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1.1 Introduction 

Chapter 1 

Introduction and Research Program 

Tidal motion may be broadly classified into one-dimensional or 

two-dimensional categories. In the one-dimensional category the lateral 

boundaries of the system constrain the tidal motion to a direction which 

roughly coincides with a centerline drawn between the adjacent boundaries. 

Tides in long, narrow gulfs or bays, fjords, estuaries and sea-level canals 

can generally be treated in the one-dimensional category. Two-dimensional 

considerations are generally necessary in treating tidal motion in broad 

bays, the mouths of estuaries on the continental shelf, wide straits and 

gulfs and enclosed seas. In these cases, the influence of the earth1s 

rotation, through the Coriolis terms, must be considered in the equations 

of motion. 

Within the one-dimensional category tidal motion may be further 

subdivided into classes of problems which depend on the boundary conditions 

imposed at either end of the area of interest. The boundary conditions 

are generally of two types: (1) specification of the vertical tide or 

water surface elevation as a function of time, (2) specification of the 

tidal velocity or discharge. Sea-level canals connecting two bodies of 

water with independent tides have boundary conditions of the first type. 

This type also includes the case in which one of the water' bodies is non- 

tidal, hence, the boundary condition at one end is specified as a constant 

water surface elevation. In an estuary the downstream boundary condition 

is of type (1) in which the known ocean tidal variation is specified at 

the estuary mouth. At the upstream end of the estuary the type (2) boun¬ 

dary condition is usually employed. In an estuary having a well-defined 

head-of-tide (usually a fall line over which the river passes through 

critical depth) the tidal discharge is set equal to zero. In an estuary 

in which the tide gradually dies out in the upstream direction, the upper¬ 

most section must be chosen far enough upstream so that the vertical tidal 

motion is negligible and the discharge is assumed to be a constant equal 

-1- 



to the river flow. Engineering problems requiring the calculation of 

tidal motions generally ariie in the planning of new tidal waterways or 

sea-level canals or in the design of modifications to existing tidal 

waterways. In either case, it is important that the resulting tides and 

currents he known with reasonable accuracy before the work begins. The 

tidal regimen of a proposed canal may be such as to make navigation hazar¬ 

dous and maintenance difficult. Also, a new tidal waterway may introduce 

saline or polluted water into a body that was free of such pollutants prior 

to its construction. 

Modifications of the geometry of an existing tidal waterway may 

cause mean low tide elevations to be depressed appreciably, thereby decreas¬ 

ing navigable depths; mean high tide elevations or the elevation of storm 

surges may be significantly raised, causing flooding of property and affect¬ 

ing adversely the discharge of storm and sanitary sewers; currents may be 

so accelerated that navigation is impeded or possibly made hazardous; or 

currents may be reduced to such an extent that shoaling is increased, or 

takes place where there was no shoaling prior to the modification. Changes 

in the tidal regimen may also affect the salinity regimen. 

Examples of engineering projects which may have significant effects 

on the regimen of a tidal waterway are: 

Excavating a channel for navigation in an unimproved waterway; 

Deepening or enlarging an existing navigation channel; 

Training works, such as jetties and dikes; 

Barriers for hurricane protection or prevention of salinity intrusion; 

Port facilities, such as wharves, docks and piers; 

Projects that increase the area of the waterway subject to the rise 

and fall of the tide, such as boat basins, lagoons and turning 
basins; 

Projects that decrease the area of the waterway subject to the rise 

and fall of the tide, such as fills resulting from the disposal of 

dredge spoil, or fills made for the purpose of creating land for 
development purposes. 

Hydraulic models and, possibly, electric analog models can supply 

the desired information with competence when an existing waterway is involved, 

since the model can be verified by adjustments to reproduce existing con- 
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ditions. The accuracy of results decreases when an entirely new waterway 

is under consideration; moreover, the costs in terms of time and money 

are often unwarranted for the purposes at hand. Hence, there is a need 

for mathematical models of tidal motions as well as physical models. 

A number of analytical procedures are available for solving a 

variety of tidal problems. Most engineers understandably find it difficult 

to choose the method best suited to the solution of a given problem. Tidal 

motion is inherently the most complex type of free surface flow; it is un¬ 

steady with periodic reversal of flow directions, non-uniform, and dissi¬ 

pation of energy generally must be taken into account. The most competent 

mathematicians have concluded that some degree of approximation is necess¬ 

ary in order to obtain an analytical solution. Thus the large number of 

computational methods which have been devised is due to the variety of 

approximations which have been used. There is undoubtedly a gap between 

the efforts of the applied mathematician and application by the practicing 

engineer. It is desired that this gap be bridged by: (1) providing a 

classification of tidal problems by which the engineer can determine the 

computational method best suited to his problem; and (2) illustrating and 

comparing the computational procedures by numerical examples. It is recog¬ 

nized that the gap must be bridged from both directions. The engineer can¬ 

not expect to learn to deal with complex tidal dynamics in terms of elemen¬ 

tary mathematical concepts; however, the present level of mathematical 

training for engineers should inherently make the gap easier to narrow. 

Fortunately the advunt of the high speed digital computer has greatly 

reduced the formal mathematical skills needed for tidal computations. Purely 

analytical methods for highly simplified geometries using linearized, fric¬ 

tionless equations require a high degree of mathematical sophistication 

in the solution of differential equations. Whereas computer solutions by 

finite difference methods which retain friction, non-linearities and a 

realistic geometry involve only a statement of the basic continuity and 

momentum equations. 

1.2 Outline of Research Program 

This investigation is concerned with one-dimensional tidal motion 
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in canals and estuaries. The analysis will cover the two principal 

types of tidal waterways: (1) estuaries open to the ocean at one end 

and merging with a river at the opposite end; and (2) canals or water¬ 

ways connecting two independent tidal bodies. 

Tidal motion in a canal or estuary can be described by two 

equations, one expressing the conservation of mass (the continuity 

equation), and the other expressing the dynamic equation of motion in 

the longitudinal direction (the momentum equation). In general, the 

energy equation is redundant unless it is necessary to account for local¬ 

ized energy dissipation due to an abrupt change in cross section. The 

various ways of dealing with the continuity and momentum equations may 

be grouped as follows: 

1. Harmonic Methods 

The tidal motion is generally represented by the superposition 

of several harmonic functions of time. Thus the momentum equa¬ 

tion must be approximated by a linear form. The longitudinal 

variation of the cross-sectional area is specified by a math¬ 

ematical function such as an exponential decrease of width cr 

a linear depth change. Straightforward analytical solutions 

ca^ be obtained for a few simple geometries. A high level of 

mathematical technique in the solution of the partial differ¬ 

ential equations is necessary even for cases in which the 

geometry is only moderately complex. The ultimate capability 

of the harmonic method is limited by the necessity to linearize 

the equations. 

2. Method of Characteristics 

The tidal motion is represented by the propagation of a suc¬ 

cession of small disturbances from an initial state. In the 

limit a continuous solution can be obtained. In the United 

States the method of characteristics has not been employed, 

to any great extent, for tidal computations. Earlier develop¬ 

ments have been largely due to engineers and mathematicians in 

the Netherlands. The method is well suited to problems in which 
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the development of a tidal bore is expected. If friction 

is neglected,analytical or graphical solutions can be readily 

obtained even for complex geometries. When frictional effects 

must be taken into account, the analysis becomes extremely 

cumbersome. 

3. Finite-Difference Methods 

The development of the high speed digital computer has 

made it practical to formulate and solve the basic equations 

governing tidal motion in a finite-difference form. A canal 

or estuary of complex geometry is schematized into a series 

of sections of finite length. A transverse schematization 

divides the waterway into channels which convey water and 

parts which store water on the rising tide and return water 

on the falling tide. A longitudinal sectionalization takes 

account of the variation in cross-sections along the axis 

of the waterway. 

Quadratic friction and other non-linear effects can be 

included without difficulty. The finite-difference method 

undoubtedly holds the most promise for the solution of engineer¬ 

ing problems in tidal waterways. 

A careful distinction should be made between finite-difference 

methods which require a computer to carry out the operations and the act 

of programming various methods of tidal analysis for solution by means 

of a digital computer. It is obvious that any of the harmonic or character¬ 

istic methods can be programmed for computer solution. Hence, the use of 

a computer is not, in itself, a distinguishing feature of a computational 

method. There are many examples in the literature in which computer pro¬ 

grams have been written for computational methods which were developed in 

the pre-computer era. These must be regarded as steps backward rather than 

advances since they contain approximations which are unnecessary if full 

advantage of numerical techniques is taken. A computer solution by means 

of the so-called Pillsbury method is a prime example of the unfortunate 

tendency to modernize an obsolete method of analysis. 



The objectives of the research program are to classify tidal pro¬ 

blems in terms of boundary conditions, to discuss available analytical 

and numerical procedures and to recommend an appropriate method of solution 

for various tidal problems in estuaries and canals. The primary concern 

is with analytical and numerical methods rather than with analog and phys¬ 

ical models. In general, only one-dimensional methods will be considered 

since these are adequate for many practical problems. 
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Chapter 2 

Classification of Tidal Propagation Problems 

in Estuaries and Canals 

2•1 Practical Tidal Problems in Estuaries and Canals 

Practical tidal problems in estuaries and canals can be classified 

into three categories: 

(A) Tidal problems in existing estuaries and canals involving 
no change of tidal regimen: 

(1) to determine tidal currents and to devise operational 

rules governing navigation in estuaries and canals; 

(2) to forecast tidal stages in estuaries and canals for 
storm prediction; 

(3) to control salt water intrusion in coastal areas; 

(4) to control water pollution due to waste disposal in 
estuaries and canals; 

(5) other problems, such as the choice of suitable locations 

for inlet and outlet structures for the cooling water 

system of a thermal power station situated along an 
estuary or canal. 

(B) Tidal problems in existing waterways involving changes of 
tidal regimen: 

(1) to increase navigation capacity in a tidal channel through 
deepening and widening; 

(2) to undertake land fills of estuary water areas; 

(3) to construct new inland harbor facilities, anchorages 
or turning basins; ° 

(4) to protect coastal areas against extreme tides through 

construction of movable or fixed barriers (for example, 

the closures of certain sea arms in a delta); 

(5) others, such as the construction of a tidal power station. 

(C) Tidal problems arising in the planning and design of new water¬ 
ways : 

(1) to predict tidal elevations and currents in a proposed 

sea-level canal connecting two oceans, an ocean and a 
lake, or two estuaries; 

(2) to predict tidal elevations and currents in a proposed 

closed-end estuary connected to an ocean for waste 

disposal or navigation purposes. 
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Although no attempt has been made in this chapter to identify 

specific projects involving the practical problems listed,, engineers 

will have no difficulty in recognizing their existence as typical engineer¬ 

ing problems in design and planning offices. In short, tidal problems 

definitely play an important role in two currently important areas of civil 

engineering in the United States, namely, transportation and water pollu¬ 

tion control. 

2.2 Basic Characteristics of Tidal Propagation Problems 

It is important to identify certain basic characteristics of tidal 

propagation problems: 

(A) Flow characteristics — the tidal motion is considered to 

be a shallow water wave of .ong period; the flow is unsteady, 

non-uniform and subcritical, and the direction of flow re¬ 

verses periodically. The flow is assumed to be incompressible 

and it may be non-homogeneo’is due to salinity intrusion. 

Most of the flow characteristics are incorporated into the derivation 

of the basic equations used for solution. The characteristics of reversing 

flow are in contrast to river flow or flood wave propagation in which only 

uni-directional flow exists. 

(B) Mathematical characteristics — second order, quasi-linear 

partial differential equations of hyperbolic type, mixed 

boundary and initial value problems of transient nature. 

It can be shown that the basic equations used for solution are 

quasi-linear partial differential equations of the hyperbolic type (Hilde¬ 

brand, 1953). Since it is a mixed boundary and initial value problem, 

the solution is transient and sensitive to changes of the boundary con¬ 

ditions. 

Boundary conditions refer to the time variation of water surface 

elevations or average velocities or total discharges at both ends of the 

tidal channel while initial conditions refer to the spatial variation 

along the tidal channel at a particular time when the solution is initiated. 

(C) Characteristics of channel geometry: 

(1) Estuaries — uniform, converging or irregular channels 

of prismatic or non-prismatic type; 

(2) Canals — uniform and prismatic channels. 
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Some implications due to the basic characteristics of tidal motion 

are illustrated by the tidal data for the Delaware estuary shown in Fig. 1. 

The tide curve in Delaware Bay at Miah Maull (mile 20) is sinusoidal with 

equal amplitudes above and below mean sea level (M.S.L.). Near the head 

of tide at mile 133 (near Trenton) the distortion of the tidal elevation 

curve is clearly shown. The tidal range (HW to LW) has increased and the 

mean water level is higher than the M.S.L. The duration of the falling 

tide (ebb) is almost twice as long as the duration of the ’-ise (flood) and 

the time of low water is eight hours later at. mile 133 than at mile 20. 

If an average depth of 21 feet is assumed for the Delaware, the friction¬ 

less propagation velocity of the tidal wave, c - v^gh = 26 ft/sec. On this 

basis it would require 6.4 hours for the wave to move a distance of 113 miles. 

The difference between the computed and the observed time of 8 hours is 

undoubtedly due to friction, reflection and depth variations along the estuary. 

2.3 Factors Affecting Tidal Propagation in Estuaries and Canals 

The various factors involved are as follows: 

(A) Ocean tides: the ocean tide constitutes the major cause 

of tidal motion in estuaries and canals. Therefore, its 

variations with respect to time must be known a priori. 

Under conditions of extreme tides, the effects due to inter¬ 

action with surges should not be ignored. 

(B) Geometry of the channel: the cross-sections, the bottom 
elevation of the channel (with respect to a reference datum), 

and the length of the channel must be known. The existence 

of junctions with other channels must be considered, unless 

the branching channels are much smaller in size in comparison 

with the main channel. 

(C) Boundary roughness of the channel: some measure of the 

boundary roughness must be employed for a correct estimation 

of flow resistance in a tidal channel. In the present study, 

Manning’s coefficient is adopted. 

(D) Fresh water discharge at the river end of an estuary: tidal 

motion in an estuary may be influenced by variations in the 

river discharge. 

(E) Inflow of fresh water from side channels: lateral inflows 

from side channels may exist within the reach of an estuary 

or a canal. 

(F) Local wind: strong winds may affect the time of high and low 

waters as well as the high and low water planes along the channel. 
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(G) Coriolis effect in wide estuaries; in the Northern Hemisphere, 

the water level in a channel tends to be higher on the right 

bank than the left one when one faces in the direction of flow; 

and vice versa, in the Southern Hemisphere. Since this report 

is confined to one-dimensional problems, it is neglected in 

the present study. 

(H) Characteristics of soil at channel bottom: seasonal and 

long-term variations of channel geometry depend on the 

characteristics of soil at the channel bottom if erosion 

or deposition is taking place. 

(I) Coastal processes and coastline features near the entrance 
to the channel: the coastal processes and coastline features 

may also have a significant effect on seasonal and long-term 

variations of channel geometry. Any artificial changes of 

coastline features may lead to changes in characteristics 

of shoaling or erosion in a tidal channel. 

2.4 Characteristics of Ocean Tides 

The ocean tide is the major factor contributing to the tidal propa¬ 

gation in estuaries and canals. A brief review of some characteristics 

of ocean tides is given. 

The three major types of ocean tides are: 

(A) Diurnal tide which consists of one high water and one low 

water in a lunar day (i.e., a tidal period of 24.85 hours). 

(B) Semi-diurnal tide which consists of two nearly equal high 

waters and low waters in a lunar day (i.e., a tidal period 

of 12.42 hours). 

(C) Mixed tide which consists of a mixture of diurnal and semi¬ 

diurnal tides in a lunar month. 

Depending on the location and its local topography, characteristics 

of ocean tides vary from place to place and coast to coast. In general, 

one may find diurnal tides prevailing on the coasts of China, Alaska, the 

Gulf of Mexico and the Gulf of St. Lawrence (Northumberland Strait); semi¬ 

diurnal tides, on the shores of the Atlantic; and mixed tides on the Pacific 

Coast of North America. 

The tidal range at a particular location also varies with respect 

to the time in a lunar month. Spring tides occur after the full or new 

moon, while neap tides occur after the time of the first or third quarter 

of a lunar month. Excluding the effect of interaction with surges due to 

swells from nearby open seas or the local effect due to gusts blowing over 
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the channel, a spring tide normally represents the largest tidal range; 

and a neap tide, the least. 

A continuous tidal record of at least 28 days, preferably a year, is 

conoidered essential for the prediction of ocean tides at any location by the 

method of harmonic analysis. The resulting record should be adjusted to repre¬ 

sent long-time mean conditions of sea level and upland discharges. 

2.5 Types of Estuaries 

An estuary is the reach of a river adjoining the ocean, in which 

the flow is affected by both the fresh water discharge from the river and 

the seawater flowing in from the ocean due to tidal propagation. The 

geometry of an estuary is such that its cross-sectional area and profile 

vary along the estuary. Depending on the degree of mixing, produced by 

the tidal motion, different mixing mechanisms result in two general types 

of estuaries: 

(I) Highly stratified estuaries due to high fresh water discharge 

and small tidal range (example: Southwest Pass of Mississippi 

River). 

(II) Partially and well mixed estuaries due to low fresh water 

discharges and large tidal range (examples: Hudson, St. 

Johns, Savannah, Delaware and Raritan estuaries). 

In general, both horizontal and vertical density gradients exist 

within the salinity intrusion region. Nevertheless, Ippen and Harleman 

(1961) concluded from test results obtained from the W.E.S. Tidal Flume 

that salinity intrusion has a very small effect on tidal stages and dis¬ 

charges in estuaries. Thus, separate treatments for tidal calculations 

in different types of estuaries are not considered a necessity in this 

report. 
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Chapter 3 

Basic Equations for Analysis 

Of One-Dimensional Tidal Motion 

The general one-dtaensional continuity and momentum equations for 

unsteady, non-uniform flow in variable area tidal channels are derived 

in this section. The objective of this chapter is to provide a framework 

for discussion of various analytical methods. 

A cross section of an irregular channel is shown in Fig.2a. The 

X coordinate is measured horizontally along the longitudinal axis of the 

channel from the ocean end of the estuary and h is the distance to the 

instantaneous position of the water surface from a horizontal reference 

datum. The flow is assumed to be one-dimensional, hence, channel curvature 

and Coriolis effects are neglected and the transverse water surface is horir 

zontal. The density is homogeneous and hydrostatic pressure is assumed to 

prevail at all points in the channel. 

Within the Eulerian viewpoint, the conservation of mass and momen¬ 

tum equations may be formulated in either of two ways: the material method 

or the control volume method. In the material method the flow character¬ 

istics at a section are obtained by following the motion of a given mass 

of fluid, Am, through a small increment of time, At, in the vicinity of 

the fixed section. In the control volume method, the equations are derived 

by considering the fluxes of mass and momentum through a fixed control vol 

ume. The one-dimensional momentum equation is most readily derived by means 

of the material method, whereas the continuity equation is usually derived 

by the control volume method. In order to be consistent, the material 

method will be used for both developments. 

Derivations of the unsteady continuity and momentum equations for 

variable area channels have also been given by Stoker (1957), Lai (1965) 

and others. 

If, as shown in Fig. 2a, the cross section has both deep and very 

shallow portions, the channel may be divided into conveyance and storage 

regions, m this case the tidal flow is assumed to be confined to the 
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conveyance channel area, defined by the width t>s, and the shallow portion, 

defined by the width b - bg, contributes to channel storage only. The 

cross-sectional area A is defined as the area of the conveyance channel. 

Hence, the average velocity u = Q/A, where Q is the longitudinal discharge. 

The fluid mass, Am, at time t is shown in Fig.2a by the planes at 

and The mass of water in motion at time t is given by pAAx, in which 

p is the density of water, A is the cross-sectional area and Ax = x2-xi 

the length of the element. 

3.1 Continuity Equation 

The continuity equation is derived by applying the law of conserva¬ 

tion of mass to the fluid element Am. Assuming no lateral inflow or out¬ 

flow, this may be expressed mathematically by the requirement that the total 

(or substantial) derivative be equal to zero, thus 

D(Am) _ D(oAAx) _ n 

Dt Dt 

a- 
In^tidal channel twc factors may contribute to a change in the mass of the 

moving element: (1) a change due to storage in the stagnant shallow por¬ 

tion equal to 

- p(b V 
3h 

81 
Ax 

(2) a change due to external lateral flow into the element (caused by trib¬ 

utary inflow, spillage over a levee or seepage through the channel bank) 

equal to 

p q Ax 

wher^ q is the lateral discharge per unit of longitudinal length (positive 

for inflow and negative for outflow). Thus the continuity equation can be 

written, 

D(pAAx) 

Dt 
p (b - K ï 9h A V itAx p q Ax (1) 
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The total derivative can be expressed in terms of partial deriva¬ 

tives through the relation. 

_D_ _ _9_ 
Dt “ 3t + U 3x 

(2) 

where u is the average longitudinal velocity at the cross section. Con¬ 

sidering a homogeneous, incompressible fluid *>f constant density, equation 

(1) can be expanded to the form, 

A / 3A ^ 3A\ 

¿K 
+ A£g£l = -(b - b^) I“ Ax + q Ax 

D(Ax) 

Dt 
The term may be treated as follows: 

(3) 

at time t, Ax = X2“X^, 

at time t + At, Ax’ “ x2 + + Ax^ At - ^ + uAt) 

or Ax1 =3 x2 " xi + AxAt 

therefore, 

D(Ax) _ Axt-Ax _ 3u 

Dt At ax Ax 

and equation (3) becomes, after dividing by Ax¡ 

M+U1A + A — +(b-b)f7-q = 0 
at ax ax s at 

or, since the discharge Q = Au, 

— + ^ + (b - b ) - q = 0 
at ax s at 

(4) 

(5) 

Referring to Fig. 2a,where the moving stream surface width bg = aA/ah, it 

follows that 
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3A ah _ , ¿h. BA _ fil - = b 
at " ah at s at 

and equation (5) becomes 

b Hi + - q = 0 
b at ax 4 

(6) 

Equation (6) is known as the continuity equation. 

3.2 Momentum Equation 

th. equation of -otl.n 1. derived fro. KeMon', Second U», in the 

momentum equation form, .Mel, th.t the time t.t, of oh.nqe of iouqi- 

tudinal .....tu. i. .quel to the on. of eot.nn.l longitudinal fonee. acting 

on the moving fluid element. 

The longitudinal momentum is given by the product 

(Am)u = (pAAx) ^ = pQ¿x 

The time rate of change of momentum is given by the total 

which is equated to the summation of forces^ to obtain the momentum equa¬ 

tion 

D(pQAx) 
Dt 

»de §?* »S 
(7) 

From equations (2) and (4) 

= AS + u and 
Dt at ax ut 

PjMl = IHav 
3x 

and equation (7) becomes 

(8) 
pAx 

The possibility of a change in the longitudinal momdntum flux due 

t0 flow entering or leaving the main channel from the storage area and 

due to the lateral inflow q has been discussed by various Investigators. 
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This involves an inherent assumption as to the direction in which the flow 

enters or leaves the conveyance section. As pointed out by Dronkers (1964, 

p. 194), the momentum effect also depends on whether the water level is 

rising or falling. It is generally agreed that the effect on the momentum 

equation is small, hence, in this development it will be assumed that the 

lateral flows enter or leave the main channel at right angles to the longi¬ 

tudinal axis and that there is no contribution to the longitudinal momentum 

flux. 

The correction to the longitudinal momentum flux due to the non-uniform 

velocity distribution at a cross section has also been neglected in this 

development. The momentum correction factor is usually of the order of three 

to five percent. The possibility of schematization of the channel cross 

section into conveyance and storage regions is an approximate method of 

accounting for highly non-uniform velocity distributions and further refine¬ 

ments concerning the velocity distribution are not warranted. 

The summation of external forces,consists of P, the resultant 

hydrostatic pressure force on the vertical cross section; (Pw)x, the x 

component of the horizontal pressure force exerted by the converging boun¬ 

daries of the section; (Ff) , the frictional resistance force exerted by 
r x 

the boundaries. Hence, the three forces, using the notation shown in 

Figure 2a,are 

£FX= lp- (P +SAx)l + (Vx - 

Vf = -^ax + (p) - (F,) X dx w X f X 

The total pressure force on a vertical face is 

P = Z*1 pg (h - z) b' dz 

zb 

-18- 



where b' is the channel width at elevation z; hence, by the use of 

Leibnitz’s rule 

h « 

f = psS ;z ^-z)ãTdz 
(10) 

where the flow area A = / b’dz 

The boundary pressure force is 

h 

(P ) = pg / (h - z) 
w X 

3b' 

3x 
Ax dz (ID 

The average 
frictional shear stress on the boundary of the element is 

T = pg RS 
O “ 

where R is the hydraulic radius, R = f , Pr is the wetted perimeter 
and 

Wliei. c rv AO --J- IT *■ , r ^ 

s is the slope of the energy gradient The frictional force is therefore 

F = T (P Ax) = pg AS. Ax 
(12) 

The X component may be taken equal to Ff since the cos a = 1. The slope 

of the energy gradient is evaluated from the Chezy equation in which 

s 
E 

ului ikL 

c2r a2c2r 
(13) 

and c = Mi Rl/6 (n = Manning roughness coefficient) in ft -sec units 
n 

Equation (12) becomes 

(FA. = ^ 2 Ax 
rx 

AC R 

Equations (10), (11) and (14) may 

the expression for^F^ 

be substituted into equation 

(14) 

(9) to obtain 
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(15) ZFx = - pg g A ix - Ax 

AC R 

It is noted that the integrals in the boundary pressure force equations 

(10) and (11) cancel. 

