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Preface

This thesis represents the results of an effort to
write a computer program for the CDC 6600 computer to solve
for a portion of the flow fleld on the lee side of a delta
wing with supersonic leading edges. The problem was first
proposed by Dr. William L. Hankey of the Aerospace Re-
search Iaboratory and Captain John V. Kitowskl who is on
the faculty of the Air Force Institute of Technology.
Captain Kitowskl also acted as thesis advisor and I would
like to express my sincere gratitude for his many hours of
advice and encourazement during the perlod of this study,

I would like to express my deep appreciation and
gratitude to my wife, Cherolette, for her understanding,
vratience, and encouragement during my entire AFIT tour.

Also, I would like to thank Mrs, Anne E. Posner for

the typing of this parer.

Robvert G. Christophel
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FIOW FIELD ON THE LEE
SIDE OF A DELTA WING

I, Introduction

This study is concerned with the flow field on the
lee side of a flat plate delta wing with supersonic leading
edges., As shown in Fig.l, the wing is placed at an angle

of attack o« and at zero yaw.

Figure 1. Coordinate System

The vertex of the wing 1s placed wt the origin of a rec-
tangular Carteslian coordinate system, The flow medium is

assumed to be an inviscid, non~heatconducting, nonreacting,

preceding page blank
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ideal zas. The free stream is assumed tc te uniform end
steady.

The general flow pattern on the expansion side of the
¥irg is symaétrical with respect to the X1Z plare and =
sketch of the flox pattern on the lee side is given in

Fiz. 2.

Irnterral
Shocks

Yo COS Q

Pilgure 2. Plow Pattern on Surface

As the free strezm flows over the leading edge, the

cozponent of velocity parallel to the leeding edge is not
altereé dbut the component normel to the leading edge must
expand to become parallel to the surface of the wing.
Tnis results in the total velccity vector on the surface of
the wing immediately downstream of the leading edge having
a corponcnt normal to the root chord. However, because of
the syTzetry, tre total velocity vector at the root chord

nust te parellel to tne root chord. Tnerefore, as indicated
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in Pig. 2, the total velocity vector on the surface of the
¥ing must chargze Glrectlion and this cordition is brouzht
about by the formation of an internal shock wave wnich is
attached to the upper surface.

The flox field for a flat plate delta wing with super-
sonic leading edzes is conical as concelved by Busemann
(Ref 5) ard, as such, the flow field in any plane normal to

the root chord has a similar solution., Thus, the entire

c
o DB
D / 111
v )/ U
- I1 .

Pigure 3. Crossflow Plane

Jee side flow field may be represerted by any arbitrarily
selected plane which is normal to the root chord. Tais
plane is called the "crossflow" plane and a cualitative
sketch of the right half of the plane is snown in Fig. 3.
Tnhe crossflow plane may te separated into six reglons
with distinet characteristics es indicsted in Pig, 3. The

governins equations in rezlons I, 12, and III are
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hyoverbolic. The zoverninx eguatiorns in rexzlomns IV, V, and
VI are elliptic., iine 2D represents a2 crossfios scnic lipe
alonz wxnich tge zovernirz equations are peravelic. Lire DEG
is an internzl shock wave. Tne seszent GE is plamar Sut the
segment DE is curved. Line A3 represents the first ray of a
Prandtl-Meyer expansion fan., Iine BFE is the reflection of
this expanslion ray from tne surface of the cone of excita-
tion BC which ezanates froz the vertex of the winz. Line AP
represer:ts the lasti ray of the rFranitl-Keyer expansion fan.
Lines CD and 0OZ are crossflow streazlires separating the
rotational flow in region V fro= the irrotatioral flow in
reglons IV and 7I. Iine 0CA is the wing surface ani line 02
represenits the plene of sy=metry.

