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AN ANALYSIS OF THE FLOW FIELD AROUND A 2-D

- BODY OF ARBITRARY SHAPE

I. Introduction

Purpose

The purpose of this study was to determine the velocity

field and, therefore, the pressure distribution about a body

of arbitrary shape in a two-dimensional, steady, incompress-

i Jible, constant viscosity flow, utilizing a combination of

Theodorsen's method and the Karman-Pohlhausen method. A

computer program to implement this combined method has been

writtei., and results from this progrtm are described herein.

Some practical and theoretical considerations leading

Lc, this combined method are presented in the remainder of

this section.

Backgroundd

The theoretical analysis or desigh of an airfoil shape

is based primarily upon a knowledge of the velocity field

in the neighborhood of the body. Since the time of Prandtl,

aerodynamicists have realized that the flow over a body

could be divided, for purposes of analysis, into two regions.

Observaticns indicate that viscous forces predominate over

inertia forces in P very thin layer near the surface of the

body, and this region has come to be called the boundary

layer. Outside this region, the flow may, with little

I.) error, he considcred inviscid. Since inviscid flow with a

1
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uniform parallel onset velocity may be described in terms

of a velocity potential, the inviscid region is also called

theregion of potential flow. If the velocity field can

* be determined in the inviscid flow, then the velocity at

the edge of the boundary layer will be known and may be

used as a boundary condition for solution of the boundary

layer equations. Each of these regions will now be

considered.

Region of Inviscid Flow

For thin streamlined airfoils at low angles of attack,

small perturbation theory permnits a number of simplifying

assumptions in the equations of motion for inviscid flow.

However, no such simplified potential theory was available

K for airfoils of Prbitrary shape until 1933, when Theodorsen's

method (Ref 2) was published.

Theodorsen made use of the fact that any closed curve,

.'"-h as an airfoil, defined in the complex plane, may be

transformed mathc,-atically into a circle. This transforma-

tion may be further required to be conformal; that is, to

preserve the local angular relationship between lines passing

through each point. Conformality, therefore, ensures that

the angle of attack of the airflow is unaffected by the

transformation. The problem then becomes that of analyzing

the two-dimensional flow over a circle. Since this is one

of the very few cases for vrhich exact solutions to the

equations of motion are known, the velocity at each pointI.



GA./AE/72-2

• • on the circle nay be obtained immediately. Then, through [
an inverse transformation, the potential flow velocity at

the~corresponding point on the surface of the airfoil may

also be determined. This velocity may be used as an

approximation, (since boundary layer thickness has not yet

been accounted for) to the velocity at the edge of the

boundary layer.

Straightforward though this method appears, its use

before the advent of high-speed computers was linited in

practice by the enormity of the task of solving the necessary

integral equations iteratively to the desired accuracy.

The transformation is very time-consuming and tedious when

performed by hand, providing numerous opportunities to make

minor mathematical errors which may invalidate snbsequent

work. Since these are precisely the disadvantages in

computation that a digital computer is designed to overcome,

Theodorsen's method lends itself well to formulation for

machine use.

The rate at which the iterative solution converges

is largely dependent upon how nearly the original airfoil

approximates a circle. Therefore, Theodorsen recommends

thi use of an intermediate analytical transformation (the

Joukowski transformation) which converts the airfoil shape

into a pseudo-circle confornally, and, thereby, reduces

the conputation tine required.

3
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Boundary Layer RegRon

The boundary layer equations may be derived from the

Navier-Stokes equations for viscous fluid motion under the

assumptions of steady, incompressible, constant viscosity

flow: at large Reynold's numbers. The Kar~aan-Pohlhausen

method (Ref 3) of solving the boundary layer equations is

based on the further assumption that the velocity profile

may be adequately represented as a fourth-degree polynomial

satisfying appropriate boundary conditions, including the

edge velocity distribution previously found from Theodorsen's

method.

Combined Flow Fields

The boundary layer flow deteriiined fron the Karman-

Pohlihausen method is only a first approximation, because a

body with a boundary layer appears to the potential flow to

be thicker by the amount of the displacement thickness.

