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CHAPTER 1 

INTRODUCTION 

Th¡» report is a documentation of work performed under contract DAAH01-72- 

C-0585. The main objectives of this effort were: (1) to develop a measure of track¬ 

ing quality, (2) to establish criteria for allocatiriy resources to track and search, 

(3) to evaluate the quality of the tracking meas.i.e as a function of computation time, 

and (4) to develop a track and search aliocction procedure for the EAR (Experimental 

Array Radar), a computer controlled phased array radar air defense system being 

developed by the U.S. Army Missile Command. 

The work was performed in three phases. First, the general problem of resource 

allocation was analyzed, andan allocation procedure was developed. Then, various 

estimation algorithms were implemented and evaluated. Finally, a track and search 

allocation scheme was proposed for the EAR system. 

In Chapter 2, a methodology for dynamic resource allocation is developed which 

is based on a measure of total defense posture. It effectively combines the pertinent 

threat and system parameters into a single numerical index upon which the allocation 

decisions are based. This procedure requires the knowledge of the r ms error of the 

smoothed estimate and of the predicted estimates(with and without allocation) for each 

target. 

The estimation algorithm is an important part of the allocation procedure. 

Therefore, several estimation algorithms are investigated. In Chapter 3, a sys'.em 

model is developed to represent a maneuvering target. Based on this model, several 

estimation algor ithms are discussed in Chapter 4. They include the g-h filter (or 
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a~ P filter), two types of fixed memory polynomial filters and the Kdman filter. 

These four fi'ters are evaluated in Chapter 5 through computer simulations 

using two typical trajectories. The evaluation takes into account the mean-squared- 

error performance, computation time and storage requirement. 

In Oopter 6, a measure of tracking quality is defined and a procedure for 

track and search allocation for rhe EAR system is proposed. An example shows how 

the tracking measure is computed from the error covariance matrices of the Kalman 

filter. 

Chapter 7 contains the summary and conclusions. The procedure for generating 

trajectories, with and without maneuvering, is described in Appendix A. Recursive 

relations for the computation of the error covariance matrices of the g-h filter are 

derived in Appendix b. Appendix C contains FORTRAN listings of all subprograms 

along with brief descriptions. 
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CHAPTER 2 

PHASED ARRAY RADAR RESOURCE ALLOCATION FOR AIR DEFENSE 

2.1 Introduction 

A modern aircraft or ballistic missile defense system employs a multiple 

function phased array radar, interceptors and a high-speed digital computer to 

perform: (1) search of a specified volume, (2) detection of objects, (3) track 

initiation, (4) tracking, and (5) interceptor planning and firing. The sequence 

of events for engaging a single target begins when both the search and confirma¬ 

tion returns indicate the presence of an object. After confirmation, pulses must 

be a'located to the object for track initiation, early track, and precision track¬ 

ing prior to intercept planning. When several objects are present, the problem 

is to decide which particular object(s) should be tracked or if search should be 

performed. The effectiveness of a given defense system depends on how wisely 

this decision is made within :he resource allocation schema. 

The operational aspects of a representative defense system are shown in 

Figure 2.1. The system computer hosts various tactical software functions which 

control the actions of the radar as well as the interception of threatening objects. 

The resource allocation function assigns radar resources (energy transmitted) for 

a fixed interval of time to either the search function or the track function. The 

duration and type of assignments are chosen to maximize the incremental gain 

in system performance as determined from observations of the threat and from a 

knowledge of the system's resources and deployment. 

The radar scheduling function generates radar commands based on the requests 

from *he search or track function. The radar commands contain the information 
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required to direct the following: (1) the antenna beam position for transmit and 

receive, (2) the transmit time, (3) the transmit frequency and waveform type, and 

(4) the signal processing configuration, including channel selection and processing 

window timing. The radar returns processing function routes the radar returns to the 

search or track function. 

Upon obtaining enough information to provide an acceptable rms predicted 

miss distance, the interceptor planning function orders an interceptor firing. The 

kill assessment function evaluates the kill probability for each intercept attempted, 

and initiates additional firing at the same target when required. 

There are two basic approaches to the resource allocation problem: static 

resource allocation and dynamic resource allocation. The static approach uses a 

fixed set of rules and can be optimized only for a given attack scenario; system 

performance may drop considerably against a different attack scenario. The dynamic 

approach is based on the meaured and predicted state of the system and provides 

near optimum system performance over a wide variation of attack and defense scenarios; 

its effectiveness depends on a meaningful measure of system performance gain versus 

resource allocation. Optimum system performance means providing the most favorable 

balance between damage to the enemy and damage to the defended areas, given limited 

resources. 

This chapter describes a methodology for dynamic resource allocation which 

is based on a measure of total defense posture called System Worth. The computation 

of System Worth effectively combines the pertinent threat and system parameters into a 

single numerical index upon which the allocation decisions are based. For tracking 

allocations, the best selection of object(s) and allocation time interval is the one which 
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maximizai the per unit time increment of System Worth, cJenoted as Fictitious Incre¬ 

mental Gain. This tracking nllocation is compared to a search allocation of the same 

duration to determine if search or track should be performed. 

The resource allocation schema described in this chapter was designed, imple¬ 

mented, and demonstrated by exercising it against a simulated raid containing ten 

attacking aircraft. The results are presented in Section 2.3. The structure of the 

simulation model is general and includes all the essential components of a modern 

defense system, including a multiple function phased array radar, computer soft¬ 

ware, and interceptors. This preliminary investigation, described more fully in 

references C 1,2 ], illustrated that the procedures and algorithms produced a logical 

résout«.e allocation sequence. 

2.2 Resource Allocation and Methodology 

2.2.1 Object Worth 

Dynamic resource allocation requires that each observable object be assigned 

an index which Indicates the benefits to be derived from allocating resources to the 

object, as wall as the penalty pai:i when no allocation is made. This index, denoted 

as Object Worth, defines the relative value of each object to the defense. The com¬ 

putation of Object Worth is based on the following premises: 

(1) The intrinsic value of an object is related to the amount and quality of 

information available on the object. This factor is called Object Knowledge, OK. 

(2) An object which poses an immediate threat Id a defended area is given 

additional weighting (higher priority) to insure that it can be intercepted before 
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reaching its objective. This factor is called Potential Damage to the Defense, FDD. 

(3) An object receives additional weighting when it becomes vulnerable to the 

defense, i .e., when: (a) its position and velocity are known with sufficient accuracy 

to attempt an intercept, (b) the object is within intercept range, and (c) an inter¬ 

ceptor is available. This is called Potential of a Successful Intercept, PSI. 

Object Worth is defined as the sum of these factors, and will be written in 

general form as 

OW(t,i,k) =OK(t,i,k) + PDD(t,i ) + PSI(t,i,k) (2.1) 

where the first argument indicates the time at which the calculation is valid, i denotes 

the object number being considered, and k defines the number of pulses assumed for 

the allocation interval. Note that PDD has only two arguments because it is not 

a function of the pulse allocation. An acronym symbology is used because the 

letters immediately identify the parameter being discussed, and because the acronym 

name can be used without confusion in the computer simulation program. 

The resource allocation schema depends on the change in the Object Worth of 

each object during the allocation interval, with or without pulse allocation on that 

object. Therefore, computation of Object Worth is required under three assumptions: 

(1) the actual worth at time t^ corresponding to the start of an allocation interval, 

OW(t , i,0), assuming no new information on the object, (2) the predicted worth 

at the end of the allocation interval (time t^ + k A t), assuming that k-pulses are 

allocated, OW^ + k At,i,k), and (3) the predicted worthat the end of the 

allocation interval, assuming that no pulses are allocated, OW^ + k At,i,0). The 

time increment At denotes the basic pulse repetition period of the radar. 



8 

The corresponding Object Knowledge, Potential Damage to the Defense, and 

Potential of a Successful Intercept under these same three assunptions are discussed 

next. 

2.2.1.1 Object Knowledge 

The amount and quality of information available on each object are defined 

adequately by two parameters: the estimated tracking error and the predicted miss 

distance, assuming an intercept is attempted immediately. Since the tracking error 

in range is usually much smaller than the angular error. Object Knowledge, 

OK(t,i,k), varies inversely as the estimated or predicted rms angle error, 

e(t,ifk). Clearly, the angle error must be less than half the radar antenna beam width 

to allow continuation of track. A smoothing rnd prediction algorithm is used to supply 

values of the angular error for each object, under the assumptions noted above, i.e., 

(1) the error at time t^, using radar measurements taken through time t , e(t ,i,0), 

(2) the predicted error at time t^ ^ k a t, assuming k-pulses are allocated to the 

object, e(t} + k At,i,k), and (3) the predicted error at time t^ + k At, assuming 

no allocation is made to the object, e(t + k At,i,0). 

The predicted rms miss distance computations are based on: (1) the projected 

error in the position of the object at the time of predicted intercept, tj (t), using 

its estimated dynamics in conjunction with the prediction algorithm, and (2) the 

known characteristics of the interceptor. The object position errors and interceptor 

errors are combined in rms fashion to obtain the predicted rms miss distance, d. 

The following values of d are determined for each object under the conditions indi¬ 

cated by the arguments: d'ij (t#),i,0), d(tj (t$ + k At),i,k), and d^ (t^ + k At),i,0). 
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Not« that the predicted miss distance should be smaller than the interceptor kill radius 

before an actual firing of an interceptor is attempted. 

The general expression for Object Knowledge, as used in (2.1), is of the form 

OK(t,i,k) = + 
a2 

d(t,i,k) (2.2) 

where Oj and 02 are proportionality constants. It should be pointed out that the 

assumed k measurements for the computation of OK(ts + k At,i,k) are not avail¬ 

able and must be simulated by appropriate radar and environmental models, as depicted 

in Figure 2.1. 

2.2.1.2 Potential Damage to the Defense and Potential of a Successful Intercept 

The Potential Damage to the Defense, PDD(t,i,k), with respect to the i th 

objucr is a function of the value of the defended area threatened, distance to the 

defended area, object velocity, and relative heading. The particular function will 

depend upon the defensive system. For the simulation discussed later in this paper, 

the following simplified expression is used, 

P 
rp - R(t, i ) , for R(t,i) < R 
I max Rj v ' r 

PDD(t,i) = { (2.3) 
l 0 , otherwise 

where R is the range to object i at time t, P is the value of PDD at zero 
max 

range, and R^ is a risk threshold (range at which an object becomes a potential 

risk to the defense). 

