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SOME PROPERTIES OF ORDERABLE SET-FUNCTIONS

by
Uriel G. Rothblum
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A (not necessarily additive) set function v on a measurable

X *
space I 1is called gzgerablex if, for each measureable order R on
0

I there is a measure ()'v on I such that for all subsets J of

I that are initial segments in the order 5{, we have
W) ) = vy .

To understand orderability intuitively, think of I as consisting
of an (inhomogeneous) liquid, and of wv(S) as representing some measure
of the "worth" of a particular part S of I. Think of this liquid
as flowing from one place to another, the drops arriving in the order .
As it arrives, each drop cof the liquid contributes to (or detracts from)
the worth of that porticn of the liquid already at the destination
Intuitively, Gﬂﬁv)(s) is the total increment contributed in this way
by all the drops in a set S. Since v is in gereral not additive,tpav
will depend strengly on ®; and in fact, it may not even exist for all ®.

Orderable v are those for which it does,

*
[A-S, Section 12.]




The reader is referred to Chapter II of [A-S] for an explana-
tion of how these notions are motivated by game-theoretic considerations.
It is the purpose of this paper to investigate the properties
of the space ORD of orderable set functions. We shall establish
(Section 5) that for v € ORD, certain regularity properties -- such as
non-atomicity and weak continuity (defined in Section 3) -- are
inherited by (Pa\l from v; and in Section 6 we shall show that a set

*
function is absolutely continuous 1if and only if ﬁﬂgv} is weakly

sequentially compact in the space of all c-additive measures on 1I.

*
Ibid, Section 6.
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1. Notational Conventions

The symbol I I for a norm is used in many different senses
throughout the paper; but it is never used in two different senses on
the same space, so no confusion can result., When x 1is in an Euclidean
space of finite dimension it will be noted ;; l;] will always mean

the summing norm, i.e.,

-
Il =§: |xi| .

It is important to distinguish between functions and their
values. For example, if 1 1is a measure, then MWull is its total
variation whereas l:(S)l is the absolute value of the number u(s).

Composition will usually be denated by e°¢; thus if f is
defined on the range of u, then the function whose value on S is
f(u:(S)) will be denoted feop; similarly if ; is a vector-function and
a function of a vectorial variable on the range of E. In the case
of composition of linear operatiors, the symbol ° will be omitted.

The origin of a linear spac2 will be denoted by 0 (sometimes
for n-dimensional spaces it will be denoted by 6).

The symbol C will be used for inclusion. Set theoretical
subtraction will be denoted by \ , whereas = will be reserved for
algebraic subtraction. vV stands for the symmetric set-subtraction.
flA will mean "f restricted to A", A® means the complement of A
in an appropriate space; if it is not clear which space we mean it will

be pointed out.



A measure is an additive real valued set function defined on a
field, which vanishes on @. It will be pointed out whether we mean
a finitely additive or a o-additive measure. A probability measure
is a non-atomic v-additive measure whose value on the entire space is
1. |ul(S) means the total variation of u on S. When u 1is additive
: it is known that |u| 1s additive too (e.g. [Dun-S] III-1-6, p. 98).
([0,1], @) 1is the measurable space consisting of the closed

unit interval and the o-field of Borel.

sl i

Finally, if x, y € E' then x <y 1iff x < y, for each

is=
1 <1ic<n,




2. Basic Definitions and Conventions

This chapter is going to summarize definitions, conventions and
results of [A-S) which we shall need.
Let (I,f) be the measurable space consisting of the unit

*
interval and the Borel subscts. A set function is a real valued function

WA TG TR

v on € such that v(®) = 0. By a carrier of a set-function v we
~ mean a set I' such that v(8) = v(S N I') for each s&€ €. A set
is null (or v-null) if it is the complement of a carrier. A set function

is non-atomic if {s} 1s null for each s & I. A set function is

Clae e B i ot il

monotonic if S C T implies v(S) < v(T). The difference between

two monotonic set functions is said to be of bounded variation. The

set of all set functions of bounded variation forms a linear space,
which will be called BV. The linear subspace of BV consisting of all

bounded finitely additive set functions will be denoted FA, Note that

u € FA is monotonic iff ,(S) 0 for all S in (¢. The subspace
of all non-atomic o-additive tctally finite signed measures will be denoted
by NA. The subspace of all! n-additive totally finite signed measures on

(I, ) will be denoted by i

Let Q be a subspace of BV. The set of all monotonic set

+
functions in Q is denoted Q . A mapping of Q into BV is called

*
This is assumed for simplicity only. All the results would remain
true if (I, C) 1is any couutably generated and separated Borel space.




positive if it maps Q+ into BV+. If Q has no monotonic elements
except O then every l.near mapping is positive.

Let ? denote the group of automorphisms of (I,{), i.e.,
thc one-cne functions from I onto 1 which are measurable in both

directions. Each 8 in 8— induces a linear mapping b8, of BV onto

*

itself, given by
(2.1) (6,v)(S) = v(6S) .

