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tJ . Al!IITIIACT 

The previous analysis of the propeller-rudder interaction problem by means of the lifting surface theory has been modified to include the effects of thickness of 
both surfaces. 

The effect of thickness on the "flow displacement" in the field is taken into account by the "thin body" approach. The blade thickness effect on the loading of the propeller blade due to its non-planar form, be i ng sma 11 , is neglected. The res1.1lting onset velocities on both lifting surfaces due to the thi~kness effects on the flow field are ' ncorporated, together with the onset velocities due to hull wake and camber and inciden t angle of the surfaces, into the existing iterative procedure. The numeri • cal proced ure, adapted to the CDC-66OO high-speed digital computer, furnishes the 
steady and time-dependent pressure distributions on both lifting surfaces and the 
resulting hydrodynamic forces and moments. 

From the limited nlJTiber of calculations, it is seen that the mean and blade-frequency thrust and torque and the mean rudder fo rce and moment are very 1 i ttle 
affected by the thickness even at the smallest JIOS·sible axial clearance between propeller and rudder. The inf 1 uence of thickness i~ greater on the propeller bearing forces and bending moments, and decreases with increase in axial clearance. The 
thickness effect is most pronounced in the case of unsteady rudder forces and moments 
at certa in axial clearances, varying cyclically with clearance. 
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NOMENCLATURE 

area of rudder 

expended blade chord length 

semlchord of rudder 

~ropeller diameter 

defined In Equation 21 

propeller hydrodynamic forces 

side force on rudder 

' thickness distribution on one side of propeller blade section 

thickness distribution on one side of rudder section / 
I 

defined In Appendix 

modified Bessel function of order m 

defined In Equations 17 and 27 

Index 

Bessel function of order m 

Index 

modlf led Bessel function of order m 

kernel of Integral equation 

kernel after chordwlse Integrations 

variable of Integration 

positive numerlcal Index 

loading, lb/ft2 

spanwlse loading components, lb/ft 
(coefficients of Birnbaum distribution) 
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Nomenclature 

Integer multlple 

source strength density 

moment •bout rudder stock 

order of 11ft operator 

Index of sunmatlon 

number of blades 

order of chordwise mode 

blade Index 

r.p.s. 

subscript index of propeller 

propeller hydrodynamic moments 

order of blade harmonic 

subscript index of rudder 

Descartes distance 

radial coordinate 

superscript Index of dependence on r 

prope Iler rad I us 

1 i ft i ng surface 

coordinate along hellcoldal surface 

time, sec 

maximum thickness of section 

thickness of propeller blade section 

thickness of rudder section 

vi 



I 

I 
I 
I 
I 
I 
I 

I 
I 
I 
,I 
I 

u 

X 

x,r,cp 

x,y,z 

X 
0 

'! 

z 

6 

' i\ 

8 

R-1581} 

NolNnclature 

uniform veloclty 

on1:,et ve I oc I ty norm1 I to prope 11 er blade 

on!1et velocity norm1I to rudder 

ons,,:t velocity norm1I to propeller blade due to rudder thickness 

ons,! t velocity normal to rudder due to propeller blade thickness 

onset velocity after chordwlse Integration 

longltudlnal ordinate 

cyllndrical coordinate system 

Cartesian coordinate system of rudder 

distance between propeller plane and rudder stock (s• Figure 1) 

horizonta l ordinate on rudder 

vertical ordinate on rudder 

rudder angle 

distance between rudder stock and rudder mldchord (see Figure I) 

vertical ordinate on rudder 

horizontal ordinate on rudder 

angular coordinate 

angular position of point on propeller blade with respect 
to mldchord 1 lne 

angular chordwise location 

projected propeller semlchord length, radians 
2n T ( n-1), n • 1, ••.• N 

variable of Integration 

positive Integer multiple 
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Nomenclature 

longltudlnal ordinate 

cyllndrlcal coordinate system 

Cartesian coordinate system of rudder 

rad la I coord lnat• 

superscript Index of dependence on p 

mass d~•lty of fluld 

angular Masur• of 1kewne11 

veloclty potentlal 

generallzed 11ft operator (see Appendix) 

angul~r coordinate 

angular position of point on propeller blade with 
respect to mldchord 11 n• 

angular chordwls• locatlon 

angular veloclty of propeller 

Coeffl clents 

KF 
F • x,i,z 
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L 
INTRODUCTION 

This study, which Includes the effects of thickness of both com­
ponents of the Interacting llftlng surfaces, supplements the theoretical I Investigation conducted et Davidson Laboratory Which treated the llftlng 
problem of the propeller-rudder Interaction under reellstlc flow conditions 
end considering the actual geometry of both 1lftl11g surfaces, but neglect­
Ing thickness. Reference I was an extension of• series of Investigations 

2-6 conducted at Davidson Laboratory which were concerned with adapting 
the llftlng surface theory to the marine propeller. It develope~ • 
numerical solution to provide a calculatlon procedure adaptable to the 
CDC66oo high-speed computer for evaluating the steady end time-dependent 
pr,ss~re distributions on both lifting surfaces and the corresponding 
hydrodyna~lc forces and moments. 

The pair of simultaneous surface Integral equations expressing the 
kinematic boundary conditions on the two Interacting lifting surfaces 
was solved by using the previously developed method of2•6 evaluating 
the loading on propeller blades rotating in a known wake, and the method 
developed in Reference 7 for determining the loading on a finite aspect 
ratio hydrofoil operating In a known flow field or undergoing prescribed 
motions. In all of these Investigations the llftlng problem hes been 
treated by means of the acceleration potential In terms of pressure 
doublets with axes In the direction of the local normal and strength 
equal to the pressure Jump across the surface. 

Although the calculated hydrodynamic forc,s and moments of Reference 
1 agree as far as trends In terms of varlNs parameters are concerned 

8 9 10 with englneerln_g experience'' , no quantitative comparison could be 
made because of the omission of thickness effects. However, before em­
barking on a study of the thickness effects, a crltlcal review of the 
analysis and numerical procedure and corresponding program of Reference 
has been undertaken In the attempt to explain why the results have shown 



the calculated vibratory force on the rudder and the rudder-stock moment 

to be quite high coq,ared with experimental values. 

It has been found that the numerical procedure employed In Reference 

I for the cross-coupling kernel terms Is not appropriate and could lead 

to serious problems. Speclflc~lly, the cross-coupling term which Indicates 

the Influence of the propeller on the rudder and has a high-order s lr.gu­

larlty combined with 8 Cauchy-type singularity was Inadequately treated. 

A new numerical procedure has been developed and the existing program 

for the propeller-rudder Interaction problem has been modified accordingly. 

A c.omparlson of the hydrodynamic forces and moments calculated by the 

modified program with earlier results shows a great Improvement In the 

vlbrato,·y values of rudder side force and rudder-stock moment. 

With this Improvement achieved, the analysis of the thickness effects 

of propeller and rudder could be undertaken. These effects are twofold 

In origin, 1) due to the fact that the blade surface Is no planar and 

2) due to the "displacement" of the flow caused by the thickness of both 

lifting surfaces. 

When the sur .aces are nonplanar, e.g., the hellcoldal surfac~s of 

propeller blades, the thickness of the surface wl 11 Induce a continuous 

component of velocity on points of the surface Itself. In this case 

thickness ef fects can be obtained by a Jistrlbutlon of pressure sources 

with strength equal to the local discontinuity of the normal acceleration. 

In a concurrent Investigation of the effect of thickness of propeller 
II 

blades on the propeller loading this effect has been found to be small. 

In addition, It can only be evaluated accurately when Incorporated In 

the time-consuming numerical procedure derived from the "exact" treatment 
12 

of the hellcoldal wake of the blade. Since the Iterative process of 
I 

the present solution of the Interaction problem Is already lengthy, the 

simplified numerical procedure for calculating propeller loading must be 

used, based on the "staircase" approximation of the hellcoldal blade wake. 

Therefore the small effect on the loading of the nonplanar thickness of 

the propeller will be neglected her£. 

2 
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The second effect, . due to the "flow distortion" caused by the 

thickness of both lifting surfaces, has an Important effect, as has been 

seen In Reference 13, on the velocity generated by the operating pro­

peller. This contributing factor Is take~ Into account In the present 

study by means of the "thin body" approximation and has been Incorporated 

In the existing mechanics of the Iterative procedure for the solution 

of the propeller-rudder Interaction problem. 

