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I. INTRODUCTION 

The problem of the mixing of cold air into hot rising fireballs 

has been with us for many years (References 1 through 5). Experimental 

data on fireball altitude and average temperature versus time, coupled 

with theoretical analysis, clearly indicate that the outer envelope of 

the rising fireball must contain substantial amounts of air that was 

outside the original fireball *nd cold (Reference 6 through 10). Many 

photographs also show that cold air enters the fireball, in a gross way 

at least, by punching in from the bottom during and after formation of 

the torus. It is not at all clear, however, whether the cold air mixes 

fairly uniformly with the hot air, down to atomic scales, or remains 

as large lumps or lamina. But many problems involving air chemistry 

depend critically on the degree of mixing. It is therefore important to 

understand the mixing process. 

If a bubble of hot gas is released in a colder and denser atmos¬ 

phere, the difference in gravitational force per unit volume, inside 

and outside the bubble, causes the bubble to accelerate upwards. It is 

easy to show that the first motion of the bubble is as a rigid sphere, 

with uniform upward velocity inside and a dipole flow field outside. 

Thus vorticity (or a slip stream) initially develops at the surface of 

the bubble. It is also easy to see from the Bernoulli force (-PV-VV) 

arising from the first motion, that the second order effect is to flat¬ 

ten the bubble, decreasing its vertical thickness and increasing the 

horizontal diameter. Finally, one can convince one's self that the 

third order effect is to dimple in the bottom of the bubble. 

About this general behavior one can ask several questions. 

1. Is the slip stream Helmholtz unstable, i.e., do the 

minute irregularities present naturally in the 

initial surface grow and produce turbulence, thus 

"diffusing" the vorticity inward and outward from 

the original surface? 

1 
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2. 

3. 

Is the top of the bubble Taylor unstable? 

Assuming no initial irregularititi.s are present, what 

is the eventual shape of the surfice? Does the "jelly 

roll" wrap-up occur, and if so, ho-> rapidly, and what 

is the velocity discontinuity aero vs the wrapped-up 

boundary? 

4. Does the flow outside the bubble separate, as in the 

Karman vortex street in flow past a rigid object? 

To get at these questions, an accurate solution of the hydrodynamic 

equations for a smooth bubble is badly needed. Two-dimensional finite- 

difference computer solutions cannot be trusted because of problems of 

resolution and artificial viscosity connected fundamentally with the 

finite-difference method. 

In this report we describe an attempt to find an accurate 

solution over some time interval by the method implied above in the 

second paragraph of this section, i.e., by expanding the flow field as 

a power series in time. On writing Euler’s equation as 

n ^ 
p at pg ♦ $t> * - pv*$v (1) 

and assuming incompressibility, one sees that a power series expansion 

in time has the virtue of linearizing the problem: in the equation for 

V (the coefficient of tn) the nonlinear term v,^v’ involves only v with 
m 

m < n, which are already known. Since V*v = 0 from the assumption of 

incompresibility and Vxv * 0 (except at the interface), harmonic expansion 

in space is also suggested. There remain the problems of locating the 

interface, applying boundary condition at it, solving for the expansion 

coefficients, and determining the convergence of the series. These 

problems are treated in detail in the following sections. 

J iM 
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The method suggested here could be applied to either spheres 

i or cylinders. In the work reported here we have chosen the cylindrical 

case. 

Another important use for an accurate solution is in testing 

£ finite-difference computer codes. Solution of the same problem by 

finite-difference methods and the series expansion makes possible 

comparisons that may help answer the questions as to the existence and 

importance of spurious effects introduced into the solution by the 

I numerical procedures. In Section V we give the results of such a 

comparison with the late-time fireball simulation code MICE. This work 

resulted in an improvement of MICE and a better understanding of the 

nature of the errors. 

I 
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II. THE PROBLEM AND THE METHOD OF SOLUTION 

We consider an infinitely long circular cylinder of fluid (fluid 1) 

of unit radius and density p<l immersed in an infinite sea of fluid 

(fluid 2) of unit density. We assume that both fluids are inviscid and 

incompressible and that there is a uniform gravitational field of strength 

g. We initially have the fluids at rest and wish to solve for the time 

development. 

We describe the system in polar coordinates with r measured 

from the center of mass of fluid 1 and 9 = ir along the direction of 

the gravitational field. The Euler equations then become 

a) |y. ♦ V-W = - lÿp - (H ♦ g) (cos6 r-sin6 0) (In fluid 1) 

b) + v-vv = VP - (H+g)(cos0 ? - sin0 6) (In fluid 2) (1) 

c) V«V * 0 (In both fluids) 

Here H(t) is the distance the center of mass of fluid 1 has risen. 

