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A COMPUTATIONALLY SIMPLIFIED 
PAIR-EXCHANGE ALGORITHM FOR THE QUADRATIC 

ASSIGNMENT PROBLEM 

ABSTRACT 

Recently, considerable interest has been generated in 

efficient quadratic assignment problem algorithms as a result 

of computer-aided design automation system projects. Currently 

available QAP algorithms can be characterized as being computa¬ 

tionally complex and requiring medium to large scale computers 

for implementation. Computer-aided design applications, however, 

are frequently centered around small process control computers 

with limited available memory so that the more sophisticated 

QAP procedures cannot beeilt«*. This paper presents a com¬ 

putationally simplified pair-exchange algorithm which has proven 

to be comparable with the currently available QAP algorithm and 

which is implementable on a small compute^. / C, r - 

F^r'fA /1 ' ' “t t ' ( ? ■ t 1 - ' ' ' / Aj . j. 
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I INTRODUCTION 

The problem of interest can be described as follows: 

Given a set S = (1,...,m) of components and a circuit board 

with component location set l = (1.n), n a m. Determine 

the assignment of components to locations that will result 

m the minimum total length of interconnecting wire to elec¬ 

trically satisfy all required circuit connections. Stated 

m another manner, the problem is to determine the one-to-one 

mapping of the set S into the set L which will result in the 

minimum total wire length. 

Associated with S is an n2 interconnection matrix 

F = lfikl, U'* = 1.n) with fik s o. Each f.k representing 

the number of wires connecting components s. with component 

sk. Associated with L is an n2 distance matrix D = Id I 
• jq ' 

(j/q = 1,...,n) with d^ s 0. Each d^ representing the dis¬ 

tance between location j and location q. The length of the 

interconnecting wires is determined by forming the permuted 

dot product of F and D for a given mapping of s into L. 

There are nl unique one-to-one mappings of S into L, thus the 

feasible region of the problem's solution space contains nl points 
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The assignment of components to locations can be recorded by 

means of an n2 permutation matrix X = t1-' 3 = 1,...,") with 

X = 0 or 1. Alternately» the mapping can be recorded as a 
ij 

permutation of length n. Thus, VL = (v^ v2»...,vn) is a permu¬ 

tation of the integers (1, 2.n) or component numbers with the 

position in the permutation designating its assigned location. 

Using the terminology from above, the component placement 

problem can be stated mathematically as follows: Given P and D, 

find X so as to 

minimize Z ),».} /, fik ajq *ij *kq 
i j k q 

(i) 

for (i, j, 1c, q - 1,...,n)* 

subject to 

and 

Y X = 1 for (i = 1,...,n) 
/- ID 

j 

X. , = 1 for (j = 1,...,n) 
3-D 

(2) 

(3) 

* with no loss of.generality it can be assumed that m = n. If 

not, then m - r imaginary components may be added with associated 
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also letting 1 if component i is 

assigned to location j 
X 
ij 

(4) 

0 otherwise 

In some placement problems an initial fixed cost is often 

2 
incorporated. This cost is represented by the n matrix 

C = lc.,1, (i. j = 1 n) with c. . £ o 
ID 

assigning component i to location j and is independent of any 

other component or location. This cost is exactly the cost 

considered in the linear assignment problem. If the fixed 

assignment cost is to be included then the objective function 

becomes : 

minimize } ) c. . x. . + ; ( ! f., d. x. . x, (5) 
13 13 ik 3Q 13 

i j i j k q 

The matrix C is frequently used to influence the final placement 

of the components. For example, if component i is constrained 

from being placed on location j then the coefficient c„ would be 

set artificially high so as to discourage, this possibility. 

Equation (5) along with equations (2), (3), and (4) represent a 

more general formulation of the placement problem which has come 

to be known as the quadratic assignment problem. 

/ , 
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The quadratic assignment problem has been extensively 

investigated in recent years and several workable algorithms 

have been proposed, but as yet, no optimal algorithm has been 

produced. The available algorithms generate "good", but sub- 

optimal, solutions with the more successful procedures employ¬ 

ing tree-search techniques, also known as branch and bound*. 

In general, the available algorithms are computationally 

complex and require medium to large scale computers, for 

implementation, depending of course, on the size of problem 

being solved. 