Amonz the anzlytical solutions to this flow field ere
those presented by ¥aslen (Zef 13), Babayev (Bef 1), 3eeman
arl Powers (Ref 3}, and Eutler and Iomax (Ref 1i). Fowell
(Ref 8) presented an anaiytical solution along with experi-
mental data for the flow field. 2Bannink, kebtbling, ani
Reyn (Bef 2) conducted anrn experimental investigation of the
fiow field as did Cross and Hankey (Ref 7). A compilation
of papers treating the mathematical theory of conical flovs
is presented in the work of Bulekh and Reyn (Ref L),

In Maslen's treatment of the problem, it was assuzed
there were no internal snhock waves in the flow fiela znd a
solution was obtained by using Pranitl-Meyer relations in
rezions I and 11 and & relaxation rethod in tre remainder of
the flow ficld. Fowell experimentalily determined the

existence of an irnterral srnockx wave and then assured the
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shock wave w25 plan2r and used an speoroximate meinod to
Iocate the shock wave and solve for the flow ad jacent to

the wing surface, 7The csoluiiorn presernted by Zatayev also
included en internal plenar snock wave tut the flow fie«ld
in rexions 1ii, W, 7, and VI was determired from irrota-
tion2l poteniial flow theory usinz the method of successive
epproxirations, Eeemamn ers Powers assumed the existence of
an internzl shocx wz2ve ani atienrted to solve the problem b
usicz 2 zmodified methicd of characteristies siaere. Zowever,
as a result of difficulties xith the internai shock cal-
culzations, oniy shoci-free resuits were reportei. Ir the
exrerizente]l worz of EZznnirk, Neddeling, ard 2eyn, the
existence of an interrnzl shocx wave wes reconfirzmed but the
shock wave was found to te curved.

In a1l of the ernzlytical studies cited etove it is
assu=ed that Tlow in region III 1s depenient on the flow in
regicns IV, ¥, an? VI. The approach taken in tnis study
1s tc sclve the flow fleld in region III Dy reducinzg the
inviscid {flowx governing equaticns using conical flox con-
ditions end then epplyinz the method of characteristics to
the resultins hyperbolic equations. 7The results of this
study may then be applied to the solution of the flow fleld

in the eliliptic rezion.




el

-V

CRM/AS/ 72~

II. The Bevelonzent of Zguations

The cressflox plane =2y be taken as any ¥Z plane thsat
intersects the positive X-2xis. This plane is rondimen-

sionz2lized by using the dlzensionless coordinmates end ,

YA

¥here (1)
A
b4

end N = e (2)
X

The zovernlnz eguationrns are transformed to the crossiiow

~

plane by —eans of these dimensionless ccurdirates,

Iire 2C - Core of Zxcitation

The cone of excliztion wnhich 1s generated by the apex

of the delta winz 1is given vy,

2
J; + (-X sin q + Z cos a)2
- (X cos g+ Zsingq) tenu= 0 (3)

In terms of ¢ and n tnis becomes

f
Vnz + ($cos g - san u;z - (cos a + isin @) tanu= 0 (%)

Ay

or, since, tan u = (ﬁi - 1)




1
O (1-*2—) (1*$2+@2)=(cos a+§sinc)2

follows closely that of ZSatayev.

Froz the cizssical Pranitl-Reyer relationship, as

(5)

ziven in Iievz=z2rn and RoshXo {Zef 12:33-103), the loczl flow

deflection & in a2 plane rorzai to the leadlirz edge is

w

given by

1 -1 |y-1 - [z
6 = al— izn j— (5@-1) - ten 1 .K:_-l
y-1 \ P v

Q .

equation (4) reduces to

6 = ¢ - tan ' tan o' — =

~)

(7)

{3)

(7)




Tne dirersioniess veloclty componzats in rezion I are

izen 2

i

furctions of 5 by

tRy

u = b ¢cOS (al—b) cos\ ¥ cos § sina (i0)
Vv = «-D cOS (ci-a) sint + cos § cos (11)
w=1bsin (z,-8) (i2)

where a, = tan (13)
cos 1
g = cos™ ! {cos ¢ sint) {(1%)
V4 1 y-1
and o2 =[ 2:1- - (1-00326)
yri Ee ¥t
2 o -t
i+— sin ¢/— & (15)
y-1 \7"‘1

