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I .4 ABStKAC^
A method is presented for the combined calculation of the lift, and lift distribution 
on a wing and also of the trailing vortex flow behind the wing. It is assured chat 
the lift of a wing is generated by a system of vortices distributed over the complete 
wing planform and shed away from each elemental area on the planform. Using the con­

cepts of the vortex lattice method, it is assumed in the linear lift variation case,
that the vortices are aligned on the wing planform and are shed away from the trailing
edges. Due to this interaction between the vortices on the wing -ind in the trailing 
wake the well known rolled up vortc-x sheet is obtained. When the vortices from each 
element on the planform are allowed to be shed locally into the flow, the interactions

between these free vortices and the bound vortices on the wing results in a nonlinear
lift variation. Vortex line interaction calculations for the trajectories of tho^e- 
vortex lines are new being programmed. As a result, the leading edge lift vortices 
which are obtained on slender wings can now be handled. This report contains a 
description of the numerical method.. It is suggested numerical difficulties in 
representing a vortex sheet by discrete line vortices can be avoided by proper selec­

tion of the vortex spacing. The calculation based on the present method result in good 
estimation of the lift coefficients (both the lin.var and nonlinear cases) for wings 
of any aspect ratio when conpared to available experimental data. The vortex sheet 
shape calculated for the high aspect ratio wings is qualitatively in agreement with 
experimental data. Quantitative evaluation is hampered by the fact that the accuracy 
of the experimental data due to effects of wing^ tunne* and instrumentation interfer­

ences has not been resolved.
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ABSTRACT 

This report presents a method for the combined calculation both 
of the lift , and liic distribution on a wing and also of the trailing 
vortex flow behind th wing . It is assumed that the lift of a wing is 
generated by a system o vortices distributed over the complete wing 
planform and ~hcd away from each eJ.eme•1tal area on the planform, 
Using the concepts of the vortex latt.i.ce method, it is assumed in the 
linear lift variation case,tha the vortices are aligned on the wing 
planform and are shoo away fran the trailing edges. Due to this inter­
action between the vortices on the wing and in the railing wake the 
well known rolled up vortex sheet is obtained, Wh n the vortices from 
each element on the planform are allowed to be shed locally into the 
flow, the interaction between these free vortices and the bound 
vortic on the wing results in the nonlinear lift variation. The com­
pletion of the vortex line interaction calculations for the trajectories 
of these vortex lines which are now being programmed will reault in 
rolled up vortex sheet starting from the leading edges, that .i.s, the 
leading edge lift vortices which are obtained on slender wings should 
now be simulated, 

··" 
The present report contains the description of tho numerical method. 

It is suggested that the numerical difficulties in representing a -vortex 
sheet by discrete line vortices may be due to the uae of potential 
vortices· which introduc~ .velocity singularities at their centers. These 
problems c n be avoided by proper selection of the vortex spacing. The 
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calculations based on the present method result in good estimation of 
the lift co ffici ents (both the linear and nonlinear cases) for wings 
of any aspect ratio when compared to available experimental data. The 
vortex sheet shape calculated for the high aspect ratio wings is 
qual i tatively in agrement with experimental d~ ta. Quantitative 
evaluation is hampered by the fact that the accuracy of the experiment 1 
data due to effects of wind tunnel and instrumentation interferences has 
not been resolved. ~he vortex sheet shape over slender wings is still 
being calculated by the present method and results will be presented 
in a future report. 
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l. INl'RODUCTION 

Every aircraft in flight trails behind it a region of disturbed 
flow. At subsonic speeds this flow is influenced mainly by the vortex 
system generated by the w!ng lift. The strength of these vortices 
increases as the wing lift is increased. Furthennore, the vortices 
tend to persist for great distances behind the wing since the viscous 
disAipation is weak at flight Reynolds numbers. 

It is known that the vortex layer behind the wing tips and the trailing 
edges •is unstable 6.nd rolls up into two _:,,e11 defined vortices. For some 
large aircraft the measured tangential v&locities at the edges of t he c res 

(1, 2) 
~ these trailing vortices ~each values of 2-00 to 300 ft. per second _. . 
Th se velocitieq are large enough to becane a serious technological problem 
(illustrated in Fig. lt in the determination of •airplane ■pacing around 

busy airports and in flight corridors. The overall circulation around 
the cores is fixed by the maximum wing chordwise circulation, which is 
normally at center span, and, since the span-loading distributions of 
wings do not vary much in shape under normal circm■tancea, the 

circulation is proportional to the wing lift with approximatel.y t he same 
constant of proportionality in all cases. Any significant change in this 
constant can only be brought about by drastic modifications to the normal 
wing geometry, inevitably resulting in a considerable lo■■ of efficiency. 
However, the diameter of the cores, and hence the maxiaua velocities 
near their edges may be &m&nable to more subtle trutaent. Before we can 
contemplate how to do this, we must knew more about how the wake is 



- 2 -

influenced by the details of the wing geometry and how the rolling-up 
process occurs. 

Another possi bility for reducing ~e effects of the trailing vortices 

is to try and increase dissipation. This viscous dissipation at flight 

Reynolds numbers is generally rather weak, and, barring any other effects, 

the trailing vortices may persist for a distance which is of the order of 

many thousands of wing spans, i.e., a considerable number of miles behind 

a large airpla~e. One mec nism by means of which the dissipation is 

accelerated is by the breakup of the trailing vortex pair into small ring 

vortices. This breakup is due to the instability of the system caused by 

the amplification of oscillatory distw:bances< 2>. This instability may be 

triggered earlier by oscillatory variation of the wing lift or it may be 

affected by variation of wing lift distribution. Therefore, either of the 

two ways of affecting the trailing vottices requires a knowledge of the 

relationship between the lift distribution on the wing and the trailing 
vortex flow field. 

This report presents a method for the combined calculation both of 

the lift di tribution on the wing planform and the trailing vortex flow 

field behilld a wing. The l ift of a wing is generated by a system of 

vortices which are then shr..d into a vortex sheet behind the wing. For a 

high aspect ratio wing, theae vorticea roll up into the well known tip 

vortices<
3

,
4

,S,
6
). A se•ingly different flow structure ia obaerved on 

low aapect ratio wing■ 7
,
9

, 9
> ,where, the vortices •e• to be •he £ran 

the leading edge■ and the wing tip■ and in thia case an additional lift 



is obtained (the nonlinear lift). In the present analysis we assume that 

the vortices which are generat d at the tips and the trailing edges of the 

high aspect-ratio wing should be similar in nature to those which are 

generated by the leading e ges and tips of the low aspect-ratio wing. 

Although the appearance o· the leading-edge vortices is associated with 

the bo da 1 i i ~- b h (8,9,10,ll,12,13,l4)th t un ry ayer separat on t uas een sown a 

the lift generated can be obtained without di rect calculation of the 

boundary layer separation. This formulation enables the setting up of 

a vortex distribution on the wing planform regardless of whether i~ is a 

low aspect-ratio or a high aspect -ratio wing. Therefore, it should be 

possible to obtain the correct lift distribution by a unified method for 

any wing in subsonic flow. 

The lift of a wing is obtained by adding the contributions of the 

vortices distributed over the wing planform. There are various analytical 

and numerical methods for the calculation of this lift distribution. The 

(15,16) 
vortex lattice method used in the lift calculations is selected 

as being beat suited for our purpose. In the classical vortex lattice 

method the vortex lines are aSBumed to remain straight after being shed 

fr.om the wing. It can be shown that this approximation gives reasonable 

results for lift distribution on a high aspect-ratio wing. However, in 

the case of low aspect-rati o wings, particularly at h gh angle■ of attack, 

ona must include the effect■ of the interactions between the voxtice■. 

Th••• interActions change .;he trajectories of the vortices and th• result 

is a rolled up vortex sheet. This new shape of the vortex wake 

must be included in the calculation of the lift. Therefore a calculation 



scheme that .i.ncludes a vortex la tice on the wing planform and trajectories of the shedded vortices and their mutual interactions will yield a single procedure ,for the generalized calculation of lift for all types of ~inga. A numerical method for the calculation of the lift distribution by a scheme including the interactions between the vortices is developed. In the present calculation the effect of the non planar rolled up wake i• considered. The results of these lift and vortex-wake calculations are being COlllpared with availabe experimental results• 

In the present r eport all t he calculations are applicable only to incanpressible flows. Therefore, the results ar.e applicable only for wings at low speed. There are various ways of including effects of c011-pressibilitY,these however have not been used as yet for the vortex r 11-up calculations. 

J 
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2. OUTLINE OF THE ANALYTICAL MODELS USED IN THE CALCULATIONS 

The analytical models used in the calculations of the lift distribu­
tion and the rolling up of the vortex sheet are presented in graphical 
fom in Figs. i,3 and 4. 

2.1. The Elliptic Lift Distribution 

The basic approximation is in the representation of the distributed 
vorticity on the wing planform and in the trailing vortex sheet by 

(4) 
discrete line vortices. ThiR approximation was introduced by Westwate 
in 1936. He represented the elliptical lift distribution by twenty discrete 
line vortices. In his model, the l i ne vortices extended to infinity in 
both directions and the effect of the bound vortex was neg ected. This ia 
shown as model (a) in Fig. 2. Using this model, Westwater showed that due 
to mutual interactions the line vortices will roll up into two oncentrated 
tip vortices. Initially the line vortices are in a plane and therefore 
this is a two-dimensional model which can be called the "elliptic, two­
dimensional, "rolled-up vortex wake". Some numerical problems are encountered 
in the calculations using these discrete vortex lines. These will be 
discussed in Part (3.2) where the numerical proc ure is presented. 

An improved calculation is obtained by including the effect of the 
boWkl vortex and eliminating the upatreua portion of th~ line vorticea from 
- • to the wing bound vortex line. Thia ia presented a■ model (b) in Pig. 2. 
In this model the elliptic lift diatribution is atill u■ed, however the 
introduction of the bound vortex in the wing planform reaulta in a 
simplified three-dimenaional vortex yat- when the wing ia held at an 
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6 

angle of attack. This model will be called the "elliptic, three-

dimensional rolled-up vortex wa e". 