The general one-dimensional momentum equation is obtained by 

substituting equation (15) into equation (8) and dividing by the product 

p Ax, thus 

Ifl 
St 

+ u 
9x ^ Sx 

Sh 

Sx 
A + g ^-=0 

AC R 
(16) 

Equation (16) together with the continuity equation (6) form the 

pair of equations to be used for the solution of tidal propagation problems 

in variable area channels. 

3•3 Basic Equations for Uniform Rectangular Channels 

The momentum and continuity equations can be put into a more 

familiar form if the cross section is assumed to be rectangular and of 

constant width such that b = bg = constant. If the bottom of the channel 

is plane, a mean depth d may be defined as shown in Figure 2b. Hence 

h = zo + d + n (17) 

A = bg (d + n) (18) 

Q = u bg (d + n) (19) 

In the above equations n is the instantaneous position of the water 

surface with respect to the mean depth d as shown in Figure 2b. In the 

following development lateral inflow will be ignored, hence q = 0. Under 

the above restrictions the continuity equation (6) becomes 
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and the momentum equation (16) becomes, after algebraic manipulations 

and use of equation (20) 

3u 
3z 

+ g 
ia 
3x + g = 0 (21) 

Equations (20) and (21) may be further simplified by assuming frictionless 

flow and by employing the long wave approximation which neglects the non¬ 

linear term u 3u/3x. If it is also assumed that the slope of the channel 

bottom is zero (3zo/3x = 0) and that the mean water level plane is horizon¬ 

tal (3d/3x = 0), the momentum equation (21) becomes 

3i’ 

at 
o (22) 

If the wave amplitude Is small compared to the depth (n«d) the continuity 

equation (20) may be written as 

la 
at + o (23) 

The velocity term may be eliminated from the above by differentiating equa¬ 

tion (22) with respect to x and equation (23) with respect to t, thus 

(24) 

where c - Jgd is the frictionless wave velocity. Equation (24) is the 

classical wave equation. 

The various forms of the continuity and momentum equations presented 

above form the starting point for most of the previous work on tidal calcu¬ 

lations. 
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Chapter 4 

Analytical and Numerical Methods for Solution 
of Tidal PropagatioM Problems 

A complete bibliography of the papers which have applied analyti¬ 

cal methods to the solution of tidal propagation problems in estuaries 

and canals would be composed of several hundred items. (See the Biblio¬ 

graphy on Tidal Hydraulics and Supplements 1 through 4 published by the 

Committee on Tidal Hydraulics.) Most of the analytical approaches may 

be grouped into the categories described in section 1.2: 

1. Harmonic Methods. 

2. Method of Characteristics. 

3. Finite Difference Methods. 

The objective of this chapter is to discuss the essential features of the 

various methods and to cite some pertinent references from the literature. 

4.1 The Harmonic Methods 

The basic feature of the harmonic method is the assumption that 

the solution to the second order partial differential equation resulting 

from a combination of the continuity and momentum equations is a harmonic 

function. If the tide at the ocean end can be represented as a simple 

sine curve and if the differential equations are linearized, the calculated 

tide in the estuary will also be sinusoidal. This is known as the single¬ 

harmonic method. (Dronkers, 1959a) The momentum equation (16) contains 

three non-linear terms: the advective accelerations u 3Q/3x and Q 3u/3x 

and the quadratic friction term. In order to obtain a linear equation, 

the acceleration terms are ignored and the friction term is replaced by 

a linear form known as the Lorentz approximation. 

The condition that all tidal elevations and discharges are periodic 

functions of time replaces the initial condition usually required for the 

solution of a differential equation for unsteady motion. A second feature 
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of the harmonic method is that the geometric variation of the channel 

area in the longitudinal direction should be expressed as an algebraic 

function of x. This is a serious limitation of the harmonic method for 

estuaries of complex geometry. Furthermore, if the ocean tide is other 

than P simple sine curve, higher harmonics must be considered using the 

principle of superposition applicable to linear equations. The considera¬ 

tion of more than two harmonic components is impractical by this method. 

This is due to the difficulty of developing a linear friction expression 

which takes into account the interaction of the multiple harmonics. 

Dronkers (1959b) illustrates the application of the double-harmonic 

method to the calculation of tidal motion in Tampa Bay. The Bay was 

divided into a series of reaches, each having a constant geometry and a 

system of linear equations is written for each reach. The amount of com¬ 

putation is excessive and the method is not considered to be a practical 

one in the light of more recent developments. 

A few examples of the single harmonic method for certain special 

cases are given in the following sections. 

4.1.1 Linear Equations Without Friction 

A concise review of the mathematical description of tides without 

friction has been given by Ippen (1966). The linearized equations (22) 

and (23) for a constant width, rectangular section result in the wave 

equation (24) which has harmonic solutions of the form 

n = a cos (at - kx) (25) 

where, a = tidal amplitude = n 
max 

o = tidal frequency = 2tt/T 

T = tidal period 

k = wave number = 2tt/L 

L = tidal wave length 

c - frictionless tidal wave velocity = o/k = /gd 

t = time 

x = longitudinal coordinate 
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Solutions for uniform channels having various end boundary conditions 

can be obtained by the method of superposition. The following special 

cases for uniform rectangular channels are summarized by Ippen (1966): 

(a) Ocean tide entering a channel closed at one end. 

(b) Ocean tide entering a channel connected to a large 
basin without tide. 

(c) Two oceans with independent tides connected by a canal. 

The solution for case (a), for example, is given by 

n =* 2aQ cos ot cos kx (26) 

with the notation as shown in Fig. 3. With n given by equation (26), 

the tidal velocity may be obtained from the continuity equation (23) 

2a c 

u = —^— sin ot sin kx (27) 

Thus the amplitudes and velocities are out of phase by one-quarter of 

the tidal period. In addition, high or low water occurs simultaneously 

at all points in the channel. 

Many investigatora have treated the frictionless case of rectan¬ 

gular channels of gradually varying depth and/or width. Ippen (1966) 

summarizes solutions for the following conditions which are based on the 

assumption of constant energy flux: 

(a) Channel of constant depth and linear width variation. 

(b) Channel of constant depth with exponential variation 
of width (i.e. b = b e^W). 

X e 

(c) Channel of constant width and linear depth variation. 

In these cases the ocean tides are assumed to be sinusoidal and 

the basic wave form in the channel also remains sinusoidal or is the result 

of the superposition of sine waves. The assumption of constant energy 
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Fig. 3 Longitudinal Cross section of a Rectangular 

Channel of Length < L/4 
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flux neglects reflection of wave energy from the converging side walls 

or the sloping bottom. This requires that the percentage changes in 

depth and breadth occurring in one wave length be small. (Lamb, 1932) 

Since most estuaries have a total length which is less than the tidal 

wave length, this condition is rarely fulfilled. Dean (1962) 

has shown that for a constant width the percentage change in depth divided 

by the wave length must be less than 60%, while for a constant depth and 

varying width the corresponding figure is 30%. 

Evangelist! (1955) has given a more general treatment for channels 

in which both the width and depth may be functions of x of the form 

b = Bxa 

and d = Dx^ 

where B, D, a and Y are arbitrary constants. The linearised form of the 

frictionless momentum equation (16) for a variable area, rectangular 

channel is 

9(Au) + 

at 
= 0 

and the continuity equation (6) becomes, (q - 0) 

(28) 

3(Au)_ + b 3h = o 
ax at 

(29) 

The velocity terms can be eliminated by cross-differentiation. 

The approximate result is 

3% = £ f / bd f* ) W 
3t2 ° 3XV '"Z 

No assumption of constant energy flux is made; hence, this method is not 

subject to the restrictions discussed above. 
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The solution to equation (30) for a channel connected to an 

ocean having a harmonic tide is given in terms of complex Bessel func¬ 

tions . 

The foregoing analytical relations for frictionless tidal propaga¬ 

tion in prismatic channels are primarily of instructional value. It is 

concluded that there are few engineering problems in tidal v/aterways or 

canals in which the frictionless solutions would be of value for more 

than preliminary estimates. 

4.1.2 Linear Equations with Friction 

The friction term in the momentum equation is linearized by means 

of the Lorentz (1926) approximation. This assumes that the work done by 

tidal friction during a tidal period is the same whether determined by 

the quadratic resistance law or by a substitute linear approximation. 

Thus in a horizontal channel, in which the mean water surface is also 

horizontal, equation (16) becomes after neglecting the acceleration terms 

+ g ^ + g M u = 0 (3D 
at B ax 6 

where M, the coefficient of the linear friction term, is given by 

8 u 
M = -(32) 

3Ti C2R 

and u = maximum tidal velocity 
max 

C = Chezy resistance coefficient 

R = hydraulic radius 

Within the degree of approximation involved, equation (31) may be used 

for rectangular channels of either constant or variable area. For a 

constant area channel, equation (23) is the appropriate form of the 

continuity equation. The equations may be combined by cross-differentia¬ 

tion into the linear second order friction equation (Harleman and Ippen, 
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1961). 

g 8 at 
(33) 

The primary difficulty in using equation (33) for the prediction 

of tidal motion is in the choice of M which, from equation (32), depends 

upon the amplitude of the tidal velocity. This is unknown a priori; 

furthermore, it is generally a function of x. Equation (33) can be 

solved analytically only if M is assumed to be a constant for the entire 

channel; hence, its choice will be a matter of rough approximation. 

Perroud (1959) used the linear friction equation (31) and the 

variable area continuity equation (6) to solve tidal wave propagation into 

constant depth rectangular channels whose width varied either linearly or 

exponentially. He also considered a channel of uniform breadth and linearly 

varying depth. The results are subject to the inaccuracies of neglecting 

the non-linear inertial term and of the proper choice of the coefficient 

of the linear friction term. In addition, the question of upstream boun¬ 

dary conditions related to the head of tide was not discussed. 

A practical application of the single harmonic, linear friction 

theory is in the partial analysis of tidal motion in an existing estuary. 

Given the estuary geometry and the boundary conditions, a complete analysis 

implies that it is possible to calculate both the tidal elevations and 

the tidal discharges throughout the estuary. A partial analysis implies 

that it is desired to calculate the tidal discharges (or velocities) 

throughout the estuary using information on the tidal elevations in the 

estuary. Since tidal elevations are more easily measured than discharges, 

the results may be useful in many cases. For example, information on 

tidal velocities is needed in the analysis of salinity intrusion and in 

the determination of the distribution of pollutants or dredge spoils dis¬ 

charged from various sources in an estuary. In general, it is sufficient 

to have information on the elevation of high (or low) water and the time 
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of its occurrence at various points along an estuary. For many estuaries 

this information can be obtained from the published tide tables of the 

Coast and Geodetic Survey. 

The essential features of the method can be illustrated by con¬ 

sidering a closed-end estuary of constant mean depth whose width varies 

exponentially. Taking x = 0 at the closed end and the positive direction 

toward the ocean, the estuary width can be represented by 

where b^ and 6 are constants determined by the estuary geometry. A 

harmonic solution of the linear function equation for the tidal eleva¬ 

tion at any x and t is given by 

n - e 2 ^ePX cos(at + kx) + e pX cos (at - kx)^ (35) 

where 

noH = tidal amplitude at closed end (x = 0, t = 0) 

]x = amplitude attenuation coefficient 

Equation (35) is the result of the superposition of two waves travelling 

in opposite directions in the estuary. This arises from the wave enter¬ 

ing the estuary from the ocean and its reflection from the closed end. 

The resulting motion is known as a damped co-oscillating tide. The local 

time of high tide atH occurs when 3n/3t = 0; hence, from equation (35) 

it follows that 

ötjj = tan 1 (-tan kx tanh px) (36) 

The local amplitude of high tide can be found by substituting ot^ into 

equation (35) for at, thus 

6x 

nxH = noHe 2 cos 2kx + cosh 2p 

*) 
1/2 

(37) 
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If the time of high tide and its amplitude are known at various distances 

(x) along the estuary, the two unknowns kx and px can be obtained by solv¬ 

ing the pair of equations (36) and (37) for each value of x. 

Figures 4aand 4b show the values of kx rnd px obtained in this 

manner by Harleman (1966) for the Delaware estuary. In Fig. 4a,the plot 

of kx versus x is linear, therefore k = 0.58 x 10 rad/ft. Since 

k = 2ti/L it follows that the tidal wave length L is given by 

L = lH = 1,080,000 ft (or 205 miles) 
k 

The total length of the estuary from Trenton to Breakwater at the ocean 

end is approximately 132 miles or about two-thirds of the tidal wave 

length. The velocity of the tidal wave is given by 

La 
c T k 

where a = = 1.41 x 10-4 rad/sec for a semi-diurnal tide of T = 12.4 

hours. Therefore 

c = hM. . —iS— = 24.3 ft/sec. 

10 
4 ’ 0.58 

The frictionless tidal wave velocity, based on a mean depth of 

21 feet in the Delaware, is 

c = /gd = 26.0 ft/sec. 

The instantaneous tidal discharge Q at any x is found by integrat¬ 

ing the continuity equation (29). Since Q = Au and h = n + d + Z.o (Figure 

2b),the continuity equation can be written as 

= 0 
3x at 

(38) 
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Fig. 4a Phase Change kx vs. x for Delaware Estuary 

Fig. 4b Damping Parameter ftx vs. x for Delaware Estuary 
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hence, with b given by equation (34), 

Q = - b e / (39) 

where 3n/3t is obtained from equation (35). 

The resulting calculation of the maximum tidal discharge as a 

function of x in the Delaware is shown in Figure 5. The calculations 

are compared with a field measurement by Miller (1960) and with discharges 

determined by the method of cubature (see section 4.3,1) by Pillsbury 

(1956) and Wicker (1955). 

Similar analyses using the method of the damped cooscillating 

tide have been given by Redfield (1950), Ippen and Harleman (1958) for 

the Bay of Fundy and by Abbott (1960) for the Thames estuary. 

4.2 The Method of Characteristics 

The application of the method of characteristics to the calcula¬ 

tion of tides in estuaries or canals is most readily shown by neglecting 

friction. Hence equations (28) and (29) are applicable; setting Q = Au 

they become, 

(motion) (40) 

(continuity) (41) 

Multiplying equation (40) by -j where c is the frictionless wave celerity 

 and adding or subtracting, 

the following equation is obtained: 

(42) 
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Taking the positive sign, eq. (42) is identical with 

DF 

Dt (43) 

if F = à + «2 
2 2 (44) 

In a similar manner, taking the negative sign, eq. (42) is identical with 

DG 
Dt (45) 

if (46) 

The functions F and G defined above may be considered as new variables 

in the h-Q plane and they are known as the characteristic wave components. 

Since both satisfy the condition that their total derivatives are zero 

(eqs. 43 and 45), the characteristic F is propagated in the positive sense 

with a velocity + c and G in the negative sense with a velocity - c. As 

a starting point in the analysis it may be assumed that h is known as a 

function of time at the mouth of the estuary and that Q is known at the 

landward end. Furthermore, the values of h and Q must be known (or assumed) 

along the estuary at an initial time t = t^. In a short reach the geometry, 

given by A and b, may be considered constant. Therefore, w and c are con¬ 

stant and along the characteristics F and G it follows from equations (44) 

and (46) that h and Q are also constant. The solution may proceed in a 

graphical manner to find h and Q at various x and t. The modifications 

necessary to account for frictional effects have been discussed by 

Dronkers (1964); however, the graphical procedures become extremely 

cumbersome. It Is not considered to be a practical method in the light 

of recent advances in machine computation. 
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3 Finite Difference and Iterative Methods 

The essential fact which emerges from the discussion of the var¬ 

ious analytical methods is the difficulty caused by the non-linearity of 

the governing differential equations. Attempts to circumvent the diffi¬ 

culties by linearization unfortunately result in unsatisfactory solutions 

containing a high degree of mathematical complexity. A review of the 

various computational techniques which have attempted to deal with the 

non-linear realm logically divides itself into two time periods. These 

are the pre-computer period and the period following the development of 

the high speed, digital computer. The transition between the two periods 

occurred between 1955 and 1960. 

4.3.1 Pre-Conputer Era 

One of the early attempts to solve the 'problem of currents in a 

sea-level canal was the so-called reflected wave theory proposed by Brown 

(1932). Brown assumed that the effect of friction was small and developed 

a series approximation for the change of wave height with travel distance. 

As pointed out by Einstein and Fuchs (1955) many of his formulations were 

incorrect; however, fairly reasonable results were obtained for short 

canals in which the curvature of the water surface is small. 

A major advance in the development of tidal computational methods 

in the U.S. was due to Pillsbury (1940) who prepared a monograph covering 

a wide range of practical applications. The essential feature of the 

Pillsbury approach, as applied to sea-level canals, was the development 

of a method of successive approximations. The magnitude of a "primary 

current" in the middle of a canal was estimated from the linear equations. 

Distortions of the primary current and tidal amplitude were then introduced 

which were based on the non-linear acceleration term, friction and varia¬ 

tions in the hydraulic radius. The computations, devised for manual com¬ 

putation, are extremely laborious and certain errors in assumptions have 

been need by Einstein and Fuchs (1955). Nevertheless, the striking fact 
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is that this is probably the only method existing before 1940 which was 

able to reproduce some of the non-linear features of tidal motion. Gen¬ 

eral summaries of the methodology of the pre-computer era have been given 

by Einstein and Fuchs (1955) and Keulegan (1966). 

In addition to the methods discussed above, another technique for 

the partial solution of tidal estuary problems is the method of cubature. 

This method was originally developed by M. Partiot of the French Corps 

des Ponts and was simplified for practical applications by Wicker and 

Rosenzweig (1950) of the Philadelphia District, Corps of Engineers. 

(See also Wicker, 1955«) The method is applicable to the computation 

of tidal velocities in estuaries in which complete observations exist 

on the variation of tidal stage as a function of location and time. The 

estuary is segmented into a finite number of reaches in which h = f(t) 

is known at the end of each reach. The continuity equation (6) is written 

in finite difference form and Q is found by numerical integration. The 

momentum equation is not used; hence, the method is applicable only to 

existing channels and cannot be used to predict the effect of future 

changes. 

Proudman (1953) has given a finite difference formulation of the 

linear friction tidal equations based on the assumption of a harmonic 

solution. The method has been applied to the manual computation of tidal 

elevations and currents in the Bristol Channel. The solution depends 

upon the correct estimate of the linearized friction coefficient and upon 

the knowledge of harmonic components of the tidal elevation and current 

at sections near the head of tide. In practice it is expected that small 

errors in these boundary values or in the linear friction coefficient 

could cause large differences near the mouth of the estuary. A similar 

finite difference formulation, devised for manual computation, was proposed 

by Doodson (1956) for a uniform channel. 

4.3.2 Digital Computer Era 

Probably the most significant development of the past hundred 

years of tidal calculations, nas been the introduction of the high speed 

digital computer. The effect of the computer on tidal calculations is 
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two fold: (1) the obvious and enormous increase in the speed of calcula¬ 

tions and (2) the great simplicity of using the fundamental differential 

equations of continuity, eq. (6) and momentum, eq. (16) in a finite differ¬ 

ence formulation. Here, in contrast to the analytical methods of solu¬ 

tion, the linearity or non-linearity of the equation poses no great diffi¬ 

culty. The latter advantage has frequently been overlooked in the present 

era due to a tendency to consider only the high speed features of the com¬ 

puter. This has led to some unfortunate exercises in developing elaborate 

programs for computational methods developed in the pre-computer era. No 

computer program can inherently improve upon an obsolete method of formula¬ 

tion. Thus it should be obvious that there is little to be gained by 

programming the Pillsbury method or other methods based upon the linearized 

equations. 

One of the early computer-oriented methods, developed by Baltzer 

and Shen (1961), is known as the power-series method. At a selected point 

x^it is assumed that the stage h^ and the discharge are known at time 

t^ It is then possible to develop expressions for stage and discharge 

at a nearby point, X2, at the same time, by means of Maclaurin series 

expansions. From known boundary conditions a unique finite difference 

solution for the transient flow at subsequent times is obtained. 

A computer program can be developed for the method of characteristics 

in which the characteristic equations are written in finite difference form. 

Non-linear terms, including friction, can be retained (Dronkers, 1964, 

Ch. IX; Lai, 1967). In this method, the points at which the solution is 

obtained cannot be predetermined. This introduces some difficulties in 

the schematization of an irregular estuary. As mentioned previously, the 

method is best suited to situations in which the development of a tidal 

bore is to be expected. 

In a one-dimensional tidal problem, there are only two independent 

variables, x and t. Therefore, if x and t are given, the value of any 

dependent variable can be calculated if mathematical relationships among 

the dependent variables and x and t exist. This implies that an x, t 
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diagram will constitute a solution domain and that the two dependent vari¬ 

ables of discharge and stage can be defined at any point on the x, t diagram 

within the end boundaries. As it j.r, impossible to obtain solutions for 

the dependent variables at all points on the x, t diagram, the task of 

a numerical method lies in obtaining numerical solutions only at certain 

points in the x, t diagram. The choice of points will depend on the fea¬ 

tures of the problem and the method to be used. If they are predetermined 

to be situated at regular intervals of space and time on the x, t diagram, 

a rectangular grid is formed. Two common numerical methods in connection 

with rectangular grid systems are: 

(I) Finite differences with an explicit scheme, 

(II) Finite differences with an implicit scheme. 

The governing differential equations are replaced by finite differ¬ 

ence equations, expressed in terms of the values of the unknown functions 

at grid points. The solution of the difference equation is carried out 

numerically, usually on a computer. The exact solution of the differential 

equation is denoted by S, the exact solution of the difference equation 

by D, and the numerical solution of the difference equation by N. Then 

I S - D I is called the truncation error, and | D - N | the numerical 

(or roundoff) error. 

I S - D |-»- 0 over the whole region of the solution is the condition 

for convergence of the finite difference scheme. | D - N |+ 0 over the 

whole region is the condition for stability. The problem is to find N such 

that I S - N I is smaller than some error criterion over the whole region 
of interest. As 

(S - N) = (S - D) + (D - N) 

the total error is made up of the truncation error and the roundoff error. 

The truncation error is due to the form selected for the finite difference 

equation and is often the larger part of the total error. 

The value of a quantity ¢), at a point x = i, at time t = n is 
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denoted by (J) . To illustrate some of the forms which may be selected 

for a finite difference solution consider the simple differential equation 

3C 3x2 

W7) 

One finite 

is 

difference form of eq. (47), using the grid shown in Fig. 6a, 

i.n+1 *i,n 

At 

i-l.n ~ 2^i.n + ^1+1,n 

(Ax)2 

(48) 

This scheme is called explicit, because the equation at each (i) 

includes only one unknown *i>n+r The solution at the new level (n+1) is 

computed one point at a time from three known values at time level (n). 

The explicit solution begins with the initial condition ¢^0^=1, -1^ 

and is propagated in time by solving for ^+1 from This scheme is also 

called forward in time. 

Another possible finite difference form of equation (47) is 

, _ ¢) . 
l_1rrKL_i,n _ 

At 
K 

^1-1, n-KL n+1 + ^i-KUn+l (49) 

(Ax) 

This is an implicit scheme, and is shown in Fig. 6b. There are three 

unknowns in equation (49) for each (i). The equation is written for all 

i and the resulting set of equations is solved simultaneously. To solve 

the equations one needs the boundary conditions at i=l and i=I for all 

time levels. 

A detailed discussion of the application of the implicit scheme 

to tidal problems has been given by Lai (1965). Computational procedures 

using the explicit scheme have been given by Hansen (1956), Otter and Day 

(1960) and Dronkers (1964, Ch. X). 
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4.4 Evaluation 

One of the objectives of this study is to recommend methods of 

analysis for various tidal hydraulic problems. In the past the greatest 

difficulty for the practicing engineer has been to select one of the 

multitude of available methods which is best suited to his situation. 

The writers are of the opinion that the best resolution of this difficulty 

is the recommendation of one method which is generally applicable to a 

wide variety of problems. Such a method should be capable of reproducing 

the non-linear effects which are of great importance in many tidal channels, 

it should be applicable to channels of any shape and it should be capable 

of accepting rather complicated boundary conditions. An example of the 

latter is the case of an ocean tide which is non-sinusoidal and transient. 

Of all the methods discussed, only the finite-difference methods satisfy 

the above requirements. 

In terms of computer time and simplicity of the computer program, 

the explicit scheme seems to be superior to both the implicit scheme and 

the method of characteristics. However, to converge to a stable solution, 

certain stability criteria (see Chapter 5) must be satisfied for an explicit 

scheme while the other two require no such criteria. Both the explicit 

and implicit schemes involve higher round-off errors than the method of 

characteristics; however, errors due to interpolations for better presen¬ 

tation of results may occur in the method of characteristics. In practice, 

Abbott (1960) has found that differences in solutions obtained by a rec¬ 

tangular grid and the method of characteristics amount to 2-3%. An explicit 

finite difference scheme is recommended as a general method. A computer 

program, applicable to the types of channels and boundary conditions 

usually encountered, has been developed. The remainder of the report 

will be concerned with illustrating the application of the explicit method 

to various estuaries and canals. 
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Chapter 5 

Non-Linear Solution by Finite Differences 

Using an Explicit Scheme 

The method of finite differences with an explicit scheme is 

developed in the following sections. 

