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SECTION I 

INTRODUCTION 

The prediction of the detailed aerodynamic performance of propeller and 

helicopter blades is a more difficult problem than the prediction of the aero¬ 

dynamic performance of a fixed wing. In the latter the wake trails back from 

the wing in a relatively straight path to downstream infinity and its effect 

diminishes rapidly with distance. However, in the case of a propeller or 

helicopter rotor the blades pass directly over their own wakes and those of 

other blades as they rotate. Furthermore, a given vortex element has a longer 

residence time in the immediate vicinity of the rotor plane compared with 

that of a fixed wing vortex element. Hence, we would expect the blade-wake 

interaction to be stronger in the rotor than in the fixed wing case. This 

typ« of blade-wake interaction is even more evident when a propeller (or rotor) 

operates in the static regime. The absence of a free-stream velocity 

requires that the wake geometry be determined from the induced velocity field 

of the propeller and its wake system. As a result of the fact that there is 

no free-stream velocity, greater wake distortion will occur and the wake 

vovticity will be located in the immediate vicinity of the blades. Therefore 

ar.y rigorous analysis of the static performance problem must fully account 

for wake distortion and the proximity of the wake vortex elements to the 

•.-obating blade surfaces. 

Existing classical performance methods (Refs. 1 and 2), when applied to 

the static case, have been shown to be incapable of predicting accurately the 

performance of propeller« which have high solidities, high blade loadings and 

high tip Mad. numbers (see Fig. ¿, taken from Ref. 3)» The main assumptions 

in these theories when applied to the static case are: 

1. The wake is an undeformed helicoidal surface defined by the blade 

rotational velocity and average velocity through the disk, and 

2. The blades can be represented by lifting lines. 

first assumption is not valid for the static case because the wake 

deforms and contracts rapidly in the vicinity of the rotating blades as 

discussed above. Further, evidence of wake contraction (particularly xn the 

tip region) for a statically operating propeller can be seen from Fig. 2 

which was taken from Ref. 4. Ulis contraction was shown to alter significantly 

the wake-induced velocities and therefore the blade loading (see Fig. 3, 

taken from Ref. 3). To achieve a major improvement in the state of the art 

it was necessary to develop a more realistic representation oi the wake. 

Analytical methods to provide this improved wake representation were recently 

developed at UARL (Ref. 5). Ihese methods were based on a lifting line 

representation of the rotating blades and a contracted wake geometry. Although 

1 



significantly improved performance prediction methods resulted from these 

lifting line-contracted wake analyses, the effects of distributed vorticity 
were not accounted for. 

In fixed wing theory a major improvement in the prediction of the aero¬ 

dynamics occurred with the advent of lifting surface theory in which the 

effects of a chordwise and spanwise vorticity distribution were incorporated 

(Ref. 6). Comparable developments in rotating blade theory have not progressed 

as far as the theories for fixed wings., particularly for the case of static 

operation. The lifting surface theories developed recently for propellers 

having nonzero advance ratio may be classi fied into two categories : 

1. Continuous Vortex Sheet Representation - In this case the blade is 

represented by a system of continuous vortex sheets and the velocity field is 

computed using Biot-Savart law (e.g., Fefs. 7 and 8). 

2. Lattice Representation - Here the blade is represented by a set of 

concentrated radial and helical vortex lines. This method has been developed 

by Strecheletzky (Ref. 9) and Guilloton (Ref. 10). Kerwin (Ref. 11) has 

developed the theory further and Investigated how the accuracy of the results 

depended on the lattice spacing chosen for the computation. However, none of 

these approaches as described in these references is valid for the static 

operation of a propeller because of the assumption of an uncontracted and 
undistorted helicoidal wake. 

In the static case the lifting surface method has not been applied and 

existing theories for performance prediction are based on the lifting line 

assumptions (e.g., Ref. 12). Jones (Ref. 13) and Beracchio (Ref. 14) 

reviewed conditions under which a lifting surface such as a blade may be 

approximated by a lifting line. These are: (l) the existence of flow sub¬ 

stantially parallel to the blade chord and (2) the constancy of wake-induced 

velocities over the blade chord. The presence in a contracted wake of strong 

vortices immediately below the blades strongly suggests that both of these 

assumptions are violated. In the tip region it is expected that large radial 

velocities will be induced due to the presence of tip vortices. In Fig. 4 

(taxen from Ref. 15) a plot of wake-induced axial velocity versus azimuthal 

angle for a tip station of a statically operating propeller ia shown for two 

typical circulation distributions (see also Ref. 16 for further details). The 

axial velocity is seen to vary rapidly over distances on the order of chord 
]ength. 

It appears, then, that there exists significant evidence suggesting the 

need for a lifting surface theory for predicting the flow field and performance 

of a statically operating rotor or propeller. The objectives of such a theory 

are to investigate the possibility of improving the existing perfornance pre¬ 

diction methods and to study and compare the effects of three-dimensional tip 
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flow with existing lifting line theories and experimental data. The present 

formulation is based on an extension into the static regime of the lifting 

surface theory of Kerwin (Refs. 11 and 1?). 



SECTION II 

DERIVATION OF BASIC EQUATIONS 

1. GEOMETRICAL CONSIDERATIONS - DEFINITION OF COORDINATE SYSTEMS AND BLADE 

GEOMETRY 

In developing the lifting surface formulation for statically operating 

propellers it is necessary to introduce several coordinate systems for the 

purpose of accurately defining the blade and vortex geometry. The basic 

reference system is a Cartesian coordinate system which is fixed on the pro¬ 

peller (see Fig. 5(a)). The x-axis is coincident with the axis of revolution 

and positive- distances are measured in the direction of the wake. The y-axis 

is chosen to lie in the plane of the propeller along a radial line passing 

through the tip of one blade, while the z-axis is another radial line, also in 

the plane of the rotor disc, which completes the right-hand system. (The z- 

axis need not intersect any portion of any blade whereas the y-axis is fixed 

in one of the blades.) A cylindrical coordinate system (x,r,0) is also 

defined where the x-axis, as before, is the axis of revolution. The radial 

coordinate is denoted by r, and the angular coordinate (measured clockwise 

starting from the y-axis while facing aft) is denoted by 0. 

In order to relate corresponding points on each of the Nb blades, we 

define 8. as the 0-coordinate of the point at the tip of the kth blade (see 

Fig. 5(b)). Assuming that the blades are symmetrically oriented we have 

(1) 

The relations between the coordinate systems are 

y = rcosô 

- z » rsinô (2) 

9 “ tan"1 (z/y) 

4 
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We consider a basic flow field which is defined by the UARL lifting-line 

theory (Ref. 12) for statically operating rotors. This flow field is pre¬ 

scribed and is composed of axial, radial and circumferential velocity compo¬ 

nents Va, Vr and VT. The circumferential component Vj will include the rota¬ 

tional blade velocity Hr where il is the propeller angular velocity. We 

define an angle ß with respect to the prescribed flow field by the relation 

tan/3 =» vA/vT (3) 

This angle will be used below in connection with a system of reference surfaces. 

Before the blade surfaces can be properly defined it is necessary to 

define a set of reference surfaces. Ihese reference surfaces are defined by 

using the prescribed flow field obtained from the UARL lifting-line program 

(Ref. 12) for statically operating rotors. The fluid velocity in the pre¬ 

scribed flow field at any point has the components Va, Vr and V-p. The kth 

reference surface will be chosen to pass through the kth radial line oriented 

at an angle 8¾ (see Fig. 5(b)). This reference surface will coincide with the 

stream surface passing through the kth radial line which has a local tangential 

velocity at every point equal to the vector sum of Va, Vr, and VT. The system 

of equations governing the coordinates of the reference surface will have the 
form 

dr 

dt 

subject to the conditions 

(4) 

Ö » 8k (5) 

when x-0; 0 £ r < I; k • 1,2,..,»Nj 

The kth propeller blade will be assumed to be approximately coincident with 

the kth reference surface in that part of the kth reference surface which 

forms the projection of the kth blade planform. This is analogous to 

linearized fixed wing theory in which the corresponding reference surface is 

a horizontal plane and all points of the wing are in the proximity of this 
plane. 

5 



An orthogonal curvilinear coordinate system (s,n,r) Is defined on each 

of the Nb reference surfaces (see Figs. 5 &nd 6). The s coordinate Is formed 

by the Intersection of an axial cylinder and the particular kth surface. The 

r coordinate Is radial as before and the n coordinate Is perpendicular to 

both r and s. The s coordinate Is directed in such a way that it has a 

positive axial component. From Fig. 6 the relationship between the (s,n,r) 
and (x,r,0) systems Is given by 

ds - dx sin/!? ♦ rd0 cos/9 
(6) 

dn - dx cos# - rd0sin/3 

In order to facilitate the description of the blade sections it will be 

assumed that the blade surface has a normal at every point that Is almost 

parallel to the (s,n) plane through that point. The blade outline and shape 

of the blade sections can now be defined In the (s,n,r) system (Fig. 7). The 
s coordinates of the leading and trailing edges are SL(r) and ST(r). respec 

tively, at a blade section which is at a distance r from the x-axis. The 

angular coordinates are designated by *L(r) and *T(r) and the chord length is 
given by 

'(r)*ST<r)'Su(r) (7) 

On the assumption of a thin blade, the blade section can be decomposed 

into a symmetrical thickness form t(s,r), a mean line ordinate c(s,r) and an 

angle of incidence a^r) as shown in Fig. 7. In this investigation we set 

t(s,r) 0 as thickness effects are not being included in the formulation. 

2. DISTRIBUTTON OF BOUND AND TRAILING VORTICES 

The assumption of thin blades implies small values in the perturbation 

velocities so t>.:s usual linearised approximations of thin wing theory are 

applicable. Consistent with the linearised theory the pressure loading on 

the blades can be represented by a distribution of bound vortices not on the 

blade surface itself but on its projection on the corresponding reference 

surface. The radial strength of the bound vortex sheet per unit of length 

along a line parallel to the radial direction is denoted by 7 and the strength 
of the bound vorticity in the chordwlse direction is denoted by 7 . (We remark 

here tnat in this part of the formulation we use the concept of aScontinuously 
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distributed vorticlty. Later, in the theoretical numerical model we replace 

the distributed vorticity by a discrete set of vortex filaments.) The 

pressure difference across a blade surface, correct to first order in small 

quantities, is given in Ref.17 by 

(8) Ap - />Vsy 

where Vs Wva2 + VT2 and p denotes the fluid density. The total circulation 

around a blade at radius 17 due to radially oriented vorticity is given by 

(9) 

M1») 

The integration variable in Eq. (9) can be transformed to an azimuthal 

Integration variable so that Eq. (9) becomes 

(10) 

where the function t(r),4) is the Jacobian of the transformation from s to <f>. 