2.2. Lift Dictribution Based on the Vortex Lattice Method 

Models using a more realistic lift distribution on the wing plan­

form are presented in Fig. 3. These models are limited to linear 

variation ·of the lift with angle of attack. There are several 

methods for the calculation of the lift distribution on the wing plan­

form. The vortex lattice method has been selected here &11 being the 

most suitable for the numerical calculations of the vortex wake roll 

up. These calculations are carried out usiny the steps shown in Pig. 3. 

Step l 

calculation of the lift on the wing planform by the vortex lattice 

method (VLM). The wing is subdivided in both the spanwise and chord­

wise directions,into a number of elemental areas and the circulation 

distribution is calculated assuming a planar wake. 

Step 2 

The calculated spcanwise circulation distribution is placed on the.wing 

trailing edge. A two-dimensional vortex interaction calculation is now 

performed, fran which the rolled-up wake is obtained . . , 
Step 3 

The original VJ:,.M lift distribution, obtained in Step 1, is -now combined 

with. the two-dimensional rolled~up yortex W:ake obtained in, S~ep 2. 

Calculating their mutual interaction,s reault• in a new rolled-up vortex 
- I 

wake. This s lution ia ·called the"VLM-3D rolled-up wa.k" 
... 

' ' 

• 

f!4Ub2 , 



Step 4 

The mutual interaction of the VLM lift distribution and the three­

dimensional rolled-up wake which was determined in step 3 re11Ult■ in 

a new lift distribution which i■ calculated by ~A iteration procedure. 

The method is called "the modified vortex-lattice method" (MVUI). 

Step 5 · 

The lift distribution determined in the MVLM calculation is now uaed 

to modify the three-dimensional rolled-up wake to obtain the"MVLM 3D 

rolled-up wake" 

2.3. The Non-Linear Lift Distribution 

The VLM calculations ar based on variations of lift 

with angle of attack and therefore are applicable mainly to high­

aspect-ratio wings. The non-linear lift variation, that is of particular 

interest for low-aspect ra io wings, iB obtained by the procedure which 

is shown in Fig. 4, using the following steps: 

Step 1. 

The non-linear lift distribution is calculated by dividing the wing 

planform in the span se and chordwise directions. The value■ of the 

circulation at each of the resulting cell■ i■ calculated a■■\11.ing 

straight vortex lines to be ■hed from each one of the cell■ at a 

pre■cribed angle to the flow direction. 

Step 2. 

The ■traight line vortices shed from each cell are allowed to interact 

and their new trajectorie■ are obtained. Thi■ calculation re■ult■ in a 

three-dimen,ional, non-linear, rolled-up wake. 
~ 

·' 
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Step 3. 

The calculations of steps 1 and 2 are repeated until convergence is 

obtained for the vortex strength in each one of the cella. Thi• 

calculation results in the final shape of the three-dillenaional, non­

linear, r olled-up wake. Thu• thi calculation reault• in the 

evaluation of the diatribution of lift on the wing planfom and alao 

the shape of the rolled-up vortex sheet. 

This method is called the NUWLM-3D method ("Non-Linear, Modified 

Vortex-Lattice Method in Three Dimension■"). 



3. OUTLINE OF THE NUMERICAL PROCEDURES 

3.1. The Representaticn of the Vortex Sheet b~Discrete Vortices 

The numerical method for the representation ~f the wing vortex 
sheet utilizes a finite number of line vortices. The early work of 
Westwater{4) showed that the vortex sheet so represented will roll 
up at the edges. This formulation results in a two-dimensional problem 
for the location of the individual line vortices at each plane. Per­
forming this calculation on a digital computer was hampered by various 
numerical difficulties. It is stated in Ref. 17 that the approximation 
of replacing a vortex sheet by an array of line vortices has inherent 
problems due to the trajectories of the outer vortices. Furthermore 
it is shown that these difficulties cannot be avoided by increasing the 
subdivisi ns used. 

The discrete vortic~g used in the work of Westwater( 4) and discussed 
in Ref. 17 have a velocity singularity at their centers. Therefore as 
the distance between a pair of vortex lines diminishes numerical problems 
arise. This problem can be avoided if we remember that when dealing 
with discrete vortices, we must specify a minimum distance of approach 
between two v,)rtices, that i•, ■pacify a core radius. When two vortices 
are in such close proximity that their cores are in contact then we 
specify that they combine to a single vortex who■e strength equal■ the 
sm of the two vortices. The new core area may be as■\Ded to be 
proportional to the total circulation. Thi■ hypothesis muat limit the 
n\aber of discrete vortic,■ which can be obtained over a wing ■pan. 



This p ocedur may be justified also by the fact that in previous 
calculations reasonable results were obtained only when a limited 
numbc.r of discrete vortices were used. 

0ur lirst numerica solutions did not include the finite core 
model just discussed. Therefore, the various numerical problema 

which are associated with the discrete potential vortices were 

excluded by varying the number of vorti ces and the number f 

segments into which each vortex was divided t"'ltil the numerical 
<litficulty disappeared. 

3.2. Two-Dimensional Trailing Vortex Calculations 

In the simplified approxi.mation,discussed in 2.1, the circulation 
on the wing is ass\Ded to be elliptic: 

Thia· circulation is divided into a number ot discrete vortices. The 
c0111n0nly used divisions are either equal strength vortices or equally 

spaced ones. The induced velocity is derived trca the Biot-Savart 
Lav: 

n , j 

2 2 (x -x ) - (y -y ) j n j n 

n , j 

The displacement of a line vortex is then obtailled 

dx dy - V dt - V -i i V 

(2) 

(3) 

(4) 
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dx dz • w dt a w -i i V (5) 

The vortex system center of gravity for the elliptic distribution is 
b/2 dr 

f y dy dy 
o ff (b/2) (6) 

Ycg • b/2 dr • 4 

0 
/ dy dy 

z • 0 cg 

The numerica l calculation baaed on these relations i ndicat ed three 

problems, which are the manifestation of the difficulties discussed in 

3.1. These are: firstly, the ·"escaping" of the vortex near the ·ip,(Fig . S). 

Secondly, the vor .eJC lines cross over each other (physically impossible 

i n real flow) and thirdly, the cross-section of the vortex sheet be-

com3s irregular when many vortices and many steps in the calculation 

are used. These difficulties are illustrated inFigures :6 8.nd 

(7) • 

The first problem is due to the short distance between the two 

vortices at the tip. As discussed in 3.1. this difficulty is due to 

the difference between the reel velocity distribution as shown in 

sketch (a), and the potencial vortex used in the relations (2) and 

(3) shown on sketch (b). 

'w 

Sketch (a) 

'w 

.\_ 

Sketch (b) 



- 12 -

The initi~l spacing between the vortices in the tip zone is larger 
in the equally spaced case than in the equal strength one. This numerical 
difficulty is thu~· less severe in the equally spaced· distribution which 
is therefore adopted in this work. 

The problem of crossover of the vortex lines is eliminated by select­
ing the nwnber of vortices and the nwnber of steps in the calculation. 
Thf.1 problem of irregular shap~ of the cross-s~ction of the vortex sheet 
ia caused by a large number of vortices or very short streamwise steps 
in the cal ~ulation. This problem again can be avoided by selecting a 
proper combination of the number of vortices and the number of steps. 

Calculations were performed with a wide ran e of variables. These 
calculations indicate that the combinations of N • 5 with M • 16,32,64, 
1041 N • 10, Mr. 16,32,64; N • 20, M = 32, result in well behaved 

solutions as shown in the two-dimensional case in. Figure 8. . The 
center of gravity of the tip vortex for all these cases remains in the 
original position, as required by Betz's theorems(lS). 

3. 3. The Vortex Wake Modified by the Bound Vortex 

A more realistic model for the vortex wake of a wing can be obtain­
ed by incluaion of the effects of the bound vortex and the subatraction 
of the effect of the upstream vortices fran the simplified two dimensional 
model. The first iteration starts with the vortex pattern obtained in the 
previous calculation described in 3.2. The solution is obtained by sub­
atracting the induced velocities due to the upstream vortices extending 
fr011 - •too, and by adding the effect of the bound vortex at 0.2SC. 
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The sections of the trailing vortices fran the trsiling edge to this 
bound vortex are also added as seen inFiq. (2b). The velocity field 
i s now calculated by the relation 

n k1 
Qj • i:l 4whi (cosai + cosBi) n ; j (7) 

The aystem is solved by an iteration procedure until the velocities of 
successive calculations converge to within a predetenained tolerance. 
The result of the trailing vortex calculation is shown in Figure 
8, and is canpared there with the two-dimensional calculation. It is 
clearly seen that the bound vortex does affect the flow field although 
qualitatively both solutions re similar. A aomewhat similar solution 

(19) was presented by Hacket and Evans . In Reference 19 the Westwater 
solution is modified in the cross flow plane allowing for the influence 
of the wing bound vortex. The calculation is baaed on a known spanwise 
lift distribution and it ia shown that a vortex grouping i■ obtained 
at the tip. However,in this calculation the vortex sheet does a011e­
timea cross itself. An additJonal calculation baaed on a similar 

(20) method is presented by Butter and Hancock . A method is developed 
for th1:, prediction of the spatial distribution of the trailing 
vortices during the rolling up process, giving the overall dovrwash 
field behind the wing. The method extends WHtvater's model to include 
the effect of the wing bound vortex and the three-dimensional pattern 
of trailing vortices. 

In thia calculation the swept wing is replaced 
by a single lifting bound vortex which represents the circulation 
distribution around the wing while the trailing vortex sheet is 
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approximated by a number of discrete line vortices. Starting with a 
nearly planar system and following a step by step calculation work-
i :ig downstream . aft of the wing trailing edge, the deformation of the 
trailing vortex sheet is determined. A further iteration procedure, 
keeping the same spanwise load distribution on the wing check• out 
the results. It has been found in Ref. (19 j ·(as in our work) that 
using equally spaced vortices avoids many of the numerical problems 
which are found when vortices of equal strength are used. Numerical 
aspects and the accuracy of representing the wing by a single bound 
vortex are not discussed in Ref.20. 