5.1 Method of Schematization 

The geometry of most estuaries is irregular both longitudinally 

and transversely while man-made tidal channels usually have a prismatic 

section. In a one-dimensional finite difference formulation it is neces¬ 

sary to divide the estuary or canal into a discrete number of longitudinal 

segments and to assign particular geometric characteristics to these seg¬ 

ments. The required geometric quantities include the surface and bottom 

width, the cross-sectional area, mean depth, wetted perimeter, longitudinal 

bottom slope, etc. Since the number of segments which can be considered 

is limited, some degree of simplification and averaging is necessary; this 

process is called schematization. An excellent discussion of the technique 

of schematization has been given by Dronkers (1964, Ch. XI). 

The longitudinal schematization of an estuary is shown in Fig. 7 

where the longitudinal segment length is Ax. The transverse geometry 

assigned to section 2 can be taken as the average of the transverse 

geometries of sections lb, 2 and 2a, while that for section 3 would be 

the average of 2b, 3 and 3a, etc. The cross sections obtained as described 

above should be plotted with reference to an arbitrary horizontal reference 

datum. 

Two typical estuary cross sections are shown in Figs. 8a and 8b. 

The second step is to define a reference water level in the canal or est¬ 

uary. The reference water level should approximate the mean water level 

to be expected. It need not be horizontal; however, its elevation, hQ, 

with respect to the horizontal reference datum must be known or assumed. 

In estuaries having a closed end or a well defined head of tide, the mean 

sea level at the open end is frequently used. In open-end estuaries join¬ 

ing a river, a line connecting mean sea level and the mean river level may 
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be used. 
schematization uf the cross 

The third step is the transverse 

section. 

5,1.1 Schematization of Natural Channels 

For simplicity it will be assumed that the transverse schematiza¬ 

tion of natural (irregular) channels will be one of two possible types. 

The first type is shown in Fig. 8(a) where the primary flow occurs in 

the deep channel. The shallow areas on either side contribute little 

to the longitudinal flow; however, they provide channel storage. For 

example, the primary channel width, bs, might be defined as the width 

at mean low water. The instantaneous total surface width, b, is, in 

general, a function of x and t. The cross-sectional area, A’, of the 

primary flow channel is obtained graphically. The area A’ includes the 

portion defined by the width bs, the water surface defined by ho and the 

natural bottom boundary. The depth of the schematized rectangular channel 

d, is then found from the rexation 

Since ho is known,it follows that the elevation, zo> of the schem¬ 

atized channel bottom above the reference datum is 

z 
o 

(51) 

Note that h is the instantaneous water surface elevation above the 

reference datum, thus 

h = z + d + n 
o 

(52) 

where n is the instantaneous water 
surface elevation with respect to the 



reference water level, (n may be positive or negative.) The elevation 

zq and the depth d are functions of x but not of time, hence 

9h_ _ 3jl 
zt = at 

and 

ah 3zo | ad | an 
3x 8x 3x 3x 

(53) 

(54) 

The second type of natural channel schematization is shown in Fig. 8b. 

In this case the width of the primar> channel is approximately equal to 

the total width. Hence bs = b and the schematization proceeds as in 

the first case. 

5.1.2 Schematization of Prismatic Channels 

Prismatic channels of trapezoidal cross section will be considered 

as the general case. A typical cross section is shown in Fig. 9, where 

b is the instantaneous surface width, b is the bottom width and s the 

side wall slope. The rectangular section is a special case in which s = 0 

and b = bQ. Natural channels may also be schematized into a trapezoidal 

section if this fits the geometry better than the equivalent rectangular 

sections discussed in paragraph 5.1.1. 

For reasons to be explained later, the longitudinal schematization 

must cover a distance of Ax each on either side of a particular point. 

Thus, values of b , b, d and z , representing the geometric inputs to the 
s o 

computer, can be taken as the numerical averages of those obtained from 

all the transversely schematized cross sections lying within 2Ax, except 

for the two end cross sections where averages over one Ax are used. 

All schematizations must be checked for various ocean tides and 

different upland discharges due to possible variations of the reference 

water level. In certain cases, there may be seasonal variations of the 

geometry of the deep channel in an estuary due to different upland discharges. 
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A different scheraatization may also be necessary for extreme ocean tides. 

5.2 Finite Difference Formulation of the Continuity and Momentum Equations 

The basic equations used in the non-linear, finite difference form¬ 

ulation are the one-dimensional continuity and momentum equations for a 

variable area channel. These equations were derived in Chapter 3, equa¬ 

tions (6) and (16). 

In order to have a complete understanding of the significance and 

limitations of the proposed method a brief review of the basic assumptions 

is given. 

1. The formulâtdon is applicable to one-dimensional tidal flows. 

This implies that the velocities are average longitudinal 

values for the schematized flow area. Coriolis effects in 

the transverse direction are neglected. 

2. The schematized boundary of the tidal channel is fixed so 

that no erosion or deposition is assumed to take place due 

to tidal motion. 

3. The Chezy coefficient in the friction term is defined by 

the Manning equation. 

4. Variations in fluid density due to longitudinal salinity 

gradients are neglected. 

5. Direct astronomical tidal effects in the channel or estuary 

are neglected. The tidal motion is assumed to be caused by 

the ocean tide at the boundary or boundaries. 

6. Variations of the cross section along the longitudinal axis 

of the tidal channel are gradual. Local energy dissipations 

due to sudden contractions or enlargements or flow around 

bends are neglected. (Cronkers, 1964,Ch.XII has discussed 

the incorporation of local energy dissipation into a finite 

difference scheme.) 

7. The effect of a wind stress on the water surface of the 

estuary or canal may be considered by including an addi¬ 

tional term in the momentum equation. (This is illustrated 

in the Delaware estuary example in a later chapter.) 
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The pair of differential equations for the finite difference form¬ 

ulation are obtained in the following manner. 

If equation (53) is substituted into the continuity equation (6), 

the following form of the continuity equation is obtained 

b In 
at 

1Ö 
ax (55) 

The momentum equation (16) contains both the tidal velocity and the dis¬ 

charge; it is convenient to eliminate the velocity in favor of the discharge 

by the relation u = Q/A and to replace ah/gx by equation (54). After ex¬ 

panding the derivative g(Q/A)/ax and simplifying, the momentum equation 

becomes 

+ 
at a ax + gA|ir 

M + in.1 
ax axj + g 

m 
AC R 

0 (56) 

Another form of the momentum equation is obtained by eliminating 3Q/ax by 

means of the continuity equation (55) and dividing by A, thus 

i 94+ 2Û 
A at ,2 

A 
q . _ û! M + p 

A2 at A39x S 
0 (57) 

The term ^ may be shown to be of negligible importance in most 
A 

estuaries and canals. The exception would be those cases in which a tidal 

bore develops. The magnitude of the above term may be readily determined 

for a variable area, rectangular channel in which 

A = b(d + n) 

In this case. 

<¿ 9_A 

A3 3X 

a(d + n) 
ax 

(58) 

(59) 
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where c, the speed of the gravity wave, is given by 

(60) 

Equation (57) can then be written as 

I? = - <“> 

2 
For example, in the Delaware estuary the maximum value of (u/c) = 1/150; 

hence the final form of the non-linear momentum equation is obtained by 

neglecting this term: 

1 ig 
A 3t 

2Q 
A2 

2bQ 

~ A2 

ill 
at + g 

raz 
_o 

a X 
ad 
3x 3x + g 

a2c2r 

(62) 

Equations (55) and (62) constitute the pair of equations for the finite 

difference formulation in which the surface elevation n and the discharge 

Q are the unknowns. Both equations are of first order and contain partial 

derivatives of n and Q. In theory, it is possible to eliminate either n 

or Q by combining the two first order equations into one second order 

equation. Each unknown may then be solved independently by means of a 

finite difference formulation. A more efficient method, from the stand¬ 

point of time and programming, is the explicit scheme employing a staggered 

arrangement commonly known as a diagonal mesh. The finite difference oper¬ 

ators are shown in Fig. 10a in the x, t plane in which the basic rectangular 

grid spacing is Ax and At. 

Two essential features of the operators should be noted: 

1. Along any one line of the x, t grid, only one unknown 

dependent variable is defined (either n or Q)• 
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2. The unknown variables n and Q are defined on alternate grid 

lines, both in time and distance, so that the basic space 

and time intervals for a diagonal mesh relating either n 

or Q are 2Ax and 2At,respectively. 

The associated central finite differences equations, which define 

the first order partial derivatives with respect to space and time are 

shown in Fig. 10a, as 

A - A 
9A = x+Ax,t x-Ax,t (53) 

8x 2Ax 

B - B 
9B x-t+At x,t-At 

3t = 2At 

where A and B are any unknown dependent variables. For any predetermined 

values of Ax and At, the basic partial differential equations of continuity 

(55) and momentum (62) can be written in the finite difference form by 

applying equations (63) and (6A) as shown in the following: 

CONTINUITY EQUATION (55) [refer to operator 1, Fig. 10a] 

bx.t[nx,t+At ~ Vt-AtJ ^x+Ax.t ~ Qx-Ax,t _ [Qtrib]_x = 0 (65) 

2At 2Ax 2Ax 

where [Qtrib]x 3 total inflow due to tributary streams entering the estuary 

or canal between sections (x + Ax) and (x - Ax) = q(2Ax). 
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MOMENTUM EQUATION (62) [refer to operator 2, Fig. 10a] 

1 Í Qx.t+At ~ Ox.t-At 1 2(^x, t-At [Qtrib] X __ 

vil J k,2- 
2b x.t . t-At 1 VAx,t " nx-Ax,t-2At + nx±Ax?t_ 

[v]2 24t 2At 
*x+Ax,t-2At + ] 

8F°x+Ax ~ Z°x-Ax^ , 6 
2Ax 

Wax ~ ^x-Axj + 

2Ax 

nnx+Ax,t nx~Ax<t 
2 Ax 

g) t-At 

K,i r Ax,t 2r xft : 2r 2 Í ^x,t+At + %c,t-Atl 
X, t L J 

W = 0 
x,t 

(66) 

where, W = wind stress term defined by eq. (74). 
X, t 

The geometric quantities Ax t> bx t and are defined in finite differ¬ 

ence form for both the rectangular or schematized section and the trapezoidal 

section. 

1. For a rectangular or schematized section: (see Fig. 8 ) 

A = b 
X, t s. 

b = b 
x,t X 

1[, dx + 2 I nx+Ax,t + nx-Ax,t 

R 2LlL 
x,t bs + 2dx + nx+AX|t + ux_AXtt 

X 

(67) 

(68) 

(69) 
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2. For a trapezoidal section: (see Fig. 9 ) 

X, t 2 bx,t + bov][ dx + 2 [nx+Ax,t + Vûx,t] ] (70) 

b = b + 2 s 
X. t o 

* X 
x[dx + 2 [nx+Axft “ nx-Ax,t jj (71) 

x,t 
xtr 

b + 2 Jl + 
O W 3C 
X V 

d + 
X 2 £nx+Ax,t + nx-Ax,tjJ 

(72) 

The Chezy coefficient may be expressed in terms of the Manning 

roughness n (which may vary with x) and the hydraulic radius 
X 

[ft-sec units] (73) 

A water surface wind stress term may be added to the momentum equa¬ 

tion (66) if it is desired to include the effect of local wind on the tidal 

motion. In a form similar to that suggested by Dronkers (1964) the wind 

terra becomes 

ValV03 *JVx cos ^ 
wx.t = ——rr^- 

where, 3 = wind shear stress coefficient = 0.0026 
* w 

p = density of air 
3 

p = density of water 

= absolute wind speed 

(74) 
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Tj; = angle between the direction of the wind and the longitudinal 

axis of the channel U>x< 90° for wind blowing in landward 

direction, 180°> > 90° for wind blowing in seaward direc¬ 

tion) . 

In equations (65) and (66), the basic partial differential equations 

have been transformed into algebraic equations each containing one unknown, 

n in eq. (65) and Q in eq. (66). The two equations can be solved 
a,t+At H X,t+At 

by a digital computer in a straightforward manner. The computational pro 

cedure can be explained by considering two regions in the interior of the 

x,t plane shown in Fig. 10a. Assume that from previous computations all 

values of q and Q are known along the horizontal grid lines n and n + 1. 

Values of 7| along the grid line n + 2 can be computed explicitly, one at a 

time, by applying the continuity equation (65) shown by operator 1. There¬ 

after all values of Q along the grid line n + 3 can be determined in a 

similar manner by use of the momentum equation (66) shown by operator 2. 

Thus, by consecutive advancements in time steps of At each, the tidal eleva¬ 

tions and discharges confined within the end boundaries of the tidal channel 

are computed alternately by repeating the procedure described above. 

In order to begin the solution, initial values of both n and Q are 

required. This requires the specification, at time t = 0, of values of n 

at intervals of 2Ax and at time t = At of values of Q at alternate inter¬ 

vals of 2Ax. In tidal problems the initial conditions are usually un¬ 

known, hence the above values of n and Q will have to be assumed. One 

of the most important properties of the proposed method is that the final 

solution is essentially independent of the assumed initial conditions. 

This will be discussed more completely in a later section. 

Since the finite difference operators cannot be extended beyond the 

end boundaries of the segmented system, the values of n or Q at both boun¬ 

daries cannot be calculated by the procedures described above. Therefore, 

two boundary conditions must be specified in order to obtain a solution. 

Mathematically, this is known as a mixed initial and boundary value problem. 

The specification of the boundary conditions is discussed in detail in a 
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later section. 

After the magnitudes of the tidal elevations and discharges have 

been calculated at the grid points, the average velocity in the longitudinal 

direction can be calculated from the relation 

The alternating calculation of n and Q using the diagonal mesh 

shown in Fig. IQahas some implications in the schematization of the estuary 

or canal. As an example^consider the estuary shown in Fig. 11a and lib. 

The tidal elevation n is specified at the ocean boundary (section 1) and 

values of n are to be computed at all odd-numbered sections (3, 5, 7, etc.). 

Values of the discharge are to be computed at all even-numbered sections 

(2, 4, 6, etc.). In the calculation of Q at section 2, the geometric proper¬ 

ties assigned to that section extend from section 1 to section 3. In the 

calculation of n at section 3 the geometric properties of that section extend 

from sections 2 to 4. Thus the basic space unit is 2Ax and the schematized 

cross section at any section should be the representative average of the 

tidal channel geometry extended over a distance Ax on either side of the 

section. In order to reduce errors due to the schematization of a natural 

tidal channel,it is desirable to keep Ax small in relation to the irregular 

nature of the channel. 

5,3 Classification of Tidal Problems In Terms of Boundary Conditions 

The majority of tidal problems can be grouped into three types 

according to the physical characteristics of their boundaries and the 

availability of physical data to be used as an input to the mathematical 

model. 

5.3.! AnEstuary Having a Well-Defined Head of Tide 

or a Canal Closed at One End 

The estuaries in this category are those with a well-defined head 

of tide such as a fall line or critical flow section. An example is the 
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Fig. Ma Interpretation of the Geometric Schematization for 
Computations of Q in the Computer Solution 

Fig. lib Interpretation of the Geometric Schematization for Computations 
of rt in the Computer Solution 
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head of tide at Trenton on the Delaware estuary. The appropriate boundary 

conditions are: 

ocean end: n = f(t) 

head of tide or closed end: Q = 0. 

At the ocean end, the ocean tide normally can be obtained from tide tables 

or from prototype measurements by tide gages. It should be emphasized that 

the ocean tide need not be sinusoidal; any single tidal cycle record or 

continuous records covering from 28 days to a year may be used if desired. 

At the head of tide, the condition of no upstream momentum transfer 

results in the boundary condition Q = 0. The fresh water inflow of the 

river into the last upstream segment is introduced as a lateral inflow. 

Estuaries and canals in this category shouid be divided into an 

odd number of segments of length Ax since ^ and Q are specified at the ends 

of alternate segments. 

5.3.2 An Estuary with an Open End 

An open end estuary is one in which the tidal region merges grad¬ 

ually with the upstream river. It is characterized by a progressive reduc¬ 

tion of tidal range in the upstream direction. The Savannah estuary is an 

example of this category. 

The appropriate boundary conditions are: 

ocean end: n = f(t) 

open end: Q = f(t) or 

Q = constant = fresh water discharge of upland river. 

The ocean end conditions are the same as in section 5.3.1. The open 

end boundary condition depends on available data. For example, discharge 

measurements may be available at an upstream location at which the current 

is always in the ebb direction, however there may be a cyclic variation in 

the magnitude, and Q = f(t) is known. A location farther upstream may be 

found at which the cyclic variation disappears, in this case the open end 
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boundary condition is Q = constant (equal to the upland river discharge). 

The location of this point and, therefore, the length of the segmented 

tidal channel will change seasonally with variations in the upland dis¬ 

charge. If no measurements are available it is necessary to assume a 

length for the tidal channel and to set Q equal to the river discharge. 

A check on the assumption may be made by determining whether the tidal 

range at the upstream end becomes small enough to be negligible. 

Estuaries in this category should be divided into an odd number of 

segments as described in 5.3.1. 

5.3.3 An Estuary Embayment or Canal Connecting Two Bodies of Water 

In this category the two bodies of water may be two oceans, as in 

the case of a sea-level canal, or an ocean and a large lake without tidal 

fluctuations. An embayment may also be connected to the same ocean through 

two separate openings. 

The appropriate boundary conditions are: 

water body (1): = f-^U) 

water body (2): = 

Tidal channels in this category should be divided into an even number of 

segments of length Ax since n is specified at both ends. 

Other types of boundary conditions may arise in special cases, for 

example: the specification of discharge at both ends of a channel; the 

conditions to be applied at a junction of three tidal channels (summation 

of discharge equal to zero and equal values of n at the junction). The 

latter is discussed by Dronkers (1964, Ch. X). 

5.4 Initial Conditions and Quasi-Steady State Solution 

As mentioned in an earlier section, il is necessary to assume initial 

values of n and Q throughout the tidal channel in order to begin the numerical 

solution. Fortunately, as the solution proceeds forward in time, the property 
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of the hyperbolic partial differential equation is such that the effect of the 

assumed initial condition diminishes rapidly (Ref. l8). In the absence of any 

other information it may be assumed that ^ = 0 at t = 0 and Q = 0 at t = At. 

Using the known boundary conditions for one tidal cycle, the finite differ¬ 

ence solution proceeds to the end of the first tidal cycle T + At (where T 

is the tidal period). The values of n at t = 1 and Q at t = T -f At become 

the new initial conditions and the tidal cycle is repeated with the same 

boundary conditions to the time level t = 2T + At. Thereafter, the computa¬ 

tion is repeated to the (k + 1)th tidal cycle as shown in Fig. 12. The 

repeated computation ends when the tidal elevations obtained in the (k + l)th 

cycle differ from those obtained in the kth cycle (i.e., ) by 

an amount not greater than an acceptable error (0.001 ft. or less was used 

in the present study). The solution obtained at the (k + l)th tidal cycle 

is referred to as a "quasi-steady state solution". This solution is inde¬ 

pendent of the magnitudes of the assumed initial conditions. In other words, 

if the values of n at t = 0 and Q at t = At had been chosen as other than 

zero, the same quasi-steady solution would have been obtained. The only 

difference would be in the number of cycles necessary to reach the quasi¬ 

steady state. If the assumed values are close to the final values, the 

number of repeating cycles would be reduced. Mathematically, it is a 

convergent solution for the given boundary conditions for one tidal cycle. 

In the examples presented in the next chapter it has been found 

that usually not more than 6 cycles are necessary to reach the quasi¬ 

steady state solution. The existence of a quasi-steady usually implies 

that a stable solution exists, since (n^ Í ♦-) is magnified in an 

unstable solution as k increases. The determination of Ax and At for 

stable solutions is discussed in a later section. 

5.5 Transient Solutions of Tidal Problems 

In the above discussion the boundary conditions have been specified 

for only one complete tidal cycle. In many situations it is sufficient to 

determine the response of the estuary or canal to a single ocean tidal curve 

(i.e., mean tidal range, extreme or minimum tidal range). In other instances 
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it may be desirable to obtain a transient solution as the ocean tide follows 

its normal biweekly variation through spring and neap ranges. This is 

referred to as a transient solution and it can be incorporated into the 

numerical scheme without difficulty. 

If a continuous tidal record extending over more than one tidal 

period is available as an ocean boundary condition, a transient solution 

can be obtained by using the boundary condition of the first tidal cycle 

Of the record to generate a quasi-steady state solution. Thereafter, the 

tidal conditions obtained at the end of the quasi-steady state solution 

can be utilized as the initial conditions for the remainder of the tidal 

record. 

The validity of the transient solution approach was tested during 

a study on the prediction of tidal currents in the proposed sea-level 

(Panama) canal on behalf of the Jacksonville District, U. S. Army Corps 

of Engineers (Harleman and Lee, 1967, Ch. 3). In this investigation a 

complete solution for the tidal currents during a 14-day period was obtained. 

5'6 Motional Numerical Procedures for Computations at Boundaries 

One feature of the diagonal mesh already discussed is that only 

Q or n is defined at either of the boundaries. However, it may be desirable 

to have a method of determining the dependent variable which is not specified 

at one of the boundaries. For example, at the head of tide (where Q = 0 is 

the defined boundary condition) it may be desirable to calculate the tidal 

elevation; or, in the case of a sea-level canal (where tidal elevations are 

specified at both ends), it may be desirable to determine the discharge 

(or tidal velocity) at the ends of the canal. Numerical procedures, which 

are in principle similar to the method of cubature, have been developed 

for this purpose. They may be incorporated as supplements to the explicit 

scheme computer program. The details are given in Appendix I. 

5‘7 Stability Criteria and Choice of Av and At 

In order to obtain a stable solution in an explicit scheme one well- 

known stability criterion must be satisfied (Dronkers, 1964, Ch. X). 
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At < 
Ax 

(76) 
u 

max 
) 

The violation of eq. (76) will usually lead to an unstable solution. 

Evidence of instability is shown by oscillating values of n and Q which 

reach physically absurd values. Since the maximum values of the velocity 

and tidal range are unknown before a solution has been obtained it is neces¬ 

sary to use a simplified form of eq. (76) as a first approximation for the 

determination of Ax and At: 

(77) At < 

where, d = depth of water below MSL at ocean end. 

amplitude of ocean tide. n 
e 

The magnitude of the friction term in the momentum equation also has an 

influence on the stability although it is difficult to determine the effect 

a priori. If an unstable solution results after equation (77) has been 

satisfied it may be necessary to adjust Ax or At. 

The space and time increments Ax and At should be chosen subject 

to the inequality of eq. (77) and the limitations imposed by computer 

storage capacity and the compiler which is used. A case study for the 

Panama sea-level canal is contained in Harleman and Lee (1967, Appendix 

VII). If Ax is too large, too few outputs will be available for evaluation 

of the tidal characteristics. On the other hand, if Ax is too small, At 

will become unnecessarily small, computer storage may be exceeded and com¬ 

putation time will be unnecessarily long. The time spent in the computer 

to obtain a solution depends largely on the total number of points contained 

in the rectangular grid covering the period of a tidal cycle. Decisions 

have to be made on an individual basis for each problem. The locations 

-62- 



of points of interest, where solutions should be obtained, may play a role 

in the choice of Ax as well. Ideally, all the points of interest should 

fall close to the grid points. Solutions for points of interest not fall¬ 

ing on grid points can be obtained through numerical interpolations of the 

results obtained at the neighboring grid points, or by plotting the results 

in graphical form. In any event, the channel must be divided into an inte¬ 

gral number of Ax segments. 

As discussed previously, even integral numbers are necessarily, for 

the two boundary conditions, defined by the same dependent variable (either 

Q or n), and odd numbers by different dependent variables (Q and n), res¬ 

pectively. 

After Ax has been chosen, At can be chosen subject to the satisfac¬ 

tion of equation (77). In addition, the tidal period must be divided into 

even integral numbers of At so that the same dependent variable (Q or n) is 

defined at the time of the beginning of every subsequent tidal period. This 

is necessary for obtaining a quasi-steady state solution. 

5.8 Computer Programs 

The required input for the execution of the computer program con¬ 

sists of the following: 

(1) Geometric Data 

For a schematized rectangular section the required quantities 

are: b, b , d and z (see Fig. 8 ). For a trapezoidal sec- 
s o 

tion. b , s, d and z are needed (see Fig. 9 ). 
*o o 

(2) Boundary Conditions 

Either n or Q must be specified as a function of time, for 

at least one tidal period, at two cross sections in accordance 

with the discussion in section 5.3. 

(3) Initial Conditions 

The surface elevation and discharge must be specified as 

functions of x at t = 0 and t = At,respectively. In accord¬ 

ance with the discussion in section 5.4,both n and Q may be 
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set equal to zero initially. 

(4) Resistance Coefficient 

The Manning coefficient must be specified as a function of 

X. In an existing estuary or canal, past records of tidal 

elevation should be used to determine n by matching the 

computer solution to the field observations. In the case 

in which no field data is available, n must be assumed on 

the basis of experience with similar estuaries or canals. 

