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-t.ABSTRACT

Using contour integration-techniques, we have cahiulated the transient response of
a lossy hQmnugeneous isotropic plasmato a unit .atep and a- step-carrier sine wave.
We bpve found ti- in the -recsence of losses the temporal step-functiort re~ponse
within the plasma does not approach zero for large time as for the collisionless
case, but rather approaches unity. The rate at which-the transient approaches
the asymptotic value of unity is ztrongly dependent on-~ibe losses, being quite
rapid for large losses and exceedingly sloA& for very small losses. This result
has an- important impact on-the propagation of EMNP through the plasma sheath
around a reentry vehicle, and through the Ionized region near a low altitude
nuclear fireball,
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'U Ag- onturtatgraton-echiq eswe'hve-alclatd-the tansentresons

'Uiliinle chseto ut -~lrathoeapch es wety hae -ruateda hh the-set- respnse

w~ip-roach.es -the-asymnptotic -value of unity is strongly -dependent-on the losses,
-being quite Tapid for large -losses and-ext-eedingly slow :for very small -losses

P' ~~ 'rhis-xtasult has-an-inortant impact on-the propagation-of- EMP through-the-plasna-
shah-rud enty-vhcea-through the -onized region-nea- a low altitude

-nuclear fireball,
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O.-s etSignaln Prop-ag~ation- in LossyfPlamcss

-. INTRODUJCTION

Ther habengea-dea1-of -research done-I(Haskell and-Case, 1966a-u,

1967; Knop-and-Cohn, 1963; -I~hop, 1965; Lighthill, 1965;-relsen, 1969;-Antonucci,
97)on th-rniitooagatichofioreletromagnetic signals truhlurs

plasmas, ands the-result-rare-quite- appropriate -for -the-calculation -of EMVP through
the undisturbed-ionospbe.e For transmission o~t MP 'hrough the planixha. iur-
-rounding a- reentry- vehicle~or-hroigh-the ionizted -zeAiornear Oa-low- altivdd nuclear

'Lit -fireball, -however, -the-theory-is quite -inadequate since -h re-the-effect-of: -collisional-

abs~t;or-on-the-tra.nsient-propaigation -is-quiite -significazt. The-effect ,C collisional
-hasses-lias- been- cortsidered~prevkously by Fieldi(191,0 usiig-the method~of char-
azteristics, but-unfortunately he -does -not -present iresults-lor-the-transmitted-fi-eld
izthe -cases -ofrinterestto-us. In this report, we-'wilherefore-extend tb-previous

- - -theories- to-include- the- effect-of collisional absorption-the propagationo-tran-

sients-in-a cvl'-d*, homogeneous-isotropic -plasma. Wevshall consider- onlytwo-types

ofrtrans'ient signals: -the step-carxrier sine-wave and-the-unit step. The-transient

A - The -co*-Plasma, mooel-is 4irxmtl a~ nt~eregions-near-nuclear
-burst wher~ ethe- electrofiftempeiatuie is less-thani30-000K. Also, in p~iz
these results-to-EMAP- ro,*eg~tion we must -be-sufficiently far -from-the fireall to
neglect-nonltnear-effects.

-(Receiv ,d :'or--puhtication.24- April, 1973)
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response within-zthe pklac- .o-the unit step -is~quite important since, the responsezto-an-
arbitrary R1'VP-can a1w&ay: be -synthesized -as-a superposition-of the 'Unit step respotises.

As a starting-point for cur investigation-we -consider the Maxwell equations
for the-electric field strength E, and, thc i.jangevin~equation -for~the -electron
velocity v. -Jthve-write E in-terms of the Laplace transforni

E(, 0: E(x, p)tept dp,()

it -is -readily shown-that for x > 0

x
E!(x,-p -EC0_) ()

%here

1/_ 2 1/2

60_11)_~ p

-AN ap =electronmpksna- frequency,

vz electron -wneutjral collisionzrequericy.-

c3

We-have also-assumed -that, E(x,_t=0)=0for all *)-.In order-to evalvite VEx,:t)0
Wlt s- necessaryvto-perforni-the integration along-the -Bronwtich- contour B ini

Eq. (1). This mnay-be-accomplished-eithier-by integrating-di-ectly clong the
13tomwich-contour, or-by deforining-that- contour Into-the left-half -P-Iiane. This
latt er choice -leads-to integrals whieh rapidly converge, and-zwill herefore -be
-punt. id- in-this -report.