This research was sponsored by the Naval Ship Research and Develop­

ment Center, General Hydromechanics Research Program unde Contract 

N00014-14-67-A-~~-~4 (DL Project 3764/122). 

3 
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STATEMENT OF THE PROBLEM 

A propeller and a rudder of arbitrary geometry are lnmersed In the 

wake of a hull. Both surfaces are therefore operating In the nonuniform 
flow field existing behind the hull and assumed to he that of an ldNI 

Incompressible fluid. The propeller-rudder arrangement Is shown In 
F lgure I. 

On the ba~is of the linearized unsteady lifting surface theory, the 
kinematic boundary conditions on both lifting surfac~s are expre11ed as 
a pair of surface Integral equations: 

WP( xp, r P' q,p; t) e J J LP( i;,, Pp' 9pi t) ~p( XP' r P' C9pi ~P' Pp, ep; t )d Sp 

Sp 

+ J J LR(~,o,cR;t) KRP(xp,rp,~;~,o,cR;t)d SR (1) 

SR 

WR(xR,O'zR;t)"' J .I Lp(~p ,Pp,9pit) KPR(xR,o,zR;~p ,Pp,ep;t)d Sp 

SP 

+ J JLR(~,o,cR;t) l(RR(xR,o,zR;~R,o,cR)d SR (2) 

SR 

where x, r, q, and ~, p, a: cylindrical coordinates of control and loading 
points, respectively, associated with t~e pro­
pe 1 ler 

x, y, z and ~, ~, C: Cartesian coordinates of the corresponding 
points associated with the rudder 

t: 

SP' SR: 

wp, WR: 

Lp, L I• 
R' 

K j I: 

time, sec. 

propeller and rudder surfaces, respectively, ft2 

onset velocity distributions normal to propeller 
and rudde r, respectively, ft/sec 

unknown oadlng on ~ropeller blade and rudder, 
respect lvely, lb/ft 

induced velocity on element i due to oscillatory 
load of unit amplitude located at element J, ft/lb sec 

4 
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It Is moreconvenlent to use cyllndrl cal coordinates (x,r,q,) and 
(t,p,8) for the rudder also. These are related to the Cartesian coordi­
nates (x,y,z) and (t,11,C) In the fo11owlng manner: 

YR = 1 Im ( r Rs lnq,R) 1lR = 1 Im (pRsln8R) ~--~ e --o R Tl 

z = 11m ( r Rcosq,R) CR = 11m ( pRcos 8R) (3) R 
~--i 8R~ 

where ~, 8R = 0 When ZR' CR > O and ~, eR "' TT when ZR' ~ < o. 
The second term on the right-hand side of Equation (1) and . the 

firs~ term on the right-hand side of Equation (2) represent the Inter­
ference effect of the rudder on the propeller and of the propeller on the 
rudder, respectively. The remaining terms of Equations (1) and (2) re­
present the contribution to the flow Induced by each surface upon Itself. 

The oscillatory loading and the prescribed onset velocity can be e>r.,ressed as 

W ( t \...R n ~ W( q) ( ) I q C'2 t • x,r,q,; r l'.LJ j x,r,q, e J q-0 (4) 

where O is angular velocity of the propeller, and \ and q are positive Integers. L(A) and w(q)are the complex conjugate~ of their cor­responding values. 

The surface Integral equations (I) and (2) are reduced to llne 
Integral equations by use of the mode approach, 517 Where n terms 
of the Birnbaum chordwlse modes are taken as the unknown chordwlse dis­
tribution of loadlng,and by appllcatlon of the "generallzed" Ifft opera­
tor

5
,
7 

of m modes to both sides of the equations, thus permitting the 
chor~wlse Integration to be performed analytically. After the chordwlse 
( e and q,) integrations, Equations ( i ) and (2) may be represented for a 
given frequency q as 

5 
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-

- -e11 n n I E E E 
>.3-o i. I n• I Pp 

( 5) 

where the supersc~lpts m and n refer to the orders of the lift opera­
tor and the assuined chordwlse fflOde, respectively, the bars over W and K 
Indicate that the chordwlse Integrations (I.e., 8 and ~ Integrations) 
have been perfonned, LJ Is spanwlse loading In lb/ft and "tc an Integer 
which has been determined In the course of deve lopment of the kernels. 1 

Then the set of m • n llne Integral equations Is sulved by the collo­
cation method. In this method, the spans of propeller and rudder are 
divided Into strips of sm■ tt lengths. The spanwlse loading Is considered 
constant over each strip, ~•nee only the kernel need be Integrated over 
the span. With these sln.»llflcatlons, the Integral equations (5) ■nd (6) 
are converted to• system of simultaneous algebraic equations. 

6 

j 

J 

n 
n 
I l 
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Since In the lln•rlzed theory the prlnclple of superposl~lon 
applles, the various flow disturbances (on the left-hand side of the 
equations) can be treated separately and thel r effects added. The flow 
d Is tu rbances cons I de red In Reference I were those due to hu 11 ..-lea and 
to Incidence angle and camber of propeller blades and rudder. In this 
study, wt.lie the effect of blade thickness on the blade surface Itself 
wlll be neglected as very small (see Ref. 11), the effect of blade thick­
ness on the velocity field of the rudder and the effect of rudder thickness 
on the velocity distribution at the propeller Is evaluated. 

7 
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ONSET VELOCITIES DUE TO THICKNESS EFFECTS 

Effect of Propeller Blade Thickness 

The effect of f lnlte blade thickness Is to produce a symmetrical 

disturbance of the fluld on each side of the surface of synmetry through 

the blade sections. The basic ·nathematlcal model for such symmetrlcal 

flows Is a combination of sources and sinks. Following the development 

of the thickness effect on the pressure fleld presented In Reference 14, 

the thickness distribution of the blade section Is approximated ~ya 

source-sink array and the velocity potential for this array Is given, 

In the case of an N-bladed propeller, as 

where S 

x, r, q, 

'!, p, 8 

R 

8 

• surface o' the blade 

= cyllndrlcal coordinates of a field point 

• cyllndrlcal coordinates of a point on the 
propeller blade 

of ( ~ p, 00) 
• 2U ----, source strength ~enslty 

at 

(7) 

= 2U J1+a2 p2 af~,s) wheres Is coodlnate along the 

hellcoidal surface and a~ o/U 

= free stream velocity 

= slope of blade section 
1 

= f( x- ()2 + r2 + p2 
- · 2r p cos( ~q,t- 8 ) f 
• n -

2n 
= ,r ( n-1) 

• e - 0t 
0 

I 

= angular position of . point on propeller bfade with 
respect to the midchord llne, I.e., angular position 
with respect to a system fixed in the ~ropeller 

8 

l1 
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and In the present case the field points x,r , q, are on the rudder. 

x,r,q,, the cylindrical coordinates of the rudder, are related to 
the Cartesian coordinates x,y,z by Equation (3) so that 

r .. I z I 

l
o when z > 0 

q> "' 
TT when z < 0 

From Figure 1 It ls seen that 

where q, Is angular chordwlse location of a point on the rudder. a 

(8) 

(9) 

Changing the surface Integration over the propeller blade {Equation 
7) to that over Its projection In the propeller plane yields 

1 N 
I( x,r,q,; t) = TiTi ~ 

TT n= 1 
( 10) 

where~ Is projected semlchord length of the blade at radius p In radians. 

With the trigonometric transformation 

p 
e = cl - A. cos e , 0 ~ e TT o -b et a (II) 

where e Is angular chordwlse location of a poln on the projected blade a 
and aP is angular position of the midchord line from the generator line 
through the hub, or skewness, at radius p, then 

d8 • R..p sine de o o et ':1 

Furthermore, since the helicoldal surface of the blade Is given by 
~"' e /a 

0 

9 

(12) 
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Th• veloctty potential can therefore be written as 

u N n ~f( p, eJ Ji:;;2 l 
l(x,r,cp;t) • ~ Y; J J Se dpd8 

n,,;io P a a 

( 13) 

(14) 

Following Reference 15 the thickness distribution Is approximated 

by an ogl ve sect Ion 

f ( P, 8 ) A1 ! t ( p) s I n2 8 
OI ii:'. 0 OI 

where t (p) Is naxlmum thlckne11 at radius p, or If the ratio of maximum 
0 

thickness to expanded chord length, t (p)/C(p), ts given 
0 

Then 

af(p,e) -- t () 
a __ 2J1 ... 2 1 P o P 

-a-8----.... a 8i, C( p) 1tn8°' cos ea 
a 

On making use of an expansion •~heme for the rectprocal of the 

Descartes distance R, viz. 