Meyers and Schultz (±9^-9) have collected a table of resist¬ 

ance values for some rivers and canals in North America. 

Dronkers (1964) gives values of the Chezy coefficient for 

some estuaries in the Netherlands. Lai and Baltzer (1966) 

have made some detailed computer studies of tidal resistance 

for short reaches in certain estuaries. 

(5) Wind Data 

Wind velocity and direction observations are required if it 

is desired to consider the effect of local winds on the tidal 

motion. 

The output from the computer solution consists of the tidal elevation 

n* the tidal discharge Q and the tidal velocity u at alternate grid points 

both in time and space. The discharge and velocity are determined for the 

same grid points. 

The following computer programs have been developed for the non¬ 

linear, explicit scheme: The computer language is Fortran IV (E-level sub¬ 

set) and the computer used in this study was an I.B.M. 360 Model 40 in the 

Civil Engineering Systems Laboratory at M.I.T. The case studies described 

in the following chapter are noted under each program. 

I• Estuaries and Canals Closed at One End 

Case Studies: 

Delaware Estuary (irregular shape) 

Dominquez Channel (prismatic shape, trapezoidal) 

W.E.S. Salinity Flume (prismatic shape, rectangular) 
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II. Estuaries with an Open End 

Case Studies: 

Savannah Estuary (irregular shape) 

III. Estuaries and Canals Connecting Two Bodies of Water 

Case Studies: 

Sea-Level (Panama) Canal (prismatic shape) 

Cape Cod Canal (prismatic shape) 

Chincoteague Bay (irregular shape) 

Complete listings of computer programs together with input formats are 

presented in Appendix II. In addition, a plotting program was written for use 

on an IBM 1130 with a Calcomp plotter to furnish nine types of graphical outputs 

from the main programs. 
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Chapter 6 

Examples of Tidal Calculations Using the 

Non-Linear, Finite Difference, Explicit Scheme 

Seven case studies have been made to illustrate the versatility 

and applicability of the non-linear, finite difference, explicit scheme. 

Computations have been made for two natural estuaries: the Delaware, a 

closed-end estuary and the Savannah, an open end estuary. Two sea-level 

canals have been chosen: a proposed sea-level canal at Panama and the 

existing Cape Cod Canal. Tidal computations for embayments were made for 

Chincoteague Bay, which has two tidal inlets. Two cloiied-end prismatic 

channels have been studied: the Dominquez Channel in Los Angeles (trap¬ 

ezoidal) and the experimental salinity flume at W.E.S. (rectangular). 

These case studies represent a somewhat ambitious undertaking in 

terms of the time and cost limitations of the present investigation. It 

must be stressed that certain results, particularly those for the natural 

tidal channels, have been obtained on the basis of rather crude schematiza- 

tions. Much more time and effort could have gone into the determination 

of the geometric properties, however it was decided to cover a larger 

number of practical situations at the expense of a high degree of geom¬ 

etric accuracy. 

6.1 Delaware Estuary (a closed-end estuary, section 5.3.1) 

The Delaware is a funnel-shaped estuary extending from Capes May 

and Henlopen on the Atlantic Coast of the U.S. to Trenton, N.J., a dis¬ 

tance of 132 miles inland. The width varies from approximately 1000 ft. 

at Trenton to 27 miles at the widest portion of Delaware Bay. Tidal action 

is terminated by a fall line at Trenton, beyond which the Delaware is an 

upland stream. It is, therefore, classed as a closed-end estuary. Since 

1840 the estuary has undergone various changes due to dredging and channel 

training works. The mean tidal ranges along the estuary have gradually 

increased due to deepening of the navigation channel both above and below 

the city of Philadelphia. A map of the estuary is shown in Fig. 13. 

As the estuary is more than 20 miles wide in the vicinity of Miah Maull 
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Fig. 13 Delaware Estuary - General Layout 
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Shoal light (about 20 miles from the Capes), the tides at Miah Maull are 

treated as ocean tides causing the tidal propagation in the estuary. 

The origin of the longitudinal axis (x = 0) is taken at Miah Maull; at 

Trenton, x = 112 miles. 

6.1.1 Schematization 

Computer solutions for tidal motion in the Delaware have been 

obtained for three different channel geometries: 

(a) 1951 Channel Survey [based on Table of Accumulated 

Mid-Tide Volumes (dated 25 September, 1951) by the 

Philadelphia District, U. S. Corps of Engineers] 

(b) 1932 Channel Survey [based on a chart of physical 

characteristics (dated 24 March, 1938) according to 

the survey of 1932 by the Philadelphia District, U.S. 

Corps of Engineers] 

(c) Channel with Exponentially Varying Width and Constant 

Depth (used by Harleman (1966) for a linear solution 

with friction) 

In accordance with the boundary conditions for a closed-end estuary, 

an odd number of segments must be used. The total length of 112 miles 

was divided into 33 segments giving Ax = 3.4 miles. The stability condi¬ 

tion is satisfied if the tidal cycle of 12.42 hours is divided into 72 

time intervals of At = 621 sec. The tidal elevation boundary condition 

at Miah Maull was taken from field observations to have a range of 5.5 

ft. and a sinusoidal shape (see Fig. 17). The discharge boundary condi¬ 

tion at the head of tide (Trenton) is taken as Q = 0. The mean fresh 

water inflow due to the upland river is 11, 650 cfs which is introduced 

as a lateral inflow into the upstream segment. 

For the geometric schematization of the 1951 channel, the only 

available data were the cross-sectional areas at M.W.L. and the corres¬ 

ponding water surface widths. A rectangular channel schematization was 

assumed and the equivalent rectangular channel depths, d, were obtained 
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by dividing the cross-sectional areas by the surface widths. Since the 

longitudinal profile of the bottom of the estuary was not known, it was 

assumed as a first approximation that the reference (or mean) water level 

along the estuary was horizontal and equal to M.S.L. Thus the bottom pro- 

f11® f(x) is defined by the water depths below the horizontal sur¬ 

face. Except for sections close to the mouth, it was further assumed 

that bg ° b. The geometric data used as inputs to the computer for both 

the 1932 and the 1951 surveys are summarized in Fig. 14(a,b,c) and tab¬ 

ulated in Table I. The schematization could be improved by using trans¬ 

verse cross sections containing soundings related to a common datum. 

The geometric data for the exponential channel approximation are 

as follows: 

depth, d = 21 ft. (constant throughout) 

width, b = bg = 53,150 e“6x ft. 

where 6 81 0.67 x 10 ^ (ft *) 

bottom elevation, z » 0 
o 

The accuracy of this schematization is considerably less than those based 

on the field surveys. 

6.1.2 Manning Resistance Coefficient 

In this first attempt co investigate the complete one-dimensional 

tidal characteristics of a large estuary, by means of a non-linear method, 

the question of the magnitude and longitudinal variation of the Manning 

resistance coefficient must be answered. It was, therefore, decided to 

use the finite difference mathematical model Initially to match the varia¬ 

tion of the mean tidal amplitude along the estuary as determined icom field 

measurements. This w.;s done by a trial and error process of changing n 

until a reasonable agreement was obtained between the computed and obser¬ 

ved surface elevations. The values of Manning's n along the estuary, 

obtained in this manner, are shown in Fig. 15 for two different channel 

schematizations. For the 1951 survey, the n values range from approximately 

0.020 in the lower, broad reaches to slightly greater than 0.030 in the 
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Distance 

from 

Miah 

Maull 
(miles j 

Sectior 

dumber 

(J) 

Total Width 

b 

(ft.) ! 

Conveyance Width 
b 
9 

(ft.) 

Elevatic 
Bottom b 

M.W.L. a 

Maull (f 

)n of 
elow ¡ 

t Miah 

t.) 

1932 1951 1932 1951 1932 1951 

U 

3.40 

6.80 

10.21 

13.62 

17.03 
20.45 

23.85 

27.20 

30.66 

34.07 

37.47 

40.87 

44.28 

47.69 

51.10 

54.50 

57.89 

61.29 

64.69 

68.09 

71.49 

74.89 

78.29 

81.69 

85.09 

88.49 

91.89 

95.29 

98.69 

102.09 

105.49 

108.90 

112.31 

1 
2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

13 

' 19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 
30 

31 

32 

33 
34 

106,000 

85,000 

65,000 

50,000 

36,000 

28,000 

23,000 

19.500 

16.500 

14.500 

13.500 

11.500 

10,000 

9,000 

8,000 

7.300 

6.700 

6,100 

5,600 

5.100 

4.700 

4.300 

3.500 

3,000 

3,200 

2,900 

2.500 

2.100 

1,800 

1,550 

1,350 

1.300 
950 

860 

lúó.ÓOÍ" " 

88,200 

68.700 

46.400 

35.500 

25,000 

24.500 

20,600 

17.100 

14.800 

13,200 

12.100 

11,100 

9.900 

8,450 

7.300 

6.400 

5.800 

5.500 

5.400 

5.300 

4.500 

3.500 

3,000 

3,500 

2.800 

2.700 

1.900 

1.400 

1.300 

1,300 

1,400 

1,000 

900 

44,000 i 

34,000 

28,000 i 

19.500 

14.500 j 

11.500 

9,000 

7.300 

6,100 

5.100 

4.300 

3,000 

2,900 

2.100 

1,550 

1.300 

860 

47,120 

37,036 

29,000 

20,600 

14.800 

12,100 

9,900. 1 

7.300 

5.800 

5.400 

4,500 

3,000 

2.800 

1,900 

1.300 

1.400 

900 

-20.0 

-20.0 

-20.0 

-20.0 

-20.0 

-20.0 

-21.0 

-21.0 

-21.0 

-20.0 

-20.0 

-24.0 

-17.5 

-16.5 

-16.5 

-16.5 

-12.0 

-21.0 

-21.0 

--21.0 

-21.0 

-21.0 

-21.0 

-21.0 

-22.8 

-22.2 ! 

-19.4 ¡ 

-20.5 

-24.0 

-19.3 

-17.3 

-19.0 

-17.8 

-12.0 

Table I - Delaware Estuary 

Geometric Inputs 
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Trenton Miah Maull 

25 50 75 100 1123 

Fig. 14b Delaware Estuary — Schematized Channel Bottom 
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upper, narrow portion of the estuary. These values seem reasonable in 

view of the experience with large rivers in steady motion. Figure 15 

also shows the dependency between the Manning coefficient and the accur¬ 

acy of the scheraatization. The corresponding curves showing the computed 

and observed tidal ranges are shown in Fig. 16. Using the Manning coeffi¬ 

cients as found above, further comparisons were made between the computed 

(1951 survey) and observed tidal characteristics using the field data 

collected by Wicker (1965). 

6.1.3 Comparison of Computed and Observed Tidal Charg-cterlstics^ 

The most important feature of the non-linear solution is shown 

in Fig. 17 where the tidal elevation versus time is plotted at the entrance, 

middle and end of the estuary. The progressive distortion of the tide 

curve from the sinusoidal shap€ at the entrance is clearly indicated. 

The* agreement between the computed and observed shapes is good in view 

of the rather crude schematization. Other comparisons between the com¬ 

puter solution and the field data are given: the duration of rise and 

fall of the water surface and the duration of ebb flow (Fig. 18) and the times 

of high and low water along the estuary (Fig. 19). Also shown are the magnitude 

of the maximum flood and ebb velocities and tidal discharges as a func¬ 

tion of X (Fig. 20 a,b); the time variation of velocity and discharge at 

two stations (Fig. 21) and the instantaneous water surfaces along the 

estuary at different times of the tidal cycle (Fig. 22). The latter 

figure shows that the mean water surface at Trenton is approximately 1.3 

feet higher than at Miah Maull. The original assumption of a horizontal 

water surface reference plane could be corrected by this amount and the 

solution could be repeated if more accurate results are desired. The 

above figures illustrate the large amount of practical information which 

can be obtained from a single computer solution. 

6.1.4 Effect of Variation of Manning’s n 

In order to investigate the effect of the variation in the Manning 

coefficient along the estuary, three cases, assuming constant values of 

n were computed for the exponentially varying width channel. These 
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Miah Maull Trenton 

25 50 75 100 1123 

Fig. 14c Delaware Estuary -- Schematized Surface Width, b 

Fig. 15 Delaware Estuary -- Manning's Coefficients for 1951 Channel 

-73- 



Miah Maull Trenton 

LEGEND' 

o Prototype, 1951 Channel 

(C.ftG.S Tide Tables- 
Atlantic Coast 1949) 

Computer Non-linear 
Solution, 1951 Channel 

Computer Non - linear 
Solution Exponentially 
Varying Width Channel 

Fig. 17 Delaware Estuary (1951 Channel ) -- Tidal Variations in Elevation 
at 0, 59 and M2 Miles from Miah Maull 
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Trenton Miah Maull 

LEGEND1 

a Prototype (Ref. 40) 

- Computer Non-linear 
Solution 

Fig 18 Delaware Estuary (1951 Channel)-- Duration of Rise, Fall and 
Ebb Flow 

Miah Maull Trepton 

LEGEND = 

a Prototype (Ref 40} 

— Computer Non-linear 
Solution 

Water and Low Water 

-75- 



Miah Maull Trenton 

LEGEND- 

-. Linear Solution for Exponential 
Channel (Ref. 17 ) 

-o Computer Non-linear Solution 
max "flood" Velocity 

-o-Computer Non-linear Solution 
max "ebb" Velocity 

Fig 20a Delaware Estuary (1951 Channel)--Maximum Tidal Velocities 

Miah Maull Trenton 
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Fig 21 Delaware Estuary (1951 Channel ) -- Tidal Velocities and Discharges 

at 0 ana 58 Miles from Miah Maull 

Miah Maull Trenton 

Fig 22 Delaware Estuary (1951 Channel)-- Tidal Elevations at Time 
of T/4, T/2, 3T/4 and T 
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results, together with the previous results for the variable n are shown 

in Figures 23, 24 and 25. The conclusion is that the variation of resis¬ 

tance is an important property of large estuaries. Efforts were also made 

to fit the corresponding field data by ¡ssuming a constant n while varying 

the scheraatization of the channel. The schematization, thus obtained, was 

found to be physically absurd when compared with the actual geometry of 

the Delaware. 

6.1.5 Effect of Upland Discharge 

The effect of upjand discharge on tidal conditions has also been 

investigated (Figs. 25, 26, 27 and 28) and the findings are: 

(I) The influence of upland discharge in the Delaware is 

limited only to the upstream half of the estuary. It 

is obviously so. when examining once again Fig. 20 which 

shows that the upland discharge of 11,650 cfs is com¬ 

paratively negligible to the maximum tidal discharges 

along the estuary, especially for the downstream half 

of the estuary. 

(II) Tributary discharges along the Delaware have a completely 

insignificant effect on tidal flows in the estuary. 

b.1.6 Effect of Local Winds 

In one of the earliest documents describing tidal conditions in 

the Delaware Estuary by Zeskind and Lâcheur (1926), field observations of 

the effect of wind have been recorded for a northwesterly wind of maximum 

speed of 40 m.p.h., blowing down the estuary on March 2, 1914, and an 

easterly wind of maximum velocity of 37 m.p.h. at the entrance, driving 

the ocean waters into the estuary on October 11, 1903. It is observed 

during storms that, corresponding to a lowering of the plane of low water, 

there is generally a lowering of the plane of high water; and, similarly, 

a rise of the plane of low water is accompanied by a rise of the plane 

of high water. It is also found that there are changes in tidal ranges, 

time of high water and low water and shapes of tidal curves along the 

estuary. 
_2 

The value = 0.26 x 10 in eq. (74) is used as the coefficient 

of surface shear for wind, assuming that the end boundary conditions re¬ 

main unchanged and that the winds are blowing over the widest part of 
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LEGEND: Manning's Coefficient 

1 • n Varies ( Fig. 15) 

2 » n = 0.025 

3 £» n = 0.030 

4 a n = 0.035 

Fig 23 Delaware Estuary (Exponential Channel)-- Effect of non High 
and Low Water Planes 
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Trenton Miah Maul 

LEGEND » Manning's Coefficient 

I. • n Varies (Fig. 15} 

2. » n =0.023 

3. a n = 0.030 

4. o n » 0.035 

Fig. 25 Delaware Estuary (Exponential Channel) — Effect of non Maximum 
Tidal Velocities 

Miah Mauh Trenton 

LEGEND « Fresh Water Discharge 

1. 11,650 cfs at Trenton 

2. None 

3. 11,650 cfs at Trenton and 
8,600 cfs at Intermediate 
Points Along the Estuary 

Fig. 26 Delaware Estuary (1951 Channel) -- Effect of Fresh Water Discharge 
on High and Low Water Planes 
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Trenton Mlah Maull 

LEGEND1 Windspeed 

1. 4 0mph Northwestly Wind; 
M. S.L at Ocean Remains 
Unchanged 

2. Same as I, But M.S.L. at Ocean 
is Lowered by 1.0 ft. 

3. 37 mph Easily Wind, M.S.L. 

at Ocean Remains Unchanged 

4. Same as 3, But M.S.L. at 
Ocean is Raised by I.Oft.) 

Fig. 29 Delaware Estuary (1951 Channel)— Effectof Local Wind on High 
and Low Water Planes 

Miah Maull Trenton 

LEGEND* Wind Speed and 
Ocean Boundary 

1. a 40mph Norlhwestly Wind; 

M.S.L. at Ocean Remains 
Unchanged 

2. a Some as I, But M.SL. at 
Ocean is Lowered by 
1.0 ft. 

3 a 37mph Easterly Wind,MSL 
at Ocean Remains 
Unchanged 

4. • Same as 3, Bui M.SL. at 
Ocean Is Raised by 1.0 ft. 

Fig 30 Delaware Estuary (1951 Channel)- Effect of Local Wind on 
Time for High and Low Waters. 
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Trenton 
Miah Maull 

LEGEND- Wind Speed end 

Ocean Boundary 

'• A 40 mPh Norlhwestly Wind ; 
WS. L, at Ocean Remains 
Unchanged 

2. a Same as I. But M.S.L. at 
Ocean is Lowered by 
1.0 ft. 

3. o 37mph Easterly Wind.WS.L 

at Ocean Remains Unchanged 

4- • Same os 3, But M.S.L. at 
Ocean is Raised by 1.0 ft. 

Local Wind on 

LEGEND > Wind Speed and 
Ocean Boundary 

1. No Wind 

2. 40mph Northwesterly Wind; 

M.S.L. al Ocean Remains 
Unchanged 

3. Same as 2, But M.S.L. at 
Ocean is Lowered by 
1.0 fl. 

4 37 mph Easterly Wlnd.MâL. 

at Ocean Remains Unchanged 

5. Same os 4, But M.S.L. at 

Ocean is Poised by 1.0 fl. 

rig 
Me,E»Uary ('951 Channel>-- T/dal Elevations at 34 

from Miah Maull under Various Conditions of Local Winds 



Trenton Miah Maull 

LEGEND' 

1. 1951 Channel 

2. 1932 Channel 

3. 1951 Channel, deepened 

21ft. above Philadelphia 

Fig. 33 Delaware Estuary — Effect of Deepening on High and 
Low Water Planes 

Miah Maull Trenton 

LEGEND' 

1. 1951 Channel 

2. 1932 Channel 

3. 1951 Channel, deepened to 

21 ft. above Philadelphia 

Fig. 34 Delaware Estuary — Effect of Deepening on Time for 
High and Low Water Planes 
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Trenton Miah Maul 

LEGEND 

Deepening of Channel 

I o 1951 Channel 

2 □ 1932 Channel 

3 a 1951 Channel Deepening 

to 21 ft. above Philadelphia 

Fig. 35 Delaware Estuary - Effect of Deepening on Maximum Tidal Velocities 
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the estuary only, i.e., over the first 35 miles above Miah Maull. It is 

found that simultaneous rises and falls of the planes of high water and 

lew water (Fig. 29) occur. There are negligible changes in tidal ranges, 

time of high water and low water and the shapes of tidal curves along 

the estuary. Additional calculations were made assuming that there are 

changes of mean water level at Miah Maull associated with the storms, 

while the corresponding tidal curve retains its sinusoidal shape. Under 

these conditions changes in time of high water and low water occur (Fig. 

30), as well as small changes in tidal ranges (Fig. 29); however, there 

are no basic changes in the tidal velocity (Fig. 31) or in the shapes of 

tidal curves (Fig. 32). Therefore, changes in the shapes of tidal curves 

as observed by Zeskind and Lâcheur (1926) must come from the deviation 

of the ocean tide from the sinusoidal form assumed in the solution. It 

is concluded that correct predictions of tidal conditions under extreme 

tides rely largely on the accuracy of the information concerning the tidal 

curves under such circumstances at the ocean entrance, i.e., the ocean 

boundary condition. 

6.1.7 Effect of Changes in Channel Geometry 

Lastly, the effect of changes in the geometry of the estuary have 

been studied. In addition to the proposed schematization for the 1932 and 

1951 conditions (Figs. l4a, b and c), a hypothetical schematization, assuming 

^ that the estuary is deepened to 21 ft. (over the full effective width) 

above Philadelpl a, is included. The results obtained show that 

the deepening of a tidal channel due to dredging will, in general, lead 

to increases in tidal ranges (Fig. 33), earlier arrivals of high water and 

low water (Fig. 34) and increases in maximum tidal velocities (Fig. 35) 

along the channel. 

6.2 Savannah Estuary 

The Savannah Estuary is a partially mixed estuary, located on the 

east coast of the United States between the states of South Carolina and 

Georgia. It is classed as an open end estuary. Due to the comparatively 
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steep gradient of the channel bottom, its effective length as observed 

by field measurements is approximately 45 to 48 miles, depending on the 

upland discharge. The Savannah Harbor extends as far as 20 miles above 

the mouth and consists of a network of tidal channels as shown in Fig. 36. 

The present study is limited to the reach above the harbor area, which is 

assumed to consist of one main tidal channel only, i.e., the effect of 

all minor branches is neglected. 

6.2.1 Schematization 

The information available for schematization was a set of sound¬ 

ing maps based on the mean low water surface along the estuary, and a 

profile of the mean low water surface with respect to a reference datum. 

The average widths, b and b , and the average depths of water at the 
s 

sections defined by the grid for the computer solution, d, are estimated 

from the sounding map. Since the profile of the mean low water with 

respect to a reference datum along the estuary is known, the levels of 

the bottom with respect to the same reference datum can be deduced from 

the depths of water at the corresponding sections. Due to the limited 

time available, no transverse cross sections were plotted from the data 

shown on the sounding maps. 

Fig. 37 shows the proposed schematization of the Savannah Estuary 

starting from a point 20 miles above the entrance of the estuaty. The 

lengths of tidal channel considered are 25 miles for a fresh water dis¬ 

charge of 8,620 cfs and 27.5 miles for 5,800 cfs. The corresponding Axfs 

used are 2-1/4 miles and 2-1/2 miles. At is taken to be 298 seconds for 

both cases. All geometric and field data were supplied by the Savannah 

District, Corps of Engineers. A sinusoidal tidal curve having a range 

of 7.2 ft. is assumed at t;he downstream boundary for an upland discharge 

of 8,620 cfs, the corresponding tidal range is 7.8 ft. for 5,800 cfs at 

the upstream boundary. 

6.2.2 Manning Resistance Coefficient 

The values of n for use in the computer solution are found by 
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Fig. 36 Savannah Estuary - General Layout 
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Savannah Harbor River End 

Fig. 37 Savannah Estuary - Geometry of the 
Schematized Estuary 
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Savannah Harbor River End 

.05 - 

.04 

.03 

Reach with flow in both 
directions 

Reach with flow 
seawards only 

(mile) 

20 25 30 35 40 45 

Fig. 38 Savannah Estuary (8,620 cfs) - Manning's Coefficients 

Harbor End River End 

LEGEND- 
Prototyp« 

A Fresh Water Discharge of 
8,620 cfs at New Savannah 

Bluff Lock 

• Fresh Wafer Discharge of 

5,800, cfs at New Savannah 

Bluff Lock 

Computer Non-linear Solution 

- 8,620 cfs 

-5,800 cfs 

Fig. 39 Savannah Estuary - High and Low Water Planes far Different 
Fresh Water Discharges 
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Fig. 41 Savannah Estuary (8,620 cfs) - Maximum Tidal Velocities 

and Discharges, and Duration of Ebb Flow 
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Savannah Harbor River End 

LEGEND 

-Computer Soin. 

Fig. 42 Savannah Estuary (8,620 cfs ) — Tidal Elevations Approximately 
at Time 0, T/4, T/2, and 3T/4 

(ft.) 

LEGEND 

A Prototype 
-Computer 

Soin. 

V 

Fig. 43 Savannah Estuary (8,620 cfs)-- Tidal Curves for Tidal Velocity, 
Discharge and Elevation 
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matching the field data on tidal elevations at a fresh water discharge 

of 8,620 cfs. A resistance change from n = 0.044 to n = 0.033 appears 

to occur near the section (mile 34) at which the flood component of the 

tidal velocity disappears as shown in Fig. 38. Using these values of n, 

a close agreement was obtained between the computed solution and the field 

data as shown in Figures 39, 40 and 43. The agreement between computed 

and observed values at the fresh water discharge of 5,800 cfs is not as 

good as in the previous case. This is probably due to the crude trans¬ 

verse schematization which was used for this study. 

