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STRESS-STRAIN RESPONSE OF FABRICS UNDER '"WO-DIMENSIONAL LOADING
Part II: LENTICULAR YARN CROSS-SECTION
INTRODUCTION

In two previous publications [1,2] theoretical analyses of
the load-e:tension response of idealized, plain-weave fabrics
woven from: (1) round yarns; (2) yarns with a racetrack cross-
section, and :rubjected to biaxial stresses were presented.
Fabric strains resulting from both criimp interchange and yarn
extension were determined. The round-yarn geometry is a good
approximation to rceality for iabrics woven from monofilaments or
high-twist yarns [l]. The racetrack yarn cross-sectional shape
is appropriate for many calendered fabrics woven from moderate
twist yarns. However, most fabrics for industrial/military
applications are comprised of yarns twisted to low-to-moderate
levels and are not calendered. Examination of the yarn cross-
section in these types of fabrics indicates that they are best

described by a lenticular shape.

The analysis developed herein is based on a plain-weave
fabric model that incorporates yarns with a lenticular cross-
sectional shape. Analytical expressions are developed describ-
ing the initial geometry and the geometry after biaxial loading.
Fabric strains resulting from both crimp interchange and yarn
extension are included. The analytical expressions are solved
for infinitely flexible, inextensible yarn and infinitely flex-
ible, extensible, linearly elastic yarn. The inclusion of the
effects of fiber and yarn bending rigidity is left to a future

publication.

Generalized plots of the results are presented for an
initial fabric structure with equal crimp distribution in both
sets of yarns. An equal number of warp and filling yarns per
unit width before loading is assumed. The fabric extension in
both the warp and filling directions is given as a function of
the loads applied along the warp and filling axes, a parameter

comprised of the yarn cross-sectionil area and the number of

yarns per unit width in the unloaded fabric, the ratio of the
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yarn width-to-thickness, the yarn pracking factor, and the
filament tensile properties. The results for various load-
ing ratios, fabric constructicns and degrees of yar-«
flattening are compared.

A procedure for predicting the strength and rupture exten-
sion of plain-weave fabrics comprised of flattened yarns with

a lenticular cross-section and subjected to biaxial loading
is also developed.




r.—-—-———v—
Assumptions
The analysis developed assumes the following:

1. The fabric is a plain weave.

2. +The cross-sectional shape and area of the yarn does not
vary along its ler1th nor does it vary with increasing
applied loads; the yarns have a lenticular cross-sectional
shape.

3. The cross-sectional area of a fiber in the yarn is negligi-

bly small compared to the yarn cross-sectional &area.

4, The fibers are homogeneous and either inextensible or

+inearly elastic.

5. The influences of strain rate, creep and stress relaxation

on the response of the fibers are necligible.

6. The yarn twist is sufficiently low that it has a neg'igihle

effect on the yarn load-extension response.

7. Tre axes of the yarns are combinations of circular arcs and
straight lines prior to loading. At yarn crossovers each
crossing yarn conforms to the cross-sectional contour of the

other; between crossovers the axes of the yarns are straight.

8. The warp yarns are initially perpeadicular to the filling

yarns and remain so during loading.

9. Orthogonal yarns remain in contact during the loading cycle

there is no yarn slippage at yarn crossovers,

10. The intrinsic tensile respcnse of the bent yarn is the same

as that of the yarn when straight.
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11. The yurns are initially relaxed and contain no residual
stresses prior to loading.

12. The fabric is loaded in its midplane. The loads are uni-
formly distributed aloag the fabric edges. The load on the
edges parallel to the filling yarns is parallel to the warp
yarns, and tne load on the edges parallel to the warp yarns
is parallel to the filling yarns.




List of

Symbols

The following symbols are used in the analysis:

subscript w - warp yarrn or warp direction in fabric.
subscript £ - filling yarn or filling direction in fabric,
stbscript 1 - value of parameter before application of loads,

subscript 2 - value of parameter after application of loads.