A subspace of BV 1is called symmetric if 6.Q = Q for each 6 in gk

The norm we shaitl use in BV is the variation norm, defined by

Ivl = inf{u(1) + w(I)|u-w = v, where u and w a&re monotonic}
Unless otherwise stated the norm i " will always be the variation
norm; it is easily seen that it i ced a norm,

A chain is a non-decreasing quence of sets of the form

= @ CeerCg =
®=8,Cs; s =1 .
A link of this chain is a pair of successive elements. A subchain is

a set of links. A chain will be identified with the subchain consisting
of all links., If v 1is a set function and A 1is a subchain of a

chain §, then the variation of v over A 1s defined by




W, =B vis) - vis, DI,

g T ey

where the sum ranges over {i|{S Si} € A}, For a fixed A, Il

i-1° A

is a pseudonorm on BV, i.e., it enjoys all the properties of a norm
*

except lvl =0 ==> v = 0. In [A-S] it is proved that v € BV iff

: “VHQ is bounded over all chains @, and if v € BV then

"V" = S;p "V“Q .

Clearly convergence in the variation norm implies pointwise convergence.

Let vEB and S €732, Let vs denote the restriction of

v to the measurable subsets of S. Denote

V() = IV .

This coincides with the usual notation for the total variation of a

measure. It 1s easily seen that
k
lv](s) = sup ié& IV(Si) - v(Si_l)[

where the sup is taken over all ncn-decreasing sequences

C C.ee C =
0 Sl Sk S. q

It is clear that the variation norm coincides with the usual

§=5

norm for bounded finitely additive measures (see [Dun-S 15, p. 140]),

In [A-S, Proposition 4.3], it is shown that BV is complete in the

)
Proposicion 4.1.




b L0 i —a Bt 3
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variation norm. It can be proved straight-forwardly that NA, M and FA

are closed in BV under the variation norm,

AT TPCCRrGpeeTUTI, TWRTE S ST o

.,
T

o e L sl g =l ARTY
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3. Weak Continuity

In Section 5 of [A-S], absolute continuity of a set function

with respect to another set function is defined, as follows: Let v
and w be set functions; then v is absolutely continuous with respect

to w (written v <<w) 1f for every ¢ > 0 thereis a & > 0 such

T

that for every chain  and every subchain A of @

“w“A < § ==> “V"A < e .

Note that the relation is transitive, and that if v and w are

measures, it coincides with the usual notion of absolute continuity.

A set function is said to be absolutely continuous if there is

a measure u € NA+ such that v << y, The set of all absolutely continuous

set functions in BV 1is denoted AC. AC 1is a closed linear subspace

of BV ([A-S, Proposition 5.2]).

Ebo e

A "weaker" concept of continuity was introduced in [A-S, Proof
of 44.,27]. Now we are going to define an even weaker continuity concept.
For simplicity we will define this continuity with respect to members

of FA only.

If vE BV and u € FA then v 1is said to be weakly continuous

RSUSEY

with respect to 1y, written v S e if for any S,T €(, i

(3.1) [u] (SVT) = 0 ==> v(S) = v(T) .




+
Note that v o and & Al where v € BV and 1, € FA implies

vV o< 1.
w

f Lemma 3.2, If v € BV, » € FA then the following statements are
equivalent:
1. v < u,

w

2, 1f S,TEC and S CT, then: iu|(S) = |u|(T} ==> v(S) = v(T).

3. If S €€ is u-null then S 1is v-null.

Proof. 1 ==> 2: This is immediate.

If S 1is u-null then for any T, |ul(T) = |[u[(I\(T N'S)),

N
]
]
v

w

.

and 2 now yields v(T) = v(T\S).
3 ==> 1: 1If IuI(SVT) =0 then SVT 1is p=null and therefore

by 3 v-null,
v(8) = v(S\(87T)) = v(SNT) = v(T \ (SYT)) = v(T) . Q.E.D.

=
Remark: Let u be an n-dimensional oc-additive measure whose components

>

Iz are in M+. Let f be a real valued function on the range of =

i
in E°, with £@0) = 0, and fon € BV. Then vazmi[.

A set function is said to be weakly continuous if there is

+
a measure upENA such that v oo The set of all weakly continuous

set functions in BV 1is denoted WC.

16
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Proposition 3.3: WC 1is a closed linear symmetric subspace of BV,

i

Proof: WC 1is easily seen to be linear. By definition WC C BV.

The symmetry follows immediately from

v <p=s> ¥ v < ¥ for each automorphism Y .
w Xy %

To prove WC 1is closed, let “vi-v" + 0 where vy S and
i =

+
by € NA'. Without loss of generality assume ui(I) = 1 and set

- L.
u = E (I .
] 2 i

Note that u € NA+, and u, < for all i, hence v, <u for all 1.

Let S CT sguch that u(S) = p(T). Now for a given ¢ > 0

let vio be such that "vig--v" < —;— Since vi0 S uowe get

Now

[v(T) ~ v(8)]

in

[v(T) = v, ()] + |v, (T) = v, ()] + I(v, (S) - v(S)
io i, i, i I

| A

2y - v, “+0‘_~€
i)

r was chosen arbitrarily therefore v(T) = v(S). Hence v Sk and
v € WC 1is proved. Q.E.D.

11
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4, Measurable Orders

Measurable orders were introduced in [A-S, Section 12}, for
the purpose of trying to establish a notion of a value (in the game
theoretic sense) based on ''random orders™,

Intuitively, each order™has a "direction". To emphasize this,
orders will be denoted x o instead of the usual x & y, the intuitive
meaning being that x comes before y. The notations x <y, x Y will

be used similarly.