Therefore, the displacement thickness of the boundary layer

must be computed for the approximate edge velocity; then this

thickncss must be added to the actual thickness of the body;

and the inviscid velocity field for the resulting shape

'eternined by Theodorsen's method. Thus, the velocity field

solutions are continually refined until the change in dis-

placement thickness from one iteration to the next is

negligible. At this point, the problcm of finding the

velocity field nay be considtred solve'. Ilith the velocity

fierld Lnown, other ,crodyna.ic parar.eters such as lift,
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drag, circulation, and L--paration point nay also be computed,

using standard methods.

10l
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11. Theodorsen's Method

* •tethod of Presentation

Theodorscn'ls method of irrotational flow analysis

depends upon several in-oTtant results of potential theory

and the theory of confor-al transfornations of comple7

functions. These results will be briefly sunnarized before

a detailed presentation cf the Joukovski and Theodorsen

transfornations is given. Finally, the process for obtaining

surface velocities by an inverse transfcrnation will be

presented.

Review of Potential Theory

The flow outside the boundary layer is assumed to be

t- steady, irrotational, and inco3pressible, pernitting its

descriptlon in terns of a velecity potential or a strea-

function V, defined so that:

u = --?V velocity in x-direction2x •y

(I)

V .- ve!ocity in y-direction

The lines of constant V (streamlines) and lines of constant

* (equipotential lines) are orthogonal families of curves.

Any functions of , and '" which satisfy Laplace's

equatioi, V2¢ = = 0, rce;resent possible tv,:es of fluid

notion. Thc. bohe1uary ccndit ions of imncrr1abi lit y of th-t

airfoil surface and uniform floh, at infinity define a unique

solutior.

6
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Conformal Transformation

If w(C) = O(x,y) * iY(x,y) is an analytic function of

the complex variable • f x + iy, and the components 0 and T

satisfy Laplace'- equation, th-n certain useful relations

exist between the C-plase and the w-plane. Specifical:y,

any simple curve f(C), such as an airfoil surface, maps into

a curve f(w) in the w-plane in such a manner that the angles

between pairs of lines passing through any point in the

C-plane remain unchanged at the image point in the v-plane,

although local rotations and magnifications may occur.

Therefore, the streanlines and equipotential lines of the

C-plane remain orthogonzl in the plane of transformation.

dw
An exception occurs at points where a-C = 0. These points

correspond to flow stagnation points in the exact circle

plane, and also in the airfoil plane, unltss the trailing

"edge is cusped, in which case the airfoil has no trailing

edge stagnation point.

Rienann has shown that the transformed curve nay be

specified without negating the conformal characteristic of

the transformation. In particular, the interior of any

simply-connected region can be napped inside a circle, with

the curve enclosing the region mapping onto the circumference

of the circle. This transformation is unique when the origins

and orientations of the coordinate systems in the two planes

are specified.

7
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Joukovski Transformation

The transforua-ion C = z' a 2 /z', where the C-plane is

the plane of.the airfoil (C = x * iy) is the Joakowski trans-

formation. If the airfoil is elliptical or one of the

special class of airfoils known as Joukowski airfoils, then

a circle results in the z'-plane. If not, then a curve

(pseudo-circle in Fig. 1) closely approximating a circle

results for conventional =irfoil shapes. While this trans-

formation is not essential to Theodorsen's method, it improves

the rate of convergence of the subsequent transformation.

The constant "a" is included to preserve dinensions and has

the dinension of length. The curve in the z'-plane can also

be represented as z' = aeOiu in polar ccordinates, where

p " ae# is the radius vector and the angular coordirate is

w. Substituting the polar forn of z' into the transformation

equation yields

S~=2a cosb ( +iw) (2)

or

2a cosh cos w 2ia sinh €sin w (3)

Noting that • = x + iy, and equating real and imaginary parts,

the airfoil coorlinates may be fotind explicitly in terns of

the transfo-iation coordinates

x = 2a cosh • cos w

y = 2a sinh , sin w (4)
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0 The inverse relations between coordinates will now be

deternined. Solving Eqs (4) for cosh # and sinb 4 and sub-

stituting into the identity cosh 2 4 - sinh2 I m 1 gives

-2 ) 2 z I (S)2:t cos a) 2a sin as)

vhich can be solved for u

W = sin-1 A,121n + 42 # (y/a) 2 j (6)

where

X• 2 + 2 2 )