No

value after application of loads as before. No alphabetic sub-
script means the parameter is the same for both the warp and

filling

numerical subscript means the parameter has the same

yarns or in both the warp and filling directions.

yarn cross-sectional area

one half the thickness of the yarn as it lies in the
fabric

one halt the width of the yarn as it lies in the fabric

efficiency by which yarn strength is translated into
fabric strength

fiber modulus of elasticity
yarn modulus of elasticity
distance perpendicular to the fabric plane between
yarn cross-section centers at two successive yarn

crossovers

length along yarn between centers of adjacent crossing

yarns

number of yarns per unit width of fabric
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number of fibers in yarn

yarn packing factor: ratio of the sum of the filament

cross-sectional areas to the yarn cross-sectional area
total axial tensile load on a yarn

fiber radius

yarn radius

tensile stress (force per unit area) acting on a fiber

tensile strain in a fiber; fractional fabric extension
yarn tensile strain

angle between the yarns and the fabric plane at the mid-
point between yarn cro:sovers; the angle subtended by
one half the circular arc over which contact is made
between yarns at yarn crossovers

"effective" fabric Poisson's ratio

yarn Poisson's ratio

radius of curvature of the lenticular yarn cross-

sectional contour
external load on the fabric per unit width of fabric

the angle subtended by one half the circular arc con~

stituting the lenticular yarn cross-sectional contour.




gabric Model

The geometry of the fabric model corresponding to the above
assumptions is illustrated in Figure 1. As shown, a lenticular
yarn cross-section is bounded by two intersecting circular
arcs of the same radius of curvature. Eight geometric
parameters are required to describe this model: warp and filling
yarn crcss—-sectional area; ratic of yarn cross-sectional width-
to-thickness; number of warp and filling yarns per unit length
of fabric; angle between warp and filling yarns and the fabric
plane at the midpoint between yarn crossovers. The yarn cross-
sectioral area and yarn crrsss—-sectional dimensions are related to

the parameters which specify the bounding circular arcs as

follows:
A = 2 2( -sin¢. cosg ) (1)
1w - “Prw 1w 1wCO5® 14,
= 9 2 i
Ajg = 20y¢ (0)¢7Sind, (COSP, ) (2)
blw . plws“wlw (3)
Byig = P1gSind; ¢ (4)
aw = plw(lwcos¢lw) (5)
¢ = olf(l-c05¢lf) (6)

The lenticulayr yarn aspect ratios, i.e., ratios of yarn width to

thickness, are given by:

blw ) sxn¢lw -
alw l-cos¢>lw
blf ) .Sln¢lf ()
alf l-cosrblf
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Figure 1. Fabric Model
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In addition, it should be noted that

The equations describing the geometry before loading of

plain-weave

illustrated

1}

2 2
ST 21y +blw
lw a .,
L2 2
e T
£ 2alf

fabrics woven from lenticular yarns using the symbols

in Figure 1 and defined in the list of symbols are:

[Llf—2(plw+alf)elflcoself+2(plw+a1f)81n0lf

[L)y~2lpygtay )0, )cos8, +2(p)c+a) )sind,

[Llw-z(plf+alw)elw151nelw+2(plf+alw)(l-coselw)

[Lygm2(py,tay¢)0 lsind, (+2(p) *a)p) (1-cosb, )

h + h = 2(a, +a._.)
1w

lw 1f 1f

(9)

(10)

(11)

{12)

(13)

(14)

(15)

Assuming infinitely flexible yarns, these equations also

describe the geometry of the fabric after loading with the
subscript "1" replaced by the subscript "2".

Comparison of the

above eguations to those in References 1 and 2 shows that the

analysis of lenticular yarn fabric differs from the analysis of
round yarn fabric and racetrack yarn fabric only by the inclu-
sion of terms expressing the degree and character of yarn flat-
tening. With p and a representing the yarn radius, Equations

11 through 15 are identical to the comparable expressions for

the round-yarn fabric.

o
A




Specification of Initial Parameters

Those geometric quantities describing a fabric structure
in the unloaded state that are most easily measured or specified

are the number of warp and filling yarns per unit width, le and

le, the yarn cross-sectional areas, Aw and A_, and the yarn

£

aspect ratios, blw/alw and blf/alf.

The cross-sectional area of a low-twist yarn can be calcu-
£ and the
filament radius r_. (assuming an approximately round filament

f
cross—-sectional contour) as follows:

2 2
M¢"T¢ _ yarn denier ["'f \

P - fiber denier |p |

lated from the number of filaments in the yarn n

A =

(16)

For a low-twist yarn containing a relatively large number of round
filaments packed in cross-section into concentric circular rings
the theoretical packing factor p is on the order of 0.750 [3]. 1In
an extreme case of yarn flattening where the filaments are
arranged in a rectangular cross-sectional array of dimensions

zrf X ernf the packing factor is the same as that of a circle in
a square, namely, 0.785. Since the difference between the pack-
ing factors for these two extreme degrees of yarn flattening is
not great (<5%) the cross-sectional area of the yarn flattened to
any degree can be assuired the same as that of a yarn with a round

cross-secticnal configuration, i.e., p = 0.750.

