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SECTION I 

INTRODUCTION 

In Reference 1 a model for studying the start nr tv'o.-.o-i'H 
in a compressible boundary layer is devfloped. Extensile^íc^ 

temoeraturp ^ ran«e of «ach^uAbers and walï 
thp^mnH Vre ia^os» Emphasis is placed on the development of 
Rpvnn?H! e^atl°"s and the calculation of minim™ c?ni?al 
Di-esent r?r¡rtriin * 1“lln?r compressible boundary layer, ^e 

nri r 

llTáélo? SR?--- =o—f anS velocity 

The principal conclusions of Reference 1 are the following: 

1, 

agree in magnitude with those of 
classical stability calculation. 

Increasing Mach number has a strong favorable effect 
on wetted length minimum critical Reynolds number! 

Reynold^number? 3 favorable effect critical 

Rn,ÍSiHnWÍSevt0 dlrectly relate a minimum critical 
Reynolds number calculation to the prediction of 
transition Reynolds number. 

oiitTtT0ore+Km^nfry transition run-out calculations in Reference 1 
suggest that increasing Mach number has a strong favorable 

Í faTOrabler“f“t°n T^th“8 nUI"b!r and that wal:L cooling has a lavoraoie effect. In the present report a comprehensive se* 
of transition run-out calculations over a wide range Sf Mach 
numbers and wall temperature rates is made. The results confirm 
and extend the preliminary findings of Reference 1 
with experimental results show conclusively that the analytic°nS 

transition ^ f°r StUdylng the starb c^>Síe 



SECTION II 

BASIC MODEL EQUATIONS AND METHOD OF SOLUTION 

1. Model Equations 

The basic equations to be used for our study of compressi¬ 
ble transitions on a flat wall are derived in Reference 1. In 
dimensionless form they are: 

(2.1) 

Pu 35 = - P7 If + (r 57 + P0) <2-2) 

Pu ^ = - Pv 5T + £P° If + ÏÏ If 57 (2ki - f) 

+ ap ly (f ' O + R ^ ‘ I14 7? (2-3) 

àkg 

Pu 57“ • Pv 572 + 2 37 fó1’ If Sy2') R 3yV -!) 
_ òu /k 

+ ap^\3 
4 - k., ;) + Ji . PM fg 

(2.¾) 

5 If 37 (2k3 " f) + ap 

+ (2.5) 

òo 
Pu 

òu ôa'N 

+ 
0 +R 

2|i o 

R 7 (2.6) 

.I I 

2 



where 

pu 
R = e e 

^e r 

4 = T 
n 

- [gw + (1 - Gw)u](l + M2) - 7-1 ..2 2 -j—^— M u 

w 

T 
1 

t' (dimensionless wall temperature) (2 7) 

the ïsldaîn Refe“ncehl & and b ^ 

X = y 

a = 5 

b = 0 (2.8) 

n^ereqRUaU0Ann18 the 
¿-nr/î|eosity - --- to 

2* Definition of Transition 

profile. The profile was^ot^ermitted t mean velodty 

ncr decay downstream.8 ltl 1 distjrbance would neither grow 

we proceeri^fSiloes.P°The EquationstfS?8ihf°? begins, 
and stress are counled to thÓ««- f°f the turbulent ener/les 

We inject a diaíSrbance into'th^ounSar^I»^ !rW°n 
upstream of the minimum critical point ^Âaí fíraSd1"" 

.ij-:.L..i.ye.. 
.■. i,.,.. 



turbulence are then calculated simultaneously at points down¬ 
stream to a point where the maximum turbulent stress grows to 
ten percent of the wall stress. The Reynolds number at this 
point is defined to be the "point of transition," (Rx ). 

To make this definition precise we define a ratio of 

friction coefficients. 

cf 
p = 1turb (2-9) 

' wall 

where (all quantities are dimensionless) 

Cf = - 2p u 'v ' 
1 turb 

wail 
2 ^w ÒUI 

R 3y| w 
(2.10) 

The point of transition is the Reynolds number where 

r = c.i (2.11) 

The actual transition Reynolds number Rx is based on the 
wetted length along the flat plate. 

3. Initial Disturbance 

In contrast to our previous study of minimum critical 
Reynolds number, the governing equations are now nonlinear. An 
obvious consequence is that the growth or decay of disturbances 
in the boundary layer is ultimately dependent on the magnitude 
and location of the initisl disturbance. One of the main ad¬ 
vantages of the present approach is that it provides a means for 
studying different Kinds of initial disturbances. In the 
absence of any func.amental information on the generation of 
initial disturbances, e.g., by wall roughness, imposed sound 
field, or external turbulence, we have assumed the following 
standard input function. For each turbulent energy component 

we set 

k_ 

kmax 

a - yc\2n 
V h 

(2.12) 

where y is the location of the maximum energy and h is the 

spread. The total and maximum energy and integral spread are 



iWll—ii|i|i .. 

...... ,.-. ti___,11.,,,...., .............. ....... 