6.2.3 Tidal Characteristics 

Figure 41 shows the computed values of maximum tidal velocity, 

maximum discharge and the duration of ebb flow for this portion of the 

open end estuary. The upland discharge is not negligible when compared 

to the downstream tidal discharges, as in the case of the Delaware est¬ 

uary. Thus relatively small changes in the fresh water discharge cause 

significant changes in the downstream tidal characteristics. Instantan¬ 

eous water surface elevations computed at different times in the tidal 

cycle are shown in Fig. 42. 

6.3 Proposed Sea-Level Panama Canal 

After World War II, feasibility studies were made by the U. S. 

Corps of Engineers for a sea-level canal at Panama. A final report on 

sea-level canal model tests (Ref. No. 43) was submitted in 1948. A 

series of articles concerning various problems of the present and the 

proposed Sea-level Panama Canal (Ref. No. 28) were published in 1949. 

6.3.1 Schematization 

A general layout with typical cross sections of the proposed 

sea-level Panama Canal is given in Fig. 44. The geometric inputs are 

prepared from Fig. 44 with the exception that the Type C cross section 

is adopted, for simplicity, as the typical cross section throughout the 

Canal. The channel used for solution is 35.35 miles long. In accordance 

with the boundary condition for a sea-level canal it is divided into 
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12 equal segments of 2.95 miles each. At is equal to approximately 

344 seconds. Sinusoidal ocean tides are assumed at both ends. The 

various ocean tidal boundary conditions which are similar to those 

performed in the hydraulic model studies are summarized in Table II. 

In the hydraulic model, It was decided to adopt a Manning's 

coefficient of 0.024 (Ref. No. 28). Since the schematized canal is 

of constant cross section, better agreement between results obtained 

from the hydraulic model tests and the computer solutions were found 

using a constant Manning’s coefficient of 0.025 (except for the case 

of a 6’ Pacific tide and a 1' Atlantic tide, where a value of 0.014 

was used). 

6.3.2 Tidal Characteristics of the Sea-Level Canal 

The computed and measured tidal elevations and velocities are 

shown in Figs. 45 and 46 for the case 1 (Table II) boundary conditions. 

The distribution of maximum tidal currents and discharges along the canal 

for the various boundary conditions is shown in Figs. 47 and 48. Tidal 

velocities versus time at both the Atlantic and Pacific ends are given 

in Figs. 49 (a) and 49 (b). The high and low water planes and the time 

of the maximum current along the canal are shown in Figs. 50 and 51. A 

summary of the computed values of the maximum tidal currents at both 

ends of the canal, for all the boundary conditions, is given in Table III. 

For comparison, the measured values obtained in the hydraulic model tests 

are tabulated and the agreement is very close. Computations made by the 

Pillsbury method and by Bakhmeteff's (Ref. No. 28) method are also tabu¬ 

lated. A significant factor is the economy and speed of acquiring the 

solutions by means of the non-linear, finite difference method. The 

compilation of the computer program by an IBM 360 - model 40 computer 

takes about I-I/2 minutes and the solution for each boundary condition 
takes an additional l-l/S minutes of computer time. 

6.3.3 Currents During a Ship Transit of the Canal 

The ease with which solutions to special problems may be obtained 

on the computer is demonstrated by calculations relating to the transit 

of ships through the canal. A ship is assumed to enter the canal from 
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Fig. 45 Proposed Sea-level Panama Canal (Case I ) — Tidal Elevations at Time 0, 
2, 3, 4, and 6 Hours, After High Water at Pacific Ocean 

Fig. 46 Proposed Sea-level Panama Canal (Case 1)-- Tidal Curves for 
Tidal Currents 
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pig 49a Proposed Sea-level Panama Canal (Cases 2-5Î Tidal Curves 
^ for Tidal Currents at Atlantic End (ch. 475 + 37) 
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Fig. 51 Proposed Sea-level Panama Canal — Time at Maximum Tidal Currents 
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Fig.55 Proposed Sea-level Panama Canal — Effect of Mannings Coefficient, n 
on Maximum Currents and Tidal Elevations ' 8 

-103- 

T
o

w
a

rd
s
 

P
a

c
if
ic
 

T
o
w

a
rd

s 
A

tl
a
n
ti
c

 



legend 

O Model (Ref. 28) 

-Computer Soin. 

Fig. 56 Proposed Sea-level Panama Canal (Case 1)-- Local Effect on Tidal 
Currents at Pacific Entrance to the Canal 

LEGEND 
Computer Solutions** 

o at Ch.319 +85 by 
Method of 
Characteristics 

a at Ch. 2186+ 16 by 
Method of 
Characteristics 

-bythe Explicit Scheme 

Fig. 57 Proposed Sea-level Panama Canal (Case la)--Comparison of Tidal 
Currents Between Results Obtained Through the Explicit Scheme 
and the Method of Characteristics 
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either end at a certain instant, T^, where, 

= time at which the ship enters the canal from the 

Pacific end 

T^2 = time at which the ship enters the canal from the 

Atlantic end. 

The time of 0 hr* is defined as the time at which the tidal elevation 

in the Pacific ocean is at mean sea level during a rising tide. The 

speed of the ship is assumed to be constant and the boundary conditions 

for the canal are for those for case 1. The actual speed of the ship, 

at any time, which is necessary to maintain the desired constant speed 

is the sum of the respective constant speed and the tidal current. The 

currents experienced by the ship during transit are shown in Figs. 52, 

53 and 54. 

6.3.4 Other Tidal Calculations 

The effect of arbitrary changes in the value of the resistance 

coefficient is shown in Fig. 55. Computed values óf tidal elevation 

and current are given for n * 0.025, 0.030, 0.040 and 0.050. The effect 

on the high and low planes is negligible; however, the tidal current is 

reduced by 50¾ for n = 0.050. A comparison of computed and observed 

(model) tidal currents near the Pacific entrance of the canal is shown 

in Fig. 56. 

An existing computer program designed for the solution of unsteady, 

open channel flow problems by the method of characteristics was modified 

to obtain a solution for the sea-level canal (case la). As shown in 

Fig. 57, the differences between the explicit scheme and the method of 

characteristics are insignificant. 

6.4 Cape Cod Canal 

The Cape Cod Canal is a sea-level canal located 50 miles south of 

Boston, Massachusetts, at the narrow neck of land joining Cape Cod to the 

mainland. The canal principally serves coastwise shipping to and from 

Boston and other coastal states south of Massachusetts. A complete 
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description of its case history was written by Allen (1952). 

6.4.1 Schematization 

A general layout of the canal with the cross sections used in 

the computer solution can be found in Fig. 58. 

Hydraulic model tests of the canal were carried out for the U. S. 

Corps of Engineers at the Massachusetts Institute of Technology in 1936 

(Ref. No. 42). The purpose was to investigate the feasibility of widening 

and deepening the Cape Cod Canal from a cross section of 170’ x 25’ to 

500' X 40'. Prototype measurements and data obtained from hydraulic 

model tests are used for the evaluation of the present study. The length 

of the canal in the computer solution is 38,035 ft., and an even number 

of segments are required. 

Since the depths of the canal are different for the two channels 

concerned. Ax and At are used as follows: 

For the 170' x 25' channel: 

Ax = 4,754 ft. (80 segments) 

At = 174.5 sec. 

For the 5001 x 40' channel: 

Ax = 6,339 ft. (60 segments) 

At = 163.2 sec. 

The end boundary conditions of ocean tides for the two different 

cases are obtained from the report on the model study and are shown in 

Figs. 59 and 60. Since the ocean boundary tidal curves are not sinusoidal, 

they are incorporated as discrete point inputs in the computer solution. 

6.4.2 Tidal Characteristics of the Cape Cod Canal, 

The computed high and low water planes and the time for high and 

low water for both cross sections are compared with model and field 

measurements in Figs. 61 and 62. It was found that the computer solutions 

were insensitive to the value of Manning's n, as in the case of the Panama 

Canal. However, a variation in n from 0.020 to 0.040 produces a large 

variation in the maximum tidal currents and discharge as shown in Fig. 63. 

Owing to the crude instruments available for velocity measurements in 

1936, only one maximum velocity was obtained for each channel. It is 

therefore difficult to choose the best value of n. However, n = 0.035 
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Fig. 59 Cape Cod Canal (1701 x25') Boundary Conditions 
(Tidal Curves for Elevation on Dec. 21, 1934; 
Tidal Period =l2.7hrs) 

Fig. 60 Cape Cod Canal (500'x 40') - Boundary 
Conditions (Tidal Curves Obtained from 
Ref. No. 42;Tidal Period = 12.42 hrs) 
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Buzzard Bay Cape Cod Bay 

Fig. 61 Cape Cod Canal -- High and Low Water Planes 

LEGEND 

a Prototype 

(Dec. 21,1934) 

o Hydraulic Model 
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I500,x40' Channel) 

Computer Soin. 

Cape Cod Boy Buzzard Bay 

LEGEND 

a Prototype 

(Dec. 21,1934) 

o Hydraulic Model 

(170'X 25'Channel) 

• Hydraulic Model 

(500'x 40' Channel) 

-Computer Soin. 

Fig. 62 Cape Cod Canal -- Time for High and Low Waters 
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Fig. 64 Cape Cod Canal - Tidal Curves for Tidal Elevations, at Different 

Time, In the Cana I 

110- 



LEGEND 

a Prototype 
(Dec. 21, 1934) 

o Hydraulic Model 

(170'X 25' Channel) 

• Hydraulic Model 

(500' X 40' Channel) 

-Computer Solution 
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Fig. 66 Cape Cod Canal (170' x 25'Î - Tidal Currents and Discharges 
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Fig. 67 Cape Cod Canal (500'x 40')- Tidal Currentsand 

Discharges 
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seems to result In the best agreement* On this basis, the other tidal 

characteristics shown in Figs, 64, 65, 66 and 67 were calculated. 

Some general conclusions regarding the effect of enlarging the 

cross section of the canal can be gained from the above calculations: 

(a) Due to the rise of the planes of high water and low water, 

the net gain in water depth available for navigation is not 

only the increase in depth due to deepening, but also an 

additional increase owing to the rise of mean water level 

throughout the tidal channel. 

(b) The maximum currents in the canal are increased after 

deepening. 

6.5 Chincoteague Bay 

Chincoteague Bay is a bar-built, tidal bay located in the State 

of Maryland on the east coast of the United States. The bay has two 

tidal inlets from the Atlantic Ocean — one at Ocean City and the other 

some 30 miles south at Chincoteague Inlet. The bay is geometrically very 

irregular as shown in Fig. 68 and has comparatively shallow depths of 

water. 

6.5.1 Schematization 

Geometric and field data were collected by Pritchard (L963) 

for the study of the salt balance and exchange rate in the bay. The 

schematization of the bay is shown in Fig. 69. 

The average cross section areas at mean low water for different 

zones, defined on the map (Fig. 68), are given in Ref. No. 34 . This 

data is used to estimate the average areas at mean low water at the 

sections defined by the grid for the computer solution. The average 

widths, b, are estimated from the map and are assumed to be equal to bQ. 

The average depths of water are computed from the average areas and 

the average widths obtained. The mean low water surface in the bay is 

assumed to be horizontal and the bottom profile is then defined by the 

average depths of water. The length of the reach for zone VII is taken 

to be longer than the distance between the partition lines at both ends 
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Fig. 69 Chincoteague Bay - Geometry of the Schematized Tidal Channel 
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of the zone. 

The boundary conditions are the same as those for a sea-level 

canal, hence an even number of segments are required. The input data 

are as follows. 

Total length *= 37 miles 

Ax *= 2.65 miles (14 segments) 

At » 324 sec. 

Mean tidal range at Ocean City * 3.4 ft. 

Mean tidal range at Chincoteague Bay s 3.8 ft. 

Both ocean tides are sinusoidal and there is no phase lag between 

them. Also, the mean sea levels at both inlets are the same. 

6.5.2 Tidal Characteristics of Chincoteague Bay 

Comparisons between the mean tidal ranges and the time of high 

water for the prototype and computer solutions were made to determine 

the variation of n throughout the waterway. The results are shown in 

Fig. 70, together with the tidal range and phase in Table IV and Fig. 71. 

It was not possible to reproduce the observed tidal elevations with a 

constant value of n in the bay. The values of n obtained are quite high, 

ranging from 0.040 to 0.090, this may be due to the fact that the average 

water depth is only 5 feet and that the southern portion of the bay is 

very irregular. 

The high and low water planes given in Fig. 72 show the rapid 

decay of tidal range inside the bay. The mean water surface inside the 

bay is always above M.S.L. Tidal velocities and discharges as functions 

of distance and time are shown in Figs. 73 and 74. The latter figure 

shows that, during a significant portion of the tidal period, the veloci¬ 

ties at different sections are in opposite directions. 

Tidal elevations throughout the bay at various times in the tidal 

cycle are shown in Fig. 75. The computed tidal velocities as a function 

of time at the two entrances to the Bay are shown in Fig. 76. During 

the computation of the velocity at Chincoteague Inlet it became evident 
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Chincoteague inlet Ocean City 

Fig. 71 Chincoteague Bay -- Time for High and Low Waters 

LEGEND 

o Prototype 

-Computer Soin. 

Ocean City Chincoteague Inlet 
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Chincoteague Inlet Ocean City 

Fig. 74 Chincoteague Bay - Tidal Velocities at 7.96 and 12.58 Miles 

from Ocean City 
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Fig. 76 Chincoteaque Bay - Tidal Velocities at Ocean City and Chincoteaque 
Inlet; and Tidal Variations in Elevation at 15.9 Miles from Ocean City 
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that there was some numerical instability near the time when the velocity 

reversed direction. The instability was reduced to an oscillation about 

the stable solution by reducing the time increment from At = 324 sec., 

to At = 263 sec., as shown in Fig. 76. 

6.6 W.E.S. Salinity Flume 

Tidal motion and salinity intrusion experiments have been 

conducted in a uniform rectangular flume at the W.E.S., Vicksburg, 

Mississippi. The flume has been used to study salinity intrusion in 

estuaries (Ippen and Harleman 1961). One end of the flume is connected 

to a large tidal basin in which sinusoidal ocean tides of various ampli¬ 

tudes can be produced. The opposite end of the flume terminates in a 

vertical wall. Tidal elevations and velocities were measured at selected 

points on the flume. A summary of the test data and an analysis based 

on the linear method of damped cooscillating tides has been given by 

Harleman and Ippen (1961). An analysis of two of the tests reported 

(No. 1 and No. 4) has been included in this report In order to compare 

the linear analysis with the non-linear, finite difference computer 

solution for situations in which the tidal amplitude is not small compared 

to the depth. 

6.6.1 Schematization 

The plastic flume has a length of 327 ft., measured from the 

tidal basin to the closed end. The width is 0.75 ft., and the depth to 

M.S.L. is 0.50 ft. The bottom of the flume is horizontal and the tidal 

period is 600 seconds for both tests. Other data are: 

(a) Test No. 1: 

Tidal range in the basin (sinusoidal) = 0.10 ft. 

(20% of mean water depth) 

Side wall roughness (l/4n plastic strips attached on 

2U centers to the vertical side walls) 

(b) Test No. 4: 

Tidal range in the basin (sinusoidal) = 0.20 ft. 

(40% of mean water depth) 

No roughness fetrips. 
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Hydraulic tests were made with a steady state discharge in the 

flume for the purpose of determining the Manning n value. The results 

for Test No. 1 were n = 0.020 and for the smooth flume (Test No. 4) 

n = 0.011. 

Since the flume represents a closed-end estuary, an odd number 

of segments are required for the schematization. The following values 

of Ax and At were chosen: 

Test No. 1 Test No. 4 

Ax = 25.2 ft (13 segments) 

At = 4 sec. 

Ax = 25.2 ft (13 segments) 

At = 6 sec. 

In the computer solution trials were made using several values 

of Manning n; best agreement with the measured characteristics was 

found for n = 0.021 for Test No. 1 and n = 0.012 for Test No. 4. These 

are very close to the values determined independently by steady state 

flow tests. 

6.6.2 Tidal Characteristics of the W.E.S. flume 

The comparisons between the laboratory measurements and the linear 

and non-linear solutions for surface elevations and tidal phase are 

given in Figs. 77, 78 and 79 (Test No. 1) and Figs. 84, 85 and 86 (Test 

No. 4). The agreement between the non-linear analysis and the measured 

values is much better than the linear analysis, especially for Test 

No. 4, which has a tidal range equal to 40% of the mean depth. 

A comparison of the measured and calculated tidal velocities 

is shown in Fig. 80 (Test No. 1) and Fig. 87 (Test No. 4). The labora¬ 

tory data shown by circles is the average centerline velocity. This 

is obviously higher than the average velocity for the entire cross 

section which is determined by the one-dimensional analysis. In Test 

No. 1 (Fig. 80) the experimental and calculated values agree well if 

the centerline velocities are reduced by a factor of 0.69. The 

corresponding factor is 0.85 for Test No. 4 (Fig. 87). These factors 

appear reasonable in view of the different roughnesses of the two 

tests. 
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Fig. 83 Vicksburg Flume (Tests Nos I and 4) - Duration 
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Additional comparisons between the measured and computer solu¬ 

tions for instantaneous tidal elevations are shown in Figs. 81 and 88. 

Calculated values of maximum tidal velocity and discharge along the 

flume are given in Figs. 82 and 89. The duration of ebb flow for both 

tests is also shown in Fig. 83. 

The results clearly show that the effect of the non-linearity 

in the tidal motion is magnified as the ratio of tidal range to mean 

water depth increases. 

6.7 Dominquez Channel 

The Dominquez Channel is a natural water course about 15 miles 

long. It carries surface runoff from an area southwest of Los Angeles, 

California, and discharges into the East Basin of the Los Angeles inner 

harbor. During heavy storms, the surface runoff exceeds the channel 

capacity and flooding occurs. In an effort to control flooding, it is 

proposed to improve the lower eight miles of the channel in order to 

increase its ability to carry storm water. Thus, a tidal channel with 

a closed end is created in the lower channel. Its geometry is as shown 

on Fig. 90 with other data as follows: 

Ax = 4844.A ft. (9 segments) 

At = 191.1 sec. 

Ocean tidal range = 3.8 ft. (sinusoidal) 

Discharge at closed end = 0 cfs. 

As the channel is at present under construction, field data 

are not yet available for comparisons. Figures 91 to 94 present the 

major results obtained from a computer solution. The following ob¬ 

servations may be made for a short closed-end tidal channel such as 

the Dominquez Channel: 

(2) The water surface in the channel rises and falls almost 

simultaneously with that in the ocean. There is a 

negligible time lag between the time of high water at 

the entrance and the end of the channel (Figs. 91 and 92). 
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Ocean End of channel 

Fig. 91 Dominquez Channel - High and Low Water Planes1, and Time for 
High and Low Waters 

Ocean ( End of channel 

Fig. 92 Dominquez Channel - Tidal Elevations Approximately at Time 
of T/8, T/2, 5T/8 and T 
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Oceon End of channel 

Fig. 93 Dominquez - Maximum Tidal Velocities and Discharges 
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(b) The maximum tidal discharges are reduced to 50% of those 

of the entrance at about mid-length of the channel while 

the maximum tidal velocities are reduced by a similar 

percentage at about three-quarters of the length of the 

channel from the entrance (Fig. 93). 

(c) All curves showing variations of tidal elevation throughout 

the channel retain the shape of a sinusoidal curve (Fig. 

94). Thus, no distortion in the tidal curve occurs along 

the channel. 
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Chapter 7 

Discussion and Conclusions 

It is concluded that the non-linear, finite difference method 

is the most satisfactory technique for solution of one-dimensional 

tidal hydraulic problems. The seven case studies in Chapter 6 have 

demonstrated the versatility of the method in both prismatic and irregular 

channels, in closed and open end estuaries and sea-level canals. The 

diagonal mesh computation method using an explicit scheme results in 

relatively simple computer programs and efficiency in computer time. 

Computer programs have been developed for closed-end estharies, open end 

estuaries and sea-level canals. 

The important features of the proposed method of solution are 

summarized in the following sections. 

7,1 Non-Linearity and Transient Characteristics 

The ability of the proposed method to incorporate the non¬ 

linear features of tidal motion has been demonstrated. The important 

non-linear characteristics are summarized below: 

1. There exists a gradual rise in the mean water surface of 

an estuary in the landward direction with respect to M.S.L. 

in the ocean, 

2. There is a progressive distortion of the shape of the tidal 

wave in the landward direction. 

3. The maximum flood tidal velocity is generally larger than 

the maximum ebb current except near the head of tide where 

the ebb velocity is dominant. 

4. The duration of ebb flow is generally longer than the dura¬ 

tion of flood flow. 

5. There may be a time lag between the time of maximum tidal 

velocity and the time of maximum discharge at a section. 

6. The non-linear effects increase as the ratio of tidal am¬ 

plitude to mean depth increases. 

7. Local wind effects may be incorporated into the solution. 
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The transient feature of the proposed method includes the ability 

to treat a continuous boundary tidal elevation record extending over 

many tidal cycles. The transient aspects have not been demonstrated 

in the case studies given in Chapter 6, owing to a lack of tidal data 

at the boundaries. The transient characteristics of the computer program 

have been illustrated by Harleman and Lee (1967) in recent studies on 

the inter-oceanic sea-level canal. 

7.2 Schematization, Initial and Boundary Conditions 

Canals and estuaries of any geometry may be schematized for a 

finite difference solution following the procedures outlined in Chapter 5. 

The solution of a tidal problem requires the specification of initial 

and boundary conditions. It is shown that the final solution is independent 

of the assumed initial conditions. Hence, the tidal elevation and discharge 

may be assumed to have initial values of zero. A quasi-steady solution 

is obtained by repeating the calculation until the differences between 

successive tidal cycles are negligibly small. Two boundary conditions 

are required; these may be specified as either tidal elevation or tidal 

discharge. The choice depends on the physical characteristics as discussed 

in section 5.3. When a tidal elevation versus time is specified as a 

boundary condition the tide need not be sinusoidal. 

7.3 Frictional Resistance 

In tidal estuaries, the Manning resistance coefficient is generally 

a function of x. Past records of tidal elevation may be used to determine 

the variation in the resistance coefficient in the case of existing estuaries. 

Prismatic channels and canals generally have constant resistance coefficients 

which are similar to those for steady state flow in a channel of similar 

roughness. In short sea-level canals, the resistance coefficient has 

little effect on the surface elevation; however, the effect on the magni¬ 

tude of the tidal current is large. 

7.4 Stability Criteria and Round-off Errors 

It is not possible to provide an exact stability criterion for an 

explicit, finite difference computational scheme which Includes non-linear 
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effects and frictional resistance. The inequality given by eg., 77, 

which determines the relationship between Ax and At, is an approximation 

for the frictionless case. Perkins (1968) has investigated the stability 

of finite difference methods, including a linear friction term and con¬ 

cludes that stability is affected by friction. Attempts have been made 

in the present study to find the largest At possible for a stable solution. 

The results are summarized in Table V, 

Thus, in view of the above facts, the stability criteria as 

recommended by (77) is by no means unique for a tidal channel of irregular 

shape with the friction effect being included in the solution. Table V 

clearly supports such a statement. Nevertheless, under any circumstances, 

a stable solution always exists. In the absence of a rigorous theory 

describing the stability of a numerical solution, it is necessary to 

begin by utilizing the inequality (77) as a rough guide, and thereafter, 

to find the largest At possible for a stable solution by trial and error. 

This is advantageous as, in association with the stability criteria, 

round-off errors always exist for any numerical methods. Violation of 

the stability criteria will lead to an unstable solution while, at the 

other extreme, too small a At may introduce undesirable round-off errors 

in the solution obtained. Also, too small a At will increase the computer 

time to obtain a solution. The increase is insignificant for one »olution, 

but its accumulation may become significant if many solutions of 

the same channel are to be obtained. 

In the case of the Delaware, the largest possible At for a stable 

solution has been found to be 621 sec. for the 1951 survey, while At should 

be equal to or less than 646 sec. according to inequality (77). If At 

is reduced to 476 sec. (23% reduction), the solutions obtained for the 

two different At appear to have negligible differences in the tidal 

elevations (about +0.2%) for practical purposes. 

In the case of Chiucoteague Bay, the computer indicates a stable 

solution with the largest possible At of 324 sec. (Table V). Subsequent 

examination of the velocity curve at the Chincoteague Inlet (Fig. 76) 
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reveals some instability. A reduction of At to 263 sec. (19% reduction) 

eliminates the zigzags on the curve, without introducing significant 

round-off errors. Therefore, it can be concluded that the round-off 

errors associating with the explicit scheme proposed in this report 

are insignificant. In any event, the magnitudes of round-off errors 

can always be detected empirically by using two different At while keeping 

all the other input data the same. 

Finally, as shown on Table V, different acceptable errors for 

tidal elevations leading to the decision of whether a quasi-steady 

solution has been obtained are used for different tidal channels. For 

practical purposes, it is unnecessary to have the error magnitude greater 

than 0.001 ft. However, the prototype studies reveal the fact that tidal 

elevations converge faster to a quasi-steady state solution than tidal 

discharges. Also, as the acceptable error decreases, the time consumed 

in the computer for each solution obtained increases as shown on Table V 

for the case of the Chincoteague Bay. Nevertheless, it is necessary to 

have the acceptable error smaller than the tolerable error for practical 

purposes, in order to minimize the corresponding error for tidal dis¬ 

charges in the solution obtained. 