By virtue of the finite dimensions f a given blede as well as a radial 

and chordwise variation in velocity over the blade the radial and chordwise 

components of vorticity must vary subject to a continuity relationship over 

the given blade surface. In addition, conservr.tion of vorticity demands that 

there must appear a wake in the form of a vortex sheet. The continuity equa¬ 

tions expressing the conservation of vorticity have been derived in Re^. l8 
and assume the form: 

(11) 

eL(i) < * < 
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r,(v.eL)- r(vA)f(v,e^ (12) 

vh MM £ 

«»<
 

1 *<
 

-
4
» 

(13) 

where ^(17,(^) denotes the strength of a trailing vortex which begins at 
(rf, 0rp) on the trailing edge and V is given by 

V 
2 (14) 

The relation between "X and ys expressed in Eq. (ll) is a continuity equa¬ 

tion which is valid at interior points of the blade whereas Eqs. (12) and (13) 
are valid at the leading and trailing edges, respectively. A further relation 

between 7 and y8 which is valid at all points except the trailing edge can be 
found by integrating Eq. (ll) and using Eq. (12). This relation has the form 

xs (vó) - r(v>0L)i(vflL) Ml 
dl 

d> 

■I — (15) 

Some simplification of Eq. (13) is afforded if it is borne in mind that 
VR and ls at ®°Bt of order 1. The derivative dd^/dr) is small 

at all points of the trailing edge except in the region of the tip. Equation 

(13) therefore has the following simplified form almost everywhere on the 
trailing edge. 

(16) 
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Finally, the lineRxized form of the Kutta-Joukowsky condition at the 
trailing edge is given by 

Ap(^,0T)=O (17) 

or 

/(t^t)“0 (l8) 

3. NORMAL VELOCITY INDUCED BY VORTICITY DISTRIBUTION 

The perturbation velocity component induced by the radial bound vorticity 
at the point (x,r,0) in the direction of the normal to the first reference 
surface is given by (Ref. 18) 

unrb' (19) 

where rj1 = r//R}j'=* f/r, where 

(20) 

is the dimensionless normal velocity induced at (x,r,0) by Nq unit vortices 
located at (£, +^), and where u^í1*15) represents the dimensionless normal 
velocity induced at the point (x,r,0) by a radial bound vortex element of unit 
strength located on the kth blade at the point (£, V» +<t>) for k « 1,2,..., 
Nb. The integral in Eq. (19) has a singular integrand of the Mangier type as 
indicated by the symbol ff (e.g., see Ref. 19). The singularity arises when 
the points (x,r,0) and (£, i)', +«M coincide on the first blade reference 
surface. 

In order to compute the induced effects of the chordwise bound and 
trailing vorticity we will make the assumption that for every chordwise bound 
vortex there exists a trailing vortex extending to infinity. It can then be 
shown (Ref. l8) that the total normal velocity induced by these two vortex 
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systems is given by 

BLADE REFERENCE 
SURFACE 

(21) 
LEADING EDGE 

TRAILING EDGE 

distribution, T(x,r,0;f,•»),</>) is the velocity induced at (x,r,0) by Ng unit 

trailing vortices starting at +<f>. The total contribution from the wake and 

chordwise bound vorticity is denoted by 1½^). 

4. LIFTING SURFACE THEORY EQUATIONS 

The total perturbation velocity induced normal to the first blade 

reference surface by the vortex system is given by 

To derive the fundamental integral equation of lifting surface theory we 

express the fact that the fluid does not penetrate the blade surface. The 

assumption of small perturbation velocities permits us to write this condition 

in the form (Ref. 20) 

(23) 

where is the axial velocity induced by the prescribed wake (computed using 

the UARL lifting line program for statically operating rotors, Ref. 12), 

(dn/ds)j,iL is the slope of a section mean line measured in the (s,n) coordinate 
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system and is the incidence angle shown in Fig. 7. Since cos£/Vs =ß 
when second order terms are neglected, and = or -/3, where a is the blade 
angle, Eq. (23) becomes 

(?4) 

Equation (24) together with the continuity equations and the Kutta- 

Joukowsky condition form the fundamental system of equations in the lifting 

surface analysis. The two fundamental problems of interest are the direct and 

indirect problems. In the direct problem the blade geometry is completely 

prescribed and the vorticity distribution is found. In the indirect problem 

a geometry is found which corresponds to a prescribed vorticity distribution. 

In the next section the numerical procedure for solving these problems will be 

discussed. 
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SECTION III 

METHOD EOR SOLVING LIFTING SURFACE EQUATIONS 

A numerical method for solving the lifting surface equations is developed 

by first replacing the continuous vortex system on the blades and in the wake 

by a system of vortex filaments as shewn in Fig. 8. The circulation strength 

of the radial bound vortex filamenti5 is denoted by Fr, and rg denotes the 

circulation strength of the chordwise bound filaments. The strength Ft 

of the trailing vortex filaments will be determined from an appropriate 

continuity equation. This equation and the remaining vortex lattice theory 

equations are derived in the next section. 

1. VORTEX LATTICE THEORY EQUATIONS 

In the discrete vortex lattice model under investigation a typical 

lattice point on the kth blade reference surface is denoted by (i,j,k) 

i - 1,2,...,Mfl, j = 1,2,...,N+l, k = 1,2,...,Nb, where M and N denote the 

number of segments in the chordwise and radial directions, respectively 

(see Fig. 9). The vortex filament lying between (i,j-l,k) and (i,j,k) has 
.. . - « T-» ^ î «J «*»_   • J *1    ^ -M Am/-»4-V, A-P r* t r A 4- A-yr In a similar wanner the strength of a vortex a strength denoted by F. 

5 

filament lying between (i-l,j,k) and (i,j,k) is denoted by Fs^ ^ We 

note that because the blades are symmetrically oriented Fr*’^ n and 

were expressed by Eqs. (11), (12) and (13) in the case of a continuous 

distribution of vorticity, must now be restated in the form 

(25) 

= 0 , j “ 1,2 » • • • 1 N + i (26) 

(27) 
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(¿8) 

Equation (25) applies at all points of the lattice including boundary points. 

Equations (26), (27) and (28) apply at the boundary points on the leading 

edge, tip region,and hub, respectively. The equations express the fact that 

vorticity does not enter or leave through any closed curve surrounding a 

lattice point. 

The Biot- Savart law for a straight line vortex filament has a particular¬ 

ly simple form and the velocity induced at a field point (which is placed at 

the centroid of each elemental area of the lattice, as shown in Fig. 8) due 

to all vortex filaments (including wake filaments) can be computed without 

integrating over singularities. At each field point the linearized surface 

condition of Eq. (24), which expresses the condition of zero through-flow 

over the blade surface, will now have the form 

the chord in the (s,n) 

and Ct<m) arise in the 

where 8 is the angle that the mean line 

plane (see Fig. 7). The coefficients Cs 

application of the Biot-Savart law and depend on vortex geometry only. A 

derivation of Eq. (29) is given in Appendix I. The total number of vortex 

filament strengths is (M+-1) (2N+1). We have (M*-1)(N+1) continuity relations 

of the form given in Eqs. (25), (26), (27), and (28) and MN relations of 

the form given in Eq. (29). We therefore need an additional N equations. 

These equations are furnished by restating the Kutta-Joukowsky condition in 

Eq. (18), which is imposed on the distributed vorticity, in an approximate 

form which sets the spanwise circulation equal to zero along the airfoil 

trailing edge. 

We now have a consistent system of equations which is suitable for the solu¬ 

tion of the direct or indirect aerodynamic problem. 

2. THE COMPUTER PROGRAM 

The lifting surface theory for a statically operating propeller, formu¬ 

lated in the foregoing sections, was progranmed for both the UNIVAC 1108 and 

the CDC 6600 digital computers. A flow diagram showing the required input. 
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sequence of major operations, and output of the program is presented in 

Fig. 10. 

In the input part of the program the wake geometry, airfoil data, tip 

speed, number of blades, and speed of sound are prescribed in the same 

manner as that in the UARL prescribed wake hover performance computer pro¬ 

gram for helicopter rotors (Ref. 5). The appropriate input variables are 

described in the accompanying operator's manual (see Appendix II). In pre¬ 

scribing the blade twist distribution an allowance is made for non-symmetric 

airfoil sections. This appears in the input array of variables as a correc¬ 

tion to the variable DTHETA which defines the pitch increment with respect to 

the pitch at the seventy-five percent radial position on the blade. 

The blade planform and blade grid mesh size are prescribed with respect 

to a reference line. This reference line is equidistant from the leading and 

trailing edges of the blade and points on the blade (or the blade reference 

surface) are located in terms of their distance from the reference line. In 

Appendix II the input variables for specifying blade planform geometry both 

for continuous and discontinuous blades are listed. The parameters describing 

the blade grid mesh size are also listed. 

In the output part of the program the local blade angle of attack distri¬ 

bution is printed out in the case of the indirect problem and the vortex 

filament strengths are printed out in the direct problem. The propeller 

performance and blade pressure loading are computed in the manner indicated 

below. 

a. Thrust 

For a distributed vorticity distribution having components 7 and 7g 

the thrust per blade is given by 

T = // Ap cos/0 ds dr 

BLADE REFERENCE 
SURFACE 

or equivalently by 

(3D 

T -///»/(vj-kj,) cos/0 ds dr+//ors(vr+uf)cos/0dsdr (32) 

BLADE REFERENCE BLADE REFERENCE 
SURFACE SURFACE 

where Op and us are the radial and chordwise velocity components induced by 

the distributed blade bound vorticity and P» /3, 7, ys, VR and Vs are defined 

as before. In the discrete vortex lattice representation of the bound 

vorticity the components of vorticity 7 and 7S have the form 

I ** y 
l4 



(33) 

where 8 ( ) denotes the Dirac delta function. Using the properties of the 
delta function it can be shown, after some algebra, that the expression 
for T has the form 

N M+l 
i - /> I £ r 

j=i 1=1 ri ;!r//'h(r)^(r's™)]“^(r)dr 

N-H M .., . 
-pi Ir'+,1,C08 p i. i. r. cosßir^'1) f 

js| ¡i| Sifj ' J 'Ÿ 

,(9) 
*1+1 

.(9) 
V-(r?)) + Ur(,r)'S)]dS 

b. Torque 

The induced torque per blade is given by 

(34) 

Jf r&p sin/9 ds dr 

BLADE REFERENCE 
SURFACE 

Again, proceeding as in the thrust computation above, we find 

q. - 'i Ci*1 [v«(r)+Us(r's'’)]r sinß(r)dr 

(35) 

(36) 

-/> I 
I I r;+l',rj'”31n^(r®)/’;tl[v,(f) + ur(f,s)]ds 

j*i 1*1 i,j 1 $, L J 
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r 
c. Pressure Loading 

The pressure difference across the blade in coefficient form is defined 

as 

AC, 
Pl-Pu 
— A V ^ 2 P VT 

(37) 

where is the pressure on the lower surface of the blade and is the 

pressure on the upper surface of the blade. The quantity Acp is computed 

by considering an interior lattice point (i,j,l) (see Fig. 11) on the first 

blade and an associated area j. The area is given by 

i / (9) _ r(9)\/ (9) _ ç(9)\ 
(38) 

The pressure loading is then found from the formula 

ÛC, 
Ti.i (39) 

i j is the thrust on the area A¿ j. The coefficients of thrust, 

and power are given respectively by 

where Tj 

torque and power 

47t2N0T 

coi- 

pstv 

47r2N-QT 
-9 V* 

m 

^0' 
(41) 

f « 

ï 
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where D is the propeller diameter. The figure of merit is given by 

F/M 
T / T 

' flQ V 27T/)R2 
(43) 

The profile torque per ’n by 

^ CD (chordJrdr (44) 

where CD is the (viscous/ aiug coefficient. The total torque per blade is 

given by the sum of Eqs. (36) and (44). 