The Potential of a Successful Intercept is a measure of an object's vulnerability 

to the defense. PSI by definition varies inversely with d, the predicted rms miss 



lu 

distance. If d it greater than the interceptor kill radius, the probability of a 

successful intercept is small and PSI is assumed zero; otherwise, PS1 is a nonlinear 

function of d which depends on the particular defensive weapon. In the simulation 

discussed later, PSI is assumed to have the form 

where is the interceptor kill radius. 

2.2.2 System Worth and Fictitious Incremental Gain 

The System Worth is defined as the summation of all Object Worths. Thus, it 

represents a useful measure of total defense posture whereby the information on each 

observable object and on the defense is combined in a rational and systematic 

manner. Two System Worths are considered: the Actual System Worth, ASW, which 

represents the system worth at the start of the allocation interval, and the Potential 

System V/orth, PSW(i,k), which is the predicted system worth assuming a k-unit 

allocation on the i th object. It follows that 

N 

ASW = J OW(tj#i,0) (2.5) 

M 

and N 

PSW(i,k) =OW(tj + kAt,i,k) + Y OW(t + kAt,j,0) (2.6) 

j = l 
(j/i) 

where N is the number of objects in track. 
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A measure of system performance gain when lc-units are allocated to rhe i th 

object is denoted as Fictitious Incremental Gain, FIGO,!«), and is given by 

FIG(i(k) = PSWMl^ASW (2.7) 

k 

2.2.3 Resource Allocation Schema 

The resource allocation schema is the step-by-step procedure for implementing the 

resource allocation concepts and deciding which of the numerous alternatives is most 

favorable to the defense. The approach utilized here is to first determine the best 

tracking allocation, and, second, to compare this tracking allocation with a search 

allocation of the same duration to determine if search or track should be performed. 

This procedure, discussed in the next two sections, is summarized in Figure 2.2. 

2.2.3.1 Selection of Tracking Allocation 

The selection of the best tracking allocation is based on determining the maximum 

FIG(i,k) with respect to object number (!) and number of pulses to be allocated (k), 

where i ranges in value from one to the number of objects in track, and k assumes a 

finite set of values {kj, k^/ ..., k^}. The object number ¡m, and allocation 

value, k , which maximizes FIG defines the best object selection and allocation time 
m 

interval for track. The determination of an optimum lower and upper limit for the 

discrete values of k (k. and k ), as well as the number of choices allowed in the 
* X 

iterations, must be ascertained from the available radar and data processing resources. 

The computer resources required for these computations may be reduced when 

targets approach a defended area in groups. Targets within a group may have nearly 
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•qual Object Knowledge; consequently, the Fictitious Incremental Gain computed 

for one of the targets will be nearly equal to the others. Therefore, by forming 

sets of targets, based on their Object Knowledge, the Fictitious Incremental Gain 

is computed for only one member of each set and the remaining members are assigned 

the same value. 

2.2.3.2 Decision Between Search and Track 

Once the optimum allocation for track has been determined by the maximum 

FIG(i,k), one must decide if search should be preferred. For this purpose, a 

Fictitious Incremental Gain for Search f FIGS(k ) 1 is defined, assuming an alloca- 

tion time interval corresponding 1o k for the best tracking allocation. FIGS takes 
m 

into account that the average time for search must be a function of the number of 

targets being tracked, and should become zero when high priority tracking saturation 

occurs. While the average search rate is a deterministic function of system load, 

th« instantaneous rate can vary so that high priority tracking £ large FIG (i,k) } 

is not interrupted. These ideas are implemented by making FIGS(k ) dependent 
m 

on the past average value of FIG(i,k), the time elapsed since the last search, and 

the number of objects being tracked. 

Finally, if FIGS(k ) is greater than the maximum FlG(i,k), the next k 
m 

pulses are allocated to search. Otherwise, k pulses are allocated to foe i th 
mr m 

object for continued track. 

2.3 Defense System Modeling and Simulation 

The demonstration of the radar resource allocation schema is most effectively 

accomplished by modeling and simulation of a defense system engagement. Computer 
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models of the components of on air defense system, the environment and the threat, 

and the corresponding computer simulation program were developed. Finally, a 

ground-to-oir battle was simulated on the Univac 1108, using Fortran IV as the 

source language. 

2.3.1 System Model 

A model for the representative defense system employing the resource alloca¬ 

tion schema of Figure 2.2 is depicted in Figure 2.3. The models for the search, 

track, interceptor planning, and interceptor kill functions provide the operational 

capabilities identified in Section 2.1. Models for the interface functions are not 

required since the system model resides in total within one computer. Those models 

peculiar to the simulation, and specific algorithms of importance to the resource 

allocation, are discussed briefly in the following paragraphs. 

The threat model receives time and object identification from the radar model 

and uses deterministic equations of motion to generate the exact state vector for 

the object being interrogated by the radar. The deterministic equations of motion 

are based on position/time samples provided as input data. The constants by which 

these time dependent equations are defined are stored in the threat data file. 

The radar model interrogates the threat model to synthesize radar returns. For 

a search or confirmation beam, the radar model simulates processing and detection. 

For a track beam, it simulates the measurements for range and angular position. The 

position data, perturbed by random noise, are fed into the track function model for 

smoothing and prediction. 
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Figur« 2.3 Model of Representative Defense System Employing Resource Allocation 
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The object map model forms and updates two maps: the true object map and 

the simulated object map. The true object map shows the true azimuth and elevation 

angles generated by the threat model to form a map representing the field of view 

scanned by the radar. The simulated object map is the object map seen by the radar. 

It pictures the information generated by the radar model and track function. 

The rescu'ce allocation model is the computer implementation of the fundamental 

schema described in Section 2.2. it incorporates a complete concept for multiple 

target allocation within the same allocation interval, and a procedure for reducing 

computer resources through object grouping. The set of values which k can assume 

in the computations of FIG(i/k) was taken to be { 5, 10, 15, 20 j . 

The search function model identifies the position of the antenna beam for 

random scanning. It schedules a confirmation beam when the radar model detects 

an object. Known object rejection is provided to prevent redundant tracks by com¬ 

paring the new detec tion with objects in the simulated object map. 

The track function model implements a tracking algorithm that is based on a 

generalized fixed memory polynomial filter. The tracking algorithm performs 

smoothing and trajectory prediction, and provides an estimate of the object state 

vector variance used in calculating e(t,i,k) and d(tj(t),i,k). 

The interceptor planning and kill assessnent model computes the predicted 

intercept and determines the success of all firing attempts based on the state vector 

variance of the object and interceptor variances. 
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2.3.2 Simulated Program Overview 

The simulation executive controls the simulation initialization, initializes and 

contrail the »equencing among the system models, and provides the necessary inter¬ 

facing and outputs. The inputs read by the simulation initialization program consist 

of parameters for the radar, resource allocation, interceptor and threat models. 

The outputs describe the object(s) and the system at each event step, and pró¬ 

vida statistical information on resource allocation and effectiveness. All Hie 

pertinent information on the objects comes from the object map model, which also 

identifies object(s) being tracked at thot event step. The system description at 

each event step includes mode of operation and allocation. System Worth, Fictitious 

Incremental Gain, and damage to offense and defense. Analysis of the sequence 

of events Indicates if the decisions are in agreement with accepted procedures. 

The statistical information on resource allocation shows the Search-to-Track 

ratio versus time and number of targets, the relative track allocation for each object, 

and the average allocation duration. Effectiveness included comparison of damage 

to the enemy to resources spent. 

2.3.3 Results for a Typical Ground-to-Air Battle 

A threat consisting of ten aircrafts arranged in three groups, converging on 

the radar, was exercised against the defense system models. The inputs consist of 

pa rame tt is to describe the targets, the radar, and the interceptors. The outputs 

provide information on the sequence of events and the rezurce allocation per¬ 

formance . 

Figure 2.4 shows the cumulative pulse allocations for search and track during 

a 71 second period, as well as the tracking allocations for one of the targets up 
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to interception. Analysis of the simulation results verifies that the Search-to-Track 

ratio decreases when the number of detected targets increase, as desired, and that 

the sequencing from Search-to-Track, or from object to object, is satisfactory. 

The track rate increases immediately before firing. Details for the inputs and out¬ 

puts and listings of the computer program can be found in Reference [2 ] . 

2.4 Summary and Conclusions 

The objectives of this preliminary work were: (1) to develop criteria, pro¬ 

cedures, and algorithms for optimum resource allocation, (2) to develop and 

implement system models, and (3) to develop a modular simulation program to 

demonstrate resource allocation and execute an example. The objectives were 

attained. 

Two important contributions are the development of a quantitative measure of 

defense posture (System Worth) based on all available information, and optimization 

criteria for selecting the best resource allocation strategy. These basic concepts 

are applicable to any type of defense system. 

The resource allocation schema is based on maximization of System Worth 

which is obtained by summing the Object Worths, over all objects. The Object 

Worth is the sum of Object Knowledge, Potential Damage to the Defense, and 

Potential of a Successful Intercept. The Object Knowledge is inversely related 

to the actual and predicted error of the position estimate. Each resource alloca¬ 

tion requires the computation of many position estimates and of their errors. Various 

estimation algorithms will be developed and evaluated in the following chapters. 
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CHAPTER 3 

SYSTEM MODEL 

3.1 Introduction 

A suitable mathematical model of the system (target and sensor) must be 

developed for implementation and evaluation of estimation algorithms. The model 

must be a good representation of the actual system and must be simple enough for 

easy imple’nentation and reasonable computer requirements. 

A target model is developed to represent a typical trajectory. Maneuvering 

is modelled as random accelerations whose statistics correspond to typical target 

capabilities. The model is discretized for use on the digital computer. 

Then, an observation model is defined to compute the measurement samples 

from the actual true target position. The measurement vector is the sum of the 

true position vector and an error vector which combines all the sensor and environ¬ 

mental errors and is assumed to have Gaussian statistics. 