It can be noted that since the entire vortex pattern consists 
of straight line segments the calculation of the downwash and side­
wash at any point is based on the Biot· Savart-Law. The principal 
factors limiting the accuracy of the results are the step l ength and 
the number and position of the vortices chosen to repreaent the 

trailing vortex sheet. 

3.4. The Modified Vortex Lattice Method 

A more realistic apprnxilllation to the wing lift diatribution can 
be obtained by the use of the vortex lattice method where the wing 
surface is divided nto a large number of cells, where each of the 
cells is treated as a lifting surface. Therefore, each cell i■ 
represented by a single horseshoe vortex with it■ bound vortex at the 
1/4 cell chord and the trailing vortice■ are a■■aed to be ■traight 
lines trailing to infinity. he vortices are determined ■o that the 
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veloc ty boundary condition at the 3/4 chord line of each cell due to 
the total wing ci culation is satisfied. The method was fizwt developed 
by Falkner in Ref. 21, 22, 23. 

The induced velocity field and the circulation distribution at the 
various cells arP. related by a matrix equation 

[VJ • [HJ [K] 

where [HJ is the influence matrix, determined from the wing planform 
and its . •ubdiviaion. 

From the calculated [K) matrix, the lift, moment and ·aerodynamic 
cunter (x 1 y ) location can be evaluated by the followi g 

c.p. c.p. 
relations: 

where 

for a 

l b/2 
1b 

CL - - J C: . Cd dy = _U_N_$-=-s_b/2 i ~i · • s' 

rectangular wing 
N 

2 s 
cL. Uh'C r 

• i•l 

UC . CR, 
L i 
'} 

N 
C 

r 
j•l 

JC 
'ij 

The pitching manent an be estimated by 
X c.p. 
C 

where: 

N N 11 . . . C 
r r 

i•l j•l 
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N N N N Es Ee 
CR,:' . . R, Es ECK 

1xij i •l j=l . x . . 
i•l " ij 

X - i] l.J ,. j•l 
d c.p. CL N N s C 

E E ~ij 
i•l j•l 

N N N N Es Ee 
CR, ,. 9, . I:s Ee K t 

i • l j • l ij _;ij i•l j•l ij Yij 
Yep• - -CL N N 

8 C 

l: E Kij 
i•l j•l 

Since in this model the trailing vortices are asaumed to rauin 

in their original straight line ·position&, this model cannot be u■ed 

to evaluate the 1:. • .ape of the trailing vortex. Furthermore, the effect 

of the interference of the rolled up vortex aheet on the wing lift 

cannot be obtained by thig approach. With the use of the pre■ently 

available large digital canputers it is possible to account for the 

interactions of the bound and trailing vortices of each eel and 

therefore obtain the shape of the rolled-up vort~r. aheet behind the 

wing. Once the rolled-up sheet is calculated, it i• poaaible alao to 

calculate the effect of the induced veloci~y field due to thia trailin«J 

vortex wake on the strength of the vortices at each cell. Thia 

calculation require• an iterative procedure aa preaented in 2.2 and 2.3 

where it is referred to aa the "Modified Vortex Lattice Method (MVLM)". 

(In the nonlinear lift caae thia program ia denoted by "(HLNVLM)". 

3.5. The Linear Lift Variation Modified Vortex Lattice Method - MVLM 

The numerical procedu~e for the caae ot' linear lift variation i• 

presented in 2.2. However, there are three conaiderationa that au■t be 

checked. The•• ares firatly, the ahape of the bound vortex in each 
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cell, secondly, the location of the bound vortex and the location of 

the control point in the cell and thirdly, the number of the chordwise 

subdivi. ·on N, and the spanwise subdivision N, needed to obtain a C S 

reasonable solution. 

One altert~ative for the shape of the bound vortex in each cell i ■ 

to plnce this vortex perpendicular to the wing axis. Thia system was 

adopted originally by Falkner (22), Robinson and Zlotnick (24) and more 

recently.by Blackwell (26) nd is illustrated in sketch (a). Th other 

alternative is to place an inclined bound vortex aligned on constant 

percentage chordlines as in the works of Hedman (:26) , Fox (.27) and 

Margason and Lamar (15) and as illustrated in oketch (b). 

I 

Sketch (a) Sketch (b) 

In the two-dimensional case the bound vortex po■ition and the control 

point position can be ael cted so that the vortex lattice 

calculation result■ in the same lift and pitching mcaent as doe■ the thin 

airfoil theory. The corresponding positions are at o.2sc for the 

bound vortex and 0.7SC for the control point. It ■hould be noted that 

in the case of a square cell this poaition of the control point i■ 
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equidistant from the bound and streamwise vortices ( ■ketch (c)). 

I cl I 

------ 1 
YL cl cl 

J_ I 
¼ cl L--. __ __,_t 
I 

¼cl 

t 

Sketch (c) 

The effect of the subdivisions on the re■ults of the calculations 
was checked for the cases of rectangular nd delta wings. The l i ft 
coefficient is calcul ted for AR• 5.33 rectangular wing for various 
N and N subdivisions and the results are presented in Table Ia. 

C S 

It is seen that two cho •dwise stations give adequate results. Twenty 
spanwise stations, N , 

8 result in an error of l••• than 21 in the 
value of CL with respect to the asymptotic value. Th••• results a 
are in agre ... nt with those of Ref. 15. Lift coefficients of various 
AR, rectangular wings are shown in Table Ib. 

The effect of chordwiae and spanwise ■ubdivisions on the lift co­
effici nts of delta wings with AR • O. 5 to 5 and AR • 3 cropped delta 
wings is present in Tables II and III. 

J.6. Non-Linear, Modifi d Vortex-Lattice Method - NUWLN 

The wind tunnel studie■ of sharp leading-edge low aspect-ratio vincJs 
have shown thAt even at relatively low angle■ of attack the flov 
separates frca the leading edge and rolls up into two cone-shaped 
voi:tex sheets. An increa■e in lift at a given Mn9le • attack 
result■, and it is this increa■e thAt is usually refer to 
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as the nonli near (or vortex) lift. The vortex lift also changes the 

distribution of the lift on the wing planform. Because of the flow 

separation at the leading edge the pressure peaks pr dieted by the 

potential flow theory are not developed. 

Various methods have been developed for the estimation of the 

lift due to the separated vortex sheets. These can be groped as follows: 

(a) :&npiri cal ~pproximations-Locke f28), Poisson-QUinton 129) Bergessen 

and Porter (30) . (b) Betzes' Theory" -The lift increme· t equals the normal 

force developed because of the cro~s flow (Ref. (18), (c) Polhamus'• Theory: 

based on a leading edge auction analogy (Ref. (7)), (d) In the 4th group 

the two spi ral vortex sheets are replaced by two concentrated line vortices 

above the wing and two feeding vortex aheetacoMecting the wings' lea.ding 

edges and the line vortices . In these methods several approximations to 

the shape of the real spiral vortex sheets have been made. Brown and 

Michael (12) for exaq,le, use isolated vortices and planar feeding sheets. 

Mangler and Smith(B,lO,ll)have improved on this model,by calculation of 

an approximate form of the vortex sheet between the wing leading edge 

and a point not too distant from the center of the vortex spiral. 

Bollay in Ref. (13),aaaumea that the vorticity shed ahead of the 

trailing edge of a rectangular wing is incl.ined-- at one half the 

angl e of ttack relative to the flight direction. Thi• lower inclination 

of the vortex lines reduce• the downwaah induced at the wing surface and 

th reby requires additional circulation in order to Mintain the boundary 

condi t on of tangential f~ow the wing surface. The appli cation to 

rb trary planfona win ha• been carried out by Geraten(l4). In Ref. 



- 20 -

(14) the wing is repalced by infinitesimal lifting elements. In this 
case Bollay's mathematical model is applied to each lifting el•ent 

nd is solved for the surface load distribution which is required to 
satisfy the bound ry conditions. 

In our present work we try to combin Gersten's theory and the 
vortex lattice method. The wing is divided into a finite number of 
cells as in the linear VLM . Howev r it is assumed in this case that 
the free vortices le ve the cells at an angle of a/2. The matrix • 
equation is solved as in the linear case and the nonlinear circulation 
io obtained. Thia circulation ia used for the rolled up vortex sheet 
calculation. In this method (because of the lack of previo~• 

calculations) it ia of special importance to check the position of the 
bound vortex in each cell i.e. perpendicular or inclined. For rectangular 
wings there is no difference between the two vaya of dividi'l1g the wing 
planform. Results of the preaent method for the AR• 1/30 rectangular 
wing are shown in Fig. 9 and are compared with the experimental results of 
Winter aa presented in Ref. (13). 

For wings of non rectan9Ular shape the results indicate that the 
effect of the inclination c.f the bound vortex ia large. It ia found 

that the perpendicular bound vortex results in a better agreanent with 
the experimental results than the inclined one. ' 
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4. THE COMPUTER PROGRAMS 

Canputer programs are preparod for carrying out the calculations 
discussed in the previous Sections. The programs are written in Fortran 
IV for the IBM 370/165 omputer. The calculations have been performed 
in the canputer center of the Technion-Israel Institute of Technology. 

The outline of the programs in the form of flow charts are presented 
in the Appendices A to F. 

The flow chart for th computation of the rolled up wake for two­
dimensional and three-dimensional elliptic distributions uaing equally 
spaced vortices is presented in ,Appendix A and that for the equal 
strength vortices case in Appendix B. The flow chart for the calculation 
of the linear aerodynamic coefficients by che vortex lattice method (VLM) 
is presented in Appendix c . . The flow c~rt for the calculatior. of the 
linear aerodynamic lift coefficients and the shape o~ the rolled up wake 
based on the vortex lattice method is presented in Appendix D. The flow 
chart for the modified vortex lattice method (MVLM), that includes the 
results of the interactions between the lift distribution on the wing and 
the rolled up wake is presented in Appendix B. 

