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§1. Introduction

In this article we shall consider random variables (r.v.'s) which take

values on the closed interval [0,®). We sihall regard these as the service

r
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P

some mechanism according to a predetermined criterion or the time of

.

cath of a biological entity and we shall call these r.v.s lije lengths.
o J

(o

Letting X denote such a random variable with distribution function F.

-

We shall denote the survival probability (reliability) by F where

P[Xx>t] = F(t) = 1 - F(t) for t 2.0

We shall classify such a r.v. by the behavior of its failure rate (or

hazard rate) which is defined when a density £ = F' exists by

t
or by letting Q't; =jo qn,ix we ..ve he <cll known

) "Q : N
£ =9 L e
Wc she. always assume tha. qe.. Wwheoe . L ... . .mpact space of non-
negative integrable . .ccions and we zidress oursélves & a2 problem of
estimaring ¢« .rom uoservations on the lilc lenmgth.
ao ...¢ make predictioc: sut life or death as in reliability

studi or . acement policie one 95 naturally interested in classifying
the e of -andom variables froi. we.¢h the ubservations are obtained. This
clase..ication can often be donme more naturally by the behavior of t ir
failure rate rather than the demsity. Consequently there can be prac.ical
interest in estimating it.

in actuarial studies the es..wacion ¢ .uilure rates, there called tuc
force of mortality, has been done for years because of the interest in cal-

culating the probability of death given survival to a fixed time. The famous




paper of Gompertz [6] in 1825 proposed an exponential form for the failure
rate. This was modified in 1860 by Makeham through the addition of another
parameter. LExtensive applications of ine Gempertz-Makeham hazard rate to
human data have continued to be made, see Cramér, Wold [5]. More recently
studies by Jones [8] and Taylor [10] on the nechanism of aging in humans was
carried out by comparisons of the failure rate. Thus the use of failure rate
as a means of classifying data has a long and continuing history. DMoreover

ecent studies which classify distributions according to their failure rates

rt

have been shown to have interesting properties. In this regard we mention the
work of Barlow, Marshall and Proschan who have shown e.g. that monotone failure
rates generalize some of the properties of Polyd frequency functions, see (2]
and [5].

Here we consider the problems of estimating the failure rate for more
general classes than parametric, examples of which are Gompertz-Makeham and
Weibull, and which have not been previously studied.

Some of the useful classifications of faiilure rate, weil known by their
acronyms, are the IFR (increasing failure rate) and IFRA (increasing failure
rate average). rollowing the notation presiously introduced in [10] we .ay,

for any positive functions q¢ and r dei.ace as [0,],

1.1) qc S, iff q/r 1is increasing
(1.2) G e C. iff ¢/r 1is conve. .creasing aad
lim g(x) _ 0

x+0 r(x) '

In the special case where .. &) = xk for some K > 0 we shall merely

write S and C . Thus we have
K K

-

3]
J

=

QeCy iff g is

Qe S, iff q is IFRA.

- o



Other cases may arise when the failure rate decreases and this may occur

in a variety of practical situacioms. We thus introduce the notation

QO = set of all non-negative integrable functions of such that

L:q(x)dx - «,

= { o \ -
Ql {q € Qo.q € 4, S0

Q, = {q € Q4q 1s convex}

2

Ot'.er subsets may be of interest in certain applications.
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R The Likelihood Function

Ler an ordered sample 3% <Xy < ewe < X of life leugths with failure
rate q be given. The joint densitv of the sample is,
-Q(xi)

n
T_Tq(xi)e .

i=1
Taking logarithms and setting £ = (xl,...,xn) we obtain

.n
250!
Sl L*(ql§) = 3 [%n q(x,)-Q(x,)]

i i

i=1
which is called the likelihood function. In the usual sense we want to
ma:imize this with respect to q € Qk(some subset of QO).

It can be seen that the right hand side of (2.1) can be made arbitrarily

large by taking q(xn) large but choosing q so that Q(xn) remains finite.

Thius no maximum likelihood estimate of q exists, in the usual sense, over

O
e,
K

Alternatively we consider the estimate q, defined by
(2.2) &(x) = ® for x 2 X

and q defined as (O,xn), from the almost likelihood equation

1

n- n
(2.3) Lale) = Y nalx) - Y Q).
i=l i=1

by the inequality

L(qlg) > L(q|§) for all q e Q.