3.2 Target Model 

3.2.1 Analog Model 

The three coordinates which completely describe the position of a target 

with respect to the radar are assumed to be the range R and two directional angles, 

a and P (Figure 3.1). The targets under consideration normally move on a constant 

velocity trajectory. All maneuvers will be viewed as perturbations upon this con¬ 

stant velocity trajectory. These will be modelled as random accelerations whose 

statistics adequately describe possible vehicle maneuvers. Further, since the range 

and angle measurement errors are independent, the filtering operation in the three 





coordinates can be decoupled. In each coordinate, the target is described by 

the linear constant coefficient system 
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> 

P 

d 
— X'C) - F'A'W + G'°(» , 

where X'(t) 

” target position (R, » , or p ) at time t ' 

.target position rate at time t 

(3.1) 

(3.2) 

a(t) = target acceleration (in R, q> , or p ) at time t, (3.3) 

(3.4) 

(3.5) 

The acceleration a(t) is a random process representing the target maneuver and is 

called the target maneuver variable. In each coordinate, the target maneuver con 

be specified by its magnitude (variance) and its duration (time-constant). Because 

the time constant is nonzero * the target maneuver is correlated in time. A typical 

correlation function associated with this target maneuver is 

R ( t ) - E [a(t) a(t + i) ] = a2 eY|T|,v>0 (3.6) a m — 

2 
where E [*] denotes mathematical expectation, a is the variance of the target 



maneuver and - i. the maneuver time constant. An evasive maneuver is represented 

V 

by a hijh value of y while a small value of y is used to simulate atmospheric turbulence. 

% 

Smoothing and prediction filter*, especially the Kalman filter, require that 

the system be driven with white noise instead of a time correlated random process. 

Therefore, the random process a(t) in equation (3.1) must be expressed as the out¬ 

put of a linear syster,, excited by white noise. This can easily be achieved by follow¬ 

ing the procedure described in Singer [3 ,4 ] and Wiener [5 ] . The resulting 

equation is 

i^iîl = -va(t) + u(t) , ¢-71 
dt 

where u(t) is a white noise process with correlation function 

R (T) = 2vc£ &(t) . 
u m 

The process a(t) given by equation (3.7) can be adjoined to the vector X'(t) 

to jive an augmented vector X(t) where 

X(t) 

■x^t) 

x2(t) 

L*3(,) 

Combining equations (3.7) 

r target position (R, a, or p) at time t~ 

target velocity at time t 

target acceleration at time t 

(3.9) 

and (3.1), the equations for X(t) can be written as 

•iL X(t) = F X(t) + G u(i) , 
d t "" 

(3.10) 

where 
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F = 

O 1 O 

O O 1 

O O -y 

(3.11) 

(3.12) 

3.2.2 Discrete Model 

For digital analysis, it is necessary that rhe equations of motion b? repre- 

sented by difference equations rather than by differential equations. Let t 
k 

represent the kth sampling instant and let At^ = t^ + ^ - t, be the kth sampling 

interval for k =0,1,2,,.. . The solution at time t^ + ^ to equation (3.10) can 

be written as 

*k + 1 

X(k + 1)= #Utk) X(k) + J *(fk + , -t) Gu(t) dT (3.13) 

where X(k) denotes X(tk)and*(t) is the state transition matrix of the linear time 

invariant system of equation (3.10). This transition matrix is given by ÿ (t) = eFf, 

or 

f(0 

1 t -1( -1 + vt + e "vf ) 

0 1 1( 1 -e"vt 

0 0 -vt 

(3.14) 



For imall values of yt , the transition matrix may be approximated as 
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i(t) = 

1 t 

0 1 

0 0 

2 

t 

1 

Equation (3.13) can be written as 

(3.15) 

X(k + l) = ^Atk) X(k) + W(k) (3.16) 

where 

*(*k + 1 ’ t) ®u( t) (3.17) 

Since the time intervals are mutually disjoint, and since u(t) is a white noise 

process, it is easily seen that W(k) is an independent vector sequence with zero 

mean. That is 

E[W(k)WT(i)] = Q0c)SjA (3.18) 

where Q(k) is the covariance matrix of the vector sequence W(k). Using 

equations (3.8) and (3.17), it can be shown that the covariance matrix is given 

by 
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where 

Q(l<) = 2y a2 
m 

q11(k) q12(k) q13(k^ 

q12(k) q22(k) q23(k) 

q13^k^ q23^k^ q33^k^ 

(3.19) 

qn(k) = 
" 2 y A t, 2 y ( A V ) 2 2 

1 -e k + 2vAtk +-3—-2V ( Atk) 

“V 

-4 Y At, e (3.20) 

q12(k) ' 
2 y L 

"2 V At, "vAt, "vAtk 

1 + e - 2 e + 2 y Atk e 

-2vitk 
2 2 

+ V utkr (3.2Ï) 

-2vAtk 

- e 
“ V A t, 

” 2 y A tk e (3.22) 

q22(k) = 71 

"VAt, -2VAt, 

4e -3-e +2vAt|< (3.23) 
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q23^ 
1 

P *■ V 

'2 v ¿ V “vAti< 
^+1-26 k 

q33(k) = 2 V 
1 - 

-2 vAf, 

(3.24) 

(3.25) 

3.3 Th> Obiervation Modtl 

It ¡I asiumed that the position of the target is being measured by the sensor. In 

each of the three coordinates, the observation sequence is given by 

Z(k) =M X(k) + V(k) 

where M = [ 1 0 0 ] 

(3.26) 

and V(k) is an additive independent Gaussian noise sequence with zero mean and 

covariance given by 

E [V(k) V(!) ] = oj ôkJ (3.27) 

2 
The value of ay depends on the coordinate being measured and the sensitivity of 

the sensors. 

3.4 Selection of Parameters 

2 
In order to choose a value for , it is necessary to choose a probability 

distribution which adequately represents the target acceleration. One such distri¬ 

bution function and the corresponding probability density function are shown in 

Figures 3.2(a) and 3.2(b). According to this model, the target undergoes no 

maneuvering at all with probability P^, it can accelerate at a maximum value 



(a) Probability Diitribution Function of Vehicle Acceleration 

p(a) 

max 

1-(P +2P ) 
o max 

Z. 2A 
max 

max 

-►a 
-A 

max max 

(b) Probability Density Function of Vehicle Acceleration 

Figure Z.2 Probability Distribution and Density Functions of Vehicle Acceleration 
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of A with probabilities of P each andean accelerate between limits 
— max max 

” to ^max w'^ a un'form distribution. It is easy to see that such a random 

variable has zero mean and variance given by 

2 _ Ajnax 
°m y [1 - p. + 4 P ] . 

max (3.28) 

2 2 
Typical values of A are 60 m/sec in range and 6mrad/sec in the two max 

angles for an average elevation of about 10000 m. 

For the type of trajectories considered, it is assumed that one sigma measure¬ 

ment accuracies in range and angle are 10 m and 8 mrad, respectively. This gives 

2 2-6 
av = 100 for range measurement and av = 64x10 for angle measurement. 

3.5 Summary and Conclusions 

A model was derived for the system which describes adequately the vehicle 

motion including maneuvering due to random perturbations or pilot control. 

The target model is a linear time-invariant system driven by white noise. Equiv¬ 

alent discrete state equations were derived to facilitate implementation on a 

comparer. Discrete observations were assumed to be corrupted by an independent 

sequence whose variance represents the measurement accuracy of the sensor. It 

was assumed that each of the three coordinates follows similar system models. The 

system model will be used in the next chapter. 
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CHAPTER 4 

ESTIMATION ALGORITHMS 

4.1 Introduction 

In this chapter a brief description of three commonly used estimation algorithms 

is presented. Two of these filters, the g-h filter (sometimes called a - p filter) 

and the Kalman filter, are recursive in nature, while the third, the fixed-memory 

polynomial filter, requires that the computation be performed on all samples in memory 

at each step. These three filters were selected for comparison since they are of the 

type often considered for implementation in tactical systems. The g-h filter is of parti¬ 

cular interest here because it is presently being considered for implementation in the 

EAR system. 

The description of each filter includes the implementation algorithm, the 

initialization procedure where applicable, and formulas for the variance of the error 

in the estimate. Computer programs are written for each filter from the algorithms 

and initialization procedures andaré listed, along with a brief description, in 

Appendix C . These programs will be used in Chapter 5 to evaluate the performance 

of the three estimation algorithms for two typical trajectories. The error variance of 

the estimator serves as the basis of the track and search algorithms to be described in 

Chapter 6. 

4.2 The g-h Filter 

4.2.1 g-h Filter Implementation 

The g-h filter is designed to minimize the mean-squared error in filtered 

position and velocity under the assumption of straight line (constant velocity) 
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target motion. The smoothing and prediction algorithms for this filter are given by 

X(k + 1 I k + 1) = X(k + 1 I k) [ Z(k + 1) - M X(k + 11 k) ] (4.1) 

X(k + 1 |k) i’ , X(k I k) 
1/- 

(4.2) 

where 

X(k|k) = 

A 

X.(k I k) = estimate of the position at k th sampling instant 
A * 

Xjik] k) = estimate of the position rate 

and M = [ 1 0 ] . 

A recursive relation for the error covariance matrix can be shown(See Appendix 

B)to be 

P{k + 1 I k + 1) = B, P(k + 1 I k) B, T * a2 K. kJ 
k k y k k (43) 

P(k-M I k) = *k P(k I k) kJ + al GkGk + + GkCT(k)kJ 

where all quantities are defined in Appendix B. 

It is interesting to see what effects a maneuvering target will have on this 

covariance matrix. To simplify matters, let the system noise given by the term 

2 T 
av K k be zero. Then, from the second element of (4.1), the error in predicted 

position is 
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: = x.(k + 1) - x.(k + 1 |k) = (Atk) / *2^ + 1 lk ‘‘'JL" X2(k + 1 'k) 
(4.4) 

At, 

Obviously, the maximum error in predicted position occurs in the interval of maximum 

vehicle acceleration and is given by 

A (At.) 
max k 

max 
(4.5) 

Equation (4.4) represents the element of the first row and first column of the matrix P 

under the assumption that no sensor noise is present. 

4.2.2 Selection of Parameters 

The servo-loop generated by (4.1) and (4.2) has the following characteristics [6 ]: 

(2g + h) < 4 

(g + h)^ < 4h 

(g+h)2=4h 

(g + h)2 > 4h 

for stability, 

for underdamping, 

for critical damping, 

for overdamping. 

(4.6) 

The position smoothing coefficient specifies the required system bandwidth. 

The smaller the required bandwidth, the smaller g can be made. The position rate 

smoothing coefficient h specifies the amount of damping in the system. Since band¬ 

width and damping are inverse quantities, a compromise must be used in selecting 

g and h . If the required system banawidth is known, Benedict and Bordner [ 7 ] 

show that the optimum choice of h is 
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h = g2/ (2 - g) (4.7) 

which yieldi a damping ration of \T2~/ 2 = . 707. 