-. \4a J

(I Likewise, Eqs (4) nay be solved for cos a and sin a and

substituted into the identity cos 2 V * sin2 w = 1, giving

"~~+ (7) ,,, j
t2a cosh 2a sin= 1 7

so that,

* sinh-l 1121-. + ,/E (Y/a)2) (8)

Theodorsen Transforr-ation Cn

-i n
n=O Z

The Theodorsen transfornation z' = z e maps the

pseudo-circle in the z'-plane into an exact circlc (Fig. I)

in the z-plane. The coefficients Cn are conplex nuabers of

the form A + illr. The condition that thc flou at infiiitv

9
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2 jJ ulkovski
= ~ *a jTraosforwaation

-Pseudo-circle

C-1c

u nz' Thcodorseui
2, ze 1Transfornatiofl

Fig 1.Tra:,sfc~rmatiton Plane,. and oai.

10
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must be identical in airfoil and exact circle planes

requires that Ao = So = 0. The transformation then becomes

Ca iAla * i Bu
n--|

z = z e= z e (9)

Suitable means uust now be found for determining the con-

stauts A. and an.

The equation for the exact circle nay be expressed as

z = aef4iO in polar coordinates where * is a constant and

a = ae= is the radius vector and the angular coordinate is e.

Eliminazting the constant "a" between the polar decinitions of

z and z' yields

z, z e (io-e) (10)

Row, combining with the transforcation equation

i, ,• An i gn
w-) * i(t-e) = (n1)

n=l

Note that

zn= (ae 4 iO)n = [R(cos 8 + i sin 8))n =

_______Rn___

cos n6 -i sin-4 (12)

Substituting into Eq (11)

11
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) i~ (.-) A a i3a (cos so - i sin .0) (13)
2=1

expanding

( (u-S)= cos as * ! sin as

Cj j cos Os - sin 1 as 14)

and equating real ahd inagimary parts of Eq (14) establishes

the folloviag conjugate Fourier expansions:

n=l cos ne sin no (IS)

cos nO - sin ( 9 (16)
n=l L

An B An

The Fourier coefficients - 0 - , and 4 (the constant term)
RU R

of Eq (15) are given by

2w
An - ~ l2 cos utA di (17)

Bn = 1 $2w ). sin nA dIA (18)
R n w 0

( 21
(1

12
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0where A is an angular measure corresponding to 0 and

7(1) - *Iu(M)J. since # is known only as a function of u.

Therefore, a-relatior, between # snd 0 (or 1) must be found.

For any particular value of 6, the coefficients given in

Eqs (17) and (1S) may be substituted into Eq (16), thereby

eliminating these coefficients from that relation

- nO i I•cos no I (1) sin al di-

sin nO f0 (1X) cos n2 di] (20)

which reduces to

0 0S-8 I 0(i) sin u~-~l =

f [WOO 1 sin n(X-0) (21)

But,

Ssin n(X-O) = cot 1 - X[0. (22)
n=1 2 sin T

so that

13
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u-S-Lis Ya j f 0 W) c _t dX -

1 21 Co s [ (2x '.- 1 X) 6 1

2T 0 W(M, L -e 2 dk (24)
2A0 2 sin -7(

Sisse the second term is identically zero and the first one

is unaffected in the limit,

f 2iv R(.) cot k_ d). (2S)

The difference, (w-8) or (w-1), between angular coordinates

of a point and its image in the pseudo-circle and exact

circle planes is called the conformal angular distortion

function, and is Jenoted by c, so that

C (0) = 1 + X)] cot dX (26)

Equation (26) is of fundamental importance in the

practical application of Theodorsen's method, as it may be

solved iteratively for c(O), from which w(e) is obtained

permitting the solution of Eq (19) for the constant €. Note

that the relationship between polar coordinates in the

pseudo-circle and exact circle planes has been obtained

without having to solve for the Fourier coefficients directly.

14
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Surface Velocity

It is shown in potential flow theory that the complex

velocity potential for a circle in the z-plane immersed in

steady, x-directed flow is

IR 2  irw(z) = + iT --- V z - -+ In (27)

where V., is the freestream velocity, R = ae is the radius

of the circle, and r is the circulation. The fluid velocity

in the circle plane is obtained by differentiating w(z)

dw L2 R) ir

V(z) U- = u + iv = -_V ( - i (28)

This velocity will be zero (u = v = 0) at stagnation points.