The yarn aspect ratio b/a is uniquely determined by the yarn
cross-sectional area and yarn width b. The average yarn width b
can be calculated from the fabric light transmission and expres-
sions for cover factor. The yarn cross-sectional area can be
determined from the yarn denier (using an appropriate packing
factor). With these two parameters known, the radius of curva-
ture of the lenticular yarn cross-sectional contour p and thea
angle subtended by the circular arc constituting the lenticular

yarn cross-sectional contour ¢, and thus the yarn thickness a and

10
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aspect ratio b/a can then be calculated. Once le and le, Aw

and Af, and blw/alw and blf/alf are specified, the length of yarn
between crossovers, Llw and Llf’

ing yarn angles, elw and elf, can be determined from Equations

1-15 for an initial fabric geometry with equel crimp distribution

and the initial warp and fill-

in both sets of yarns. For other initial fabric geometries one
addiitional parameter must be specified, e.g., either the distance
betwecn successive filling yarn cross-section centers perpendicu-

lar to the plane of the fabric, h the similar distance hetween

1f’
warp yarn cross-section centers, hlw

the warp yarn crimp as the yarn lies in the fabric. However,

, the filling yarn crimp, or
these parameters are not easily determined. One must resort to

such methods as imbedding the fabric, sectioning it and exanining

the section under a microscope.

Fabric Deformatiocn

Referring to Figure 1 and the List of Symbols the equations
of static equilibrium become

O = chosesz2w (17)

from summing the forces in the warp direction, and

o. = P_cosH

£ = Ppcosto g (18)

from summing the forces in the filling direction. Summing the

components of the forces perpendicular to the fabric plane gives

Pw51n82w—PfSLn82f = 0. (19)
Combining Equations 17, 18 and 19

o tanf._(N. )

= 2L A (20)

of tan92w(NigT

which relates the final fabric geometry to the imposed loading

11
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ratio. As was the case for the round yarn and racetrack yarn fab-
ric models, if it is assumed that there is no axial yarn extension
(L2w = Llw = Lw, sz = Llf = Lf), that the yarn cross-sectional

dimensions do not change during loading (a, =a, =a_, b, = '

blw = bw), and that the yarns are infinitely Eleinle;wthezgabric |
load-extension behavior consists entirely of an interchange of

crimp between the warp and filling yarns. The magnitude of this

crimp interchange is governed only by the value of the loading

ratio, ow/of, and not by the magnitudes of the individual loads

o and Oce Therefore, in addition to the initial parameters

already discussed, only the loading ratio need be specified in
this case to characterize the final geometry of the fabric after

loading and hence its load-extension response.

If it is desired to include the effects of axial yarn
extension in characterizing the response of a fabric to loading,
Equations 17 and 18 must be used separately. The functional

relationship between the tensile loads P_ and Pw acting on the

f
yarns in the fabric and the yarn construction, filament proper-
ties and change in yarn length between crossovers must also be

considered.

It is assumed that the load-elongation response of the fab-
ric yarns can be represented by

P = spA = c+de (21)

where ¢ = fiber tensile strain, s = tensile stress (force per

unit area) acting on a fiber, and ¢ and 4 are constants. Since

the fabric model is composed of flattened yarns, the yarn twist
would be low. Theretore, the effect of twist on the tensile
response of the fabric yarns is negligibly small and hence the
fiber tensile strain is equivalent to the yarn tensile strain,
£ = Ey‘ 1f it is further assumed that the yarn cross-sectional

area remains constant during yarn extension (v = 0) and that the




yarn material is linearly elastic, then ¢ = 0 and

P = pE_Ae (22)
y  PUE Ty
where Ef i1s the fiber modulus of elasticity for fabrics woven
from continuous filament yarns. (The effects of twist, elasto-
plastic stress-strain response, and constant volume extension

(v = 1/2) on the load-extension response of round yarn, are dis-

cussed in Reference 1.)

The extension of the filling yarns in the fabric is given
5 = - 1 1 =
by Ly \sz Llf)/Llf’ and similarly for the warp yarns by Ey
(LZW_LleLlw' Utilizing these expressions for the strain in the

fabric yarns and Equation 22, Equations 17 and 18 can be rewrit-

ten in the following form

o 2w _
g, = NprEfAZW EI_ 1 cose2w (23)
\
L2f
of = szpEfA2f EI; - cose2f (24)

The final warp and filling yarn spacing, N2w and sz, and

the warp and filling yarn angles, ezw and ezf can be determined
for fabrics woven from infinitely flexible, inextensible varn

(Ef = ») from Equation 20 and Equations 11-15, with the subscript
"1" replaced by the subscript "2", and from these equations and
Fquations 23 and 24 for fabrics woven from extensible yarn. The
resulting fractional fabric extensions in the warp and filling

directions are given by

s ﬁ-li -1, (25)
2f
N
ep = ﬁl”i - 1. (26)
2w '
13
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Limiting Fabric Ceometries

