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Estimating and Testing Linear Hypotheses on
Parameters in the Log-linear Model
by
S. Kullback

The George Washington University

Summary

The minimum discrimination information theorem yields
minimum discrimination information estimates as members of
an exponential family which can be expressed in log-linear
additive form. We illustrate in terms of a particular
contingency table the relations implied by hypotheses and
subhypotheses of interest on the values of the natural para-
meters and random variables of the exponential family, the
related moment parameters, and the estimates of cell entries.
Computations are carried out using the Deming-Stephan
iterative algorithm and its extension by the generalised

iterative scaling procedure of Darroch and Ratcliff.

1. Introduction

It is a consequence of the minimum discrimination

information -heorem, that minimum discrimination in-

formation distributions are formulated as members of an
exponential family [3], [l1l]). For applications to the analysis

of contingency tables it is useful to express the exponential
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family as a log-linear additive model [10], ([13]. We
propose to illustrate in terms of a particular set of data
the relations implied by hypotheses and subhypotheses of
interest on the values of the natural parameters and random
variables of the exponential family, the related moment
parameters, and the estimates of the cell entries.

Since our estimates in this discussion are constrained
to satisfy certain linear relations based on observed values,
the minimum discrimination information estimates are maximum
likelihood estimates and the associated minimum discrimination
information statistics are log-likelihood ratio statistics
(31, (5], [12], [13). Further references to the literature
on the log-linear model may be found in papers by Bishop (2],
Dempster [6], Gokhale [7]), Ku et. al. [10], Plackett [14].

The particular data we shall use were first presented by
Cochran [4], are givea in table 1, and have been examined from
various points of view (1], [2]}, (7], (8], [l10], [15}. It
should be noted that the use of the data is primarily as a
vehicle to illustrate the procedures and concepts rather than
the reanalysis of the data per se. Computations were carried
out using a general computer program for the analysis of
contingency tables including the Deming-Stephan iterative
algorithm and its extension by the gyeneralised iterative

scaling procedure of Darroch and Ratcliff (S5].
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2. The Hypothesis and Subhypotheses

As stated by Grizzle [8, p. 379], "It is desired to compare
the mothers of Baltimore school children who have been referred
by their teachers as presenting behavioral problems to mothers
of a comparable group of control children. For each mother it
is recorded whether she had suffered any infant losses previous
to the child in the study." The hypotheses considered by
Grizzle may be stated as (1], [(8]:

Case 1. "The test of the hypothesis of no interaction”
or logit additivity.

Then "to test hypotheses about the parameters in the
model."

Case 2. "Is there a difference between problems and

controls?" j

Case 3. 1Is there "equality of birth-order effects?" i

Case 4. a) "Is the effect of birth-order linear?" ! f

b) "Does it require a second-degree ?

polynomial to describe the effect?" ?

It was shown that the null hypothesis of logit additivity %

of case 1 is satisfied [8]. Maximum-likelihood estimates for g
the subhypotheses of cases 2,3,4 were obtained in terms of linear
contrasts of the logits, but did not include a specific restraint

of logit additivity [8]. Berkson (1] gave the maximum-likelihood 1

estimates, as well as minimum logit x2 estimates under the same i




restraints of the linear contrasts of the logits. The maximum-

likelihood estimates are given in table 2. The resulting
maximum-likelihood estimates for cases 2,3,4 consequently do
not satisfy logit additivity as shown in (2.1)-(2.4). Similar

results also follow for the minimum logit x2

estimates. The
procedure we shall present derives maximum-likelihood estimates

for the various cases that do satisfy logit additivity.

3. The log-linear Representation

In accordance with the minimum discrimination infor-
mation theorem [11, p. 38], [13] a log-linear representation
for the observed values x(ijk) of table 1 for the complete
set of marginals, including observed cell values (as three-
way marginals), is given analytically by (3.1) where w(ijk)
is the uniform distribution and n is the total number of ob-
servations, and graphically in table 3a. The values in column
1l of table 3a are essentially those of a normalizinc constant
(the negative of the logarithm of the moment-generating func-
tion). .The values in the other columns of table 3a are those
of a set of linearly independent functions T(ijk) whose mean

values are various marginals. Note that
i (130 = s dik ete. T (150
1114)% 1 1 retC.itin 't
SRS SpP 3 Prrs kK, ..
Tl(ljk)Tl(ljk)Tl(ljk),etc,