- tm( 8 -CJ-q,t-8 ) - ( ) t • ! ~ e o n J ( I K)m et x- ~ k dk 

m--• --

where (IK) = m 

1
1 ( I kl p) K ( I kl r) for m m 

I (lklr) K (lklp) for 
m m 

p < r 

P > r 

to 

( 15) 

(16) 

( 17) 

u 

l 1 

I 
I I 

l l 

J 

l 
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(I ( ) and K ( ) being -,dlfled lesse1 functions) and by substitution m • 
of (16) and the fona,ln for e

0 
and l the ve1oclty potential becomes 

U :. :. • hi( 8,,-Clt-q,) 
t(x,r,q,;t) • - u u 

TP n-1 ---• 

The Integration over 8 lnvolff­
a 

dkdpd8 a 

TT l(k--) e:cose 
1
8 .. J coseasln9

0 
• a a d8

0 (l 0 

(18) 

which Is ldentlca11y zero fork••• In addition, certaln1y fork I am, 
p 

0 TT I ( k-am) Eti; cos 8
0 I • -8 a 

• J sine e -r- de eC ~ k-am) o O a 

It can be shown that this too goes to zero when k • am. 

N Ima IN for m • .. , t • o, :l:1, .J2 ••• Z:: e n • 
n= I O for m ~ It 

Therefore 

12aNU t(x, r, qi; t) = --
TP 

Cl) 

ma: - CD 

II 

(19) 

Furthermore, 

(20) 
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where F(k,m,p) • {sln[(~)O:J - (k-:m) e: cos[(k-:r1) e~J} 

( k-am)2 

The veloclty normal to the rudder WP R due to blade thickness Is 
t given by 

where the pos It Ive s I gn Is taken When cp = 0 and the negat Ive whei:, cp • TT. 

Therefore, 

. J 
p 

CD 

~ m 
ffl: - CD 

m= t N 

., + I for z > O l 
-(-l)m for z < 0 

-Im~ e 

CX> c,P 
t 0(p)(l+a2p2) 1 p lk(x--) 
--;:r--,- •------- e fflC1 J ( I K)m e a F( k,m, p)dkdp 

c, Pl et; -m 

(22) 

After substituting the value of x given In Equation (9), the 

generalized 11ft operators are applied to Equation (22) on the left hand 

side as to the right hand side of Equation (2). This Is required by the 

method used in solving the pair of Integral equations (see Reference I). 

Thus for each 11ft operator modem (see the Appendix) 

Cm) 1 TT 

WP R = - J t( m)W R dcp 
t TT O pt Ci 

This Involves the chordwlse Integral 

I Tl _ I k( x
0
+tR-CRcos q,r:i) 

- J t(m)e dq, 
TT O Q' 

I k( x 
O 

+ € R) ( - ) 
= e Im (-kCR) 

with l(m)(f) as defined in the Appendix. 

I 2 

j 

! 

I' . l 

L 
, 
l 
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After the appllcatlon of the 11ft operators Equation (22) becomes 

for each in 

2aNU 
= -

n2r 

CD 

m= - m 

m= IN 
I+ I for z > 0 I -Im(): 

m -(-l)m for z < 0 e 

cl 
t ( 11) 2 2) ti CD ( X +e - ---) ( -) 

J o " ( l+a p e I ma" J ( I K) e I k o R • I m (-kC ) 
p ~ ~ _ 111 m R 

• F( k,m, p)dkd p (23) 

Th Is ve loc 1 ty Is O when m = Jt.,'=O, 1. e., J, = O, therefore the pro­

pe Iler thickness does not affect the steady-state rudder loading. For 

the blade-frequency rudder loading ( t c I) the time dependence of the 

L.H. side of the rudder Integral equation 1 Is represented by exp (INOt). 

Thus In this case, 

(m) [ (-N,m) - ( N,m)] INOt 
WP R = WP R + conj WP R e 

t t t 

Then at blade frequency at which m = N the normal velocity on the rudder 

due to propeller thickness becomes 

I _, for z > o I 
(-l)N for z < 0 

aP 
t ( p) ( 2 2 ) p 00 I k( x + c - .._) ( - ) 

J o 1 J. a p e - 1 Na J ( I K) f e o R • I m ( -kC ) 
P c'{p'J' ~ - _00 N R 

op 
- i k( X + € - - ) ( - ) 

, F( k, -N, p)-e o R 8 I m ( kCR)F( k, N, p) 1dkd p 

(24) 
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If In F(k,-N,p), ). Is substltutedfor k+aN, and In F(k,N,p)). ls sub­
stituted for k-aN, It can be shown that Equation (24) can be written as 

for Pp< rR, otherwise Pp and rR are Interchanged In the modified 
Bessel funct Ions. The subscrl pts refer to prope lier P and rudder R. It 
can be eas lly proved that when ). = 0 the Integrand Is zero ( see ea rller 
Equation 19). 

Effect of Rudder Thickness 

As In the case of propeller thickness, the effect of the rudder 
thickness on th=- flow field will be simulated by a source-sink distri­
bution. Thus the velocity potential due to rudder thickness Is given by 

t( x, r, q,; t ) = ,k J J M( ~ ~, ' ) d ~d C 
C ~ 

where M(~,11,C) = 2U of(~ll,i), source strength density 

f( ~1'\,C) = thickness distribution on one side of thf! 
axisyrrmetric rudder 

R = f (x-~)2 + (rsinqr il) 2 + (rcosqrC)2
,- ½ 

(26) 

x,r, q, = cylindrical coordinates of a point on the propeller 
blade 

~1'\,C = Cartesian coordinates of a point on the rudder 

14 
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q, • q,o - Ct 

CP. • angular por,ltlon of point on propeller with respect 0 to mldchord 11ne (In moving coordinate system) 

~ • >t0 + 'R - CR( C)cos ea (sN Figure 1) 

8 • angular chordwlle location of point on rudder a 

d t • CR( C)s In ea d 8a 

If cyllndrlcal coordinates ~, p, 8 are used for the rudder (see 
Equation 3) 

p - , ,, 

., 0 when C > 0 
e -

,, when C < 0 

By meas of an expansion scheme the reciprocal of the Descartes distance 
R can be expressed as 

1 
GD 

e Im( ~cpo +~) 
CD 

8 1(x- ~k dk (27) 1 ~ J ( I K) m 'If - fl 
m- - aD •CD 

where (IK) = 

1
1 (lklp)K (lklr) for P < r m m m 

I ( I kl r)t< ( I kl p) for p > r m m 

It Is to be noted that, In contrast to the preceding section, 
x, r, cp and cp are referred to the propeller and i:, p, 8 and 8 to the a a 
rudder. Subscripts as shown In Equations (1), (2), (5) and (6) are 
omitted for convenience In writing. 

The thickness distribution can be represented accurately enough by 

(28) 
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where t (C) Is maximum thickness at each section at various C· The slope 0 
of the rudde~· sect I on Is then 

{29) 

With Equations {27) - {29) the velocity potential becomes 

t(x,r,cp;t) 
U m Im( 0-cp +Cl:) 

= - ~ e o 
2,-f ff)= - CD 

., 

( 30) 

where e = 0 or TI as previously Indicated. 