The foregoing discussion of fabric deformation under biaxial
lcading does not take into account the possibility of geometric
limitations on the final fabric configuration imposed Ly a combi-
nation of the initial fabric geometry and the loading ratio.
Analysis of the idealized fabric model being considered sugyests
that there are four possible limiting geometries. (It is assumed
that the load applied to the fabric in the warp direction 1s
greater than the load applied in the filling direction, o, " ¥ ).

l) Warp yarns pulled straight =-- If the length of the
filling yarns between crossovers is great enough to permit 1t,

the warp yarns can be pulled striight. When this occurs, 1/l

= L L]
2w
fabric extension possible from crimp interchange; any further

2t
This limiting geometry, if attained, defines the maximum

fabric extension requires yarn extension.

2) Maximum filling wrap angle =-- As the fabric contracts in
the filling direction, the angle 62f increases. It has reached
its maximum value when it equals the angle ¢2w which defines the
contour of the lenticular cross-section of the warp yarns. A

value ezf > ¢2w violates the assumed fabric model.

3) Maximum filling contraction -- The fabric extension in
the warp direction can be limited by the inability of the tabric
to c atract further in the filling direction. The maximum attain-
able crimp has been developed in the filling yarns whesn there are

no straight sections between adjacent warp yarn crossovers.

4) Contact between adjacent warp yarns =-- Fabric extension
in the warp direction can also be limited by contraction in the
filling direction if adjacent warp yarns come into contact with
each other at the fabric midplanc¢ between crossovers [5]. When

this occurs l/N2w = 2bw.




That type of limiting geometry which may be achieved at high
loading ratios in a particular fabric construction depends upcn
the length of the filling yarn between crossovers in relation to

the yarn cross-sectional width. For L >> 2blw (N smal '), the

f w
warp yarns can be pulled straight. Fo% increasingli smailer
values of Llf' the maximum filling wrap angle may be achieved or
maximum filling contraction reached successively. In order fo
adjacent warp yarns to come in contact L1f = 2b1w (1, | larae).
Detailed discussicn of these limiting geometries is p.resented

in later sections.

15




ANALYTICAL RESULTS

The analytical expressions derived above for the load-
extension behavior of idealized plain-weave fabrics subjected
to biaxial stresses have been solved for various combinations of
initial fabric geometries and filament properties. The Newton-
Raphson iterative method for the solution of simultaneous non-
linear algebraic equations and a digital computer were used to
obtain the solutions (see Appendix). Descriptions of the cases
solved and the results obtained are given below.

Solutions are given first for the case of incompressible
yarn and no axial yarn extension (Ef = o) during fabric loading.
Only the contribution of crimp interchange of the load-extension
response of the biaxially stressed fabrics is considered.
Results are given for initial fabric structures with equal crimp
distribution and an equal number of warp and filling yarns per
unit width before loading. As noted previously, the results for
this case are a function only of the loading ratio ow/of and not
of the magnitudes of the imposed loads.

I. Square Fabric, Inextensible, Infinitely Flexible Yarn

For an initially square, plain-weave fabric with the same
infinitely flexible, incompressib.ie, inextensible yarn in both
directions

1w 1f '1

1w 1f ~ 71

1w 1f ~ M2f T 2w

16
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and assuming the yarn cross-sectional dimensions do not change

during loading

Ppw = Prf T bpp T 0y, 7O
|
= = = = |
Plw = P1g = Pog = Py, = P
b = b = b = b = b

1w 1f 2% 2w

fw T Af T8 T Ay, T2

bw/aw

0
o
~
o

= b/a.

These assumptions allow considerable simplification of the

equations describing the initial and final fabric geometries.

Equations 1-15 reduce to the following seven expressions:

A= 292(¢-sin¢cos¢) (27)

b = psing¢ (28)

a = p(l-cos¢) (29)
_ sing

b/a L m (30)
2,2
_a“+b

p = =4 (31)

sinel
Nyp= 2{2-cos¢-cosb ) (32)
2{2-cos¢)(cosel+elsinel)-2
L/p = sinel (33)

Insight into the interdependence of one initial parameter
upon another in determining the initial fabric geometry is more
difficult to achieve in this case than in the case of the
circular or racetrack yarns; more parameters 2nd hence more
equations are necessary to completely fix the initial geometric

configuration.