Recently, interest in the quadratic assignment prob.1 j« 

and its variate the component placement problem, has been 

generated by computer-aided design automation engineers. This 

application typically centers around a small process control 

computer driving automatic drafting equipment which is capable 

of producing photo masters for electronic systems directly 

from master wiring lists. These installations do not have the 

luxury of the large scale memories generally associated with 

Refer to references [1], [3] and [5] for information on tree- 
search algorithms. 
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scientific computation centers and therefore many of the 

sophisticated placement algorithms cannot be implemented. 

This paper presents a computationally simplified pair- 

exchange algorithm which has proved to be competitive with 

the more complex algorithms. A comparative analysis is 

made between the pair-exchange algorithm and the most effi¬ 

cient tree-search algorithm found to date, the N-step, 2- 

variable Search Algorithm Cl]. The evaluation is based on 

test results obtained using the Steinberg [6] test problem. 

II A COMPUTATIONALLY SIMPLIFIED PAIR-EXCHANGE 
ALGORITHM FOR THE QUADRATIC ASSIGNMENT PROBLEM 

The concept of a pair-exchange algorithm is perhaps the 

least sophisticated approach to solving the quadratic assign¬ 

ment short of complete enumeration*. The procedure which be¬ 

gins with an initial starting solution, is simply to position 

swap component pairs always seeking to identify exchanges 

which produce reductions in the current criterion function 

value. The initial solution can be obtained either at random 

or through the use of another placement algorithm. One 

*A pair-exchange procedure has also been used by Graves [4] 
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possibility, for example, is to sort components in ascending 

order according to link density and to sort locations in de¬ 

scending order according to interlocation distance sums. The 

components can then paired according to this ordering. 

The trick in designing a pair-exchange algorithm is the 

manner in which the criterion function value is evaluated 

following each pair-exchange. One option, for example, would 

be to evaluate the expression given by equation 1, a task re- 

4 
quiring N multiply operations. However, when the number of 

iterations required in pair-exchanging is considered, the uss 

of equation 1 would clearly be prohibitive in terms of com¬ 

putational costs. 

It has been demonstrated in reference [1] that the criterion 

function of equation 1 could be transformed by using efficient 

indexing schemes and through the construction of a symmetric F 

matrix. This equation resulting from these simplifications is 

as follows: 

n-i n 

minimize 3 = y (6) 

i=l j=i+l 

read * (i) as the location of i 



The transformation reduces the number of multiplications 

and additions required to evaluate the objective function 

4 2 
from n to ((n - n)/2). Although this is a substantial 

improvement, it is still prohibitive for practical applica¬ 

tion in pair-exchanging. 

Fortunately, further simplification is possible as it 

is only necessary to compute those terms in equation 6 that 

are affected by the pair swap. Thus the computational 

requirements are further reduced to 4(n-l) multiplications 

and additions. The significance of these computational 

simplifications can be observed by considering the number of 

multiplications required in each case for one iteration of 

the Steinberg test problem (N = 36). 

Case Ecruation 
Multiplications 

Required oer iteration 

1 

2 

3 

4 
N 

((N2 - US)/2) 

4 (N - 1) 

1,679,616 

630 

140 
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A second consideration in pair-exchanging is the swapping 

strategy. An orderly procedure is required and all possible 

exchanges must be considered at some point in the procedure. 

The pair exchange algorithm to be described always beings 

with the components occupying the first and second positions 

of the component vector as the initial candidates for exchange. 

Sequential indexing is used and pairs are consecutively 

evaluated for possible swapping until a criterion function 

value reduction is achieved. The associated candidate swap 

is then made permanent and the indexing continues. When a 

complete pass through all indexing combinations is made with¬ 

out encountering a reduction producing pair-exchange, the 

procedure is terminated. The current value of the criterion 

function is kept along with the associated component and loca¬ 

tion vectors as the best solution. The solution found by 

pair-exchanging is a local optima which cannot be improved upon 

by continued pair-exchanging. Additional improvement can only 

be obtained by backtracking to a different starting point or by 

considering triplet exchanges, etc. While no statement con¬ 

cerning global optimality can be made regarding the outcome of 

the pair-exchange procedure, the solutions have generally been 
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found to be neat-optimal and competitive with the solutions 

generated by the more complet tree-search algorithms . 