SECTION IV 

INTERPRETATION OF NUMERICAL RESULTS 

1. DESCRIPTION OF PROPELLER GEOMETRIES 

The three propellers chosen for this study are listed below, together 

with the source of data for each: 

1. Canadair Propeller RAA-240-100, Ref. 21 (Hartzell Model 10178) 

2. Canadair Propeller 240-3A5, Ref. 4 

3. Hamilton Standard Propeller 212X-16, Ref. 4 

The computer program input parameters for each of these propellers are 

listed in Tables I, II, and III, respectively, as spanwise distributions. 

A brief discussion of certain of these parameters is in order here to per¬ 

mit a clear understanding of the meaning of each. 

The blade pitch angle distribution, a , is the angular orientation of 

the blade at each radial station relative to the plane of rotation for a 

specific value of this angle at the 3/4 radius station, «^5» which is called 

the blade collective pitch. In the case of the RAA-240-108 propeller this 

value of collective pitch is a75 = 12 deg (Table l). For both the 240-3A5 

and the 212X-16 propellers it is «75 = 10 deg (Tables II and III). All 

three distributions are plotted in Fig. 12. The a distribution is used in 
the lifting surface portion of the computer program. 

The column entitled blade pitch increment distribution, Aa , is actually 

the sum of the blade pitch increment angle (relative to the blade pitch angle 

at the 3/4 radius station) and the zero lift offset angle, or 

Aa = a - a75 + a0L (45) 

This quantity is evaluated at the center of each input element and, according¬ 

ly, is tabulated between blade stations. This distribution is used, together 

with the input value of a75, in the lifting line portion of the computer 

program to compute the inflow and wake paremeters. 
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There are two lift-curve slope distributions tabulated for the RAA-240- 

108 propeller in Table I, and only one each for the other two propellers in 

Tables II and III. First consider Table I. The values in the column labeled 

a;, were taken from the lifting line evaluation of this propeller performed by 

the Hamilton Standard Division (HSD) (unpublished) and represent what is felt 

to be a reasonable set of values of the incompressible lift-curve slope dis¬ 

tribution. This distribution is plotted as a solid line in Fig. 13. The 

values in the column labeled a2 were taken from a curve in Ref. 21 and wore 
modified to have a maximum value not exceeding 2-n. The original lift-curve 

slope distribution from Ref. 21 had very large values of near the blade 

hub, in excess of 9. Although values of a near 7 were felt to be acceptable 

for thick sections (cf. Fig. 38 of Ref. 22), as given by the H3D distribution, 
it was felt that the original distribution in Ref. 21 was not reasonable, and 

the values were limited accordingly to the maximum theoretical flat plate 

value of 27T. Calculations were performed for both of these distributions, 

and the results will be described below. 

In Tables II and III the values of a were again taken from unpublished 

work by HSD for the 240-3A5 and 212X-16 propellers, and these distributions 

are found in Figs. 14 and 15, respectively. 

Another set of important input quantities to the computer program, the 

values of the wake velocity parameters and (Ref. 5), axe found in 

Table 3V. These values were obtained by first running the HSD version 

(Ref. 4) of the UARL Prescribed Wake program (Ref. 5) for each blade and an 

each of three values of collective pitch: a7^ = 12, 14, l6 deg for the 
RAA-240-108 propeller and «75 = 10, 12, 14 deg for both the 240-3A5 and the 
212X-16 propellers. The HSD program performs a self-contained iteration that 

yields values of k-j_ and k^j which are compatible with the predicted thrust, 

and hence yields a realistic prediction of the velocity field. (Note that 

values of k^ and may also be obtained from the curves in Ref. 4.) 

2. PERFORMANCE CALCUIATIONS 

The input variables described above were introduced into the conçuter 

program described in Fig. 10 and in Appendix II. The direct problem mode 

was implemented in which the blade geometry is given and the circulation 

distribution and propeller performance are determined. Before the final 

calculations were made for all three configurations, a grid size sensitivity 

study was performed for the RAA-240-108 propeller at a collective pitch 

angle of 07c = 14 deg. In this study both the grid size and the location 

of the chordwise demarcation line between the inboard coarse grid and the 

outboard fine grid were varied. An "optimum" grid arrangement was determined 

which appeared to yield nearly the same results as a finer grid but took less 

time to execute than the finer grid. Details of this study will be found in 

Appendix III. 

- 
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Of the three blade configuration« chosen for analysis, the RAA-240-108 

had the largest aaount of measured data, including detailed chordvise pres¬ 

sure measorements at a number of spanwlse stations. Unfortunately it also 

was a poorly documented blade configuration in that virtually no detailed 

section data were available to Canadair when the propeller was acquired. 

Nevertheless, because of the large amounts of surface pressure data avail¬ 

able for this blade it was widely used in the conçarisons between theory 

.and experiment described below. 

Figure 16 contains plots of Cj and Cq versus a« and of Cj versus C« 

for the Canadair RAA-240-100 propeller. The available experimental data 

from Ref. 21 are shown as circled points from pressure measurements and 

triangular points from balance measurements. Ifte solid line is the present 

lifting surface theory using lift-curve slope values, a^, from the HSD pro¬ 

gram and the dashed line is the same lifting surface theory using lift-curve 

slope values, tç» from Ref* 21 the restriction that s 2ir. For com¬ 

parison the lifting line results from the HSD program (Ref. 4) are shewn as 

the dash-dot curves. It should be noted that these plots have non-zero or 

"false" origins, which tend to exaggerate the differences between the results. 

It can be seen that the agreement between all three theoretical curves and 

the experimental, measurements is quite good, although the best agreement 

seems to be between the data and the lifting line results. However, it is 

important to realize that for the lifting line theory to achieve this agree¬ 

ment it was necessary to include a three-dimensional correction factor as 

an input item (see Fig. 22 of Ref. 4). In contrast to this, the present 

lifting surface theory has no three-dimensional input correction factor with¬ 

in the lilting surface portion of the program -- this portion ol the program 

automatically accounts for the three-dimensionality of the flow near the tip. 

Another important factor here lies in the spanwlse distribution of angle 

of zero lift used in these calculations. A possibility exists that the values 

used were approximately 4 deg more negative than they should have been. How¬ 

ever, because of poor documentation on this blade it is not possible to 

verify this possibility. If this is true, then the built-in lifting line 

subprogram in the current lifting surface program will produce a set of 

axial velocities that are too large. Experience has shewn, during the early 

phases of this work, that if the axial velocity is too large, the error in 

the reference surface orientation is such that the thrust is virtually un¬ 

affected (cosine of the error angle) but the torque will be overpredicted 

by a significant amount (sine of the error angle). Hence the overprediction 

of torque coefficient in the second and third panels of Fig. 16 may stem 

from Just such an error. 

Comparable performance plots will be found in Figs. 17 and 10 for the 

240-3A5 and 212X-16 propellers, respectively. The reasons for the discre¬ 

pancies observed in Fig. 17 could not be discovered in the course of this 
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investigation. In Fig. 18 both lifting surface and lifting line predictions 

were in good agreement, and although they underpredicted (¾. and Cq when 

plotted versus <*<75, the crossplot of Cfp versus Cq showed good trend agree¬ 
ment. As noted before, the use of a false origin tends to exaggerate any 

lack of agreement between results from different sources, and it is felt 

that this new theory yields a satisfactory degree of accuracy at this early 

stage in its development, sufficient to warrant further studies. This 

assertion is further borne out in the next section which deals with the 

details of the blade surface pressures. 

3. SURFACE FRESSURES 

A major advantage of lifting surface theory is its ability to predict 

details of the local load, distribution at any point on the blade surface. 

In view of the availability of such data on the Canadair RAA-240-108 pro¬ 

peller (Ref. 21) it was possible to evaluate the validity and accuracy of 

the theory directly, nils is a meaningful evaluation because, as stated 

in the previous section, the most likely source of input error for this 

propeller will lead only to an error in axial velocity which affects torque 

much more than it affects thrust. Consequently, the pressure calculations 

from Eq. (39) will also be relatively unaffected. 

fressure distributions, both chordwise and spanwise, ¿re calculated 

routinely by the lifting surface program, and confutations were made and are 

examined below for the Cana da ir RAA-240-108 propeller for three values of 

collective pitch and for both lift-curve slope distributions listed in 

Table I. Figures I9, 20, and 21 are plots of the spanwise distribution of 
ACp for a« = 12; 14, and 16 deg, respectively. In the first of each set 

the figure labeled a) used the lift-curve slope a^ from HSD and the figure 

labeled b) used the lift-curve slope ag from Ref. 21 (with the restriction 

*2 s 2ir)* It is 8een that the only significant differences in these dis¬ 

tributions occur in the aft region of the blade near r/R = O.85. Every¬ 

where else the distributions are virtually the same. It should be noted 

that in Fig. 16 it was observed that the lifting surface thrust curves 

(related to pressure by integration) for these two slopes were essentially 

the same also, while the torque differed by a significant amount, ascribable 

only to changes in a and the consequent changes in axial velocity. This is 

in accordance with the statements made earlier about the relative insensi¬ 

tivity of thrust and the relative sensitivity of torque to changes in axial 

velocity. 

A further appreciation of the ability of the theory to represent the 

three-dimensional details of the tip loading can be gained by studying 

Figs. 22 , 23, and 24 which are plots of ACp versus chordwise position for 

the three values of collective pitch. Each figure has four panels for 

radius ratio values of r/R = O.80, 0.88, O.92, and O.96. Here we have 
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plotted the lifting surface theory for the two slopes, a1 and ag, as a solid 
line and a dash-dot line. Also on each panel the experimentally measured 

pressure distribution is plotted. It is seen that, in general, there is 

very good agreement between theory and experiment for all conditions shown 

here. There is particularly good agreement near the tip (r/R = 0.92, O.96) 
for both <*75 = 12 and 14 deg. This is significant in that no input values 

or other artificialities were required to correct for three-dimensional 

effects. Some deterioration in agreement is observable at <*75 = l6 deg. 