Therefore, the locations (zo) of these points is gAv-n by the
d w

value for z when - = 0. That is,
dz

-ir ± /16r 2 R2 V 2 - r2
z = 41% (29)

A non-zero angle of attack a may be accounted for by

replacing z by zeia in the real part of Eq (27). This has

the effect of rotating the flow field about the circle by

the angle a.

w(z) = -V. (zeic+ 2 - In Z (30)
z 15
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and

V.(z) = -VKe akI - 2  ')t 2 (31)

The well-known Kutta-Joukowski condition requires that

the trailing edge (w a w) on an airfoil which does not have

a cusped trailing edge be a stagnation point in order that

infinite velocities and pressure gradients may be avoided.

The circulation required to meet this condition may be found

by setting zo = Re i(iT+) a -Reia (where 5 is the negative of

the value of c at w = it, and is called the angle of zero lift

for the airfoil) and V(z) = 0 in Eq (31), and solving for

the corresponding r:

r = 4nrRV., sin (a+B) (32)

Then

V(z) dw a I 2- e2ia - i 4nRV, sin (a+5) (33)dz z2 21rz

The velocity, v(z), in the plane of the circle must now

be converted to the velocity, v(C), at the surface of the

airfoil through the use of transformation derivatives:

*i v() = _-d I ddzw dL ' (34)VdwI d z I jdz'( I j

and these derivatives must now be determined. Recall that

z Reie on the surface of the circle. Substituting this

16
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value for z in Eq (33) gives

d - i -e-2i(O) 2iV.e-io sin (6*0) (35)

vhich reduces to

i- - -2iV,,e-i[sin (a+O) * sin (a+0)) (36)

the absolute value of which is

l di 2V.isin (a+8) + sin (a+B)] (37)

Fron the definitions of z, z', and C

fl*- z'- •i (•O*•(
"z = . 0iO

ae

Differentiating and noting that 0 is a constant

dzi = e(4)÷ic * ze (*-O)+ic d
d- ((O-¢).iv] =

- z j-d (*+.ic) (39)

But

dz d (ae ÷io) = idO (40)
z ae

Substitution into Eq (39) givcs

17
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0 d z' * 1 ( iC) 1O -de (41)

Further algebraic nunipulation on this equation gives

dzI z. N(dOlda) * (dc/du) - i (d#/du) (42)

Appl-ing the definition £ = - 0, aod reducing

dz' z' [l - i (d1Idu)
di z [ -(dcl/dw) ' (43)

And finding the absolute value

Idz"l e,- A (d*/dr.)2 (4

Inverting

jd [1 dcd~ (45)

+ (dO./dw)-

which is the desired derivative. Substituting the definition

z' = ae Wit into the Joukowski transfornation

- ae O + ae-=-iw 2a cosh (y.iw) (46)

Differentiating

dr - 2 sinh ((4,i7)e-iw
dz'

(

!•, 1 8
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Expanding

~tic
z- 2C (sink c €osh im + cesh 9sia is) (48)

Noting that cosh is - cos a and sink is = i sin a, this

becomes

_ 2e 4-i (sink cos a * i COsh A sin 6) (49)
dz* (

Then

Idc 12 4e 2 0 (sinh2  cos 2 a . cosh2 9 sin2 s) (SO)

which reduces to

IdC 12 4e-2# (sjih 2  + siN2 w) (SI)

Taking the square root and inverting gives the final

derivative

dz'2 I (S2)
dEI 2!sinh2 P, * sin2 j

The derivatives given in Eqs (37), (45), and (52) will

now be substituted into Eq (34) to find the airfoil surface

velocity

Ve,[sin (a+O) + sin (a+.)][l - (dc/dw)]
V(M) (53)

4(sinh2 , + sin2 t,(I + (d*/dw) 2I

19



GCNjlAEI72- 2

0 This is the velocity whicb will then be used as an

approximation for the edge velocity in the analysis of the

boundary laye-•.