The second element of (4.2) is a result of the g-h filter requirement of con¬ 

stant velocity trajectory. In order to detect vehicle maneuvers, circuitry external 

to the g-h filter is required. Since there is no provision for acceleration smoothing 

in the g-h filter, it is not possible to use the transition relation discussed in 

Chapter 3 and (4.2) will be used directly. 

4.2.3 Filter Initialization 

In order to minimize transient error, it is necessary to have an initialization 

procedure for the g-h filter. The first meaningful smoothed values obtained will 

A A 

be Xj(3 I 3) and X2(3 | 3). The computation of these requires predicted values from 

the previous sampling instances. The computation of these predicted values requires 

the initial conditions 

x,(2 12) = Z(2) (4.6) 

and 

*2<2|2> = 7r (Z(2)-Z(D) . (4.9) 

The recursive relations representing this filter can now be set in motion by computing 

* * 
Xj(3 I 2) and X2(3 | 2) from these initial conditions. 

4.3 Fixed Memory Polynomial Filter 

4.3.1 General Comments 

This filter operates on the last (L + 1) observations where L is a preselected 
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¡nttger. I» comput« th« coefficients of a polynomial which fits these observations 

in the least square sense. This polynomial is an estimate of the process being observed. 

The derivatives of the estimating polynomial are used as estimates of the dérivâtes 

of the true process. The polynomial is also used for prediction. 

Two types of polynomial filters will be considered. The orthogonal poly¬ 

nomial filter is used for equal sampling intervals, while a more general polynomial 

filter is derived which will be used for unequal sampling intervals. The general poly¬ 

nomial filter requires a matrix inversion and is, thus, less efficient than the orthogonal 

polynomial filter. 

4.3.2 Orthogonal Polynomial Filter 

The fitting polynomial can be expressed as a sum of basis polynomials. These 

must be orthogonal in the estimation interval in order to avoid a matrix inversion 

during the computation of the coefficients. Th*> discrete Legendre polynomial will 

be used as the orthogonal basis. 

The normalized discrete Legendre polynomial of degree j, tp.(r), is defined 

in terms of the discrete Legendre polynomial p(r;j,L), by 

*i(')'clJJ)p,r;j'U (4.10) 

where 

P<r;).l>4 H)'iiVi + ï'l : 
V^O \V A V / 

(v) 
(4.11) 
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with L(v) = (L) (L-l) ...(L-y+1) and(J’\= Í 1 

'V/ (j ” v) I V I 

and 

U(I)L) f. jLu :11 . (4. 
(2j + 1) 

Th« parameter L specifies the range of orthogonality. The estimation polynomial 

is givon [ 8] by 

[p (r) 1 

m 

E 

J2« 

E y, i . ».(n) 
n-0 J 

*Pj(r) (4.13) 

where [p (r) is the estimation polynomial based on the observations 

Z(k;L)= [Z (k-L) Z(k - L + 1 ) . . . Z(k) ]T 

and m is the desired degree the polynomial. 

In general, 

(4.14) 

m 

rt>'p(r)]k--V E 
k T )=0 „5, dr J 

(4.15) 

j 
where D denotes the i th derivative and t is the interval between observations. 

The unsealed estimate vector 

S(k+C|k) = 

/P(l-+C) 

Dp (L + c) 

' Dmp (L +() I k 

/ P (0 

Dp (r) 

' Dmp(r) / 

(4.14) 
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can ba written ai 

X(k + C I k) = W( ç, T) X(k+r,|k)=W(C/ t) Z(k;L) (4.17) 

where 

W(C, t) = #( C t) sgcb, (4.18) 

<r lj_î 
[•(Ct)].. = —Í-!- for 0 < i/j < m 

j o-o « ’ ' 
(4.19) 

S is the associate Sterling matrix of the first kind, 

c g i.j * ( -o^ (j) ( ^ *) ijr) for 0 £ ' 0 5 m (4.20) 

[C]_!_ 6 s A 
j|j [c 0/L) f (L+j + 00+0 'jfw0<i,j< m 

(4.21) 

(v) 

for 0£i<m and 0<j£l . (4.22) 

The associate Sterling matrix of the first kind is given by the recurrence relation 

CS]i,r[S]M,H + fc 0 < i#j < m (4.23) 

with 
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[S ] = 1 and [S ] s = TS ]. ä =0 for i,j < 1 . 
O/O O/J '/O 

(4.24) 

It should b« noticed that (4.19) will give the same result as (3.15) for m = 2. 

A computer program was developed ro compute the matrix for a given number 

of observations, prediction interval, and degree. This program is listed in 

Appendix C. 

The L + 1 observations are received at time t = t + £ t , where t is 
o o 

the start of the observation window and I = 0,... ,L. The true procese can be estimated 

in the interval t < t < t + L t and predicted for t > t + L r . The estimate 
o - - o o 

of the true process is p (r) where r = L gives the updated smoobed estimate, while 

r = L + ç gives the r-step prediction. The highest possible degree of the polynomial 

filter is L. 

4.3.3 Filter Implementation 

The filter implementation is demonstrated on an example. Assume that the 

number of observations available is five (L = 4), the sampling interval is one ( t = 1), 

and that a second degree polynomial (m = 2) will adequately describe the process. 

Then, from equation (4.15), it is seen that the following quantities are needed: 

(4.25) 

(4.26) 
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>(r) ¢(2,1) 
L_p(r.2 L) 5(1) (L - 1) 
,L)p(,Z'L) VT + 3) (L + 2) (L + (L + 3) (L + 2) (L +1) 

2 
- 4r + 2, 

o ~ J 

_ 6r X 6(r) (r - 1) 
L ILTÍT- ] 

(4.27) 

Using these values in (4.15) yields 

P(r) 

Dp (r) 

2* 

Dp (0 

70 

10r - 26r + 6 

2Or - 26 

20 

5r + 27r - 10 

-lOr + 27 

- 10 

lOr 

+ 40r -6 -5r2 + 13r + 19 lOr2 - 54r + 62 

-20r +40 

-20 

- lOr + 13 

- 10 

26r - 54 

20 (4.28) 

Z(k) 

Z(k-1) 

Z(k-2) 

Z(k-3) 

Z(k-4) 

^ r "^^*p prediction is obtained by evaluating this expression forr = L + Ç = 4 + f. 

For instance, if a 2.5 -step prediction is desired, (4.28) becomes 

p - 3.71 Z(k) - .65 Z(k-1) -2.41 Z(k-2) - 1.55Z(k-3) + 1.91 Z(k-4), (4.29) 

Dp = 1.49 Z(k) - .54 Z(k-l) - 1.29 Z(k-2) - .74 Z(k-3) + 1.09Z(k^) , (4.30) 
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D2p = .28 Z(k) - . 14 Z(k-l) - .28 Z(k-2) - . 14 Z(k-3) + .28Z(k-4). (4.31) 

If mor« than one process is being observed, a number of identical and com¬ 

pletely independent filters will be required. For instance, suppose range, azimuth, 

and elevation are being monitored; then three filters will be required. 

4.3.4 Effect of the Polynomial Degree on Computer Requirements 

In this section only the second order polynomial filter is considered. However, 

a higlier-ordered polynomial may be needed for a better fit of the observations. In¬ 

creasing the order of the polynomial, while reducing the systematic errors, increases 

the random errors of the estimate and also the computer requirements. 

The computer requirements as a function of polynomial degree were considered 

for polynomials of degree 1 through 8. For each degree only the position estimate 

based on nine observations and a 3-step prediction interval were considered. The 

experimental results are demonstrattd in Figures 4.1 and 4.2. In both cases the 

results are normalized with respect to the 8th degree polynomial. We see in 

Figure 4.1 that the computer running time is approximately an exponential function 

of degree. However, the absolute computer running time for the 8th degree poly¬ 

nomial position estimate was only 9.456 milliseconds, and this time does not account 

for any interruptions which may have resulted due to the time-sharing nature of the 

computer system used. Also, Figure 4.1 resulted from a variable - Ç filter. If the 

required prediction interval is known beforehand, the filter coefficients all become 

constants and can be precomputed in which case the computer running time for all 

degree filters will be essentially equal. From Figure 4.2, it is obvious that the 

increase in computer storage requirements is negligible. 

P 
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4.3.5 General Fixed Memory Polynomial Filter 

In order to simplify the following discussion as well as to extract something 

useful, only the second-order filter will be implemented. We shall assume that a 

sequence of scalar observations... Z(k-l), Z(k) ... is being obtained from some linear 

process, and that we wish to fit a second-order polynomial to a fixed length record 

of them. The observation instants are assumed to be unequally spaced and we store 

both these and the observations themselves in push-down tables of adequate length. 

The least-squares polynomial approximation to the sequence of observations, 

Z(k;L)=(Z(k) Z(k-1) ... Z(k-L) )T , (4 32) 

is 

X(k|k)= (TkTTk)-' TkTZ(k;l) (4.33) 

where 

V 

M. 

Mk-i * "k-r V 

Mk-i * 'W V 

(4.34) 

Mk = ( ! 0 0), and t il given by (3.15 ). Equation (4.34) can be written as 
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Therefore, 

Vv 

and 

A " Vi* (fk " 'k-\] 

" tk-2) (tk " tk-2) 
. 2 

■^k ~ " fk-L^ 

L 
I 1 
0=¾ -^k-W n=0 

-E (t. -», ) E (*. -t. r 
n=0 k ^ n=0 k k-n 

-t ,) 
n=0A.. n“k 

'E 

n=0 —V k 

ÏXM- 

(4.35) 

(4.36) 

Tk Z(k;L) = 

L 
E Z 

n=0 (k-n) 

-E(t-t )Z/L . 
n=<j k k-n (k-n) 

^ ^ ) Z /L \ 
n°0 k ^ (k'n) 

(4.37) 

2 
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The error covariance matrix for the fixed-memory filter is given by [8 ] 

PH^irJv-’ Tk <TkT y-' . 

For R,, V = a l, this equation reduces to 
(k) V 

P(k I k) = a* (TJ y'' • 

This random error covariance matrix can be predicted to any instant by 

P(k +C|k)= «(C) p(kIk) .T(C) . 