7.5 Evaluation 

The outstanding advantage of the finite difference formulation, 

in the solution of one-dimensional tidal problems, is its applicability 

to a wide range of physical problems. The proposed method deals with 

the basic continuity and momentum equations and a high level of mathematical 

training in the solution of differential equations is not required. The 

boundary conditions are flexible and can be adapted to utilize the type 

of information which is available. In contrast to the multitude of 

analytical methods discussed in Chapter 4, the proposed explicit, finite 

difference method has the advantage of being able to treat both the 

simple and the complex tidal problem within the same general framework. 

There is little to be gained by developing computer programs for specialized 

and obsolete methods of analysis. 
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Some training in computer programming will obviously be required 

in order to utilize the proposed method. Fortunately competent advisors 

in this field are generally available and the engineer who lacks such 

ability can devote his primary attention to the important decisions 

regarding the input variables, and boundary conditions. 

Several important areas for additional study have been suggested 

by the present investigation: 

1. Extension of the one-dimensional, finite difference formulation 

to include tidal problems with multiple channel junctions as 

in the case of tidal delta networks. 

2. An extension of the non-linear, finite difference formulation 

to two-dimensional tidal motion, including the Coriolis 

term, for application in wide estuaries and tidal embayments. 
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APPENDIX I: PROCEDUEES USED K)R COMPUTATIONS AT END BOUNDARIES 

One of the features of a diagonal mesh discussed in the main report 

is that only Q or n is required to be defined along any one of the end boundaries. 

However, the dependent variable not defined along the end boundaries may turn out 

to be of practical significance for the practicing engineer; for example, the 

discharges and velocities at both ends of a canal when the ocean tides are defined 

as the end boundary conditions or the stage at the head of tide for a closed end 

estuary or canal where only fresh water discharge is defined. 

Procedures, which are in principle similar to the method of cubature, can 

be incorporated as supplements to the explicit solution as described in the following 

paragraphs. 

(A) End computation of discharge at both ends of a canal or 

the entrance to an estuary: 

Fig. 95(a) shows part of the rectangular grid adjacent to an end boundary 

along which n is defined and Q is to be computed. By means of linear interpolation, 

Vk+l can be determined from nr_1>k+1 and nr+1>k+1, and so thus from 

and ri-, , . 
r+l,k-l 

Over a duration of 2At, the continuity equation must be satisfied for the 

last (or the first) reach of length Ax. Therefore, assuming that the average width 

for the reach is 

b 
av 

1 
2 (br,t+br+l,t> (78) 

Then, for continuity: 
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r-l r M 

X 

Fig. 95a Details of the Operator used for Computations 
of Q at the End Boundary 

r-2 r-l r r*l 

Fig. 95b Details of the Operator used for Computations 

of rj at the End Boundary 
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CWV - 2ût 

= 2 (nr,k+l ” r'r,k-l) + (nr+l,k+l " nr+l,k-l) ' bav t ’ Ax 

b 

Qr+l,k = ^r,k + 4Ãx (r,r,k+l " nr,k-l) v (nr+lsk+l ” nr+l,k-l) (79) 

Similarly, for the other end of the estuary or canal: 

At- bav t 

Qr+l,k = Qr,k " ~4Âïï (nr,k+l " nr,k-X) + (nr+l,k+X " nr+l,k-l) (80) 

Eq. (80) is valid for the entrance to an estuary or a canal (i.e., the end 

boundary is at x = 0), while Eq. (79) applies to the end boundary when x = £, the 

length of the estuary or canal. 

(B) End computation of tidal elevation at head of tide for a 

closed end channel: 

The closed end boundary condition of an estuary is defined by the upland 

discharge included as a lateral inflow to the last reach with Qr+1 ^ equal to zero, 

while k *s always periodic (refer to Fig. 95b). Therefore, it is easy to 

realize that a very poor representation of Q , would be obtained through a linear 
r»K 

interpolation of Qr_1)k and Qr+ljk- 

If the continuity equation is applied over a duration of 2At to a reach 

of 2Ax instead of Ax such that q -,- and q i ^ i can obtained through linear 
r_±,KT± r”X,K™j. 

interpolations, then 
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• 2Ax •Qr+l,k + Qr-l,k • 2At = 2 (1r-l,k+l “ Vl.k-l5 + Arik br,t 

With Ank nr+1>k+1 - 

qr = lateral Inflow between (r-1) and (r+1) 

Thus, 

Arii 
2 At 

.Ax ^r+l,k + ^r-l,k + qr ^r-l, 
>c 

k+1 ^r-ljk-l 
(81) 

Eq. (81) enables one to find only the correct shape of the stage curve for 

the tidal elevation at the head of tide, but without proper reference to the datum 

used in the solution. However, the tidal flow into the last reach is equal to 

""^r+1 k + ^r-l,k* When it is equal to zero, the water surface at that par¬ 

ticular time should be at a slope equal to the hydraulic gradient due to a steady 

flow of qr in the last reach. Such a gradient, so, can be easily computed by 

using Manning's formula with u = C /Rs^. Thus, it is possible to assume that, 

at that particular instance, the tidal elevation at the head of tide should be 

equal to the tidal elevation of the (r-l)c section, say (no)r plus 2so Ax. 

With one point on the stage curve defined, the tidal elevations at any other time 

of the tidal cycle can then be obtained accordingly by Eq. (81). But, it should 

be pointed out that it is virtually impossible to find the time when the net 

flow is exactly equal to zero for a discrete type solution obtained by the 

explicit scheme. So it is necessary to make an approximation by using the time 

when it is closest to zero. 

The above procedures are meant to serve as first approximations only. 
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Owing to the application of the linear interpolation instead of an interpola¬ 

tion compatible with the non-linear solution, results obtained bear more of 

qualitative rather than quantitative significance. It is for this reason that 

these computations have been deleted from the main computer programs* 

1-5 
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APPENDIX II: USER'S MANUAL 

A. General Description of Computer Programs 

The computer programs on tidal hydraulics, developed during the present 

research, consist of the following: 

(a) Program No. 1 — for problems in connection with closed end estuaries 

and.canals. 

(b) Program No. 2-- for problems in connection with estuaries without a 

natural or artificial barrier at the river end. 

(c) Program No. 3 — for problems in connection with natural channels or 

man-made canals connecting two bodies of water. 

The basic differences among the three lie in the treatment of boundary 

conditions. Along any boundary, at either end of an estuary or a canal, either the 

total discharge across the boundary per unit time or the tidal elevation needs to 

be defined. Under normal circumstances, the requirements for defining the boundary 

conditions are as follows: 

Ocean End 

Program No. 1 H 

it 2 H 

ti 
3 H 

River End 

(or the other end for Total Number "Nmax" 

^ Program No. 3)_of Reaches_ 

FQ(fresh water discharge odd ~^dd 
if any), Q = 0 

Q (River Flow) odd odd 

H even odd 

In order to become general programs applicable to both natural tidal 

channels or man-made canals, the programs have been constructed to deal with channel 

geometry as follows: 

(a) Geometry of irregular shape for estuaries 

(b) Geometry of prismatic type 

II-l 
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(1) Rectangular channel of constant width for canals or long docks 

(2) Trapezoidal channel for canals 

(3) Rectangular channel of exponentially varying width for estuaries. 

The feature of rectangular channel of exponentially varying width has been 

deleted for Program No, 2 and 3, as it rarely exists in reality for those 

cases. 

The programming language used was Fortran IV - E-level subset and the com¬ 

puter programs were developed for the use of an IBM 360 Model 40 or 65 computer. 

But, they are equally applicable also if either F-level or G-level compiler is used 

instead. 

Since the formulation concerns basically second order partial differential 

equations of hyperbolic type, which is similar to that for flood wave problems in 

rivers, it is expected that Program No. 2 can be extended with minor modifications 

to solve flood wave propagation problems in a river. 

The computer programs were constructed with input data fully documented 

to avoid confusion among different runs. The programs were incorporated with 

capacity of producing both a quasi-steady state solution and transient solutions. 

In the case when transient solutions are to be obtained, a quasi-steady solution 

is first acquired to generate the initial conditions necessary for obtaining the 

subsequent solution. With proper instructions given to the computer, the programs 

can solve infinite numbers of different cases after a single compilation of the 

main program, subject only to the operating rules of the computer used. 

In addition to the main programs, a separate plotting program written for 

use on an IBM 1130 computer with a Calcomp plotter has been included to provide 

graphical outputs, if so desired. The inputs to the plotting program are the card 

punch outputs obtainable from the main programs. 
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B, Flow Chart Showing the Logic of the Computer Programs 

(The following flow charts show the logic of the main programa,) 

(Note: Minor discrepancies exist between the flow charts and the 

listing of main programs due to latest changes made on the 

computer programs.) 

•Progrun No. 3 Only 

FLOWCHART FOR MAIN PROGRAM (SHEET I) 
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‘•Program Ho. 1 Only 

FLOW CHART FOR MAIN PROGRAM ( SHEET 2) 
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MISCELLANEOUS PATA 

PLOTTING PROCRAM DATA 

FLOW CHART FOR MAIN PROGRAM (SHEET 3) 
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**Prograa No. 3 Only 

FLOW CHART FOR MAIN PROGRAM (SHEET 4) 
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C. Listings of Main Programs 
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——grief Discussiona on Preparation of Input Data 

Choice of Ax and At: 

The choice of Ax and At are governed by the following three criteria: 

(1) The nature of the tidal problem to be solved. 

(2) The size of computer storage available for the particular computer used 

(3) The stability criteria necessary to guarantee a stable solution 

(Equations 76 and 77). 

Since the objective is to obtain a meaningful solution, the first criterion 

is no doubt the most important one. However, the nature bf an explicit scheme is 

such that Ax is more critical than At for practical problems. Under normal circum¬ 

stances, the computer programs will provide solutions at an interval of 2At which 

is smaller than that required for practical problems. 

After the approximate magnitude of Ax has been chosen according to the 

nature of the problem, the second and third criteria will assist the engineer to 

decide whether the particular computer chosen by the engineer is capable of hand- 

ling the problem or not. 

It is necessary to limit the present discussion to a fairly general manner 

as the nature of each tidal problem varies considerably from one to another. An 

example showing how the magnitudes of Ax and At have been determined in the case 

of the proposed sea-level Panama Canal is given in Appendix VII of Reference No. 18. 

L 

Preparation of Geometric Data 

For natural tidal channels, the geometry of irregular shape should normally 

be adopted. However, in case of an estuary such as the Delaware Estuary, it is 

possible to simplify the preparation of the geometric data by assuming that the 

tidal channel possesses the geometry of a rectangular channel of exponentially vary¬ 

ing width. For the geometry of irregular shape, the method of schématisation has 
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been discussed in detail in Chapter 5. For the geometry of prismatic type, all 

geometric data are fully defined by construction drawings or assumptions made in 

the simulation of channel geometry. 

i 
r 

Initial Condition Data for Quasi-Steady Solution 

The initial condition data along the tidal channel for transient solutions 

are generated from a quasi-steady state solution, while those for the quasi-steady 

state solution are assigned in the computer programs as follows: 

These imply that the plane of water surface as defined by the geometric data 

of (d + zq) is assumed to be the initial water surface along the tidal channel and 

the outputs of n obtained for the solution should always be referred to this initial 

water surface as the reference datum. 

Boundary Condition Data 

Three possible sources are available for defining the tidal elevation at 

the ocean end as the boundary condition data: 

(1) Harmonic analysis of ocean tide 

(2) Actual field data 

(3) Measurements made in a hydraulic model or readings from tide table. 

All three computer programs have provisions allowed to incorporate the 

boundary condition data obtained from the sources stated above. 

Discharges per unit time at the river end can be determined either by 

measurements made at the overflow weirs upstream or the hydrograph obtained through 

other appropriate means. 
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For a quasi-steady solution, the boundary condition data need to cover 

the duration of one tidal cycle only. For a transient solution, it is necessary 

to have continuous boundary condition data up to the time where the transient 

solution is expected to end. The data covering the first tidal cycle of the con¬ 

tinuous records are used for generating the quasi-steady solution prior to the 

execution of the subsequent transient solution. 

Other Physical Data 

The most important physical data are the Manning's resistance coefficient. 

The space-dependency of the Manning's resistance coefficient along a long estuary 

has been demonstrated in the prototype studies described in Chapter 6. Due to the 

reversing-flow characteristics which are typical of tidal flows, the Manning resis¬ 

tance coefficients for tidal channels appear to be higher in magnitudes than those 

under a uni-directional flow condition, such as the flow in a river. Past experience 

seems to indicate that they range from 0.02 to 0.05 for a tidal channel of average 

depth varying from 20 to 50 feet. 

If sufficient field measurements of tidal elevations at various points 

along a tidal channel are available, it is possible to determine the Manning’s 

resistance coefficients by trial and error through fittings of computer outputs 

with the field measurements. However, it must be pointed out that it would be 

infeasible to do so if the frictional effect is found to be insignificant in a 

tidal channel whose channel length is comparatively smaller than the tidal wave 

length. 

. Wind velocities and directions can be obtained through the use of wind 

gauges. Unfortunately, not much research has been made in the past on the deter¬ 

mination of wind resistance coefficients under prototype conditions. Intelligent 

use of laboratory data is needed. However, except for the study of extreme 
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conditions such as those under hurricanes or gust conditions, the wind effect on 

tidal propagation in an estuary or canal is expected to be insignificant. 
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E. Input Data Format 

I 

I 
i 
j, 

f 

f 

, 

•- 
K 

(The following tables are included to show the order of input data 

cards as well as their formats used for all three main programs.) 

Input Format for General Program #1 

Type of Data_Content of Card Format No. of Cards 

Title Cards 

Initial Data 

Geometric Data 

Case=l 

Case®2 

C*se"3 

Case-4 

Miscellaneous Data 

Punch Parameters 

Boundary Data 

CLASSA=1 

CLASSA=2 

NTRANS> 0 

Title //1 

Title //2 

JMAX 

NMAX 

CHLEN 

CASE 

TCOM 

8 OH 

8 OH 

13 

14 

F12.3 

13 

F10.3 

1 
1 
1 
1 
1 
1 
1 

J,D(J),Z0(J),B(J) 

J,D(J),ZO(J),B(J),BS(J) 

SLOPE 

J,D(J),ZO(J),SS(J),BB(J) 

KB 

BO 

J,D(J),ZO(J) 

EH 

ROUGH 

WEND 

GAMMA 
J,MANCO(J),FQ(J),V(J),PHI(J) 

NPUN 

PTEM(J) 

CLASSA 

LMAX 

NTRANS 

H(N,L)- 

AMP(L)/T(L) 

H(N,1) 
FQ(JMAX) 

10X,2F10.5,F10.1 JMAX 

10X,2F10•5,2F10.1 JMAX 

13 1 
10X,4F10.5 JMAX 

E10.3 1 

F10.5 1 
10X,2F10.5 JMAX 

F10.7 1 

13 1 

13 1 

E10.4 1 

IOXjFIO.7,F10.3,2F10.7 JMAX 

13 1 
2613 NPUN 

13 1 

13 1 

13 1 

5F.10.5 NMAXH/10 

F12.3/F12.3 2LMAX 

5F10.5 NMAXH/10 

F12.4 1 

(Note: Repeat last two sets of data cards 

for each transient cycle.) 
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KU «Ul 

Input Format for General Program //2 

* ¿ 
f Type of Data 

Title Cards 

Initial Data 

Geometrie Data 

Case=l 

€386=2 
Case=3 

Content of Card Format 

Miscellaneous Data 

Punch Parameters 

Boundary Data 

CLASSA=1 

CLASSA=2 

TRANS»0 

Title //1 

Title //2 

JMAX 

NMAX 

CHLEN 

CASE 

TCOM 

J,D(J),ZO(J),B(J) 

J,D(J),Z0(J),B(J),BS(J) 

SLOPE 

J,D(J),Z0(J),SS(J),BB(J) 

8 OH 

8 OH 

13 

14 

F12.3 

13 

F10.3 

10X,2F10.5,F10.1 

10X,2F10.5,2F10.1 

13 

10X,4F10.5 

EH 

ROUGH 

WEND 

GAMMA 

FIO. 7 

13 

13 

E10.4 

No. of Cards 

J,MANCO(J),FQ(J),V(J),PHI(J) 10X,F10.7,F10.3,2F10.7 

NPUN 

PTEM(J) 

QEND 

CLASSA 

LMAX 

NTRANS 

HiNjlJ-initial data 

AMP(L)/T(L) 

H(N,1)- 

QEND 

13 

2613 

F12.4 

13 

13 

13 

5F10.5 

F12.3/F12.3 

5F10.5 

F12.4 

(Note: Repeat last two sets of data cards 

for each transient cycle.) 

1 
1 
1 

1 

1 

1 

1 

JMAX 

JMAX 

1 
JMAX 

1 

1 

1 

1 

JMAX 

1 
NPUN 

1 

1 

1 

1 

NMAXH/10 

2LMAX 

NMAXH/10 
1 
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Input Format for General Program //3 

Type of Data 

Title Cards 

Initial Data 

Geometric Data 

Case=l 

Case=2 

Case=3 

Miscellaneous Data 

Punch Parameters 

Boundary Data 

ClassA=l 

CLASSA=2 

CLASSB=1 

CLASSB=2 

NTRANS>0 

Content of Card Format No. of Cards 

Title //1 

Title //2 

JMAX • 

NMAX 

CHLEN 

CASE 

TCOM 

80H 

80H 

13 

14 

F12.3 

13 

F10.3 

1 

1 

1 

1 

1 

1 

1 

J,D(J),ZO(J),B(J) 

J,D(J),Z)(J),B(J),BS(J) 

SLOPE 

J,D(J),ZO(J),SS(J),BB(J) 

EH 

ROUGH 

WEND 

GAMMA 

J,MANCO (J),FQ(J),V(J),PHI(J) 

NPUN 

PTEM(J) 

CLASSA 

CLASSB 

PHAD1 

LMAX 

LMAXL 

NTRANS 

CONDI 

H(N,1) 

AMP (I) /T (L) 

H(N,JMAX) 

AMPL(L)/TL(L) 

H(N, 1) 

H(N, JMAXH) 

10Y, 2F10.5, F10.1 

10X,2F10.5,2F10.1 

13 

10X,4F10.5 

F10.7 

13 

13 

E10.4 

lOX.FlO.y.FlO.S^FlO.? 

13 

2613 

13 

13 

13 

13 

13 

13 

13 

5F10.5 

F12.3/F12.3 

5F10.5 

F12.3/F12.3 

5F10.5 

5F10.5 

(Note: Repeat last two sets of data cards 

for each transient cycle*) 

JMAX 

JMAX 

1 

JMAX 

1 

1 
1 
1 
JMAX 

1 

NPUN 

1 

1 

1 

1 

1 

1 

1 

NMAXH/10 

2LMAX 

NMAXH/10 

2IJMAXL 

NMAXH/10 

NMAXH/10 
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T 

F. Sample Input Data 

(For main program No. 3 only) 

TIDAL COMPUTATIONS IN 
CASE 79, GEOMETRY VM- 

017 
161 

45.0 
002 
45180.0 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 

• 001 
001 
001 

0.260E-02 
l 

PROPOSED SEA LEVEL CANAL — EXTREME TIDE 
C, 45 MILES, CONV. CHANNEL, 20-MILE PASSING ZONE, N • 025 

55.50000 
55.78125 
56.06250 
56.34375 
56.62500 
56.90625 
57.1875 
57.46875 
57.75000 
58.03125 
58.31250 
58.59375 
58.87500 
59.15625 
59.43750 
59.71875 
60.00000 

l 
l 
1 

50000 711. 
21875 711. 
93750 712. 
65625 712. 
37500 713. 
093751383. 
812501428. 
,531251429. 
,250001431• 
»968751432• 
»687501433. 
,406251383. 
,12500 717. 
,84375 71B. 
.56250 718* 
,28125 719. 
.00000 720. 

00000 655.50000 
56250 655.78125 
12500 656.06250 
68750 656.34375 
25000 656.62500 
233701269.42120 
750001314.37500 
875001314.93750 
000001315.50000 
125001316.06250 
250001316.62500 
517101266.32960 
75000 658.87500 
31250 659.15625 
87500 659.43750 
43750 659.71875 
00000 660.00000 

8 
9 
10 
11 
12 
13 
14 
15 
16 
17 

025 
025 
025 
025 
025 
025 
025 

.025 
,025 
,025 
,025 
,025 
,025 
.025 
.025 
.025 
.025 

006 
001 
002 
005 
007 
008 
009 02 OB 16 
001 
001 
000 
000 
000 

0 

0 
0 
0 
0 
0 
0 

OrfO 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0 
0 

0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
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I 

i 
r 
I 

i 

i 

s 

? 

i 

I 

i 
£; 

002 
002 
-1.80 
2.05 
5.AO 
8.30 
10.00 
10.B5 
9.90 
7.70 
5.00 
1.55 
-1.70 
-5.20 
-8.10 
-9.15 
-8.80 
-5.95 
-1.80 
.70 
.63 
.40 
• 19 
• 05 
-.03 
-.20 
-.23 
-.22 
-.17 
-.06 
• 09 
.25 
.43 
.55 
.65 
. 70 
-1.80 
1.90 
5.60 
8.50 
10.10 
10.90 
9.70 
7.35 
4.50 
.70 
-3.30 
-6.25 
-8.30 
-9.00 
-7.40 
-4.20 
0.0 
.70 
.68 
.62 
.57 

-1.00 
2.80 
6.05 
8.80 
10.20 
10.90 
9.50 
7.10 
4.35 
0.80 
-2.45 
-5.80 
-8.45 
-9.20 
-8.50 
-5.10 

.69 

.60 

.37 

.18 

.03 
-.05 
-.21 
-.25 
-.21 
-.16 
-.03 
.15 
• 30 
.45 
.57 
.65 

-1.05 
2.80 
6.25 
9.00 
10.30 
10.80 
9.25 
6.80 
3.00 
-.10 
-4.05 
-6.70 
-8.50 
-8.90 
-6.90 
-3.40 

.70 

.65 

.61 

.57 

-0.20 
3.55 
6.70 
9.10 
10.40 
10.75 
9.10 
6.65 
3.70 
0.25 
-3.20 
-6.45 
-8.80 
-9.15 
-8.20 
-4.35 

• 68 
.57 
.35 
. 14 
.01 
-.07 
-.21 
-.25 
-.20 
-.16 
0.0 
• IT 
.35 
.47 
.60 
.67 

-0.20 
3.55 
6.90 
9.35 
10.50 
10.65 
8.80 
6.25 
3.10 
-.85 
-4.60 
-7.10 
-8.70 
-8.60 
-6.40 
-2.65 

.70 
• 65 
.60 
.56 

0.55 
4.3U 
7.25 
9.40 
10.60 
10.60 
8.65 
6.20 
3.00 
-0.30 
-3.90 
-6.90 
-8.95 
-9.10 
-7.50 
-3.60 

.67 

.55 

.30 
• 10 
.01 
-.10 
-.22 
-.26 
-.19 
-.15 
.01 
.20 
.37 
.50 
.63 
• 68 

0.42 
4.30 
7.45 
9.70 
10.60 
10.50 
8.35 
5.70 
2.30 
-1.60 
-5.20 
-7.50 
-8.90 
-8.30 
-5.70 
-1.90 

.70 

.65 

.59 

.56 
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1.30 
4.85 
7.80 
9.70 
10.80 
10.25 
6.30 
5.60 
2.30 
-1.00 
-4.60 
-7.50 
-9.10 
-8.95 
-6.80 
-2.70 

.65 

.47 

.25 

.07 
• 0 
-.15 
-.22 
-.24 
-.10 
-.11 
.03 
• 23 
.40 
.53 
• 64 
• 69 

1.16 
4.95 
8.00 
9.90 
10.80 
10.10 
7.90 
5.10 
1.50 
-2.65 
-5.80 
-7.90 
-9.10 
-7.95 
-5.00 
-.95 

.70 
• 63 
• 58 
.55 
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• 55 
• 39 
.20 
.02 
-.15 
-.21 
-.20 
-.17 
-.02 
• OB 
.15 
.18 
.22 
0.00 
4.15 
7.40 
9.BO 
11.10 
11.30 
9.60 
7.05 
3.90 
-.15 
-3.90 
-6.80 
-9.20 
-9.20 
-7.50 
-4.60 
.0 
.22 
.25 
.30 
.20 
.10 
-.01 
-.18 
-.19 
-.15 
-.03 
• 04 
.17 
.25 
.42 
.55 
.65 
.70 

.53 

.38 
• 19 
-.02 
-.1/ 
-.22 
-.19 
-.15 
-.01 
.10 
• 16 
.19 

1.00 
4.90 
7.90 
10.20 
11.25 
11.20 
9.10 
6.50 
3.15 
-1.00 
-4.55 
-7.30 
-9.40 
-9.00 
-7.00 
-3.60 

.23 

.26 
• 28 
.18 
.07 
-.02 
-.19 
-.18 
-.13 
0.0 
.07 
• 18 
• 28 
.43 
.58 
• 66 

.50 

.34 
• 18 
-.04 
-.20 
-.22 
-.18 
-.13 
0.0 
.11 
.17 
.19 

2.00 
5.55 
8.40 
10.45 
11.40 
10.90 
8.60 
5.85 
2.40 
-1.75 
-5.20 
-7.75 
-9.60 
-8.60 
-6.50 
-2.60 

.24 
• 28 
.25 
.17 
.05 
-.06 
-.20 
-.17 
-.10 
.01 
• 10 
.19 
• 30 
.46 
.60 
.67 

.45 

.30 
• 12 
-.07 
-.20 
-.22 
-.18 
-.10 
.03 
.12 
.17 
.20 

2.65 
6.20 
8.90 
10.70 
11.50 
10.60 
8.10 
5.20 
1.55 
-2.50 
-5.75 
-8.20 
-9.50 
-8.20 
-5.85 
-1.60 

.24 

.30 

.24 
• 16 
.02 
-.10 
-.21 
-.16 
-.07 
• 01 
• 13 
.20 
.35 
.50 
.63 
• 68 
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• 40 
.25 
.05 
-.il 
-.20 
-.21 
-.18 
-.06 
o05 
.13 
• 18 
.21 

3.30 
6.80 
9.40 
L0.90 
11.40 
10.00 
7.60 
4.55 
0.70 
-3.20 
-6.30 
-8.70 
-9.40 
-7.85 
-5.20 
-0.80 

• 24 
• 30 
• 22 
.13 
0.0 
-.14 
-.20 
-.15 
-.05 
• 03 
• 15 

♦ •23 
• 40 
.53 
.65 
.69 
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G. Brief Discussions on Output Data 

Implications Due to One-Dimensional Formulation 

It is important for the engineer to perceive that all outputs obtained 

from the computer programs represent AVERAGE values for the complete cross section 

extending over the reach concerned. It implies that the effects due to local varia¬ 

tions in the geometry of the tidal channel within any particular reach cannot be 

reflected in the solution, while, actually, the velocity may vary from point to point 

within that particular reach of tidal channel. Also, the solution does not give 

the bottom velocity which is critical for the sediment transport processes. There¬ 

fore, any attempt in correlating the average tidal velocity with the sediment move¬ 

ments at the bottom of the tidal channel should not be made. In other words, the 

density current effect in the case of a stratified estuary has not been correctly 

reproduced. 