Finally, it should be noted that the epanwise curves of ACP in Figs. I9, 
20, and 21 require some interpretation, in that the apparently high inboard 
loadings are artificial because they arise from division by a small inboard 

valúa of the square of the velocity in Eq. (39)* T*16 actual pressure 
difference Ap was calculated by rewriting Eq. (39) in the form 

I 2 
Ap = T" ? Vr ACp = 

Tj,j sec ß (rj(fl,) 

‘i. J 

(46) 

and the results are plotted in Figs. 25» 26, and 27 for ^75 = 14, l6 deg, 
using a1 only. This has been done to place these results in proper perspec¬ 

tive by displaying the physical load distribution that contributes to the 

blade thrust. 



SECTION V 

CONCLUSIONS 

The following conclusions were reached in the course of this investiga¬ 

tion. 

1. The lifting surface theory described herein is cnpable of predicting 

the gross performance characteristics of statically operating propellers, 

either as a direct application (geometry prescribed) or as an indirect appli¬ 

cation (loading prescribed). 

2. The lifting surface theory described herein is also capable of pre¬ 

dicting details of the surface pressure distributions. 

3. The theory can account for three-dimensional tip effects automatically 

without the need for artificially inserted three-dimensional tip corrections. 

4. The theory can be extended to permit a study of the noise associated 

with a statically operating propeller. 
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SECTION VI 

RECOMMENDATIONS FOR FURTHER RESEARCH 

As with most new theories, the lifting surface formulation described in 
this report will require additional effort to test its limits and to evaluate 

its sensitivities to parameter changes. Although one major sensitivity study 

of the grid geometry has already been carried out (Appendix III) many other 

such studies must be performed with blade shape, blade twist, section lift 

coefficient, etc., as the significant parameters to be varied in a systematic 

manner. In these studies particular care must be taken to ensure that the 

axial velocity distribution over the blade is reasonable because of its 

strong influence on the torque prediction. 

In the course of this investigation, a major deficiency was the lack 

of reliable data for use in evaluate g the theory. Although pressure and 

balance data were available (on one blade only) these data were not felt 

to be completely reliable because the blade sections were not documented. 

What is needed for future work is a detailed, controlled test program, 

similar to the test of Ref. 21, with combined surface pressure and balance 

measurements, but with complete documentation on static blade characteristics 

(profile shape, section lift and drag, etc.) and on external flow into the 

rotor disk. Only then can a truly fair test of the theory be made. 

At the outset of this investigation an effort was made to incorporate 

the least complicated version of the UARL lifting line program (Ref. 5) into 

the lifting surface program. This subprogram is needed to compute the inflow 

velocities and to set up the orientation of the reference surface for each 

blade in preparation for subsequent calculations with the lifting surface 

theory. Two very important input elements here are ^ and *2, the wake 
velocity parameters, which must be compatible with the rotor thrust to 

ensure a reasonable axial velocity distribution. As used herein, the 

lifting line program had to be run separately to obtain k-^ and 1^, and 

then the full lifting surface program was run. Even here complete compati¬ 

bility was not assured because if the lifting surface thrust was signifi¬ 

cantly different from the lifting line thrust a correction should have been 

made to ^ and kg. Hence the further refinement of this program should 

incorporate two internal iterative procedures. First, the self-contained 

HSD lifting line program (Ref. 4) should be inserted in place of the present 
liftJ nr; line subprogram. This is because the HSD program incorporates an 

iteración to match lifting line thrust with k1 and kg. Second, the entire 

program should be made iterative such that the final lifting surface thrust 

should be matched to the ^ and kg values for compatibility. If they are 

compatible the computation is ended, but if they are not the new thrust 

value is used to select a new pair of and kg values and the entire pro¬ 
cedure is repeated to convergence. 
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Finally, this theory should be amenable to the prediction of noise for 

a statically operating propeller. This is particularly important because 

current and advanced noise theories require information on the distributed 

loading on the blades and the only two sources of this information are experi¬ 

ment and lifting surface theory. Appendix IV outlines a procedure whereby 

the present theory could be extended to compute the acoustic pressure field 

surrounding the propeller. 
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APPENDIX I 

DERIVATION OF THE FIELD POINT BOUNDARY CONDITION IN VORTEX LATTICE THEORY 

The physical requirement that the fluid does not penetrate the blade 

surface is given by Eq. (24) and is valid for every point on the blade. In 

the theoretical numerical model this is replaced by Eq. (29) which is applied 

at MN field points. The derivation of Eq. (29) is based on the simple 

algebraic formulas for computing the velocity induced by a straight line 

vortex filament. 

In the case of a straight line vortex filament of strength K located 

on the line AB (see Fig. 28) the velocity induced at a point 0 normal to the 

plane of the paper is given by 

V = 4^7; (cos 5,+ cos 02) (47) 

where h is the distance between the print 0 and the line AE, and the angles 

#1 and 02 are the angles that the lines OA and OB make with AB. This formula 

results from evaluating the Biot-Savart integral (see Ref. 23). 

In the vortex lattice formulation the field points are located at the 

centroids of each elemental area. The induced velocity vector at any field 

point is found by applying Eq. (4?) to each vortex filament. In each of 

these computations it is seen from Eq. (4?) that the contribution of each 
filament is proportional to the vortex filament strength. The distance h 

and the angles and 02 are computed in terms of the coordinates of the 

points of the lattice. In what follows we will give a derivation of 

Eq. (29) using Eq. (4?,. 

The Cartesian coordinates of a lattice point (f,m,k) on the kth blade 

* 

reference surface axe denoted by (x^ ., y^ ., . ) and the Cartesian 
z^ni|K 

coordinates of a field point on the first blade reference surface are denoted 

by (xj^ j, y^ j, z| j) where, for example, the x field point coordinate is 

defined to be located at the centroid of the surrounding four lattice points 

on the first reference surface, or 



(48) (f) 

:¡,j 
(g) 

k'J,i (X¡. i . i + X (g) (g) 
i, j + l , 1 + Xi ¡4.1 I + X ; 4. I ¡4.! |) 

(g) 
i + l, j + l,l 

(f) (f) 
with similar equations for y and z . We consider a typical radial 

Í m+l 
vortex filament of strength F ’ located on the line joining the lattice 

r f,m 

points (i,m,k) and (f,m+l,k) on the kth blade reference surface (see Fig. 29). 

(f) (f) (f) 
The distance h of this filament from the field print (x) y) , z; ') is 

. , r i,0 
given by 

hr ■ /(Ogr P|r ‘ Pzr Qir^ + (^2r®ir " ®2r ^ir * Rir ^ 
2 2 2 

P,r + Q,r +R.r 

and cos ft. , ccsft. can be expressed in the form 
lr 2r 

(49) 

COS ft,r = - 
P2r Pir + ^2r Oir+ ^zr Rir 

Vfp(r2 + Q,r2+ Rir2) (p2rZ+ Û2r + "zr*) 

(50) 

COS ft2r 
P3r Pir + ^3r ^ir + Rar Rir 

VÍpJ+ 0,r2+ RIr2)(p3r2 + 03r2-R3r2) (51) 

where 

P ir 
¥ <g> .¥<q) 
Ai,m,k Ai,m + i,k 

(52a) 
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(52c) 
(f) (g) 

p3r = x jf j ' Xf,m + l ,k 

0 = v(9) - y (Q) 
uir ^l,rr,k (53a'' 

(f) (g> 
0 2r ■ y ¡, j ' y f, m, k (53b) 

(f) _ (g) 
°3r = yj, j " y|,m + i,k (53c) 

_ (g) , (g) 
R,r = ¿í, fP, k - m+ I, k (54a) 

<f) _ <g> 
R2r = z¡,j ‘ ¿í’m »k (54b) 

(f) _<g) 
R3r s zi,j ” Zi,m + '. * 
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The unit vector 7 normal to the plane passing through the field point on 

the first blade anS the points (f,m,k) and (l,m+l,k) at the ends of the 

vortex filament on the kth blade is given by 

^2r ^3r ” ^2r ®3r ’ Qv ” ^3r 2r K3r " r2r rt3r ' r2r 3^ (55) 

r" y(P2r2+ Q2r + R2r2)(P3r2+ Q3r2 + ^r2 ^ ( P2r P3r + Q2r 03r + R2r «3^ 

(f) (f) (f) 
The velocity induced at the field point (x^ y^ by the 

^ yy) t 
radial vortex filament of strength r * which is located on the line 

r i,m 

joining the lattice points (f,m,k) and (f,nH-l,k) on the kth blade reference 

surface will be denoted by (uj^, u^^b\ and is given by 

Í, m+l 

/ (rb) (rh) (rb)\ _ 
\ukx • uky * ukz / ” 47rhr (cos 0ir + cos 9Zr) ir 

(56) 

i+l,m 
In the case of a chordwise vortex filament of strength r which is 

S . 

located cn the line joining the lattice points (i,m,k) and (l+l,m,k) on 

the kth blade reference surface the corresponding induced velocity is 

denoted by (uj^, u^b\ u^^^) and is given by 

, (sb) (sb) (sb) m . n n \ ^ 
(ukx • uky . ukz ) = ( cos 0IS + cos Ozz) is 

f+ l,m 

47rh< 
(57) 

where 

cos 0I$ = - 
F2S Pis ^ °2s Q,s + R 2s n'S 

a/(P,S- + Q|S + R|S ) ^ P2S + O2S + ^2S ) 

(58) 
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cos ö2s 
P3S PIS '^QssQis'*' R3S Ris 

a/(Pis2 + Q,S2+ R.S^iPss2^ 03s2+ R3S2) 
(59) 

hS ’ /Q2SPIS- ^S®is)2+(R2sQ|S' ®2s Ri$)2 + ^R2S PiS ” P2S RiS ) 

'-2 . ^ ¿ , ^ 2- (60) 
PIS + °IS + RIS 

P = X (fl) - x(9) ris xf+ ), m , k (6la) 

(f) (g) 
p2s= xi,j ‘ xf,fT',k (6lb) 

(f) (g) 

P3s = x i,j ’ x#+i,m, k (6lc) 

1 

: 



s (62c) '3» 
y "! - y'* 

» J 7l*l,m,h 

(g) (g) 
Ris ' z !,m,k ‘ 2I+ I, m,h 

(63a) 

10 (g) 
R2* S Z'. i * 2I, W.*1 (63b) 

p s Jf) <«> 
R 3* z jfj z|+ i,m,k (63c) 

The unit vector T la defined in a similar manner as T and is normal to 

the plane through the field point on the first blade reference surface and 
the points (l,m,k) and (<+l,m,k) on the kth blade reference surface. 