We shall call q so defined the almost maximum likelihood estimate (AMLE).



Remark 1l: For a given sample £, L(*|{€) 1is a concave function over the
convex set QO and is almost surely continuous in the weak topology.
Proof: That QO is a convex set is obvious. Note that the second term in

the definition of L(+|f) is linear. Thus to show for te (0,1)
L(tq+(1-t)q,|£) 2 tL(q,[E) + (1-t'L(g,|E)

it is sufficient to show that

1 n-1

l n—
tnftq, (x)+(1-t)q,(x,)] > ¢ 2 in q (x,) + (1-t) Y n qp(x.5.
. 1 : i

n—

3
1

But this follows since the logarithm is a concave function. Let

q, "4 i.e., this implies Qn + Q and since the logarithm is con-

tinuous, unless some component of & falls in the exceptional set

(which will happen with probability zero), then L(qnlﬁ) > L(ql€&).||

Since for any given £ the function L(*|f) 1s almost surely a con-
tinuous function over any one of the compact subsets Qk of QO’ the
corresponding AMLE, say &k. exists by the preceeding remark and it is
given by
(2.4) L(q, |€) = sup L(q]E).

quk
Let n = (yl""'yn-l) be an ordered (n-1)-tiple of non-negative

numbers and set
(2.5) Qk(n) - {qenk: q(xi)-yi i=1,...,n-1} ,

which being a closed subset of a compact set is compact. Let

E "= {n: Qk(n)#ﬂ} » then
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sup L(qlE) - sup[
q':'Qk neEk

n-1
= gup { > n y; - inf ) (n-1+1)A1(Q)

where we set

Xy
Aifq) -«[x q(x)dx
i-1

1

Lkl T I G Py R W W R Y

sup L(q| E)‘
qeﬂk(n)

0

qef, (n) 1

for { =1,...,n with xo-O.
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3. The AMLE in the case of increasing hazard rate

In this case, clearly, Ai(q) is minimized over Rl(n) by setting,

for eaCh i = l.cun'n-l

q(x) =y, ; for x, _, <x<x  with y, =0.

Therefore
Aj(q) =y, (e i=x, 1) ie1,...,0.
Thus we want to evaluate, from (2.6),

n-1
sup _ = i
(3.1) ncE, % tny, - (a-i)y,(x, -x,)

where

El = {(Ylo'“oyn_l): yl _<_Y2 S e f.yn-]_}'

To do this we quote a result due to Brunk et al [1].
1f h(al....,an) is a bounded strictly concave function for

g el i=1,...,n which is to be maximized over the counvex set
(3.2) s, = ((aj,..00a ): a) 22y <o <a)

then it has a unique maximum which we designate by as= (;1....,;n). More-

over, if ao - (ag,...,ag) is the unconstrained maximum then we have the

following relationship holding: If a < 44 for some k = 1,...,n then

<a < ao and a > ao a, < ao
k k+l — k+l n-—n' 1-"1

The usefulness of this theorem lies in the following procedure which is
called "Brunkizing" see [3] and [4],: First obtain 00 the unconstrained

maximum of h over R . If ao € Sn, it is the solution a sought.

il



If it does not fall in S then for some k we must have ao > ao and
n k k+1

hence by the theorem above follows ;k = ;k+1' Thus we identify the vari-
ables a, and a4 to obtain a new function of (n-1) variables. We
again maximize this function over Rn-l' checking to see if this unconstrained
maximum falls in Sn-l' If it does we are through. If not, we repeat this
procedure until at the final stage (which must occur in at most n steps)
ve have waximized in unconstrained fashion a function of a reduced number
of variables, We then set Ei equal to the final value of the pooled
variate to which that coordinate has contributed.

In many instances the unconstrained maximum may be a stationary point

of the function h which can be found by setting the partial derivatives

equal to zero, 1i.e.,
Dih(u) =0 for 1 =1,,..,n

and solving for the solution ao - (ag....,a:). The procedure then is clear.

This is especially useful when h 1is separable.