2. 11114'CWP-OINTS -AND-IIRANCII -,LTS

Tht actioni -f in Eq. (3) can be-writtenin-product forma as

-~4-0

where-,y 1, j P- 2 p-' 1 i f '-2

wi-zhave

2'



whiil or v > 2, we-have

(v~/4 1/2
2 2I

The func-toni -has branch paints at p = 0 and-p Co. Forthis-Iluntimflwe- choose

the branc-h cut shown, iii Figure Ia. The funCtionl_2 has -branch-points at p -v

A

CUT., LU

e /2Re(p) -'4 Rp)

CUTU_ --

Ic)-(d)

i'igure 1. Branch.Cutslor-the Functions (aY-A)y1 -(Yr (c)Y-'s (d) -y'



Fo ywhcwa -ae-onst p-=p p-= ow- cos- bac~u

illutraedl~igue l, wilefor-y4,whih has -brnchpoits ap zp2 nd

an- adwe choose the branch cut shown in-Figure Idb Ifweort =T thiO~uniy

(P+v) r2 exP(i0-2 ). (p-pl) r, -_expi) pp)r xN0) we--can write

L/2 :exp(i01 1,2), m r[ep6/2)i 'y. tr A/exlp(i 0./2)rafld

± / exp(iO~1) F- acof--these functi,)ns-we-then choose thie-Rieniann

sheet corresponding t eupor sign, so-that

eA

and- the- branch- cuts for the totaL junction -i are-those shown in,

Figure 2 -for v 2w., and in Figure 3 for 1/> 2p The initegral in-Eq. (W) can

now-be-performed-b deforniing-the Sromwich-Contour B-in igure 2 into.,the

IV
IV

I- '

2 - - /i* -VlI - ~ ~WpW --- -- - ;;

Figure 2. Brarich -Cutn, r the Function- xv hcn v' < 2p
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The integal Along the -contour -C isevaluated in -the sane fashion, hile-the in-A

tegration along the i-ontours -C3 and C4 is trivial. For "the interesed-rader, -t he

jdeta-ils-of-the integration along C., --re contained =in-the AppendiB Tto-this rejport.

IA
~1.NPEIMAI IESUI.TS

IyWe-firs~t consider the-case when EN0 0- is given by

E-0~, t0 ufsin 4;; (81

Vdiere u(t! is -the unit Step functivni r-or-this-ease M~op1 wG(p-=ta2  so-that the

poles s --nd shown in F~igure 4 r % i.i edfn~

_Z)21112, A (w ZI,'1 and
(V V r3 cr4 cnQ
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[A A ' A -1A
O-1 7/ 2, 0 tan (c/yd 03 - t rC(.Z)IVI) and 0 tan [s2u(- Z)/v 1,

2 0-~ n ~4 a
*we get

-f-Le rrr) (9)

so that the -integral-over _C3 and -C. yields

3 C4C

lining Eqs._ (6), (7), (10) and (A5), werhave calculated theltime -"esponse of the

_ER electric field~inchetplasma -for -the- step-carrier sine wave-excitatioin of Eq. (8).
Figure 5 shows-the-tresponse at! -_ 1 for-an overdense -plasma. (w t 2) for

different values-of P.We commenttbathe resit.s for V /W !a-0. 01. are-nearly

identical with-those-mobtained -by-IiaskeILhand--Case'(1966a) for-the-case V 1'i -0.

Vr -For v chp 1. however, the response _Is-qufte-ifferent. This-difference is-even
Vrmore -apparent-for the-cases-wh Wn-i- ai-~ 10,P wihae-shown-in

-Figures 6-and-1. Fortlarge walues of- Pxc even when- uc/ 0.i the transient

I- / 1.,W

E 0

I VC

-0.2- F

_10 12 14 s1

Figure S. Translent-Resporise to Step-Carrier Sine Wave-for wj;Oc 1 and
U.,0w
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response is altered-significartly, and- for v1' w 1 the character of the responsecp
_34 ~ is-completely different from the- collisionless limilt, Figures 8 an-9- illustrate

howthe-nature-of the transmitted sign l chaiiges as-the distance -into the plasma is

arIed Wenote- froin-Figures 8-and-9 -that- for large t c, there- is an-oscillation
0

-followedl-by-,a long-wake in -which -he- amplitude of-the-signal isznear, --constant.

It- is- readity shown-that in:this -wake region, EVx, t) can-be-approcim ated* by (see

-Appendix B)

-P(x,-t) exp- (-rcos cI0) sin -Wo t: -t- sin, ) +

-2I 2

Tncervixg-q. (Ii) we-have- assumned-ithat-t > -x/c and-that v 1w~ is-of order

unity.- i-rom Eq. (ll:we- slee-that- Tor lM'ge-t- the -traxisier~t signal consists-of a

sinusoidal wave at- fr~quenyi ,-plsa componeif whiclevenitually- decays -towards

zero.-as=4 3 1T 2 .--

Figures 10-through- l2-indicate the--ntitre -of the -response-for w 1w m4'.-p o
'Figuare l0O--shows-the-t-nisient-respr/nse foki wox/c =0..5, where the effect of-large

values- of-v~ is -to-radically-alter-the- signal- amplitude. From Figure 11 we see-that

when-w wxle 2. 5, both the- am.-plitid& -and 1thle--character- of the- transient response

are radicaly changed-from the -case-of zero collision'frequency. In fat th

frdquency~of- the- oscillatio-n -for v 1w z1 is-quite drastically -reduced from theeP
case-whien-v /)t-0._01. Figure 12 -illustrates- the transient response at w x/c m5.
At this-di!stance, for vclw = 1, there -is hardly any oscillation-of-the transient

respnse butrater aslo-buildup, and then-an eventualdecay (not shown-Ii the

figure)- in accordance-with-the second-teri -in-Eq. WU), since -the first term in-

Eq. (l1)As-quite small for this case.

