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I. INTRODUCTION 

The effect of rarefied backgro id gas on the hypersonic source flow 

I     has been investigated by Mvintz, Hamel and Maguire  (MHM) and Brook and 

Kamel2 (BH).  The earlier authors (MHM) made certain ad hoc assumptions 

regarding the flow processes and were able to give a simple picture of 

the plume rarefaction.  This theory was modified by the  later 

authors (BH) , who used a kinetic modf ." as represented by the Boltzmann 

equation and a three-fluid model comprised of jet, scattered, and back- 

ground molecules.  In their analysis the Boltzmann equation was arbi- 

trarily split into three equations describing the distribution function 

for each type of molecule, and formal asymptotic solutions were sought in 

terms of a rarefaction parameter. 

In the present report, we utilize the fact that the distribution 

function of the jet molecules is singular in velocity space.  Subtracting 

this explicit singularity leads to the splitting of the Boltzmann ec/uation 

into two kinetic equations whose asymptotic solution for a rarefied 
3 

background is sought. A similar procedure by Grad  has been successfully 

applied to obtain the structure of a strong shock wave. As one alterna- 

tive for carrying out a solution to these equations, an approximate 

technique of moments, following the well-known method of Mott-Smith, may 

be employed. It is shown that this approach produces a conveniently 

simple closed-form solution of reasonable accuracy. Indeed, it is shown 

that the previously-cited au hoc theory of MHM is actually equivalont to 

that due to 1 ne moment-met lod solution of the present equations. 

The theory  is applied here to two sample casuss  that of a 

spherical source interacting with a rarefied background and that of a 

free axisymmetric jet interacting with a rarefied background. 

It is of further interest to point out that the present analysis pro- 

duces as a special r-ase the beam-continuum equations derived by Rott and 



4 
Whittenbury , which have been applied by them to an analysis of the 

structure of a strong shock wave and to the evaluation of sphere drnq in 

hypersonic flow.  These equations h^ve recently l>een further applied by 
5 

Kot and Turcotte" to the solution of the flow over the leading-edge of a 

sharp plate.  The particular form of the beam-continuum equations derivable 

from the present analysis depends upon the choice of the continuum part 

of the distribution function.  Some of the alternative forms for the 

distribution function are that due to Mott-Smith or Chapman-Enskog.  The 

Mott-Smith form produces a special form of the continuum model which 

permits a closed form solution to the problem.  The Chapman-Enskog form 

leads to the Navier-Stokes model for the continuum portion and requires 

a numerical solution of it.  It may be noted that a systematic expansion 

based on the Chapman-Enskog assumption will produce the present Mott- 

Smith-based solution as the leading approximation. 

Following Brook and Hamel, we assume here that the flow has already 

expanded such that the velocity has achieved its limiting value before 

an appreciable effect of the background is experienced. 

II.  BASIC EQUATIONS 

The Boltzmann equation for hard sphere molecular interactions can 

be written as 

^| - JfJ(f'f^-ff^gbdbded" - J(fff) 

- J(f.f) -  (r, f)f (1) 

where f is the dietribution function, T  is the molecular velocity vector, 

g is the relative sp^cd of the collidinq mole-ulcs, , is the collision 

frequency, b and c are two geometric variables, f, is the value of f with 

» replaced by ', the velocity vector of the second particle.  f' and f-' 

are the valun of f for v j.ocitics of two noloculcs after collisions. We 



write 

f = ^ + F (2) 

where fj is the distribution function for the jet molecules.  Since the 

jet has already expanded to its limiting value, we may write f. as 

5 being the Dirac delta function.  F corresponds to the continuum part of 

the distribution and approaches the background value f. at large distances 

from the source.  Substituting this into Eq. (1) leadt, to 

Df . 
5^= - vpf. + J(f..f.) 

and 

DF 
5^ = - VjF + 2J(fj,F) + J{F,F) 

where 

J(f.,F) = If fF.'gbdbdedC 

vF = jF^bdbded? 