The computer implementation of this filter consists now of only programming 

equation (4.33) utilizing the relations (4.36) and (4.37). This program is listed 

in Appendix C. 

4.4 The Kalman Filter 

4.4.1 General Comments 

The Kalman filter [ 9 ] is simply the recursive computation algorithm foi 

Wiener [5 ] filtering. The Wiener filter, based on the Wiener-Hopf integral 

equation, is the best linear minimum-mean-squared error filter using the avail¬ 

able observations. The estimate at a particular point in time is a linear com¬ 

bination of the current observation and all the previous observations. This results 

in on expanding memory situation unless all the information required of the previous 

observations is contained in the estimates at a fixed number of previous instants. 

This is indeed the case and the Kalman filter utilizes the fact that the latest estimate 

and the current observation completely determine the current estimate. The optimal 



(in the minimum mean squared error sense) prediction is entirely dependent on the 

current estimate. It is known that the minimum mean squared estimate is also the 

conditional mean estimate, and that the conditional mean is a linear combination 

of the observations if the conditional density of the process to be estimated con¬ 

ditioned on the observations is Gaussian. Therefore, in the case of Gaussian processes, 

the Kalman filter does yield the minimum mean squared error estimate. 

4.4.2 Estimation Algorithms 

Since the Kalman filter algorithms have been widely published, only the final 

equations will be repeated here. A detailed derivation of the equations can be found 

in reference [ 10 ] . 

The system under consideration (as developed in Chapter 3 , equation 3.16) 

is given by the following message model 

X(k+l) = »Utk) X(k) + W(k), (4.38) 

where * (t) is given by equation (3.14 ) and W(k) is an independent vector noise 

sequence with zero mean and covariance Q(k) given by equations (3.19) through 

(3.25). The observation sequence is given by 

Z(k) = M X(k) + V(k) , (4.39) 

where M = f 1 0 0 ] and V(k) is an additive independent noise sequence with 

2 
zero mean and a variance of . The problem is to find an estimate of X(k) 

based on measurements Z(l), Z(2),... ,Z(j). This estimate will be denoted by 
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&(k |j) where k = j for filtering and k> j for prediction. The two cases of equal 

and unequal sampling intervals are discussed next. 

4.4.2.1 Equal Sampling Intervals for all k) 

In this case we restrict ourselves to filtering and one-step prediction. Thus 

It is required to find X(k | k) and X(k + 1 | k). Following the development in 

reference [10], these are generated recursively using the following equations: 

X(k + 1 |k) = #( ¿t) X(k |k) (4.40) 

P(k + 1 I k) = • (a0 P(k I k) #T ( a0 + Q(k) (4.41) 

K(k + 1) = P(k + 1 I k) MT [M P(k + 1 I k) MT + o2v 1 ’1 (4.42) 

X(k- I k + 1) = X(k + 1 I k) + K(k + 1) [Z(k + 1) - M X(k + 1 | k) ] (4.43) 

P(k + 1 I k + 1) = [ I - K(k + 1) M ] P(k + 1 I k) (4.44) 

where I is the identity matrix of order three. 

In the above equations G(k) is the gain matrix, P(k + 1 |k) is the error 

covariance matrix of the one-step prediction and P(k | k) is the error covariance 

matrix of the filtered estimate. In order to start the recursive scheme, the initial 

* 
conditions X(1 | 1) and P(1 | 1) are needed. The selection of these initial con¬ 

ditions is discussed in Section 4.4.3. The above recursive relation can be repre¬ 

sented schematically as shown in Figure 4.3. In this case, since At remains con¬ 

stant, the matrix Q(k) is independent of k and will have to be computed only 

once. The computational algorithm follows exactly the same sequence as the above 

equations. 
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4.4.2.2 Unequal Sampling Intervals 

From a practical standpoint, it is rarely possible for the sampling intervals 

to take a large number of different values. In most cases the sampling interval can 

take a finite number of different values each of which is an integral multiple of a 

minimum value. 

Let the kth sampling interval be given by 

Atk=TNk (4.45) 

where Nk is a positive integer. 

The estimates at the instants 

*k + *k + + (^k“!) T 

will have to be computed as predicted values, based on the filtered estimate at 

tk, since no new observations are available. Since ¿tk is varying, the 

covariance matrix Q(k) should be computed at every stage of filtering. The 

filtering equations are similar to those for equal sampling interval and are as 

follows: 

A A 

X(tk + ¡T |k) = *(T) X(tk+(i -1) T |k) (4.46) 

for i = 1,2,..., Nk“l 

X(k+1 |k)= f(T) X(tk + (Nk-1)T |k) (4.47) 

P(k+1 |k) = *(Atk)P(k |k)J(Atk) + Q(k) (4.48) 

T T 2 -1 
K(k+1) = P(k + 1 |k)M [HP(k + l |k)M + ] (4.49) 

I 
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X(k +1 |lc + 1) = X(lc + 1 |k) + K(k + 1) [Z(k + 1) -M X(k + 1 |k)] (4.50) 

P(k +1 I k + 1) = [ I - K(k + 1) M ] P(k + 1 |k) (4.51) 

where the various qualities are defined in the same manner as before. The com¬ 

putation algorithm follows the same sequence as the above equations. A block 

diagram schematic is shown in Figure 4.4. 

4.4.3 Initial Condi tiers 
A 

As was noted earlier, initial conditions X(1 | 1)and P(1 | 1) are required 

to start the recursive algorithms. The estimator is initialized as 

rz(i) 
(4.52) 

Lo 

If X(k |k) represents the filtering error, then 

X(k I k) = X(k) - X(k I k) (4.53) 

and P(k | k), the covariance of X(k | k), is given by 

P(k |k) =E [X(k |k) XT(k |k) ] . (4.54) 

Using equations (4.52), (4.39) and (4.38), one can write 

X,(l |D= -V(1> (4.55) 

Xj(l 11)= t\ [V(0) -V(l) - »,(0) + T w2(0) ] 

(4.56) 
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- vût 

,OM)=e ° x3(0) + w3(0) (4.57) 

Using these equations and the fact that ë£x3 (0)J = / can be shown that 

Pd I D = 

P11 P12 p13 

p12 p22 p23 

p13 p23 p33 

where 

p11 

p12 

p13 

2 
CTV 

2 
Ov 

Ät 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

2a, 

p22 
(4*0) 

m 
4/ . x2 

2 2 2v3 ( MJ3 
2-v2(a*0)2 --r- 

- 2 e 
“ V ( A t ) 

2 V ( At ) e 
o 

-v( At ) 
(4.62) 

p23 
m 

V2(i< ) 

"V ( At ) 
+ V ( A tQ) - 1 (4.63) 

and 

p33 m 
(4.64) 
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4.5 Summery and Conclusions 

Algorithms were presented for implementation of the g-h filter, fixed-memory 

polynomial filter, and Kalman filter. The g-h filter and the Kalman filter were 

shown to be recursive filters of the predictor-corree tor type, while the fixed-memory 

filter operates on a fixed length set of samples at each sampling instant. As a con¬ 

sequence, the g-h and Kalman filters must store and operate on only the latest 

observation, while the fixed-memory filter must store and operate on a set of 

observations. 

Although both are recursive in nature, the g-h and Kalman filters differ greatly 

in operation. The g-h filter assumes that a constant-velocity trajectory is being 

observed, and thus uses a constant gain matrix. An expression was derived to show 

the effect of maneuvering on the position estimate of the g-h filter. On the other hand, 

the Knlman filter is adaptive to the actual vehicle trajectory in that its gain matrix is 

a function of the error covariance matrix. Obviously, this feature represents an 

increase in computation over the g-h filter since the gain matrix will have to be com¬ 

puted at each step. 

The fixed-memory filter has an entirely different structure from the g-h and 

Kalman filters. It was first developed as a combination of orthogonal polynomials, from 

which smoothing and prediction for equal sampling intervals were computed without 

matrix inversion. However, since unequal sampling intervals are required for the 

track and search algorithms described in Chapter 6, a general fixed-memory filter was 

developed whose implementation necessitates a matrix inversion. 
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Formulai for the variance of the errors in the estimates were presented for 

each filter. These are readily available for the fixed-memory and Kalman filters. 

A recursive relation for computing the variance of the g-h filter is derived in 

Appendix B , 
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CHAPTER 5 

EVALUATION OF ESTIMATION ALGORITHMS 

5.1 Introduction 

In this chapter, the four estimation algorithms discussed in the last chapter 

are evaluated through computer simulations. The simulation program consists of 

three parts. First, the radar measurements for a selected trajectory are simulated. 

Then, the target position estimates are computed from the simulated measurements 

using one of the estimation algorithms. Finally, the mean-squared error between 

the actual and estimcted trajectory is computed and is used as a measure of perfor¬ 

mance of the estimator. The simulation program is applied to two typical trajectories. 

The results are evaluated taking into account performance, computation time, and 

storage requirement. The computer programs were written in FORTRAN and executed 

on the UNIVAC-1108 located at UAH. 

5.2 Simulation Experiments 

The simulation experiments for the four estimation algorithms are conducted on 

two trajectories. Both trajectories are assumed to have constant tangential velocity, 

one corresponds to a maneuvering target and the other to a non-maneuvering target. 

Maneuvering is modelled by a randomly varying radial acceleration. The procedure for 

generating the two trajectories is a part of Appendix A, and the programs are listed 

in Appendix C. 

Sampled values of the target position in the three coordinates are computed at 

intervals of 0.1 sec and simulated samples of radar measurements are obtained by 

adding noise. All the simulated radar measurements are stored. 

1 I 

f 
' 
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For each h-ajoctory four different sampling schemes will be considered. The 

first three have constant sampling intervals of 0.1, 0.2 and 0.3 secs, respectively, 

and the fourth has a variable sampling interval. The selection of the variable 

sampling intervals are based on the trajectory curvatura as discussed in Appendix A. 

Note that only the simulated measurements designated by the sampling scheme are 

used in the estimation algorithms. 

Regardless of the sampling scheme selected, smoothed estimates and predicted 

estimates of the three position coordinates are computed at intervals of 0.1 sec. 