In.7tu,!eJ3, we-.have shown- the -effect of collisions-on -propagation -in an

underdense plasmna.- Here-we notesthat-no interesting-or unexpected -behavior

occurs, andwe-wUflrot study-the underdc-nse-case -further- In-addition, this case

has --ee n-pieviously considered--by- Case -and-flaskell (1967). We -only -comment

1that-our results- do- agree- with-the -previous- ont,,s obtained by Hlaskell- and- Case

CTo--check- the-accuracy- of -Eq. (1-1), let us-consider-the -case when- i/ P M

=2 and toL/c 10. itwe -take a point in- the signal -wake at 0 t 15, we

have from Eq. (11)-that E 2.=54 X 10, while-the exact calculation (see Figure 9)
gives E~t51 X10 4
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3.- Sioiv~unction

We-next consider the situation when -E(x 20, t0 is -given-by

For this- case- the -pole s~ coinc.der, with the -hranch poin-at p 0, while Vho~re is
npoes.Here, special -care-must, be taken in-performing-the integral ., and

the integral- in Eq. (7) -becomes

1 rCdA -at X 1 2

wh( re-L -is--the integral -alongca circle- of radius 6 surrounding-the -origir. in-the

p-plane. That -is

dOM eI ~ P~Q -E'YP =aexp(iO))

j u~~Tsing "be result of--Eq. (13), plus -the appropriate exresoiorI from~

- A ~ Appendix -A, we -have calculated2

Fiuej4-n 15-show-the- transient respconses-to-the unit step input at distances

wa x/c =I and- -within -the- plasma for -v /up =0,01l, -0.1, and 1.-0. It Is interestingp op
and-imiportant ID-note, from iFigure 15, that when- t 0. 01 the transient
response for q t < 40 -is-nearly identicrAl to the results obtained -by Hiaskell and

Case110601ci -v~w p-O. However, we-now note that when-P/ v Pt~ f Qxthe
-transient respc nse-doesnct approach zero as tco as -t- does for v /W- 0, but

74ahe approact.,es- unity. TIs-& clear-from Figures 14 and- 15 -that the rate-at
wbich--the -rannlt zyowsjlowards unIty Is higlily dependent o -thr collisionrk~re-

quencyi- For ecaxnple, if- t -Isesearr gr 5tattefa-dn a
reached--a value-of-e by i~,tp~tl6; for i/fp 0._1 the-e value -occurs -at
(i t__I.6;-whUc- for t' , 0.01 the-signal-has reachedec of-its -final value of
unlty-atw ~t- M~O. Figure 5LO lustrat~th taie; sos athlarger

distance-w x4c z10. The-charatter of-the response-ib& esnentially-the same as
for wp1,xc 5, -oixcept-that the rate of growth-ts'town,* he-asyimptotic valve and
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is-venslwerUmnfo-w /,5 point~-- isr fu-'- ilutae'n ipe17

ishee sloeair h for-siX/c . r 14-oon i1f-7, i st wate in; expeed

physically since-a Wave- of -frequency w -Propagates-as

!2 11-21
exp-x 

Vl WWi-/

The-behavior near thp leading-edge of -the -rsossis~determined- by-the high

frequency- components- whtch prsaga e - Uti4), wIlMe -th e 4i e -a s ympto tica

behavior is ,deter-iiediby-- the-lo,.-frequibcy componients, which propagate-as

which approaches unity-as-w --.

It- is -possible to-develol an-accurate7lanayia Ax~~sio-o h il-tegh

-Z ~which-predicts the-tinme-asymhptotic-behavNior-we--have -observe d in -Figures

14-thirough 1T.1- Let-us- asun -a- >-c, t andP isoore-nt.

-~ Then-it-is shov'n-in AppendixCthat

W x 1
E(x,-tV. I-Ef - (Err

2c,

Thig expression--sqieacrt-fkt> / and v w o(1). To -illustrate, this

Iwe have -compared-the results -of:7q, -16)--wth-the exact result in Table 1, ror

arew ~1and- %~/c z1 and 10. We =note-that-the -agreement -is -excellent once wve
arenottop close-lt z x c. Equatiom(10)is- rot nearly so-accurateThr smaller
values- of V /wp since-then-it ismodonger -legat to-neglect cr in. comparison- wit),-

V in thie-argument--of-the -sine -functiorn~n Eq.-(1-3Y. A- comparison -of the ex;,.-
-results with-the approxir:4tion-ofEq. -(1 6)or l1 /o 0.-1 is given-in Th.ofe 2.
As-expected, -the agreemcnt iswnot-generaly good.