The normal velocity to the propeller blade WR p due to rudder thick­
ness (a new contributing factor on the left-hand slde of Equation (1)) 
Is obtained by taking the derivative of the velocity potential with respect 
to the normal to the hellcolda l blade surface which Is given by x = cpJa. 
At any point {x,r,cp} on the propeller blade this normal derivative Is 

Then 

where e = 0 or . 

a 
on' 

= 

{ 31) 
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The Integration over e ytelds ex 
n I kCR( c)cos 0 _ I O n I kCR( c)cos ea J cos e(x5tneexe ex deex = CR( c) ~ J stneQ'e deQ' 

0 0 

( 32) 

which ts zero when k ·= 0 (see Equation 19). Equation (32) Is substituted 
In ( 31) and the llmlt x ~ ~/a ls taken. Since the Integer m can only 0 
take the values of q (the harmonics of the propeller blade loadlng, q ~ 0) 
I.e . , 

( • ) W (q) lqot WR p x, r, q,, t • R p e 
t t 

( 33) 

(see Equation 4 and Reference 1), the normal velocity component W (q) 
Rl becomes 

U r l( -1 )q for C < 0 ·J t 0 ( C) 
= - ':;;i ./l+a2 r2 { + 1 for C > 0 • CR( C) 

m I stnkCR(c) • J (a~) --- - coskC ( C) l ( I K) 
-m r2k kCR( C) R _, q 

-t(x
0

+&R)k t(!-q)CP, 
. e e a O dkdC ( 34) 

With t he transformation 

( 35) 

r whe re q,cx l s angular chordwise location of a point on the blade, 9t, is 
projected sem ichord length of the propeller blade at radius r in radians, 
and or is angular position of the midchord line from the generator llne 
through th e hub, or skewness, at that rad ius, the generalized lift opera­
t ors ran be appl ied to WR pas to the RH of the integral equation (1) 
(see Reference 1). Thus for each lift operator mode m 

17 
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_ (q,m) l TT _ (q) 
WR p = - J t(m)WR p dq, 

t TT O t (X 

(36) 

The cp -Integration Involves 
(X 

( k ) k r ( k) r 
1 n I --q <P. 1(--q)a fl n - I q-- ebcosq, , - J t(in)e a O dq, = e 8 

1 - J t(m)e a ex dq:, i 
Tl O <:x Tl O <:x. 

1(! - q)cl <-> 
= e a Im ((q- !)er) 

a b 

( 37) 

where ,(m)(f) Is defined In the Appendix. 

Therefore Equation (36) can be written as 

r 
-l(x +e - .2...)k (-) 

. {(a+-9..)e o R a I m {(q- ~){) 
~k a b 
p 

r 
l(x +eR- .2...)k 

+(a-~)e o a 
r2k 

( 38) 

' p 

where the range of Integration has been converted to positive k. When 

k = O the Integrand Is zero for all q (see Equation 32). 
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NUMERICAL RESULTS 

The normal veloc l ty distribution on either of two interacting sur­
faces due to the flow d lsturban·ce caused by the thickness of the other 
has been evaluated in the case of a propeller-rudder configuration by 

means of the "th In body" approx Imation. These norma 1 ve Joe It I es caused 
by flow disturbances other than hull wake, camber and Incidence angle 

which were treated In Referenc~ 1 will be added to the others to form 
a new set of onset velocity distributions on the Interacting surfaces. 

Thus Equation 38 representing the velocity normal to the propeller 
blades due to rudder thickness tRis added, at the appropriate frequency 
q, to the normal velocity W~q,m) (left-hand side of Equation 5) attri­

buted to a 11 other flow d lsturbances ment loned above. . Equat Ion 25 repre­
sent Ing the normal velocity to the rudder due to propeller blade thickness 
tp should be ~dded to WR(q,m) (left-hand side of Equation 6) at blade 
frequency q = N. In the latter case, In fact, the propeller thickness 
effect wt 11 be the only contr!butor to g/ q,m). There Is no contrlbut ion 
from blade thickness to WR(o,m) the steady-state normal velocity which 
is due to rudder angle of attack and rudder camber if any. 

With the addition of these thickness effects, the Iteration procedure 
developed i n Reference I for the numerical solution of the propeller-rudder 
interaction problem is employed again. The solution evaluates the steady 
and t ime-dependent pressure distributions on both lifting surfaces and 
t he resulting hydrodynamic forces F, F and F and moments Q, Q and 

X y Z X -y 
~ on the propeller and the rudder side force FR and rudder-stock moment 

MR. 

The iterative procedure is Illustrated below for an N-blade propeller 
and q = 0 to ~1 {cf Reference 1). 
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0-lteratlon 

q"" 0 

• • • • 
• • • 
• • • 

(o,ii) {u-
6 _ L (o,ii)i_ (o,m,ii)_l (1,ii)-k (1,m,ii)_l (2,n)~ (2,m,ii) 

q • O ' LRI • PO "l'R PO PR PO "PR 

---- L ( N+ 1, n )iL ( N+ 1, n)} [R ( O )l-1 
PO ""PR RR q. 'J 

(N,n) {rr• (-N,m) + Jr-. (N,m)] _ [L (o,ii)it (-N,m,ii) 
q • N ' LRI • (PR con .wp R PO '~R 

. t t 

+ L (1,ii)lt (-N+l,m,ii) L (2,ii)K_ (-N+2,m,ii) ]}riK ( N)J-1 
PO "PR + PO "l'R + •. • [ RR q-

_ J {L (o,n)-k (N,m,n)+l (1,n)iL (N+l,m,n) }[R ( N)~-1 
con • PO PR PO ""PR +. • • RR q- j 

where 6 • rudder angle and U6 • U61(m)(o) Is the veloclty component due to 

rudder angle after the 11ft operators have been applled. 

1- tterat ton 

I I 

f 

L 

I 

I 

q"' 0 
L (o,ii) {w(o,m) w (o,m)_l (o,n)k (o,in,ii)_l (N,ii)K (-N,in,ii)} rK (in,ii)( )J-J 

' P 1 • P + Rt P RI RP RI RP ~ pp q-o ~ • J 

• • 
. ' 

• • 

q • N+I, L (N+l,ii) {~N+l,m) W (N+l,m)_l (o,ii)K (N+l,m,ii)_l (N,n)R (1,m,n)} 
Pl "' P + RtP RI RP RI RP 

• ~p~ .... ) ( q.tlt, ir 
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0 L (o,ii) {Ot.-L (o,n)R (o,m,n)_L (1,ii).iL(l,m,n)_ .. _L (N+l,n)-K (N+l,m,nj} 
q "" ' R2 r.: u P 1 PR PI --PR P 1 PR 

[ RRR ( q=o >]- I 

q .. N, L (N,ii) l[w .. (-N,m) • w- (N,m)]-~L (o,ii)-K (-N,in,n) L (1,n)R_(-N+1,in,n) R2 = PR +conJ•pR Pl PR +P1 ·-pR 
t t 

Usually four Iterations are sufficient to achieve stabilized values of 
the loadings on propeller and rudder, LP and LR, respectively. 

Before Incorporating the thickness effects Into the exfstlng program 
as shown above, a new, more precise numerical procedure was Introduced for 
the evaluation of the finite contribution of the high-order singularity 

In the cross-coupling kernel term KPR which repr~sents the Interference 
effect of the propeller on the rudder. 

The modified program has been applied to the case of the hull-propeller­
rudder configuration treated in Reference 1. This Is the Hod V hull with 
its designed 4-blade propeller, and rudder of aspect ratio 1.72. The cal­
culations have been performed for three values of axial clearance x , the 

0 
designed clearance to the smallest possible clearance,and for the range 

of rudder angles from 6 = +.3 radian to port to 6 = -.3 radian to starboard. 
It is to be noted that the theoretical development assumes that the ship 
is steering a straight course or is In the initial stage of turning. 

The particulars of the propeller and rudder follow: 
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Propeller ~ NSRDC No. 3~6) 

No. of blades, N ~ 

Radius, r 11 ft 
0 

EAR 0.499 

P/D I. 10 
Advance rat lo, J 0.726 
Ship Speed, U 28.29 ft/sec 

Rudder {sH Flsure I) 

Semi chord, CR o.682 r 
0 

b I. 318 r 
u 0 

b •-~3 r 
C 0 

.:R 0.273 r 
0 

)( 0.8356 r ( des lgn) 
0 0 

0.72 r 
0 

o. 56 r 
0 

Tables 1 and 2 compare results of the new modified program with 

those of Reference I. It ts seen that for steady-state and unstNdy 

flow conditions the differences In the propeller bearing forces and 

moments are small to moderate. The differences In the study-state 

rudder forces and moments are also sllght. The greatest change occurs 

In ttie vibratory rudder forces and moments. These values are now of 

the order of magnitude of expected values. 

Observations made and conclusions drawn In Reference I are stlll 

valld. It seems that the present modlf,ca t lon has some beneflctal In­

fluence also on the nunber of I terat Ions requl red to obtain stabll lzed w1ues. 