The initial segmenc is a set of the form I(s, ®R) = {x[x &S}

where s € I. A final segment is a set of the form F(s, &) = {x|x g 8!

where s € I, An initial set is a set J -which fulfill- the condition

s€1J, s' {{ s ==> s' € J. AnQR-interval is a set of the form
[S’t%\ = {x|s &r ;\'t} where s,t € I. Th entire space and the
empty set will also be considered as initial sei.s, and as such will
be denoted I(~, &), I(-x, 6]) respectively; it will be understood
-wa sa” for each s € 1 and we will denote {=x} U I U {x} by
1. (Formally we extend & to I. This however is a notational
device; we are not adding anything to the underlying space, and all
set functions and measures continue to be defined on sub:ets of I
only.)

Denote by F(@&) the i-ficld generated by all the initial

segments. A measurable order is an order such that F(®) = (3

*
An order on I 1is a relation on 1 that is itransitive, irreflexive
and complete.

12
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A subset Q of T will be called@® -dense if for all s,t € ]

such that s a U there is a member q € Q such that S4d 9act

By [A-S, Lemma 12,5}, there exists a denumerable QR -dense set for

any measurable order .

[f ¥ 1is an automorphism of (I, @), denoted by Y& the

order defined by Yx =« vy 1iff x < y. Obviously, YR is measurable
!

R
iff & is.

Lemma 4.1: Let & be a measurable order. Let A € (. Define an

order Q/* by

x €A, y€A and «x
xéy<==» xEA, yEA and x

xEA, yE A

(this means A 1is "thrown" beyond INA and the order R is

preserved on A and 1I\A). Then R* 1s measurable.

Proof: The direction F(®*) CC is trivial. To prove the opposite

we shall first show that there is a denumerable RA*-dense set, Let

Q be a @A -dense denumerable set ([A-s, Lemma 12.5] assures its

existence), Denote

\ A q € 1\A

13

Db o o il




W——— TR " - T
ek " L +

We have to substitute for ¢ in Bq. If there is a minimal element

in F(q, Q) N Bq or a maximal element in I(q, @) N l%q then we might
i substitute it for q in Bq. Otherwise we might find a sequence
which approaches in Bq the place where g has been, Denote by Iq
the element or the sequence which substitute for q in Bq, then

Q' =V Iq UQ 1is a denumerable @®&* dense set.

Q
f Let J be a Q*-initial sct, we shall show J € F(R*).

Denote

= Q' U {=»} U{.} J=JU {-x}

2
i

—
1]

N 1(q, &*)
q=Q'\J
J1 D J and because Q' is & * dense it follo s Jl\J contains
at most two points. Since the intersection defining J1 is denumerable
it follows Jl € F(B *) and this ascures J € F(R*),
Now clearly 1(x, &) € F(®]*) for cach x in I. This is

sufficient to show € C F(R*), since C = F(R).

_Corollary_ 4,2: LlLet Al An be distinct measurable sets whose )

union is I. Thenthere isa measurable order @ such that

(4.3) x € Ay E.\j, and i - § == x




T

Proof: Start with the usual order on [0,1], which is clearly measurable.

Define an order which "throws" A, beyond [0,1]\Al and preserves (}
on Al and I\Al' By repeating this for A2, G An subsequentially

we shall get an order which satisfies (4.3). Q.E.D,

Corollary 4.4: Let Al O dic An be distinct measurable sets whose

unfon is I. Then there exits a measurable order O such that (4.3)

is satisfied and there is an O -minimal element in each Ai.

Proof: Choose X € A for each 1., Denote

i

= = 2\
Bygog = fxyd Byy = a3 ixg)

Using Corollary 4.2, for Bj’ 1 <3 <2n proves our claim, Q.E.D.

We shall use the notation A ¢ B when x <y for each x €A
a A/
and y € B,

vy

b 4
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5. Orderable Set Functions

A set function v 1is called orderable [A-S, Section 12] if
for each measurable order (R there is a o-additive measure (Oav such

that for all initial segments 1(s, ®), we have

(5.1) W) (16, W) = v, /) .

Since (5.1) determines ((Pdiv) on all the initial segments, and by
the measurability of & the initial segments generate (, it follows
that there can be 4t most one measure (pav satisfying (5.1). Thus
for orderable set functions there is exactly one measure wﬂv

satisfying (5.1). The set of all orderable set functions will be

dencted ORD,

Proposition 5.2, 1. ORD 1is a closed linear symmetric subspace of BV,

2, For all meausrable orders 6{, (Pa is a bounded linear
1o -
operator on ORD. Moreover =1,

[

3. Qv = w*(ﬂllm' v.

Proof. Obviously ORD is linear and for all measurable orders ! ,(P“'
is linear on CRD. Let & Dbe a measurable order and let ¢ be an

automorphism of (I, ). Then w*(l)wﬂv is a o-additive measure. Further-

more

v(1(s, §) = L(s, vR) ,

16




and hence

1 s, &) = el (s, @)

1t

N ss, ) = v(1les, va))

1

V(I (s, 7)) = (k) (1(s, R))

since @*Wwﬁv is a v-additive measure satisfving (5.1) for . v

and 7 it follows 9”“1* vV exists and equals w*(p'p'ﬂv. Hence v € ORD,
Next, let ¥ be a mecasurable order. 71, [A-S, Proposition 12.8]

it has been proved that ﬂ‘pav" < lvll, which shows that o < 1. To

see "076\“ > 1 let 4 be any probability measure on C = F(®), then

clearly (ﬂau =, # 0, This shows "«,ﬂ" =1,

Finally we will prove that ORD is closed. Let ® be a

measurable order and let v 'V oas n-> o2, there vn € ORD for each

n. Then

e

Ny ué"(vn - vl - vl £ 0 .

