layer's growth being proportional
to the square root of £ while the inviscid flowfield grows in direct
proportion to £&. Comparison of Figures 20 and 15, page 77, shows that for
both values of Re the boundary layer has completely swallowed the inviscid

entropy layer. In fact, these results indicate that a value of Re x £ in
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excess of 1 x 10° would have to be attained before the resulting boundary
conditions determined for the boundary-layer equations would reach their
classical inviscid surface values.

Although the displacement effect of the boundary layer on the
inviscid flow has not been considered in this investigation, the dis-
placement thickness over the body is easily found from the results of the
streamline-swallowing analysis. Considering the displacement thickness
as the mass-flow defect thickness between the inviscid flow and the
boundary-layer flow over a body, in the terminology of this investigation
the nondimensional displacement thickness. &* = §*/L, is fhe value of y
in the boundary layer at ¢ = 1 minus the value of y on the inviscid
separating surface at the same value of £ and n.

The displacement thickness determined in this manner is shown in
Figure 21 for £ = 1.0 and two values of Re. The radial coordinate in
Figure 21 is the distance normal to the body surface, not the conventional
cylindrical radial coordinate; however, this figure does properly illus-
trate the relative locations of the shock wave, the body surface, and the
displacement thickness for the two values of Re considered. For Re =
1.26 x 10° the displacement thickness is small around the entire body, and
displacement effects on the inviscid flow should be negligible. For Re =
1.26 x 104, however, the displacement thickness does become significant
on the lee side of the body, and displacement effects on the inviscid flow
are probably not negligible for this condition.

Figure 22 shows the displacement thickness variation with £ at

n = 150 degrees for two values of Re. These data show that the displacement
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thickness is approximately proportional to the inverse of the square root
of Re and to the square root of £. For the classical similarity solution
treatment of the problem the displacement thickness is proportional to
the square root of the ratio of £ to Re, and this rule is approximately
valid for the data in Figure 21, page 88, also.

The results presented in this chapter have shown that the
influences of streamline swallowing on computed boundary-layer data for
cones at angle of attack are not insignificant, and should be considered
when accurate flowfield calculations are desired.

Some authors {e.g., Rainbird (23)) have noted that the inviscid
surface data are not generally appropriate for use as the outer-edge
boundary conditions for the boundary-layer equations in cases such as
considered herein, and they have suggested that data from the inviscid
flowfield at some (arbitrary) location outside the entropy layer be
used. In fact, however, this would indeed be an arbitrary and inexact
procedure when compared with the matching procedure used herein to deter-
mine the location in the inviscid flowfield at which the boundary-layer

outer-edge boundary conditions should be taken.
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CHAPTER V
CONCLUSIONS

The three-dimensional compressible laminar boundary-layer equa-
tions have been transformed into a general Crocco-variables form, and
these eouations were particularized to the case of a right circular cone
at angle of attack. A method was presented for determining the outer-
edge boundary conditions to be applied to the boundary-layer equations
through a mass-flow balance between the boundary layer and the inviscid
flow over the body.

A finite-difference technique was formulated for solving the
resulting set of governing equations and treating the streamline-
swallowing phenomenon. The second-order accurate set of coupled nonlinear
difference equations were solved in an iteration scheme which employad an
efficient algorithm especially suited to their form.

The general treatment of the problem and the method of solution
were verified by the good agreement obtained between results from the
present method and both experimental data and results from another method
of computation. These comparisons were performed for conditions under
which the effects of streamline swallowing were insignificant. Unfortu-
nately, no experimental data have been found for conditions which demon-
strate the effects of streamline swallowing on measured nuantities.

Results were presented which showed that for sufficiently high

Mach number and bow shock strength variation, streamline swallowing has a
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significant influence on computed boundary-layer data. Streamline
swallowing should, therefore, be included in three-dimensional boundary-
layer analyses for supersonic and hypersonic conditions when accurate
results are desired, even for conical bodies. The treatment of boundary-
layer separation and transition from laminar to turbulent flow in a
three-dimensional boundary layer are two obvious instances where stream-
line swallowing should significantly influence boundary-layer computations.

A number of extensions of this investigation present themselves;
among them are:

1. Consideration of surface mass-transfer effects,

particularly as a simulation of ablation.

2. Consideration of streamline swallowing on blunt-nosed

bodies at angle of attack.

3. Treatment of turbulent boundary layers, as appropriate

models for the turbulent boundary layer are developed.

One final recommendation is that an investigation be undertaken
of the feasibility of treating, in the three-dimensional case, the entire
region between the body and the shock wave by a single set of equations
which would be valid for both the viscous and inviscid regions, as has
been done by Davis (24) for an axisymmetric flow situation. Such a
treatment would automatically consider both the streamling-swallowing
effect and the displacement effect which should be included in analyses

for low Reynolds number cases.
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