In the plzne nor=z==2l to the lezading edze the z2ngle
between & Prandtl-Feyer expansicn ray ani the surface of the

¥ing is given vy

o= 8 _ =% 4+— - 8+0 (i6)
2
By roting that tane = - (17)
CGS ¥ = 7 sinny



the sions of the esparnsiorn ray in the £, 7 plane may be
obvtained by substitutinz equztion (17) into eguation (if)

ant &ifferentiating, This resultsz in

daf «
—_ = - sirx tan (6 -, + — +a@_ -6) {18}
dn | exp ray 2 1

setting £ = 0 in eguzatior (17) zlves the r~-value of the

intersection of 21l expznsion rays with the n-a2xis as

LI cot 2 (19)

Zausiiorns (i}, (i1}, (12), {18), ani (19) coxzpletely

-

deterzirne {he dimenslioniess wvelocity distribution ithrouzh-

the lserniropic relztionsnips,

Rezinn IT - Fully Zxpzndied Lrez

The flow properties in rezion I1I are deter=ined co=-
pletely by the velves along the last expansion ray. Tnis
is a rzsult of the faczt that the flow properties are con-
stant throughort the reglion.

Sattirg & = (11 in equation (9) resuits in the
expression for tne value of & alonz the last expansion ray
as

-1 [ -1

6 = ¢, + 8 - 4J_+ tan - tan i —— 8 (20)
¥-1 “r-‘l er
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Pxpansion 2=y

The cone of excitztion intersects th.e first expension

ray et the point inere

Pron eguation (13) the

c*

ne Slicpes of these lines are eguzl.

slope of the first erpansiorn rey is

4 sin
édz Jexp rz7 i tan (¢ _- o4)
and differentiztion of esuztion (5) resuiss in
1
(i - = )5
d: %o
— = - . (z2)
é=s Jcone (1--%-) £ - sinz (cos 2 + ; sinc )
“tc
Iauating eguztions (2i) avd (22) results in fhe { inter-~
4 ] 3 < f
section vaiue $4pe Of
i ten ( -q,)
(1 ~ =) + sinc cos ¢
}E: sinx tanx
t = (23}
-~
int 1 [ tan {4 -~a,) 1° 2
(1 - = 1+ = - sin @
| ot 1 sin 2

Tne intersection value ni

(5).

nt &Y be obtained from eguaticn

)

[
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e davelopment of £ze eguations for raglor IIX

closely follous taat of Chairg and wWzzner (22f 5) wno
present a2 detailed Zerlivation of the governirs eguations for

non-iserntroplc flcxw.
The continultr, mozentum, and ererzy eguziliors can be

writter in vector form as
(%)

@ xS5=T VS (25)
T°vsS=0 (26)
Using the conical flox corditicrs, the equatiors =ay be
rewxritten for the {, 5 pilane as
B u b. 14 &>
24 (9 = + ¢ - - )
o¢ on a:
- (5u - v) -é-(u2+v2+h2)
dn
- (tu - w) —_ (Ut v +w )| =0 (27)
v P\4 au Qv oW Ju
T (e ¥+ f e + ) + W (1 e F e )
) of 7 i ot ot
b 3s
= e A7 = + § —) (261}
cn ot




{
\..