where the T(ijk) are indicator functions of the various mar-

ginals [13].
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L=
Case 2 Ln%%:—%g— - mz9328 - n 0.843 (2.1)
32 - enlS288 L pn 0310
'j Case 3 ) tnfgiets - en3iAll < pn 1.357 (2.2)
E.
1 an2°'6°4 - znz-;%%% = ¢n 2.805
Case 4a ) £nd% - 38 = ¢n 1.189 (2.3)
Ln%-gég-g-g- - ena22385 . 4n 3113
m2Le191 |, 11091 L oo
Case 4b £n23'618 _ £n13'618 = ¢n 1.295 (2.4)
x(ijk) _ 14, 503 0x
ang-m— = L + 1T (13k) + T3 (13k)
kK. . KK, . £9.43 .
+ ‘tlTl(iJk) + Tsz(ijk) + rn'rn(ijk)
(301)
ik ik .. ik ik ., 3k 5K . .
+ rllTll(ijk) + 17,T]5 (i3k) + TllTll(ljk)
3K 5K« 19k i3k . - 15k 9k . .
+ 13273 (33k) + 1397 T)7; (13Kk) + 133,17, (13k)
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From table 3a and the representation in (3.1) we may express
the logits over losses/no losses in the observed contingency table
parametrically as in (3.2). The values of the effect and inter-
action (tau) parameters for x(ijk) are given in table 5. Let us

now consider the implication of the hypotheses.

s oot ol
R gl el
-
S R B
-
case 1

For logit additivity (no second-order interaction) the es-

timate must satisfy riit=Tii;=0, in order that the difference

vetween corresponding logits for problems and controls (i=1,2)
be the same. Its representatin is given by columns 1-10 of
table 3a. The minimum discrimination information estimates are

thus constrained to have the same two-way marginals as the observed

table (implying all lower order marginals) and may te obtained by

ol ik agd
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the Deming-Stephan iterative algorithm. This procedure was
illustrated for this data by Ku et al [10, p. 59]. If we denote

the estimates by fitting the two-way marginals, that is,

v satisfying logit additivity,as x5(ijk), then the corresponding
| logits may be expressed parametrically as in (3.3).
4
i
I x*(111) : o b ;
| 2 = ) ij ik =
f angTTITT 3 + 3 + 11 = M+a ¢+ 81
x*(112) . ,p :
2 = J ij ik _
{ ey =1 ™1 M PR by
; x4 (113) Y
anz =1 + T3 = u+ @y + 83
x*(211) .
2 = g3 ik "
an Tl + Tll v+ 0,2 + Bl (3.3)
x*(212) .
2 = ] ik _
£n§§77777 =17 + Ty, = H o, + 82
| an = ‘l’l = U + az + 83
{

We remark that the numerical values of the tau parameters
in (3.3) are of course not the same as those in (3.2), even
though we use the same notation for simplicity. We may also
consider a parametrization in terms of orthogonal polynomials
W (9, p. 359] as in (3.4) assuming equal spacing of birth-order

1 effects [8].

: Grizzle used the parametrization of (3.3) in u,ai,Bj with

ul+a2=0, Bl+82+83=0 (8].

B e o omiy oy Lot e e
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3 ij jk = -

Tl + Tll + 111 al bl + b2
3 ij ik _ -
Ll * T =) 2b,
j ij =

Tl + Tll al + b1 + b2

(3.4)

b) jk - -

Tl + 111 a2 b1 + b2
)] ik _ -

Tl + 112 = az 2b2

rj =a, + b, + b
1l 2 1 2

To test the null hypothesis of case 1 we compute the

statistic
2I(x:x5) = ZZZZx(ijk) Ln(x(ijk)/xg(ijk)) = 0.853, 2D.F.
The null hypothesis of logit additivity is accepted. Note

that this is deroted as Model (1) by Bishop [2, p. 556].
We see from (3.3) and (3.4) that

= utoay e =ay DoRNRs
Tii =% T3 T3

Tii = By - By = -2b) (3.5)
3K
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The values of xg(ijk) are given in table 4 and the common

logit difference is t;i. The values of the parameters for

x; are given in table 5.
Case 2
For the subhypothesis that there is no difference in

the logits between problems i=1 and controls i=2 in the model

of logit additivity we must have

ij: - =
11 © %1 7 %2
in (3.3)-(3.5), that is, ti.: corresponding estimate x;(ijk)

must satisfy

ijk _ _ijk _ _ij _
T =02 © mg = O
The representation for x;(ijk) is given by columns 1-5, 7-10

of table 3a. The estimate x;(ijk) must thus have the two-way

marginals xé(i.k) = x(i.k), x;(.jk) = x(.jk) and the implied

lower ordw:r marginals. In this case the estimate is explicitly

given by

il i el

x;(ijk) = x(i.k)x(.jk)/x(..k).