Lemma: If a convex funcclon f 1is separable, i.e., of the form

n
£(x eeerx ) = %fi(xi)
where each £, is convex over [0,»] and we let u.(i-k,i+j) be the
value if x which minimizes
149-1

f (x)
asi-k+l ¢

-

then the minimizing point of f over the region 0 SX L eee SX <,

call it (al,....an) is given by

= max min u(i-k,i+j).
k>1 3>1

a

e
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This is essentially the method used by Brunk loc. cit. to find some
maximum likelihood estimates of parameters constrained in the same manner
as (3.2).

Moreover applying this procedure to (3.1) leads to estimates q which
have been obtained by Grenander (7] and studied in detail by Proschan and
Marshall [9]. We state these results as

Theorem 1: If Q €C i.e., q 1is IFR, then based on the sample £ the

0’
AMLE of Q is Q(-

£), which is the greatest convex minorant of
{t,-ﬂn[l-?n(t)]): t> 0} where F_ 1is the empirical cumulative dis-

tribution based on & and q is given explicitly by

&(xnIE) -

3 (n—a+1)Axa

-1
min max j_i J for k = 1,...,“'1-

q(x, &) =
k 32l Ak | &

It is quite apparent that the estimation problems which arise for certain
of the separate subclasses, as defined in Section 1, are related. We now state

Theorem 2: If q € Sr’ with r known, then the AMLE of Q, based on £ 1is
Qit]€) = QR()|R(E))
where R(E) = (R(xl)....,R(xn)) .
Proof: By definition, and a slight abuse of notation,
n-1 n
L(Qle) = 12-:1 £n q(xi) - %Q(xi)

n-1 q(xi)
- ln(r(xi)

n-1 n X
(t) S
+ 2anr(x,) = 3 (n-3+1) 3 a%E) reey
s ) 1 i 1 J;j-l r(t)
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Note that

n-1
1l&) = L(r™L:reE) - Z tn R~ (x )

where juxtaposition of function denotes composition.
Since q € Sr iff QR-1 € C0 it follows that

n-1
sup L(Q|€) = sup L(y|R(E)) - Z tn rR (x ).
{Q: qes, } veC,

Hence 6('IE) is found at thé AMLE @(-IB(E)) in C, but since

4R = Q we have P(R(t)|R(E)) = Q(t]E). |]

Thus having an explicit expression for the AMLE of q when it is known
to be increasing enables one, using this result, to immediately calculate

the AMLE for q € Sr for any known function r.

As an illustration we suppose q € S1 i.e. we know the failure rate

divided by time is an increasing function. Thus

2
r(x) = x, R(x) = %r- for x > 0.

By the theorem above we have our estimate q defined for t > 0 by

- n -
a(ele) = 3 q[RO)[RE)] r(e)x <t<x, ]

k=1

vhere we set x ., = and fPf is the indicator of the relation P being

one if true and zero otherwise. More explicitly
2 -1

n-1 3
" min max (n-a+1)(xa Xy-1)
kzl 32+l 1<k a-§+1 2(3-1) fxestax

t>x .
- n

q(clg) =

70
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and Q € S, 1iff q 1is IFRA we see

-1
Because Q € SR iff QR " ¢ S1 1
that 1f we could find a maximum likelihood estimate for q when it is IFRA
we could, in a manner similar to the theorem above, find a corresponding

estimate for Q € SR for any known R. Unfortunately we cannot do so, as

we now show, because the likelihood equation contains, for each observation
in q(x) - Q(x) = in[x 6" (x)46(x )] - x, G(x)

where we define the increasing fucction G(x) = Q(x)/x. Clearlv we can make
the slope G'(xk) arbitrarily large while holding G(xk) finite. Thus no

likelihood estimate exists since this holds for every observation.

