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NOTATION 

b(x,Z) 

b(x) 

g 

H (x) 

H 

l 

L 

r 

U 

x,y,z 

x 

a 

e 

C(x,y) 

Z(X) 

ic 

♦ 

'/'(x.y) 

hull offset (half-width) 

special case oí b(x,z) (tue wdge problem) 

gravitation c<Mistant 

draft of the section at x 

special case of H(x) (the wedge proolem) 

transform variable 

ship length 

(y2**2)1'« 

forward speed 

coordinates 

x/tc/H 

b* (0) , half-angle of the wedge 

slenderness parameter 

free-surface elevation 

nondimensionai C(x,0) » see Equation (17). 

g/u 

perturbation velocity potential 

<Mx,y,0) 
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INTRODUCTION 

Ihm Frouin number can be taken as a rough measure of the relative magni¬ 

tude of inertia 1 forces with respect to gravitational forces in the interior 

of a fluid regj -n. in the usual problems of ship hydrodynamics, neith»r of 

these forces dominates the other in the overall picture, and this fact is recog¬ 

nized in the cus't:Dm of treating Froude number as a quantity wnich is 0(1) as 

C -► Ü , whtre F. is the small parameter that provides tue reference for 

ordering all quantities in the problem. If we take as the Froude nunfcer F - 

U/^5l , where b i,t the forwird speed, L is ship length, and g is tne 

gravitational acceleration, then the statement that F - 0(1) means that there 

is a characteristic length U2/g which is comparable witn snip length and whicn 

is unrelated to the small parameter, e . 

In a strict sense, this should always be the case. Suppose that E is a 

measure of ship thinness or of ship slenderness. As C 0 , there is no reason 

to expect that U2/g should become either very large or very small» one should 

certainly be able to specify the forward speed independently of ship thinness 

or slenderness, and g does not vary significantly in any case. 

But there are a couple of reasons sometimes not to accept this apparently 

natural assumption« a) When we develop an asymptotic analysis, we expect it to 

be more and more nearly valid as the small parameter becomes infinitesimally 

snail. But we usually obtain just one or two terms in our c^ansions, and we 

try to use those expansions for computations when the small parameter it quite 

finite. We may actually obtain more accurate formulas if we assume an unnatural 

relationship between e and the length b2/g . For example, if the latter is 

actually comparable to ship oeam in the cases of practical interest, we may be 

better off in assuming that b2/g “ 0(e) when we formulate the boundary value 

problem, b) The implication about the ratio of inertial and gravitational 

forces may be locally invalid. That is, in some regions, one of tnese forces 

may dominate the other to the extent that the asymptotic solution gives grossly 

wrong predictions in those regions. 

The first of these two points I have discussed at length in a previous 

paper [1] . in fact, the idea was not original there» it was used many years 

•Numbers in square brackets denote references listed at the end of the paper. 
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«.rll.r by Veer. 12) end .1.0 by Joo.e,, [3), f„r .««pie. 

The second point i. already illicit in alender-.hip theory, for one 

r>te‘ «•' vhange in the tranavera. direction, «e very great 

co^ared vith rate, of change i„ the longitudinal direction, at leaat in a 

region near the .hip. Thi. «an, that acceleration, («d thus force.) are 

greater in one direction than «»ther, and the ratio between the« depend, 

on € . Thu,, to the extent that we accept alender-.hip theory, we have 

already recocted that the overall Froude nunber doe, not chnr.cterize the 

ratio of inertial and gravitational force, uniquely throughout the fluid 
region. 

Ihi. idea »„ aleo di.cue.ed in the earlier work [1) already mentioned. 

There I pointed out that apeci.l order-of-magnitud. con.ider.tion .hould be 

given to condition, near the ,),ip bow. „ecauae of the preaence of the free 

surface, the fluid particles just a very short distance ahead of the bow are 

quit, unaffected by the oncoming .hip, until — suddenly! — those particle, 

•re in the region of highly accelerated flow around the ship bow. The effect, 

of water displace»« by the moving .hip are much greater than the effect, of 

gravity, which normally hold the water surface hori.ont.1, and so the nre.ence 

of the free surface is momentarily „»ply equivalent to a pressure-relief 

surface. All of this can be imflled by ..yi„, that the flow near the ship bow 

is a high-Froude-number flow. 

Thus we CO» to the concept that' the bow flow is a high-Froude-number 

problem, even if the ship speed i, moderate. The previous argument then sug¬ 

gest. that we try to relate the Froude-number aspect of the bow flow to the 

slenderness parameter. In this paper, I have don. this in . very pragmatic -ay 

in the usual slender-body theory, we assume, in a symbolic notation, that 

3/3X - 0(1) but that 3/3y and 3/3. . o(l/E, , „here x is the longitudinal 

ccor dinate. mis «an, that rate, of change in the longitudinal direction are 

.»Her than rates of change in the transverse direction by an order of »gni- 

tude e . (It i, this very gradual variation in the longitudinal direction tha, 

leads to the typical feature of the .lender-ship near field, na»ly, that the 

free surface acts as a rigid wall. Rates of change are so gradual that gravity 
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dañina tea and holds the free surface horizontal.) Ttiis intuitive picture is 

formalized in the mathematics by stretching coordinates in the transverse direc¬ 

tions by a factor 1/e . 

Now we suppose that, near the bow, rates of change of the flow variables 

should be greater than those usually assumed in slender-body theory. We may 

expect to introduce such a notion formally by stretching the x coordinate 

from the bow sternward. But what should be the degree of stretching? Let us 

define a new longitudinal coordinate, X - x/en , with x and X both measured 

from the bow in the downstream direction, if n « 0 , we have the usual slen- 

der-body theory, and if n - 1 we have the original problem in three dimensic ,s. 

(In the latter case the stretching is isotropic.) Therefore we seek a value of 

n such that 0 < n < 1 . it turns out that a nontrivial proolem arises only if 

n • 1/2 , and so I make such an assumption in this paper. 

The resulting theory is still a slender-body theory, in that the first 

approximation involves a Aplace equation in the two transverse dimensions only. 

Ihe rates of change in the near field are much greater in the transverse direc¬ 

tion than in the longitudinal direction, but the difference in order of magnitude 

between them is less than in the usual slender-body theory. 