Note that this is denoted as PA Model (2) by Bishop (2, p. 556].

The numerical values of x;(ijk) are given in table 4 and the

common logit difference in this case is zero. The parameter

R . s R e

values for x; are given in table 5.

Cris e e Lo
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For the subhypothesis that there is equality of birth-

order effects k=1,2,3 in the model of logit additivity we must

=8 = Jk: jk: =ph = i - ) i
have 81—82 83 or Tll 112 0 or b1 b2 0 in (3.3)-(3.5), that is,

the corresponding estimate x;(ijk) must satisfy

ik _

i3k _ lek = TJk = T =0 .

T11 - M2 11 - 12

The representation for x%(ijk) is given by columns 1-8 of table
3a. The estimate x;(ijk) must th .. have the two-way marginals
x;(ij.)=x(ij.),x;(i.k)=x(i.k) and the implied lower order mar-
ginals. In this case the estimate is explicitly given by (a
version of Bishop's PA model [2,p. 556])

xg(ijk) = x(ij.)x(i.k)/x(i..).
The numerical values of x;(ijk) are given in table 4. The

i as . i
common iogit difference is t

li' The parameter values for x;

are given in table 5.

Cas” 4a

1'or the null subhypothesis Eol that the linear component is
: ; ik
zero in the model of logit additivity we must have Bl=83 or 13, =

or bl =0 in (3.3)-(3.5), that is, the corresponding estimate xa(ijk)

AL e Rt
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must satisfy Tii§ = Tiig = Ti? = 0. The representation for

x;(ijk) is given by columns 1-8,10 of table 3a. The estimate

x;(ijk) must thus satisfy the restraints

x;(ij.) = x(ij.), x;(i.k) = x(i.k), xs(.j2) = x(.j2)

il i uoonmionk Codes d

b | on the two-way marginals and the implied lower order marginals.

The values of xa(ijk) are obtained by the iteration (cf. Gokhale [7])

x‘jn+llijk)

_ _ x(ij.) (Bnl..
| X ijk)
] x5

: (3n+2}.. 3 x(i.k) (3n+l)..
! x ijk) = X kl]k)
E x(3n+lli.k)
(3n+3%.. _ x(.jk) (3n+2{.. _
X ijk) = p ijk), k=2 (3.6)
x(3n+2&.jk)
(3n+3k.. _ x(..1)+x(..3) (3n+2*..
x ijk) = X ijk),
x 3042k 1) 30%2) 3
k=1, 3.

The numerical values of x;(ijk) are given in table 4. The
common logit differerice is Tii' The parameter values for

x; are given in table 5.

Case 4b

For the subhypothesis Ho. that the quadratic component is

2

s ke el

zero ia the model of logit additivity, we must have 81-282+83=0 or
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] 2=

2Ti§=Ti§ or b,=0 in (3.3}-(3.5), that is, the corresponding

. ranal q ijk _ _ijk _ jk _ Jk _ _jk
' estimate Xh(ljk) must satisfy 1111 7112 o, 2112 1 T

] .