Computer programs for the non-linear lift cases are being developed. 
The program for the nonlinear aerodynamic coefficients ass\Ding straight 
vortices in the wake at a/2 inclination ia pre■ented in Appendix F. The 
programs for the roll d up vortex wake and the complete non-linear wing 
aerodynamics (corresponding to those presented in Appendices D and B for 
the linear case are being developed at present. 
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5. RESULTS OF THE CALCULATIONS 
5.1. The Calculations of Aerodynamic Coefficients 

The aerodynamic coefficients of wings are obtained from the calculations 
based on the vortex lattice method by the program presented in Appendix c, 
and by e modified VLM presented in Appendix E. The nonlinear coefficients 
are calculated in this report by the simplified program described in Appendix 
F. The calculated aerodynamic coefficients of the various wings are compared 
with those obtained by other methods, and with experimental values. 

For rectangular wings the evaluation of the lift curve slope by the VLM 
is in good agreement with experimental valuH as seen in Fig . . 10, (where the 
experimantal results &%le s\1111111.Uiaed fr·011 Refu:ences ,31 and132h . The• effect 
of various subdivisions of the wing ia presented in Table la for an aspect 
ratio 5.33 wing and in Table lb for rectangular wings of AR between 0.5 and 
6. 

Nonlinear res· lts are obtained for rectangular wing• of various aspect 
ratios. The nonlinear contribution is indicated in Pig. 11. It is seen that 
for wings with aspect ratio below 3 the additional nonlinear lift is con­
sic'!erable. Of particular interest is the AR• 1/30 rectangular wing for 
which the nonlinear lift was eatimated by Bollay (13) and the experimental 
measurements of Winter• (cited in Ref.13) are available. The result• of 
the present calculation which are in excellent agreement with the data are 
preaented in Pi~. 9. SOme additional data for the nonlinear lift of 
rectangular wings is included in Ref. 33. The lift coefficient of AR land 
2 straight rectangular wincJ• ia preaented in Piga. 12a and .12b reapectively. 
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0 The results for rectangular wings with 45 sweep are presented in 
Fi gs . 13a and 13b for wings of AR 1 and 2 respectively. The 

calculations of the lift coefficient, CL, and the lift curve slope, 

CL , for delta wings of varioua aspect-ratio have been perfonned a 

by the linear VLM and MVLM. These are compared with results of 

other methods as well as with the experimental values. The 
calculated values of CL at 

a Reference 41 in • Fi-gure 14'. 

a • o are compared with the data of 

The. nonlinear 'lift · cal:culat~• •• •' · ... 

by the simplifi ed NLVLM is compared with the VLM calculation for 

delta wings at a • 10° in Fig. 15. The particularly high values 

of the nonlinear lift for wings of aspect ratio leas than .2 are evident. 

The nonlinear lif t of low aspect ratio delta wings is evaluat ed 

by the simplified NLVLM program. Calculation of the lift ®efficient■ 
of delta wings of AR• 0.5 and AR• 2 are. presented in Figures 16a and 
l6b respectively,included are the experimental reaults fran Ref■ . 35 

and 36. The experimental results for a cropped delta wing (from Ref. 
14) are compared with our calculated values in Pig. 17. In all these 
cases the agreement between the calculated results by the NLVLM are in 
very good agreement with the experimental data. 

5.2. The Rolled up Vortex Sheet Calculation■ 

The shape of the rolled up vortex eheet behind the vincJ ia calcula~ed 
by the progr•s of Appendix A for elliptic lift distribution, Appendix 
D for the VLM distribut on and Appendix E for the MVLM distribution . 

• 
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The computer plotted vortex sheet shapes behind a rectangular wi ng 
0 of AR • 3 at a • 10 are presented in Fi g. 8 for the elliptic lift 

distribution, in Fig. 18 for the Vut case and in Fig. 19 for the MVut 
case . 

In the case of the elliptic lift d t ribution the vortex sheet has 
been calculated with 16, 32 and 64 steps while in the VLM 3D and MVLM 

cases with 16 and 32 steps. It was foun that these step sizes are all 

adequate and only very aall variation of the shape of the vortex sheet 
as the calculation steps are increased are found. These can be seen in 
Table IV where values of the lift coefficients and the vortex center 
trajectories are listed for the various calculation ■taps. 

Calculations of the Vut and MVLM vortex ■heat shape were performed 
also for the AR• 5.33 wing at &n9le of attack of 12°. Some measure­
ments on the vortex center trajectory are reported in Ref.j6 and the 
results are plotted in Fig. 20. 



6. DISCUSSION 

The early models for the lift generation on a wing,developed by 

Lancaster and Prandtl, associated the lift of the wing with a vortex 

' pattern which is shed from the trailing edge and tips downstream of the 

wing and foiis •·up ' to ' the so called "tip vortices" , In the present 

report, we follow a new model for the generation of lift on any wing by 

considering that the lift generating vortices are distributed over the 

complete wing planform and are shed away from each elemental area on the 

planform'. These infinitesimal vortices then join into the well known 

"tip vortices" for the high aspect ratio wing or join into the leading 

edge and tips lift vortices which are found on the low aspect ratio wings. 

This is a generalization of the model of the ' lift on delta wings Yhich was 

suggested by a number of authors. A more definite proposal of such a 

model for generation of lift and the rolling up of the vortex sheet is 

presented by R. Legendre in Ref. 31 and some numerical results based on 

this approach ai:e presented in Ref. 38. However, in this model the tip 

vortices are shed only from the tip chord profile's leading edge. In 

our model the vortex sheet of the COIQplete wing planforM, is involved. 

Therefore we obtain a unified model which enables a single numerical 

program for any wing of any aspect ratio. The generation of vortices 

~var the canplete winv ..iutorm au;g•1&t■' .. the" uae' 'ofuai-1aethod which',;_ -is 

based on a vortex lattic~ distributed over the wing's planform. We 

therefore adopted the VUC procedures for this purpose. An example of 

another approach for wing lift representation may bethe uae o:f the 

Panel Methods developed at Boeing and at NLR and reviewed i ,n References 

39 and 40. 
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Proceeding with the vortex lattice method, we may allow the vortices 
to stay on the wing planform and be shed from the trailing edge only. In 
this case we obtain the linear lift variat i on with angle of attack and the 
vortex sheet shape is obtained by the numerical calculations presented in 
Sections 3.3, 3.4 and 3.5 and the compute~ programs in Appendices D and E. 
These calculations result i n reasonable results for high aspect r atio wings 
(AR > 3) as seen in Figures 10 & 14 for rectangular and triangular wings 
r spectively. 

In the case when we allow ,the vortices from each cell to be shed locally 
into the flow, we obtain free vortices over the wing planform and due to the 
vort~x interaction a nonlinear lift variation with angle of attack is obtain­
ed. For high aspect ratio wings the effects of these interactions are small and the results are almost equal to the case when the vortices stay in the 
w ng planform and are shed fran the trailing edge only. However as the 
aspect ratio of the wing is reduced the effect of the free vortices over the 
wing becanes large. This effect is clearly seen in the canparison between 
the VLM nd the NLVLM calculations presented in figures 11 and. 15 The 
calcul tion of the lift of low aspect ratio wings by the NLVLM is in 
r..arkable gre•ant with the experimental data as is evident from .Figs. ·;g, 
2a, 12b,13a ,13b,16a ~l6b and ' 17 . . It now- raains t 'o ;ct,mple~ the calcul·ation 

of th nonli-near vortex ' sheet · ■hape, • that is-ateps · 2 and 3 ' in Pig. 4,to 
ob in the ca.plate flow pattern, ,as ·well as the aerod~amic coefficients 
of these willg■. 

A basic probla in the n\11118rical method is the representation of the 
vortex sh et by discrete line vortices. This problem i■ discussed in 
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Section 3.1 where it is suggested that the difficulties discussed by Moore 

in Ref. 17 are due to the use of the potential vortex model for each line 

vortex. This model introduces av.el city singularity at each vortex origin 

and therefore results in difficulties when the vortices approach each other. 

A simple way to avoid this problem is to use wide spread vortices - i.e. 

the equal distance division. A more refined approach is to replace the 

vortices by a real vortex model with a finite core radius as suggested in 

Section 3.1. This model is now being programned. Using the present 

nur.:~rical programs we find good convergence of the computer calculations 

as is evident fran the tabulated results (Tables Ia, lb, II and III). 

The shape of the vortex sheet obtained by the VLM and MVLM calculations 

is certainly in good qualitative agreement with the experimentally observed 

vortex pattern of high aspect ratio wings. The very few experimental 

results for the vortex pattern right behind the wing, such as those of Ref. 

37, indicate that the calculated results are probably a good approximation 

to the actual flow pattern. The really interesting results will be obtained 

when the vortex pattern over the wing planform will be computed by the NLVLM 
program. We hope to report this result in a future report. 
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APPENDIX As FLOW CHART FOR PROGRAM OF ELLIPTIC DISTRIBUTIClf -
EQUAL SPACED VORTICES. 