One can describe the theory as being valid (presumably) in a region just 

behind the bow in which x » ote1/2) , where x is measured in units such that 

ship length is 0(1) . it will be conven'-mt sometimes to speak of a "bow near 

field," by which I shall mean an asymptotically defined region in which x - 

0(e ) and r - (y2+z2)l/2 - 0(e) . m the "usual near field," we assume that 

x - 0(1) and r - 0(e) , whereas in the far field all variables are 0(1) 

(which means simply that we can fix our attention on a point in the fluid aM 

the point is not supposed to move as e + 0 ). 

Some interesting things happen in the bow near field. We no longer have 

the rigid-wall f ee-surface condition wiich is typical of the usual near field. 

Instead, we find exactly the same linear free-surface conditions that are fami¬ 

liar from classical thin-ship theory, for exanple. But the partial differential 

•quation is the Laplace equation in two dimensions, as in ordinary slender-body 

theory. This means that we must solve an equation in the variables y and z , 

with boundary conditions involving derivatives with respect to x . 
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Tli® explicit solution of this problem is presented for the case of a thin, 

wedge-shaped bow. The shape of the wave along the side of the body has been 

computed, and experiments were conducted for comparison with the predictions. 

The results are in fair agreement. 

Frum the analysis, it can be concluded that an appropriate leng¿h for pur¬ 

poses of nondimensionalization is the geometric mean of two lengths, the draft 

and the characteristic length, X/2ir - u2/g . That is, we refer all lengths to 

(HU2/g)l'2 , where H is the draft of the forebody. The extent to which the 

experimental data then collapse into simple curves is quite remarkable. Even in 

cases of very low forward speed, in which the analysis fails completely, the same 

data collapse still appears to occur. 

The conditions to be satisfied in the bow near field automatically match 

with the conditions in the usual near field of slender-body theory* So it is 

not surprising that the solutions also match automatically, in the sense of the 

method of matched asymptotic expansions. We can say that the new analysis 

actually encompasses the usual slender-ship theory, in that the formulas and 

equations of the new analysis include all of the terms in the corresponding 

expressions, plus some extra terms that would be considered as of higher order, 

in the usual theory. 

It is quite striking how the solution of the bow-near-fieId problem goes 

over into the solution for the usual slender-body near fieldi In a region 

extremely close to the bow, the flew has the character expected of a high-Froude- 

number flow, i.e., the fluid velocity is mostly perpendicular to the plane of the 

undisturbed free surface. However, as x/e1^2 = X , the fluid velocity at 

the plane of the undisturbed free surface becomes approximately parallel to that 

plane. The wave elevatiem alongside the body changes order of magnitude in this 

transition! Wave elevation is CXe*^2) in the bow near field, but it is 0(e2) 

in the usual slender-ship near field; the present analysis shows how this change 

takes place. 

Finally, it should be mentioned that this analysis probably contains no 

information that is not inherent in a thin-ship analysis. However, the informa¬ 

tion which is available from the present analysis is quite easily obtainable, 



in contrast vc th. uanal situation »ith thln-ship cslculstion.. ror .««çl. 

th. cslculstion of „vs profil. .Ion, th. .la. th. .hip ws. c„ri.d out in 

• hour, with . d..k calculator! Al.o, tn.r. sr. cth.r po..lhls .ppUcs- 

tion. of th. id... ccntain.d h.r.in, spplicstion. ^ich would prob«,ly not b. 

f.«ibl. with th in-ship thwry ., . .tsrtin, point, for .ssmpl.. Hirst. !4] 

h“ tr,*ted "" ciM ot * '"‘»«O thin .hip (actually with ..ro thick»...) 
•na B^a [51 ha. snaly.sd a flat .hip by thi. basic «thod. n,. l.tfr probl.u 

was partly anticipated by Maruo [6]. 
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THE HOW-FLOW PROBLEM 

Let the snip be travelling in the negative x direction, the origin of 

coordinates being fixed to tne bow, lhe z axis points upwards. The ship 

geometry is defined by the formula» 

y m ± b (x,z) , 

where the non-negative function b(x,z) is the hull offset corresponding to 

the point (x,0,z) on the ship centerplane. The free surface shape is given 

by the formula: 

C(x,y) , 

defined for |y > b(x,0) . 

It is assumed tnat the ship is "slender," which means that there is a 

small parameter, t , characterizing the smallness of beam/length and draft/ 

length ratios. As e 0 , the ship shrinks down to a line, the part of 

the x axis between the origin and x " L , L being the ship length at 

the waterline. But "slenderness" mea’is more than this. It implies also that 

the size and shape of hull cross-sections change gradually in the longitudinal 

direction. In particular, we snail require that: 

db “ o(e> , o < x * L , 

even in the bow near field. 

The "bow near field" is defined as the region in which: 

x - 0(e:/2) , r » (y2+z2)l^2 - 0(e) . 

It is assumed that, in the bow near field, the flow variables are changed in 

order of magnitude waen they are differentiated, according to the following 

symbolic rules: 

— - 0(e"l/2) , JL J_ _L 
3x °le ' ’ 9r ' 3y ' 3z 

o(e_l) . 

These effects could be brought about formally through the introduction of new 

6 



variables, x - xe1/2 , y - Ye * - 7. 
... ' ' which we would require that 
differentiation with respect to X y an,» » . 

' *nd 2 h*™ "O efi.ct on order, of 
9 itode. However, ci,« rule, win .i^ly b. c.tried along lvliciu 

introduction of .uch ™w veri^le. bein, quit, unnecwery. 

Not. tnet there i. on. exception to th, ^ov. procedure, w. heve eireedv 

Z o” hT b°‘"’ ' 0<E) ^ 3b<,,",/a« ■ °(E* • i- .i^ly • condi- 

. flow “ 9,0”tIy' “ h*' "0thin9 “ d° “‘>™ <or existence] o, a flow around the ship. 

pctenlrr ““ U f” ““ °f . velocity potentiel, which w. writ, in the followinq fora. 

Ux + 4»(x,y,*) . 

A. U.U.1, th. potentiel ..ti.fi.. c. .quatioit ^ 

111 ° ' ♦« * V • 

W/e] [♦/e2] [<fi/e2] 

n.. .xpr...io„. in «.uer. brechet. ,ive the order, of „qnitude in th. bow 

near field of the terns immediately above ai.t, mmecuately above. Although we do not yet know the 
order of magnitude of d> . it 's . i j,, , , 
e , , ' * alr“d1' c1"“ “>« we C«, ignore the ten. 
*xx in finding th. firet .pproxioetion to the .olution in th. bow neer field. 