GER/AZ/72-5
v . A ¥ oS
(3— F §—~+t =)+t % (===} = - &£ — (=3)
Uw T % = = 3% > <
2 P v > oS
A — T f— T —) F T (e = =)= & — (30)
ST R ;o 3 ?
3s
(?z2-v) — + (fu-v) — =0 (31)
S
wrere A& is given by
i -1
A= — + z_- (1-u2-v2-a2) (32)
o 2

Equation (28) is a iinear cozbinztion of equations
(23), (20), ani {31) and it may then be discardei. By
eenipulating eguations (27), (25), {(50), and (31) and using
the definition of a total derivative the following set of

equations may te written in zatrix form as

v

a a a e (gz) G
v

1 0 0 -1 (=) Q
on

at dn 0 0 (=) dv
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wners a, = Atn - {nu-v) (tu-w) (34)
a, = 4 (1+n2) - (rm--v)2 (35)
2 2
ay = A (1+%°) - (tu-w) (36)
q-Ahds*u (u+ v+ giu) (37)

(nv-v) d¢t - (tu-w} dn

A ($u - 2w)(du + ndv + tdw)
and G = (38)
(mu-v) ¢t - (fu-w) an

Setting the coefficient matrix of equation (33) equal

to zero gives the slope of the characteristics as

at a .t a2-a a
-] 13123 (39)
an f xc a,

The compatiblility equations for these characteristics

are obtained by setting the determinant

a1 a2 a3 G
1 0 0 Q
= 0
dt dn 0 dv
0 0 as aw (40)

13
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Substituting equations (37) and (38) into equation (40)

(:> results in
- bydu + bydv + b3dw + byds = 0 (42)
- at -
where b1 = «A (fV-nw) - al-az(;’)ci u (42)
dag
b, = ~An((v-nw) - al'aZ(E;)ct 7u
L i

d
ta, [(Eurw) - (nu-v) (a%)ci ] (43}

dg
b3 = “Af(Ev-nw) - [al-aZ(Ez)ci] tu

dg
24 [(Eu-—w) - (nu-v) (-_—)ci;l

an
| ¥ ()
at
(E)ci
d¢ "
bu_ - '-A [al-az(a’;)ct] ( 5)

Since the flow properties in the free stream are taken as
uniform and there are no rotation producing effects in
regilons I, II, and III, it is reasonable to assume the flow
in the region III is isentropic. Equation (41) then reduces
to

Y
(,J bydu + bydv + b3dw = 0 (46)

14
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For any streamline

G-2=0 (47)

1

whefe ﬁ is a unit vector normal to the streamline., In the
crossflow plane this results in the slope of the streamline

being given as

d¢ fu-w
_— T (48)
an s NU=V

A compatabllity equation for the streamline may be obtalned
by multiplying equation (29) by (nu-v) and equation (30) by
(¢u-w) and adding them., This results in

Y iU W SY (U LU WP
M=V — +N= +fm u-w)| — —_ — =
n on  dn ¢ ot "as ot '

Substituting equation (48) and using the definition of a

total derivative reduces equation (49) to
du +ndv + £dw = 0 (50)
which 1s valid only along a streamline,

Line BD - Crossflow Sonic Line

Since the governing equations are parabolic along the
sonic line, the term underthe radical in equation (39) nust
be zero at a sonic point. This results in both character-
istics having the same slope at a sonic point and the two
compatability equations represented by equation (39)

becomes

15
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Toe loes of ome of toe corpatintiliity reizlliorsiips 1is
compersizted Tor by tihe fact tiat toe crossflox ¥aon mmier
!& mxst e umifiy a2t the conic lime, The crossflox ¥Maca

mmn=er iz zivexn by

s 2 -z (ufwv+5z)2
— f-
2\ 2z i R e

“:%“
]

-1 (32}

¥-2] % ¥-: I
= =z L

Zovndzry Coniifiors

The eguations obizined »y writirns esuztion (51) for
both characterisztics and esuztion (50) for the streanlize
provide 2 set of three oréirary differentizl eguations for
G, 7, 273 ¥ wnlchk, with sulitzble bourdary ceniditicons, ==7v
be tsed to solve for the dlmensionless velocity distribution
in region IIX. £ set of sulizadle boundary condiiions for
this zrez consists of the fizensionless velocity distribu-
tion z2long line E7Z and the conditlor that the crossflow

velociiy is sonic along lire BD,

16
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IFI. “Tousctatiss Tachmiszse