The total velocity induced by all the radial and chorcbd.se vortex 

filaments at the field point (x^j, y£J, *£]) will be denoted by 

(u^b\ u ^b\ u(b)) and is given by 
X y * 

"P N M 
(H (h) (n)% V r V r, (rW (rt,) (rb)s 

(<J* iUy i U2 )s 2. 2. » uky ' uh2 
k*i m*! f* I 

(Sfc) (St) «»b) ) y y (8h) :sh) 
+ (uk**uky • uk2 J+k,(jT, Uk* ’ Uky ’ Uk2 'm 1N + I 

(6U) 

3U 



r 

In cylindrical coordinates the velocity 

given by 

induced at a field point is 

, (b) (b) (b> 
(ux i ur i u g ) = 

(b) 0U) 
Uy cos 0¡tj + uz sin ¢/. . . 

« (f) 
COS fljj 

(b) 
Uy sin ) 

(65) 

where (x^, rif4» cylindrical coordinates of the field 
ifj 

points. The velocity component normal to the blade reference surface will 

(b) 
be denoted by u and is given by 

(b) (b) . d 
Un s U X COS /3j - U0 sin /9j (66) 

where /3 is the value of ß at the radial location r = r^. The normal 
J l> 0 

velocity induced by the trailing vortex system at the field point is 

(t) 
denoted by u and is given by 

(m) 
= L Ct 
m«i 

(m) 

rt 
(67) 

(m) 
where F v ; denotes the strength of the trailing vortex filaments and 

cj.m) is a coefficient which depends on the wake vortex geometry only. The 

UARL lifting line program for statically operating rotors is used to 

compute u(t) (see Ref. 5). 
n 

lhe total normal velocity induced at the field point by the complete 

vortex system comprising the blades and the wake is denoted by un and is 

given by 
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(68) . (t) ib) 
un " un + Up 

rs 

The right-hand side of Eq. (67) will be a linear 

i+l.m , „(m) J .. 
, and F' . After a simple rearrangement of 

f.m t 

i,m+l 
function of F ’ , 

r . 
i,m 

the terms in the 

equation the total normal velocity induced at the field point can be 

written in the form 

IVH-I N 

un = I I 
(si m=i 

(f,m) 
Cr 

i,m+i 

^rf,m 
+ 

M N4-I 

Z I c 
f = i msi 

(i,m) 

s 

, N+! 
Í+ I, m r» 

rse J 5i. rn m*l 

(m) (m) 
Ct rt (69) 

( f,m) ( I ,m) (m) 
where the coefficients C , C , and C. are dependent on the vortex 

r s * t 

geometry only. In the right-hand side of Eq. (24) the term (dn/ds)._ can 
ML 

be replaced by S where S is the angle that the mean line makes with the 

chord in the (s,n) plane (see Fig. 7). The field point boundary condition 

expressed by Eq. (24) will now have the form 

M+l 

z 
f=l 

N 

z 
m = i 

f,m + l 
r ’ + 

rf,m 

M 

z 
(■-I 

N+l 

z 
msl 

(/, m) 

Cs 

P+ i,m N-H (m) (m) 
ct rt = V8 (a+ 3) 

(70) 

which was stated earlier in the main body of the report in Eq. (29). 
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APPENDIX II 

USER'S MANUAL 

In this Appendix the details of the UARL lifting surface program will be 

discussed. Descriptions are given of the input formats, the output formats 

and the interactions between the various subprograms, in that order. A key- 

feature of the input format used here is the ability of the user to run 

multiple cases with a minimum of changes in the input data. This i's also 

discussed below. 

1. BASIC INPUT 

Each case defined by the input data set to the program must contain 

three important components in the following order: a title card, the 

LOADER format input items and a multiple case control card. The title card 

for each case contains a one card title (columns 1-72) which describes the 

case. 

The basic input format is in the LOADER format (specified by sub¬ 

routine LADDER). The input items are assigned location numbers within a 

storage array. Using the subroutine LADDER an input item may be changed 

simply by specifying the location number and input item value on a card 

following the card on which the original value for the item was located. 

In addition, items which are unchanged between consecutive cases need not 

be repeated in the input for the successive cases. The LOADER format is as 

follows : 

LL L DATA(L) DATA(I.+1) ... DATA(LtLL-I) 

where: LL is the word count; i.e., the number of data items on a card 

(Columns 1 and 2, fixed point, right adjusted). 

L is the location number of the first data item on the card (Col. 3-6, 

fixed point, right adjusted). 

DATA represents the various input item values on the card (Col. 7-18, 

19-30, 31-42, 43-54, 55-66; floating point numbers). 

The location numbers, program symbols, and description of each input 

item are given below. 



LOCATION 

2 

3 

PROGRAM PROGRAM INPUT 
SYMBOL LABEL 

OMGR TIP SPEED 

BL NO. OF BLADES 

REV NO. OF WAKE REVS 

DESCRIPTION OF INPUT ITEM 

Propeller tip speed, fps. Product 
of the propeller rotational velocity 

and the propeller radius (ft). 

Number of blades. 

Number of wake revolutions. Maxi¬ 

mum value of REV is 10.0. 

4 

5 

6 

7 

8-34 

DPS I AZIMUTH 
INCREMENT 

SOUND SPEED OF SOUND 

Azimuth increment, deg. This input 
item defines the length of the 
trailing vortex segments used in the 
wake model. The minimum value of 

DPSI is 15.0 deg. A typical value 
is 3O.O deg. 

Speed of sound, fps. This input 
item is used in the calculation of 
local Mach number. 

THETA 1 LINEAR TWIST Blade linear twist rate, deg. This 
input item is used to calculate the 
blade built-in pitch distribution, 
and is normally negative to indicate 
decreased built-in pitch angles at 

the blade tip (See THET75 below). 

THET75 COLLECTIVE PITCH Blade collective pitch at the blade 
75 percent radial station, deg. 
This item is used in conjunction 
with THETA1 to calculate the blade 
pitch distribution at the segment 
centers of the input radial stations. 
The formula used in computing pitch 

is THETA(r/R) = THET75 + THETA1* 
(r/R) - 0.75) + DTHETA where r/R 
is dimensionless blade radial 
station and DTHEEA is defined 
below (location 35-54). 

CURVE MACH NUMBER, LIFT Combinations of Mach number (CMACH) 
CURVE SLOPE and lift curve slope (ALIFT) to 

define airfoil lift characteristics 
used in UARL lifting-line subprogram 
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for statically operating rotors. 
The sequence of input Mach numbers 
is followed by the corresponding 
sequence of lift curve slopes (the 
Mach numbers are arranged in a 
monotonica]ly increasing sequence 
starting with zero). 

35-54 = a - a-jrij + a0L where a - is 
the geometric pitch increment at 

DTHETA BLADE FITCH 
INCREMENT 

the blade radial segment centers 
and OíQk is the a intercept, 
measured in degrees, of the lift 

curve. 

Tolerance for Gauss-Seidel itera¬ 
tion. This parameter usually has 
the value 0.00001. 

CONVERGENCE 
TOLERANCE 

55 TOL 

Number of input radial stations 
Maximum value of STNS = 20.0. 

57 STNS NO. OF BLADE 
STATIONS 

Combinations of Mach number (CMACH) 
and stall angle of attack (ALPMAX) 

58-84 ACURVE MACH NO., ALPHA 
MAX 

to define the maximum section lift 
coefficients used in UARL lifting¬ 
line progrrm for statically operat¬ 
ing rotors. The maximum (stalled) 
lift coefficient for each section 
is equal to the product of the lift 
curve slope and the stall angle of 
attack corresponding to the section 
Mach number. The sequence of input 
Mach numbers is followed by the 
corresponding sequence of stall 
angle of attack values (the Mach 
numbers are input in a mono- 
tonically increasing sequence 
starting with zero). 

85 PROBPR DIRECT PROBLEM Problem selection parameter. 
INDIRECT PROBLEM PROBPR = 0.0 for direct problem, 

PROBPR = 1.0 for indirect problem 

V 
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B 1 r 
86 

87 

88 

89 

90 

91 

92 

93 

94 

BLDTYP 

95-104 

EBG 

EV 

RTR 

XN1G 

XN2G 

XMLG 

XMTG 

XL 

XUjI 

CONTINUOUS CASE, 
DISCONTINUOUS CASE 

LEADING EDGE 
PARAMETER 

DEMARCATION 
LINE 

INBOARD CHORD 
SEGMENTS 

OUTBOARD CHORD 
SEGMENTS 

Blade type. T = 0.0 - discontinuous 
blade perimeter slope. T = 1.0 - 
continuous blade perimeter slope. 

Accuracy parameter used in inter¬ 
polation algorithm to determine 
aerodynamic tip in the case 
T = 1.0. Usually EBG = 0.1. 

Leading edge parameter defining 
distance of leading edge from 
leading vortex filament. Measured 

in feet. 

Radial distance of demarcation line 
separating the blade tip region 
from the inboard region. Measured 
in feet. 

Number of radial segments in the 
confutation grid from hub to demar¬ 
cation line. 

Number of radial segments in the 
computation grid from demarcation 

line to tip. 

LEADING CIRCUM¬ 
FERENTIAL SEGMENTS 

Number of chordwise segments in the 
computation grid from leading edge 
to reference line. 

TRAILING CIRCUM¬ 
FERENTIAL SEGMENTS 

Number of chordwise segments in the 
computation grid from trailing edge 
to reference line. 

Number of points of discontinuity 
in blade perimeter elope minus one. 
Case T = 0.0 only. 

Number of radial segments in the 
computation grid from the demarca¬ 
tion line to the radial location 
of the first discontinuity, from 
the radial location of the first 
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105-124 

125-144 

145-164 

165 

166 

167-186 

187-206 

207 

208 

R BLADE RADIUS 

SL LEADING EDGE 

ST TRAILING EDGE 

XN1 

XN2 

RTIP BIADE RADIUS 

STIP CHORD MEASURE 

discontinuity to the radial loca¬ 

tion of the second discontinuity, 

... and from the radial location 

of the last discontinuity to the 

radial location of the tip. 

Case T = 0.0 only. 

Radial coordinate, in feet, of the 

input grid. 

Leading edge chord distance, in 

feet, at the radial stations of 

the input grid. 

Trailing edge chord distance, in 

feet, at the radial stations of 

the input grid. 

Number of tip region points along 

leading edge. 

Number of tip region points along 

trailing edge. 

Radial coordinates of tip region 

points in feet. The sequence of 

tip coordinate points starts at 

the demarcation line on the lead¬ 

ing edge an i proceeds around the 

perimeter of the tip region to 

the demarcation line on the 

trailing edge. 

Chord distance, in feet, of tip 

region points from the reference 

line. Corresponding sequence to 

RTIP coordinates. 

XMl Number of chordwise input points 

for leading edge region local angle 

of attack distribution. 