The number has been reduced from s Ix to four In a 11 cases under cons tdera­

t Ion. 

Figure 2 graphically exhibits the great change In bl-.de-frequency 

rudder lateral force and rudder stock moment for a range of rudder angle 

from 6 c -0.3 radians (to starboard) to 6 = 0.3 radians (to port), and 
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Figures 3 and 4 demonstrate the changes In the spenwlse distributions of ... ... 
blade-frequency CF and CN at 6 • -0.3, all for the design axial clearance 
bet~n propeller ~nd ruddlr, x

0 
• o.8356 r

0
• 

A series of calculations has been performed using this modified pro­
gram and Including the effects of thickness of propeller and rudder, for 
the same hull-propeller-rudder arrangement. The results for all hydrodynamic 
forces and moments, with and without thickness effects, are presented in 
Tables 3(a,b,c), for design clearance x ~ 0.8356 r, 4(a,b,c), for 

0 0 
x = 0.72 r, and 5(a,b,c), for x • 0.56 r the smallest possible clearance, 

0 0 0 0 
for a series of rudder angles 6 • o, :t:.I, ±.2, ±.3 radians. Graphical 
piesentatlon of these result,, however, has been restricted to the design 
configuration (Figures 5-9)- In addition, Figures 10 and 11 present the 
spanwlse distributions of the blade-frequency rudder side force and rudder 
stock moment at 6 = -.3 for this configuration. 

From t~ limited number of calculations performed, It can be said that 
the thickness effects do not change the general picture of the Interaction 
problem. This Is 1111lnly governed by the trends established before Inclusion 
of thickness. In fact, the change In mean thrust and torque varies from 
a mere O.~ for design clearance to 1.1i for the smallest clearance, while 
the changes In the corresponding vibratory values range from 2 to 5i. 

The effect of thlcknes~ on the propeller bearing forc~s and bending 
moments appears to be almost Independent of rudder angle but diminishes 
monotonically with increase in axial clearance. The curves of these 
forces and moments ar~ displaced by the following average amounts (to be 
read with ,eference to Tables 3, 4 and 5, a, b, In estimating rates 
of change). 
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Coefficient Axlal 

Hean o.8356 r 
0 

.OOOC)6 

.00057 

.()()()42 

.00017 

Blade-frequency 

.noo10 

.00011 

.00001 

Clearance, 

o. 72 r 
0 

.00134 

.00078 

.ooo65 

-~1 

.~8 

. 00016 

.00010 

X 
0 

0.56 r 
0 

-~"° 
.00136 

.OOOCJI 

.000}) 

.00057 

.00036 

.00008 

.00011 

Hardly any difference Is observed In the values of steady••State rudder 
side force and rudder-stock moment (see Tables 3c, 4c and 5c). The 
thickness effects are responsible for only a sllght change In the slopes 
of the st~..ady-state curves versus rudder angle. In the case of the 
unsteady rudder forces and moments the thickness effect varies cyclically 
with axlal clearance x. The effect Is negllglble for x • 0.72 of pro-o 0 
peller radius, largest at x

0 
• 0.56 r

0 
(at zero rudder angle there ts 

a change In rudder s I de force of 88% and In rudder-stock moment of 24~), 
and not so large but significant at x e 0.8356 r (the corresponding [ 0 0 
chcnges are 43i and 71). The periodic variation of the vibratory rudder 
force with axial clearance x Which was noted In Reference I Is still 

0 
evident here, whether thickness effects are Included or omitted, although 
the crests and troughs may shift with change In rudder angle. This periodic ( ] 

. to 16 variation Is confirmed by experimental observations. ' 
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As can be seen from Figure 9 and Tables 3c, 4c and 5c, the unsteady 

rudder force Is not synwnetrlcal with respect to rudder angle from port 

to starboard. The difference between port and starboard forces depends 

very much on the axial clearance between propeller and rudder. At 

x •0.56r , the change from 0.3 radian to port to 0.3 radian to starboard 
0 0 

Is -71%, at x •0.72r It Is +124%, and at x c0.8356r It Is -23%. 
0 0 0 0 

Calculations have also been performed for a configuration of the 

same hull and rudder but with a propeller d lfferi ng from the designed 

propeller only In that Its thickness is doubled. Comparison of the re­

sults of these calculations (Tables 6a and 6b) with those for basic 

thickness show that the effect of doubling the thickness varies from 

negllglble to small (3°~) for all steady and unsteady hydrodynamic pro­

peller forces and moments. The steady rudder force and rudder-stock 

moments are Insensitive to propeller thickness. On the other hand, 

unsteady rudder forces are Increased considerably at both design axial 

clearance and the smallest clearance, as can be seen by a comparison of 

Table 6b with 3c and Sc. 
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CONCtUSIONS 

The previous study of the hydrodyn11111lc Interference etween a marine 
propeller and a rudder, lllhen both llftlng surfaces assumed to have no 
thickness are l1111Mtrsed In a nonuniform flow fleld, has been modified to 
Include the finite thickness of both Interacting surfaces. 

Before embarking on the Investigation of thickness effects, however, 
an Improvement was sought and achieved In the numerical evaluation of the 
finite contribution of the singularity In the cross-coupling term KpR 
which represents the Interference effect of propeller on rudder. The 
results have show, small to moderate effects on the previously determined 
propeller bearing forces and moments, negllglble effects on the steady 
rudder side force and rudder-stock moment, but large changes In the un­
steady rudder force and moment. These latter changes have brought the 
vibratory values Into better agreement with observations. 

The propeller thickness contribution to propeller l011dlng which 
occurs because of Its "nonplaner" form Is very small provided the thick­
ness Is not excessively high. 11 On the other hand, the thickness of Its 
approximated "planar" form produces a "flow distortion" which affects 
the pressure and velocity fields In the neighborhood of the operating 
propeller. The former effect, being small and requiring high accuracy 
to determine, and a more sophisticated mathematical model, 12 has been 
neglected, whereas the latter effect has been treated In the analysis 
of the propeller-rudder Interaction problem by means of the "thin body" 
approximation. By a slmllar approximation th~ thickness of the rudder 
Is taken Into accour,t. Each I lftlng surface Induces some change In the 
onset velocity distribution on the other. 

Expressions have been developed for the normal velocity on uch 
llftlng surface due to the thickness of the other and thus a new re-
sultant onset velocity due to both loading and thickness effects Is 
determined and Incorporated In the Iterative process previously developed. 1 

I 
u 

] 

[ .l 

[ 



u 

l. 

f. 

R-1581} 

It Is seen that propeller thickness affects only the blade-frequency 
velocity (and multiples thereof) on the rudder whereas rudder thickness 
affects all the frequency constituents of the propeller onset veloclty 
(shaft frequency and multiples thereof). 

The llmlted nuni>er of calculations have shown that thickness of both 
lifting surfaces does not change the qualltatlve description of the re­
sults obtained with loading effects alone. The Interaction problem Is 

governed mainly by Its loading effects. 

The values of mean thrust and torque are changed o.8 to 1. 1i by the 

Inclusion of thickness of both lifting surfaces, the corresponding vibra­
tory values by 2 to 5i, the maximum changes occurring at the smallest 
axlal clearance between propeller and rudder. The effect of thickness 
on the propeller bearing forces and moments Is almost Independent of 
rudder ~ngle and diminishes with Increase In axial clearance. The steady­
state rudder force and rudder-stock moment are hardly affected by the 
lncluslon of propeller and rudder thickness. However, the effect of 
thickness can be large in the case of unsteady rudder lateral force and 

rudder-stock moment and varies cy~llcally with axlal ciearance. The 
observation that the blade-frequency rudder force varies perlodlcally 
with axial clearance Is valld whether or . not thickness effects are 

Included. 

The numerical procedure for eva~uatlng the steady-state and unsteady 
loading distributions and corrftspondlng hydrodynamic forces and moments 
on both lifting surfaces due to thickness and loading effects is adapted 
to the CDC 6600 high-speed dlgltal computer. Inclusion of thickness 

effects has Increased computer running time by only 10~. 