START 

read and print, 
N,M,AL,XT,AR 

Canpute and print the vorticea atrength -
le vector GAM(I), and the vector O'l'Z(I) 

for: I• l, ... ,NN, and turn AL into 
radi ns 

COlllpUte YY(l,I) ,zz l . ,I) 

for I• l, ... ,NN 

Canpute YD(I),YZ(I) for I• l, ... ,NN 

D(I,J)u (YY(JCL,I) - YY(JCL,J))2 + (ZZ(KL,I) - ZZ(KL,J)) 2 

NN 
YD(I) • r 

J• 
J;I 

~ x OTZ (J)Y.{ZZ (JCL,I) - ZZ (JCL,J)) 
w D(I,J) 

~ X orz (J) X (YY (JCL, I) - yy (JCL, Y)) 
w D(I,J) 

Coapute s yy (ICL + l , I) - yy (JCL, I) + YD (I) X D 
ZZ(JCL+ l,I~ •ZZ(KL,I) +ZD(I) xo>: 

w 
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Canpute and print: YGl,ZGl,YG2,ZG2. 
Compute and Print: YG,ZG for every station Print: YY(L,I),ZZ(L,I) for L • l, ... ,M+l 

l•l ... NN 

Detennine ■cale for plotting z ( , ), YY( , ) 
and then lot thm. 

calculate the coordinate• of the vortices on 
the win 

XP • (LL - l) x DX 0- YP • YY(LL,II) 7 
· - --~ ZP • ZZ (LL,II) 

SUMQX • O. 
SUMQY • O. 

z - o. 

l 

XL • l 

Uain9 aubroutine VORTEX e&lculate QX,QY,QZ due to the vortex line frcmi A to B where: XA • (XL - l) x DX 
YA• YY(JCL,I) 

XB • ICL X DX 
YB• YY(JCL + l,I) 
ZB • ZZ(JCL +l, I) 

ZA • ZZ (ICL,I) 

and compute: SUMQX • SUMQX + QX 
SUNQY • StJMQY + QY 
SUNQZ • SUIIQZ + QZ 



NO 

• I + l !E ... ___ Y_E_S __ -< 

Using subroutine VORl'EX calculate QX,QY,QZ due to the 
semi infini te vortex line from B to x • m, 
where: 

Calculate: 

XB • M x DX 
YB • YG2 
ZB • ZG2 

SUMQX • SUMQX + QX 
SUMQY • SUMQY + QY 
SUMQZ • SUMQZ + QZ 

Using subroutine VORl'EX Calculate QX, QY, QZ due to the 
semi infinite vortex line from A to x • m where: 

Calculate: 

XA • M x DX 
YA• - YG2 
ZA • ZG2 

Usin9 aubroutine VOM'EX Calculate QX,QY,QZ due to the 
vortex line from A to B where: XA • 0.7 xClxcoe(AL) 

YA• YY(l,I) 

Calculate: SUMQX • 
SUMQY a 

ZA • 0.75XClxein(AL) 

XB • XA 
YB• YY(l,I+l) 
ZB , ZA 
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2 
Using subroutine VORTEX calculate QX,QY,QZ due 
vortex line fran A to B 

to the 

where: XA • - 0.75 x Cl x COS(AL) 
YA• YY (1, I) 

XB • o. 
YB• YA 

ZA • 0.75 x Cl x SIN(AL) 
Calculate: SUMQX • SUMQX + QX 

SUMQY • SUMQY + QY 
s 

I • I + 1 ~-Y_E_S __ -< 

SSUMQX (Ll,, II) 
SSUMQY(LL,II) 
SSUM Z LL II 

0)1o11~------41 II • II + 1~ .., _ _ YES _ ___ < 

0 NO 
7 .. (--1 II - NNl --~---

YES 

,------~No 

SSUMQX(L,I + N) • SSUMQZ(L,I) 
SSUMQY(L,I + N) • - SSUMQY(L,I) 
SS Z(L I S Z(L I 

2B • Q. 

i---11111 YY(L + 1,I) • YY(L,I) + SSUMQY(L,I) x 2 x AL x DX 
ZZ(L +LI)• ZZ LI + S Z LI x 2 x AL x DX 
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I • I + 1 ._ ___ .:,_,_< 

'S' 

Compute and print: 'YG]., ZGl, YG~•, ZG2. Print -YY(L,I), ZZ(L,I) for: L • 1, ... ,M + 1 

---- NO-~- c 
\ 

YES 

Plot: YY(L,I), ZZ(L,I) 
for: I• l, ... NN, L • 1 

I• 1 ... NN 

M + 1 

·- ----~Compute and print YG, ZG, for every 
solution: 1 2 .• _.M...._+.....;;l;;._. ____ -' 

(3 Iterations 3D) 
YES 

"'---__,;=;..._--~ JCK - JCJC + 1 

NO 



APPENDIX B: FLOW CHART FOR PROGRAM OF ELLIPTIC DISTRIBtn'ION -
EQUAL STRENGl'H VORl'ICES 

Read and print: 
AL,XT,M,N,AR 

calculate: YY(L,I),ZZ(L,I) 
for•I - l .. NN 

Calculate: YD(I), ZD(I) for I• 1, ... , 2 x N1for I< N: 

DIJ (YY(L,I) -YY(L,J)) 2 
(ZZ(L,I) - ZZ(L,J)) 2 

for I> N: 

(I,J)• - [(YY(L,I) - YY(L,J)) 2 + (ZZ(L,I) - ZZ(L,J)) 2J 

YD(I) • - AL XS X 
1f X N 

2 X N 
I: 

J • l 
J ; I 

(ZZ(L,I) - ZZ(L,Jl 
D(I,J) 

ZD(I) AL X S ---
"' X N 

2 X N 
I: 

J • l 
J ; I 

(YY(L,I) - YY(L,J) 
D(I,J) 

YY(L + l,I) • YY(L,I) + YD(I) x DX 
ZZ(L + ! ,I)• ZZ(L,I) + ZD(I) x DX 

for1I • 

NO 



Compute and print YGl, ZGl, YG2, ZG2. 
Comput e and print YG, iG for every 
Station: 1, ... , M + l 
Print: YY(L,I), ZZ(L,I) 
for: I - l, ... ,NN 

L • l ... M+l 

Determine scale for plotting ZZ( , ), YY( , ) and 
then lot them. 

l 

XP • (LL - l) x DX 
YP • YY(LL,II) 

--- ZP • ZZ(LL,II) 
SUMQX • O. 
SUMQY • O. 
SUM • O. 

Using subroutine VORl'EX 
line from A to B where: 

XB • XL x DX 
YB• YY(ICL + l,I) 
ZB • ZZ(KL + l,I) 

and computes 

- - - -t( lCL • lCL + 

calculate QX, QY, QZ 
XA • (KL - l) x DX 
YA • YY (XL, I) 
ZA • ZZ (KL, I) 

SUMQX • SUMQX + QX 
SUMQY • SUMQY + QY 

z • z + z 

NO 

NO 

due to the vortex 
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Using subroutine VORTEX calculate QX, QY, QZ, due to the 
•• nfinite vortex line fran B to x • m, 
where: XB - M X DX 

YB• YG2 
ZB • ZG2 

Calculate: SUMQX • SUMQX + QX 
SUMQY • SUMQY + QY 
SUMQZ • SUMQZ + QZ. 

Using subroutine VORTEX calculate QX, QY, QZ, due to the 
seai infinite vortex line from A to x • m where: XA • M x DX 

YA • - YG2 
ZA • AG2 

lcul te: SUMQX .., 
SUMQY • 

UsincJ subroutine VORTEX calculate QX, QY, QZ, 
due to the vortex line fran A to B where: 

XA • - . 75 x Cl x COS (AL) 
YA • YY (1, I) 
ZA • 0.75 x Cl x SIN(AL) 

calculate: 

I • l 

XB • XA(l, I+ l) 
• YB • YY (l ,I + l) , 

ZB c: ZA 

- YES ·-· · >I I - I + l t 

U■in9 ■ubroutine VORTEX calculate QX, QY, QZ, due to the 
vortex line fraa A to 8 where: XA • - 0.75-x Cl x COS(AL) XB • o. 

Calculate: SUMQX • SUMQX + QX 
SUNQY • SUMQY + QY 
s + z 

YA• YY(l,I) ; YB• YA. 
ZA • 0.75 x Cl x SIN(AL) ZB • O. 
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0w----1r1 I_•_I_+_l7~"'---YES - --.. 

SSUMQX(LL,II) 
SSUMQY(LL,II) 
SS (LL II) 

0 ,•C----1( II • II + l 

G< ·---1 II - NN k NO 

0 YES 6 ---1! LL • LL + l k=- - -

NO 

NO 

YES 

NO 

SSUMQX(L,l + N) • SSUMQX(L,I) 
SSUMQY(L,I + N) • - SSUMQY(L,7) 
SSUMQZ(L,I + N) • SSUMQZ(L,I) 

L • l, ... ,M 
I • l, ... ,N 

YY(L + l,I) • YY(L,I) 
X 2 X AL XS X OX/N ZZ L + l I) • ZZ L I) 
X 2 X AL XS X OX 

L • L + l YES 

NO 

I • I + l YES 

NO 

Compute and print: YGl, ZGl, YG2, ZG Print: YY(L,I),ZZ(L,I) 
for: 
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NO 

YES 

Plot: YY(L,I),ZZ(L,I) 

for: I• l ... NN1 L • l ... M + l 

Compute and print YG, ZG 
for ev~ station: l 2 ... M + l 

(3 iterations 3D) ~--YES---,.,. lQC • KX + l 

NO 



APPENDIX C- FLOW CHART FOR THE VLM FOR THE CALCULATION OF THE 
AERODYNAMIC COEFFICIENTS 

J. ' 

KS == 2 > r ead KS 
(general planform) (to specify 

__ i}' __ _ 

/

read and print: ,i 
v,cl,Ml,N, , 

the type of / _ 
1 the w~ng) .J KS= 4 -
I 

(delta wing) 

read and print: 
v,cl,Ml,N, 
AL,BL,ALPA I 

AL I BL, AL::__ _ _/ 

I 
- 'i/ -

Read and Print: / 
v,cl,Ml,N' / 

KS= 3 
(Rhombti.s Wing) 

I 

I
. I 
Read and print: , 
V,Cl,Ml,N, I 

AL,BL,AR,ALPA AL,AR,ALPA - / 

- ----~>-·1---- < 

1 Ll -= Ll + 1 

Ll = 1 (Control Point No. 1 ) 

I 
I Calculate the coordinates of 

control point Ll and: X3A(Ll), 
Y3A(Ll) 
J, 

IJ = l l 

Calculate the coordinates (Xl, YI) ,(X2, Y2) 
of the vortex which influences the control 
point - the vortex IJ. 
Calculate Y and using subroutine SAB 
Calculate: Al,A2,A3,Bl,Rl,R2,R3 and A(Ll,IJ) 

YES 

" f"V:a IJ ..!....L 
,1, ,..,,.,--

·-< lJ < Nl 

/ 

't NO 
.,,/"-._ 

Ll < Nl . 
/ '/ 

} NO 

r;-) 
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Compute righthand side of equations 
and solve the matrix equation: AX• C 
Print the solution ( ), 
Compute and Print: CLI() ,CL,CM,XCPC, 

YCPB CLIC( ) . 