Wie boundary condition on the hull can be written. 

+ Ubx + -^ + on y- + b(x,x) 

le] l<|>e1/2] (^/ej 

Dropping the one term which is clearlv o* nar.n Clearly of negligible order of magnitude, we 
can rewrite this condition: 

[H] |í ^ th - b.». ^ Ub, 
^-TbJ ^--V ¿r + b2 

0(e) 

Since the curator 3/3n is similar to, say, 3/3r with respect to its effect 

of magnitudes, we can now conclude that either * . 0(e2) or the 

approximation to <p satisfies a homogeneous boundary condition on the 



-8- 

hull. Let us suppose that the former is true. If this is wrong, we shall 

discover that fact when we consider the other conditions on <p . 

There are the usual two boundary conditions to be satisfied on the free 

surface: 

IA] 

Iti) 

0 

KJ ieî/2J [e3] [e2) [e2] 

UÇx + 

1/2 

«i ; + 
XX 

tC/e ' ] [eu 

4» ; 
y y 

ICI 

on z - í(x,y) . 

The orders of magnitude involving ¢) have been noted, but of course we have 

not yet reached any conclusions, even tentatively, about the order of magni¬ 

tude of ; . in condition [A] we can clearly neglect all of the quadratic 

terms, and in condition [B] the second and third terms on the right side can 

be neglected. Thus we have reduced the number of terms to the following: 

[A] 

[B] 

0 - gÇ + U<J)x , 

on z = 0 . 

In IA], the first term cannot oe lower order tnan the second, because we would 

then have the meaningless result: ¢=0. Thus, either the two terms are the 

same order of magnitude or the first term is higher order than the second. If 

the latter is the case, the first term in [B] is higher order than the second 

t.rm in [B], and this leads to an ill-posed potential problem. Therefore we 

must conclude that Ç = 0(e3/2) , and the two conditions are consistent in 

orders of magnitude. Neue that tnis order-of-magnitude estimate for Ç allows 

us to impose the boundary conditions at z = 0 with negligible error. 

Finally, we can combine the two conditions above into the following: 

lFl ° “ ^xx + "^z ' on z * 0 , 

where K * g/u2 . 
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in (Indin, th. (ir.t «pproxiunt:on to d , »e h.w . botndnry-.olu. probl.o 

to solv* in the y-t pi.„e. That is, we heve e partial differential equation 

involving only the transverse rates of change. body boundary condition is 

a simple Neumann oonditlon, but the free-.urface condition involves derivative, 

with respect to x , and so a 3-D aspect is introduced through thi- condition. 

The problem in the cross plane is illustrated in Figure 1(a) 

For the moment, we shall confine our attention to a special case of this 

problem, namely, to narrow bodies which can be generated approximately by a 

distribution of source, on the centerplane, y . o . Thi. special case is 

depicted in Figure 1(b). » modification of our method of solution ha. been 

worked out for more general cases, but we shall not consider such case, further 

in the preaent paper, they would only distract us fro. the simple ideas which 

are being developed. 

Figure 1 Problem for the First Approximation, 
(a) General Body, (b) Thin Body. 

In both cases, the potential satisfies: é + d> 
YY zz 
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For the thin bodies being considered, we shall suppose that the body 

boundary condition can be expressed: 

* ¿I* * ub 
on oy > on y « ♦ 0 , for z > -H (x) . 

The following 2-D potential function satisfies this body boundary condition: 

0 
1 II I 

Re j-?/ «*>,<«• 
■'-H(x) 

Ç) log (y+iz - ÍÇ) 

In fact, if we let v and w respectively denote the corresponding velocity 

components in the y and z directions, we find easily that: 

0 
n I 

V - iw 
ïï I 

[(X) 

For y - ±0 , this can be evaluated through use of the Plemelj formula: 

0 

f° 
U I dC 
ïï / U- (y+iz) bx(X,C) * 

" “H(x) 

(v - iwHy_±0 * ±Ubx(x,z) + JL I 
iïï ; ç- 

(x,0 

Thus, 

v(x,+0,z) - + Ubx(x,z) , 

as required. 

The above potential function satisfies the partial different!*! equation 

and the body boundary condition. To that potential, we can add the potential 

for any other source distribution which induces no net normal velocity compo¬ 

nent on y * 0 , -H(x) < z < 0 . We cnoose to write <t>(xjy,z) in the 

following fashion: 

0 

,Ç) log (y+iz-iÇ) 

Kx) 

H (x) 

<Hx,y,z) - Re ] + r 
f° J dÇ bx(x,¡ 

•'-H(x) 

/• H(x¡ 

-u - 
bx(x,-Ç) log (y+iz - iÇ) 

/00 

dn ^(x,n) j 
n - (y+iz) J * (i) 
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ao 

XX 

K 

IT 

dî) ■i'n 

n - 

(x,n) 

y 
(3) 

H (x) 

The next task is to solve this equation for ip(x,y) • When that has been 

done, we can use (1) to express $(x,y,z) • 

The auove equation applies to thin bodies of rather general shape; 

there is not much restriction on the function b(x,z) • Rather than try 

inmcdiately to solve this general problem, I have decided that it was more 

insert, nt to determine first the degree of validity of the fundamental 

assumptions that were made. For this reason, I shall next concentrate on 

one special case, for which the solution is easily obtained. We can then 

compare the p -.dictions of this analysis with the results of experiments 

and determine whether it is worthwhile to solve Equation (3) for more general 

shapes 



SOWTZOn FOR A SPECIAL CASE, A WEKE-SHAPED SOU 

We no, „stri t our att.ntion ^ ^ th. h. 

in which X ■ 0(el/2i u.« • In the bf»w near field. 
°<e ) . w. assume that the body shape ls ,ive„ by_ 

± b(x) , “ H < 2 < 0 . 