-1. 1)SCUTISSION- -

The most Interesting -point we lave noted-InAbths report is the effect o$plsma,
losses on the transient response of a unit step. As pointed out in Sectioa 1, this

result has -iportanit consequences -for tie-interaction-of EAMP with th-plammna
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Table 1. -Comparison of'Exact Results for-the Transient E-wField With the
Approximation- or Eqp.)'o j

w t Eq. (16)m Eat(t Eq. (16)- Exact

10,480 1.-0 10 0.-026 1.-0

3 0_682 0.685 30 0.197 0.197

5 0_753 0,740 100 0.480 0.479

10- 0. 823 0. 823 300 0. 683 0. 683

30 '0.-.89_7 0.,897 1000 0823 0.823

-100: 0.,941~ 0. 944

300 Oo 967 0_967 I
1000 0,982 0.982 -____ __________

Table 2., CormparIlionaf -Exact Results for-the 11rasetEFed ih
Approximation- o f 0n (6) -for 1w 0

Cc p

yI .(6 Exact ~ w t Eq. 0(16) Exc

1 ~0026 1.0 1 1-i02 -
3 015 0396 30 -0-.196 0.:0012

50315 Q.410 100 0. 480 0.,0381

10 0.48 0.500 300- O 0683 0.190

30, 0.,682- 0.M66 600 -0-743 0.361

100 0. 823 0.81M 1000 0.A?3 -0.479

300 j 0.897 0.S96 1300 0.845 0.-535



surrounding a reentry- vbicle*. For example, suppose -the -plasma sheath thick-

nessx: a 10 cma, up=L5X10 see- and-v Y.45 X-t see .Then-V/

and x/e5. Nw s-pose we had a souare electromagnetic -us fdrto

To=0 see incident -upon-the plasma sheath surrounding=a- reentfyvehicle.
Then-frm Fgur t6 it s cearthat the -z±ature of-the-Signal -present at the skill of

the reentry vehicle -when -V pis significantly-different-than- for -v 0-O. This

difference -is--illostcratedzqualitatively in Figure 18. -It is -possible using-the results

we have- obtainadL-frthe-unit s~.p excitatiorn to- calculate -the-tiansient response for

an-actual -EM? P-ue-to-a- nuclear-blast, but in.-order to-keepathis report-unclassified
we have -nottpresented this result-here.

The! cale.ulationl-of-the-transient response- presentecthere is -i eadily -extended

'to SpAtiafly ithoznogeneous plasmas, ty approxiniating--theA plasm&- bv-a- series-of'

bornogeneous~layers. each-with-dilferent values-ofnw~ anidm v. Then-in-the-nth
layer, S~x p) has the-=forin

n -a

vhere A~ andlBn are- obtained-by requiring that E-and*,3E/Ox be--continuous -across

the interface be~tweeni-each layer-, and -yn is given-by -gEi (3)-withc-the values-of
and'-v0 in -the nth ayer- used-.

The --~hdsUsed here -can-also- be readily-extendedt'o--calculate-transiert

behaiorAlossy-dielectrle or in a conductor. -Eor-this--case, it is readily

if- -shown-that the-step inction-response at a-pointx- wihin-the material-is-given by

2E~~t-e- -7e> sin,2 (18)

whee r (~0 ~)t I %x/ v, V~pc)~~,c is-the-dielectric permlittivity

of-the material and~c% It's -conductivity. For Ir~ we-obtain-as-an-asymptotic

representation for-the step-response 1

'L~~t i. Er 77 i

so-that in-cond %(-Oir or lossi dielectric, the -unit step~function~response-at
given-point _n-te nara'.vtu1y approaches -nity ao lre values of r. A

plotof--tl~e -transient resocns: -to-a unit step -in-a-oss y-dlectrie or conductor, as

-; computed-fronz 13q. U8, is- shown in F Igure 18.

a-'or little-conseouenee-for 'he SA propagation-In the ionoapherir since
there 1,is s0 small Ahat V /to <eI.

C --



(b)

Figure 18. Response to-a 10FG sec Square- Pulse lor -(a) -v 01
4~ 4I5X !010 and(b) vewp 15 X1010

1P~

1.0 -- .0 .

0.6,

7/.1
-0-.4

/7 trio

bI .Al t I -
-M2.