\ 

given by 

IK 
f.99 

'4 K 
dy 

max 3y 
IK 

sp 

ysp = T5 
_ 16 

For all of the run-out calculations in this report 

(2.13) 

fa have set 

yc = ysp 0.56 (2.14) 

so that the initial turbulence is spread over the whole boundary 
layer with the maximum at one-half the thickness. For the 
majority of the calculations we have set 

IK = _ r .99 
K dy 

= 0.001 (2.15) 

whicii is a measure of the turbulent energy density compared to 
the energy density of the mean flow at the edge of the boundary 
layer. Some results are presented to show the effect of various 
levels of disturbance on transition. Finally, we remark that 
the initial disturbance is Injected at C.8 of the minimum 
critical Reynolds number as determined in our previous study. 

... ÉÉÜU .. .. 



SECTION III 

DISCUSSION OF RUN-OUT CALCULATIONS 

Transition run-out calculations were made for Mach numbers 
M = 0 , 3, 6, 9, 12 and waJl temperature ratios (Gw = Tw/T°) 

ranging from .05 to 1.2 . The standard input disturbance with 
total turbulent energy level IX = .001 was used throughout the 
calculations except where noted otherwise. 

, - , _ to ^ resuits for the skin friction 

versus Reynolds number are presented 

for the range of parameters considered. Recall that the tran¬ 
sition Reynolds number is the point where F = 0.1 . For con¬ 
venient reference, the minimum critical Reynolds number is also 
given for each run-out curve. For each wall temperature ratio, 
the increase In transition Reynolds number is apparent. An 
Important feature of these curves is the very sharp increase in 
F with Rx at the point of transition, in particular at higher 
Mach numbers. This means that our basic definition of R*. 

-Hr 
is not too sensiti,e to the precise value chosen for F . 

We note that each curve in Figure 1 has a minimum. The 
Reynolds number at or near this point is the minimum critical 
Reynolds number for a growing boundary layer. These values are 
consistently larger than the minimum critical Rx for a frozen 
parallel flow. For higher Mach numbers the difference is 
appreciable. This suggests that the growth of the boundary layer 
has a strong stabilizing effect on small disturbances prior to 
transition that should be considered in the conventional linear 
stability analysis. Some recent studies of boundary layer 
stability have attempted to incorporate the growth effect al¬ 
though the results are inconclusive (see, e.g., Ref. 2). 
Finally, we remark that the minimum points in Figure 1 are not 
as sharply defined as the transition points. 

The transition Reynolds numbers as deduced from Figure 1 
are summarized in Figure 2 as a function of wall temperature for 
five Mach numbers. The minimum critical Reynolds numbers calcu¬ 
lated in our previous work (Ref. 1) are also plotted for com¬ 
parison. We note that R*. generally increases monotonically 

*tr 
with Mach number or wall temperature ratio, although the Mach 12 
curve has a minimum at very small Gw . The temperature effect 
is much less pronounced than the Mach number effect. A com¬ 
parison of Rx with Rx minimum critical shows that wall 

tr 
cooling has exactly opposite effects, stabilizing transition 
and destabilizing minimum critical. 

^Actually we have noted the point of minimum total energy which 
is the true definition of minimum critical. 

6 



The Mach number trend of !\Xtr shown in Figure 2 is in 

agreement with experimental results (see discussion below). 
However, it is generally agreed experimentally (see Ref. 20, 
for example) that moderate wall cooling has a stabilizing 
effect on Rxtr while the opposite trend is indicated in 

Figure 2. The reason for the disagreement is believed to 
stem from our prescription of the initial disturbance. We 
have adopted a fixed valae for the energy density IK (see 
(2.15)). The actual total disturbance energy is given by 
the product p • IK . Since IK Is fixed, a decrease in wall 
temperature (or increase in density) causes an increase in 
the total disturbance strength which in turn causes an earlier 
transition. A more detailed investigation of the actual 
strength of various Initial disturbances and their dependence 
on wall cooling and Mach number will help to clarify this 
disparity. 

In Figure 3 we compare Rx minimum critical calculated in 
the growing mode (dashed curves) with the frozen mode minimum 
critical results of our previous study (solid curves). The 
growing mode R„ generally increases with increasing wall 
temperature with a minimum and reverse trend at small values 
of Gw . The frozen mode Rx generally decreases with 
increasing wall temperature although the result for Mach 6 is 
an exception. We again note in Figure 3 that Rx growing mode 
is considerably larger than Rx frozen mode. 

In Figure 4, Rxtr is plotted as a function of Mach number 

for three wall temperature ratios (Gw = 0.2, 0.5, 1.0). The 
results are compared with various experimental results reported 
in the literature (Refs. 3 through 17). Although the scatter 
in the experimental data precludes any detailed comparison, it 
is clear that the order of magnitude and general increasing 
trend of Rx^r with Mach number are in agreement between 

theory and experiment. The theory appears to increase somewhat 
more rapidly with Mach number than the experimental data. 