*. b.for., we a8SUBe b.o(£j 

coneequence i. ln ^ fieid ^ ^ db/dx - o(e) . a 

b(x) b(0) ♦ « b'(0| ♦ i b.(0) , 

le,/!i [e2] 

For a wedgelike entrance, b(0) - o and 
# and so we have, approximately, 

t** U + o(l)J , - H < * < o , 
(4) 

as th. deacription of the body, where o . b. (0, w a t 

arqument mi^t have been „.„j pravl<)llaly to Juati * ^ n'1‘ 

although one might question whether it would b. *‘>PK>«i“tion, 

;::r t of ass^tion Mde pro.ioo.i^rjrit.rjr. r* 
practical purpose: We can simplify the rinh- k . , m°re 

- - -—- ^ffairr^iir““ - 
XX 
-- X dn (x, 

11 J n - y 

n) Kua , 
' log TI y 

H2 + V2 
—r4“ (5) 

At first sight, this equation appears rather formidable But the i 

re~r rs-rivrr ' r* - -—1 

púlate so» transforms which are nonsense 

necessary, integrals should be interpreted in the ' 

lions, „e folio. Ughthin i„ such respects. ^ 

let the Fourier transform be defined as follows, 

( 

F{f(y)} « f*(£) » J* 
dy e~Uy f (y) , 

- 13 - 
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f”*{f*(4)} - f(y) - a d£ eiÄy £*(£) . 

The transform of the right-hand side of Equation (5) can be computed as 

follows] 

00 00 

J* dy e iÄ,y log - J* dy e iÄy[log (y-iH) + log (y+iH) - 2 log | y| ] 

• n f* --1%¼ - îàr) ♦ 2ïïi sgn ¿ 
iA 

The integral term in Equation (5) can be treated as an ordinary convolution 

integral, with the result that: 

—on ' —oo * 

- - Î [U^(x,£)nTri sgn £] « k|£|^(x;£) . 

The integro-differt-.tial equation now becomes an ordinary differential equation 

with respect to x : 

+ k|£|^*(xj£) . e-HUI (6) 

The solution of this equation is now readily obtained. A particular 

solution is the following: 

ÿ*(xj£) « - |l - e H^|^l - cos /k|£| x| 

<J>* (x;£;0) (by Equation (2)) (7) 
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In principle, we should include the complementary solution, and this would be 

easy enough to do. However, the above solution appears to suffice for all 

that follows. 

Th.r. to b. littl. point in writing out th. corr..po»din, expr... 

.ion for ÿ(x,y,s) , which could be done through use of Equation (1). In 

fact, we sh.il not even bother at this point to write out th. inverse trans¬ 

fer. of the expression in (7), although we note that th. latter can be 

expressed in tens, of Fresnel integrals. » i, worthwhile to writ, at least 

th. transform, of two related quantities, naraeiy, ^(x,t,0) and »;(,,,(,0) , 

i;<x,t,o, . ^(i - .-^1)00. ^[17, , (e) 

»;(x,t,0l . - 2!£/;Tir(i - .-»W^sin Æ[ïTx . 

The behavior of ^ at large distance from the bow will be interesUng to 

note presently, and ^ is essentially the transform of the wave height, 

which can be seen from the dynamic free-surface condition (A). 



LIMIT BEHAVIOR OF THE SOLUTION FOR THE WEDGE BOW 

Behavior as - . since u,. lt. Mtlntlv,m ^ ^ 

Piar» z . 0 ar. all ,iv.„ In ter», of Poort.r transfer», „ith re.pact to y , 

it^u nearly a trivial »attar to det.r»in. how the inver.e tran.fo™ «et when’ 

y * ± - . we need only to exa«lne the behavior of the tran.fo™ near their 

singularities. The only .ingularitie. occur at t - 0 . For eradle, ¢-(,,1,0, 
can be expressed! * 

♦Î(X,1,0) - 2ua Jh - j Hs|fI + * j k| t|,a e ... J 

- 2üom[i- ...] . 

Treating thi. Iran.for. ae . generalized function, w. can obtain the Unit 

behavior of it. inver.e tran.fom by using the method, de.cribed by Lighthill 
[7]. we find that« 

íz(*»y,0) UOH (H * (Cx* ) 

ny2 as y 

Thi. .how. that, far off to th. .ides, the di.turbance appear, to be cacad by 

a vertical dipole distribution. Such a re.ult .hould not be too .urpri.ing 

erne. th. body boundary condition wa. ..ti.fi.d by di.tributin, .ource. over 

the underwater part of th. centerplane, to which .. added a di.tribution of 

oppo.it. sink, on the ebowwater 1»«,. of th. centerplane. two di.tri¬ 

bution. alone would certainly lead to th. dipola-lik. behavior far off to both 

• id... Apparently, th. third ter. in th. e,pr...ion for p , „ ln (1), 

has negligible influence in this sideways limit. 

Actually, we guaranteed such a result by choosing the commentary solu¬ 

tion as we did in (7). Effectively, we have inçlied that there are no waves 

upstream of the bow, even in the bow near field. In the final section, we 

return to this point; it requires much more study in the future. 

The transform of the wave deformation function can be expressed« 

Ç*(x;4) 4i*(xiA;0) , 

and, from (9), this quantity has the following behavior near * - 0 , 

16 
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-CR. 

- 20Hx|i - + + ... [ . 

The inverse transform then must have the Lehavion 

;(x'y) " ^ [H + *3“] + *• * as ly I 

It can be shown that the potential itself drops off inversely with y1 

but this does not seem to provide any special insight into the results. 

Beha'.’ior as x ■+ <» . This is an important limit, for it provides the 

connection to the usual slender-body solution. Let us recall that x - OtE1^2 

in the bow near field region. Our solution, when we let x ® , should 

match the solution of the usual slender-body problem if we let x * 0 in the 

latter. 

In order to obtain these limits, we manipulate the inverse transforms 

into forms so that the generalized-function procedures can again be used. 

For the vertical component of velocity, for example, we go through the 

following steps: 

X oo (ID 
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n>. interpretation of this reeult ie of .0« internet. The quentitiee 

■i end H ere e.ch of order c . In eddition, n - 0(c‘^l i„ the bo- neer 

field. Thue, . 0(C) in the bo- neer field. No«, «. heve elreedy co»- 

mented thet the »lotion In the bo» neer field .„.t retch the »lotion ,i„„ 

by the 0.0.1 .lender-body th»ry. In feet, the n-or field of the 0.0.I .lender- 

body th»ry i. . field -1th re.pect to the bo» reqion, , . oil) in the 

ueuel th»ry. rna thle point of vi», the expression, obtsined »oye for p 

represent . one-ter» inner .»pension, »d the fin» fomul. »ov. is the one-' 

ten. ooter e^sion the one-ten. inner e»pen. 100. i„ «.»„i», lt .lth u,. 

corresponding "fer field », eust reinterpret tt.e verieble. .. f«r-fl.ld 

veriebles end re-order the .«pension. In the present cese, thle »». only 

thet ». revise oor estinet. by considering x to be 0(1) , ln »hieb c... ». 

observe thet *t . o(c>) on the pi.» . . 0 .. . . . mi. wlth 

the ».ll-kno»n re.olt of the usuel .lender-body th»ry. we shell sey „te 

■bout this presently. 