With the Improved program and Inclusion of thickness effects, It 
Is now advisable to perform a systematic series of calculations to bring 

out the roles of various parameters, such as number, expanded area ratio 
and thickness of propeller blades, aspect ratio and thickness of rudder, 

etc., In the propeller-rudder Interaction, In the search for the opt imum 
propeller-rudder configuration. 
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TABLE 1 

HEAN FORCE AND MOMENT COEFFICIENTS 
(Without Thickness Effects) 

Compar ison Of Results Of The Modified Program (1972) 
With Those Of Reference 1 

Ampl I tudes Rudder x0 =0.8356r0 x0 • 0.72r0 I x0 =0.56r0 

Angle ( rad) Ref .1 1972 Ref. 1 1972 Ref .1 1972 

- - . 3738 .3738 .3743 .3738 KF •KT -0.3 .3737 .3737 
X 0 .3737 .3738 .3738 .3743 .3737 .3738 

0.3 .3737 .3738 .3738 ,3743 .3737 .3738 

i<Q •KQ -0.3 .0648 . 0648 .0648 .0648 .0648 .0648 
X 0 .0648 . 648 .0648 . 0648 .0648 .0648 

0.3 .0648 .0648 . 0648 .0648 .0648 .0648 

* i<· -0.3 .00659 .00574 . 00772 .00640 .00868 .00779 
F 0 .00254 .00275 .00254 .00261 .00235 .00264 y 

0.3 .00151 .00024 .00263 .00117 .00398 .00250 

*- .00028 
K~ -0.3 .00001 .00060 .00019 .00059 .00067 

0 .00143 . 00135 .00145 .00149 .00152 .00141 
0.3 .00315 .00271 .00350 .00317 .00362 .00348 

* KF -0. 3,',: .00378 . 00122 .00660 .00304 .01362 .00672 
z 0 .00342 .00339 .00345 . 00325 .00327 .00319 

0.3 .01062 . 00800 .01351 .00955 .0201 ,'.· .01311 
·- - · 

·;'c -
KQ -0.3 .00062 . 00065 . 00195 .00040 . 01+76 .00218 

2' 0 .00367 .00363 . 00368 .00353 .00364 .00353 
q. 3 .00795 . 00662 .00931 .00745 .01204 .00924 

CF 
I 

1.045 1.048 1.046 -Q.3 1 .032 1.039 1.055 
R 0 .026 .033 .026 . 034 .027 .034 

0.3 1. 032 1.006 1. 035 1. 009 1 .047 1. O 15 

CM -0.3 . 0690 .0697 . 0692 . 0698 .0685 .0697 
R 0 .0018 . 0022 .0019 . 0023 .0018 .0023 

0.3 .0695 . 0675 . 0698 .0677 .0692 .0679 
' 

MR 
C = ---'----M p 

R _i A U2 ( 2C ) 
l. R R 

,'c 
co r rected mean values ~or Referenc? 
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X 

KF 
y 

KQ 
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TABLE 2 

BLADE FREQUENCY FORCE AND MOMENT COEFFICIENTS 
(Without Th ickness Ef fects ) 

Comparison Of Results Of The Mod i f ied Program ( 1972} 
With Thos e Of Refe rence I 

Rudder x0 =0 .8356r0 x0 =0.7 2r0 x0 =0 . 56 r0 
Ang I e { rad} Ref . I 1972 Ref . I 1972 Re f . l 1972 

- 0. 3 .0120 . 01 20 .011 9 . 0126 . 0108 . 01 19 
0 .0 120 . 0121 .0119 .0126 .O l 11 . 0119 
0.3 .0120 . 0125 .011 9 . 0126 .01 17 . 0119 

-0.3 .00210 .00210 . 00207 . 002 20 . 001 90 .00208 
0 .0021 0 . 002 11 . 00 208 .00220 .00 194 . 00208 
0.3 .0021 0 . 00212 .00208 .oon o . 00 205 .00208 

-0.3 . 003 50 . 0280 . 00462 . 00309 .0091 1 . 0455 
0 . 00252 .00250 .00246 . 0249 . 00 2- s . 00 254 
0 .3 .002 12 . 00 230 . 002 77 . 0022 1 . 00782 . 00 2 0 

--
-0.3 . 00246 . 002 2 .OOJ 3 . 00226 . 00524 .00 29 2 
0 .00200 . 00 200 . 00 98 . 00205 . 00 189 .00199 
0.3 . 00200 . 00196 . 0244 . 00202 .00498 . 00240 

- 0.3 .00299 . 00283 . 0031 4 .00309 . 00 22 .003 12 
0 . 00279 . 00273 .00273 .00292 . 00269 .00275 
0.3 .00285 . 00270 .00306 .00290 . 00409 .00307 

-0. 3 .0023 . 00225 .002 35 .00240 . 00263 .00238 
0 .00224 .00221 .0022 1 .00234 . 00226 .00223 
0. 3 .0023 0 .00 22 1 .00239 . 00236 .00268 .00233 

-0 .3 .0745 .0 152 .0639 . 0182 . 1048 .0027 
0 . 0440 . 0174 . 0365 .0132 .0544 . 0109 
0. 3 .0508 .0213 . 0429 . 0082 . 0617 .0233 

- 0. 3 . 0200 . 002 23 . 028 1 . 002 77 . 0363 .00389 
0 .0 122 .00245 . 0145 . 00352 . 0133 .00306 
0.3 . 0125 .002 75 .0 156 . 00446 .0204 . 003 22 
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TABLE 3a 

MEAN PROPELLER FORCE AND MOMENT COEFFICIENTS 
(W i th And Without Thickness Effects) 

X :: 0.8356r 
0 0 

Th ickness Rudder Angle In Radians 
-.3 -.2 - . 1 0 . I 

t - .3707 -.3707 - .3707 -.3707 - .3707 0 -.3738 -.3738 -.3738 - .3738 - . 3738 

t .0643 .0643 .0643 .0643 .0643 
0 .0648 .0648 .0648 .0648 .0648 

t .00478 .00378 . .00279 . 00179 . 00080 
0 .00574 .00474 .00374 .00275 .00175 

t -.00056 -.00102 -.00147 -.00192 -.00238 0 .00001 -.00044 -.00090 -.00135 -.00180 

t .00164 .00011 -.00143 -.00296 -.00450 0 .00122 -.00032 -.00185 -.00339 -.00493 

t -.00048 -.00147 -.00250 -.00346 -.00446 
0 - . 00065 - . 00164 -.00264 -.00363 -.00463 

NOTE: t designates values with thickness effects 
0 without thickness effects 

negative rudder angles are to starboard 
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. 2 .3 

- . 3707 -.3707 
- . 3738 - .3738 

.0643 .0643 

.0648 .0648 

-.00020 - .00119 
.00076 -.00024 

-.00283 -.00328 
- . 00226 -.00271 

-.00600 -.00757 
-.00640 -.00800 

-.00546 -.00645 
-.00563 -.00662 

I 
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KF 
X 

KQ 
X 

KF 
y 

-
K<ly 

-
KF 

z 

KQ 
z 
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TABLE 3b 

BLADE-FREQUENCY PROPELLER FORCE AND MOMENT COEFFICIENTS 
(With And Without Thickness Effects) 

X = 0.8356r 
0 0 

Thick- Rudder Angle In Radians 
ness -.3 -.2 - . 1 0 . 1 

t Hag. .0118 .0118 .0119 . 0119 .0119 
Phase0 203 203 203 202 202 

. 2 

.0119 
202 

0 H .0120 .0121 .0121 .0121 . 012 l 1 ,0121 
p 203 203 203 202 202 202 

I 

t H .00207 .00207 .00207 .00207 .00208 . 00208 
p 23 23 23 I 22 22 22 0 H .00210 .00210 I . 00211 .00211 .00211 .0021 l p 23 23 I 23 22 22 22 

I 
t H .00260 .00254 I .00252 .00251 .00252 .00254 

p 158 164 168 172 176 180 
0 H .00280 .00269 I o 00259 .00250 .00243 .00236 

p 163 166 I 169 173 177 181 

t M .00203 .00198 .00194 .00191 .00188 .00187 p -5 -2 2 6 10 14 
0 M .00212 .00207 .00204 .00200 .00198 .00197 p -4 -1 3 6 10 14 

t M .00283 .00273 .00261 .00251 .00242 .00235 p 106 111 115 119 123 128 
0 M .00283 .00279 .00276 .00273 .00272 .00271 p 108 111 114 117 120 123 

t H .00218 .00217 .00215 .00215 .00214 .00214 p -71 -69 -66 -64 -61 -59 0 M .00225 .00224 .00222 .00221 .00221 . 00221 p -71 -69 -66 -64 -62 -59 
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. 3 