XM2 Number of chordwise input points 

for trailing edge local region 

angle of attack distribution. 
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209-228 ALPHA. BLADE PITCH ANGLE 

229-428 CAMB 

429-599 GAMRX 

601 XNPT 

602 XIOFT 

603 A A 

604 XAMBDA LAMBDA 

605 PHINPO VORTEX SHEET 
(R = 0), PHI3 

Pitch angle in degrees defined at 

input radial stations. Case 

PROBPR = 0.0 only. 

Local blade slope distribution at 

points of input grid. Case 

PROBPR = 0.0 only. 

Circulation strengths of radial 

vortex filaments located on confuta¬ 

tion grid. Case PROBPR = 1.0 only. 

Number of Mach number-lift curve 

elope combinations. This number 

must be the same as the Mach 

number -ALPMAX combinations. 

Option for the vortex sheet boundary 

within a wake azimuth of 360/BL and 
the blade (floating point). Normally 

set XIOPT = 1 to establish a para¬ 

bolic vortex sheet boundary through 

(1) the origin of the outermost 

vortex sheet filament at the blade, 

(2) the rolled up tip filament 

coordinates at an azimuth of 

360/BL and the tip vortex boundary. 
If XIOPT = 0, a linear vortex 

sheet is established between (1) 

and (2) above. 

Curve fit constant. A, in the tip 

vortex radial coordinate equation. 

Curve fit constant, XAMBDA, in the 

tip vortex radial coordinate 

equation. 

Wave azimuth angle, PH3NP0, that 

separates the axial velocity 

regions AK20 and AK30 for the vor¬ 

tex sheet extension to r = r/R = 

1, deg (see Fig. 30). 
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PHINPl 

AKIT 

AK2T 

AK10 

AK20 

AK30 

AK11 

VORTEX SHEET 

(R = 1), FHI3 

TIP FILAMENTS, K1 

TIP FILAMENTS, K2 

VORTEX SHEET 

(R = 0), K1 

VORTEX SHEET 

(R = 0), K2 

VORTEX SHEET 

(R = 0), K3 

VORTEX SHEET 

(R = 1), K1 

Wake azimuth angle, PHINPl, that 

separates the axial velocity- 

regions AK21 and AK31 for the 

vortex sheet extension to r/R = 1, 

deg (see Fig. 30). 

Axial velocity of the tip vortex 

between the blade and the passage 

of the following blade at wake 

azimuth 360/BL (nondimensionalized 
by blade tip speed). 

Axial velocity of the tip vortex 

after the passage of the following 

blade at the wake azimuth 360/BL 
(nondimensionalized by blade tip 

speed). 

Axial velocity of the vortex sheet 

extension to the center of rotation 

in the wake azimuth region between 

the blade and the passage of the 

following blade at the wak.e 

azimuth 360/BL (nondimensionalized 
by blade tip speed). 

Axial velocity of the vortex sheet 

extension to the center of rotation 

in the wake azimuth region between 

the passage of the following blade 

at the wake azimuth 360/BL and the 
wake azimuth PHINPO (nondimension¬ 

alized by blade tip speed). 

Axial velocity of the vortex sheet 

extension to the center of rotation 

following the wake azimuth PHINPO 

(nondimensionalized by tip speed). 

Axial velocity of the vortex sheet 

extension to r = r/R =» 1 in the 

wake azimuth region between the 

blade and the passage of the 

following blade at the wake azimuth 

360/BL (nondimensionalized by 
blade tip speed). 



AK21 VORTEX SHEET 

(R = 1), K2 

AK31 VORTEX SHEET 

(R = 1), K3 

TRUNCT 

ROLLUP 

CDDATA 

Axial velocity of the vortex sheet 

extension to r = r/R = 1 in the wake 

azimuth region between the passage 

of the following blade at the wake 

azimuth 360/BL and the wake azimuth 
PHUiPl (nondimensionalized by blade 

tip speed). 

Axial velocity of the vortex sheet 

extension to f = r/R = 1 following 

the wake azimuth PKENPl (nondimen¬ 

sionalized by blade tip speed). 

Angle of roll-up of tip vortex fila¬ 

ments with respect to the blade, 

deg. Tip vortex filaments beyond 

this wake azimuth angle are all 

assigned coordinates equivalent to 

the outermost tip filament, thereby 

simulating the roll-up of the tip 

vorticity into a concentrated tip 

vortex. TRUNCT/DPS I must be an 

integer. A typical value of 

TRUNCT is 3O.O. If no roll-up is 

desired set TRUNCT = 0.0. 

Starting value of number of fila¬ 

ments to roll-up in tip vortex 

(at roll-up angle TRUNCT). 

Starting at location 621 the number 

of Mach number curves is input 

followed by the value of the first 

Mach number and the number of pairs 

of points for that Mach number 

curve. Following these input items 

the values of the angle of attack 

are input in a monotonically 

increasing sequence, followed by 

the corresponding sequence of values 

of drag coefficient. For the next 

set of curves we start again by 

inputting the number of pairs of 

points, the Mach number value, and 

proceed as before until the data 

is exhausted. 



1221 FRNTX These parameters eire used for 

additional printout. Set FRNTX 

= 1.0 for additional printout. 

Normally FRNTX = 0.0. See further 

information on FRNTX array at the 

end of this Appendix. 

600 CASE This is 8(11 option control for 
multiple cases. CASE = 1.0 implies 

that additional cases follow; 

CASE = 0.0 or blank implies that 

there are no further cases. In 

all cases card columns 1 and 2 

contain -1. 

2. DESCRIPTION OF PROGRAM PRINTOUT 

The program printout is broken into three major divisions. The first is 

the printout of pertinent program input parameters. The second is the print¬ 

out of important computation parameters. The third is the printout of perfor¬ 

mance parameters. The following list provides a supplemental description of 

the program output. The list follows the order of the actual program output. 

PROGRAM TITLE AND CASE TITLE 

PROGRAM INPUT LABEL 

PRINTOUT OF IMPORTANT INPUT PARAMETERS TO PROGRAM (For a complete printout 

of input items set FDIfrX (9) = 1*0) 

MESSAGES PERTAINING TO CONVERGENCE OF LIFTING LINE VORTICITY CALCUIATION 

PROGRAM OUTPUT LABEL AND ADDITIONAL DESCRIPTION OF OUTPUT ITEM 

SPANWISE INPUT REFERENCE STATION (in percent) 

AXIAL VELOCITY COMPONENT AT INPUT REFERENCE STATIONS (computed with UARL 

lifting line program) 

CIRCUMFERENTIAL VELOCITY COMPONENT AT INPUT REFERENCE STATIONS (computed 

with UARL lifting line program) 

RADIAL VELOCITY COMPONENT AT LIKJT REFERENCE STATIONS (computed with UARL 

lifting line program) 
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TIP RADIAL VELOCITY (computed with UARL lifting line program) 

PHI CALCULATED AT STATION R PHI = tan“1 (VR/VT) 

AXIAL VELOCITY AT TIP STATIONS (computed with UARL lifting line program) 

CIRCUMFERENTIAL VELOCITY AT TIP STATIONS (confuted with UARL lifting line 

program) 

Y-TIP COORDINATE (of tip stations) 

Z-TIP COORDINATE (of tip stations) 

COSINE OF THETA 

THETA-RADIANS 

BETA-RADIANS BETA = tan"1 (VA/VT) 

PHI CALCULATED AT Y AND Z TIP COORDINATES 

DISTANCE ALONG REFERENCE LINE (of aerodynamic tip) 

AXIAL DISTANCE (of aerodynamic tip) 

ANGLE IN THETA DIRECTION (of aerodynamic tip) 

DEMARCATION LINE OF TIP GRID AREA Radial distance of demarcation line from 

axis of reference 

REFERENCE LINE STATION Radial coordinates of points of computation grid 

CHORD GRID Chordwise distances from reference line of points of confutation 

grid 

X-COORDINATE (Axial coordinate of computation grid) 

ANGLE THETA Circumferential coordinates of points of computation grid 

RADIAL STATION Radial coordinates of field points 

CHORD DISTANCE Chordwise distances from reference line of field points 

AXIAL DISTANCE Axial coordinates of field points 
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ANGLE THETA Circumferential coordinates of field points 

Y-COORDINATE (of field points - Cartesian coordinates) 

Z-COORDINATE (of field points - Cartesian coordinates) 

INPUT ANGLE OF ATTACK DISTRIBUTION in radians 

ANGLE OF ATTACK DISTRIBUTION AT FIELD DATA POINTS 

MESSAGES PERTAINING TO CONVERGENCE OF LIFTING SURFACE VORTICITY CALCULATION 

RADIAL COMPONENTS OF VORTICITY Circulation strengths of radial vortex 

filaments 

CIRCUMFERENTIAL COMPONENTS OF VORTICITY Circulation strengths of chcrdwise 

vortex filaments 

PRESSURE DISTRIBUTION Distribution of pressure difference over blade 

surface 

PRESSURE DISTRIBUTION - CHORD CORRECTION Distribution of pressure difference 

over blade surface with chordwise compressibility correction 

PRESSURE DISTRIBUTION - STREAM CORRECTION Distribution of pressure difference 

across blade surface with streamwise compressibility correction 

DELTA CP CALCULATION - INCOMPRESSIBLE Distribution of coefficient of pressure 

difference across blade surface with no correction for compressibility 

DELTA CP CALCULATION - CHORD CORRECTION Distribution of coefficient of pres¬ 

sure difference across blade surface with chordwise compressibility 

correction 

DELTA CP CALCULATION - STREAM CORRECTION Distribution of coefficient of 

pressure difference across blade surface with s+vearawise compressibility 

correction 

THRUST PER BLADE, LBS 

INDUCED TORQUE PER BLADE, FT-LBS 

THRUST, LBS 
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COEFFICIENT CF TÏSRUST 

INDUCED TORQUE, FT-LBS 

POWER, FT-LBS/SEC 

COEFFICIENT CF POWER 

HORSEPqra* 

FIGURE CF MERIT 

PROFILE TORQUE, FT-LBS 

TOTAL TORQUE, FT-LBS 

COEFFICIENT OF TORQUE 

3. COMPUTER SYSTEM INFORMATION AND PROGRAM STRUCTURE 

The UARL Lifting Surface Program is written in FORTRAN IV conçut er 

language for use on the C.D.C, 6600 computer. The program requires 2UO K 
octal words of storage allocation. 