What i. most remarkable about the above result is the m^.r i„ which the 

flow completely chants it.character in the downstream direction. Very close 

to tha bow, the flow appears to have been caused by a distribution of vertical 

dipolw, and .0 the flow at the plane * - 0 is .Host cospletely normal to 

the plana. However, a. X * - , w. find that the normal component of velocity 

on the Plan* * - 0 vanishes and the flow becomes parallel to the piare. 

We also examine how the wave elevation varies asymptotically in the down- 

stream direction. We proceed as with ^ , We write ; as the inverse trans¬ 

form of the expression in (10) and then manipulate it so that it appears for¬ 

mally to be a transform with respect to x . We obtain in this way: 

u*,y) dl e1'^x sgn X cos 

2 OH 
TTilC 

40H 
TTKX 

/ - - > t1-!’* •••] 

♦ ou/x*) as x ^ oo 
(12) 

It is worth noting that the y dependence enter, only in the term which drops 

off inversely with xs . We also observe that ; - ote*/1) in the bow near 

—. ...-.-.'.I. 
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field, where we assume that x » ofel/2ï ^ ^ 
at x Ote ) , but when we re-interpret x 

being 0(1) we must conclude that Ç - 0(e2) Thim i. i 
the wel 1 —ifnnwn , ' ' ’ Thi* iB in »greement with 
the well known results of the usual slender-body theory. 

Finally, we obtain an estimate for d»(x v 0) „ 

of this quantity was aiWn 4 P ^ ‘ ^ transform 

exactly L . EqUatÍOn (7)- » de« that we lollow 

e lt /r "OCed“e iS We did f0r *. ot ; , si„ce 

‘ P " <>f the eXP"88i°" 1” <7» »>“=*> Oc not even^depand on , ___ 
we can proceed in two steps. However 

‘’I Fir,t C°n8ider 0,8 ^ of ^8 transfoiai in (7) ^ 
depend on x , namely, the quantity, 

We shall find that this is the transform of 

Re dÇ log (y+ix - iç)U 

' 'z-0 
(13) 

":ln7TaT °f tMS reSUlt “U1 be d™ —e « prove mat u 1. 
«ue. B elementary maana, we obtain the following re.ult, 

Se {"Ty Hdi l°9 (y+lz 

ua /■" 
“ I* / dç lo9 (y +c ) 

•'-H 

Tr [H 109 iH +y )/y + H iog y*1 + 2 (y cot”1 (y/H) -H)J 

18 ^ ^ —r*l Piece,, for each of which we 

exist, . 9en'::n”d P0UrUr tr*n8f“"' “>8 Piece, the tran.form 
exists even in the classical sense, 

L 
00 

dy e“1^ log 
‘P-.f dy cos £y log H2+y2 

2tt 

m 
(l - e-»!'!) . 
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From the point of view of generalized functions, we have the following result! 

One mors integral can be confuted readily: 

2 
' T 

These three transforms can now be combined to yield the result stated above, 

that is. 
00 

H log (H2+y2) ♦ 2[y cot”1 (y/H) - HJ 

The expression in (13) is the potential for the flow caused by a line 

distribution of sources on the centerplane and on the above-water image of 

the centerplane, the potential having been evaluated on z * 0 , We recall 

that we started constructing our solution, in Equation (1), by assuming that 

there was a distribution of sources on the submerged part of the centerplane 

and a distribution of opposite sinks on the image of the centerplane. We now 

discover the interesting fact that one part of the potential, when evaluated 

on the plane of the undisturbed free surface, represents a symmetrical distri¬ 

bution of singularities, rather than an antisymmetrical distribution. The 

symmetrical distribution would have been a logical starting point in the ordi¬ 

nary alender-body theory, in which a rigid-wall free-surface condition must be 

satisfied. It appears in the present analysis as a natural consequence in the 

region downstream of the bow region, although we started with quite a different 

picture of the flow around the bow. 

(b) The remaining part of the expression in (7) is oscillatory with 

respect to x , and so we use the procedure that worked well in estimating 

the downstream behavior of and Ç . We go through the following steps: 



21 

00 

^ Jai .ity A . .-nUI Æjî|-x 

—00 ^ ' 

00 

2U(* f „ fn -“HIíI .    T J dí. cos £y J ü—g ) cos ÆT x | 

0 L £" J 

7T 

c_ 

— íQ p-Ux , va2 r J )J e agn X cos J^i _ e‘ ■HA2/k :J 
o, _ 4U0tH 

ÏÏ log Cx + O(l/x2) 
âS X -► oo f 

»here c 1. a conetant whicn eannot ,a aeter^ined fro„ f.rs analysie. 

-rjrrr-r“ rr-r: -- --- »« 
4>(x,y,0) % Äei^L /*Hdc x ( iC)) _ 4UOH , 

lTr/-H y — logcx + 0 (l/x2 ) 

às X -+■ 00 (14) ■ V J 

z~ r™- 
logarithmically „hen « nt». t . 1Ch in£ini“ 

wnen x goes to innnity. -^ese results will ho-h 

pin^aTrrr ::: : ria,r ^ ^ r: 
th* h ’ f exPlicit terms above are 0(e2loQ e) 
the bow near field. 10^ e' 

lhe appearance of the c nstant, c , in the above result i, 

T:c:7z::::rt me ot . m f tiie constant may even have to chance as »h« e 
pulated py.__ ^ formulas are mani 
pulated. From a strict mathematical point of view it iso,Hr • 
leave a final f, . . t is quite improper t 

tinal formula in such a shape that it can h* 

pro: ~——rrir in k> ys»xcai significance. Fortunafpiu • 

here as might be supposed me V ■ ^ “ Bt°blem C°r 1 

♦z end C and 2Z ' s^£«-ce 
1 Ç ' and th<ilr estimates are rot at all murky. 