’ m+wo

Thus, we see that ([)(ﬂvn is a Cauchy sequence. As BV 1s complete

in the variational norm [A-S, Section 4], it follows that (pavn

converges; denote its limit by n. The set of s-additive measures is

closed in BV, and therefore n is a v-additive measure. Moreover,
convergence in the variational norm clearly implies pointwise con-
vergence, and therefore

17
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n(1(s, @) = lim ‘,Oa\'ln(l(s, A) = ln v (i(s, W) = v(I(s, D)

n—’ﬂ) n+w

Hence n 18 a o-additive measure which fulfills (5.1). Hence

v € ORD has been proved. Q.E.D.

R

Corollary 5.3. Let & be a measurable order then ¢ is positive

on ORD.

Proof. If Q 4is a linear subspace of BV and ® a linear operator
from Q 1into M C BV obeying the normalization condition (‘4%/)(1) = v(I)
and “Q" <1 then ¢ 1is positive [A-S, Proposition 4.6]. This fact

and Proposition 5.2 complete the proof. Q.E.D.

Proposition 5.4. Let v € BV such that there is a measure ¢ for

which v << u, then v € ORD.

Proof. See [A-S, Proposition 12.8], and note that the non-atomicity

of . was actually not used. Q.E.D.

We are going now to investigate properties which are inherited
by (pav from v. First we will look at the non-atomic set functions
in ORD (Propositions 5.6, 5.9, and 5.10) and afterwards at the general

case (Propositions 5.11, 5.14, and 5.15).

Lemma 5,5, Let V €0RD and let §, CT Cgs CT1, C...Cs CrT,
—_— 1 1 2 2 n n

where Si’ '1‘i € C for 1 < i < n., Then there is a measurable order

& such that

n n
Py (0 @pspr = B ovap - v
i=1 i=1




Proof. it us define
]
¥ A.. =T \g A =S A\ for k -1
{ 2k k "k 2k+1 k+1 "k -
i
= \" = =
R A A =18

Corollary 4.4 assures the existence of a mecasurable order ® such that

and every set has an &-first element which will be called Xy

n
@) (U apsp) - [‘, G (Uxys %90 08)
n n
- 12;'1 V(I(yy s R)) = v(Ix,,, &) = 1§1 (T - v(s,)) .

Q.E.D.

Proposition 5.6. Let v € ORD. Then, v 1is non=atomic (if and only if)

/ .
for any measurable order &, (.va is non-atomic,

19
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Remark. The conclusion need no: hold if we do not assume v = ORD --

il 7 T A 4 S o e e Al T

even if we do assume that for the R 1in gquestion, there is a
o-additive measure (Pav satisfying (5.1)! For example let v = fo),

where ) 1is Lebesgue measure and

=]
»
| ~
o=

f(x) =

p—
»
v
N~

and & be the usual order (which is obviously measurable); it is

clear (Pav exists and equals to the measure concentrated at %

which is not non-atomic. It might easily be shown that v & ORD for

denote by @' the order which throws % beyond [0,1] and coincides

with the usual order on [0,1] \ {%}. A' 1is measurable (Lemma 4.1).
18

ﬂ' ~ a' l‘____, = }. =
If ¢"v existed then for n >3 @™ v) ([2 =, 2+n)6{') 1 in

spite of the fact [—1- - ;]1-, %+ ;11-) is a decreasing sequence with a

2 R’

vold intersection.

Proof: If v 1is not non-atomic then there exists a s €1 and a se"

TE€ € such that v(T\is}) # v(T). Looking at the chain ¢ CT\{(s} CT C1
and using Lemma 5.5 we know that there exists a measurable order & such _
that  Pv) (N (M {s) = v(T) - v(T\s}) # 0, f.e., oRv(is}) # 0. This %
contradicts the non-atomicity of (,Dolv.

For the opposite direction, let v in ORD be non-atomic, and

R be a measurable order. %y is g-additive, therefore it is i
sufficient to prove ‘Pav({s}) =0 forall s €1, Let s€ 1 be
fixed. Henceforth greater or smaller will be w.r.t. the order &,
Q will denote a denumerable #{-dense subset whose existence follows

from [A-S, Proposition 12.4], Q = {~«} U Q U {o},

20




First Case. If there is a R -minimal element in F(s, ‘R)  (remember
F(s, /) = {x]x é s}), let it be a. Then {s} = [S’a)é.'_ and our conclusion

becomes trivial. (This case holds when s 1is the greatest element in I,

then a = =),

Second Case., In this case we assume that there exists no & -maximal

element in I{(s, ®) and that there does not exist a R-minimal elerent
in F(s, R). W.l.0o.g we may assume that s € Q (4f s € Q change

Q appropriately). Let

J=1(s, ®R) VY (s} J =J U {-}
Jy= N _I(q, R) Jo= Y _J, R
b &\ ° 4

Then J; D2J D J,- The facts that Q is R -dense and that there is no

® -maximal element in I(s, ® dimply that J = Ty YU {s}. Since
there is no ® -minimal element in F(s, ®) and s F Q it follows

J, = J, hence Jl/J0 = {s}.