03 1

Figure 19~. Transient Retsponse of-a -Conductor of Lossy Dielectric to
a Unit- Step
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Appen-dix A

Here we-discuss the-integration- along-the- contour -C,. Consider-the point- C
shown-in Figure 3. Here 1 -r a p-1 -~ Tn V 2)l/2 r Vep2 + W

Li~ ~ ~ 2 2l1=12 42+tn-1V/+qJJ
(4p-,+j- 1 and 0 Oj -. 2+tn[Y 2y)-j

z20 tan- Z/(PC/2 - ni)] -8
4 01 ;r/2 + tan (ri/2Z). Atthe

point D, all the-above-qatte r h aeecp which-now-equals -;r.
~ ~ (p~p~p4 1p2 /2,

Defining 0. 1/2 v~-l e can-then write the
contour integral on- the -upper -horizontal portion-of-C2 as-

2/2

I -fl+ 21Z)L R(cos0 i-isino V
+~ fcin e C c E( p~~-~iL LI

2h inegMl ove th2lwrirzna-oto fC a epromdi
simla fshonar yel



I2
__

24f

-R(cos0- -Lsin-ol4(
-e 0

1 E -niZ (A2)

Combining Jiqs.- (A1) -and- (A2) -we mnay-wr-ite

2S Qt XRcs0 A ViZ-Ssn,)

i1 2 + ~ ~ d" e' - 'f 1 diee CCOSGj%~t~ilc

x R ci(Zt+-R-sin-0
Pf dn-e' e. C1 EI-n-iZ) e C?(3
0 e 2 i

Finally-we- must pei'form-the integrals -over- the-vertical -portions of-C. Consider
)9 2jj2 r2 +P 2 )/

the point-G. Atthis-point i 1-r =--v+T+ 2 2 =(
9 2 1/ 2  2-a~f/) 2 3

r.,rZ -/(P c/ fly /24  + tanhI+ p(f4+

-3 _P 4 - c -I

A2 the ingrll onthe equnities -potin~ ofm C2 cbepwtte-a

342 2

- f dp e R - _Vp: C O~j (A4

04

dp- e j=..+p- (A54

12 +12
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Appendi B

Here we outline-the-derivation oft 1q. (1L W~e consider-the-limit when

_t >>2L t > I r id- t'5/ 1w is of-order unity.- In this- case it can be showvthat
a' p P

-the-i ntegra-al ij;, he -contour C2 is- negligible -so- that

iAXLi I+ i.C1  C3 C4

.-here IC is-givenin Eq. (7)and I + I is given-in.-q. -(LO). Now in- Eq. (1),
CtC 3  C4

it -A-clear-that foz I. large the -principal contribution -to -the Integral- must-come

fro o earzer. Tereore-I~may be approximated by -expanding the integrand-fro a ear ero Theefoe"1
in Taylor series about-' a-0. We-get

r 1/2W

dacc ts r -

IC C)x c -/2

72 gto -!0~ -C
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Vinalyupo-usng ES. Ba)and(10 in q. BI) webav
4

E(x,-t) exp (--rE cos 4)sin-(c - I'IEsin D~) +

+w(i)T ipr exp (B4)2wIvcr

A
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Appendix C

For a unit stop %~hen v /wp is- of order unity andA t>> /c wve may neglect IC2

so- that- the -transient response- is given- by ICp which-from Eq. (13)-with 6 - 0

is

,~euT (CI2

where T w1,t, X v w L w Y4c. When T>> 1, it is clear that the principal

contribution -to -the integral convis from y-near zero. Expanding1Nte integrand

about y 0 anO- extending-the range of integration to -co then yields

The integral- in Eq. (B) is-a standard Laplace-transform (Erdelyi et al., 1954)

and-upon-evaluatiflg it, we geL

E(x, t)V 1 -Erf[ 1 2 .(3
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- AAAA Ldik--D

F_ ~~Here we include a. Fortraii iting--of -the computer -prograrm-ued-to caleulkae

the-transient response-of a lossythomogeneous plasma. The-pirogram inputs-are

XL ~ ~ ~ ~ ~ ~ - =: / L cOM ~ , the radius6 otthe-contour i

Eqs.o (-13) and (14) (D is -usually set-to- 0. 01), AlM number of different value oqf0

T = wp at which- calculation-ist-Wbe-carried- out, and L 1 Iror-a unit step-input,

wbile L =2 for a- step-carrier sine -wave input. The program-~outputs-are

B B = E(x,-t) = electric field- strength, F F =contribution-to _E --fom-poles,

F-Ui contribution to-E from -integral--along-C, and FUNC - FUN~ contribution

to S from integral along C2
2*I

Ty;



DrR92sQ, TON'13,T OUTPUTQ ouk

C0H90tN/TERJlS/TER41 CZ'Ij F4., EZ2Q ER3 -R3S-a03-

5REAJ 1],- 01 AL,- P?.4, XL,_ L, 4
IF(4L .EQ. uJa3) STOP

luFOR4AT('4Fl.u.4,2-T4)
SPRINT 2ji, AL,l QH, XLt 1.