. 
t 

APPENDIX D - FLOW CHART OF VU4-3D PROGRAM 

START ) - ---
KS• 2 

READ XS 
tennine plan­

KS• l (rectangular Wing) read and 
print: form) 
V ,Cl ,Ml ,N ,AL 
BL,ALPA -- -·r (delta wing) 

- --- --7 
/ re d nd print /. 

/
V,Cl,Ml,N, 

/READ AND PRINT: / KS• J / V,Cl,Ml,N,AL, BL, 
ALPA 

AL,AR,ALPA 

L 't 
- "' 

read-and print/ 
V ,Cl,Ml,N 
AL,BL,AR,ALPA 

, I n 
'-----------

(control point) 
No. l 

Calculate coordinates 
- -----wi------1 of control point Ll 

and Y3a(Ll),X3A(Ll), 
YJ': (Ll) 

nfluence vortex) 
No. 1 

Calculate coordinates (Xl, Yl),(X2,Y2) of the vortex interacting on the control point the.vortex IJ, .1lculate Y and uaing •ubroutine SAB calculate Al,A2, Bl Rl R2 RJ a A(Ll IJ) 

IJ • IJ + 1 YES J -- '-( -~[ Ll • Ll + 1 If- YES · +-
~ NO 

NO 
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Calculate rig t hand side of 
quations nd solve: AX-C print 

th solution X( ). Compute and 
print: CL!() ,CL,CM,XCPC,YCPB, CLIC() 

Compute and print J'I'Z() from 
X( 

C lculate:YY(JCL,I),ZZ(KL,I) 
for I• 1 ... Ml+ 1 

- - ·--------------------------, Calculate YD(I), ZD(I): 

D(I,J)• (YY(JCL,I) - YY(KL,J)) 2 
+ (ZZ(KL,I) - ZZ(KL,J)) 2 

Ml+l 
YD (I)• - I: 

J•l 
JriI 

--1.._ fl'l'Z(J) x (ZZ(JCL,I) - ZZ(KL,J)) 2.w.v D(I,J) 

Ml+l 
ZD (I) = I: ...!... X fl'l'Z(J) x (YY(JCL,I) - YY(JCL, 

Calculate: 

J•l 2lfV D (I ,J) 
JJ'I 

for: I • 1, ... , Ml + 1 

YY(JCL +l,I) • YY(KL,I) + YD(I) x DX 

ZZ(KL+l,I) • ZZ(KL,I) + ZD(I) x D>: 

for: I• 1, ... ,Ml+ 1 

)) 



2 l 
I 

NO 

Calculate and print: YGl,ZGl,YG2,ZG2, 
and YG, ZG for every station . 
print YY(KL,I),ZZ(JCL,I) for KL • l, ... ,~l 

1 - 1, ... )41+1 

Determine scale for plotting ZZ(,),YY(,) 
and then lot them. 

Calculate coordinates of vortices on 
the win 

V 

\ - ----. 10 , ••• - -;;--, LL • 1 j 
..... 

G9 y 

--- - -->1~ ~I - l l 

XP • (LL - l) x DX 

YP • YY (LL,II) 

ZP • ZZ(LL,II) 

SUMQX • O. 

SUMQY • O. 

SUMQZ • 0 
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.----~-~-------, 
Using subroutine V~RTEX 
calculate QX, QY, QZ, due 
vortex line from A TO B 

to the 

where: XA • (KL-1) x DX 
YA• YY(KL,I) 
ZA • ZZ(KL,I) 

compute: SUMQX • SID'.QX + QX 
SUMQY • SUMQY + QY 
SUMQZ • su~z i" QZ 

XB • KL x DX 
YB• YY(KL + l,I) 
ZB • ZZ(KL + l,I) 

NO 

'-------.~----ti I• I+ i ~YES <--<3> 
NO 

Using subroutine V~RTEX Calculate QX,QY, QZ, due 
to th . semi infinite vortex line from B ox•• where: 

XB • MK x DX 
YB • YG2 
ZB • ZG2 

Calculate: SUMQX • SUMQX + QX 
SUMQY • SUMQY + QY 
SUMQZ • SUMQZ + QZ 

Using subroutine V~RTEX calculate QX , QY, QZ due to the 
semi infinite vortex line from A to x ••where: 

XA • MK x DX 
YA• - YG2 
ZA • ZG2 

Calculate: SUMQX • SUMQX + QX 
SUMQY • SUMQY + QY 
SUMQZ • SUMQZ + QZ 

i 
0 



( 5 
' ' , 

I 
I I - 1 r-------- <-·· -------

i 
Using subroutine V~RTEX Calculate QX. QY, QZ due to the vortex line from A to B, on the wing where: 

XA • XXX(IM,I ) 
YA• YY(l,I) 
ZA • ZZ(IM +MK+ 1, I) 

B • XA 
YB• YY(l, I+ 1) 
ZB • ZA 

Calcul te: SUMQX • SUMQX + QX _J 
SUMQY • SUMQY + QY ....._ __________ su_MQ......,.z_._s_uMQ __ z_+_Q_z ______ _ - l 

~ M~ ~ YES4!.__I __ I_+_l_ 
/ 

NO 

IM • IM + 1 1· - ----:,----

NO 

I I • 1 . ..... 
I 

lusing subroutine V~RTEX calculate QX, QY, QZ due to the ,vortex line fran A to B where: 

Calculate: SUMQX • SUMQX + QX 
I SUMQY • SUMQY + QY 

SUMQZ • SUMQZ + QZ 

XA • 
YA• 
ZA • 

XXX (IM,I) XB • 
YY(l,I) YB• 
ZZ(IM +MK+ l , I) ZB • 

~--·---------------,-----------
YES- , 1 1 - f+tr 

NO 

o. 
YA 
0. 

YES r-1 IM .. IM+£J.-- _ ·> 
NO 

6 
_.,I 

I 
i 

t 

/\ 
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SSUMQX(LL,II) • SUMQX 
SSUMQY(LL,II) • SUMQY 
SSUMQZ (LL, I I) • SUMQZ 

' 'I 

NO 

~ -->1 II• II + 

NO 
>III • Ml - • + 

l l , 
r s ) 

---

,,.- ·· 
11- 3 

YES 
,-! LL • LL + l 1-• :) 

NO 

SSUMQX (KL, I + Ml/ 2) • SSUMQX (KL, I) 

SSUMQY (KL, I + Ml/ 2) • SSUMQY (KL, I) 

SSUMQZ (KL, I+ Ml/2) • SSUMQZ (KL,I) 

for KL• 1, ••• ,MJC 

I • 1, ... , Ml/2 

--~,,_--t YY(KL+l,I) 
ZZ KL+l I 

YES 

--.... --4 I - I + l I( YES 
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r" 
I 7 ) 

. ./ 

Compute and Print YGl, ZGl, YG2, ZG2 
Print YY(KL,I),ZZ(l<I., ,I) 
for ~ I • l, ... ,Ml +l 1 KL • l , ... ,MK + l ------------------· 

/ Plot YY(ICL,I) ,ZZ(KL,I) YES / KK • 2 

- ______,..._ _____ ~ / for I - l, . . , Ml + 11 
KL • l, .. MK+ 1 

L I No 

_ _ _ ...,. Compute and prL t YG, ZG for 
ever station 

(3 iterations 3D) 

NO 



APPENDIX E FLOW CHART FOR THE MVLM-3D PR>GRAM 

START 

KS • 2 
--/ READ KS 
KSa4 (Determine plan­

KS • 1 (rectangular wing) --- L . /read and 
print: 

/ V, Cl, Ml,N,AL~ 

/_ BL,T 

form) 

delta wing) 

/ 

read and print: 
V ,Cl,Ml,N, AL, 

AR, ALPA 

(Control point) 
No. 1 

,.-READ--AND--PRINT: / 

XS• J L V ,Cl,M!;;tL,BLl 

/read and print: 
V,Cl,Ml,N,AL, 

I BL,AR,ALPA. 

1 

Calculate coordinates 
of control point Ll 
and Y31\ (Ll) ,X3A (Ll), 

Y3C (Ll) 

(influence vortex) 
No. 1 

Calculate coordinates (Xl,Yl),(X2, Y2) 
of the vortex inteacting on the control r------ -- point-the vortex IJ, calculate Y and 
using subroutine SAB calculate Al, A2, 
A3 Bl Rl R2 R3 and A(LI I.I. 

IJ • IJ + 1 YES _ __ .._,_ 

NO 
j Ll • Ll + 1 k,-YES----< 

NO 

Read ard-;~i~;--::7 
card III : XT, :; 

1 
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0 
Calculate righthand side of equations r:-: and solve: AX• C print the solution 

~ i------"I X ( ) • Compute and print: CLI ( ) ,CL, 
CM, XcPC,YCPB,CLIC() 

( ) from X ( ) 

Calculate:YY(KL,I),ZZ(lCL,I) for:I • 1, ... , 
Ml+ 1 

Calculate YD(I), ZD(I): 

1D(I,J)-(YY(1CL,I) - YY(lCL,J)) 2 + (ZZ(KL,I) - ZZ(lCL,J)) 2 

Ml+l 
YD(I) • - E 

J=l 
J,'.1 

Ml+l 
ZD(I) • E 

J•l 
Jr!J 

_.!,__ ll'!'Z(J) x (ZZ(lCL,I) - ZZ(lCL,J)) 
2.n.V D(I,J) 

1 ll'!'Z (J) x (YY (lCL, I) - YY (lCL, Jll 
2ffV X D(I,J) 

for:I • l, ... ,Ml + 1 

Calculate: 

YY(KL + l,I) • YY(l(L,l) + YD(I) x DX 

ZZ(KL + 1,1) • ZZ(l(L, I)+ ZD(I) x DX 

for I• 1, ... , Ml+ 1 

/ -------1 KL • 1(L + 1 It,--- YES 

HO 
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0 
I, 

calculate and print: YGl, ZGl, YG2, ZG2, and YG, ZG for every station. 