THE USUAL SLENDER-BODÏ SOLUTION 

If one stretches coordinates near the body in such a way that: 

X , y - ey , ez 

and then treats derivatives with respect tc the new variables as if they had 

no effect on orders of magnitude, one obtains the usual problem and solution 

of slender-body theory, without going through the formalism of such changes 

of variables, we write down directly the boundary-value problem that results 

for the wedge-like body that we are considering in this paper. The first 

approximation to the near-field perturbation potential satisfies the following: 

[L] <p + 
yy <P zz 

[H] 

= ±Ub'(x) 

dd> 
dF = 0 

on y = + b(x) , 

on z = - H ; 

[A] 

[B] 

gC + u<t + I <j,2 
X 2 Yy 

on z = 0 

The last condition, [a], is of course the rigid-wall condition which replaces 

the free-surface condition. The dynamic boundary condition on the free surface, 

IA), serves only for the determination of the free-surface shape, ; , after the 

potential problem is solved. In the body boundary condition, we have stated 

a separate condition for the bottom of the wedge, for we do not need or want 

to restrict ourselves to a "thin- slender-body over the entire body length. 

The above problem can be solved precisely, by mapping, for example. We 

do not need that complete solution, however. Let t(x,y,r) be the solution 

2-U problem which has the property: 

i.(x,y,z) n. ^aiiïi-log |yitxi|l/l as |y2«!|*/* . 

Then the perturbation potential, <l>(x,y,z) , is given by: 

- 22 - 
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<Mx,y,z) » *(x,y,z) + F(x) # 

where I(x) is given by [8]: 

/• 00 

FUI ' ■«» (x-£) lo, 2|,-Ç| ♦ J H 0 (K (x-Ç) ) 

+ (2 + »gn (x-Ç)) j Y0(k|x-Ç|) I , 

»here .(x) i. the .re. of the i™»ersed pert of the cro..-s.cticn at x 

„ « the Beesel function of the second kind, .„d H, is . Struve func¬ 
tion. (Notation is the s^ .. in ,,,., Bear the ue 

S (x) 

2oHx + ... 

x < 0 , 

0 < x , 

where the denotes some smooth function of x . The first and second 

enva ves of s(x) can then be expressed as follows: 

s' (x) 
2oh + ... 

x < 0 , 

Ü < x ; 

S" (X) 2oh6(x) + 

where 6(x) is the Dirac delta function. 

Ihe function Fix) represents the effects of interactions between the 

various cross-sections. For a body in an infinite fluid. we „ould have just 

fret term in the integrand, and one can show easiiy that it represents 

flow on the x axis caused by a distribution of sources both upstream 

rrr °f - other two rep.. 

term i ' ' ^ free-BUr£a“- a"d “ey combine with the logarithm 

shown LSU a,Way aS any fl°” UPStream °f a sourca- thtk [8, has 

nature J T ^ °f tha P(ltl expression has a wavelike 
nature for Ç < x but not for Ç > x . 

we are interested in h» the above solution behaves as ,.0. l„ fact 

the easiest procedure for determining this behavior is to treat , as being ’ 

!\ 
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1 /2 
0(e ' ) and re-order all quantities accordingly. When we do th:.s (after 

much algebra, expanding of the Bessel functions, etc.), we find that: 

F(X) ^ (log x + 1 log + 3 Y] , for i 

where y is Luler's constant. Tlie problem for 4 becomes, for x = 0(e*^) 

o(el/2) , 

a wedge-flow problem, with a rigid wall in place of the free surface» its 

solution is: 

4(x,y,z) Re y* dç log (y+i2-io| • (15) 

Wlien we combine the two results above, we obtain a one-term expansion of the 

potential, to be matched with the bow-near-field expansion: 

<Mx,y,z) 'V, J" dl, log (y+iz-iÇ)| - iH?*1 
-H 

log Cx , 

where 

log C ! K; 
j log n * h 

This result should be compared with that in (14): the matching is perfect, with 

the previously unknown constant C now fixed. The interpretation is, of 

course, different. In (14), the potential was approaching infinity logarith¬ 

mically as x -* °° ; here, the potential is approaching infinity logarithmi¬ 

cally as x -► 0 . 

The kinematic free-surface condition, [B], does not mean that <pz is 

precisely equal to zero on the plane z = 0 ; it means only that <j>z| = 0 
I z—0 

for the leading-order term in the solution for 4 . The first approximation 

to 4 is 0(e2) and the first appronmation to is 0(e) . Thus, the 

z=0 = o(e) This remains statement that 4Z|Z¡=0 = 0 really means that 4Z 

true even as x 0 , Thus, the first-order term in automatically has 

the correct behavior for matching with (11) , which gave che behavior of <}>z 

in the bow near field, under the condition that x . 

Finally, we consider once more the wave-shape function, Ç(x,y) . From 

the dynamic boundary condition, [A], combined with what we have found above 

concerning the slender-body potential for this problem, we can express ; 

in the following way: 

-...... ... 



■ 

iRíf'!'!'! 

T1 

W: 

- 25 - 

C(x,y) U . ü 1 
- ã K - -f(x) - ¢2 

2g y » on 2-0 

For the wedge-shaped bow, with constant draft we can finH < 
Í a 0 /e „c% % ' 6 can flnd iwnediately that 

X - (See (15).) For x very small, we also find easily that: 

F* (x) = - 4UHa 
ÏÏX 

n>. fin.x ter» needed is the one involving ty , tgi. quantity 

¢,, Re fH_ K \ 
' 71 •/>H iC - (y+iz) / 

ZZZT1 bein9 “ q“"tity "hich ,oes to 2ero at the b°”- ™.d to 
evaluate than quantity only on z = 0 , for which we find, 

y ~(59n |2| . 

we now have the following representation for the wave shape, 

Ç(x,y) % - 4HCX 2 a t2 -, H 

if [tan m]2 = 0(e2> • "K* ïï2< lCan i?l 

where^x T0T ^ “t ^ ^ StÍU Valid ^ ^ -ear field, 
0(1) . In order to match this result with the bow-near-field for¬ 

mula, we must reinterpret the order of magnitude of x that is 
x a 0/rx/2, J y uue or x , tliat is, consider that 

ter» h ' re'°rder the ^hnsion. when we do this and keep just one 
term, we have only: 

;(x,y) % - iíí“01 = 0(e3/2) 
n<x ^ > • 

We now observe that this matches precisely with the expression in (12). 