17
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The variation of ¢ with b/a (Equation 30) is shown in
Figure 2. Unless the dependence of ¢ on the radius of curva-
ture p of the lenticular contour is understood, the fact that ¢
decreases with increasing aspect ratio might seem unexpected.
This dependence is not directly apparent from Equations 28-30.
An increase in aspect ratio can result from an increase in "b",
a decrease in "a", or both. Equation 31 shows that p increases
with both increasing "b" or decreasing "a"; in order tc preserve
the equalities of Equations 28 and 29 a decrease in ¢ with
increasing aspect ratio is required.

The functional relationship described by Equation 32 is

illustrated in Figures 3, 4, and 5 in which the dimensionless
parameter Nlp is plotted in various ways as a function of 91
and ¢ and associated aspect ratios b/a. The curves in Figure 3

1 ] |9 is
an obvious geometrical limitation implied by the model construc-

have been terminated at the point where 6, = ¢ since 3

tion. However, it is apparent from this figure that a maximum
value of N,p is reached at a lower value of 6

1 i
by 91 = ¢. To further investigate the maximal values of the

than that given

variables, coincident mappings of the two functions

(2N1pcose + sinel) and 2Nlp(2-cos¢) are presented in Figure 4.

1
These expressions when equated result in an equivalent form of

Equation 32; individually plotted, they serve to illustrate the

separate behavior of 8., wad ¢ for particular values of Np.

1
Since b/a is specified initially, the dominant parameter is ¢.

The corresponding values of ¢ and 8, are readily apparent for

pE
each ‘ralue of Nlp represented; the pairs of maximum values of
¢ and 91 for a particular value of Nlp are defined by the largest

value of 8. for which simultaneous values of the two functions

1
can be found. These maximum values are plotted in Figure 5

versus Nlp; this figure may also be interpreted as showing a maxi-

mum value of Nlp for particular values of ¢ (or b/a). Thus the
solution space for LFquation 32 is the area under the curves in

Figure 5.

18
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5. b/a = 10
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Figure 3, Nlp as a Function of 61 for various Aspect Ratios
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¢f more value than the foregoing, however, would be a simi-
lar analysis from which maximum achievable aspect ratios could
be predicted for various combinations of number of yarns per unit
width and yarn cross-sectional area. Substitution of the parame-
ter vYA/m for p similar to the substitution made in the analysis
of the racetrack-yarn fabric [2], not only permits comparisons
with the round-yarn ana.ysis (p = vA/7 when b/a = 1) but allows
a more versatile interpretation of the geometrical relationships
in Equations 32 and 33. The basis of the substitution is the
following:

VEJT = pl2(4-singcoss) /n)t/2 (34)

Table 1 contains values of the factors necessary to make the sub-
stitution for various degrees of yarn flattening.
TABLE 1

AREA NORMALIZING FACTORS FOR LENTICULAR YARNS

[2(¢-sin¢cos¢)/n]1/2

|cr
~N
1]

1.000000
0.533626
0.322627
0.159100
0.3057750

o U ow N -

Figures 6 and 7 are analogous to Figures 3 and 5 with N
replaced by N1¢A7w. Each of the curves in Figure 6 has been
terminated at the maximum value of N1¢A7n possible for the appro-

10

priate value of ¢, as determined from the maximum value of Nlp in

Figure 5. The curves in Figure 6 show for a range of aspect ratios

the way in which the crimp angle 8. increases with: (1) increas-

1
ing number of yarns per unit width N1 for any specified yarn
cross-sectional area A or; (2) increasing yarn cross-sectional
area A for any specified number of yarns per unit width. For a

giver crimp angie, maximum achievable values of N, for any A or

1
of A for any N1 are also apparent for various yarn aspect ratios.
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Figure 6. Variation of 6. with Weave Tightness
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As would be expected, the more open fabrics (low values of NI/K77)
can accommodate a greater degree of yarn flattening. Another
interezting fact shown in Figure 6 is that in the more open fab-
rics the crimp angle is greatest #hen the aspect ratio is lowest;
while above a critical value of tightness, which differs for each
aspect ratio, the trend is somewhat reversed. The lower the
aspect ratio, the thicker the yarn and thus the greater the angle
the crcssing yarns must make with the plane of the fabric at
their midpoint between yarn crossovers in order to pass over one
yarn and then under the next in the plain-weave construction (sees
Figure 1). However, in a more tightly woven fabric the higher
the yafn aspect ratio, the closer the fabric is to a jammed con-

struction and thus the greater the yarn angles must be.

Figure 8 is an alternate way of presenting the information
given in Figure 7; in both figures the solution space for
Equation 32 is the area under the curve or curves. The maximum
amount of yarn flattening which can occur in a particular ini-
tially square fabric <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>