Since the intersection and union defining Jl and JO

respectively are denumerable it follows JO’ Jl are measurable,

Furthermore since I(q, ) are linearly ordered under inclusion each
finite intersection equals to ore of the I(q, ®); hence

w

Jl = N [(ql, R®R)
: i
i=]

where {qi} is a®-decreasing sequence of points in 6 - 3; i.e., i

I(qi, ®) 1is a decreasing set sequence. Similarly

[0}
o= U My &
i=1

21




where qu} is a & increasing sequence of points in Q N J; {i.e.,

I(Q:: &) 1is a increasing set sequence, Obviously

oo

Mg = 0 L, O\ U T, @ = N (1l O\, @)
i=]1 i=1 i=1
1 \ o] m\l
Note that I(qi’ ®) I(qi, ®) 1is a decreasing sequence, and ¢

is a totally finite o-additive measure; this yields

(5.7 Pv)is) = (qo"‘v)(Jl\JO) = 1lim (lﬂv){l(qi, @ \ I(q;, A}

i > o

= lin @), A) - v(IE, D) .

i » o

Define an order g* which "throws" s beyond all other
elements and preserves ® on I - {s' (Lemma 4.1 assures its measurability).

Denote

[
]
Ds

1a;, %) Ty = y Iag, &) .
1 i=1

[

]

i

Since s € Q, we get that
1 1
(sl Ilqy, &®) = I(a;, R, I(qg, &) = (g, ® ,

this yields that

* *

{s} U J J, =J 3

[
—
o
o

22
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* *
= = U =
Now, since Jy=Jd =17, {s} it follows J; = Jg» hence

K ok 1 i
o= I MNp = 0 L@, &0\ YT, an)

i=1 1
= N G, &\1G), /)
i=]

*
Since I(qi, ﬂ*)\I(q‘;, &*) is a decreasing sequence and ({)‘RV is a

totally finite o-additive measure we get

& ok o 1
= @TVE N = e @I, @V, &)

i >

o
i

Lin  (v(I(qj, &) = v(I(al, &@)))

i-»>w

= lim (v(I(g, ® U {s)) - v(I(aS, )

i » «

Lin (v(I(g}, ®) - v(I(S, &)

1

= (P is)

(we used (5.7) and the non-atomicity of v 1in the last two equalities).

Third case. 1In this case we assume there is a 6 ~maximal element - b1

in I(s, @), but there is no ® -minimal element in F(s, ®). W.l.o.g.

assume again that s € 0. Let

23
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P

J=I(s,R) VY (s} = I(bl, Qa) UV {bl,s}

The same arguments used in the second case lead us to the

conclusion that J, 1is measurable and J, = N I(ql, ®), where q1
1 1 {=1 i i
is a®-decreasing sequence. As there is no ® -minimal element in

F(s, 7) and s €Q it follows Jl = J. Note that I(q;, ®N 1s a

decreasing sequence of sets and (Pav is a totally finite s-additive

measure., Using the first case with respect to b1 we get

5.8)  Pvist = @Pby,st = Fnep - FEae, an

- 15 v(I(qi, R) = (L, B) .
1 - <

Define a measurable order <R1 which "throws" s beyond all

other elements., (Lemma 4.1 assures its measurabilitv.) Let

1M - n 1

i=1

1 ]
i? (Rl) .

D¢

Since I(q;, 0{1) Uis} = I(qi. ®) for all 1 >1 it follows

(1) _ -
J1 Ui{s} = J1 J

24




Now, by using (5.8) and the nonatomicity of v we get that

((Pav){ s}

lin v(1(q}, ®)) - v(1(b,, )
i > 1 1

lim v(I(qi, al)) = \’(1(bl, al))

i »on
al ] &,
= (@) (N Ly, &) - (©7v) (L, /)
i=1 1
| a
- @ v M1, &) = @ ") b .

Clearly there is no 4

‘l-minimal element in F(bl, al)' If

there is no Ql-maximal element in I(bl’ Jfl) (or equivalently in
I(bl, ®R)), then the proof of the second case yields that

a
0= b= Mo

If there is such an element, denote it by b Define an order (32

2

which throws bl beyond all other elements, we shall get analoguously

a A
@ )by n = @) (b h = Py Ush)

Going on in this way we shall build a sequence of measurable
orders @ and a sequence of clements iu I - b_, such that &

n n n+l
1s the measurable order whicbh is obtained from Gn by “throwing"
b, beyond all other elements and b4y 1is the Qn-maximal element in
I(bn, Qn) = I(bn, R) (provided it cxists). We shail get




(wa““)({bnﬂ‘) A (i 1) = @) (s)

If at any step we get there is no ﬁn-maximaoli element in I(bn, @n) = I(bn, ®R),
the proof of the second case ylelds 0 = (¢ nv)({bn}) u (tP&) sh).
If for some n, bn = - ye easily get 0= ¢ nv({bn}) =<Pav({s}).

;‘ Otherwise the procedure goes on for all n > 1. 1In this case define

an order R*

S @
‘ X,y {bn}n_>_l Y oo X
X Sy s==>
*
; o l
otherwise X < vy
AR

this means we reverse the order & on bn and preserve it anywhere

*
else. Note that @& is measurable and that { s} = Jl\I(s, R) = Jl\I(s, A*).

Clearly
* %
;[ A
@ W) = lin @ VG, ) = lin Pvaa, a,
i » « i + ™
hence ]
* * ‘
@ vysh = (fl"{v)(Jl) - W acs, a) :

idm (tﬂav)(I(qi, A)) - v(I(s, &*))

i »w

P - vae, )

Pvop - Poaes, a)

@Pv)Ush)
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Clearly there is no @Q*-minimal element in F(s, ®*), and no QR*-maximal

element in I(s, &*) therefore the second case assures

*

0= @®vsh) = Pordsh . Q.E.D.