We must now specify the boundary conditions which determine our 

solution. To do this we first observe that the flow in each fluid must 

remain irrotational. This fact along with equation 1(c) allows us to dofine 

velocity potentials with the following properties 

(2) 

We will seek solutions of the form 

(3) 

where the A 's and a 's are functions only of time. 
n -n 
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We describe the interface between the two fluids by a function 

F(0,t) which is the distance from the origin to the interface in the 

direction 0 at time t. We then find that the normal to the boundary is 

given by 

Here r and 0 are unit vectors in the r and 0 directions. 

We are now in a position to demand that the normal component of 

the flow and the pressure are continuous across the interface. Thus we 

set 

a) ñ'VjíF,©) = fi-V2(F,0) (5) 

and 

b) p 
(F. ♦) 1 2.. 1 
- ♦ 2(Vi(F'6^ +(H+8)Fcos0 

9<J>2(F,0) x 
- ♦ j(V2(F,0))%(H+g)Fcos0 

Strictly speaking equation 5b should have an arbitrary function 

of time added to one side or the other, but since we use the equation 

only for varying 0 this will not concern us and we omit it for simplicity. 

The condition 

Lim ^2(r,0) * -H(cos0 r - sin0 0) (6) 

is already assured by the form we have chosen for 4>2. 

We need one more condition to determine r=0 as the center of 

mass of fluid 1. We use 

J Vj (r,0) r dr d0 * 0 

r<F 

(7) 

5 



These relations along with the initial conditions and F«i are 

sufficient to determine the solution. 

We can now combine equations 5,4, and 3 to obtain the following 

equations, which form the basis of the method. 

a) X "V" cos "6 • 3F 
9 F ^nAnFn-* sin n6« I'Ûïl*:"n cos n6 

^ nfl^F"^1^ sin n6 - H sin0 ♦ F cos0 j 

b) (1-P) g F cos 0 - pH F cos 0 cos n® * cos n® 

J^l^nA Fn”^ sin n0 - H sin0 j + na^F"^0*^ cos n0 ♦ 

)1 
2 

H COS0 

Relation 7 becomes 

f XV 
cos (n+l)0 d0 ■ 0 (9) 

From similarity considerations or by time reversal invariance 

we must have and odd in t, H and F even in t. Thus we seek a 

solution of the form 

H . I hit“ 

1^=1 

f - i + ^ f^ejt 

i«l 

2i 

(10) 

vX 
i«l 

oo 

a t 
ni 

2i-l 

UL« Y a . t21"1 
ii ^ ni 

i«l 
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It is easy to see that we may find a solution of the form 

(11) 

c) a 

ou s 
i*n 

a . t 
m 

2i -1 

From these relations it is seen that if only those terms with 

time order less than N are kept only those An's and on's with n < 

are non-zero. The expansions (3) thus terminate. In the same way 

expansion 11a contains no cos j0's with j > N/2. Thus the expansions we 

have made in the spatial variables are all finite and need not be 

truncated. When the expansions 11 along with that for H are inserted 

into equations 8 and 9, recursion relations result which may be solved 

with the aid of a computer. 

The problem of finding the Taylor series expansion for any 

function in the problem thus reduces to the algabraic one of determining 

the expansion coefficients in 11. 

We have already chosen above the following units: 

unit of length « initial radius of cylinder; 

unit of density« density of exterior fluid. 

with these choices, the unit of time is determined by: 

unit of time « yfF- 
* 

Here go is the actual value of the gravitational acceleration and g is 

the number that is inserted in Equation 1. In this report we use g = 3 

in order to make the first term in the expansion of H be H = j t2 + 

7 



It is easy to see that we may find a solution of the form 

i-1 j»0 

00 

(ID 

00 

i*n 

From these relations it is seen that if only those terms with 

time order less than N are kept only those An's and cm's with n < 

are non-zero. The expansions (3) thus terminate. In the same way 

expansion 11a contains no cos j6's with j > N/2. Thus the expansions we 

have made in the spatial variables are all finite and need not be 

truncated. When the expansions 11 along with that for H are inserted 
t 

into equations 8 and 9, recursion relations result which may be solved 

with the aid of a computer. 

The problem of finding the Taylor series expansion for any 

function in the problem thus reduces to the algabraic one of determining 

the expansion coefficients in 11. 

We have already chosen above the following units: 

unit of length - initial radius of cylinder; 

unit of density» density of exterior fluid. 

I 

with these choices, the unit of time is determined by: 

unit of time » VfT 

4 

Here go is the actual value of the gravitational acceleration and g is 

the number that is inserted in Equation 1. In this report we use g » 3 

in order to make the first term in the expansion of H be H » j t2 + 

7 



Thus the density p as we use it is actually the ratio of the 

interior density to the exterior density. The solutions to problems 

with the s'une p but different R and go are related by simple scaling; 

for problems with different p there is no simple scaling. 