The structure of the program is schematically represented in the overlay 

diagram of Fig. 31* The complexity of the calculations has necessitated 

using a modular approach to structuring the program. The first module (0,0) 

contains the initial routine (MAIN) and assorted generaJ purpose routines 

that are used by the modules in the overlays. The function of the second 

module (1,0) is the calculation of the components of velocity (VELCAL) and 

the lattice grid (GRIDCL) and it contains other necessary subroutines. The 

third module (2,0) contains the vorticity calculation subroutine (VORIAT) 

and other subroutines necessary for this calculation. Ihe last module (3,0) 

contains the performance calculation subroutines that are controlled by one 

major subroutine (P’EEFRM). Note that the "submodules" (1,1) and (1,.. ) are 

regarded as parts of module (1,0), and similarly (2,1), (2,2), and (2,3) 

are regarded as parts of module (2,0). A brief description of each sub¬ 

routine is presented below. 

INITIAL PROGRAM MAIN - This routine controls the flew of the entire program 

calculations. 

SUBROUTINE TIMEPR - This subroutine calls the system routine SECOND which 

obtains the time traps and prints them out at the end of each 
case. 

y ■ 
s' 
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SUBROUTINE COEXTR - This subroutine does a linear extrapolation of input 

data for a specified end point of the curve. 

SUBROUTINE XNTERP - This subroutine returns an interpolated curve value and 

its slope, given the abscissa and the curve data. The interpola- 

tion scheme uses a modified parabolic technique. A minimum of 

four coordinates of data points are required before the sub¬ 

routine can be properly used. 

SUBROUTINE LADDER - This subroutine reads in the LOADER format input data. 

See program input for a detailed account of the card format. 

PROGRAM VELCAL - This program controls the calculation of the velocity 

components and the Lifting Surface Lattice Grid. The velocity 

components are calculated from a blade induced velocity dis¬ 

tribution due to a lifting line. 

SUBROUTINE GRIDCL - This subroutine calculates the aerodynamic tip of the 

propeller and uses this result to calculate the Lifting Surface 

Lattice Grid. 

SUBROUTINE SUBSEQ - This i’ubroutine calculates a strictly monotonie sequence 

from a given input sequence such that all elements of the 

sequence are less than or equal to an input tip value. 

SUBROUTINE EXTRAP - "'’his subroutine performs a double parabolic interpolation 

on give i input curves. 
4 

SUBROUTINE GASEI2 - This subroutine solves the system of equations that 

define the lifting line vorticity field using a modified 

Gauss-Seidel technique. When the percentage difference of the 

sums of two successive solutions is within a given tolerance, 

convergence is indicated and the solution stops. 

PROGRAM WAKEC2 - This program calculates the final wake coordinates ( axir.l 

and radial) used in the lifting line calculation of the velo¬ 

cities. 

SUBROUTINE RWZWA2 - This subroutine calculates the initial set of coordinates 

that define the wake of the lifting line. 

PROGRAM GCOEE‘2 - This program calculates the geometric coefficients 

associated with the lifting line wake from the wake coordi¬ 

nates. 
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PROGRAM VQRLAT - This program calculates either the camber distribution of 

a particular propeller or its vorticity field depending on the 

value of the problem parameter. A subsidiary calculation is 

the creation of the field data coordinates. 

FUNCTION FLDPT - This function returns a mean coordinate, given four corner 

coordinates. 

SUBROUTINE DISCAL - This subroutine computes important parameters necessary 

for the calculation of the perpendicular distance between a 

point and a line. 

PROGRAM WAKECL - This program calculates the final wake coordinates (axial 

and radial) used in the lifting surface calculation of the 

velocities. 

SUBROUTINE EWZW - This subroutine calculates the initial set of coordinates 

that define the wake of the lifting surface. 

PROGRAM GCOEFF - This program calculates the geometric coefficients associated 

with the lifting surface wake from the wake coordinates. 

PROGRAM GAUSEI - This subroutine solves the system of equations that define 

the lifting surface vorticity field using a modified Gauss- 

Seidel technique. The same convergence as GAUSEI2 is used in 

this routine. 

PROGRAM PERFRM - This program controls the calculation and printout of the 

performance parameters. 

FUNCTION SIM1NI - This function is a general purpose integration routine 

that uses Simpson's 1/3 rule. 

FUNCTION FEVAL - This function calculates an integrand used in the SIM1NI 

integration routine. 

FUNCTION INTERP - This function performs a bivariate quasi-parabolic inter¬ 

polation of drag data, given a particular angle of attack and 

Mach number. 
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4. DESCRIPTION OF FRNTX ARRAY 

There are 13 variables in the FRNTX Array. 

(1) Circulation calculated using the UARL lifting line program (GASEI2). 

(2) Wake calculation coefficient printout (RWZWA2). 

(3) Circulations calculated for Lifting Surface (GAUSEI). 

(4) Wake coordinates for lifting line calculation of velocity (WAKEC2). 

(5) Printout of geometric coefficients, final circulations, and velocities 
at segment centers (VELCAL). 

(6) Printout of wake coefficients for lifting surface (RWZW). 

(7) Wake coordinates for lifting surface wake (WAKECL). 

(8) Additional performance printout (PERFRM). 

(9) All input (LIFTSR). 

(10) Additional grid coordinate printout (ORIDCL). 

(11) (a) Input coordinate grid (VQRLAT). 

(b) last psuedo field data coordinate used for interpolation (VQRLAT). 

(c) Geometric coefficients associated with wake of propeller. 

(d) Vector coefficients associated with blade vorticity field and 
component parameters. 

(12) (a) Modified coefficients. Z Qj rr + Z b¡ rs Za/iV (VORLAT) 

(b) Augmented matrix. 

(c) Maximum circulations allowed in iteration scheme. 

(d) Dependent parameters. 

(13) (a) Residue printout. 

(b) Blade induced velocities Uy, uR (VORLAT). 
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APPENDIX III 

GRID SIZE SENSITIVITY 

In the course of this investigation it was found that the predicted 

propeller performance is dependent to a greater or lesser degree on the 

geometry and size of the computation grid« It is axiomatic that the results 

of any numerical computet ion ere valid only if they are independent of the 

locations of the grid points leading to their evaluation. Hence, an examina¬ 

tion was made of this dependence and on the sensitivity of the results of 

the computation to variations in grid geometry. At the conclusion of this 

sensitivity study a grid geometry was chosen to have the coarsest possible 

grid which yielded results consistent with computations from finer grids. 

This procedure is described below. 

The blade vortex-lattice configuration used herein is shown schematically 

in Fig. 8. A more detailed version of this lattice system is shown in 

Fig. 32. Here the blade has been idealized to a rectangular planform, and 

no wake filaments are included. In the chordwise direction the midchord 

line separates the five-segment forward portion from the four-segment aft 

portion. In other words, there are a total of 10 chordwise grid points, 

6 (including the midchord) in the forward half and 4 in the rear half. 
This arrangement, which was maintained for the entire study, provided a 

slightly finer mesh over the leading-edge region. In the spanwise direction 

a variable number and location of grid points could be used, up to a maximum 

of 20. Provision has been made in the computer program for the user to 

choose the location of the demarcation line and the number of segments 

inboara and outboard of this demarcation line. In Fig. 32 there were 4 

inboard segments, 5 outboard segments, and the demarcation line was located 
at r/R = 0.8. A notation can be devised here, in terms of grid points, 

which will be useful in the work that follows. In this figure the spanwise 

grid can be completely defined by specifying the station number of the 

demarcation line, 5, the radius ratio at that point, 0.8, and the total 

number of grid points, 10, and the notation for this case is 5-(.8)10. 
A schematic illustration of all of the grid configurations analyzed is 

shown in Fig. 33. The circled points represent grid locations and the 

vertical line for each grid system represents the demarcation line. At the 

left of each grid system is the notation described above. 

Some initial runs of the Canadair RAA-240-108 propeller were made for 

the grid systems 5-(.8)10 and 5-(.7)10. These confutations were carried out 

at a collective pitch of «75 = 14 deg for the incompressible lift-curva 
slope distribution &2 listed in Table I. The trends, as shown in Fig. 34, 

were very revealing in that for a specific chordwise location the predicted 

spanwise distribution of pressure difference coefficieut, dCp, for each 
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grid system differed from the other chiefly at the demarcation line. Changes 

were also seen in the predicted coefficients of thrust and torque as the 

demarcation line was shifted for this 10 x 10 grid system. Hence, it was 

decided to run the entire series of grid systems shown in Fig. 33. 

The results of this study are summarized in Fig. 35 in which C’T and 

Cq are plotted versus the ste.tion number of the demarcation line. The study 

concentrated primarily on the case in which the demarcation line was located 

at 60¾ span (circled points) and a trend curve was drawn through these 
points which shows that the thrust, in particular, has a tendency to converge 

as station number increases. For constant demarcation line location, an 

increase in station number is equivalent to increasing the density of the 

grid (see Fig. 33). Hence we have the reasonable result that: a sufficiently 

dense grid will yield convergent results. For comparison, horizontal bands 

have been included in Fig. 35 to indicate the range of experimental data 

for this operating condition. However, increasing the density of the out¬ 

board grid appears to have a detrimental effect, as seen by the circle, 

square, and triangular point plotted at station 8. These are, respectively, 

configurations 8-(.6)^g, 8-(.7)^6» and 8-(.8)^, and it is seen in Fig. 33 

that the third configuration has twice the grid density over the outboard 

80¾ of the span as the first. Thus it appears that we have the further 

restriction that we need a sufficiently dense grid that is moderately 

balanced between inboard coarse and outboard fine grids. In view of the 

close agreement between the 8-(0.6)-^ and the 10-(.6)20 configura¬ 

tions, the former was chosen for all other runs since it represents the 

least computer time for reasonable accuracy. 



APPENDIX TV 

APPLICATION OF LIFTING SURFACE THEOR7 TO NOISE 

PREDICTION FOR STATICALLY OPERATING PROPELLERS 

The continuing emphasis on reducing the noise from aircraft requires 

that the radiated noise field of an aircraft be considered in its design. 

In predicting the noise field of a statically operating propeller the 

accuracy with which the disturbance pressure distribution in the near and 

far fields is computed depends strongly on the aerodynamic blade loads. 

In this connection the lifting surface theory for statically operating 

propellers provides an appropriate method for computing the distributed 

aerodynamic blade loads. 

The noise from a statically operating propeller can be divided into 

three categories: loading noise, thickness noise, and vortex noise. 

We will study the first case only in which the disturbance pressures 

are due directly to the blade aerodynamic loading. To an observer rotating 

in a reference frame fixed to the rotating propeller the Ng blades produce 

a steady disturbance pressure field which has Ng peaks around the cir¬ 

cumference. To a stationary observer the disturbance pressure field of 

any one blade is rotating with the propeller at ft radians per second and 

the disturbance pressure field at the observer due to all Ng blades 

oscillates with a fundamental frequency of Ngft/27r cps. This oscillating 

pressure field is the harmonic rotational noise due to blade loading and 

may be Fourier analyzed to determine the pressure amplitude of each 

harmonic of the fundamental frequency Ngft/2ir cps (see Ref. 24). 

The existing formulations that treat the propeller loading noise 

prediction problem are based on an array of non-steady point forces in 

the propeller disk representing the blade thrust and torque forces (Ref. 25). 