74



§7, The AMLE in the Case of Convex Hazard Rate

Let Qé be the subset of Qz each element of which has a derivative

existing a.e. Since this subset 1s dense in 29, from (2.4), we have that

(4. ) L(q,]€) = sup L(qlt).
qeﬂé
*
Let 92 be the subset of Qé each element of which is piecewise linear,
then
&
S sup L(q|E) > sup L(q|E).
qcﬂa qeR)
wow
) n-1 n l
(4.3) L(q IE) = sup z gny, - inf z (n-1+1)A, (q)
2 A 1 \ i l
nek 1 qeq, (n) 1
2 2
where

Ej = (n: ay(n) # 0)

Remark: If q € Qi(n) then there exists a piecewise linear convex function,

say pq, defined by
pq(x) - max{yi+q'(x1)(x—xi): i=1,...,n-1}
and such that for each i = 1,...,n

(4.4) A () > Ai(pq) with equality iff q'(x) = q'(x,_,).

i-1

-

Proof: The inequality (4.4) 1s geometrically obvious. If q'(xi_l) < q'(xi)
- ' -
then the lines di(x) y  *a (xi)(x xi) and di-l(x) intersect at

some point sy and X1 < 8 <X Now

' ' - '
q'(t) > q (xi-l) pq(xi-l) for X,y <t<s

R AN



and therefore

X
q(x) - q(xi_l) -_L

1-_111'(1:)dt 1_q;(x1_1)(x—xi) - qp(x) -q (x,_)).

p
By similar reasoning we obtain the same inequality on (si,xi). Thus

q(x) Z_qp(x) for x ¢ (xi-l’xi)

and integration yilelds the result. The claim for equality is easily

seen. Il
However from this remark we notice that

sup L(ql€) < sup L(p|E) .
qené peﬂi

and thus by (4.2) we have

L(3,|€) = sup L(qlE)

qeﬂg
(4.5)
n-1 n
= sup sup l z fny, - z (n-i+1)Ai(p)
neEi pea*(™)l 1 1
where

Ey = (n: . (n) # 0} .

For given £ = (xl,...,xn), let n = (yl,...,yn_l) € E; be such that
there exists p ¢ Q;(n), which 1s a piecewise, linear, convex non-negative
function with slope m, when passing through the points (xi,yi) for
i=1,...,n-1. Consequently we must have, as a necessary and sufficient

condition,

(4.6) |

/3.



Let us set

4.7) % =0y Yo u ¥ TWXps YUV tUy X, D o=m o,

Define the salient points of p as

-ay; + A(mixi)
(4.8) 8, = = Ami for all 1 such that mi > mi—l'

Now
X
A (p) '.[ ' .[ : o dp(t) ,
X4-1

and using the fact that p'(t) = m, for te (81-1’81)’ where we set
8, = X5 = 0, 8 = x,

we have for 1 =1,...,n,

m
_f 1 R IOK L @2l )+ od-sd)

Substituting into equation (4.5) we find the expression in braces, which is to

be maximized, becomes

2
n-1 n
-1+l 2
(4.9) El:myi-%(iyi 12) nz 11'

Remark: Equation (4.9) defines a concave function of the vector
o= (yl"'"yn-l’ml""’mn-l)'

Proof: That the first sumwation 18 concave and the second linear is obvious.
We show that the thiud, it being subtractéd, is convex, by examining

each term, namely

2
(y,_,-y,m x -m )
BZAIII - i 1 1 1 i i 1 i 1 fOt i - 2,...,0-1.

14 mi 1_1

K



where

Lemma:

To see this is convex we need only see that for 0 < t <1 and

b, > b, >0 we have

1 2
(tal+(1-t)a2)2

2
1
<t =+ (1-t) =
tbl + (1 t)b2 b1 2

which can be easily checked by elementary methods. II
We have just argued that

L(q,[&) = sup h(a)

*
ueSzn_2
*
$20-2 is the convex set of vectors a satisfying (4.6) and
2
n-1 n-1 n-1 m,x n-1
171 n-i+1 2
HORID I A R A e i N el N
1 1 1 2
2
mn-lxn
= X a-1 " 2 i X n-1"n-1 °
From (4.8) there follows
0 idkk+1
asi
?)E- -]./Al‘llk 1=k
1/Amk+1 imk+1
and
as X, -8 98 8 - X
B B | J. 3+l _ i+l L |
amJ Apj amj Amj+l

-

Remark: We now find, recalling s = 0, 8. " X » that

3h _ n-j+1 2 - 2
3h 1
ayj yj = (n-J)Asj+1 (xj sJ) 3 l1,...,n-1.