fslizs Jexicon's metand of ltazrmremts, ermzticorn (20) s
solved Zor écr’ The €lede of Ixfividusl ermzmsion rzys is
ther ottalired from ecuziion (:8} for eguzl ircremerts of 5

in the rarnse Irom %, Lo E,r and meef wiil eguatioxn (IF) &o
estzbliish the Isceuws of the exgernsicn raxys. The Teigeltly
e

compererts zlong eack ray 2

(3) ar2 (15). =sirs “me respecsires Telines of 2, ani sub-

-—— — -~ = . -— » fed
Fiwe =72 - Zellestlicoz of First czzxnsion =y Tronm fhe Soxnic

is foxzi T7 zrn iterziion ftechnigue in which

Tre locus of the reflecticn of the first expension raz
trne initial
assuzdiion is that the reflection has z verticz. slope e~
tweer the points B ard Al xnlch are on the successive expzn-
sion rays i ani 1+i 2s shown in Fig. 4. The rosition of

point 5 is ircun since 1t ic

ct

ne irtersection of ray 1 and
the first reflection. Proint Al 1 the intersection of ex-
pansion ray i1+i anrd tne first reflection ani is determined
by eguzatlions (23), (5), (i3), ani (iF).

Tne reflecticn of the first expansion ray is a charac-~

dt
terictic for rezion 111 and *ts slope — at A, 1is
dnjcr

i




CaNf2ifFe-5

-

obtatmed by sulstitublins & T . 2nt the Teloclity

5ty

components for rzy (i+i) inte ecmation (33). Using tmis

=

valwe of sloze =2 siraizni lire is pzesed fhnrough solint Li.

The irterzzcliion € &f this Iire amd ray i is fourmi, The

Figure 4, Iocaiing First Ieflection

distence between € ard & is then deterxzined ang, if it is
larger than specified lirits, the procedure is restarted ty

essuwaing the value of dt at Al for the slope of the

an o+
first reflectior 2t point 5 and determining point A, as the

new intersection of ray 1+1 and the first reflection.

Lire BD - Crossflow Soric ilne

L sketch indicating the ceozetry used 1n soiving for

tae Tirst point down tne sonic line 15 shown in Flg. 3.




GaR/12./72-3

fugrre 22 i the corne of zxeizztion; Iires 3C a=ntd Ik zre
expancionr rays; lire 23 iS5 2 seznmert of the reflection of
the rirst excarsion rary; iines I amd DI* zre first family

crerzcteristics; zrmi Iines =F amd 3G are sir-amlimes,

Althoush the geomesiric sieich im Fiz. 3 15 relsted o

Flgure 5. Locztinxy Scrnic Point

solution of tne first sonic roint, the procedure provided
below is valld for 211 sonic poinis.
The streazline slope based on the properties at B is
cozputed using eqguation (43) and a line with this siope is
passed through B. Tne slope of the first family character-
dt

1stic tased on the “low coniitions at D — 1s computed
an c+D

froz equation (Z7) and a line with this slope is passed

througn D to intersect the streamline at F.
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The v2ins of — iz sphstitgtet in the left elide of
& Jor

eguetion (5i). The resuitims eguztioxn iz used with egma-
tioms (%5} st £30} o solre Zor the veloclty campoments
at 7,

Tre slope of the strezmliine 2t 7 is then computed from
eauztion (33} z2mi zverzzed w:th the slope of the strezmline

at E. A strezmiine xith this arverazse slope 15 pessed

throvzh = t0 intersect cemerzcteristic I a2t 5. “ith th

valune of tne zicoe of ilme T substituted irnio eczztion

velocity cozporments 2% €. The slope of the streanmline 2t &

g

3) ard averazed with the

sloge of lire =2, £ strezzlize with this averzged sliope is
passed tnrough = ic inftersect chzracteristic DI a2t I, With
the vzalue cf £ne slope of 1line T= sutstituted into eguzation
(51), eauazions (45), (56), ard (51) are sclved for tae

-

veleocity cozponents at H, These velocify ccxzponenis and the

iy

coordinates of are tnen substituted into eguztion (52) to
determine the crossfiow ¥ach nuzber et H,

If the crossflow ¥ach numper 1 not sufficlently clese
to unity, a rew point ', which is located at a small
distance froa 3 ard on the streamline B, 1s selected.