2(0
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C Ill. Karman-Pohlbausen Method

Origin

General notion ef a viscous fluid is described by the

Navier-Stokes equations, wkich were derived from first

principles. Schlichting (Ref 3) has shown that, if Reynolds

umber is large, viscosity is constant. and flow is steady

and incompressible, then the equations of notion for flow

over a surface may be approximated by the momentum integral

equation:

2 d6 2  dU w
U2 ( (262 + 61) U = (54)

where the boundary layer displacement and momentum thick-

nesses are, respectively, i

6 : (1~ dy (55)

6 ( -I dy (56)

and where x and y are, respectively, the streauwise and

cross-stream coordinates of a general point in the flow

(Fig. 2), with the corresponding velocities given by u and

v. Note that the boundary layer edge velocity U is a

parameter common to both the potential flow and boundary

layer regions.

(9 •)The following analysis is due originally to Pohlhausen,

but is presented in the form developed by Holstein and

21
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C'Bobles, and described by Schlichtiag.

Velocity Profile

A velocity profile of the following fern is now assumed:

S2 3 4gsqb" * c" *dJ% (S7)

where n = y/f and a, b, c, and d are coefficients to be

determined.

Observations indicate thAzt the following boundary condi-

tions should be applied to the solution of Eq (S4):

u W 0 at y = a (SS)

a2,, dU
ý!a . _U -U at y = 0 (59)

u=lU at y = 6 (60)

D 0  at y = 6 (61)

32uS= 0 at y = 6 (62)
ay?

where 6, called the boundary layer thickness, is the cross-

stream distance from the surface at which the boundary layer

meets the potential flow region.

Note that the first boundary condition, Eq (58), is

identically satisfied by the a5suced solution by virtue of

the omission cf a constant tern in the polynomial. There

remain, therefore, four boundary conlitions to determine
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Sa, b, C, "ad d. In terns of the assmted velocity profile,

the second through fifth bou•dary conditions become,

respectively,-

all 12I I ya i.(3
at 1A (64)

a Sval 0 at II = (65)

u~( it )j 0 at q l (66)

Applicatioa of these conditions to the assumed solution and

defining a shape factor

62 dU (67)

leads to the following expression for the velocity profile:

U (2q - 2n3  * q4) (n - 3n2 + US o q4 (68)

6

By applying the physical constraints that • = 0 at

y = 0 at the separation point and that < < 1 within the

boundary layer, the upper and lower physical limits on A

arc readily detcrmined. These have been found to be *12

and -12, respectivcly.
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C Other Parameters

The displacement thickaess. momenm thickness, SaE

shear stress xill now be fund in terms of A.

Substituting the above velocity preaile and the

definitior for I into the definition for 4isplacesemt thick-

mess given by Eq (S5) gives

0= 1 -(2q- 243 .i 4 ) -

A (i 3q2 * 3 3 - )dq (69)

And, ";izal ly,

61 3 A(70)
= - -

3- 1-0 11070

Likewise,

62 37 A A2

I - 31- 94s5 9(7)

Kow, the shear stress, by definition, is

= Yly=O

Evaluating the derivative and nultiplying both sides by

gives

"rW6 A
6 2 (73)
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Simplification of Nomentun Integral Equation

The momentum integral equation can now be put into a

form from which practical results may *e obtained.

Nultiplying both sides of Eq (S4) by 2 , and reducing,

leads to

vr,2 8 d62 .(2.6 62do()P(4 )

Equations (67), (6G), (70), (71), and (74), together

with the known edge velocity distribution, form a solvable

system. However, elimination of dependence of the other

variables on S is desirable, since the boundary layer thbtck-
d6 2mess is physically meaningless. Furthermore, the

10 quantity in Eq (74) leads to a requirement for
d 2 U
S2at every point on the surface. By suitable mathematicaldx d2

manipulation, this can be reduced to a requirement for d2U

at the upstrear stagnation point only. The following a~alysis

proceeds, therefore, toward these objectives.

