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Abstract

The problem of scaling the phenomena of the collapse ~f the
wake of a self-propelled body in a stratified fluid is examined, Conditions
are derived such that the Froude number (based on body speed, length
and Vaisala period) is equal for both model and prototype. Conditions
are also obtained for the existence of buoyancy and inertial subranges in
the wake turbulence. These conditions are applied to determine the
smallest size model for which the phenomenon of wake growth and collapse

is properly scaled from the prototype.
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In this note, we consider a self-propelled body of length L
traveling at a speed U in a stratified fluid which is characterized by a
Vaisala frequency N . The diameter of the body is D , the diameter of
the propeller is ¢l and it will be assumed that L/D = [0 and D/f", =2
so that L /p =20 . For the full scale or prototype body, typical numerical
values are IJ = 6 knots &= 3m/sec, L=100M and N = 10'Zsec'l.

The sc;aling parameter is the Froude number

F = U /( N D)

which is, of course, equivalent to Richardson number scaling since

Ri='/F ‘
In the usual way, LJ , D and N are chosen so that
F = (.!_f_j g (_LL_) B
ND P ND M b
where the subscripts P and M refer to the values of the parameters for the
prototype and model respectively.

In both the model and prototype, the physics must be the same for a
meaningful model experiment, The propeller produces turbulence. The wake
grows by entraining fluid with a cons2quent decrease in the turbulent energy
and increase in the potential energy of the fluid withir the wake. Simultaneou.sly
there is viscous dissipation of the turbulence energy. Finally, when the turbu-
lent energy drops to a sufficiently low level, the wake collapses,

One of the consequences of Ko's model of the growing and collapsing

wake (Ko, 1971) is that the time for the wake to collapse, ‘tc , is nearly
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independent of the Froude number and is
tc. ~ 2/N

This is, of course, in agreement with the available experimental data
(Schooley and Stewart, 1963; Vander Watering, 1966).
Another time scale is that of the turbulence (Batchelor, 1967)
tr=4/u
where [ is the integral scale of the turbulence and U 1is the turbulent
intensity,
Clearly the ratio between these times must be equal for both model

and prototype if the phenomenon of wake growth and collapse is to Le cor-

rectly modeled. This ratio is

t )t =2u/(NL)
The turbulent intensity is a fraction of U,

U=« Ll o< «< | |
Ko suggests that o> 0,25 just behind the propeller and this is in rough
agreement with the results obtained by Naudascher (1965). 1Itis also to be
expected that the integral scale is a fraction of the propeller diameter, d ,
i, e.,

L=pd , o< @< I

With these assumptions
(__t._.)_(zu _z(o(U)
Cry \NZ o enNd M

= 4@+
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Therefore

if, and only if

(), = (=/p),

That is, this ratio of the time for the wake to collapse to the characteristic

time of the turbulence will have the same value for both the model and the

prototype if the turbulent intensity is the same fraction of the body speed and

the integral scale is the same fraction of the propeller diameter in both model

and prototype, In both model and prototype the self-propulsion is accomplished

by a propeiler; both the model and prototype propellers are geometrically
similar and the ratio of the rotational speed of the propeller to body speed is
the same for both model vnd prototype. Since bcoth the geometry and the velo-
city triangles of the blades are similar, one would expect, provided that the
model propeller produces a turbulent flow, that the ratios of the integral scale
to the diameter anrd the turbulent intensity to the body speed are invariant with
scale, That is, we expect o¢ and G are truly constants, Then the ratin
(‘fc/f_r) is also invariant, Finally, we can estimate this ratio. If we take

o(:l/tl- and @:l/z 0
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(t:/¢,) = Z@Q—D)P ~ /00

These estimates suggest that the collapsing wake can be properly

modeled at any scale provided that the wake is turbulent at that scale, We

must therefore ask, is the wake turbulent behind the propeller and, say, up
to the point of collapse ? It is clear that the Reynolds number will be very
different in model and prototype, but there must be a similarity in that a
buoyancy range and an inertial range must be present in model scale if they
are present in prototype scale.