Proposition 5.9. Let v € ORD, u € NA+. Then v < y <==> (p% <y for
w w
each measurable order (.

Remark. If v & ORD we cannot assure Vv < p ==> (ﬂv <y even if
w w

(pav happens to be defined (by (5.1)). Indeed, let ) be the Lebesgue

measure and let v = fo,), where

If A& is the usual order on [0, 1], then <,0av is the measure con-

centrated at %; now v < X, but (Pdv < A does not hold.
w w

Proof. <=iIf v < ;, does not hold then there exist S, T€ £, SCT
w
where (T) = ;,(S) and v(T) # v(5). Looking at the chain 4 CSCTCI

and using lemma 5.5, we know that there exists a measurable order 2R

!
such that (@ v)(T\S) = v(T) - v(S) # 0. This contradicts the assumption
that w"v < .
w

=3 (.de < p means usual continuity of a measure with
w
respect to another measure (see [Dun~S, p. 131]),

Let H(R) be the field (not o-field) generated by the initial
segments I(s; ). If two finitely additive measures Uys ll are

dei{ined on a field E and there exist countably additive extensions
1

Hos A2 of o ')1 respectively to the >-field generated by E, then
1
Al is ul-continuous iff %2 is .AZ-CUntinuous [Dun-8, IV 9-13,
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p. 315]. (p‘v and arc extensions to £ of\da\/H|01)

u|R(®) respectively. If «p“\/hl&ﬂ) is not u|H(®/)-continuous then there

is an ¢ sguch that for each n

»

! (n) _/n) (m) ., () (n)
r 81 af1 ad» S i F
F n n
t such that
kn kn
AU (s, L e Ao u s, )
i=1 2 i=1 -
Dencting
kn
(n) _ ;. () _(n) .o (n)
LA Chisdil g W W Wy

4 i=1

A = U W A= A ,

% ken LS n=1 "

we get

a1
wA ) < ) ==
n “qas of 2

i@ - i) - i@l -

If it happens that A 1is empty or denumerable then

28

1 there exists a finite sequence

-~ E O

vl@) =0

(Proposition 5.6 assures ko“vl is non-atomic, since v € WC and




therefore v 1{s non-atomic). But A = N An’ and An is a decreasing
n=1
sequence, and qfiv Is totnlly finite; therefore

0= kdlvl(A) = lim |¢#v=(An) S
n

LRt T}

and this contraction completes the proof in this case,

If A 1is non-denumerable we still have L (A) = 1lim u(An) = 0,
n -+
and therefore A 1{is a v~null set since v < u.
w
Let us define an order A&* that throws

(n)

A' = A\{si

; tfn)ll <izk,n>1)

beyond I\A' and preserves & on A' and I\A'. From Lemma 4.1 it

follows that A&* is measurable, Define

k
(n)* (@) _(n) * mo(n)*
W = sy, e W= Uy ,
i i i ‘& noyg i
* ® il
A= U A¥= N A .
L n=1

Clearly I(a, &a*) = I(a, ®)\A' for each a € I\A', in particular for
(m)  (n)

as= 8) s by s Therefore
* %
g@* _ )y, W o=W\A'
i i n n
* *
AeE An\A' A=A\,
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Since A 1is v-null and A' C A, A' 1is v-null; therefore

@Y™ = (e®vy e, M)

{ )

ALk

vae®, an - vre™, &) \

(n)
i

vae™, &)y - vae, )

@* s, ¢

(w“v)('wfn))

Since wuL(A') = 9, we have

* : 1
i@ )] = fu@ NAYY | = Ju@W )| <

*
[*oa) = 1 @™o a™h)

A (

- 15 et = 1Pz . 2

Since A* is contained in {si(n), tfn)ll <1< kn’ n> 1}, it is

* *
denumerable; therefore |¢X v|(a*) = 0, @®'v is non-atomic by Proposition 5.6).
Now A* is decreasing, A* = A% and I(lﬁ\ll is totally finite; !

n=1
therefore
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0= [Pviean = tim 0@ 2 1n )@

; n *»w n >

! *

| Soum [EMven] .

_! n *» -

1‘ This contradiction completes tne proof. Q.E.D.

Proposition 5.10: (Aumann) Let v € ORD NWC. Then A 1is v-null <=a=> A

ver

is (/)“v-null for each measurable order QK.

Remark: It is not known whether a non-atomic orderable set function
1 is necessarily in WC. If this is so, then of course we may replace
the hypothesis: '"v € ORD N WC" in the above Propusition by:

"v is non-atomic and orderable'.

If v & ORD, the conclusion need not follow even if (Pav

happens to be defined (by (5.1)). Take the example in the preceding

remark; then g?dv({-;—}) = 1 but -]2— is a v-null set.
Proof <==: If A is w‘a v-null for each measurable order &

then f,’/‘v[(A) = (0 for each R. Assume there exists a BE €
such that v(B) # v(B\A). Looking at the chain $§ CB\ACBC1I

Lemma 5.5 yields the exlstnece of a measurable order & such that

@Ry (B N A) = @Ry (B\(B\A)) = v(B) - v(B\A) # O ;

hence (¢%v)(B N A) # 0, which contradicts the fact that Igo‘ﬁv](A) = 0,

+
==> ¢ Let v < u where ; € N\, Let A be v-null and
W

R  be a measurable order. We shall show l(;’av|(A) = 0,
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Define a measure uA(S) = u(S\A); then Mo € NA+. We shall
show that v < u,. Llet UCT be such that uA(T\ U) = 0, which

W
means b ((T\U)VA) = 0, Since v - u, 1t follows that (T\U)\A is
w

v-null. Remembering that A 1s v-null, we obtain

lv(T) = vU) | = [(v(T) = v(T\A)| + |v(T\A) - v(\A)| + [v(t\A) - v@u)|

= [v(\a) - v\ AN (M\\AY) | =0 .