' where we use the parameter er to avoid confusion. To determine

b,
E the restraints and estimation procedure for xﬁ(ijk) we note that
F . ik _ 3k _ 3k .o . .
| the requirement 2112 =131 =1 implies that in the log-linear
: regression (3.1) there appears a term of the form
jK ;mik ;s 1. 3k, . .
o o0l (Tll(ljk) + §T12(1Jk))... (3.7)
! so that the corresponding revised graphic table for xﬁ(ijk)
r appears as in table 3b. The estimate xﬂ(ijk) must satisfy
: the restraints i
xf(i3.) = x(13.), xF(i.k) = x(i.k) !
;’ x#(.31) + x%(.32)/2 = x(.31) + x(.32)/2 |
] ' ]
and those implied on the lower order marginals. The values of i
xﬁ(ijk) are determined by the generalised iterative scaling ;
3
: pocedire of Darroch and Ratcliff [5] (see appendix) ;
|
L x O30 = (13,0 /% PMi3.0) %3 5k) |
é x 030 2h55K) = (x(i.k) /x O k) ) x 30+ 1) 5 5k i
h x(3n+3*ijk) 2
i hy & (iik) h, )az‘”"’ : hy )as(ij“) « 3042} 41)
; Tamezy) h{37+2) R3320
3 1




where the values for ar(ijk), hr' r=1,2,3 are given in table

6.

. : i
common logit a.fference is 117

are given in table 5,

[8] which leads to the estimates x*,xg,x;,x* for case 2,3,4a,4:

respectively, given in vable 2, is in fact equivalent to using
the parametric tau representation in (3.2) rather than that in
(3.3). The contrasts in terms of the logits thus imply the

following relations among the tau parameters.

that 1is,

-13-

The numerical values of xﬁ(ijk) are given in table 4. The

*
11° The parameter values for xp

Remarks

It is of interest to note that the procedure used by Grizzle

a d

Case 2
;XL L, x(112) L x(113)  x(211) |, x(212) . x(213)
Contrast: In'=7°7 '*(“x(lzz)*E“x(123)'”&x(221)+£"x(222)+£“x(223)

b d e diiade gt

i3, i3k, ijk_
3111117 ,=0

Case 3

X(111)  pnX(211) _, x(112) , x(212) , x(113) , x(213)
Contrast: znxrlziT**nx(zzl)‘K"x(lzzx+£“x(222T‘£“x(123Y+£“x<223) .

er+1ij+2rjk+rijk=2rj+rij+21jk+rijk=21j+rij,
1 11 11 111 1 1i 12 112 1 11

that is

k. ik ik, iik
23+ J: J+ J:.
117711170 27,50
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Case 4a

x(111) x(211) nx(ll3)

Contrast: gnyT7Iy Hnx(azIy=t iTII?T*LHX(213)

X

.13 ik, ijk_,_ 3, . i3
2Ty+T392Ty P11 2T YT

F that is,
i L
; 213kyridkog

11 111
f Case 4b %
s . x(111) x(113) x(211) x(213) _ x(112) x(212) 1
5 Contrast: Ln sy Hngtiasy koD st 2 Wtz % a23))
; PO FOUE 5 JOS UL S SPRPE TS JOSE I T )
! P AT A T R AT AL PR PO ;
| that is, :
g

]
2r3kurtikogod pridk, ?
It may be verified that the restraints, implied by the relations y
among the taus, which the estimates must satisfy, are indeed satis- 1
fied by those given in table 2. The restraints are: ?

Case 2: x;(i.k) = x(i.k), x;(.jk) = x(.jk),

2x*(ij1) - x3(ij2) - x%(ij3) = 2x(ijl) - x(ij2) - x(ij3),

G

- x3(ijl) + 2x3(ij2) - x3(133) = -x(ij1) + 2x(ij2) - x(ij3);
Case 3: xg(ij.) = x(ij.), xg(i.k) = x(i.k),

xp (1ik) - x(2jk) = x(1jk) - x(23k);

T T

i L ST

Case 4a: xé(ij.) = x(ij.), xé(i.k) x(i.k), xé(.jZ) = x(.j2),

Xé(ijZ) = x(ij2), xg (13k) - xé(ij)

x(13k) - x(2jk);

L ) Foera e i bt LbadEa okt s s ki 2 o a il e e G i et . ey
ik i Dy
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Case 4b: xa(ij.) x{ij.), xa(i.k) = x(i.k),

xj(1jk) - xX(23k) = x(1jk) - x(23k),

2xa(ij1) + xa(ijZ) 2x(ij1) + x(ij2),

x*(132) + 2x}(i33) = x(ij2) + 2x(ij3).