In view of .ie uncertainties in existing experimental 
transition measurements and the somewhat arbitrary prescription 
of the theoretical initial disturbance, the overall agreement 
between theory and experiment is encouraging. 

In Figures 5 and 6 some results are given to illustrate 
the effect of Initial disturbance level on transition at M = 3. 
The disturbance level was first decreased to .0001 for various 
wall temperatures. The results in Figure 5 indicate that Ry^ 

t X* 
is uniformly Increased over the range of wall temperature ratios 
considered. In Figure 6 we plot Rx transition and Rx 
minimum critical, as computed in the growing mode, versus 



i! 

initial disturbance level for M = 3 and G^ = 0.5. We note 
that RXtr continually increases with decreasing disturbance 

level, whereas Rx miniinuni critical seems to approach an 
asymptotic value of approximately 2.36 x lo5. This limit 
value is higher than Rx minimum critical as computed in 
the frozen mode (* 5 x 104). 

In Figure 7 through 15, the mean velocity, temperature, 
and turbulent energy profiles are plotted for various Mach 
number and wall temperature combinations. For each value of 
M and Gw , we plot the profiles at Rx growing mode minimum 
cr,^^cai- an<3 Rx transition. Because of the low turbulence 
levels, the mean velocity and temperature profiles are essen- 
tially self-similar over the entire Reynolds number range. 
Also, there is a very strong tendency towards isotropy in the 
present model, so that K is a measure of any one of the three 
energy components. 

For fixed Mach number, the peak turbulent energy is 
shifte4 towards the wall and becomes more sharply concentrated 
as Rx tends to the point of transition. For larger values 
of the Mach number, the turbulent energy 3 more concentrated 
towards the outer edge of the ooundary laxer. For example, 
comparing Figures I3 and 15 at Gw = 1.0 and RXtr , the peak 

energy is at y/6 = 0.5 for M = 3 and at y/ó = 0.75 at 
M = 12. Recent experimental results (Ref. l8) on hypersonic 
transition show that the transition process actually starts at 
the outer edge of the boundary layer and is detected at the 
wall several boundary layer thicknesses downstream. This quali¬ 
tative behavior is predicted by the present model. 

V 



SECTION IV 

CONCLUSIONS 

1. Increasing Mach number at constant wall temperature has 
a strong favorable effect on the transition Reynolds 
number. The Mach number trend of ^xtr is *n ßenera-*- 

agreement with experimental results. 

2. For fixed initial disturbance energy density, wall 
cooling at constant Mach number has an adverse effect on 
transition. Also, wall cooling generally has an 
adverse effect on the growing mode minimum critical Rx 
but favorable effect on the frozen mode minimum critical 
^see discussion, page 7). 

3. The transition Reynolds number increases without bound 
as the level of the initial disturbance is decreased. 

4. The minimum critical Reynolds number calculated for a 
growing boundary layer is larger than minimum critical 
for a parallel flow. 

5. At hypersonic Mach numbers, the initial distribution of 
turbulent energy is concentrated near the outer edge of 
the boundary layer in agreement with experimental findings. 

6. Based on comparisons with experimental results, we conclude 
that the analytical model is a useful guide for studying 
the start of transition in a compressible boundary layer. 

9 



SECTION V 

RECOMMENDATIONS 

Based on the successful stability calculations in Reference 
1 and the transition run-out calculations presented here, it is 
recommended that: 

1. The model be modified to treat the flow over a cone. 
Both stability and run-out calculations should be made. 

2. The effects of external and wall disturbances be 
studied with the present model. These should include: 

a. Wall roughne rs 

b. External background turbulence 

c. Externally imposed sound field. 

3. The results of the present simplified model be used to 
supplement the further development of the full com¬ 
pressible model studied in Reference 19. 

10 
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Figure 2, Transition and minimum critical Rx versus wall 
temperature ratio Gw . 
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R* MIN CRITICAL (FROZEN MODE) 

Figure 3. Comparison of minimum critical R in the frozen 
and growing mode. 
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figure 5. Effect o.* initial disturbance level on Rx versus 
Gw at M = 3 . 

Figure 6. Effect of initial disturbance level on transition 
and minimum critical (growing mode) at M = 3 
and Gw = 0.5 . 
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M= 3.0 
Gw=0.2 

Figure 7. Mean velocity, temperature and turbulent energy 
profiles for M = 3 and Gw = 0.2 . 
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M=6.0 
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Figure 8. Mean velocity, temperature and turbulent energy 
profiles for M - 6 and G = 0.2 . 
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M=12.0 
Gw = 0.2 

Figure 9. Mean velocity, temperature and turbulent energy 
profiles for M = 12 and G = 0.2 . w 
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M = 3.0 
Gw=0.5 

Mean velocity, temperature and turbulent 
profiles for M = 3 and Gw * 0.5 

Figure 10. 







M=3.0 
Gw = 1.0 
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Figure 15. Mean velocity, temperature and turbulent energy 
profiles for M = 12 and Gw = 1.0 . 
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