.0119 
202 

. 0121 
202 
-

.00208 
22 

.002:2 
22 

' 

.00257 
183 

.00230 
185 

.00186 
18 

.00196 
18 

.00300 
121 

.00270 
126 

.00215 
-56 

.00221 
-57 
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TABLE 3c 
HEAN AND BLADE-FREQUENCY RUDDER FORCE AND MOMENT COEFFICIENTS 

(With And Without Thickness Effects) 
X = 0.8356r 

0 0 

Thick- Rudder Angle In Radians 
ness -.3 -.2 - . 1 0 . 1 .2 

-
t Hag. 1.039 0.698 0.356 0.031 o.no 0.671 

0 177 176 174 114 3 1 Phase 
0 H 1.045 0.704 0.362 0.032 0.323 o.664 

p 177 176 174 125 3 I 

t " .0695 .0466 .0237 .00212 .0224 .0452 
p 177 176 173 107 3 I 

0 " .0697 .0469 .0240 .00219 .0218 .0447 
p 177 176 174 118 3 1 

BLADE-FREQ,UENCY 

CF t M .0222 .0229 .0238 .0248 .0260 .0273 
R p -44 -49 -54 -59 -63 -66 

0 M .0152 .0157 .0164 .0174 .0185 .0198 
p -36 -44 -51 -57 -63 -68 

~ .00236 .00244 .00261 .00282 CH t M .00252 .00271 
R p -45 -41 -37 -34 -31 -28 

0 M .00223 .00229 .00236 .00245 .00254 .00264 
p -49 -45 -41 -37 -34 -30 

34 

.3 

1.012 
0 

1.006 
0 

.0682 
0 

.0675 
0 

.0287 
-69 

.0213 
-72 

.00293 
-25 

.00275 
-28 

l 
f ' 
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TABLE 4a 

HEAN PROPELLER FORCE AND HOt4ENT COEFFICIENTS 
(With And Without Thickness Effects) 

X = 0.]2r 
0 0 

Th I ckness Rudder Angle In Radians 
-.3 -.2 -.1 0 . 1 

t -.3705 -.3705 -.3705 -.3705 -.3705 
0 -.3743 - . 3743 - . 3743 -.3743 -.3743 

t .0642 .0642 .0642 .0642 .0642 
0 .0648 .0648 .0648 .0648 .0648 

t .00505 .00379 .00253 .00127 .00001 
0 .00640 .00514 .00388 .00261 .00135 

t -.00060 -.00116 -.00171 -.00227 -.00283 
0 .00019 -.00037 -.00093 -.00149 -.00205 

t .00369 .00159 -.00050 -.00260 -.00470 
0 .00304 .00094 -.00115 -.00325 -.00535 

t .00067 -.00064 -.00195 -.00326 -.00456 
0 .00040 -.00091 -.00222 -.00353 -.00483 

.!!fil: t designates values with thickness effects 
0 without thickness effects 

negative rudder angles are to starboard 
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.2 .3 

-.3705 -.3705 
-.3743 -.3743 

... 

.0642 .0642 

.0648 .0648 

-.00125 -.00251 
.00009 -.00117 

-.00339 -.00395 
-.00261 -.00317 

-.00680 -.00890 
-.00745 -.00955 

-.00587 -.00718 
-.00614 -.00745 
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TABLE 4b 

BLADE-FREQUENCY PROPELLER FORCE ANO MOMENT COEFFICIENTS 
(With And Without Thickness Effects) 

X • 0. ]2r 
0 0 

Thick- Rudder Angle In Radians 
ness -.3 -.2 - . I 0 . I -

t • Hag. . 0121 ' .0121 .0121 .0121 .0121 
Phase0 208 208 208 207 207 

0 H .0126 .0126 .0126 .0126 .0126 
p 208 208 207 207 206 

t H .00211 .00211 .00211 .00211 .00212 
p 28 28 28 27 27 

0 M .00220 .00220 .00220 .00220 .00220 
p 

i 28 28 27 27 26 

t M ! .00287 .00263 .00240 .00221 .00206 I 
p 153 158 164 171 179 

0 M . 00309 .00287 .00266 .00249 .00242 , p 158 162 168 174 182 
I . 

t I M , . 00209 .00197 .00189 .00182 .00179 ! 
I 

p ! -11 I -5 2 9 16 
0 M .00226 .00216 .00208 .00205 I .00199 

I 
p -4 I -3 4 10 17 

I 

t M .00293 .00286 .00280 .00275 . 00273 
p 103 107 112 116 121 

0 M .00309 .00302 .00296 .00292 .00290 
p 104 108 112 117 121 

t M .00230 .00227 .00225 .00224 .00223 
p -74 -70 -67 -63 -59 

0 M .00240 .00237 . 00235 . 00234 . 00234 
p -73 -70 -66 -63 -59 

)6 

.2 .3 

.0121 .0121 
206 206 

.0126 .0126 
206 206 

--
.00212 .00212 

26 26 
.00220 .00220 

26 26 

.00195 .00190 
188 198 

.00226 .00221 
190 198 

.00178 .00181 
23 31 

.00199 .00202 
23 30 

. 00272 .00274 
126 131 

.00289 .00290 
126 130 

.00224 .00226 
-55 ·52 

.00235 .00236 
-56 .. 52 
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TABLE 4c 

MEAN AND BLADE-FREQUENCY RUDDER FORCE AND MOMENT COEFFICIENTS 
(WI th And WI thout Th 'I ckness Effects) 

X • 0. 72r 
0 0 

Thick- Rudder Angle In Radians 
nes s -.3 -.2 - . I 0 . I .2 -

t Mag.
0 

I .039 0.696 0.354 0.032 0.334 o.676 
Phase 176 175 172 106 3 0 

0 H 1.048 0.706 0.364 0.034 0.324 0.666 
p 176 175 173 123 2 0 

t M .0692 .0463 .0234 .00225 .0226 .0455 
p 176 175 I 72 97 3 0 

0 H .0698 .0469 .0241 .00229 .0219 .0448 
p 176 175 173 115 3 0 

BLADE-FREQUENCY 

- .0179 .0163 .0146 .0096 CF t H .0130 .0113 
R p 125 124 124 123 122 121 

0 M .0182 .0165 .0149 .0132 .0115 .0098 
p 132 132 133 133 134 135 

~ 
.00278 CM t M .00300 .00325 .00353 .00383 .00415 

R p -111 -117 -123 -127 -131 -134 
0 M .00277 .00299 .00325 .00352 .00382 .00414 

p -111 -117 -123 -127 -131 -134 

37 

.3 

I .019 
0 

I .009 
-I 

.0684 
0 

.0677 
-I 

.0080 
119 

.0082 
136 

.00447 
-137 

.00446 
-137 
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TABLE Sa 

HEAN PROPELLER FORCE AND MOMENT COEFFICIENTS 
(With And Without Thickness Effects) 

X • 0.56r 
0 0 

Thickness Rudder Angle In Radians 
-.3 -.2 - • I 0 . 1 

t -.3696 -.3696 -.3696 -.3696 -.3696 
0 -.3738 - . 3738 - .3738 - . 3738 - .3738 

t .0641 .0641 .0641 .0641 .0641 
0 .0648 .0648 .0648 .0648 .0648 

t .00542 .00370 .00197 .00025 -.00148 
0 .00779 .00607 .00436 .00264 .00093 

t -.00065 -.00136 -.00206 -.00277 -.00347 
0 .00067 -.00002 -.00072 - . 00141 -.00210 

t .00768 .00434 .00104 -.00228 -.00560 
0 .00672 .00342 . 00011 -.00319 -.00650 

t .00262 .00069 -.00122 -.00314 -.00506 
0 .00218 .00028 -.00162 -.00353 -.00543 

Jm!l: t designates values with thickness effects 

0 without thickness effects 

negative rudder angles are to starboard 
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) 