+
Now, V < by, b, € NA' and Proposition 5.9 imply that
W

(Pav < My for each meausrable order &, Now
w

UA(A) = u(A\A) = 0 :

therefore ((pa'v) (A) = 0. Q.E.D.

The following Propositions (5.11, 5.13 and 5.14) will show
properties of set functions in ORD (which are not necessarily non-

atomic) which are inherited to the wav's.

Propositon 5.11. Let v € ORD, n € M+ and v < y, Then, {s} 1is v-null
W
v-null m=> ((/)&v){s} = 0 for each measurable order K.

Remark: This proposition gives a sufficient condition that an element

of I is not an atom for any @Ry, (vhere ® are measurable orders).

From this point of view this proposition is analoguous to Proposition 5.6, 1

32
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Proof. The proof is similar to what we have done in the proof of
Proposition 5.6; the trivial direction 1is the same, the other is

similarly divided into threc cases,

Cases 1 and 2: The proof 1is just as in Proposition 5.6, except that

the last senteuce of the second case should be replaced by: '"we used

5.7 and the fact that i{s} 1is wv-null".

Case 3: Let qi, J be as in the proof of the third case in Proposition 5.6.

We easily get that
(5.12) Py = €to) - @) A, @)
= ln v(I(qy, D) - v(I, @) .
i oo

Now, choose any sequence - {ai, i > 1} consisting of elements of

I such that u({ai}) =0 for all i > 1, and {ai|i > 11N {qi]i >1} =4 .

Clearly there exists such a sequence., Define an order ®* that
puts the sequence ay just after s and a, N aj iff 1 < j,

that means

X,y & [ai} and X<y ,

<

R
ISHF

X ‘di} AN E {ai} and vy 58,

y € {ai}, x & {ai} and x

x = a, and 1 < j .
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Note that @&* is a measurable order. Since u({ai}) =0 for all i

we get that {ai, i & 1} 1s u-null, hence it is v-null and therefore

t & {ai;i 1P, R)) = v(I(t, ®%)) .

This holds in particular for ¢t = qi (i > 1). Now note that for a11 i 1

v~

E v(I(s, &)) = v(I(ai, ®R*)), hence we get (using 5.12) that

lim V(I(qi, &) - v(i(s, ®)

i-»cn

@Ry s 1

lim v(I(qi, &)) -~ lim V(I(ai’ f*))

i» = i » o

(t/)a*v)(J1 U {aili

|v

1h-lm  (GRV) (Ia;, &)

i » &

i

@@, Uita i > 1) - @@ Uiali - 1) =0,

| v

Q.E.D.

Remark: Note that under the assumptions of Proposition 5.10, we could

not repeat the proof of the third case in Proposition 5.6 since

we could not know whether b 1is v-null or not. On the other hand
we could not use there the trick used here, since the non-atomicity

of v does not necessarily imply the existence of a denumerable v-null set,
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Corollary 5.13: Let v € ORD, u €M and v S We Let A bea

denumerable set in (!. Then u(A) ==3 (I)O?V(A) =0 for all

it
(o]

measurable orders A .

Proof. u(A) = 0 implies u({s})

W

0 for all s in A. Hence all

s in A are v-null, ©Now by Proposition 5.11 we get (cpo?v)([s}) =0

for all s 1in A which completes our proof. Q.E.D,
N . 7 = = + o . a o
Proposition 5.J4. Llet v € 0RD, p &M, Then v < y <==>¢ v < y
W
w

for each measurable orde: K.

Proof: Follow the proof of Proposition 5.9 and note that

* *
vl @) = 0 (resp. |o®v[(a") = 0) 1s not because v is non-atomic
but because of the fact that p(A) = 0 (resp. u(A*) = ()) and

*
that A (resp. A ) are denumerable, (use Corollary 5.13). Q.E.D,

Proposition 5.13. Let v € ORD, u EM+ and v < u. Then A is
W
v-null == A is (pav null for all measurable orders &,

. +
Proof. Just as the proof of 5.10 except that M €M (instead

of N € NA+). Q.E.D.

Remark, As mentioned in the remark preceding the ppoof of Proposition 5.10

there is an conjecture that every non-atomic set function in ORD

: : +
is weakly continuous w.r.t some measure in NA , The analoguous conjecture

in the general case would be that every set function in ORD is weakly

+ ; ;
continuous w.r.t some measure in M ., If this is true, Proposition §,15

would become: "Let v € ORD. Then A 1is v-null <==- A is (pa'v

null for all measurable orders R'.
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6. CHARACTERIZATION OF AC IN ORD

For v € ORD write K, = kﬁlVI is a measurable order} and
' - A =
K! = {|pfv | €K b

Proposition 6,1. Let v ORD be non-atomic, Then v € AC iff Kv’ or

equivalently K&,are weakly sequentially compact, henceforth abbreviated w.s.c.)