III DETAILED PAIR-EXCHANGE PROCEDURE 

The detailed procedure for the pair-exchange procedure is 

as follows: 

step i. obtain an initial starting solution either through 

stochastic enumeration or by other means. Evaluate 

the criterion function value Z(S (L )) where S 

the component vector and L' the location vector of 

the initial placement. That is, the component 

occupying position 1 of S’ is considered to be 

assigned to the location specified in position 1 

of L', etc. Set switch indicator Isw - 0* 

initialize the indexing parameters which point to 

the current candidate component pair (i, j) to the 

starting pair (1# 2). 

Compute the criterion function value decrement 

associated with the candidate pair (i, j) prior 

to executing the swap. For component i 

Step. _2. 

Step 3 



n 

A = V F(SI(i),S'(k))*D(L,(i),Ll(k)) 
i / : 

k=l 

For component j 

n 

A =V F (S'( j) , S'(k) ) *D(L'( j) ,L'(k) ) 
j ■' ■ 

k=l 

Now perform the swap 

T = S'(i) 

S'(i) = S'(j) 

S'(j) = T 

Compute the criterion function value increment associated with 

the new positioning of the candidate pair (i,j). 

For component i 

I. - Y F(S,(i),S,(k))*D(L'(i)L,(k)) 
X / j 

k=l 

For component j 
n 

I. = V F(S'( j) /S'(k) )*D(L'( j) »L'ik) ) 
3 I¡ 

k=l 

Compute Z the criterion function value for the candidate 
e swap 

swap pair (i, j) . 

swap Aj + h + h 
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Step 4. Determine the effectiveness of the potential swap. 

Step 5. 

Step 6. 

If Z < Z then the swap is justifiable, 
swap 

Set Z = Z 
swap 

Set switch indicator I = 1 
sw 

Proceed to Step 5. 

If Z a Z, the swap is not justifiable, 
swap 

Return pair (i,j) to their pre-swap positions 

T = S'(i) 

S'(i) = S'(j) 

S'(j) = T 

Discard mn. 
swap 

Continue pair candidate indexing. 

If j < n, set j = j+1 and return to step 3. 

If j = n but i < (n - 1), set i = i+1 and then 

j = i+1. Return to step 3. 

If i = (n - 1) and Igw * 1, set i « 1, j *= 2 and 

I = 0. Return to step 3. 
sw 

If i = (n - 1) and I t * 0. Proceed to step 6. 
SW 

Terminate swapping procedure. The current value of Z 

is the best value encountered and is associated with 

the current component vector S ' and location vector L '. 



IV EXPERIMENTAL RESULTS 

The pair-exchange algorithm has been tested using the 

problem originally presented by Steinberg in reference [6]. 

A CDC 3800 computer was used with programming being performed 

in FORTRAN IV. (A program listing is contained in the appendix). 

The Steinberg problem is reportedly an actual computer 

backboard layout problem for a UNIVAC computer and is concerned 

with finding the optimal assignment of 34 component modules 

to 36 backboard locations to minimize the total interconnecting 

wire length among components. 

The F matrix for the components in the Steinberg problem 

is given in figure 1 . A symmetrical matrix was formed using 

/, (fij + (i*j = 1*••.#n) 

i 

and only the part above the diagonal was retained. This parti¬ 

cular F matrix is sparse, that is, about 70% zeros. The 

number of interconnecting wires varies from 0 to 316 with mean 

equal to 15.26. The extreme variation in F creates a large 

range in potential solution values. For example, the lower 

bound on all possible solution values is 3001 and the mean 

.. 
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solution value is 9378.58. Therefore, the minimum feasible 

solution is located between these values, that is, 3001 < 

minimum Z « 9378.58, most likely much closer to 3001 than to 

9378.58. On the average, each component is connected to 10 

other components with the maximum number being 26 and the 

minimum 1. The graph which results from considering the 

components as nodes and the interconnections as links is con¬ 

tinuous in that no disjoint subset exists. Therefore, the 

problem cannot be decomposed into, several independent problems 

of lesser size. A total of 2625 wires connect the components. 

The Steinberg backboard has 36 positions arrange to form 

a 4 X 9 grid as illustrated in figure 2 . The distance matrix 

is constructed by determining the 2-dimensional Euclidean 

distance using, 

The distance from location 1 to location 36 in figure 2 is, for 

example. 

8.54 

units. 