Therefore, three trajectories have been defined: the true trajectory, the smoothed 

trajectory, and the predicted trajectory. The measure of performance of the 

algorithm for smoothing and predicting is the mean-sqtjred error (m.s.e.) between 

true and smoothed trajectory and the mean squared error between true and predicted 

trajectory, respectively. In each coordinate the m.s.e . of the smoothed and pre¬ 

dicted estimates is computed as follows: 

N 
2 

(5.1) 

k=l 

N 

and CTp ' R Y “ x](k Ik-i) ]2 

k=2 

(5.2) 

where N = 1000. 
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5.3 Simulation Results 

Tables 5.1 to 5.7 show the results of the simulation study for the four filters 

assuming a maneuvering target. Tables 5.8 to 5.14 present the results for a non- 

mo .suvering target. Each table shows the m.s.e. of the smoothed and predicted 

estimates and the computer time in C.P.U. for the four sampling schemes. This 

computer time represents the time used by the estimation algorithm to compute 

1000 smoothed and predicted estimates in any one coordinate. In the case of the 

g-h filter, several combinations of the parameters g and h were considered. Since 

the performance of the two fixed memory polynomial filters is identical except in 

computer time usage, the results are compiled in the same table. However, the 

orthogonal polynomial filter cannot be used for variable sampling rates. 

5.4 Comparison and Evaluation of FiMers 

Comparison and evaluation of the filters are based on performance and computer 

requirements. The performance is defined as the m.s.e. between the actual and 

estimated trajectories. The computer requirement will be defined as the computer 

time in C.P.U. because the storage requirements are essentially the same for all the 

filters considered. 

A few remarks apply to all filters. The m.s.e. increases with decrease in 

sampling rate, as expected. Constant sampling yields a better performance than 

variable sampling at the same average rate. The difference in tracking performance 

between maneuvering and nonmaneuvering targets is not as great as expected. This 

is because the error ^je to the random noise dominates that due to maneuvering for 

the selected trajectory. 
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The performance of the g-h filter depends on the choice of the parameters 

g and h. Many combinations of these parameters were tested and the results 

confirm that the selection of the parameter h, based on equation (4.7), is near 

optimum. Only the results for the five best combinations are tabulated. The 

g-h filter is best for nonmaneuvering targets in both performance and computa¬ 

tional speed. 

The two fixed-memory filters din not perform as well as the other filters. 

For a given constant sampling rate, the orthogonal polynomial filter is much faster 

than the general polynomial filter in computing the same estimate. It is also 

faster than the Kalman filter. However, the orthogonal polynomial filter cannot 

be used with variable sampling rates. 

The performance of the Kalman filter is the best for maneuvering targets 

and is near that of the best g-h filter for a nonmaneuvering target. The Kalman 

Rlter requires a relatively large computer time, but it provides the covariance 

matrices of the estimates at each step, which is necessary for the tracking allo¬ 

cation. 
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CHAPTER 6 

PROCEDURE FOR EAR TRACK AND SEARCH ALLOCATION 

6.1 Introduction 

This chapter develops a track and search allocation schema for the EAR system. 

It is a simplification of the general resource allocation procedure of Chapter 2 and 

uses the tracking algorithms derived in Chapter 4. A tracking measure based on rms 

angular errors is developed and a block diagram for the allocation schema is presented. 

An example shows how the tracking algorithm is used to compute the rms angular 

errors of the actual and predicted estimates. 

6.2 Tracking Measure for the EAR System 

In Chai.ter 2, we considered the overall requirements for resource allocation in 

a modern air defense system. However, an appropriate surface -to-air interceptor has 

not been selectee1 for the EAR system, and no specific deployments have been investigated. 

Therefore, the definitions for Object Worth and Object Knowledge provided in Chapter 2 

must be altered to provide a suitable tracking measure for the current, non-tactical EAR 

system. This can be accomplished simply by removing the interceptor and deployment 

related parameters from the defining equations, viz., the predicted rms miss distance 

d, the Potential Damage to the Defense PDÜ, and the Potential of a Successful Inter¬ 

cept PSI. The restricted definitions are given by 

OW(t,i,k) =OK(t,i,k) = 
'1 

e(t,i,k) (6.1) 

where e(t,i,k) is the estimated angular tracking error computed by the tracking algo¬ 

rithm. 
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Except for the simplified computation of object worth, the procedure described in 

Chapter 2 is «did. Equation. (2.5), (2.6), and (2.7) of Chapter 2 provide the bos«, 

for allocating radar resource, to the track function. The Fic,iti0„s l„cremenla| Gai„; 

FIG(i,k), computed from the restricted Object Worth, in (6.1), defines a useful track¬ 

ing meo«,,, for the non-tactical EAR system. Clearly, ,h. concepts con be readily 

extended to include the defensive weapon and deployment geometry of a future, tactical 

EAR system by using the original definitions in Section 2. 

6-3 EAR Resource Allocation Schema 

6.3.1 Description of General EAR Schema 

The EAR Resource Allocation Schema is shown in Figure 6.1. It is similar to the 

general r.Wurce allocation schema shown in Figure 2.2. The main difference is that, 

in the EAR, only on. cycle!, allocated, i.e., k takes only the value, 0 and I. 

The resource allocation schema consist, of four steps: I) computation and up¬ 

dating of a track file which contains, for each target being Pocked, the smoothed state, 

the predicted state, the actual object worth OW(tt ,¡,0), and the two predicted object 

worths, with and without allocation, OW(ls +6t,i,l) and OW(ts + 4t,i,0), 

2) computation of the actual and potential system worth for each choice of track allo¬ 

cation, 3) selection of the best Pack allocation, and 4) decision between best track 

allocation and search. The allocation algorithms are given by (6.1), (2.5), (2.6), and 

(2.7). 

Several Packing algorithm, were developed in Chapter 4 and evaluated in Chapter 

5. The tracking algorithm receives ,h. radar measurements and computes ,h. estimated 

and predicted positions a, well a, the errors in th. estimares. The object worth is easily 

computed from the rms error. 
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Track Files 

Figure 6.1 General EAR Resource Allocation Schema 



75 

Once the optimum allocation for track has been determined by the maximum 

FIG(i, 1), one must decide if search should be preferred. For this purpose, a 

Fictitious Incremental Gain for search FIGS(l) can be defined. The average time 

for search must be a function of the number of targets being tracked, and should 

become zero when high priority tracking saturation occurs. It is recommended that 

the average value of FIGS decreases linearly, 

FIGS(l) = A(1 - ) , (6.2) 

s 

where N is the actual number of targets, is the saturation number, and A is 

an adaptive scaling factor which is corrected so that the average search rate is 100% 

for zero targets and 0% for targets. 

6.3.2 Computer Time Considerations 

The resource allocation schema described in Section 6.3.1 requires a 

minimum amount of storage, b.‘ the computation time can be reduced if necessary. 

In particular, the target which has just received a track allocation does not need 

to be included in the System Worth computation for the next several radar cycles. 

That is, there is a minimum tracking update interval which is a function of the 

maneuvering capability of the target. For example, the baseline EAR system per¬ 

forms track updating on individual targets at a 0.1 sec. time interval, i.e. ten 

radar cycles. 

This consideration of minimum track rate will automatically leave an average 

time for search which decreases with the number of targets. Thus, the FIGS computa¬ 

tion and comparison to FIG can be eliminated. 
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6.4 Example 

An example illustrâtes the computation of object worth starting from the radar 

measurements, using the Kalman filter algorithm discussed in Section 4.4. 

The Kalman filter includes a recursive algorithm for the computation of the 

covariance natrix of the smor. led and predicted angle estimates. The covariance 

matrices are denoted by the letter P. Assuming that the covariance matrix P(k |k) 

has been computed, the recursive relations (4.41) and (4.44) yield the covariance 

matrices for prediction and smoothing, P(k + 1 | k) and P(k + 1 | k + 1). 

The actual and predicted (with or without allocation) rms angular errors for 

the i th target are given by 

where P^ is the first element of the matrix P, k corresponds to ts , and k + 1 to 

t^ + At. Th« corresponding object worths are given by 
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

System analysts at M1COM presently have the need for a measure of quality 

for the evaluation and comparison of defense systems engaging a complex mix of 

targets. This effort is aimed at satisfying this need. The main goals were: 1) to 

develop a general procedure for radar resource allocation, 2) to implement and 

evaluate candidate tracking algorithms to be used with the allocation procedure, 

3) to define a tracking measure, and 4) to develop a track and search resource 

allocation procedure. 

A general procedure for radar resource allocation was developed in Chapter 2. 

A quantitative measure of defense posture (System Worth) based on all available 

information and an optimization criteria for selecting best resource allocation stra¬ 

tegy were defined. These concepts are applicable to any type of defense system. 

Four estimation algorithms commonly used for tracking were investigated. 

Algorithms were defined for the computation of the smoothed and predicted esti¬ 

mates. Formulas for the error covariance matrices are presented for each filter 

for use with the resource allocation scheme. These are readily available for the 

fixed memory and Kalman filters, but it v.as necessary to derive a relation for com¬ 

puting the variance of the g-h filier. 

A system model and a procedure for generating maneuvering target tra- 

jector*#s were developed and used to evaluate the performance and computer require¬ 

ments of the four filters. The four filters were compared to provide guidelines for 
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selection of a tracking filter to be used in the EAR system. Comparison was based on 

the performance of the filter and its computational requirements. The mean squared 

error in the smoothed and predicted estimates was used as a measure of performance. 

The g-h filter is recommended for normaneuvering targets because it is most 

accurate and requires least computer time. The Kalman filter performs very well for 

maneuvering targets and it provides, for each step, a covariance matrix which can 

be used in the track and search allocation scheme . The g-h filter also performed 

well for the maneuvering target and is an order of magnitude faster than the Kalman 

filter. However, since the results are based on only one particular type of maneuver, 

a further comparison of the g-h and Kalman filters is required before a specific 

recommendation can be made. The fixed-memoty polynomial filter is always inferior 

to the g-h filter and, thus, did not prove to be an acceptable choice. 

A tracking measure was defined for the nontactical EAR system. Jt is based 

on the covariance of the smoothed and predicted estimate. This tracking measure 

can be readily extended to become a measure of defense posture for a future tactical 

EAR system. 

Finally, a scheme for track and search allocation for the EAR system was 

presented. It is a simplification of the more general resource allocation scheme 

discussed earlier. An example illustrated how the tracking measure is computed 

and used in the track and search allocation procedure. 
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TRAJECTORY GENERATION 

A. 1 Introduction 

In order to study the behavior of the different tracking algorithms, it is 

necessary to generate a trajectory which is representative of a vehicle in motion. 