Compatible Field Instrumentation for Determination of Manning 

Resistance Coefficient 

The format of output calls for a field instrumentation scheme which is 

necessarily different from the current practices adopted by hydraulic engineers. 

At present, tidal gauges are installed along a tidal channel only at points of 

interest to the hydraulic engineers. However, in order to provide with better 

field measurements for the determination of Manning resistance coefficients in an 

existing tidal channel by computer solutions, it is necessary to install tidal gauges 

at regular intervals as specified by the magnitude of 2Ax. Until such compatible 

field instrumentation has been implemented, the full potential of the computer pro¬ 

grams could not be exploited. Similarly, this is also true of instrumentation in a 

hydraulic model study. 

• .r;. , 
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I. Plotting Program 

The plotting program is written for an IBM 1130 computer. The language 

of the program is 1130 Fortran V. The computer must have a Calcomp plotter 

and plotting subroutines in its library. The plotter may be either the large model 

or small model of Calcomp type. 

The user specifies the scales of the graphs to be plotted on a scale para¬ 

meter card (see input format). It is the userTs responsibility to insure that the 

initial pen setting and scales do not cause the plotter to exceed its limits. 

The initial pen position should be at center of the graph paper on the Cal¬ 

comp plotter. The flow chart, complete listing of the computer program, and sample 

input data are presented in Section J. A sample output giving six typical output 

graphs obtainable from this plotting program (see also Ref. No. 18) ..s included in 

this section. 

The following are the nine different types of graphical outputs obtainable 

from the plotting program; 

Graph Number Description 

1 Values and time of maximum and minimum tidal 

elevation versus distance along the channel. 

2 Tidal elevation versus distance along channel 

for values of time at 1.5 hour intervals start¬ 

ing at t - 0. 

3 Tidal elevation vs. time at given stations. 

4 Same as 1 for discharge. 

5 Same as 2 for discharge. 

6 Same as 3 for discharge. 

7 Same as 1 for velocity 

8 Same as 2 for velocity. 

9 Same as 3 for velocity. 
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The input format is as given in the following table: 

Type of Data _Content of Card_Format No, of Care 

Formating Parameters SHl,SQX,SVI,SXI,STI,XX,YY,PPl,SPl,PP2,SP2 5F10.5,2I5,4F5.2 1 

H,Q and/or U value 

input data cards These cards are obtainable as card outputs punched by main programs. 

i 

i 

j 
The following is a list of important symbols used in the plotting program: 

i 

SHI Tidal elevation scale - ft/inch j 

SQI Discharge scale - cfs/inch j 
SVI Velocity scale - knots/inch J 

SXI Distance scale - miles/inch 

STI Time scale - hours/inch | 

XX Length of x-axis of graph - inches f 

YY Length of y-axis of graph - inches 

PP1 Distance from x-axis to top line of printing - inches 

SP1 Size of lettering of top line of printing - inches 

PP2 Distance from x-axis to second line of printing - inches 

SP2 Size of lettering of second line of printing - inches 

The following list explains the legend used for the graphs: 

On Graphs 1, 4, and 7: 

V Maximum elevation, discharge or velocity 

<3 Time of maximum elevation, discharge or velocity 

A Minimum elevation, discharge or velocity 

t* Time of minimum elevation, discharge or velocity 
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On Graphs 2, 5» and 8: 

Symbol 

+ 

X 

V 

<1 

A 

> 

$ 

Time after beginning of tidal period 

0 hours 

1-1/2 hours 

3 hours 

4-1/2 hours 

6 hours 

7-1/2 hours 

9 hours 

10-1/2 hours 

12 hours 

On Graphs 3, 6, and 9: 

The station number is indicated along the y 
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and J. Flow Chart, Listing of Program, and 

Sample Input for Plotting Program 

FLOW CHART FOR PLOTTING PROGRAM 

11-104 

!>; 4, i.>lî'-'S-| «ètlNliù 

y' ■' . ■' -1, J|[J. V.ï. Æ^ÆiL 



O
U

O
O

O
O

O
O

O
O

C
J
O

O
O

O
O

 

L7.STIN3 OF PLOTTI'JO PROGRAM 

(Applicable for 1130 Computer Only) 

GENERAL PLOT ROUTINE FOR TIDAL COMPUTATION OUTPUT 
THIS ROUTINE HILL PLOT NINE TYPES OF GRAPHS - IDENTIFIED BY NUMBER 
1— HMAX AND TIME OF HMAX VS. DISTANCE 
2— H VS. DISTANCE AT 1.5 HOUR INTERVALS 
3— H VS, TIME AT SELECTED STATIONS 
4— QMAX AND TIME OF QMAX VS- DISTANCE 
5— Q VS. DISTANCE AT 1.5 HOUR INTERVALS 
6— Q VS. TIME AT SELECTED STATIONS 
7— VMAX AND TIME OF VMAX VS. DISTANCE 
8— V VS. DISTANCE AT L.5 HOUR INTERVALS 
9— V VS. TIME AT SELECTED STATIONS 
INPUT COMES DIRECTLY FROM THE 360 EXCEPT FOR THE SCALE CARD 
SCALES INDICATE NUMBER OF UNITS PER INCH ON THE GRAPH 
XX-LENGTH OF X AXIS IN INCHES YY-LENGTH OF Y AXIS IN INCHES 
PPÎ AND PP2 GIVE THE STARTING POSITION OF THE TWO TITLE LINES 
SPI AND SP2 GIVE THE SIZE UF THE PRINTING IN THE TITLE LINES 
INTEGER A.B 
INTEGER XX»YY 
DIMENSION ITEM(60»26) 
DIMENSION UllOOO) 
DIMENSION VI60»14) 

1004 FORMAT (5F10.5,215,4F5.2I 
C A« READER UNIT NUMBER B* PLOTTER UNIT NUMBER 

A-B 
C A« INPUT UNIT NUMBER B* PLOTTER UNIT NUMBER 

B*7 
READ (A,10041 SHI, SO I,SVI•SX1, ST I,XX,YY.PPI,SPI,PP2,SP2 
SH-1./SHI 
SQ-I./SQ1 
SVM./SV1 
SX-i./SXI 
ST*l./STI 

99999 READ IA,1006) 
1006 FORMAT (80H 

I ) 

READ IA,1010) JMAX,NMAX,DELX,DELT 
1010 FORMAT (13»14»2F10.3) 

CALL SCALFU.,1.,0.,0.) 
CALL FCHAR(0.»PP1,SPI,SPI,0.) 
WRITE (8,1006) 
CALL FCHAR(.4,PP2»SP2,SP2,0.) 
WRITE (6,1020) SHI,SQI,SVI,SXI,STI 

1020 FORMAT (21H SCALE— 1 INCH« H- ,F5.2,9H FT, Q- ,F9.0,10H CFSt V 
1- ,F5.2,12H KNOTS, X- ,F5.2,12H MILES, T- ,F5.2,6H HOURS) 
CALL FPLOTU,0.,0.) 
READ (A,1005) NPUN 

1005 FORMAT (26I3I 
READ I A,1005) ((ITEM(1,J), J«l,26), 1*1,NPUN) 
READ (A,1030) NTR 

1030 FORMAT (13) 
NTR*NTRfl 
DO 10 LLL*1,NTR 
DO 10 K«1,NPUN 
CALL SCALF(1.,1.,0.,0.) 
CALL FGRID(3,0.,(l.*(YY/2)),l.,YY) 
CALL FGR10(0,0.,0.,l.,XX) 
CALL FGR10(3,(l.*XX),(l.*(YY/2)),1.,YY) 
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KH"ITEMIK«1) 
XI-C1.*XXU*$ 
Yl«a.*ÍVY/2n-0.5 
GO TO (500»510#505*500t510*505«500*510*505I#KH 

500 CAtL FCHARCXlfYlt»2t*2«0*) 
WRITE (OtUOO) 

1200 FORMAT (1HT) 
GO TO 510 

505 CALL FCHAR(Xl'0.»0.2f0«2'0.l 
WRITE (B*1200) 
GO TO 515 

510 CALL FCHAR(Xli0*'0«2'0«2'0.) 
WRITE (8,12051 

1205 FORMAT UHXI 
515 CALL FCHAR(-.5,Yi,0.2,0.2,0.) 

GO TO (520,520,520,524,524,524,525,525,5251,KM 
520 WRITE (8,1220) 
1220 FORMAT (IHH) 

GO TO 530 
524 WRITE (8,1210) 
1210 FORMAT (1HQ) 

GO TO 530 
525 WRITE (8,1215) 
1215 FORMAT (1HV) 
530 CALL FPLOTI1,0.,0.) 

GO TO (535,535,535,540,540,540,545,545,545),KM 
535 OY-SH 

GO TO 550 
540 OY-SQ 

GO TO 550 
545 OY-SV 
550 GO TO (551,551,552,551,551,552,551.551,552),KM 
551 OX-SX 

GO TO 555 
552 OX«ST 
555 CALL SCALF(DX,DY,0.,0.) 

GO TO (560,563,570,560,563,570,560,563,5701,KM 
560 JJ»0 
561 JJ-JJ+l 

READ (A,1225) J,T!,T2,T3,T4 
1225 FORMAT (I3,4E10.3) 

V(JJ,!)■(J-l)*DELX/5280. 
V(JJ,2)«T1 
V(JJ,3)*T2 
V(JJ,4)-T3 
V(JJ,5)*T4 
IF (ITEM(K41,1I-KM-l) 576,575,576 

575 READ (A,1230) (V(JJ,N), N«6,14I 
576 IF (J-JHAX41) 561,562,562 
562 00 1 J«1,JJ 

D1ST«V(J,1) 
V(J,3)-ST/DY4(V(J,3)-6.0) 
V(J,5)■ST^DY*!VIJ,5)-6.0) 
DD l H«2,5 
CALL FPL0T(-2,DIST,V(J,N)I 
CALL POINT(N) 
CALL FPLOTI WDIST,VI J,N)) 
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I 

I 

i 
<1 

I 

l CONTINUE 
GO TO 9 

563 IF (KH~X-ITEH(K-lr1) I 577*565,577 
577 JJ*0 
566 

REÄD (A,12301 (VIJJtNI, N-6,UI,J 
1230 FORMAT I8E10.3/E10.3,13) 

VUJ,ni«(J-n*OELX/52flO, 
IF (J-JHAX^M 564*565*565 

565 00 2 J>1*JJ 
00 2 N-6,14 
D1ST-V(4,1) 
IF IN-111 566,566*567 

566 CAU FPL0TI-2*0IST*V( J,NI ) 
CALL PQINTIN-6) 
CALL FPLOT11,01 ST,V(J*N)) 
GO TO 2 

567 CALL FCHAR!DIST,VfJ*M»,0.1,0.1,0.1 
IF (N-131 568*569,571 

568 WRITE (8*1235) 
GO TO 2 

569 WRITE (8,1240) 
GO TO 2 

571 WRITE (8,1245) 
2 CONTINUE 

1235 FORMAT UM*) 
1240 FORMAT I1HO 
1245 FORMAT (1H8) 

GO TO 9 
570 DO 6 1-2*26 

IF (ITEMIK,!)) 9*9,572 
572 NMAXO-INMAXM)/? 

DT -DELT/1800. 
IF (KN-3) 573,573,574 

573 READ (A,1231) (U(N), N-UNMAXQ) 
1231 FORMAT (8F10.5) 

CALL FCHARI-0.2/DX,U(1),0.075,0.075,0.) 
WRITE (8*1232) !TEM(K*!) 

1232 FORMAT (12) 
CALL FPL0T(-2*0.*U(1)) 
00 4 N«2*NMAX0 
CALL FPLOT(0*(N-l)+OT,U(N)) 

4 CONTINUE 
GO TO 6 

574 NMAXO-NMAXQ-l 
READ (A*1231) (UIN), N-l*NMAXQ) 
CALL FCHAR|-0.2/0X,Ull)*0.075,0.075,0.» 
WRITE (8*1232) !TEM(K,I) 
CALL FPL0TI-2,DT,UI 1) ) 
DO 6 N«?,NMAXQ 
CALL FPLOT(0,N*DT,U(N)) 

6 CONTINUE 
9 CALL FPLOT(1*0«»0.) 

CALL SCALFU.,1.,0.,0.) 
CALL FPLOT(0,((l.*XX)*4.),0.) 

10 CONTINUE 
GO TO 99999 
END 

i 
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SAMPLE INPUT DATA TO PLOTTING PROGRAM 

5-00 100000.0 
CASE 79, GEOMETRY 
17 161 L4850.ÛÛ0 

6 
1 0 0 0 0 0 
2 0 0 0 0 0 
5 0 0 0 0 0 
7 0 0 0 0 0 
a o o o o o 
9 2 3 16 0 0 
2 
1 0.109E 02 0.401 

1.00 10.0 
VII-C, 45 MILES 
202.375 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

E 01-0.920E 01 

2.0 
CONV. CHANNEL, 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

0.1046 02 

10 
20-HILE 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

«5.0 .25 4.5 .25 
PASSING ZONE« N-.025 

0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
ooooooo 

"0.180E 01 0.516E 01 0.974E 01 0.104E 02 0.6Û5E 01-0.195E 00-0.662E 01-0.915E 01 
-0.473E 01 1 

3 0.8916 Ol 0.424E 01-0.724E 01 0.102E 02 
-0.222E 01 0.427E 01 O.047E 01 0.U67E 01 0.541E Ol 0.185E 00-0.523E 01-0.715E 01 
-0.426E 01 3 

5 0.717E 01 0.298E 01-0.554E Ol O.iOOE 02 
-0.219E 01 0.326E 01 0.716E 01 0.665E 01 0.464E Ol 0.620E 00-0.409E 01-0.524E 01 
-0.350E 01 5 

7 0.666E 01 0.29BE 01-0.501E 01 O.IOOE 02 
-0.231E Ol 0.268E 01 0.665E Ol 0.613E Ol 0.458E 01 0.92JE C0-0.361E O1-O.460E 01 
—0.339E 01 7 

9 0.5966 Ol 0.282E 01-0.439E 01 O.IOOE 02 
-0.237E 01 0.209E Ol 0.593E 01 0.5616 01 0.440E 01 O.ilCE 01-0.313E 01-0.4116 01 
-0.312E 01 9 
Il 0.520E 01 O.290E 0L-0.373E 01 0.9B8E 01 

-0.232E 01 0.159E Ol 0.519E 01 0.502E 01 0.411E 01 0.117E 01-0.255E 01-0.359E 01 
-0.277E 01 11 

13 0.464E 01 0.4866 01-0.301E 01 0.107E 02 
-0.2076 Ol 0.119E 01 0.4336 01 0.4446 01 0.373E 01 0.1186 01-0.189E 01-0.300E 01 
-0.2306 01 13 

15 0.249E Ol 0.329E 01-0.143E Ol 0.957E 01 
-0.647E 00 
-0.7056 00 

17 0.700E 
0.7006 00 
0.6606 00 

-0.1116 06 
-0.154E 06 
-0.1366 06 
-0.178E 06 
-0.1506 06 
-0.1916 06 
-0.1756 06- 
-0.209E 06 
-0.1976 06- 
-0.2196 06 
-0.214E 06- 
-0.2256 06 
-0.2206 06- 
-0.228E 06 
-0.223E 06- 
-0.2286 06 

2 0.4006 
-0.2176 01 
-0.2716 01 

0.7 766 00 
15 
00 0.1256 
0.431E 00 
17 
0.8256 05 

2 
0.6386 05 

4 
0.4036 05 

6 
0.1326 05 

8 
0.6266 05 
10 
0.1056 06 
12 
0.1236 06 
14 
0.1326 06 
16 
Oi 0.4166 
0.1236 01 

2 

0.2136 01 0.2246 01 0.1806 01 0.5286 00-0.7446 00-0.120E 01 

02-0.2606 
0.6756-01- 

0.2166 06 

0.2096 06 

<0.2006 06 

0.209E 06 

0.2106 06 

0.2136 06 

0.2096 06 

0.2016 06 

01-0.362E 
0.3016 01 

00 0.5966 
-0.1346 00- 

0.2666 06 

0.2946 06 

0.2996 06 

0.3016 06 

0.2996 06 

0.2936 06 

0.2916 06 

0.2916 06 

01 0.111E 
0.3966 01 

01 
0.2556 00' 

0.1866 06 

0.201E 06 

0.212E 06 

0.2396 06 

0*2596 06 

0*2746 06 

0.2816 06 

0.285E 06 

02 
0.275E 01 

•0.152E 

0.473E 

0.667E 

0.8486 

0.121E 

0.1526 

0*1796 

0.192E 

0.2016 

00 0.1816 00 

05-0.1136 06* 

05-0.9506 05- 

05-0.0116 05- 

06-0.5446 05* 

06-Ö.244E 05* 

06 0.021E 04- 

06 0.211E 05- 

06 0.2696 05- 

0.469E 00 

>0.1776 06 

0.1816 06 

0.1896 06 

0.204E 06 

0.210E 06 

0.2096 06 

0.208E 06 

0.209E 06 

0.7666 00-0.2056 01-0*3356 01 
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4 O.M*E 
-0-250E Ol 
-O*306E Ol 

6 Û.220E 
-O.UOE Ol 
-0.167E Ql 

B 0.2U6 
-0.15AE Ol 
-0.174E Ol 

10 0.215E 
-0.167E Ol- 
-0«179E Ol 

12 0.221E 
-0.182E Ol- 
•O»18BE 01 

U 0.431E 
-0.3476 Ol- 
-0.3556 Ol 

16 0.4576 
-0.3346 01- 
-0.3396 01 
-0.1716 01- 
0.9406 00 
0.278E 01 
0.3806 Ol 
0.3626 Ol 
0.2346 Ol 
0.6436 00 

-0.1816 01- 
-0.3106 01- 
-0.355E 01- 
-0.1376 01- 
-0.3136 00- 

0.1056 Ol 
0.194E Ol 
0.2036 01 
0.156E OL 
0.R52E 00 

-0.3036 00 
-0.1446 Ol 
-0.1776 Ol 
-0.3306 Ol- 
-0.2266 Ol- 

0.1776 Ol 
0.4286 Ol 
0.4556 01 
0.4096 01 
0.2886 01 
0.6856 00 

-0.2646 01- 
-0.3486 01- 

1 0.1096 
-0.1806 01 
-0.3036 01 

3 0.9006 
•0.2226 Ol 
•0.3126 Ol 

01 0.4476 
0.9576 00 

4 
Ol 0.447E 
0.3146 00 

6 

Ol 0.4636 
-0.9926-01 

8 
01 0.463F 

-0.4706 00 
10 
Ol 0.4946 

-0.8156 00 
12 
01 0.51 OE 

-0.1836 01 
14 
Ol 0.5266 

-0.1966 01 
16 

•0.1426 01- 
0.1226 Ol 
0.2086 Ol 
0.3916 Ol 
0.3496 Ol 
0.2136 01 
0.3696 00 

■0.2096 01- 
■0.3256 
■0.3366 01 
0.1276 Ol 
0.1136 00 
0.1196 Ol 
0.1966 Ol 
0.1966 Ol 
0.1526 01 
0.7226 00 

-0.4756 00 
-0.1566 Ol 
-0.1776 Ol 
-0.1256 Ol< 
-0.1986 0l< 
0.2366 01 
0.4346 01 
0.4576 01 
0.3996 Ol 
0.2656 Ol 
0.3616 00' 

•0.2876 01- 
•0.3486 01- 
02 0.3926 
0.5326 Ol 

I 
Ol 0.406E 
0.4346 Ol 

3 

01-0.3526 Ol 0 1116 02 
0.2946 Ol 0.4141* Ol 0.2956 01 0.1066 01-0.1666 01-0.3256 Ol 

01-0.1796 Ol O.m* 02 
0.1526 01 0.2206 01 0.1616 01 0.6866 00-0.7136 00-0.1706 01 

01-0.1776 01 0.1076 02 
0.1476 01 0.2146 01 0.1746 01 0.9316 00-0.4516 00-0.1736 01 

01-0.1806 01 0.1176 02 
0.1496 01 0.2126 01 O.LB76 01 0.1166 01-0.1996 00-0.174E 01 

01-0.1916 01 0.1126 02 
0.1576 01 0.2176 OL 0.2056 01 0.1406 01 0.6796-01-0.L76E 01 

01-0.3626 01 0.1146 02 
0.3006 Ot 0.4186 01 0.4006 Ol 0.2886 01 0.3276 00-0.3286 01 

01-0.3486 Ol 0.1146 02 
0.3026 01 0.439E Ol 0.4306 01 0.3026 01 0.4036 00-0.3126 01 

01- 

•0.1136 Ol 
0.1486 01 
0.2956 01 
0.4006 01 
0.3396 CI 
U.I95E 01 
0.8006-01 
0.230E Ol 
0.3326 01 
0.3146 01 

-0.1176 Ol 
0.1086 00 
0.1366 01 
0.2036 01 
0.1916 01 
0.1446 01 
0.6066 00 

-0.6256 00 
-0.1706 Ol 
-0.1776 01 
•0.3186 Ol- 
•0.1656 01« 
0.2796 01 
0.4366 01 
0.4556 01 
0.3876 01 
0.2406 01 
•0.2066-01« 
0.3066 01- 
0.3456 01- 
01-0.9106 
0.9926 01 

0.8366 00 
0.179E 01 
0.3046 01 
0.3996 Ol 
0.3206 01 
0.1766 Ol 

-0.2626 00 
-0.2526 01 
-0.3386 Ol 
-0.2936 Ol- 
-0.1056 01« 
0.3186 00 
0.1546 Ol 
0.2116 01 
0.1876 01 
0.1346 Ol 
0.5136 00 

-0.7736 00- 
-0.1776 01- 
-0.1766 01- 
-0.3096 01- 
-0.1296 01- 
0.3176 Ol 
0.4376 01 
0.4506 Ol 
0.3716 Ol 
0.2176 01 

■0.5076 00 
■0.3206 01 
■0.3426 01 
Ol 0*1006 
0.1026 02 

•0.5106 
0.2106 
0.3166 
0.3976 
0.2996 
0.1536 

-0.5956 
-0.2756 
-0.3466 
-0.2716 
-0.919E 
0.4 f16 
0.1696 
0.2146 
0.1826 
0.1266 
0.4126 

-0.9206 
-0.1776 
-0.1746 
•0.2966 
•0.8856 
0.3566 
0.4386 
0.4446 
0.3546 
0.1936 

■0.1076 
•0.3306 
0.3396 
02 
0.5556 

00-0.1496 00 
01 0.2316 01 
Ol 0.3276 01 
01 0.3896 01 
01 0.2856 01 
01 0.1286 01 
00-0.8996 00 
01-0.2916 01 
01-0.3546 01 
01-0.2516 01* 
00-0.7796 00« 
00 0.5896 00 
01 0.1796 Ot 
01 0.2146 01 
01 0.1786 01 
Ol 0.U7E 01 
00 0.2776 00 
00-0.1066 01- 
01-0.1766 01- 
01-0.1686 01- 
01-0.2816 01- 
00-0.3926 00 
01 0.3896 01 
Ol 0.4406 Ol 
01 0.4366 01 
01 0.3386 Ol 
01 0.1656 01 
OÍ-0.16IE Ol 
01-0.3376 Ol 
01-0.3376 Ul 