1 2 3 4 S 6 7 8 9 

10 11 12 13 14 15 16 17 18 

19 20 21 22 23 24 25 26 27 

28 29 30 31 32 33 34 35 36 

FIO. 2: 4 X 9 CIRCUIT BOARD CONFIGURATION 

A summary of previously published Steinberg test problem 

results is presented in table 1. 

TABLE 1 

SUMMARY OP PUBLISHED STEINBERG PROBLEM RESULTS 

Algorithm 

1. Gilmore [8] 

2. Graves & Whinston [3] 

3. Graves [4] 

4. Graves [4] 

5. Beider [1] 

6. Beider [2] 

7. Gaschutz & Ahrens [7] 

Solution 

4547.54 

4612.27 

4186._ 

4176._ 

4419.49 

4184.57 

4141.94 

Execution Time 

60 seconds 

* 
1.5 seconds IBM 360/91 

13.4 seconds IBM 360/91 

30.5 seconds IBM 360/91 

38 seconds CDC 3800 

60 seconds CDC 3800 

several minutes 

Equivalent CDC 3800 execution time is 35 seconds. 
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A number of test runs were conducted using the pair- 

exchange algorithm with different starting solutions obtained 

in a variety of ways. The resultant solutions along with the 

associated execution times are presented in table 2. 
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V SUMMARY AND CONCLUSIONS 

1. Quadratic assignment problem solutions generated with the 

pair-exchange algorithm are comparable to those generated 

with the more sophisticated algorithms including the tree- 

search or implicit enumeration procedures. 

2. Computational requirements in terms of machine capacity 

and execution time are, however, much less than those required 

by the traditional quadratic assignment problem algorithms. 

3. The pair-exchange algorithm can be used effectively to 

improve the solutions generated by other algorithms. This 

strategy has resulted in the location of the best Steinberg 

problem solution recorded to date (4138.72). This solution 

was obtained by pair-exchanging the Gaschutz & Ahrens solution 

(4141.94) which was the previous record solution. 

4. One possible disadvantage with the pair-exchange algorithm 

is that the solutions generated are not predictable or repro¬ 

ducible given different initial starting solutions. However, 

for applications requiring only a good solution obtained at 

minimum cost this should not be a problem. 
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APPENDIX: FORTRAN LISTING OF PAIR-EXCHANGE ALGORITHM 

19 

?2 

1 
2 

$ 

ft 

7 

U 

ft 

9 

to 

SuriHüuTI'E SWITCH <F#D» S#L#CSMALL,M) 
DIME'S 10' F(100,100I»D<100,10 0) 
iNTEUErt «{lOUiLaoOJ 
•"Hlttt (¢,20) 
format (-•i*) 
wHJTlt (6,19) 
^ommat {//* fciyTEM pajR exchange algorithm*) 
HR J Ts (6,21) 
FORMAT (//* SWITCH LIST*) 
WHIlfc (6,2«:) 
FORMAT {////', 
IC»1 
JC«2 
C»CSMALL 
iSwpw 
sun«o, 
SUM2»0, 
SgM3»g, 
SUM4«0, 
Ü0 3 I>1iN 
8UHJ»8UM1*F{S( IC).SII))*D(L(.IC),L(I)) 
SUMZfSUM2*F(S(JC) » S II ))*D < L(JC)# L <I )) 
C*C*«UMt*SUM? 
u«$({c) 
S(IÇ)a$(JC) 
S(JC)»U 
00 4 |Pt,M 
80M3PSUM3*F(S{lC),SU))*DcLÎIC),Ln)) 
SUH41SÜM4*F(S<JC),S(I))*D(L(JC),L(1)) 
C*0«sgM3«si|M4 
IF ICiLT.CSMALL) GO To 7 
I APS ( IC) 
ííUÇ>iS(JC) 
S(JÇ)«U 
C«CSmall 
IF (JC*1,GT,N) QO TO 6 
gcijc*i 
GO TO 2 
IF ÏIC*2,GT,N) GO TO 6 
IC*)G+1 
JClJC*! 
GO TO 2 
CSHAU.«C 
IS4«; 
GRITfc <6.11) S(jC),SUC)fC 
format </* component**is,* sw¡tcm&o with component*.is»* new so 

1LUTI0N IS*,F 8,2) 
go TO 5 
IF ilSw.EQ.O) Go TO 9 
ICP1 
00*2 
GO TO 1 
WRITE (6,10) 
format i//* switch completed*) 
return 
end 
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