For convenience we summarize the conditions on the tau

parameters associated with each of the estimates.

ijk _ _ijk _

. *

ij . _ijk _ ijk

T11 ¥ T T 32 < O

Case 2: x;,

iy . i3k . _ijk _
3131 * 111t T2 < 0

Case 2: x* 1

jk jk _ _ijk _ _ijk

Tase 3: xE, T11 ° 12 T 111 T T112 0,

case 3: x¥, 273 + 113% = 0, 2:3% 4 Ik o,
Case 4a: x;, Tff = rii? = riig =0,

Case 4a: x;, 212? + rii; =0, Tiig,

Case 4b: xﬁ, Zrig = r{? = Tjk, Tiit = riig =0,
Case 4b: xa, Zri§ + Tiit = 4122 + 21%25.

As we shall see in section 4, we accept the subhypothesis

of case 2 that

i3k ijke - i3.
T = =
111 112

It seems reasonable therefore to reexamine the effects of hirth-

order within the combined model of case 1 and case 2.

e o Ly L i e T et s e R i, e L e o e o S B
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Case 5

For tie subhypothesis of case 3 within case 1 and case 2.

the corresponding estimate x&(ijk) must satisfy

ijk__ijk__ij__jk__jk 0

11117711277 41571177127
The representation for xﬁ(ijk) is given by columns 1~-5,7,8 of

table 3a. The estimate is explicitly given by

x&(ijk) = x(.j.)x(i.k)/n.
The numerical values of x;(ijk) are given in table 4. The common
logi.c difference is zero. The parameter values for x;(ijk) are

given in table 5.
Case 6a

For the subhypothesis of case 4a within case 1 and case 2,

the corresponding estimate x;(ijk) must satisfy

13k__ijk__1j__jk

7311°7112°711° 71170

The representation for x;(ijk) is given by columns 1-5,7,8,10

of table 3a. The values of x;(ijk) are obtained by the iter-
ation (3.6) except that the first cycle is replaced by

x 37556 = (x50 /23 50Ok

The numerical values of x;(ijk) are given in table 4. The

common logit difference is zero. The parameter values for

x;(ijk) are given in table 5.

e i
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Case 6b

For the subhypothesis of case 4b within case 1 and case 2,

the corresponding estimate x;(ijk) must satisfy

ik pddk_ i3 . o, dk. ko 3k

1111771125777 12711

The representation for xS(ijk) is given by columns !-5,7-9 of
table 3b. The values of xS(ijk) are dete:mined by the iteration
(3.8) except that the first cycle is replacea by

x50 = (x(.5./x3 5.0 Bk .

The numerical values of xS(ijk) are given in table 4. The com-
mon logit difference is zero. The parameter values for xS(ijk)

are given in table 5.

4. The Analysis of Information

To Lest the various hypotheses and their associated
estimates we set up analysis of information tables showing
interaction type measures and effect type measures [10], [13].
We recall that interaétion type measures compare the original
table with an estimated table and test 'a hypothesis that the
values of the tau parameters of the original table satisfy the
restraints on the tau parameters specifying the estimated

table. This value may also be interpreted as a measure of the

™ ek {alaaoianlon eaokhaisad o sl Abisioi bl ik
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goodness-of ~fit of the estimate oktained by fitting the
implied relations on the estimated cell values. Effect
type measures compare two estimated tables and test a
hypothesis that the additional parameters in one of the
estimates differ from their zero values in the other es-
timate. This value may also be interpreted as a measure
of the effect of the additional restraints on the estimate
in the fitting procedure.

We first compare the estimates within the model of
logit additivity with those obtained by using linear con-
trastse of the logits. In the analysis of information-I we

also include the values of the Pearson

x2=222(x(ijk)-x;(ijk))z/x;(ijk), for r=a,b,c,d, given by Grizzle [8].

* * %* * * * *
We note that x2 and Xar Xp and xg, X2 and xg, x4 and

xﬁ do not differ significantly from one another. This is

not surprising since fiom the value of ZI(x:xs) we inferred

that the values of riit and riig for x(ijk) do not differ

significantly from riit = 1;12 = 0. However, though the

" estimates x*,x*,x*,x* and the estimates x*,x%*,x*,x* satisf
a’“b’'“c¢’"d e

£f'g’"h
the linear contrasts for the logits only the latter four

satisfy logit additivity. We note that x;,x;,x;,xﬁ are

estimated using fewer tau parameters than x;,xg,xé,xa re-
spectively.