2uFoRAd14I,49X4-*AL = *Fjij0.4/5OXt*04 *01U.4/50X,4 XL = 10.4/5uX G0010

TERMI. 9.j 4L1~'3

TERM-3 -- 1 q A 0 .62Z_0

ZO zSIRT (L.0 - d25vA L-4 2) 6d V 9T

42=AL. / F2 000~299)
F3 =S:IrT (C0M -m f~ JT (~1 2-.OJ-) C0q hO
M3 j.3*AL j F3 ojoO21O
F4 =S 'IT( (04- + ZO) 4**2 -+- (AL / .0)14 ) ld32

M4Z 5W / F4 000 3-30
& SloT-(04) *- S~T(F=3) *S:IZT(C'4) /S'IRT(P2?) 004
Pl .U / SQRT -Q.-0) 6uo50

"I= 1..u / SQRVC(Z. 0) 00 W6 0
P2 = S3Tid5r ( H 12) ) -0.0&70

Ne slU8251 m) Y 0uU328

63 ST- u.5- to c 3 1 00400~
IF(04 .Lt. ZO) P$ 0-3 0-00-410
N43 -IRT -0~.5*(-1 - ri) 4Y 0fl0_02

P4= S)3:T ( a _5~ i o-4 8E) 0G j 43 0
NZN4PIP N3 0Cb43:43

CP = 4#NtN3*N4 + j~ Nl*~ P~fP3-N4iP3 N3 '~1ZO040
N- ' NN3 *Pi4t.j D .4 f-LN3-2P NI*N2-RPvP4, - P1I.P?-P3VO4 -000450

SP 0I.N2*N3*N4 - P2*11N-LKN4 f P3*fti±NZNF4 +. P1'P2*P3N4 Gi01J460
I. + 04N:La42* I~ 4j-P2 P3P - N2-Pl*P3"4 4 tl3-01*02-24 6uuh47-

XX =FLOAT-(J) 000490

IF"(X)X L.E. 6.0)- T = XL -+ j.02' (XX -1.-0)
I'c(XX v:;. 7.0 .AND. X-X .LE. 2-:.j) T XL + tv.I + 0.2"(-KX 6.0)- 00051-0
IF(-XX GE,. 22-.u-) T= XL +- 3.1 t(XX 2 1.0) faz

IF(L -EQ. I)- FFV = FJN1fT O153
IF(L -E2- ?) F = EiXP(-G*X_9CP) SXN(-09'T -S'-XL*SP) 0OU-54 0

MFUNFUN ~-FOtN(T-) 0 00 57 (
AFUNFUN: = FIJIC(-T) hu

EE 7F~ -= FWV ~~-" ~JFIG0D51
'PT1 . S EC ON3 f)

30 PRINT 40-) T-1 ;;E FFI FUNFJ, FUNFU.4, FJN-IJNC, ~T
40 F0RflAT(5,F.31--P,5(-X-,E-5.8-) ,O,p3XF.3)

GO TO 5 0 au P2 a
END006~

9 4*- * *A*ff 4
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.FUNT13J F(TI0-00660
Z.Oi*ION- AL, O.4, XL, L, P!, ZO =0Z0670
CO4H0N/TT±i/TTi 0006,50

TTI i-- 0 fo69 0
N =1 -07o
TWO dj-.0 0007i0
GO TO (5-, 6), L 000720

5 i = -(u. 99 - 0) 0AL /2. 0
FOUR- FUNKi1AO*AL +-14)
ENDS--- FUNK1(O*AL) -. FUNKI(0J)99*ALI-
GO To9 -060760

6H 0-~9A 2-.0 00770
FOUP, = -FuNkI. ( 000780
ENDSZ FUNK1 (0. ji;4rmY F I F4(0 1~9g*-.Aul 000790

9 SU.4O Z (ENDS 4.f*FOtJR) - -1 3.0 000800
10 H -=H f 2.A O-J810

N z2N 000820
TWO TWO + FOUR- 000-830
FOUR 0.0 00684.0

IM( -. a- a) Y O*-4L +H ,00
1 o 00087-0

20 - 1 + 1 000880
FOUR -FOUR + F'JNK1V(Y) -000890
yY _Y+ H+ H -00,3900
IFUI .LT-. N) 50 TO -2u 0009ifl

V= AE-40S + 2.0*TWO- 4, 4.b73URY -* H /3.0 000920
IFIABSCSUMO VTF-U) OE. .0-6) RETURN 000930

-_~~~ G t 0_000940

0u~ 0u0950
END GO90

FUN'TrEON FUN CT) 000990-
COMNM AL, Oil, XL,-Lq Ply ZO oOilOuO0
COMM~ON/TT 2IT 72 OuilOi
TT2 -~T 001020
H 9.5fAL / 2.0 GAUi30
N 00iu40
TWO 0.0 uibSO