—♦ 

Vj = Jf j9bdbd,:;d'  and v = V- + vF 

We nondimensionalize the various quantities as 

^ = v^ , ^ = R , g/vroo= 5 

- -       i-   "• "* nb^ 
(;.--)/(2RT^)

J
 = c.§  r F«.  ^IT^-F 

:2RT,,) 

n.*    3    0 n 

(3) 



Thus the Eqs. (3) become 

-   M 2 * * 
2£i   g«   r n (-"b 
Dt = r2RTb)^ i"^ '-vv+»<?,.TJ)] 

gp  -Vrooa
2n*r* r  _  nb 

Dt     (2RTb)^   I'V ^ HF-^'.'J -   2.7(7..p)]  . 

r*et         "Vr  c2n*r* 
R =  QP 
P     (2RTb)

¥^ (4) 

*.» „. i. the sonic nuAer density( r. the sonic ^^^^        ^ 

the nu^er density ,„d temperature of the backgrou„a n.  and "  ia ' 

representative reiative coiUsion veiocity.  „, these e^ation^n, /n* 

an. Ep are th. two parameters. tHe iatter being proportion»! to in^rse 

Knudsen number,  since we have assumed that th- #i   i. 
ssumed that the flow has already expanded 

to it. final hypersonic value, we rescale the variables as 

RP V fj    ?    "j^ = Nj 
R/Rp = R~ 

Now, taking the limit n,  /n*^0 anH p b^/n -0 and R^oo, we get to the lowest ^^^ 

Df* 

Dt  = "T J = 0 (i) 
K 
p 

DF     - - 
Dt - - VjF + 2J(fj,p)       (ii) 

(5) 

«,. (5.U, provides a oiear picture of th. Umit to perfect vacuum e.pan- 

•ion. P,0 can he one of the soiutions oniy it  the backgrou,1d dlstribution 

function u identicsiiy 2ero. .v.„ a smaU vaiue for f, ie.ds to a finite 
value of F. 

in the next section, a moment method is presented to solve Eq. (5). 



III.  MOMENT J«THOD 

By assuming F to b« a «hlftad MaxwellIan. Orad was abl« to predict 

the structure of a strong shock wava. In the present case, we assuae 

the background distribution function F to contain a variable nuaber 

density N. and to be of tJv. nondimensional form, 

r - A, e-2  . 

Substituting this in Eq. U-ii) and multiplying by ? and integrating over 

the velocity space, we get 

id (R2N ) . Ü. 2rrj'?J(fi,F)d' (7) 

The right-hand side of Eq. (7) is easily evaluated by realizing the fact 

that collisions must conserve momentum for the gas represented by (f^+F). 

So from Eq. (4), we get 

2<5J(f*,F)> - «-'vpf^ *7a) 

fr, f* term is small as compared to terms in Eqs. (3-i) or (4-i) but is of 
i -^F j 
the same order as other terms in Eqs. (3-ii) und (4-ii>.)  Thus, Eqs. (5), 

(7) and (7a) lead to 

~2 H 
V    N.R     =   const.   =   (J/8   r) 

00   D (8) 

T  =  T /T,    .   T  ,       being  the  stagnation  temperature 

and 

or 

stag'   b   '     stag 

1    4   (R2N   )   . _JL .   Klv-tU 
R2  dR b R F   3 

dN
V, /Q» 

—£• =  N V     ufi» (9) 

~ H-5V00 "F b 
dR 



wh«r« 

(10) 
4' ^.<^^m] 

Bqs. (8) and (9) lead to 

"b dB   R  r 

UM «olutlon of which. Mti.fying th« boundary rooditiona at Infinity. 

com«« out to b« 

Ei. (9) and tha aolutio« (li) «ra tha «a»a aa obtainai by nm,    üaa 

of • ahiftad Oiapman-Enakoq diatribu^ion function for f laada to tha -all- 

known baam-continuun aquationa of Rott and Whittanbury which could provida 

• battar approximation to tha walua of 1^. 

in ordar to find tha atructura of tha diatribution function, ona haa 

to intagrata Eq. (S-ii).  In it« praaant fo.-» it ia ven, difficult to 

•olve Eq. (5-ii) without raaort to aome aort of approximation«, finca 

tha colliaional invriant momant« of Jlf^D hav to ..tl«fy ralation (7.). 

wa will raplaca Jityh  in (^-ii) by ^  ( T i« furthar aaaumad to b« 

a Known function of velocity). Actually a battar approximation could ba 

to avalua  thia tarm by u.lnq tha «olution of tha mom«nt method qiven in 

the la«t «action. Alto, in order to avo^d unpleaaant «inqularitiea in 

J(l .f). we will replace the Anaat« by the followinqt 

n* ir)   -( »-u ) /2M'.. 