Using the slope of the line DZ', the velccity components at

H' are deterzirec and the crossflow Fach nuuber comzputed.

*
3]
’.‘n
0N
-

This procedu epcated until 2 position on the line 2:

say

is found wnere tne crossflow lMech nunber i within 0,001

of unity.

(XY
(e}
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2oy & sontlc poizt Zac Teern found, the (low combilziczrs
zlons tas zeconmf Tzalily chnrzstzrieiic seseing SRrocush tas
zZomic poizxt azre dfztzrnized By tae srocedure describzed i
tze followinr sectiorm. Sowerer, if toe pozritiom of amy
polint ziomz thts cherzcterizstic cam mot be fetermimed witmim
the specifies linirs, 2 zew rolint Z° or the lime =D is
selectel ze Lthe seirt Chroush wnich £o pass the fnmitial

streznliine 2 the emtire soric poims procefure is repested,

L zZeometric seisn relziz?f to the solulion of the ficw
fieid ir region Il 1s zivexr in Fig., £. Llithoush the skelch
z itrzd beiox refer to 2 perticular polnt

in {Zc region, the proceiire is coxnpletely zermerzl, The

p-84-A

oy i's and Ii1's zre first ami secomi faxiliy

UGsing the zrpoxn coniitions 2zt 3 the slore of tne
strez=lire is cozputed froz eguation (42) and 2 lire with

1 3, Using the coniitions at C
the slope of the first fazmily charzcteristic 1s cozputed
and 2 line with this slope 1s rzssed througnh C to intersect
the strezz=lire at D. 1Inrn this case, as opposed tc the s=onic
1ine case, equationz (%i) represent two characteristic
cozpatabllity reiations and these relaticns are used witnh
eguation {50) to solve for the velocity comnonerts ac D.

2

Tne corditions at D are then ured to compute the slope

N
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of Sie sacomi family ciaracliarisllic — from ecnatiom
& c’@

(33). T2is sioge iz sverzosd with the sliogs of tiae secomd
fenlily cazrzcteristic 2% I zc conmpuiet from egnztiosn (3%)

z2rd 2 Iitre ¥ith the zverzse ziope is parszd SETouwshm O to

I

=

P
]
-

Pigure 6. locziing Pieid Pecint

If the distence froz Z to & is not sufficlently szall,

& nex point B' on BT is selected ami the £lo

e of the

\c‘

streanlire 2t B' is cozmputed. A line with this slope is
passed tarousn 3' to intersect the first family character-
istic CD at D'. The velocity cozponents at D' are deter-
kinedi and the slcpes of the second fezily characteristics
at D' and A are aver

n

point E' is fourd in sare

[t

ot

zed 2nd

(‘\
N\

rnanrer as L. The 4

’.-

stance E' Lo A 1s determined ani, if it

(
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Yamerical soiuslions were obizirme: for tae foliloximr

zelts of imsed

1) ®

frarnitl-KBayer

cerizent-T 1=

zz

W
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various 3distances froz the alLex.

by Zanrink, Kettelirs, end Reyn the

*t¢n 100 exremsion r=yxs inm rezicse I

n Chanter
¥as plot-

froo

ezpansior ray lies just downstreaz of the ex-

c2tion of a lezadiry edge shocx ani the fiinzl

1s very near tne eiperi-zernizl locati

cflow sonlc line is very ncarly ctrzi

™o

on of ths
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arez of the iaterseciicon ©f ths ¥Nach core ard che first
exzancior rzy. Zowsver, Lhe z2ocunt of curvature of the

sonle Iinme irgreases in the resion rear o

O

plianz of sym-

%25 erpectced that the soric lirne would Terz=imate

peiry. It
&% Lt2e izst poirt or the cxperimerntial shcck curve, AS

indicated iIn Fiz., 7, tiais is zot the case. TIwo possible
causss of tris éifference are tne inviscid flow essuzptlon

ani error in ths nuzmerical technigue.