SjFOUR 7UNK2 (H) Ovu6Q
ENDS: FUNK2(O.U) 4-FUNKa-(g.-SAL)- 00 1-07 0

A1SOHO =(ENOS +. 4.d*F-OUR) - -f 3.0 ',0iu89-

10H /.=0 - 001090

TWO TWO + FOUR =001110o
FOUR 0.0 00±:120
Y Z H _04i130
-1 - 0 Ou i4

FOUR FOUR 4 FUNK2(Y) -0ISO
Y Y 4.H + H 0li70
IF(-1- LT-1. NJ 30 TO-20 -001180
FUN4- (ENDS + 2.D 4*TWO +. 4.0]'FOUR) M 3. 0 UOL190
IF(ABS($UMO - FUN) -.L~t. 1.0E-61 R 571U RN 0Md200
SUHO = Iruf 0012ib
GO T7O ±0 Gi?

END _001-230



32-

FUNCT-1IN FUNG(T) Oj.~

COH4ON. AL, OH, X*L, Lq P11 to 90iM27

ON T 3 /T 13 - 12±A0~

H t o- / 2.u ol3

N1 0 6,11310ITWO d .0 00 11'320
FOUR FUNK3 (H) ozSs33P
ENDS FUN(3 (0. 0) +FUJNK3(ZJ) 'DW 34b

SUMO =(ENDS +4.0*FOUZ)- H 3A 3.0-5
kU H H I2,.0 04]t360
N = 2~ N C 4370

TWO- =TWO + FOUR 001380

Fo' 0.0 40U1M~
Y H 0Ou14a0

I a 00t.1410
j 20 1 1 + 1 001:420

FOUR =FOUR + FUl4K3V-- u01431)

Y= Y+ H +H 0uI440
IPI- .LT. N) GO TO-20 - 0uI450

FUNC CEAlOS v2,04.T W0 4.3'Y-FOUR) H I 3_.0 OL1460

IFfABSo(su.9 - F~u.C)- .LT. i.-OE-6) RETU;ZN- Onl147O

GOt 0i .SUO 
P=~ 

OMC 0480

END ubi0Oo

COMl-I9ON AL, ON, -XL, L, Pt, ! J -. ~V- O UK (() 00i540

fCOMONITTI/TTI 0V1 * l A
TER-4 z IN(XL*SQR~T--'(~ + Y02 -AL*Y-) -/(L-Y) ) ui560
GO TO (10, 20), L u315~78

[10 FUNKI = -EXP-(-TT1#-Y)- TERM / (01 Y)- 0.J1580
-RETURN -4*2 TR o 1. ~9
2FUNKi=0- Oif EXP(-TT44 -Y-) v-TEM (I f Y_

RETURN 001610

EN 0 u,ou1620 -

F=' T1O FUNK2(Y-) ~i5
1-O01-ON -AL, PHI XL-, L, P-I) ZO OC-1660

COMMONI'-TT2/rT2 0 u167 0
AA= .~(QRT-(4*d -AL

4 .*2 + Y"'2) ) 01680
AA SqT(SQR-Y 4 LY.1.))0u169G

AC =S2.RT(SQRT(Y 4 2 - AL4. Y *1- 10)) ,±0
SQZT (Y) # A A 11 1A / AC 001±71 0

-Ao =Zo / SQRT(Yf2 -+ 1.0 *- A40Y) 007I
80 M- (A. 2. 6 y_) /SQT(Y4Z I- 1.1 AV-Y) 0 73

CO =2.u0ZO I SQRT'Y- + '4.0 -AL*'A2)- Ui, O114i

i7C. 5l(ia A- i.- u +~ Az 1- 2-.-t3Y175
U'ICZ TIPT( L .u + O 2.0) f0a176 0

C3 =SRTI U 1.-0 + co / -2.0) 00V70
-I = S-3(( . -A 2.)01780

S2 Sxu( ( 1.-0 so a .)- Out79

S3 SaRT( c i.0 - to OHM.0 010
CT =-MfiC2vC3 1-w3-2"S.o C2SI*SS +. C3*SI*SZ) Oul-ID0
ST -t-SifC2C3 - SZ-vC-i*C3 +. 5;3*C1 2 -+ S1*S2*:;3) 001820



S53 SIN(ZO*TTZ - XL 'R fST -PI) uI8r

Cc3 Z.3s(.ZOTT2 - XLR3 P1) 00ui8L*o

MS~ 3LN(2ZOT-2 + XLR*S Ol) o- 0118S0

CC' CS-ZO*TT2 +XL*-ST PT
SSi StNt O*T-T-2 XL R*ST P/.3OL

Ci 'D Y(ZO *TT-2 -XI4Z*ST P1/2.0) jt8
SS2 = 3IN-(Z0*TTZ + XA: -T- P1/2.0)

CCZ DoS'(ZO*T- 4- Y4RST - PI/2-. 0-) iti0

EXPi = rXP(-XL*R*GT:P !Jfioi

EXP2 EX P( XL*lr.QT:I- 001I920

EXP3 =EXP(.-AL*TT',!/2.%u -Y*TT,2) 
0ri.-93 C'