01- 

0.2276 00 
0.2476 Ol 
0.3426 01 
0.3816 01 
0.2726 01 
0.1026 01 

-0.1226 01 
-0.3036 
-0.3626 Ol 
-0.2316 Ol 
-0.6406 00 
0.7306 00 
0.1876 01 
0.2136 01 
0.1726 01 
0.1076 01 
0.1046 00< 

•0.1186 01« 
•0.1756 01- 
-0.1596 Ol- 
•0.2656 Ql* 
0.2316 00 
0.40BE Ol 
0.4446 Ol 
0.4276 01 
0.3256 01 
0.1346 01 
0.2066 01- 
0.3426 Ol« 
0.3356 01- 

0.5936 00 
0.2626 01 
0.360E 01 
0.3726 
0.2546 
0.B2IE 
0.1526 
0.3116 
0.3626 

-0.2036 01 
-0.4886 00 
0.8986 
0.1926 
0.2106 01 
0.1636 01 
0.9676 

•0.9896- 
‘0.1316 01 
•0.1766 Ol 
•0.1486 01 
•0.2466 Ol 
0.1006 
0.4186 
0.4506 
0.4186 
0.3096 01 
0.1016 Ol 
0.2396 
0.3466 
0.3336 

Ol 
01 
00 
01 
01 
01 

00 
01 

00 
•Ol 

01 
01 
01 
01 

01 
OL 
Ol 

01-0.7326 
0.8836 01 

01-0.1466 01-0.7256 01-0.8626 01 

01 0.9886 01 
0.8706 01 0.5146 01-0.6616 00-0.6026 01-0.6796 01 
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*> 0*156.1: 
•Q'ím oi 
-0.2d1£ 01 

1 0.105t 
-0.21U 01 
•0.200E 01 

q 0.639t 
-0.237E 01 
-O.ZíUE 01 

11 0.566t 
-0.232E 01 
»0.26BE 01 

13 0«509E 
•0.20YE 01 
-0.261E 01 

15 0.296E 
-0.6476 00 
-0.1076 01 
17 0.700E 
0.7Û0E 00 
0.190E 00 

-0.674E 05 
-0.123E 06 
-0.946E 05 
-0.146E 06 
-0.112E 06 
-0.160E 06 
-0.1426 06- 
-0.1816 06 
-O.1686 06- 
-0.1966 06 
-0.1906 06- 
-0.2086 06 
-0.1996 06- 
-0.212E 06 
-0.203E 06- 
-0.2156 06 

2 0# 3836 
-0.1456 01 
-0.2106 01 

4 0.3976 
■0.1846 01 
■0.2466 01 

6 0.2116 
■0.1086 01 
■0.1386 01 

6 0.2096 
■0. 1266 01- 
■0.1496 01 
10 0.2L1E 

01 0.3146 
0.3286 01 

5 
01 0.3146 
0.2666 01 

7 
01 0.314E 
0.2026 01 

9 
01 0.3616 
0.1556 01 
11 
01 0.361E 
0.1206 01 
13 
01 0.329E 
0.8706 00 
15 
00 0.6276 
0.6246 00 
17 
0.8266 05 

2 
0.6336 05 

4 
0.401E 05 

6 
■0.1886 05 

a 
0.6866 05 
10 
0.1086 06 
12 
0.1266 06 
14 
0.1366 06 
16 
01 0.416E 
0.1236 Oí 

2 
01 0.4476 
0.9496 00 

4 
01 0.4316 
0.3136 00 

6 
01 0.463E 
0.142E 00 

8 
01 0.463E 

0I-0.5B3E 
0.TS3E 01 

Ot-O.5306 
0.7056 01 

01-0.4766 
0.636E 01 

01*0.4106 
0.5636 01 

01-0.3336 
0.4716 01 

01-0.1826 
0.2556 01 

00-0.220E 
0.5506 00 

0.2196 06 

0.2126 06 

0.2096 06 

0.2036 06 

0.2016 06 

0.2046 06 

0.2016 06 

0.1936 06 

01-0.3316 
0.3046 01 

01-0.3346 
0.2966 01 

01-0.1726 
0.152E OI 

01-0.1716 
0.143E 01 

OL-0.174E 
-0.1436 01-0.516E 00 0.141E 01 
-0.159E 01 10 

12 0.Z19E 01 O.4786 01-0.1856 
-0.162E 01-0.8446 00 0.150E 01 
-0.173E 01 12 

14 0.4256 01 0.510E 01-0.350E 
-0.317E 01-0.188E 01 Oo288E 01 

oí o»«mc oí 
O.tíH 01 0.458E OI O.97óE«0l*0.4936 01-0.4961 01 

01 0*91 JE 01 
0.635E 01 0.4516 01 0.394E 00-0.433E 01-0.4516 OI 

01 0.9576 01 
0.584E 01 0.4346 01 0.690E 00-0.412E 01-0.4166 01 

01 0.9416 01 
0.5266 01 0.405E 01 0.812E 00-0.3716 01-0.3736 Ot 

01 0.9416 01 
0.4716 01 0.3706 01 0.8536 00-0.1076 01-0.3216 01 

01 0.9266 01 
0.2546 01 0.1876 01 Û.3476 00-0.1616 01-0.143E 01 

00 0.7226 01 
0.2666 00-0.7996-01-0.2206 00-0.1196 00 0.1096 00 

0.2746 06 0.17LE 06 0.1426 05-Û.128E 06-0.1736 06 

0.2826 06 0.1886 06 0.3946 05-0.1176 06-0.1826 06 

0.2B6E 06 0.200E Û6 0.609E 05-0.1046 06-0.1906 06 

0.2956 06 0.2276 06 0.1026 06-0.8006 05-0.2006 06 

0.2936 06 0.250E 06 0.1386 06-0.5556 05-0.2076 06 

0.2926 06 0.267E 06 0.1696 06-0.3396 05-0.2146 06 

Ü.290E 06 0.2756 06 0.1846 06-0.226E 05-0.215E 06 

0.2906 06 0.2796 06 0.1916 06-0.146E 05-0.2166 06 

OL 0.1076 02 
0.380E 01 0.2526 01 0.2346 00-0.2366 01-0.3246 01 

Oí 0.1076 02 
0.3976 01 0.2776 01 0.6346 00-0.2076 01-0.3266 01 

/ 

01 0.1066 02 
0,2106 01 0.1526 01 0.4976 00-0,9336 00-0.1706 01 

01 0.111E 02 
0.2096 01 0.165E 01 0,,7896 00-0.6706 00-0.1696 01 

01 0.1096 02 
0.2086 Ol 0.181E Ol 0.106E 01-0.4626 00-0.1726 01 

01 0.109E 02 
0.2146 01 Û.200E 01 0.L33E 01-0.2876 00-0.181E 01 

01 0.109E 02 
0.4156 01 O.3996 01 0.2766 01-0.3586 00-0.3406 01 



-0.132E Ol 
16 0.451E 

-0.310E Ol« 
-0*3216 01 
-0.1716 01« 
0.9216 00 
0.2A56 01 
0.3b26 01 
0.3426 01 
0.2106 01 
0.2426-01* 

-0*2266 01« 
-0.3036 01* 
-0.2936 01* 
-0.1376 01* 
-0.3626 00* 

0.1036 01 
0.1066 01 
0.1986 01 
0.1306 01 
0.6976 00 

-0.5686 00- 
-0.1606 01* 
-0.1676 01* 
-0.3296 01- 
-0.2296 01- 
0.1556 01 
0.42B6 01 
0.4476 01 
0.4016 01 
0.2746 01 
0.2196 00- 

-0.2986 01- 
-0.3336 01- 

1 0.1156 
0.4966-04 

-0.311E 01 
3 0.9486 

-0.9086 00 
-0.3236 01 

5 0.7686 
-0.1456 01 
-0.278E 01 

7 0.7076 
-0.1726 01 
-0.2756 01 

9 0.6356 
-0.189É 01 
-0.2626 01 

11 0.559E 
-0.1916 01 
-0.2406 01 

13 0.50LE 
-O.lßOE 01 
-0.2096 OL 

15 0.2706 
-0.7946 00 

01- 

14 
OL 0.5266 

■0.2036 01 
16 

•0.1436 Ol 
0.1216 01 
0.2946 01 
0.3776 Ol 
0.3316 01 
0.189E 01 

-0.4136 
•0.2376 
•0.3136 
■0.2776 
•0.1276 
•0.1576 00 
0.1166 01 
0.1916 01 
0.1896 01 
0.1426 01 
0.5556 00 

>0.6956 00 
•0.1686 01 
•0.1646 01 
0.3256 
•0.2046 01 
0.2196 01 
0.4356 Ol 
0.4516 01 
0.3916 Ol 
0.2516 01 
0.2846 00 
0.3116 Ol 
0.3306 01 
02 0*3616 
0.7146 01 

I 
01 0.3766 
0.5946 01 

3 
01 0*2676 
0.473E 01 

5 
01 0*2516 
0.4276 01 

7 
01 0.2516 
0.374E öl 

9 
01 0.2986 
0.3336 01 
11 
Ol 0.4556 
0.2756 OL 
13 
01 0*3296 
0.1496 Ol 

01-0.3366 01 0.1116 02 
0.2866 01 0.4346 Ol 0.420E OL 0.2886 01-0.2196 00-0.3256 01 

01- 

0.1146 01 
O.L52E 01 
0.3026 01 
0.3836 01 
0.3186 01 
0.1686 01 
0.7586 00 
0.2486 01 
0.3226 01 
0.2586 01 
0.1176 
0.9526-01 
0.1326 01 
0.1966 01 
0*1836 Ol 
0.1336 01 
0.409E 00 
0*8116 00 
0.1706 01 
0.1606 01 
0.3196 Ol 
0.1746 01 
0.2636 01 
0*4376 01 
0*4486 01 
0*3806 01 
0.2266 01 
0.8636 00 
0.3226 01 
0.3276 01 
01-0.9606 
0.L09E 02 

-0.8786 00- 
0.1856 Ol 
0.3056 01 
0.3836 01 
0.30LE 01 
0.1446 01 

-0.1076 Ol* 
-0.2616 01- 
-0.3286 Ol* 
-0.2356 Ol* 
0.1056 Ol* 
0.3216 00 
0.1496 01 
0.2036 01 
0.L78E Ol 
0.L25E 01 
0.2576 00 
0.9186 00- 
0.1696 01- 
0.1566 01- 
0.3106 01- 
0.1406 01- 
0.3036 01 
0.4366 01 
0.4436 01 
0.3646 01 
0.1996 01 
0.1446 01- 
0.3286 01- 
0.3246 01- 
01 0.9736 
0.1026 02 

•0.5726 00 
0.2166 01 
0.3086 01 
0.3826 01 
0.2836 01 
0.1186 01 

■0.1346 01 
•0.2736 01 
•0.3316 01 
•0.2106 01 
•0.9216 00 
0.4696 00 
0.1656 01 
0.2096 01 
0.1736 01 
0.1166 01 
0.7676-01 
0.1046 01 
•0. 1696 01 
0.1496 01 

■0.2986 Ol 
0.1036 01 
0.3446 01 
0.4346 01 
0.418E 01 
0.3466 01 
0.1706 01 
0.1926 01- 
0.33LE 01- 
0.3216 
01 
0.5046 01 

01- 

0.2176 
0.2376 
0.3186 
0.3726 
0.2656 
0.9136 
0.1626 
0.2806 
0.3316 
0.1856 
0.7866 
0.6006 
0.1776 
0.2096 
0.1696 
0.1056 
0.1306 
0.1176 
0.1706 
0.1406 
0.2836 
0.5916 
0.3796 
0.4356 
0.4286 
0.330E 
0.138t 
0*22-76 
0.3356 
0.3176 

00 
Ol 

Ol 
00 

0.2116 
0.2536 

01 0.3326 
01 0.3626 

0.2486 
0.62LE 

01-0.1916 
01-0.2846 
01-0.3216 
01-0.1616 
00-0.6556 
00 0.7526 
01 0.1866 
01 0.2566 
Ol 0.1646 
01 0.9496 
00-0.3116 
01-0.1326 
01-0.1716 
01-0.131E 
01-0.2666 
00-0.2356- 
01 0.401E 

0.439E 
0.4L8E 
0.3136 
0. LOBE 
0.2546 

01-0.3366 
01-0.3126 

00 0.5936 00 
01 0.2696 Ol 
01 0.3456 Ol 
01 0.3526 01 
01 0.2296 01 
00 0.3276 00 
01-0.2126 01 
01-0.2916 01 
01-0.3066 01 
01-0.1296 01 
00-0.5196 00 
00 0.8986 00 
Ol 0.1886 01 
OL 0.2056 01 
Ol 0.1576 01 
00 0.8316 00 
00-0.4456 00 
01-0.1476 01 
01-0.1696 01 
01-0.1206 01 
01-0.2496 Ol 
Ol 0.7336 00 
01 G.415E 01 
01 0.4436 01 
01 0.4106 01 
01 0.2946 01 
01 0*6516 00 
01-0.2786 01 
01-0.336E 01 
01-0.3076 01 

-0.2366 01-0.7926 01-0.8636 Ol 

01-0.7586 Ol 0.9736 01 
0.9226 01 0.8726 OL 0*4756 01-0.1436 01-0.6386 01-0.6696 01 

01-0.568E Ol 0.9576 01 
0.7326 OL 0.6816 01 0.4276 01-0.5516 00-0.515E 01-0.482E 01 

01-0.5106 Ol 0.9416 01 
0.6746 01 0.6386 01 0.4226 01-0.1266 00-0.4726 01-0.4416 Ol 

01-0.4506 01 0.941E 01 
0.6206 01 0.5926 01 0.409E 01 0.2376 00-0.4246 01-0.401E 01 

01-0.3836 01 0.941E 01 
0.559E 01 0.5526 01 0.3876 OL 0.4786 00-0.365E 01-0.3546 01 

01-0.3106 Ol 0.988E Ol 
0.4926 Ol 0.4996 01 0.3566 01 0.608E 00-0.291E 01-0.3026 01 

01-0.1416 01 0.910E Ol 
0.2606 01 0.2586 Ol 0.1776 01 0.3406 00-0.1396 01-0.1196 01 
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OP
 «

• 

-0.672E 00 
17 0.700E 
0.220E 00 
0.665E 00 

-0.755E 05 
-0.133E 06 
-O.IOOE 06 
-0.158E 06 
-0.120E 06 
-0.170E 06 
-0.156E 06 
-0.190E 06 
-0.1BLE 06 
-0.206E 06 
-0.200E 06- 
-0.217E 06 
-0.208E 06- 
-0.222E 06 
-0.212E 06- 
-0.224E 06 

2 0.6116 
-0.1Ñ9F 01 
-0.229E OL 

6 0.626E 
-0.197E 01 
-0.266E 01 

6 0.226E 
-0.118E 01 
" 166E 01 

0.222E 
-0.137E 01 
-0.156E 01 

LO 0.222E 
-0.152E 01 
-0.167E 01 
12 0.227E 

-0.170E 01- 
*0. 1805: 01 
16 0.663E 

-0.330E 01- 
•0.365E 01 
16 0.472E 

■0.3216 01- 
•0.333E 01 
•0.911E 00- 
0.216E 01 
0.319E 01 
0.409E 01 
0.341E 01 
0.195E 01 
0.376E 00- 

■0.25LE 01- 
■0.339E 01- 
-Oo310E 01- 
■0.109E 01- 
0.345E 00 
0.156E 01 

15 
00 0.125E 
0.300E 00 
17 
0.165E 06 

2 
0.147E 06 

4 
0.126E 06 

6 
0.749E 05 

8 
0.213E 05 
10 
0.295E 05 
12 
0.567E 05 
14 
0.758E 05 
16 
01 0.416E 
0.239E 01 

2 
01 0.400E 
0.215E 01 

'4 
01 0.400E 
O.950E QO 
6 

01 0.416E 
0.548E 00 

8 
01 0.431E 
0.156E 00 
10 
01 0.447E 
0.224E 00 
12 
Ol 0.478E 
0.832E 00 
14 
Ol 0.494E 
0.113E 01 
16 
0.490E 00- 
0.238E 01 
0.324E 01 
0.409E 01 
0.325E 01 
0.173E OL 
0.714E 00- 
0.265E 01- 
0.346E 01- 
0.293E 01- 
0.974E 00- 
0.537E 00 
0.174E 01 

02-0.210E 
0.126E 00- 

0.250E 06 

0.251E 06 

0.257E 06 

0.2706 06 

0.275E 06 

00 0.518E 
0.127E 00- 

0.284E 06 

0.296E 06 

0.303E 06 

0.306E 06 

0.31IE 06 

C.275E 06 0.310E 06 

0.272E 06 0.308E 06 

0.269E 06 0.308E 06 

01-0.352E 
0.3436 01 

01-0.3496 
0.3506 01 

ÛI-0.180E 
0.1886 01 

01-0.179E 
0.1906 01 

0L-0.183E 
0.1936 01 

01-0.1926 
0.2026 01 

01-0.3646 
0.3896 01 

01-0.3496 
0.4036 01 

0.4576-01 
0.2596 01 
0.3346 01 
0.4116 01 
0.3076 01 
0.1496 01 
0.1056 01- 
0.2786 01- 
0.3526 01- 
0.274E 01- 
0.8456 00- 
0.7186 00 
0.1876 01 

01 0.1046 
0.3936 01 

01 0.1066 
0.4166 01 

Ol 0.104E 
0.2226 01 

01 0.104E 
0.217E 01 

01 0.106E 
0.219E 01 

01 0.1076 
0.2276 01 

01 0.109E 
0.440E 01 

01 0.1116 
0.4636 01 

0.297E 00 
0.278E 01 
0.3486 01 
0.4046 01 
0.2Q9E 01 
0.121E 01 
0.1376 01- 
0.292E 01- 
0.351E 01- 
0.256E 01- 
0.683E 00- 
0.8226 00 
0.1926 01 

01 
0.1586 

0.160E 

0.1816 

0.1966 

0.2236 

0.2466 

0.2686 

0.2776 

0.2B0E 

02 
0.2386 

02 
0.2686 

02 
0.1496 

02 
0.163E 

02 
0.1796 

02 
0.2016 

02 
0.4036 

02 
0.421E 

0.616E 
0.292E 
0.366E 
0.396E 
0.272E 
0.914E 

-0.1686 
•0.3086 
-0.3456 
-0.2286 
-0.4816 
0.9176 
0.1946 

00 0.1006- 

06-0.8326 

06 0.1706 

06 0.3956 

06 0.8236 

Ob 0.1206 

06 0.1536 

06 0.167E 

06 0.1736 

01-0.1406 

01 0.276E 

01 0.3266 

01 0.6446 

01 0.9276 

01 0.12LE 

01 0.252E 

01 0.194E 

04-0.142E 

05-0.128E 

05-0.1186 

05-0.9936 

06-0.826E 

06-0.7076 

06-0.6566 

06-0.6356 

00 0.4586 00 

06-0.1876 06 

06-0.1956 06 

06-0.2016 06 

05-0.2126 06 

05-0.220E 06 

05-0.2266 06 

05-0.2276 06 

05-0.2276 06 

00-0.2636 01-0.3516 01 

00-0.228E 01-0.3496 01 

00-0.1066 01-0.1796 01 

00-0.8436 00-0.1796 01 

00-0.6876 00-0.r *<36 01 

01-0.5986 00-0.1916 01 

01-0.1036 01-0.357E 01 

Ol 0.261E 01-0.952E 00-0.338E 01 

00 0.1066 
01 0.3026 
OL 0.3836 
01 0.3786 
01 0.2536 
00 0.6136 
01-0.1956 
01-0.3186 
01-0.339E 
01-0.1966 
00-0.243E 
00 0.105E 
01 0.1986 

01 0. 
01 0. 
01 0. 
01 0. 
01 0. 
00 0, 
01-0. 
01-0« 

01-0. 
01-0. 
00 0. 
01 0. 
01 0. 

1516 
3116 
3986 
3686 
2336 
2876 
2176 
1276 
3326 
1636 
1506- 
1196 
2036 

01 
01 

0.1886 01 
0.3146 01 

01 0.4096 01 
01 0.3566 01 
01 0.2146 01 
00-0.3536-01 
01-0.2356 01 
01-0.3326 01 
01-0.322E 01 
01-0.1366 01 
•03 0.1916 00 
01 0.1366 01 
01 0.2076 01 
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0.212E 
0.196E 
0.145E 
0.531E 

-0,724e 
-0.174E 
-0.170E 
-0.300E 
-0.159E 

0.329E 
0,452E 
0.46BE 
0.397E 
0.246E 

-0.482E 
-0.321E 
-0.346E 

Ol 0.217E 01 
01 0.Í90E 01 
01 0.136E 01 
00 0.367E 00 
00-0.B61E 00 
01-0.178E 01 
01-0.L69E 01 
01-0.291E 01 
OI-0.U7E 01 
01 0.363E 01 
01 0.450E 01 
01 0.464E 01 
01 0.3B2E 01 
01 0.222E 01 
00-0.102E 01 
01-0.330E 01 
01-0.344E 01 

0.222E 
0.1B6E 
0.126E 
0.202E 

I-0.999E 
-0.179E 
■0.166E 
•O.201E 
■0..612E 
0.3B9E 
0.452E 
0.461E 
0.365E 
0.194E 
0.154E 
0.336E 
0.341E 

01 0.221E 
01 O.iaiE 
01 0.117E 
00 0.275E 
00-0.USE 
01-0.179E 
01-0.162E 
01-0.26BE 
00 0.767E 

0.412E 
0.457E 
0.454E 
0.34BE 
0.163E 

01-0.198E 
01-0.34LE 
01-0.337E 

01 
01 
01 
01 
01 

Ol 0.217E 01 
01 0.174E 01 
01 0.107E 01 

-01-0.147E 00 
01-0.129E 01 
01-0.178E 01 
01-0.156E 01 
01-0.253E 01 

-Ol 0.833E 00 
01 0.431E 01 
01 0.462E 01 
01 0.443E 01 
01 0.330E 01 
01 0.128E 01 
01-0.235E 01- 
01-0.345E 01- 
01-0.333E 01- 

0.215E 
0.168E 
0.961E 

-0.304E 
-0.144E 
-0.17BE 
-0.149E 
-0.235E 

0.153E 
0.445E 
0.468E 
0.429E 
0.310E 
0.896E 

-0.264E 
"O.340E 
-0.328E 

01 0 
01 0. 
00 0 
00-0, 
01-0, 
01-0, 
01-0, 
01-0. 
01 0. 
01 
01 
01 
01 0. 
00 0. 
01-0. 
01-0. 
01-0. 

• 2 11E 
. 162E 
» 839E 
i444E 
• L56E 
. 176E 
1141E 
214E 
217E 
451E 
472E 
4L8E 
289E 
480E 
287E 
349E 
323E 

Ol 0.203E 01 
Ol 0.153E 01 
00 0.694E 00 
00-0.584E 00 
01-0.167E 01 
01-0.173E 01 
01-0.132E 01 
01-0.Í89E 01 
01 0.279E 01 
01 0.454E 01 
01 0.472E 01 
01 0.409E 01 
Ol 0.267E 01 
00 0.255E-01 
01-0.306E 01 
01-0.348E 01 
01-0.310E 01 
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APPENDIX HI; LIST OP SYMBOLS 

area of cross section of flow 

bg + n) for a schematized, transverse cross-section 

complete cross-sectional area 

amplitude of incoming tidal wave at end of the channel 

width of water surface 

bottom width of a trapezoidal channel 

width of prismatic channel at x 

width of a schematized rectangular cross section of flow 

width of prismatic channel at entrance to an exponentially varying 
width channel 

Chezy coefficient 

celerity of tidal wave for frictionless flow 

depth of water below mean water level 

depth of water below mean water level at entrance 

forces acting on body of water at x 

frictional resistance force exerted by boundaries 

Darcy’s resistance coefficient 

gravitational acceleration 

height of water surface above a reference datum plane 

tidal wave number = ~- 

L 

tidal wave length 

f u 
max1 o 

= — tan 2a 3TTgR 

Manning's coefficient 

resultant hydrostatic pressure force 

x-component of horizontal pressure force exerted by converging 
boundaries of the section 

III-l 
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max 

'oH 

'xH 

total tidal discharge across a transverse cross section in 

the x-direction 

inflow due to tributary streams entering the tidal channel 

inflow of water across the lateral boundaries per linear foot 

of channel 

hydraulic radius 

slope of the energy gradient 

hydraulic gradient at time of zero net tidal flow t 

time 

time of high water 

initial time 

tidal wave period 

average velocity in the x-direction 

maximum average tidal velocity in x-direction 

absolute wind speed at x 

horizontal distance, along the longitudinal axis of a tidal 

channel, from a specified point (say, ocean entrance to the 

channel) 

height of the bottom of the schematized channel above a reference datum 

height of the true bottom of the channel above a reference datum 

water surface with respect to mean water level 

maximum tidal amplitude 

tidal amplitude of ocean tide at entrance 

tidal amplitude at closed end 

local tidal amplitude at x 

wind resistance coefficient 

2 
frequency number = 

1II-2 
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^
l-
c

 

angle between the direction of wind and the longitudinal axis 

of channel (4 < 90° for wind blowing landwards, 180°> 4> 90° 
for wind blowing seawards) 

average frictional shear stress on the boundary of the section 

constant defining exponential variation of channel width 

amplitude attenuation coefficient 

density of water 

density of air 
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