8 



III. THE RESULTS FROM THE POWER SERIES 

We have computed the coefficients for the Taylor series of the 

functions F, A, a» and H defined in the previous section through order 

72. For this we used values p*0.5 and g*3. 

Since we have no theoretical prediction for the radius of con¬ 

vergence we estimate this from the observed benavior of the coefficients. 

It appears that F, A, and a converge to approximately f.2«i while H con¬ 

verges to around 1.4 or 1.5. For values of the time less than this we 

can compute very accurate values for these functions. 

The solid part of the curve in Figure 1 shows the height H 

obtained in this fashion plotted vs t2. If the cylinder did not de¬ 

form, the curve would be the straight line shown by the dotted line. 

As might be expected the deformation slows down the rate of rise. 

Figure 2 shows the boundary F plotted at t*0.71 and 0.95. The 

curve for 0.71 deviates from the original circle by at most 4% while 

at 0.95 there is a pronounced deformation. This indicates that while 

initially there is only very slow deformation, the rate can be expected 

to increase greatly for later times. 

For applications to physical phenomena, an important quantity 

is the discontinuity in the tangential component of the flow. In 

Figure 3 we have plotted this discontinuity as a function of 0 at 

t »0.5. At this time the velocity of the center of mass is 0.6809. 

As is seen the discontinuity at some angles is more than twice this 

value. Such large shears probably indicate that for viscosities that 

spread this slip over only a small region finite different methods will 

not be able to represent the flow near the boundary at all. This 

information should also be useful in predicting the development of 

turbulence at early times. 

In Figure 4 we show a representation of the flow field at t2«0.75. 





» 
Figure 2. 

t 
t=.71 

The boundary at t=.71 and .95. 

t 
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Figure 4. A graphic representation of the inside 

and outside flow fields at t2*0.75. 
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IV. CONTINUATION WITH FADE' APPROXIMANTS 

While the results obtained from the power series are useful 

and interesting, the most important features of the problem clearly 

occur at times after failure of convergence of the series. To get 

information on this from our expansion we must sum divergent series. 

The best method for doing that is the method of Fade' approximants 

(Reference 11). 

All the coefficients hi where i is not of the for mi=2Mn are 

zero. Thus H has the form 

H = t2 H (t4) 

Our expansion thus gives the first 18 terms of the Taylor series for H. 

This allows us to form any Fade" term [N,M] where N+M 17.(P[N,M] is 

a rational fraction with numerator of degree M and denominator of degree 

N whose Taylor series is the same as that for H through N+M-*l terms.) 

Since a useful theory of the convergence of Fade' approximants 

is not currently available, we must again estimate the convergence 

based on the appearance of the numbers. The dashed part of the curve 

in Figure 1 was computed in this way. The convergence is quite good 

until above t2=2 where it starts to break down. At t2«2.25 the answer 

is probably still good to almost two figures. To give some idea of 

the validity of the approximant. Table 1 gives the [N,N], [N+1,N] and 

[N,N+1] approximants for t2=1.5 and 2.25. 

We can also use Fade" appioximants to continue the boundary 

function F to later times. This is done by first doing the sum on 

cos(n0) for a particular value of 6, then forming the Fade' table for 

the resulting function of time. 

The solid curve of Figure 5 shows the boundary at t2=l.S 

(t«l.23). It is apparent that the acceleration of the distortion sug¬ 

gested in the previous section is taking place. It would appear that 

14 
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TABLE 1. Pade^ Appx*oximants for H. 

2 3 4 5 6 7 8 

1.5 

[[N+l,N] .6713 .6700 .6707 .6703 .6702 .6704 .6704 

[N,N] .6759 .6699 .6699 .6704 .6703 .6703 .6703 

[N,N+l] .6708 .6700 .6706 .6703 .6705 .6703 .6703 

2.25 

[N+l,N] .972 .857 .662 .856 .850 .877 .873 

[N,N] .755 .852 .851 .885 .868 .940 .861 

[N,N+l] .901 .856 .107 .845 .773 .942 .844 

15 
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First t MICE 
Figure 5. A comparison of the position of the boundary 

at t2 = 1.5 as given by our method and by 

MICE. 
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the boundazy has (1131071(1 more between 0.95 and 1.23 than it did 

between 0 and 0.95. If this continues, severe distortion or wrap up 

could take place a short time later. 

The approximants for the upper part of the boundary (0<135°) 

converge for even later times than this. One can get values for these 
2 

at t equal to four or five. As might be expected, it is just in the 

interesting region where failure first occurs. 
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V. COMPARISON WITH MICE 

We have used our results to test the finite mesh code MICE 

(Reference 12), which was developed to do late-time fireball simulation. 