Introduction of several new parameters will permit

simplification of the form of Eq (74). Define

622 dU
[ p (7S)v dx

Then,

3 945 9072)2 (76)
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r~n~Z l2 (7l 7)-

oo etha
dz 2 dt

22

62

'p

1z 2 2dx2

Also, from Eqs (75) ard (77)

K =7 d U (79)

The ratio of displacement to momentum boundary layer thick-

nesses may be defined

61=l: (80)

Or, using Eqs (70) and (71)

61 3 A
T-- 120

2 37 t 0A2 (81)
T-- 3_15 - §4§ 9072

And, finally, the definition

STw62(82)
f2 11 pU (

gives, using Eqs (71) and (73),

27
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02 = 315 - A0- 2 (833)

nowv if these definitions are substituted into Eq (74),

the result is

U dZ
f 2 = a- + (2 fl)K (84)

which may be rearranged to give

Uj dZT rg = 2f2 - (4 . 2f 1 )K (85)

The right side of Eq (85) is a function of A alone, as shown

by Eqs (76), (81), and (83). Therefore, if a new parameter

0 F is defined such that

F = 2f 2 - (4 + 2fl)K (86)

Then, it may be shown that

( 931 -4-A- 9072)

2 -116 A+ (2_ +__A2 +2 A3 1 87
"31"5 94S 120) 90772(87

And Eq (85), the equation of motion, becomes

dZ F (88)
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0Conditions at Stagnation Point

Enough relations now exist to permit a stepwise solution

for all the boundary layer parametezs, once a starting condi-

tion is known. Starting conditions, therefore, will now be

determined at the upstream stagnation point.

Since the flow is brought to rest at the stagnation

point, Uo 0 (where the "o" subscript means that an asso-

ciated variable is to be evaluated at stagnation point

conditions). Then, from Eq (88), Fo must also be zero if

( dZ ) I is to exist. Therefore, A must be a root of

Eq (87) when F = 0. The roots of this equation are -72.2,

-37.8, 7.052, 17.9, and 28.2. Because of the physical

limitations on the range of A, it may be seen that

Ao = 7.052 (89)

Then from Eq (76),

Ko = .0770 (90)

And, from Eq (79),

.0770
0(91)

which determines Zo, since the edge velocity distribution is

known from the potential flow analysis.

Now, [) may be found by applying L'ilospital's Rule

C:, to Eq (88)
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MJ

• dZ [(dF/dlK) (dK/dx)
"(� = LirL (dF/dx) (92)

I' o x • --/ddUldx)0 0 X 0

But, from Eq"(79),

dK dZ dU + Z d2U
Ux ax i~ ýx(93)!i• , •" =•- •- dx2

Substituting this expression into Eq (92) and passing to the

limit gives

dZ =Zo (dK \dx2  (94)

dx~ CI) L)1 d
But, using Eqs (76) and (87),

(dF) 0 (WdA-K 1O 5.5 (95)

Substituting the values for Z and -) 1given by Eqs (91)

and (95), respectively, into Eq (94) provides an expression

for dz) in terms of the edge velocity distribution:

(d 0
( I -.062 (96)

3d0

30

-- -- .. . . . . . . . .. . . . . . . .---. . . . . . . . . . . . . . . . . .



GMIAE/72-2

2• Using the Method

With starting cone'itions knoun at the stagnation poirt,

the value for Z at a distance Ax downstream is

I = Z° x (97)

Then, from Eq (79),

K1 = Zl ~dU•" 1 (98)

The corresponding value of A, from Eq (76) may now be used

to find F1 from Eq (87). Using Eq (88),

so that the stepping process may be continued indefinitely,

the value of Z at point "n" being

Zn= Zn + ( L)j & (100)Zn n-I ÷ /d-x n-I

Knowledge of An permits determination of fln' f 2 n, and the

velocity profile () using Eqs (45), (83), and (68),

respectively. Substituting Zn into Eq (77) yields 62n,Iwhich in turn produces Tn from Eq (82), and, the ultimate

objective, 6I from Eq (80). This value of 6 1 ust be
Inn

added to the original airfoil thickness to form a better
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Sapproximation of the potential flow airfoil shape to be

analyzed again by Theodorsen's method.

Limitation

The garman-Pohlhausen method of boundary layer analysis

does not properly describe the flow downstream of a separa-

tion point (the point at which the shear stress at the wall

vanishes).