"!

It is »oted that the first famlly characteristics curve
upxard as region III is traversed in tThe intoard direction.
Tnis is in orposition to the guzlitative sketch of the cross-
flox plare proposed by Bannini, Nebbelinz, and Reyn and sup-

ports the views of Hays and Probstein (Ref G:532).

The coxputed stetic and pitot pressure ratios, P/P,

Tnis figure 2iso includes experimental data for Pp/Ppm taken
fros Bannink, Yebbeling, enéd Heyn. The calculatied and
experirmental pressure ratios agree well up to the point Just
prior to the snock wcve where the experirental data indi-
cates recompression begins.

Figure 9 is a plot of tne slope of tne streamline

traeces in the crossflos plane. The point for which the

(-

streamline slope is coaputed s at the
It is noted that the streamline traces
are nearly parallel to the soric line.

tions show that the sleope of the sonic

center of each trace.
alcng the sonic line
However, computa-

line is slightly

greater than the slope of the streamlire traces.
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The tofal Nach mmer sistridutiorn 2t £ = 3.256 is
zrirem fa iz, 1O The Xzcn mumTer increasses uxnifceraly
from z free stresn valuz of 2.35 to 2 veliue of 3.75 at the

eroscficx sozxtc Rime,

&=

S’
Ve
I

e cnzracterictic metucrz in regiorn I arnd III is
plotted iwm Fiz, 1 for this data set, This detzs set is also
one of the sets of coriitions for whicn Babvayev presented a

sointion, The soluticor of the flow field in region I as

§
%
cr
W

Ziver nere ani esented by Babayev are in complete
gzreezent. Tousver, thers is consideratle difference be-
ween The Two sclutions for region III. The crossflow sonic
Iirme giver by Zzheyev is 21so plotted in Pig. 11. The
Eifference in the location of this line is a result of the
plarar sncek assumption. =xperimental data is not available
for tnis data set but, in an enalogous study, Bannink,

Bedbbelling, and Heyr 414 not confirm the existence of a

lznar snock wave,

i)

Tne ccmputed static and pitot pressure ratios at
§= C.266 for this input datza zre given in Pig. 12, Figure
13 is a2 plot of the streamline traces and Pig. 14 gives the
¥oeh number distribution at & = 0,285,

The program was run with this set of input data and
with ten Prandtl-Keyer expansion rays in region I. The
post significant difference was that the terminal position

of t'e =onlc lire was shifted slightly inboard and lower,

30
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C nts Set 3

' The charzcteristic netsork for trnls datz set is zivern
in Fig. 15. §igure 15 ts a2 plot of the static and pitot
pressure ratios at g = 0.26£ and Figs. 17 amd 13 are plots
of thae sireznliine traces ané the Mach mmter distribution
at = 0.255, respectively. This data set was used by

¥azslen ¥ne zssuwed that no shock existed in the fliow fleld.

Addition=2] Czces

An attempt was =mase to obtain solutiors for ¥. = 6.0,
a=7.0% ard x = 60.0° with 1GC Pranitl-Yeyer expansion
rays ard for ¥. = 2.96, @ = 14.2° anj x = £5.0° (22ta set 1)
with ten Pramiti-¥ever ezparsion rays. The drocedure used

(:} to determine the location of reflection of the first

expansion ray éiverged and ro results were obtalined.
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V. Conclusions ané Recommendations

Conclusions

The following corclusions are =made froxm this study.

1. It is possinle to obtain 2 solution for the flow
fielid in tahe pseudo-elliptic region by use of the method of
characteristics.

2. ‘Tne predlctel pressure ratios in the pseudo-
elliptic reglion were 1in reasorztvle az‘eement with the
avallable experizmentzl dsta.