.2 .3 

-.3696 -.3696 
- . 3738 - .3738 

.0641 .0641 

.0648 .0648 

-.00320 -.00492 
-.00078 -.00250 

-.00417 -.00488 
-.00279 -.00348 

-.00892 -.01224 
-.00980 -.01311 

-.00698 -.00890 
-.00734 -.00924 I I 
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TABLE Sb 

BLADE-FREQUENCY r~OPELLER FORCE AND HONENT COEFFICIENTS 
(With And Without Thickness Effects) 

x
0 

• 0.56r
0 

I Thick- Rudder Angle In R•dlans nen -.3 -.2 -.1 0 . 1 -
t H•g•o . 0113 .0113 .0113 .0113 .0113 

PhHe 211 210 209 208 208 0 " .0119 .0119 .0119 .0119 .0119 p 204 203 202 202 201 

t " .00198 .00198 .00197 .00197 .00197 p 31 30 29 28 28 0 " .00208 .00208 .00208 .00208 .00208 p 24 23 22 22 21 

t " .00402 .00318 .00242 .00182 .00159 p 132 139 150 169 200 0 " .00455 .00377 .00308 .00254 .00228 p 138 145 156 171 193 
t " .00255 .00211 .00176 .00157 .00159 p -35 -25 -11 8 30 0 H .00292 .00251 .00219 .00199 .00197 p -31 -22 -10 5 23 

t H .00282 .00263 .00251 .00246 .00250 p 91 100 110 120 131 0 " ,00312 .00293 .00281 .00275 .00277 p 92 100 109 118 127 ---- - - - --I--• · 

t H .00224 .00217 . 00213 .00211 .00213 p -81 -75 -68 -61 -55 0 H .00238 .00230 .00225 .00223 .00223 p -83 -77 -71 -64 -58 

39 

.2 .3 

. 0112 . 0112 
207 206 

.0119 . 0119 
200 199 

.00196 .00196 
27 26 

.00208 .00208 
20 19 

.00187 .00249 
230 249 

.00238 .00280 
216 234 

---
.00181 .00218 

49 62 
.00211 .00240 

39 52 

,00262 .00280 
140 149 

.00286 ,00307 
136 145 

.00218 .00£'25 
-48 _,,. I 

.00227 .002H 
-51 -45 
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TABLE Sc 

HEAN AND BLADE-FREQUENCY RUDDER FORCE AND MOMENT COEFFICIENTS 
{With And Without Thickness Effec ts) 

x = 0.56r 
0 0 

Thick! Rudder Angle In Radi ans 
s -.3 -.2 -.1 0 . 1 'I ... 

t Hag. 1.032 0.688 0.344 0.031 
' 

0.349 0.693 0 173 172 170 80 ' 0 -2 Phase 
0 M 055 0.710 0.366 0.034 0.326 0.670 

p 174 173 171 121 0 -2 

t H .0684 .0455 .0225 .0023 .0237 .0466 
p 173 172 169 70 0 -2 

0 H .0697 .0468 .0239 .0023 .0221 .0450 
p 173 172 170 108 1 -2 

BLADE-FRE~ENCY 
-
CF t H .0096 .0129 .0166 .0205 .0244 .0285 

R p 233 220 212 208 ' 205 202 I 0 M .0027 .0031 .0068 .0109 .0150 . 0191 
p 322 229 206 200 197 195 

CM t M .00443 .00414 .00392 .00378 .00374 .00379 
R p 100 93 85 76 67 58 

0 H .00389 .00353 .00325 .00306 .00299 .00305 
p 106 99 90 79 67 56 

40 • 

I' 

.3 . l 

1.037 
-3 

1 . 015 
-3 

.0696 
-3 

.0679 
-3 

.0326 
200 

.0233 
194 

.00394 
49 

.00322 
45 
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TABLE 6a 

HEAN PROPELLER AND RUDDER FORCE AND MOMENT COEFFICIENTS 
WITH PROPELLER OF DOUBLE THICKNESS 

Coe ff I c lent Rudder Angle Axial Clearance x /r 
0 0 

rad 0.56 0.8356 

- -0.3(stbd} o. 3690 0.3707 
KT 0 0.3690 0.3707 

0.3(port) 0.3690 0.3707 

-0.3 0.0640 o.0643 - o.0640 o.0643 K(l 0 
0.3 o.o64o 0.0643 

-0.3 0.0055 0.0048 -
0.0018 KF 0 0.0003 

y 0.3 -0.0048 -0.0012 

-0.3 -0.0006 -0.0006 - -0.0026 K<ly 0 -0.0019 
0.3 -0.0047 -0.0033 

KF -0.3 0.0074 0.0016 
0 -0.0026 -0.0030 z 

0.3 -0.0125 -0.0076 

- -0.3 0.0024 -0.0005 K<lz 0 -0.0033 -0.0035 
0.3 -0.0091 -0.0065 

CF 
-0.3 1.033 1.039 

0 0.028 0.031 R 
0.3 1.037 1.012 

CH -0.3 0.682 o.0693 
0 0.0021 0.0021 R 

0.3 o.0693 0.0679 
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TABLE 6b 

BLADE-FREQUENCY PROPELLER AND RUDOER FORCE AND MOMENT COEFFICIENTS WITH PROPELLER Of DOUILE THICKNESS 

Amp1 I tude Rudder Angle hlal Clearance x /r 
0 0 

rad 0.56 o.8356 

~ -0.3(stbd) 0.0109 0.0118 KF 0 0.0108 0.0119 X 
0.3(port) 0.0108 0.0119 

~ -0.3 0.0019 0.0021 KQ 0 0.0019 0.002, X 
0.3 0.0019 0.0021 

KF -0.3 0.0040 0.0027 
0 0.0018 0.0024 y 

0.3 0.0025 0.0022 

~ -0.3 0.0025 0.0020 K°', 0 0.0015 0.0019 
0.3 0.0022 0.0019 

~ -0.3 0.0027 0.0027 KF 0 0.0024 0.0026 l 
0.3 0.0027 0.0026 

~ -0.3 0.002? 0.0022 KQ 0 0.0020 0.0021 z 
0.3 0.0022 0.0021 

~ -0.3 0.0210 0.0287 CF 0 0.0316 0.0317 R 
0.3 0.0431 0.0355 

~ -0.3 0.0034 0.0026 CM 0 0.0033 0.0029 R 
0.3 0.0041 0.0032 

42 



u 

+z 

I 
I 

. I 
I 

R-1589 

RUDDER STOCK 

FIG. I. PROPELLER - RUDDER ARRANGEMENT 
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APPENDIX 

The Generallzed Lift Operators 

Through the expansion scheme for the reciprocal of the Descartes 
distance R (Equation 17 or Equation 27) the chordwlse dependence of the 
control or field point Is separated from Its spanwlse dependence In 
such a way as to permit the Integration over the chord to be performed 
analytically by means of the generalized lift operator technlque11517. 

T~e chordwlse dependence of the expressions for the onset velocltle1 
due to thickness Is shown to be of the form exp( :t:lfcoscp) which can be a 
expanded In terms of the following orthogonal and complete set of functions 

1•<iii)\ 

(A-1) 

In the form 

:t:lf coscp CD • 

e a '.'::J (f) + 2 6 (-l)nJ2 (f)cos2ncp + 21 ~ ( - 1)nJ
2 1(f)cos{2n-l)cp 

o .,. 1 n a n- I n- a 

where J (f) are Bessel functions of the first kind. The orthogonality n 
property of lt(m)\ dictates operation on left and right-hand sides of 
Equa t ions (1) and (2) by the following operators 

where t( I) = 

t(2) = 

TT i J t(m)I I dcpa 

- cos cp a 
+ 2coscp 

a 

0 

t( in) = cos( m-1 )cp , m > 2 a 

A-I 

(A-2) 
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These are termed "generalized 11ft operators" to conform with the well­
known Glauert 11ft operator (m • 1) Introduced In steady alrfoll theory. 

With the designation 

It can be shown that 

( - ) fl If cos <p 
I m (f) .. l r t(in)e a dcp " ~ 0 

l(l)(f) .. Jo(f) - IJ1(f) 

,(2)(f). J
0
(f) + 2IJ1(f) 

I ( in) ( f ) • I ii,.. I J- I ( f ) , in > 2 
m-

It can be seen that l(in)(-f) Is the c~lex conjugate of l(m)(f). 

A-2 

(A-3) 

. . 
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