Print YY(KL,I),ZZ(JCL,I) for KL• 1, ... , MJC + l 

I• 1, ... , Ml+ l 

Determine scale for plotting ZZ( , ),YY( , ) and then lot them. 

Calcul te coordinates of vortices on the 
win 

XP • (LL - 1) x DX 

YP • YY (LL,II) 

ZP • ZZ(LL,II) 

SUMQX • O. 

SUMQY • O. 

SU Z • O. 
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3 

I Using subroutine VGPTEX calculate I QX, QY, QZ , due to the vortex line 
fran A to B 

l where: XA .. (KL - 1) x DX ---7 1 XB • KL x DX 

- I KL ::s KL+ l I 

compute: 

YA• YY(KL,I) 
ZA • ZZ(KL,I) 

SUMQX • SUMQX + QX 
SUMQY = SUMQY + QY 
SUMQZ = SUMQZ + QZ 

YES _ ___ .,,KL 

I NO 
•I 

YB• YY(KL + l,I) 
ZB • ZZ(KL + 1,1) 

0 .... <..-----1L!.. • I + 1 ,,- YES 

,,,,, 

NO 

Using subroutin V~RTEX Calculate QX, QY, QZ, due to the semi infinite vortex line from B to x = m where: 
XB a MK x DX 
YB • YG2 
ZB • ZG2 

Calculate: SUMQX • SUMQX + Q~ 
SUMQY • SUMQY + QY 
SUMQZ = SUMQZ + QZ 

Using subroutine V~RTEX calculate QX, QY, QZ due to the semi infinite vortex line from A to x • m where: 

XA • MK x DX 
YA• - YG2 
ZA • ZG2 

Calculate . SUMQX • 
SUMQY • 
SUMQZ • 

SUM{cX + QX 
SUMQY + QY 
SUT + QZ 

y I IM• 1 
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Using subroutine V'21RTEX Calculate QX, QY, Q2, due to the vortex line from A to B, on the wing where: 
XA • XXX(IM,I) 
YA• YY(l,I) 
ZA • ZZ(IM +MK+ 1, I) 

Calctlate: 

NO 

SUMQX • 
SUMQY = 

+ QX 
+ QY 

XB XA 
YB• YY(l, I+ 1) 
ZB • ZA 

YES - U•I+l---c:>--

.r­YES---,QM • IM + l 1 --➔:. 6) 
NO 

IM• l 

I 

Using subroutine V'21RTEX Calculate QX, QY, QZ due vortex line from A to B were: XA • XXX(IM,I) 

Calculate ; SUMQX • 
SUMQY • 
s 

YA=- YY(l,I) 
ZA • ZZ(IM +MK+ 

to the 
XB • o. 
YB"' YA 

l,I) ZB • o. 

.t>--------1-- YES ;,{ I • I + l }t--~~-
NO 

-.. I 

J 

·->-- YES )I IM • IM + 1 j - -~ NO 

I\ 

I 



.,...-----• 

a C •• •= 

SSUMQX(LL,I I) = SUMOX 
SSUMQY(LL,II ) • SUMQY 
SSUMQZ(LL,II) = SUMQZ 

-

>----- - YES -~--0 

L'----{110---:{ II • Ml + Qi-- -€',.' 

YES 

- --YES~ LL • LL + 11 t---)l~(. lOj 

SSUMQX(KL, I+ Ml/2)= SSUMQX(ICL,I) 

SSUMQY(KL, I+ Ml/2) c SSUMQY(ICL,I) 

SSUMQZ (KL, I+ Ml/2) • SSUMQZ(KL,I) 

for KL= l, ... ,MK 

I • 1 ... ,Ml 2 

1 

YY(KL+l,I\ • YY(JCL,I) 
ZZ(KL+l I)• ZZ(KL I) 

1CL • KL + 1 --YES---< 
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Canpute and Print YGl, ZGl, YG2, ZG2 Print YY(KL,I), ZZ(KL,I) 
for: I• l, ••. ,Ml +1; KL= 1, ... , MIC+ 

Plot YY (KL,I) ,zz (KL,I) -<E for: I • 1, ••• ,Ml + l 111!1~---- YES KK "" 2 . KL • l , ••• , MIC + l , .,,,,.,,,,,, 

L 

NO 

Compute and print YG, ZG, for 
station. 

KK - KK + l I YES ·----< 

NO 
E 

Ny 

YES I 

JM • JM + l 

A(I,J) -0, I • l, . , . ,Nl 

J - 1 ,, .. Nl 

( Control point No. l ) 

l-------4'i Calculate coordinates of 
Control Point Ll 

Compute A(Ll, IJ) for IJ • l,,. , ,Nl 
considering the new shape of the vortex sheet given by: YY(ICL,I)1ZZ(ICL,I) 

KL• l, . . . ,MIC + 1 
I • 1,. , . ,Ml 

ana by the sections of the vortices which are on the 
wing planform. 
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- - YES~--0 

0 
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APPENDIX F: FLOW CHART FOR NLVLM WITH STR , · HT VORTICES FOR 
THE CALCULATION OF AERODYNAMIC COEFFICIENTS. 

START 

2 Read KS (specify KS•l ,------------.'-----{ planform) the Type of the 
wing.) 

(ge (r~Tgular 

I 
AL,BL,DL 

KS"' 4 
(delta wir.g) 

.------·- ••-· I read and print, · 
v,cl,Ml,N, 
AL,AR,DL 

(Control Point No. l) 

...---- - ·- - ··- - ---.>t Calculate the coordinates of 

----------

control int Ll and X3A(Ll) Y3A(Ll) 

Calculate the coordinates (Xl,Yl) (X2,Y2) 
of the vortex which influences the control 
point - the vortex IJ. Calculate Y and 
using subroutine V~RTEX calculate Al,A2,A3, 
Bl,Rl,R2,R3, cos Y21C08 Y3 and A(Ll,IJ) 

IJ • IJ+ l 

. _______ _.,__YEs ____ c 

NO 

Ll • Ll + l 

NO 

wing) 



Compute righthand side of equations 
and solve the matrix ~-quation:AX • c 
Print the solution X( ), 
Compute and Print: CLI( ), CL, CM, 
XCPC,YCPB,CLIC( ). 

>-_N_o _ __., __ 0 
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.. 
TABLE Ia - CALCULATION OF THE LIFT COD'FICIBNTS OF A RECTANGULAR wnm 

of AR• 5.33 at a• 10° FOR VARIOUS PLANFOiii SUBDIVfsfef4s. 

~ l 2 3 4 

5 0.4478 o.4480 0.4494 0.4495 

10 0.4267 0.4291 0.4294 0.4295 

15 0.4186 0.4212 0.4216 0.4218 

20 0.4144 c,.4170 0.4175 

40 0.4078 0.4105 
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TABLE Tb_ - CALCULATION OF THE LIFT COEFFICI~ FOR RECTANGULAR WINGS OF ASPECT RATIO 0.5 to 6 at a• 10 FOR VARIOUS PLANFORM SUBDIVISIONS. 

2 X 20 4 X 20 

0.5 . 1425 0.1429 

l .2677 0.2689 

1.5 . 3697 0.3714 

2 . 4518 0.4535 

3 .5731 0.5747 

4 .6571 0.6586 

5 . 7185 o. 7198 

6 .7652 0.7662 



l 
t 
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TABLE II - CALCULATIONS or THB LIFT COEFFICIENTS OF DELTA WINGS OF 
ASPECT RATIOS 0.5 to 5 at a• 10° POR VARIOUS SUBDIVISIONS 
WITH-PBRPENDICUJAR AND . INCLIHBD BOl7ND VORl'ICES. 

N - 4 N - 5 N - 2 N • 10 
C 8 C • 

AR Rectangular Inclined RectanCJUlar Inclined Exp. Result■ 

0.5 0.162 0.138 0.134 0.125 0.13 

1 0.288 0.248 0.240 0.231 
0.23 
0.24 

2 0.462 0.416 0.397 0.393 0.4 

3 .510 0.51. 

4 .597 0.60 

5 0.724 0.692 .664 
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TABLE I II - CALCULATION OF THE LIFT COEFFICIENTS OF A CROPPED. 

N - 2 
C 

Rectangular 

.557 

DELTA WING OF AR • 3 at a • 10° USING VARIOUS PLAN-

FORM SUBDIVISIONS WITH PERPENDICULAR AND INCLINED BOUND 

VORl'ICES. 

- 4 N • 10 N - 4 N 
N • 10 N C s 

• C s 
= 20 

Inclined Rectangular Inclined Rectangular Included 

.564 .5589 .5640 .5543 .5423 



r 
a C a W -• u a 

TABLE IVa: VLM-3D CALCULATION OP THB LIP'l' CODTICIDl'l' Nm VORl'EX 
CENTER TRAJECTORIES FOR A RBCTAHGULAR WING OP AR• 3 
a • 100 WITH M • 16 (NC • 2 J N■ • . 20) 

Station No. y (*) 
Zea X 

cg 

1 0.830026 o.o 0.0000 

2 0.829882 -0.033176 0.6250 

3 0.828922 -0.052121 1.2500 

4 0.828492 -0.068751 1.8750 

5 0.828260 -0.084376 2.5000 

6 0.828141 -0.099475 3.1250 

7 0.828091 -0.114223 3.7500 

8 0.828074 -0.128698 4.3750 

9 0.828071 -0.142955 5.0000 

10 0.828070 -0.157035 5.6250 

11 0.828072 -0.170968 6.2500 

12 0.828075 -0.184779 6.8750 

13 0.828080 -0.198495 7.5000 

14 0.828084 -0.212141 8.1250 

15 0.828088 -0.225740 8.7500 

16 0.828073 -0.239314 9.3750 

17 0.827874 -0.252771 10.0000 

-

Calculated CL• 0.5731 

(*) Xi■ ;iven in half ■pan unit■. 