The non-steady point forces are distributed over the entire propeller disk. 

They are zero everywhere except at the local, instantaneous projection of the 

blades on the disk. Therefore each force acts as a series of pulses with a 

fundamental frequency of Ngft/27r cps and a pulse width proportional to 

the blade chcrd. The assumptions usually made are (a) that the blade 

loading is constant over the chord or (b) the thrust and torque are dis¬ 

tributed over a zero blade width (see Refs. 24 and 25). This latter 

assumption implies a Dirac delta function behavior in the blade loading. 

Expressions are derived in Ref. 24 for the pressure field at a field 

point for the mth harmonic. The pressure is broken up into two parts, 

namely, that due to thrust forces and that due to torque forces. The 

respective equations for pressure due to thrust force pT and pressure due 

to torque forces pQ for any given harmonic, m, have the following form (see 

Ref. 24) 



R 2 7T 
,=1 /• /• -ÉL e'mNB,í1''91 J. . _i:im”‘Bß/c ) d 8 dr , % 
nr 47r2 J0JQ dr <?x « a ' (71) 

i r*r2ir ± dQ ¡mNB(fít'0) I d , 6-1°-01 NBÍi/c X ^ Jj0 f "dT e rã«<-5" )dedr (72) 

where <r is the distance between the blade and the external field point 

and c is the speed of sound. The formulas given in Eqs. (71) and (72) 

provide the relationship between pT, p^ and dT/dr, dQ/dr. The functions 

dT/dr and dQ/dr depend on r only and are valid only for constant chord- 

wise pressure loading on the blade. 

In the general case of non-constant pressure loading, equations 

corresponding to Eqs. (71) and (72) can be derived for pT and p.. The 

formulation is similar to that of Garrick and Watkins in Ref. ?4 and will 

be given in what follows. 

In the derivation of the lifting surface theory the basic frame 

of reference was a Cartesian set of axes which were fixed on the rottting 

blades. In the formulation of the noise prediction method, however, 

it ip more convenient to use a fixed Cartesian frame of reference (see 

Fig. 36). The propeller disk is oriented so that the axis passing through 

the center of the disk coincides with the x-axis and the propeller rotates 

in the yz plane with positive values of x corresponding to points behind 

the propeller disk in the wake. The propeller will be rotating clockwise 

with angular velocity ft as seen by an observer upstream of the propeller 

looking aft toward the wake. Each element of the propeller is acted on 

by the surface pressure distribution and this may be resolved into 6 

thrust force in the direction of the x-axis and a tangential force associated 

with the torque. Hie points of application of these forces are imagined 

to lie in a single plane designated as the propeller disk. 

The reaction of the propeller that is exerted on the fluid medium 

against the thrust and torque forces will, at any instant, be replaced 

by fixed periodic forces acting at the propeller disk. We consider an 

element of the propeller at a distance r from the x-axis; let dr be its 

radial length and rd0 its width measured in the projection onto the plane 

of rotation. The force per unit area acting on this element at an instant 

of time t will be given by Ap(r, ÔtÍ1") “ * ftO where this quantity 
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represents the instantantuneous pressure difference across the blade at 

the point (r, ^(r) • - fit). This can be found from the lifting 

surface theory for a statically operating propeller. The force per unit 

area Ap can be resolved into two forces, one in the axial direction, 

- Ap cos ß , and the other in the circumferential direction, Ap sin ß, where 
ß is the angle defining the blade reference surface. This angle /3 is 

found from the UARL lifting-line program for statically operating rotors. 

The elemental area of the disk with coordinates (r, 0) will experience 

a periodic force which can be expanded in a Fourier series. The forces 

Ap cos/3 and - Ap sin/3 act on the fluid during the time interval given by 

Ur) COS ß 
(73) T 

During the tine interval r-^ the element of the propeller disk at (r, 0 ) will 

be eclipsed by the blade and this eclipse will occur again at time 

t = Tg = 2 7T/Ngft when the leading edge of the next blade reaches the 

element. The forces Ap cos/3 and - Ap sin/3 then can be represented by 

and F2 where 

lp(r,0T(r>- - ßOcos /3, 0<t < t, 

(74) 

(75) 

The functions F1 and F^ can be expanded in Fourier series r-'* the form 

00 00 

F, (t) = A0+ Z Am (r,0)cos mNg (Í2t- 0) + Z Bm(r,0)sin mNB (At - 0) 

00 oo 
F2(t)=A0+Z Am (r,0) cos mNB fít + Z Bm(r, 0)sin ml\lB Gt (77) 
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where 

A - JL r 
™ TT J 

277- 

A 
F, (t) cos mNe Aidt (78) 

s 

2v 

Bm = J ß F, (t) sin mNgAtdt 
(79) 

27T 

— A /• A Am=irJ f2 (f) cos mNB At dt 
o 

(80) 

— A - o 
Bm = 7T J F2(t) sin mNBAt dt 

277- 

(81) 

The pressure at any field point (x,y,z) associated with external 

periodic forces Aelu)t and Beiu)t acting at the point (x1,y1,z1) in the 

axial and circumferential directions is given in Ref. 25 by 

f, = - — — reiw(t- l-n 
1 4tt ax [e c J (82) 

and 

fo---— 1 -4- 
T<> r dB 

.¡«(t- 4-)- 
2* 4-rr r Afi \e ° ] 

(83) 

respectively, where 

5=^()(- X,)2+(y-y()Z+(z-Z,)2 (84) 

¿ -,v 1 — ■ ... • - - 
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and «y is the frequency of the oscillating force. The general expressions 

for F1(t) and F2(t) can be written in a form which is convenient for the 

application of Eqs. (82) and (83). We have 

F, (t) = REAl{c0 
00 

z 
m = l 

cm<r,0) } (85) 

f— ^ — i o\ imNß (íií - F2(t) = real{c0+ Z cm W) e j 
m= I 

(86) 

where 

C0 " A0 

Cq ” Aq 

Cm = Am ‘ ¡ B m 

(87) 

(88) 

(89) 

and 

Cm “ ^m " i B m (90) 

The axial and circumferential forces acting on the fluid at the element 

rdrdö of the disk can be written, for any given harmonic m, in the form 

i m No (fít-Q) 

- Cm e rdrd 9 (91) 

and 

- Cmei"’NB‘a,'Ä,rdrd9 (92) 

respectively. The differential pressures at any field point (x,y,z) due 

to these forces are given by dp^, and dpQ respectively where 

dp, - Cm eim*,“'-ft,drd S [«•""»B "ï] (93) 
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and 

-L £ 
An Cm 

¡mNB(íít- Ô) 

drdô J_ J-g-imNBÎÎ Tj (94) 

The total oscillating pressure p for any given harmonic m is obtained 

from Eqs. (93) and (94) as the sum of the pressures due to thrust forces 

p,p and the sum of the pressures due to torque forces pq. We have 

P = PT+PQ (95) 

where 

= 1 
An 

R/*2ir. d 

dx a cme 
0 

im nb A -j- 
rdrd B (96) 

and 

eimNB(At-0)^ j-e-imNBn 
(97) 

With a knowledge of Ap the coefficients Cm and Cm can be found and the 
acoustic pressure field due to blade loading can be found from Eqs. (95), 

(96), and (97). 
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TABLE IV 

Wake Velocity Parameters 

Propeller “75 kl *2 

RAA-2LO-IO8 12 

14 

16 

-O.O349 

-0.0480 

-O.O603 

-O.II69 

-O.I3OO 

-0.1418 

240-3A5 10 

12 

14 

-0.0214 

-O.O33I 

-0.0428 

-0.1454 

-O.I57O 

-0.1664 

212X-16 10 

12 

14 

-0.0212 

-0.0442 

-O.O587 

-0.1027 

-O.I262 

-0.1403 
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_CURTISS WRIGHT 3(109652) PROPELLER 

_3-BLADED PROPELLER USED IN REF. 15 

RQ = PROPELLER TIP SPEED 

u0 - WAKE INDUCED AXIAL VELOCITY 

3-BLADED PROPELLER, 

DATA FROM PROPELLER TIP STATION 

FIGURE 4. WAKE INDUCED AXIAL VELOCITY IN PROPELLER PLANE FOR TWO 

CIRCULATION DISTRIBUTIONS TYPICAL OF ?—BLADED PROPELLERS 
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a. COORDINATE SYSTEMS 

b. AZIMUTHAL LOCATION OF kth BLADE 

FIGURE 5. SYSTEM COORDINATES 



FIGURE 6. ORTHOGONAL CURVILINEAR COORDINATES AT A BLADE SECTION 

70 



NOTE THAT O-Qi + 0 

NOTE FURTHER THAT a, THE BLADE PITCH ANGLE, IS INDEPENDENT OF THE VELOCITY FIELD. 

FIGURE 7. BLADE SECTION PARAMETERS 
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FIGURE 10. FLOW CHART FOR LIFTING SURFACE PROGRAM 
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2.2 

a) LIFT CURVE SLOPE a, FROM HSD 

0.5 0.6 0.7 
RADIUS RATIO. r/R 

FIGURE 19. SPANWISE PRESSURE COEFFICIENT FOR CANADAIR RAA-240-108 
PROPELLER AT a7S - 12 DEG 
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b) LIFT CURVE SLOPE 32 FROM REF. 21 BUT a2^2ir 
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FIGURE 19. CONTINUED 



P
R

E
S

S
U

R
E
 C

O
E

F
F

IC
IE

N
T
 D

IF
F

E
R

E
N

C
E

. 
A

C
p

 
a) LIFT CURVE SLOPE a, FROM HSD 



P
R

E
S

S
U

R
E
 C

O
E

F
F

IC
IE

N
T
 D

IF
F

E
R

E
N

C
E

. 
A

C
p

 
b) LIFT CURVE SLOPE a2 FROM REF. 21 BUT a2 ^ 2 ir 

0.5 0.6 0.7 
RADIUS RATIO, r/R 

FIGURE 20. CONTINUED 
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0.5 0.6 0.7 

FIGURE 21. SPANWISE PRESSURE COEFFICIENT FOR CANADAIR RAA-240-108 
PROPELLER AT a75*16DEG 
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b) LIFT CURVE SLOPE a? FROM REF. 21 BUT a2 * 2 ir 

0.6 0.6 0.7 

RADIUS RATIO. r/R 

FIGURE 21. CONTINUED 
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FIGURE 28. VORTEX FILAMENT OF STRENGTH K 
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CANADAIR PR Of ELLER RAA-240-108 

COLLECTIVE PITCH, • 14 DEG 

DEMARCATION LINE AT: 

O 60% SPAN 

□ 70% SPAN 

Û 80% SPAN 

FIGURE 36. EFFECTS OF GRID CHANGES ON INTEGRATED THRUST AND TORQUE 
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