©
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IV. Computer Study

Purpose of Computer Study

A Fortran Extended program for the CDC-6600 computer

was written as part of this study and is listed in Appendix

A. It implements the theory discussed in the preceding

chapters and lays a foundation for more sophisticated air-

foil analysis programs. Flow parameters from this program

may be compared with those from simplified airfoil theories

in order to deteimine the validity of thin airfoil and in-

viscid assumptions. Some pertinent facts about the program

will be discussed in this chapter.

Program Composition

The computer program is composed of a main program and

several subprograms and functions. The main program is

called MAGIC and provides the means for reading input data,

controlling data flow and sequencing among subprograms, and

testing for completion of the iteration on displacement

thickness. One principal subprogram is THEO, which applies

Theodorsen's method to the airfoil; the other is BOUND,

which solves the boundary layer equations using the Karman-

Pohlliausen method. Other subprograms and their purposes

include: FNEVAL, which defines integrands; SIMPS, which

performs integrations using Simpson's Rule; MTXEQ, which

solves systems of algebraic equations; PLSQ, a polynomial

least-square curve-fittinrg routine; ATKN, an interpolating

function; several subroutines for the CALCOMP plotter; and
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0• numerous standard functions from the system library.

Input

Program MAGIC requires an alphanumeric description of

the airfoil (e.g., NACA 1408), the number of data points,

the Cartesian coordinates of each point, a plottint index,

freestream velocity, viscosity, density, and the angle of

attack on t"e chord line. The airfoil chord line is assumed

to lie on the x-axis with the trailiung edge in the positive

x-direction and the midchord point at the origin. eoints

defining the airfoil surface must begin at the trailing edge

and be numbered in the counterclockwise direction. All

dimensions must be referenced to chord length. The plotting

index causes the airfoil and its transformations in sub-

program THEO: (1) to be plotted on the saze axes, (2) not

to be plotted, or (3) to be plotted on separate axes,

according as its value is -1, 0, or +1, respectively. The

angle of attack must be given in degrees.

Additionally, accuracy requiremernts on various computa-

tions may be reset by modifications to the program.

Output

Program MAGIC computes and prints Cartvsian coordinates

in all three planes, polar coordinates in the pseudo-circle

and exact circle planes, potential flow surface velocity,

coefficients for fifth-order polynomials for T-(e) and f(w),

radius of exact circle, zero-lift angle of attack, circula-

tion, section lift, pressure coefficients, shear stress at

34
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( surface, momentum thickness, displacement thickness, shape

factor, and several important quantities used in compating

these. The airfoil surface in all thTee planes is plotted

(provided that the plotting index is no@-ze"o), as are pres-

sure coefficient, shear stress, and displacement thickness

as functions of chordvise station. Samples of output format

are shown in Appendix A.

Limitations on Progran

Although subprogram THEO gives correct results for non-

zero angles of attack, subprogram BOUND does not, since the

shift of upstream stagnation point with angle of attack has

not been accounted for. Therefore, accurate results for the

complete program nay be expected only for zero angle of

attack.

Values of shear stress and displacement thickness

generated by subprogram BOUND downstre.am of the .szparation

point becone very large. These values are printed as output,

but are actually limited to a reasonable maximum value

before being plotted or transmitted to subprogram TiHEO for

another iteration. In particular, the displacement thick-

ness at the trailing edge is set to zero in order that the

new airfoil shape considered by subprogram TIIEO will be a

closed curve.
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C> V. Results

Conforwal Trastsforat ions

Transfrmnations were accomplished by subprogram TWEO

on several airfoils, including MACA 1405 and XACA 4424.

The output plot of the transfornation on the MACA 4424

airfoil is presented in Fig. 3. Success of the transforma-

tion on these airfoils was measured by the accuracy of the

output angle of zero lift, 0. The values for these angles

as given by Abbott znd von Doenhoff (Ref 1) are presented

for comparison in Table 1. Comparison data was not available

for the other airfoils used.

Table 1

Conpzrison of Zero Lift Angles of Attack

Airfoil (Progran HAGIC) (Ref S)

MACA 1408 .950 .95*

NACA 4424 3.58" 3.500

Potential Flow Surface Velocities

Surface velocities generated by subprogran THEO were

also compared with those given by Abbott and von Doenhoff.