Remark. A set S 1is w.s.c. in a Banach space X iff it is w.s.c.
in any fixed closed linear subspace of X that contains S. One
direction is immediate, the other follows from Hahn-Banach Theorem.

1
Hence we do not have to mention in which space Kv and Kv are w.s.cC.

Lemma 6.2, A set K of o-additive measures is w.s.c, iff

R = {Iullu € K} 'is w.s.c.

Proof. Recall that "measure" in this section means "o-additive totally
finite signed measure'. A necessary and sufficient condition for
weak sequential compactness of a set K of measures [Dun-s, Theorem
IV.9.2, p. 306]) is that K 1is bounded and that there exists a

positive measure A such that for each € > 0 there exists a .

6§ > 0 such that: A(E) < ¢ for EEG implies u(E) <e for
all y € K, (The last condition will be denoted: u(E) + 0 1

) (E)~+0 1
uniformly w.r.t, u in K.) Clearly the boundedness condition is

equivalent in K and K' (since Bl = Dy 1, Noting that




TR e

lu(E)] < |u|(E) for all EE€E C completes the proof that if K'

is w.,s.c, then K 1is w.s.c,

Finally let K be w.s.c. and A the positive measure in
the above condition.

For ¢ > 0, let 6§ be such that

A(E) < § ==> |p(B)] < VL€ K

&

2

since ) 1s positive, we get for all F CE,
A (E) S § ==> IU(F)I + lu(E\F)I -<_._+

hence for all p €K

A(E) < & ==> |p[(E) = sup {|u(F)| +u(B\F)} < e . Q.E.D.
- FCE

Proof of Proposition 6.1. Let KV be w.s.c., then by [Dun-s, IV.9.2,

p. 306] we know the existence of a positive measure X such that
(¢ X v) (E) A (ES+0 0 uniformly w.r.t. go"?v € K,. If we follow

the proof of that Theorem we will find that ) is defined as the sum
of a series of modified members of the weakly sequentially compact
set., As v 1is non-atomic and v  ORD, each wav is non-atomic
(Proposition 5,6); hence all <,06(v's are non-atomic, and therefore

we might demand A being non~atomic. So let us assume X € NA+.
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We are going to show v << A. If this assumption does not

hold there exists €9 > 0 such that for any given integer n > 1

there is a chain

(n) (n) ~... (n) (n)
8Cs; cr C < S C i € 1

n
such that
kn
(n) (n) 1
1);1 “(Ti )-->\(Si )lf_;
and
kn
(n) )y,
12& Iv(Ti ) - v(Si )| > €0

Clearly, by omitting some sets and changing indices, We may demand

k

n €
(n) (n) ‘o
1§1 (™) = v(sN ) 25

Set

A = S (T(“)\s(“)) .
n i=1 i i

Since ) 1s positive,
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k
n

‘a0 = L

. () (n) U1
L D™y -2y AN

Lemma 5.5 ylelds the existence of measurable orders O{n such that

(n))

i

R By KM ) (n)
i . @)@ ) = (@ "MLU (r,"\s 7)) = (v(r,"") - v(s
~ . n i=1 t 1=1

Then

, k

] b = 3 (n) (n) 0
< @ ™) | = !igl W™ - v =

contradicts the uniform limit

=

This, and the fact )(An) <

V) (E) > 0 with respect to oAy € K, hence v << ).
X (E)-0

Now let v € AC. To prove that Kv is w,s,c. it is sufficient
to show that Kv is bounded and that there existsa measure ) € M+
such that ((Pav) () -~ 0O uniformly w.r.t. (pav € Kv. KV is

-
clearly bounded sincel\(ﬁ:()f’ vl < v Il for all measurable orders

(Proposition 5.2), To prove the uniform limit let ) be the measure

in NA+ such that v <<}, let ¢ > 0 be given and let § > 0

correspond to €/2 1in accordance with the definition v <<}, Let
be a measurable order and let H(R) be the field (not o-field)

generated by the initial segments. Clearly a set in H(®R) 1is

n
of the form U = U [s,,t,), , where
1771°R
i=1
S0 B DBttt 8y <ty
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1 Look at th: subchain ! consisiting of the links {I(Bi' ]), I(ti, R )
then
n
Ml = B e, &) - 2 (1, &N ] = 2
!‘ [ 1=1
and

n
“V"A = 1);1 [v(I(ti, R)) - v(L(s,, ®)) |
n
2P G, &) - v, i = [y .
i=1
Hence
(6.3) )\(U) _‘_ § ==> "X"A i § ==> "V"/\ i% m=> I((paV)(U)' i% .

*
Now by a standard approximation Theorem , every meagurable set can

be approximated by members of H(R) simulatneously w.r.t, u and
w.r.t lw"vl. Hence if p(S) < 6 there exists a U € H(QR) such
that u() < & and lo%y | (u7s) < —3— This and 6.3

imply that if u(S) < & then |((,’7a\l)(S)li ¢ . Hence

u(s) <5 =l

for all measurable orders R . This completes the proof that Kv

is w.s.c. Q.E.D.

*
One uses [H, p. 56, Theorem D] on the measure u + ]J\/l
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Proposition 6.4. Let v € ORD, Then there exists a measure A such

that v << 2 {ff K, (or vquivalently K;) i w.s.c.

Proof. Exacrly as the proof of Proposition 6.1 replacing
+
| » € NA by ) E MY and omitting the part which proves the non-

{ : atomicity of 1, Q.E.D.
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