-

-· 
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TABLE IVb: VLM-3D CALCULATION OF THE LIFT COEFFICIENT AND VORTEX CENTER 
TRAJECTORIES FOR A RECTANGULAR WING OF AR• 3 at a• 106 WITH 
M • 32 (N •2 ~ N = 20) 

C S 

Sta• ' on No. y z X 
(*) 

cq cg 

1 0.830026 0.0 0.0 
2 0.829906 -0.016601 0.3125 

3 0.829101 -0.027971 0.6250 
4 0.828617 -0.037707 0.9375 
5 0.828316 -0.046624 1.2500 
6 0.828123 -0.055070 1.5625 
7 0.827999 -0.063207 1.8750 
8 0.827925 -0.071115 2.1875 
9 0.827881 -0.078842 2.5000 

10 0.827849 -0.086426 2.8125 
11 0.827829 -0.093895 3.1250 
12 0.827812 -0.101270 3.4375 
13 0 . 827798 -0.108567 3.7500 
14 0.827786 -0.115795 4.0625 
15 O,P.27779 -0.122964 4.3750 
16 0.827771 -0.130080 4.6875 
17 0.827766 -0.137151 5.0000 
18 0.827761 -0.144183 5.3125 
19 0.827756 -0.151184 5.6250 
20 0.827753 -0.158160 5.9375 
21 0.827750 -0.165113 6.2500 
22 0.827747 -0.172050 6.5625 
23 0.827747 -0.178972 6.8750 
24 0.827747 -0.185882 7.1875 
25 0.827748 -0.192782 7.500 
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ta on o. 'i z X 
(*) 

cg .;g 

2 0 . 827749 -0.199674 7 .8125 

27 0.827749 -0.206557 8.1250 

28 0.827749 -0.213434 8.4375 

.: 0.827745 -0.220305 8.7500 

0 0.827732 -0 .227169 9.0625 

l ).827692 -0.234021 9.3750 

2 0.827551 -0.240825 9.6875 

33 0.826783 -0.247300 10.0000 

CL • 0.5731 

) X 8 V n lf pan units. 
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TABLE IVc - MVLM CALCULATION OF THE LIFT COEFFICIENT AND VORTEX CENTER TRAJECTORIES FOR A RECTANGULAR WING OF AR• 3 at a= 10° WITH MC 16 (N - 2; N 2 20) C S 

Station No. y 
zcq 

(*) 
X cg 

1 0.830163 o.o 0.0000 

2 0.830020 -0.032751 0.6250 

3 0.829077 -0.051457 1.2500 

4 0.828653 -0.067872 1.8750 

5 0 .828424 -0.083293 2.5000 

6 0.828307 -0.098197 3.1250 

7 0.828258 -0.112754 3.7500 

8 0.828241 -0.127044 4.3750 

9 0.828236 -0 .. 141119 5.0000 

10 0.828236 -0.155020 5.6250 

11 0.828238 -0.168775 6.2500 

12 0.828242 -0.182412 6.8750 

13 0.828245 -0.195953 7.5000 

14 0.828251 -0.209424 8.1250 

15 0.828254 -0.222849 8.7500 

16 0.828240 -0.236246 9.3750 

17 0.828041 -0.:249526 10.0000 
' 

C lcul ted CL• 0.5656 

(*)Xi• given in half •pan unit•. 
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TABLE IVd - MVLM CALCULATION OF THE LIFT COEFFICIENT AND VORI'EX CENT~R 
TRAJECTORIES FOR A RECTANGULAR WING OF AR• 3 at a= 10~ 
WITH M = 32 (N = 

C 
2; N = 20) s 

Stati on No. y z (*) 
X cg cg 

1 0.830137 o.o o.o 
2 0.830020 -0.016388 0.3125 .. 0.829225 -0.027616 0.6250 
4 0.828748 -0.037225 0.9375 
5 0.828451 -0.046025 1.2500 
6 0.828261 -0.054359 1.5625 
7 0.828138 -0.062389 1.8750 
8 0,828065 -0.070194 2.1875 

-9 0.828021 -0.077821 2.5000 
10 0.827991 -0.085307 2.8125 

' 

11 0.827970 -0 , 092679 3.1250 
Ii 12 0.827954 -0.099960 3.4375 

13 0.827939 -0.107164 3.7500 
14 0.82792 -0.114300 4.0625 

I 15 0.827920 -0.121378 4.3750 
16 0.8·27913 -0.12840: 4.6875 
17 0.827908 -0.135384 5.0000 
18 0.827904 -0.142327 5.3125 
19 0.827898 -0.149239 5.6250 
20 0,827896 -0.156124 5.9375 
21 0,827892 -0.162989 6.2500 ill 

22 0.827891 -0.169836 6.5625 
23 0.827891 -0.176669 6.8750 

' 
24 0.827891 -0.183490 7,1875 ! 

! 25 0.827892 -0.190301 7.5000 
i◄ 

I 

'I 

11 
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TABLE IVd - CONTINUED 

Station No. y z (*) 
X cg cg 

26 0.827893 -0.197103 7.8125 
27 0.827894 -0.203897 8.1250 
28 0.827893 -0.210685 8.4375 
29 0.827888 -0.217466 8.7500 
30 0.827876 -0.224241 9.0625 
31 ·0.021031 -0 . 231003 9.3750 
32 0.827699 -0.237717 9.6875 
33 0.826941 -0.244100 10.0000 

Calculated CL• 0.5656. 

(*} Xis given in half span unite. 
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INPUT COMPUTATION SYSTEM 

i. 
I 

(a) 

ELLIPTIC CUICUUTION 
YORTICH INTERACTION DISTRIIUTION 

IOUND VORTEX SYSTEM WING ~OMtTRY 

D /\ ' (b) ~ 

ELLIPTIC CIRCULATION VORTICES INTIIIACTION 
DISTRIBUTION 

FIG 2 - ELLIPTIC LIFT, VORTEX WAKE CALCULATIONS 

OUTPUT 

ID IIOLLID UP WAKE 

IIOLLID UP WAKE ,011 ILLIPTIC 

DIITIUIUTION WITH l"ICT o, 
IOUND VOIITU•SIMPLl,elD ID WAH 



ST!P1 

STEP2 

STEP3 

INPUT 

.I 16 
WING IIOMITIIY 

CIIICULATION 

()ISTIUIUTION Ofl T.I . 

CIIICUUTION 
OISTIIIBUTION ON WING ANO 
20 IIOLL!O U'- WAK! 

STEP4 

IO _..>LLID Ult WAll 

STEPS 

NIW 
0
LINIAII' CIIICULAftON 

OISTIIIIUTION 

COMPUTATION SYSTEM 

ID YOIITICIS INTIIIACTION 

WING ANO TIIAILING WAll 

YOIITICU INTIIIACTION 

M00t,i10 YLM CALCULATION 

10 IIOLLIO 

OUTPUT 

»;wt> 
CIIICUUTION OIITIIIIUTION 

YLM - ID IIOLLID u, WAlll 

YLM • ID AOLLIO u,. WAKI 

'LINIAII' CIIICULATIOlf 

DISTIIIIUTION M001,i10 IY IIOLllO- u, 
YOIITll WHI 

NIW II ~ IITI CII INTIIIACTION MYLM 10 IIOLLIO Ut' WAal 

'10 J - YLM LJP'l ~TIX ~ I CA CULAT I 
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STEP1 D L ~ UP 
WING GEOMETflV 

STEP 2 L!P 
NON LINEAR CIRCULATION 

DISTRIBUTION WITH PLANAR 

WAKE 

STEP 3 

3D NON LINEAR ROLLED UP 

WAKE • 

VORTICES PLANAR DULECTED 

STRENGTHS • WAKE 

• 3D NON LINEAR VORTICES 

INTERACTION 

NON LINEAR LIFT DISTRIBUTION 

WITH PLANAR WU! 

3D NON LINEAR AOL.LED UP WAKE 

NEW VORTICES STRENGTHS • FINAL 3D NON LINEAR ROLLED 

CALCULATION CORRESPONDING UP WAKE 

TO NON LINEAR ROLLED WAH 

FIG It - NON LINEAR VORTEX WAKE CALCULATIONS 
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STATIONS: 3.5 b - D 

4 b - A 

oc .10• 

iw. ■ 8 

N ■ 10 

-0.80A.-i:::::::;;;;;;.....JL....,.,_--1, __ _.._ __ ~ __ ..__ ___ ~ 
0.00 0.20 0.40 0.60 0.80 1.00 ·1.20 

Y-AXIS 

FIGUNE 5 - PROBLEMS IN THE CALC'ULATIC»fS OP THS VORTEX SHEET ROLL· UJ:> -
"E THE "TIP" VORTEX. 
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FIGURE 6 - PROBLEMS IN THE CALCULATIONS OF THE VORTEX SHEET ROLL-UP CROSS-OVER OF VORTEX LINES. 
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STATIONS : 3. 5 b - □ 

4 b - 6 

oc • 10•, M • 104 , N • 40 
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0.80 1.00 

~IGU i' - PROBLEMS IN THE CALCULATIONS OF THE VORTEX SHEET ROLL UP -TOO MANY SUBDIVISIONS . 
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f. 
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1/ 

p. 
/I PRESENT NLVLM RESULTS 

~-
- ( N<.- • 2, N ,., • 10 ) 

( Nc •2 7 N·5 a30) 

0 WINTERS EXPERlMENTS 

-·- BOLLAv'S THEORY (R•t.13) 

10 30 40 • 50 ot 

FIGURE 9 - THE LIFT C EFFICIENT CALCULATED BY THE NLVUi PROGRAM COMPARED 

WITH RESULTS PRESENTED IN REF . 13, FOR RECTANGULAR WING OF 

AR= 1/30. 
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FIGURE 10 - THE LIFT CURVE SLOPE CALCULATED BY THE VLM PROGRAM. COOPARIS tl IT 
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