Since MICE cannot do strictly incompressible flow, however, a certain 

amount of caution must be exercised in interpreting the results. MICE 

is a second order Eulerian code with variable mesh size capability. We 

studied a variety of mesh sizes, the smallest being one-twentieth of a 

radius at the center and increasing by five percent per cell in both 

directions. The sound speed was about ten times the maximum fluid 
speed. 

The performance of MICE on this problem certainly improved as 

a result of our work. This can be seen in Figure 5 where in addition 

to our boundary at t *1.5 we have shown the results of an early MICE 

run and the final best fit we could get. During this process we 

learned several things, perhaps the most important being that using 

time-centered differencing in MICE leads to a vast improvement in 

accuracy. A large portion of the improvement shown in Figure 5 can 

be attributed to this procedure. We also found that the various diffusive 

processes which must be used to keep MICE stable cause substantial 

adverse effects. Even when these act only in the first few time steps 

they cause errors. It is clearly important to keep these to an absolute 

minimum when running this type of problem. 

Even our best MICE run does not agree well in the region at the 

bottom. This is probably the most important region for the entrainment 

process. It seems to us that the finite mesh scheme will simply not 

allow the large gradients necessary to run this problem accurately. 

By going to a Lagrangian picture we could eliminate the need for diffusion, 

but the problem of large gradients would remain. It seems that to ob¬ 

tain accurate calculations for the fine details of problems like this 

better methods than any presently available must be developed. 

It is an interesting fact that while the boundaries given by 

the two methods do not agree very well, the heig it curve given by the 

best MICE run is virtually indistinguishable from that of Figure 1. 
18 



VI. THE SINGULARITIES 

The source of the singularities which stop the convergence of the 

various series of section II remains at the moment an open question. We 

have no theoretical understanding of why they occur or what their nature 

is. We can however use the Fade'approximants to try to learn their positions 

and even perhaps a little about their type. 

In Figure 6a, we have plotted the poles in the Fade'approximants 

for H- It seems clear that the function has branch points near 1 ± 1.6i. 

This agrees with the estimated radius of convergence quite well. In Figure 

2 -4 
6b we have plotted the poles in the approximants to [2.5 + (1+X) ] • . 

The similarity is apparent. 

The representations we have used to set up the problem can 

break down for several reasons. If the boundary becomes badly deformed 

the function F can become multivalued. If the center of mass moves to 

the outer fluid one would expect the representation 7 for the flow field 

to become invalid. 

While the convergence seems to fail at times earlier than the onset 

of the problems mentioned above, it seems better to remove these difficul¬ 

ties before proceeding. We will therefore represent the boundary para- 

metricly to allow for any expected type of distortion. 

One way to do this is to define the functions R(<t>,t), 6(<J>,t) which 

are the R,0 coordinates at time t of the particle which originally started 

at 0* ¢. We have 

9R 

9t Vr (R,0) 

From these relations and the already computed expansion for V we can 

compute expansions of the form 

19 
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RW,tí 1 ♦ > > t““ d-; cos j 4» h2n 

dj 
n*l j*0 

N n 

ew.t) B 4> + ^ St2n *j sin ^ 

n=l j“l 

We can then study these with Fade' approximants. 

Ih Figure 7 we show the poles of the approximants to e(|j rr.t) 

which occur in the upper right half plane. While the situation is 

much less clear than for H, a good guess is that there are branch points 

at about 1.0 ± .65i and the approximants are trying to join them with 

a circular cut. 

The poles for the function R do not show a pattern which we have 

been able to interpret although very few lie near the real axis and most 

are scattered in the vicinity of 1.0 ± .8i. 
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Figure 7. The poles in the Fade' approxinants 
to the function on 0(23n/24, t^ ). 
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VII. OUTLOOK 

There are several ways one might attempt to extend the above 

work to later times. One perfectly legitimate and straightforward way 

is to guess. If one could guess the exact nature of the singularities 

one could extract them and presumably continue the remainder much 

further in time. 

Certainly the most satisfying procedure would be to go to the 

original equations and derive the nature and the source of the singularities 

from them. The fact that the structure obviously depends not only on 

the dynamic equations but also on the initial and boundary conditions 

suggests that an integral equation formulation would be a good starting 

point for this. Such procedures have yielded powerful results in other 

fields. Any success along these lines would be more interesting and use¬ 

ful than that from any other method suggested here but the mathematical 

difficulties are not to be taken lightly. 

Intermediate between tnese two methods is that of continuing 

the functions by expanding around successively later time points. For 

this one would expand around some point in time then compute the 

flow fields and boundary at some later time Tj. Taking these as initial 

conditions the equations would then be expanded about and the process 

repeated. 

Unfortunately for all points except the first, the spatial 

expansions would not terminate as they did in Section II. It would thus 

be necessary to truncate them keeping as many terms as computer size 

and speed would allow. If there are no real singularities and the trunca¬ 

tion errors do not become large this should provide a very accurate 

method. 

« 
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