Two different trajectories, one with a constant velocity and one which includes 

target maneuvers superimposed on a constant velocity path, are considered in 

order to amplify the advantages of the different type filters. Also included in 

this appendix is a brief description of the selection of sampling intervals. 

A.2 Generation of Trajectory with Maneuver 

The maneuver will have a distribution and correlation as discussed in 

Chapter 3. The random numbers, making up the random maneuvering, are generated 

with the required distribution and correlation by following the procedure described 

2 
by Holliday [ 11] . The values used for A and y are 60 m/sec and 0.1, 
' ' max 

respectively. These random numbers are denoted by a(k) for k = 1,2,.,. . 

For purposes of trajectory generation, it is assumed that the vehicle has a 

constant elevation of Z = 10,000 m and a constant tangential velocity of V = 200 

m/sec. At the kth instant let x^ and Xj^ be the position of the vehicle with 

respect to an orthogonal coordinate system in the plane defined by the constant 

elevation. Also, let the direction of motion at the kth instant be defined by the 

unit normal vector N^ (Figure A.l). The acceleration at this instant is equal to 

a(k). A positive acceleration is assumed to result in a counterclockwise rotation 

whereas a negative acceleration results in a clockwise rotation. 
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Let denote the position vector at the k th instant. This vector is com¬ 

puted at every sampling instant, assuming a uniform sampling interval of T sec, 

using the following relations 

. a(k) 

“"k V 

R 
k W. 

k 

4flk= T "k 

+ totated by A 

Xk + 1=ik ^k^k-^k.l) 

(A.I) 

(A. 2) 

(A.3) 

(A.4) 

(A. 5) 

Unequal sampling intervals are obtained by selecting samples at random multiples 

of T as input to the filters. Equation (A.4) is easily implemented by defining 

such that 

and noting that ^ + ] = + • 

The range at k th instant is computed from 

Ra(ki=y 4 * 4 + z2. 

(A.6) 

(A. 7) 

(A. 8) 
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The two angles o and 0 (Figure 3.1) are computed using (assuming the x,y 

coordinates of Figure 3.1 and xj/x2 coord'nates ^^ are ParaHe0 

cos a(k) Ra(k) (A.9) 

cos 0(k) = RQ(k) , (A. 10) 

The observations are generated by adding observation noise to RQ(k), a (k) and 

0(k) . 

A.3 Generation of Nonmaneuvering Trajectory 

Here it is assumed that the target has constant elevation, and has constant 

velocities V and V in the x,,x- coordinates. If 
X y 12 

(A.11) 

denotes the position vector at the kth instant, then the position vecto» at the 

k + 1 th sampling instant, assuming a uniform sampling interval of T sec, is com¬ 

puted from 

■k + 1 
Xlk 

X2k 

(A. 12) 

For simulation purposes the values used for V and V are both aqual to 150 m/sec. 
x y 

The rest of the computation is exactly similar to that for the maneuvering trajectory. 
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A.4 Selection of Sampling Intervals 

It is not necessary to have the same sampling interval when the target is not 

maneuvering as when it is maneuvering. Thus, the sampling interval should be 

inversely proportional to the amount of maneuvering. For simulation purposes, the 

sampling interval is selected on the basis of the angle subtended at the radar by two 

consecutive positions of the target. 

Let denote the position vector of the target at time t=kT where 

(A. 13) 

Then the angle ¿0 subtended at the radar between Xand X'^ + ^ is given 

approximately by the magnitude of their cross-product. If t = kT is the current 

measurement instant, then the next measurement instant is given by 

t = (k +JÍ ) T 

where 4 is inversely proportional to ta • The following scheme is used in the simu 

lotion program 

4 = 5 
ta - 0 ■ 001~| 

. 0.2 J for ta < 0.0018 

and 4=1 for ta > 0.0018 where [ ] stands for "integer part of". 
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APPENDIX B 

ERROR COVARIANCE OF THE g-h FILTER 

In this appendix, a set of equations is derived to compute recursively the 

error covariance in the g-h filter which was discussed in Chapter 4. For the sake 

of completeness, all relevant equations are repeated. 

B. 1 Derivation of Error Covariance Equations 

Following the system model described in Chapter 3, the system can be approxi¬ 

mated by 

X(k +1)= *kX(k) + Gka(k) (B.l) 

where 

Xj(k) = target position at kth sampling instant 

XjflO = target position rate at kth instant 
(B.2) 

(B .3) 

(B.4) 

and a(k) is the maneuver variable which has zero mean anda correlation function 

given by 

E Ca(k) a(k -i) ] = a*, 
m 

(B.5) 
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The observatioii sequence is given by 

Z(k) = M X (k) + V(k) (B.6) 

where 

M = [ 1 0 ] (B.7) 

and V(k) is an independent Gaussian noise sequence with zero mean anda mean 

2 
squared value of a 

V 

From Chapter 4, the estimator equations are 

X(k+l|k) = *kX(k|k) (B.8) 

X(k +1 |k +1) = X(k + 1 |k) + Kkrz(k + 1) - M X(k + I |k) ] (B.9) 

where 

(B. 10) 

The covariance matrices of the errors in the filter and the predictor respectively are 

defined as 

P(k I k) = E [ X (k I k) X V I k) ] (B.ll) 

P(k+ 1 |k) = E [X(k + 1 |k) XT(k + 1 |k) ] (B.12) 

where 
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X(k|k) = X(k)-X(k|k) (B. 13) 

and X(k + l|k)=X(k-H)-X(k + l|k). (B-14) 

Combining the equations of the system and the estimator, one con write, 

X(k + 1 I k) = X(k I k) + Gka(k) 

X(k+l!k + l)=BkX(k+l|k)-KkV(k + 1) 

where 

ik = (I'KkM)' 

Using equations ¢. 15) and (B. 16) and noting that V(k + 1) is independent at 

X(k + 1 |k), the following exprewions can be written, 

P(k + 1 |k) = *kP0< U) \ + GkGk + *kC^k) Gk + GkC ^ *k ^,18^ 

P(k + 1 I k + 1) = BkP(k + 1 I k) Bk + ^ K k K k (B. 19) 

(B. 15) 

(B. 16) 

(B. 17) 

where 

C(k) = E[a(k) X(k|k)]. (B. 20) 

Initial conditions P(1 | 1), required to start equation (B.18), are derived next. From 

Chapter 4, the initial conditions of the estimator are 

X(1 |D = 

Z(l) 

At. 
CZ(D-Z(0) ] 

(B.21) 
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Therefore, 

X(1 |1) = 
■ XjO) -XjO) - V(l) 

x2(0) + Atoa(0)- ^[x^O) + Atox2(0) + 7(1)^,(0)-7(0)] 
û o 

'7(1) I 

U follows that 

2 
a 

V 

L 7(1) - 7(0) ] 

2 
a 

y 

At 
o 

(B.22) 

(B.23) 

which is the necessary initial condition. 

B.2 Recursive Relations for C(k) 

In order to implement equation (B. 18), it is necessary to compute the vector 

C(k). This can be done as follows, 

Equations (B. 15) and (B. 16) can be combined to yield 

X(k + 1 |k + l)=Bk*kX(lc|k) + BkGka(k)- Kk7(k+1) • (B.24) 

A solution to the above equation can be written as 



88 

X(l|1) 

^8. G. a(i) - K. V(¡ + 1)' 

(B.25) 

where 

K 

(B.26) 

From equations (B.20) and (B.26), 

I k 
C(k + I)= íí B ♦ 

\j=l ‘ ‘ 
E[o¡k + l)X(t|l)] 

+ I (.^.Vi) 8iG¡ E[o(k .1)0(01 

+ BkGk E [a(k + 1) o(k) ] . (B.27) 

B/ définition, 

2 ~ Y ^ k + 1 ” V 
E [a(k + 1) a(i) ] = a' e k 1 ' 

m (B.28) 
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and using equation (B.22), one obtains 

E [a(k + 1) X(1 I 1) ] = 

0 

(B .29) 

Therefore, equation (B.20) reduces to. 

C(k + ,)ÍÍVi) 2 Y k + 1 o 
a Ate 

m o 

k-1, k 

i=l \J 

+ y it B.*. U.G. a2 h \ ]=i + 1 j J ' ' m 

2 -v^ + i-V 

+ B. G. a e 
k k m 

2 ’'"''k 

“V ûh 
= I» 

Bk*k 

k 

rï B. ,: 
i-l 1 J- 

0 

2 ^(tk-g 
_o A^ e 

m o 

+ y2( í’ b. ,)b.g.„2 
.. \i=i+1 >>• 1 m 
i=i J 

2 
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+ B, G, a 
k k m 

'v4fk 
e 

+ ^Gk^ ] . (B. 30) 

Equation (B.30) can be used recursive!/ to generate C(k + 1) starting with the 

initial condition 

C(D= E [a(1) X(1 I 1) ] 

0 

e 
-yM 

o 
(B.31) 
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APPENDIX C 

COMPUTER PROGRAMS 

Computer programs for the generation of the trajectories and for the four 

filters are listed in this appendix along with brief descriptions. All the programs 

are coded in FORTRAN IV. 

C. 1 Subroutine TRAJ 

C. 1.1 Symbols Used 

XVEL, YVEL 

DELT 

ELEV 

ALPHA, ACCMAX, 

PM AX, PZERO 

NPOINT 

XN 

KPOINT 

KEQUNQ 

Z 

X 

KTIME 

RVAR 

RVARB 

Velocities for nonmaneuvering trajectory 

Estimation interval 

Elevation of the vehicle 

Parameters \, A , P and P of the maneuver 
. ,, max max o 

variable 

Number of estimation points (DELT apart) 

Array containing the values for the maneuver variable 

Size of array XN 

1 for equal sampling intervals 

2 for unequal sampling intervals 

Array of observations 

Array of actual position values 

Array showing the number of estimation intervals 

between observations for variable sampling 

2 
Observation noise covariance a for range measure¬ 
ment v 

2 
Observation noise covariance a for angle measure- 

V 
ment 

Range observation noise sequence RNOISE 
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RNOISB Angle obser\ation noise sequence 

XP, YP X and Y coordinates of the target 

VEL Constant tangential velocity of the maneuvering 
target 

THETA 1 Angle subtended by the normal with the X-axis 

KTRJ 1 for maneuvering trajectory 

2 for nonmaneuvering trajectory 

KOPT 1 for range measurement 

2 for measurement of a 
3 for measurement of p 

C. 1.2 Description of the Program 

The calling sequence of this subroutine is 

CALL TRAJ(KOPT#KTRJ) . 