5



Proof: By straightforward calculation we find

2
ds
5 e :
am, 2 2 (Mmjsj a_:L + sj)
3 =
- E:l(ZA ifiil - g2 )
Z \“"™41%y n, y+1

which simplification shows to be equal to the result given, and

N n-1 as
k Yk {=2 Yk

from which the presented result follows. The special cases k = 1 and
k = n-1 can also be shown to yileld the result given by using the boundary

conditions. ||

We want to find the solution to the simultaneous equations

5h oh
i, =0 §=1,...,n-1; 3% 0 3=1,...,n-1.

This is equivalent with finding the solution, in the variables (yl,...,yn_l)

(52""’sn-l)’ to the equations

(4.10) xj - s -VCjEE{: (s, ,-x,) j=1,...n-1

b} n-j+1 J+1 7y

(4.11) R (n-3) (s
Y5

Is it possible that such a solution exists? The answer is no if one imposes

3+17Y

x,) + (n- j+1)(xj-sj) j=1,...,n-1

the conditions 8, = 0, 8= X . This means that h does not attain a maximum
over the unconstrained variables and so Brunkizing the function is not possible

in the usual sense.

let n be fixed and set VG;%;; for =1,...,0-1, Xn = 0.

Then the set of equations (4.10) is equivalent with the system

(4.12) s, = x, (1+) j=1,...,0-1.

g TEGRIEAD =

15341

/6.



Introduce the new variables L, = a s, for 1 =1,...,n, where

aj+l = -ajxj for j+» 1,...,n=1, By taking the product of both sides for

j=1,...,k=1 we obtain

n-k+

a, = al(-l)k'1 k=2,...,n

k

where a, > 0 1is urspecified. Multiplying (4.12) by a, yields

1 3

341 = 3 (1+Aj)xj for j=1,...,n-1. Summing over j = 1,...,k-1, we

obtain, recalling 5 = 0

At

k=1 a, (1+X,)
5 = 2 —J———J—x k=2,...,n-1.
ak 3

j=1
Substituting the definitions of the constants, simplifying and rearranging
the summation yields

(4.13) 5 =X,y + 2 (-1)3 “% b, k= 2,...,n-1,
j=0

On the other hand summing over j = k,...,n=1 in the same way and using

the fact that 8 = x we¢ find
n n

n-1
(4.14) 8 ™ %, - Jzk S A N N

For consistency we must have these two expressions yleld the same solu-

tion. This 1s equivalent with

}, (-pydk vaL Ax =0 forall 1 <k<nc<w,

n- k+1
j=0

which will be false except for a set of probability zero.

Of course this means that no maximum exists for the function h over

-

the positive orthant. It must be that the maximum will occur on the boundary

of and thus at some point we must consider the equations with certain

*
SZn-Z
of the variables identified.

77
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Let us suppose that

and

BT Tl T T Mg

Ve = Ve ¥ mk(xk+1-xk) i=0,.00,r .

Then writing the function h in terms of these reduced variables we

find, after lengthy but straightforward calcula:ions similar to those done

previously,

(4.15)

(4.16)

2

oh i 41 T n-k+1

—_— - (x, -8, )
o %o Yk YOy 2 TRk

E 2

n-k-r )2 (xk+1'xk) .
0

2 ktr+l Tk 2 ¢

3h 3 1 4

W 120 Ve T ) 2o Tt

+ (n-k+1)sk - (n-k-r)sk_._rr’_1 5

7 A
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§5. Some Critical Remarks

It is now clear that those concave likelihood futictions which are to be
nmaximized over the region 0 < X Leee 2x <@ and which are not separable
so that Lemma 1 can not be utilized, and further do not possess a maximum
over the positive orthant, so that Brunkizing can not be utilized, pose special
difficulties in obtaining explicit formulae for the maximizing functions.
Unfortunately this is the case for convex failure rates in genera’.. It 1is
clear 1rom the preceeding equations Ehac in each instance the AMLE estimates
coul!l be found using a machine program. This would begin by assuming the slope
was constant and then successively relax equality until the maximum was reached.

Clearly the unavailability of an explicit formula carries with it other short-

comings.

7
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