Within the model of logit additivity we have analysis
of information-II and within case 1 and case 2 analysis of

information-III.
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Analysis of Information-I

Component due to Information xz
Case 2
ij_.dijk__ijk_ . _
Tll 11 1112 0 _ 21 (x .xé)- 3.154
Dif ference ZI(x;:x;)= 0.654
i3, ijk, _1jk_ . _
3Tll+Tlll+T112_o 27 (s, .x;)- 2.500 2.475
Case 3
fll 112 111 1112—0 2T (x .xg)-28.199
Difference 21(x£:x§)= 3.724
"rjk ijk_
117711179/
jk,  ajk_ Ay &
2112+1112-0 2T (x .xS)—24.475 24.239
Case 4a
Jk_-ijk__ijk_ k)=
Tll Tlll 132 0 2T (x .xg)-?5.257
Difference 21(x;:x;)= 3.932
ik, ijk_, -ijk NPT
2111+1111—0,1112 2T (x .xc)-21.325 22.765
Case 4b
jk_.jk__Jk
ijk_ ijk= i) =
1111 1112 0 21 (x .xh) 2.131
Difference 2I(xa:x£)= 0.670
ik, ijk_,. ik, , ijk e k) =
2111+1111 4112+21112 21 (x .xd)- 1.461 1.478
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Analysis of Information-II

Component due to Information xz D.F.
Case 2
ij__ i]k le . =
1=7111°111 2 =0 21 (x .x;) 3.154 3
Conditional effect of 1] 21 (x3:x%)= 2.301 1
T33%=r13k-0 2I(x :x$)= 0.853  0.851 2
Case 3 and 4a
jk Jk l]k ljk_o
115121917112
or (b =0, b, =0) 2I(x :x?%)=28.199 4
Conditional effect of Tig
or quadratic component 21(x;:x§)= 2.942 1
i ik kg or (b,=0) 21 (x :x#)=25 257 3
Effect of linear component
given quadratic component 2I(x5:xa)=24.404 1
idk_ ik, e :
7111°71312° =0 2I (x 1x3) 0.85: 2
Case 3 and 4b
2I(x :xg)=28.199 4
Effect of linear component 21(xﬁ:x§)=26.068 1
jk jk_ ik _ijk_ ijk
112571157 411115711270 oF .
(b =0) 2I(x :x*)= 2,131 3
2 L
Effect of quadratic component
given linear component 21(x5:xﬁ)= 1.278 1l
27X :xi)- 0.853 2
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Analysis of Information-III

—Component due to Information D.F.

Case 5 and 6a

ik oIk ik o k_

4 | . = — = = N =

; ¢ 11°7117%32°7111° 7 L 0 2I(x .x;) 29.831 5

E % Conditional effect of Tig

| or quadratic component 2I(x*:x*)= 2.904 1

ij__jk__ijk__ijk_ . )

T115711°7111° 11127 2I(x .x;)—26.927 4
Effect of linear component

1 given quadratic ccmponent 2I(x;:x;)=23.773 1

),

t ij_.ijk__ijk_ . _

: Tll Tlll—Tllz—o ZI(X ox;)_ 3.]54 3

Case 5 and 6b | 4

ij__3k__Jjk__ijk__ijk

:}1—111=T12=T111=T112=0 ZI(X :X;)=29.831 5

Linear component 2I(x;:x;)=25.399 1
dk__Jk__3jk

21325711

ij_ _ijk__ijk_ e )=

Quadratic component ]

given linear 21(x;:x5)= 1.278 1 g

ij__ijk__ijk_ . _ {

Lo
P

ki e i il 8 K e’ ol .



We infer that there is no difference between problems
; and controls. The effect of birth-o.der is not homogeneous
3 and the logits may be expressed by a linear regression
assuming equal spacing of the effects.

4 Within the mcdel of logit additivity we may summarize

1 the analysis in the followina form.