%,here rn  i« the con.tant value of the temperature at which the freeie 

tak*« place. The aplittinq of tlm Bolt«»^nn equation «till hold« «rd 



Variation of F is still governed by Eq. (5-ii).  Now, ". can be written 

as 

.     (2RT, ^ 

oo 

,   -er    1+2 c/- 
■^ e    i    +    -z1    erf«?.) 
V'TT 2 h 1 

■ V j (12) 

where 
2RTb  ^ Cl   '   ^T^;)2   (^Vco)      ' c2=   q^   C22+   ^ 

Following Brook and Hamel, Eq. (5) can be integrated along the charac- 

teristic line and we get 

.1 a 
2Rr Sln9     vPf-i     C    NKe F = f,e  2RC      +  _F 1 b 

b -I 
2Rcsin9,■    Rsinö *       J 

2R2csin25 '[ fl+l p'/Rsind) 2] 
RcosO l J 

dp' 

The last equation can be put in a simple form if we write 

P ' - Rsin^tanZ. 

Thus, 

F = f, exp(- —J :— 
b ^  2~c sxn( ■) + 2Rcsin9 

2Rc 
Li 
sin'^ r   -v*Z/2Rcsin- 

i N, e  J 
b L!Z 

Integration over velocity space leads to a linear integral equation for 

Nb. An iterative solution is immediately suggested by the nature of the 

equation.  However, simple estimates can be obtained by assuminq N  to be 
^ b 

independent of Z.  For certain types of collisions this can be a fairly 

good approximation and has been used by Kogan8 and others.  Thus, we get 

* * 

(13! 



If the last term in Eq. (13) is interpreted as due to scattered mole- 

cules, we can easily see that their contribution is positive and of the 

order of (v*/v*).  Apart from velocity dependent collision frequency, 
F  j 

the present result differs from that of Brook and Hamel in the expression 

for scattered molecules.  Integration of Eq. (13) over velocity space 

leads to the value of N^. 

IV.  AXISYMMETRIC JET 

Once again we will assume that the jet has already expanded to its 

final hypersonic value before the effect of background molecules becomes 

important.  So Eq. (5) still applies to the present problem. With a spher- 

ical coordinate system (r,fi), the solution of Eq. (5-i) is 

f . = n.(r,q)6(—uo)6(^)Mr) . (14) 

The  results of studies on axisymmetric jets by Robertson and 

Willis6, and Grundy7, indicate that the number density is essentially 

given by th^ invisciu so1vtion ar.i the temperature freezes at different 

values along different streamlines. For number density nj one can either 
g 

use the density evaluated from the similarity solution by Thornhill or 

the co-relation with the characteristics solution, due to Ashkenas and 

Sherman10, can be used.  In the present case the latter value for n. is 

used.  Thus, 

n,(r,ß) =£2^cos
2 Ji ,  cp - 1-365 (15) 

J        r * 

A  straightforward 'application of Mott-Smith  moment  technique  to Eq.   (5-ii) 

leads  to 

1    2N- vj? 2   TTQ 
Nb   2Ü    ¥ 2* 



The integration leads to 
. * 
F   2 ■' 

N.  - A. ('.)exp(- rr c03   Ty hl R       2^- 

In order to satisfy the boundary condition at  R.a>#  wo 't.ust have A^   1. 

Thus, 

(16) 2 
-  —  cos     rr— Ny, = exp    - -*- cos    j 

On the jet centerlino where '".=0, 116) reduces to Eq. (11).  So far the 

jet flow is hypersonic} the ' ' variation of freeze temperature does not 

influence Eq. (16) to a first order. Also, thjs simple expression for 

variation of N, suggests that background molecules are moving radially 

and the penetration distance into the jet is different along different 

streamlines.  The latter result is intuitively reasonable as the atten- 

uation of the background depends upon the availability of the number of 

jet molecules.  As a consequence, the background penetrates farther along 

streamlines away from the axis of the jet.  This solution agrees with the 

experimental data obtained by Brook, Hamel and Muntz. 

V.  CONCLUSION 

The interaction of a hypersonic source flow and an axisymmctric free 

jet with a rarefied background has been investigated.  Based on the sing- 

ular nature of the distribution function, the Boltzmann equation is split 

into two kinetic equations.  This approach includes th- basis for the 

"beam-continuum" method as a special case.  Application of the simple 

moment mechod loads to a closed form solution for the results arrived 

+An extended abstract of a paper presented by Brook, Hamel and Muntz at 
the 8th Rarefied Gis  Dynamics Symposium, and kindly made available by 
Dr. Brook, montier s, "If the backqrouncl density is assumed to decay expo 
nentially , nb-nb exp(-Rp(8)/R)# and if we calculate Rp( O, wo can see 
that the theorcti?äl results, and data both agree with the approximatic 
Rp(9)-Rp(0)coi 1.15<). 

on i 



at by MIIM for source flow. The solution for the axisymmetrlc 

free jet also agrees with the expcriirental results due to Brook, Manvl 

and Muntz. 
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