A typical conparison is shown in Table 2. The velocities

agree within 2" in most cases. Exceptions occur at points

where the radius of curvature is relatively small; that is,

near the leading edge. This probably reflects poor

accuracies in nurerical dcrivatives in that area.
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0 Table 2

Qoa~risos of Potential Fleo Velocities

for ZIACA 1405 Airfoil

upper Surface Lower Surface

CSordaise yCordvise

Station rdis Station
(percent (Program (Percent (Program
chord) MAGIC) (Ref 1) chord) MAGIC) (Ref 1)

0 0 0 0 0 0

1.189 .780 1.061 1.311 .829 1.039

2.413 1.067 1.121 2.552 1.079 1.039

4.596 1.135 1.151 5.104 1.121 1.105

7.336 1.142 1.161 7.614 1.112 1.105

C 9.883 1.145 1.161 10.117 1-102 1.099

14.889 1.153 1.164 !%.111 1.096 1.092

19.904 1.152 1.162 20.096 1.085 1.082

24.926 1.148 1.157 25.074 1.075 1.071

29.950 1.139 1.149 30.050 1.065 1.063

40.000 1.126 1.131 40.000 1.054 1.047

50.020 1.107 1.110 49.980 1.038 1.034

60.034 1.087 1.4189 59.966 1.023 1.019

70.041 1.067 1.070 69.959 1.012 1.008

80.039 1.042 1.043 79.961 .998 .991

90.027 1.014 1.003 89.973 .982 .965

95.016 .966 .983 94.984 .953 .955

100.000 0 0 100.000 0 0

C.
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0 Boundary Layer Parameters

Pressure coefficients, shear stress, and boundary layer

displacement thickness distributions are qualitatively correct

(Figs. 4, S, and 6) upstream of the separation point. As a

quantitative check, the separation point for uniform flow

around a circle was computed. Subprogram BOUND found this

point to be at 10os from the upstream stagnation point. This

agrees well with values from 104.5" to 108.8" determined by

various investigators, as cited by Schlichting.

Running Time and Core Memory Required

Computer time required for program MAGIC is a function

of airfoil shape, number of points, and accuracy required.

The NACA 1408 airfoil, with 34 points defined, required

1 approximately 50 seconds of CDC-6600 central processor time

and two iterations to obtain a displacement thickness

accuracy of .1% of chord length.

Approximately 40,000 octal words of core memory were

required.
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0 V1. Conclusions and Recommendations

Conclusions

Based upon the results shown in the preceding chapter,

the following conclusions were drawn from this study:

1. Theodorsen's method computes values of zero lift

angle of attack and potential flow surface velocities very

accurately.

2. The Karman-Pohlhausen method of solving the

boundary layer equations yields good results upstream of the

separation point. No useful information is obtained from

these equations downstream of the separation point.

Knowledge of the shape factor permits determination of the

coefficients in the assumed velocity profile at any point

along the surface.

3. Program MAGIC is a practical means of analyzing

incompressible flow about an airfoil, without resort to small

perturbation or inviscid assumptions. Core memory and

central processor requirements are very reasonable for an

analysis of this magnitude. Input data requirements are

minimal.

Recommendations

The following recommendations are made for future

studies in extension of this one:

1. Program BOUND could be modified to permit boundary

layer computations when angle of attack is not zero.
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02. Integration of pressure distribution and shear

stress would provide drag, moment, and center of pressure

information.

3. According to Giesing (Ref 2), Theodorsen's method

can be extended to linear arrangements of identical airfoils.

Program MAGIC, so extended, could be of considerable value

in cascade theory.

4. Theodorsen states that accounting for leading edge

and trailing edge radii in locating the coordinate system

origin improves the rate of convergence of the iteration

on c. Inclusion of this correction might result in some

saving in computer time.

S. Numerical derivatives of a higher order of accuracy

O near the leading edge would probably improve velocities

computed in that region.

6. The inverse problem (see Ref 4) could be programmed.

That is, given a desired pressure distribution, the required

airfoil shape could be determined.

7. A more graphic means of input and output could be

obtained by adapting the program to the cathode ray tube

display terminal.
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Appendix A

SJComputer Program and Sample Output Format

Reproduced from
best available copy.
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