3. Kumerical solutions vere not obtaincd for two sets
of irput conditiors as a resuvlt of a deficiency in the pro-
cedure used to locate the reflectlion of the first expansion
ray.

L. The accuracy of th: terminal position of the cross-
flow sonic 1line was improved with the increase in the number
of expansion rays.

5. Tne slope of the streamlines along the sonic line is
very near to the slope of the sonic line. This indicates
that most of the fluld in the pseudo-elliptic regicn exits
this region throuzh the curved shock wave. Therefore, a
significant portion of the flow field governed by elliptic

equations 1s rotational,
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Recoznendztions

Tne followirg items ere recommended as areas for
furtaer stud?.

i. An attempt snould be made to improve the accuracy
of the solution by mcdifyling the procedure used to locate
the sonic points,

2. A study snould be undertazken to improve the
technique for locating the reflection of the first expansion
ray. Tnis would broaden the usefulness of the procedure and
allow for further characterization of the flow field.

3. £An experimental investigation of the flow field
similar to that conducted by Bannink, Nebbeling, and Reyn
but for a wide range of free stream Mach numbers, angles of
attack, and sweep angles would provide additional data for
further verification of analytical solutlons,

4, A study of the elliptic reglons should be conducted
using the procedure developed in this study to determine the
boundery conditlons,

5. An analytical study should be undertaken to include

the effects of viscosity and a curved wing,

I
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&ppendix A

Develonmert of Velocity Eguztion

e development of the veloclilty equations as given
here ¥as suzzested by Kitowski (Ref 10).

The tetal velocity vector at any point in region I
cen bhe separated into the comronents normal and parallel to
the leaiing edze of the wing. Resolving thes: components
into components elong the XYZ coordinates and dividing by

Vo results in

vy v
U= — cos(al-b) cosx + — sin x (A-1)
Voo Y
v, Vi
V= - = cos(al-b) sinx+ — cos X (A-2)
Voo 'S
n
W= - sin(ul-b) (a-3)
Voo

where ay is the angle between the surface of the wing and
the component of the free stream velosity normal to the
leading edge and 6 1s the angle through which the normal
compcnent of the free stream is deflected; o4 and 6 are
gilven by equations (13) and (9) respectively.

The component of velocity parallel to the leading edge

is unaffected by the expansion process and 1s given by

Iy
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= {, cosB (A-L)

where B is the angle between the leading edge of the wing
and the free stream velocity vector and is given by
equation (14).

The component of velocity normal to the leading edge is
V. =Mc (A-5)

Using isentropic flow relationships this becomes

Y-1 2
et | 2
2
vy, = Mn Cwo (A-6)
Y"l 2
T+—M
2
and, since an = M, sin B
Y-1
1+_..n,°.__»§cos B
Vn = Mn Ceo (A-7}
Y-1 5
1+——M
2
=1 2 ¥-1 3
1+ — 1o - — M2 cos® B
v, M, 2 2 (A-8)
Thus, —_— T
1 + e M
2 n
bs
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or

From equation (7), Mi is given by

and equation (A-9) becomes

8< ':<
t

Y+1 2 Y-1
Mi = 1§ + = tan — 0
Y-1 ¥+1
2 i
——(1+-—-r1§)-—-cos B
Y+1 I‘Lc Y+1
2 [¥-1
y-1\ | (y+1) + (y+1) tan"y/ — ¢
— y+1
Y+1 o [v-1
(y=1) + (y+1) tang/ — @
y+1

which reduces to

& |
|

[ 2
L(Y+1) Mi

Y+1

Y1

L6

Y-1
+ (=) (1 - cos?)

t3

(A-9)

(A-10)

' (A-11)

(A-12)
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Substitutinz eguations (i-%) and (A-12) into equations
(a-1), (4-2), erd (#-3) and then using b as defined by
equation (15) results in eguations (10), (11), and (12)

Tespect.vely.
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