Ííêê.iJMliiiiyiMMaii. HÉri 



Thus, tlie wave along the side of the wedge can be nondimensionalized in 

such a way that we have a single universal curve, a function of just one 

variable, which purports to describe the wave shape for any speed, any draft, 

and any wedge angle. Of course, we have not yet considered the range of 

validity of these results, but it is clear that they are very simple results. 

It is worthwhile to notice the manner in which the length scales are 

made nondimensional: The reference length is (H/k)1/2 = (HU2/g) 1//2 . This 

is the geometric mean of two lengths, the draft H and characteristic free- 

surface length U2/g . 

Also, the wedge half-angle enters in a very simple way: The non-dimen¬ 

sional wave height, Z , must be multiplied by the ratio, a/(if/2) (in addi¬ 

tion to being made dimensional on the scale of (H/<)1/2 ). Thus, the theory 

predicts that wave height along the side of the wedge will be proportional to 

the wedge angle. 

- 26 - 
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Calculation of z(X) has been carried out, with the results shown in 

Figure 2. In addition, the integral in (18) has very simple asymptotic approxi¬ 

mations which are valid as x - 0 or X - » , and these are shown by the 

broken curves in Figure 2. 

In order to determine whether this result was even approximately valid, 

we conducted some experiments with a very simple model. The planform of the 

model was that of an unsymmetrical diamond; at one end, the model was a wedge 

with a half-angle of 7.5°, and at the other end the half-angle was IS*. Tests 

were conducted at speeds up to about 15 ft./sec., with drafts from 4 in. to 

16 in. A grid had oeen inscribed on the model so that wave shapes could be 

measured from photographs of the bow wave. 

In Figures 3 and 4, two selected series of tests are shown. In both 

figures, the model is being tested at a draft of 12 in. 

There are several qualitative features in these photographs that are 

worth noting; 

(i) The model speed in Figure 3(a) is 1.64 ft./sec., which is only 

about twice the minimum speed at which waves can travel on a water/air inter¬ 

face. (Minimum speed is about 23.2 cm./sec.) In fact, capillary waves are 

quite evident in this picture, as well as in several of the higher-speed 

test pictures. Whether these ripples can actually be seen apparently depends 

more on the lighting than on anything else. The existence of a sharp edge on 

the model presumably accentuated the amplitude of the ripples in all of our 

tests. 

(ii) In (b) - (e) of Figure 3, the water level at the bow edge is about 

1 in. above still-water level. (The white mark at the bow is at the 18 in. 

draft mark, and the squares are 1 in. on a side.) This rise of water level 

ahead of the bow is, of course, not predicted in the analysis. We fully 

expected to observe such a rise, and we recognized that it would represent a 

source of error in the predictions, what we did not anticipate was that the 

rise is quite insensitive to forward speed. From a speed of about 5 ft./sec. 

(Figure 3(b)) to a speed in excess of 15 ft./sec. (Figure 3(e)), this rise 

increases from about 0.8 in. to about 1.2 in. 



r
Si

U= i.S4 ft/sec U=4.95 ft/sec

U = 8.22 ft/sec. U = U.52 ff./sec.

U= 15.17 ft./sec.

FIGURE 5. BOW WAVE ON A WEDGE
DifAFT = 12 IN Half- angle = 7.5^



U = 3.64 ft/sec. U = 4.98 ft/sec.

U= 7.64 ft/sec. U = 9.80 ft /sec

U = a.46 ft/sec.

FIGURE 4, BOW WAVE ON A WEDGE

Di?AFT = 12 IN. .Half angle = I5



- 31 - 

(ill) li., corresponding rise in ester level ,t the bo. is . 

tb. eider-angle boe. but even in tbi. case tb. lev., „era to atlb 
-t 1, in. s.. 4. p„t. (b) ^ (.(> in ^ “ « 

n:: hrin-whu* ““——- - t./.ec. „ota, lb. ehite sari on tb. bœ ber. i. .t tb. H in. draft., 

.te^'err- ln ',hlCh th* V*" "» Picture i„cr.M.a 

22 2. ZT ,p*‘a-,a* - -- - tb. 

test. th. " PrOPOrtl0n “ 11 • th* •-«'ä-l in the loeeat-speed 

rioux^ 4 ‘ C “r '■V,‘trOU9h to. bo. wave. See, ,or .saspi. 

LTei:;;: (*rd ^ *• ———- - 

.o e. rr. trOU,h ^ n0t lr,dlC“d l" “* P—"t enalysis, «d 
••• that there are non-negligible waves »*■ i ^ y yAUAtí waves at low speed which simni.. . 

not evident under the «sumption, which bave been made here Me cannot 

-Oetber tb. ki„d 0, trough, occur at tb. higher 2.2' 2 ^ 
model gner speeds, because tive 
^ ““ “» ’~*t to observe the phenomenon. 

.hi *T" Fl9“" 2’ U ““ Cl**r “■** - h*v' * "univ.real" boe-».« curve 

to wiv to *u “ -—«.» or.;: i 
rnmuna iuat th. U"it** Ch#ck thiB condu-ion quantitatively, we 

bow wav. “d —o» Of tb. peak oí the 

in di«„.it„.i (or, in™:;,,0r th* “*"• *^1U^ -o» 

position o, tb. peak are .ho», T *** ^ 

r it** “ =rr.~ Tne nondimensional wav** —n»m\r j& . • 

analysis th a *h0m in 7< «ccordln, to th. 
y. . the nondimensional ^litude, z„x , .hould always n.„ the ..« 

«lue, approximately 1.6. figure 7 .now. ci..rly “ 

.ub.t«ti.t.d in th. experimnta , . V rOU,hly 
analysis i, ^.i, . ' f,et' there *re two way, i„ ehich 
•na-iysia is obviously deficient! 

1) The assumption that made our analysis , 

body theory was that the bow flow °m -Inder¬ 
in some sens ,, essentially a "high-Froude-nu*^« problem, 

conaider in tte bo! Í‘ ^ rea80nable Froude to 

answer, wh.n ,. “ to give good 
H In fact* it gives terrible answers thenl 
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2) At the higher Froude numbers, the wave peak occurs at a considerable 

distance from the bow, at a place where the "thin-ship" representation of the 

body is probably quite invalid. We used the "thinness" twice, first in satis, 

fying the body boundary condition approximately, then in evaluating the wave 

height on the body. (We simply set y » 0 in passing from (16) to (16*).) 