. Information
3 Source (log-likelihood ratio) D.F.
%' Problems vs Controls 3.154 3
? Birth-order effects 28.199 4
Linear 26.068 1 Quadratic 2.942 1
y Quadratic Linear
F (conditional) 1.278 1 (conditional) 24.404 1
} Interaction 0.853 2 Interaction 0.853 2

Within the model of case 1 and case 2 we may summarize

the analysis in the following form

Information
Source (log~likelihood ratio) D.F.
Birth-order effects and
Problems vs Controls 29.831 5
Linear 25.399 1 Quedratic 2.904 1
Quadratic Linear
(conditional) 1.278 1 (conditional) 23.773 1
Conditional
effect of
ij i
11 1
(Prol lems vs ‘ ;
Con:rols) 2.30L 1l g

Interaction 0.853 2
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Appendix

We give in thir appendix the generalised iterative scaling
algorithm as given by Darroch and Ratcliff [5]. Let I be a

finite set and let P = {p(i);i€I,p(i)20, é p(i)=1} be a probability
~ i€I

function on I. Suppose that p is a member of a family of distri-

~

butions satisfying the constraints

b p(i) =k ,s =1,2,...d J p(i) =1 (A.1)
iéI si s 121

where for all s there exist i€l such that bsi#o. The constraints

in (A.1) may be reformulated into the equivalent canonical form

Ja.p(i) =h_,r=1,2,...c
ier t* r (A.2)

T, =

a >0' f ari = 1'hr>0, l
r=

=
rli r=1

by defining

a : = ts(us+bsi)' all i,

si
(A.3)

E hs = ts(us+ks)' s=1'210"ld

where usgo, ts>0 are chosen to make

a
¥ asigl for all ie€I.

a .20 and
81 s=1

d
If ] a_.=1 for all i define c=d, otherwise define c=d+l and
s=1

d
acs, h, =1- J h_.
1 st ¢ s=1 °

Rl e Bt 2

let iy = l -

Il ~~0,
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Now let w={nw(i), i€I,n(i)>o0, é n(i) <1} be a subprobability
~ i€1

function on I. The minimum discrimination information
estimate p*(i), i€I, is that member of the family p satisfy-

ing the restraints (A.2) and minimizing

. - . p(i)
I(pim) iglp(x) s (A.4)
and is given by
*(i) _ §
lnETIT— = rzlarirr (A.5)

where the T, are parameters to be determined so that p*(i)

satisfies the constraints (A.2). The values of p*(i) may

be determined by the convergent iteration
a_ .
(n+l) (n) ¢ [h S
p(i) = p(i) 1 , n=0,1,2,...

r=1{, (n) (A.6)
r

p%) = n(n), n{™ - iglarip‘“\i).
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Table 1
Data on number of mothers with previous
1 infant lossea (Cochran [4])
E No. of mothers with
=1 j=2
k 1 Losses No losses
9 1 1l Problems 20 82
2 Controls 10 54
: . 1 Problems 26 41
] :;g:l; 2 | 2| controls 16 | 30
3 1 Problems 27 22
‘ 2 Controls 14 23

1 Table 2

1 Maximum-likelihood estimates from Berkson (1], Grizzle [8]
Case 1 Case 2 Case 3 Case 4a Case 4b
F £ 4k | x x3 xs xp xs x4
3 111 20 20.503 17.812 29.925 27.535 21.191
112 26 27.213 23.812 22.471 26 23.618
113 27 25,284 24.812 20.604 19.465 28.191
T 21 82 B81.497 ~84.188 72.075 74.465 80.809
ﬁ 1 22 41 39.787 43.188 44.529 41 43.382
3 123 22 23.716 24,188 28.396 29.535 20.809
! 211 10 95.497 12.188  19. .535 11,151
g 212 16 14.787 18.188 12.471 16 13.618
213 14 15.716 16.188 7.604 6.465 15.191
¢ 2 21 Y 54.503 B1.812 47,0 2 .
2 22 30 31.213 27.812 33.529 30 32,382
223 23 21.284 20.812 29.396 30.535 21.809
1
*;
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Table 6

111 112 113 121 122 123 211 212 213 221 222

a, (ijk)
az(ijk)

a4 (ijk)

1l 172 0 0 0 0 p

|
1/2 0 0 0 0 ‘ {
l

0 0 0 1 172 o 0 0 0 1 172 0

0 12 1 o0 12 1 o0 12 1 0 172 1 | ]
hl-x(111)+%-x(112)+x(211)+%-x(212)-x(.11)+%x(.12)
hz-x(121)+%-x(122)+x(221)+%-x(222)=x(.21)+%—x(.22)
h3-%-x(112)+x(113)+%-x(122)+x(123)+%‘-x(212)+x(213)+%~x(222)

+x(223) =x (. .3)+%—x(. .2)
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