Every time the subroutine is called, one set of measurements (range or one of the 

angles) is generated. The observations are always obtained at intervals equal to 

the estimation interval. In order not to duplicate computation, it is required that the 

range measurements (KOPT = 1) be generated first, followed by the two angle measure 

ments (KOPT =2,3). Setting KTRJ = 1 produces the maneuvering trajectory, while 

KTRJ =2 generates the non-maneuvering trajectory. If unequal sampling is desired 

(KEQUNQ = 2) the elements of the array KTIME are also computed. 

C.1.3 Input and Output 

The initial values of THETA1, XP and YP and the magnitude of VEL are the 

inputs to this subroutine. These are provided through DATA statements in the sub¬ 

routine. Other variables such as XVEL, YVEL, DELT, ELEV, ALPHA, RVAR, RVARB, 

ACCMAX, NPOINT, KPOINT, PMAX, PZERO and KEQUNQ are assigned values 
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in fhe main program and transferred to TRAJ through common blocks. 

The outputs of the subroutine are contained in the arrays Z, X and 

KTIME. Array Z contains the measurement, the actual values of the position 

are stored in array X and the array KTIME is usefbl only in the case of unequal 

sampling intervals. These outputs are tran*/erred to the main program through a 

common block. 

C.1.4 Subprograms Used 

(1) XNOISE: The calling sequence is 

CALL XNOISE(X) . 

This subproyam computes KPOINT values of the maneuver variable and stores them 

in the array X. Other maneuver variables ALPHA, ACCMAX, PMAX, and PZERO 

are transferred through common blocks. This subprogram uses subroutines RAN DU to 

generate a set of uniformly distributed samples. The required correlation is then 

injected into this sequence by using a difference relation. An integer array with 

KPOINT integers in natural order is then sorted with respect to this random array 

using subroutine SORTL, yielding a new integer array I. Subroutine DISTFN is 

used to generate an array X with the desired distribution. The array X is then 

sorted with respect to the array I using subroutine ISORTL to yield the required values 

for the maneuver variable. Reference [11] contains the detailed development of 

generation of a set of random numbers with desired distribution and correlation. 

(2) RANDN: The calling sequence is 

CALL RANDN (X,N,XM,STD) . 
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This subprogram computes N samples of a normal deviate with mean equal to XM 

and standard deviation equal to STD and stores them in the array X. Subroutine 

RANDN is available in most computer libraries and is not listed here. 

(3) CROSPR: The calling sequence is 

CALL CROSPR (XA,XB,XC, YA,YB, YC, DELANG) 

This subprogram computes the cross product between two unit vectors which are 

parallel to the two vectors defined by XA, XB, XC and YA, YB, YC . 
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C.2 Subroutine GH 
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C.2.1 Definition of Arguments and Symbols 

ZMEAS 

DELIT 

K 

G 

H 

XS 

DXS 

XP 

DXP 

KDELT 

KEXIT 

is the incoming measured value of the target 
position 

is the estimation interval 

is a counter which gives the value of the subscript 
of the arrays PANES and RANPD for the first com¬ 
puted estimate. PANES and RANPD store all 
smoothed and predicted estimates, respectively 

is the value of the filter parameter, g 

is the value of the filter parameter, h 

is the position smoothed estimate 

is the velocity smoothed estimate 

is the position predicted estimate 

is the velocity predicted estimate 

specifies the number of missed samples for the 
case when a measurement is not received at time 
t + DELIT, where t^ is the time of the previous 

measurement 

updates the value of K as input to the filter at the 
next increment 
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C.3 Subroutine FMPCSU 
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FMPCSU is an acronym for fixed-memory-polynomial-coefficients-scoled- 

unscaled. As the name implies, subroutine FMPCSU computes the coefficients 

of the estimating polynomial for the fixed-memory orthogonal polynomial filter 

discussed in Section 4.3.2. In addition to the unsealed case discussed there, an 

output of polynomial coefficients may also be obtained for a scaled vector defined 

by 

X 

T Dx 

t2/2 I D2x 

D X k 

Although the weighting matrix used for the scaled case is slightly different from 

the one defined in Section 4.3.2, it will reduce to the matrix given by (4.18) for 

the unsealed case. 

C.3.1 Definition of Arguments 

MP =M + 1, where M is the desired degree of the 

estimating polynomial 

IP is the number of observations on which the poly¬ 

nomial is based 

H is the desired prediction interval 

KSU selects scaled (KSU = 1) or unsealed (KSU = 2) output 

TAL is the sampling interval between observations. If 

scaled output is selected, any real constant may 

be used for TAL 
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B and C 

is the output array containing the computed poly¬ 
nomial coefficients 

are arrays used internal to the subroutine 

Note: The dimensions of A, B, and C are (MP x LP), (MP x IP), and 

(MP x MP), respectively, and must be so dimensioned in the main 
program. 

C.3.2 Additional Subprograms 

C.3.2.1 FUNCTION BINCOE (N,K) 

This function subprogram computes the binomial coefficients 

C.3.2.2 FUNCTION FACTK(L,K) 

This function subprogram computes (L) (L-l) (L-2) ... (L - K + 1) where K 

must be a nonnegative integer. 
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C .4 General Fixed Memory Filter 

The most important symbols used in the subroutine FIXMEM are defined 

below. This program is a straightforward implementation of the algorithm described 

in Chapter 4. The Univac subroutine INVTIT is used to invert the 3 x 3 matrix. 

Symbols 

KTIM 

I 

LP 

DELT 

U 

X 

INC 

S 

P 

Definitions 

Timing index for most recent observation 

Index which defines the most recent observation 
interval 

Memory length 

Estimation interval 

Array of observations 

Array of actual position values 

Array showing the number of intervals between 

observations 

Array of smoothed positions 

Array of predicted positions 
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C .5 The Kalmen Filtr Progrom 

C.5.1 Symbols Uicd 

Following is a list of symbols used in the program and the Kalman filter 

variables (as defined in Chapter 4) they stand for. 

XHAT 

XHATP 

Q 

COVAR 

COVARP 

DELTA 

PHI 

H 

KTIME 

PHIA 

FILTER 

PRDICT 

XVEL, YVEL 

ELEV 

KEQUNQ 

KDELT 

Filtered vector , X(k | k) 

A 

Predicted vector ,X(k|k-l) 

System noise covariance , Q(k) 

Filtered error covariance , P(k | k) 

Prediction error covariance , P(k | k-1) 

Estimation interval , At 

State transition matrix for DELTA = • ( At) 

The vector M in the observation model 

Array of sampling intervals, kth sampling interval 
is DELT = KTIME(K) * DELTA = At. 

k 

Transition matrix for DELT = # ( A^) 

A 

Array of smoothed positions, FILTER(k) = Xj(k | k) 

Array of predicted positions, PRDICT(k) =Xj(k |k-l) 

Velocities for non-maneuvering trajectory (See 
Appendix A) 

Elevation of the vehicle (See Appendix A) 

1 for equal sampling intervals 
2 for unequal sampling intervals 

1, 2, or 3 -- Each sampling interval is equal to 
KDELT* DELTA 
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ALPHA^CCMAX, 

PM AX, PZERO 

Z 

X 

RVAR 

RVARB 

QVAR 

QVARB 

NPOINT 

K POINT 

Parameters of the maneuvering variable, y, A 

P and P 
max o 

max 

Array of observations 

Array of actual porition values 

Observation noise covariance a for range measure¬ 
ment 

Observation noise covariance a for angle measure¬ 
ment v 

a for the range model 
m 

a for the angle model 
m 

Total number of estimation points (DELTA apart) 

Total number of values generated for the maneuver 

variable a(k) (See Appendix A) 

C.5.2 Description of the Program 

This program is used to compute the filtered estimate and the one step predicted 

estimate based on the observations in the array Z. The estimation interval 'r con¬ 

stant at DELIA and the observation interval is an integral multiple of DELTA. In 

the case of sampling interval not equal to DELTA, the observation interval is given 

by DELTA * KDELT. In the case of unequal sampling intervals, the kth sampling 

interval is given by DELTA * KTIME(k) where the array KTIME is generated in the 

subroutine TRAJ, In both the case of unequal sampling interval and the case of 

equal sampling interval greater than DELT, estimates in between observation samples 

are predicted based on the latest available filtered estimate. For the case of equal 

sampling interval, the matrices PHIA and Q are computed only once. However, 
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they have to be computed at every sampling instant in the case of unequal sampling 

interval. 

In Its present form the program completes the filtering in all three coordinates 

and for both the trajectories discussed in Appendix A. 

C.5.3 Input and Output 

The input to the prog-am is the set of values for the parameters XVEL, YVEl, 

DELTA, ELEV, ALPHA, RVAR, RVARB, ACCMAX, NPOINT, KPOINT, PMAX, 

PZERO, KEQUNQ and KDELT. In the present format these are defined through 

DATA statements. 

The outputs are the mean squared values of the errors in the filtered estimate 

and the one step predicted estimate. If the program is used for only one coordinate 

of one of the trajectories, then the arrays FILTER and PRDICT provide the filtered 

and one step predicted estimates. The covariance of the error (filter or predictor) 

can be stored if necessary. 

C.5.4 Subprograms Used 

(1) TRAJ: This is used to generate the trajectory. The calling sequence is 

CALL TRAJ(KOPT,KTRJ) 

For a complete discussion see Appendix A and C. 1. 

(2) MXADD: The calling sequence is 

CALL MXADD(A,B,C,M, N) 

and is used to add two MxN matrices A and B and store the result in the matrix C. 
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(3) MXSUB: The calling sequence is 

CALL MXSUB(A,B,C,M,N) 

and is used to subtract two M x N matrices A and B and store the result in the 

matrix C. 

(4) MXTRN: The calling sequence is 

CALL MXTRN(A,B,M,N) 

and is used to transpose the M x N matrix A and store the result in the N x M 

matrix B. 

(5) MXSCA: The calling sequence is 

CALL MXSCA(A,M,N,S) 

and is used to multiply the elements of the M x N matrix A by the Scalar S 

and store the result in matrix A. 

(6) MXMLT: The calling sequence is 

CALL MXMLT(A,B,C,M,L,N) 

and is used to multiply the M x L matrix A by the L x N matrix B on the right, 

and store the result in the M x N matrix C. 
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