The worse agreement for the wider wedge suggests that this "thinness" assump¬ 

tion may well be the cause of the increasing error at high Froude number. 

If Fh is below some moderate value, it can be seen from Figure 7 that 

our method of nondimensionalizing the data seems to be still valid even when 

the Froude number drops below the level at which the analysis is valid. The 

reason for this is not clear, but the fact may be useful in reducing experi¬ 

mental data, even in cases in which the present analysis is obviously invalid. 

The inaccuracy of the wave height predictions at high Froude numoers can 

probably be ameliorated if not conpletely removed by the introduction of a 

more precise method of solution of tne problem, in principle, it appears to 

oe possible to solve the bow-flow problem without introducing the thinness 

assumption, and some efforts have already been made to do just this, 

moment, however, we have no results to show for this effort. 

At the 
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CRITIQUE OF THE ANALYSIS 

Intuitively, we visualize a "slender body" as a body of which the length 

is much greater than the transverse dimensions. In addition, if we want to be 

a bit more precise, we require that there be no sudden changes in cross-section 

size or shape. 

For such bodies, slender-body theory is likely to lead to reasonable pre¬ 

dictions concerning a fluid flow around the body — provided we do not examine 

too closely what is happening near the ends of the body. The last qualifica¬ 

tion is necessary because slender-body theory is based on one major assumption 

which is usually violated near the body ends: It is assumed that the rates of 

change of all flew variables are much greater in the transverse directions than 

in the longitudinal direction. For a body with cusped ends, this assumption is 

valid even in the region near the ends, but the assumption is not valid near 

the body ends for most bodies of practical interest. The result is that slender- 

body theory typically predicts some kind of singular flow near the body ends. 

Such a result is not necessarily unacceptable. If the singularities are 

integrable in some appropriate fashion and if the solution is approximately 

correct in most of the flow region, the presence of singularities in the 

mathema-ical solution may not even be serious. If one is very careful in 

obtaining the singularity strengths, one can even make some reasonable calcu¬ 

lations concerning the flow around a blunt body in ein infinite fluid. At 

cross-sections not too near the ends, the presence of singularities in the 

solution for the body end regions manifests itself as a perturbation of the 

longitudinal velocity component; this effect is rather minor over most of the 

body surface, and its precise evaluation is carried out by matching the 

near-field and far-field solutions. 

In the free-surface problem, this procedure leads to an essential diffi¬ 

culty: In the far-field problem, the disturbance caused by the presence of tha 

body appears actually to be caused by a line distribution of sources along the 

X axis, this axis lying in the plane of the undisturbed free surface. A 

concentrated source in the plane of the free surface is completely intolerable, 

because it causes much more than just local problems. (For example, the wave 

resistance of such a source is infinite.) Therefore we cannot hope to represent 

end effects in the simple way that is sometimes so successful for bodies in an 

3b - 
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the wave resistance of this shape of ship. (We have no assurance that the 

value computed would be accurate, but it would be a big improvement over 

ordinary slender-ship theory, which would give an infinite value of wave 

resistance for the ship with wedgelike bowl) 

We have made only a few crude attempts to predict what happens just 

ahead of the edge of the wedge, and these attempts have not been described. 

Using a very heuristic mathematical model, I concluded at one time that the 

rise in water level ahead of the bow should be independent of forward speed 

(for a given wedge angle), and it was this tentative conclusion that led us 

to examine our photographs carefully, after which we came to a conclusion 

that there must be some truth in the crude analysis, since the water rise is 

in fact quite insensitive to forward speed. 

The fact that the analysis is linear is, of course, a great help in 

obtaining a solution, but the most casual observation of the physical situa¬ 

tion (as in Figures 3 and 4) suggests that linearization may be a great over- 

si nplifi cation. In defense of the linearization in this analysis, I offer 

just two comments: 

(i) It always seems reasonable to try a linear analysis of any problem. 

One must in any case trust experimental evidence for the justification of an 

analysis. In the present problem, it is evident that the linear analysis is 

not grossly wrong. 

(ii) In many mathematical analyses of fluid mechanics problems, apparently 

unacceptable singular solutions often become very useful when they are properly 

interpreted. I have already mentioned the appearance in slender-body theory of 

flow singularities which result from the invalidity of the assumptions in the 

regions near the body ends. Perhaps an even more interesting situation arises 

in some problems in which we find that the solution to a linearized problem 

represents approximately the correct flow patterns but in slightly wrong 

places. Our bow-flow solution, for example, is not so singular as that which 

results from the usual slender-body theory, but it is still singular. It is 

interesting to note that the experimental data in Figure 6 would have a more 

orderly appearance if the ordinate scale had started at about x,^ --2. 

In other words, the predictions in Figure 6 are considerably improved if we 
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arbitrarily assuna that the rite in water level should have been „easured fro* 

a point about 2 in. ahead of the bow ^• measured from 

follow t-h .. eXtent' °Ur linearized results 
follow the pattern mentioned above: Thev a™ 
the wrong place.- approximately correct, but in 

The form chosen for the solution rn (1) is not an essential part of the 

analysis presented in this nan#»r- t«- .., 
F this paper, it was an easy way to arrive quickly at a 

solution for a particular case. It has already been mentioned that this 

simplification may be at least partly responsible for the discrepancy between 

Ws d experiments at the higher fronde numere. Having now determined 

at we have found some general agreement oetween analysis and experiments, 

- shall next try to obtain more precise solutions for these and similar proo- 

ems. For example, the body cross-section shown in Figure 1 (either (a) or 

(b)) can be mapped into an auxilliary plane in which body and free surface 

together make up the horizontal axis. The tree-surface condition must be 

transformed, of course, and then an integro-differential eguation comparable 

to ,3, can be obtained. This procedure can also be followed for bodies which 

are not syumetrical or for bodies which have an angle of attack. Ho solutions 

have been obtained yet except for that descrioed by Hirata ,4, for the case of 

a plate of zero thickness with an angle of attack. I hope that we shall be 

lc to obtain solutions for several more realistic situations - for which 

comparisons with experimental data will provide more definitive evaluations 

of tile fundamental approach described in the present paper. 
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