We will therefore examine the flow at two sections; just behind the

propeller and at the poit of collapse. Taking ‘he time of collapse as

t.=2/N

the point of collanse is

X, =Ut = 2U/N

Therefore L
(x1d)= 2(57) 2(2)s
using the values of J , D and N for the prototype. So we must estimate

the state of the flow at

X= 0 and X =120d,
In all of the numerical work below, it will be assumed that the speed of the

model, UM = 1m/sec.
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A necessary condition for the existence of an inertial range (™hillips,

1966) is that

./Z:: (Ll[ >> '

We will assume that, just behind the propeller ('X e o) )

u= U/4. - ,E-::J-/Z

() ) ()

-2

then

With J = 1m/sec, d/l. =1/20, and Y =10 cmZ/sec,

Y _
Ry, = 8 1
with [ in em. It is clear that any model longer than about 50 cm easily
7
satisifies the condition Rg: >> |
G c Yo d .

Next we will estimate Rll at X =120 . We need estimates of W
and f at =120 d . Wwe will use the only experimental results which we
have, those of Naudascher (1965). Using the data in Naudascher's Table 3

and Figure 15 *

Lid =~ 0.5 and w/i = 7x /o

* Naudascher uses D for the diameter of the turbulence generator and L
for the integral scale; our o and ﬂ , respectively.
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Therefore

RLV:Lzo @Z/i)) (.3:::(/03) (Uat/,))
(35,::03) (uz_/»)y"(at/z_)

~ /3 L

with L incm., We thus necd

Lyz >> |

and it appears that | =100 cm will be adequate. Therefore there will be
an equilibrium range at collapse if L 2_ 1 meter.
Next, we ask under what conditions a buoyancy range will exist, It is
clear that, just as in considering R£ , the crucial conditions occur at
N =120 d . The buoyancy wavenumber Kb which separates the buoyancy

range and the equilibrium range is (Lumley, 1964; Phillips, 1966)
Vo
x (N3/ € )

where £ is the rate of energy dissipation. For a buoyancy range to exist

(l/'rz) >> K,

(va/é)'/‘#

is the Kolmogorov micro-scale. Taking

:Ma/l
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this condition is

W/ (vEIN) > | .

This can be written as

(u/u)” FA(d/0) (/) (/) (uL/) >> |

or with u/u =Tk [63 , z/&( =09 from Naudascher's results, and
LJ =1m/sec.
L > |
with L inecm. Again, it seems reasonable that [ =& 1 meter will be
%*

adequate.

Finally, we might require that the Reynolds number based on the

dissipation length scale

R"::((/{A/Z)) '>>|o
Again we consider only the case X =120 d . Naudascher (Figure 13)

gives curves of /\/)\w (/\,,/,L = 0./55> as a function of P(’X~Xo)/u )ﬁ.’o

Then, taking X,= O ,

(%) =G2@ (- DE)
=2/

3
*At X =(20d , the ratio u/£ is actually larger than € by the amount
of energy extracted in buoyancy range. Including this consideration, this
condition is given by

L >>> |

Again, it seems reasonable that L & 100cm is adequate,

=



with L inem, For |[m < L ¢ JOM | A/,\N lies in the range 0.5

-

to 0. 2. We will take

A/Aw = 0"/ and /\m /A = 0, 135

to obtain an estimate of RA . Therefore,
Ra = (/) (M JAw) (Ao fd )/ ) (UL v)
= 016 L

with | in em. Again, it appears ‘hat L & 1m will be satisfactory.

We finally conclude that:
a, (-‘:c /-{T) will scale correctly with the Froude
number £ =y /(N D) if the wake flow is turbu-

lent at model scale.

b. For the model wake to be similar to that of the
prototype, the requirements are:

for an inertial range,
Y.
RY= [(w)({/a)(#/) R >>1 5

for a buoyancy range,

/) (4/2)(p/a)(p/L) FPR.>> 1 5

and finally,

Rx = (W ) (NA) (Amfa )(d/L) Ro>> |

Rg_'—'UL./Q

Using Naudascher's results, we find that in all cases these inequalities

with

are satisfied by taking K. =10% i.e., |J = 1m/sec. L =1m with

Y = 10-2 em® /sec.
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