TiR'4i AL/2.U C14

GO TO (I.0, 20)t- L.
iFUNK2 =1. u / (-P-1 U, -0 + ALv-Y + Y~w9) I EX03i*

lAEX?)I.4 ZO*SSt V 1RHJJL i F YD'>3(ZO*SS2 TE-1 0C&2) 3

2R -ER12R' TEIRM*02 I9qe

TE k14 = QO + 0144-r2 u i2ulC

TERFNK2= 1 V-14A-T-t2- 'T--UR4)*(TERMZ + I E' kl3) )EXPsP.(X PI~ 0021(e2u

2 ((Zl* 2 - OM 2 - T ' ~ 4 -2.u T E M . Z4lU (

END 026

FUNTI3Y4 FtJNK3(-Y- ,-. 9§0 -

ZOMiON/TMS(-TERUW, TERMLSI, TERM:, TFIHISO,_ -TF:Z3, TER43SQ i%213t

C T RX.1 9.0 AL. ~ ~
C Th=RISQ =TER41**3 0ZZ5

C -T=Rt2 = 10.0 * -AL i26

4iT ERM 2-S Q TERM2**2 lsZ17 ii

C rERM 3. .5- -r AL oviai8t

C TE 01M, = TERM3F2 0. 2190

YSQ Y'42 220 C'

8A =S SQTTH20I-ys3Y I (TERPiSq + MS)3)
89 =SlT(SQUITTERJ43t +. Q-) - Y)**Z-) )

f3C = S:T(SQRT(-TER-13l -+ M~ + Y)l'2) ) .23

R BA f99 If C ta22'1

AZ TZ kM2 / SIRT_(-TER92SQ -tYSQ) (Z5

Be Tii /f S2 rspvlsa *vSq .26

C2 IERH3 / SqRTlER ( ZO 0 Y)*41 J- 0C22?

03 r'iz / s4T,(itE-Ri3Q +. (Z() )- Y)-) 0-~2260

K). S')ICZT U.t + .12)- /2-.9) o?

Ki SRT-( U..i j4 924 2.30) 0L23r

K3- SIVRT U-1. U+ C2) 1 2-.0). i

X(4 SIRT( +i~ Da1 2,l 
1 22

12j SIR-( -1~ v VI. ) I'2-)0' 3

U3 SAVA t (i.,, - C21 1- 43)
T14 :SAT C (I. a - 911- /?-.0) 60

CS: <!IK2*K(3*K4 - <il'(4%T2*T3 +4. K21155 %V~ * k3fKWL u0237

- <3 '2TT±'-T-4- 4- 4KZj 24 -1-4 4 +) ~~-- t-L*-T2*T- wT4 6; ,i

SS - Ti~i(ZfK3-LX3 . T-241K)NXK4 +- t3*ljl1LK3kK4 f~ IJyTT*3-*
4 

I024L

- U-*.K2wK3#T4 + 'ZT2fT3-T-4 - KTi 4 T1 4 K~vTIT2'T'. UU2bO

PQ =_2X(-YRZ- T-T3) ,PI
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tXPI 51P( R KLVCS) 002420

EXP2 = EXPi(-R*9L CS) -0041

BETA - XL -R SS 002440

GO T0 (IQ,_ 20)-, L 'p02450
iu THET-A =-Y*-T3 -_ Pt/a_.0 I0:24T

SIII SmtHE- - BETA) 02~~

y INP 31N-(T1HSTA +BE-TA) 0~ 8

CoS!1 C0S(THET& - BETA) 0t2so o

F60 P~ (TER92SQ ' YSa2" -(Expi (Y*os'4- + IEH4SN)O~-0
-$.E-XP2 *(-Y*-OS' +' rER't2*SINP) Ov02530

RETURN54
-dTEA YT-,3 - PI 002'4

SI "I Nl SN-ET-A- - 'BETA) 025

SINP = SIM(THETA +- BETA) 00b2560

COSmI = OSITHFA- BET A) 002 57-0-
IDSD - OSTHETA +' BETA) d28

FU14K3 Otif PQ I ((TER'ZSC t +(Y +' Ol)- *Z (TEqR2SQ + -(Y - OKj)*2) )*0A2390

C XP4-((S~). OH''2 - -TERN2SQY*COS1 4' 2.0zV-Y*t&L*SIN4) -020

2 EXP2!6'U(YSQ -0H*2 -' TRMSfl) COS + 20..U-YAL'sLP) 002&i-0
RETURNu62620

END 0026-30

FUN T131' FPUNRCT-) MGM'6

CO' ALt ON, XL, L, Pr, Zo U27
_c00lfTT/-T_-_T4 UJ268-0

TT4 h T
H -PI1 /2,80 uO27DO

Ii i002-740
'fl40 ~0 02?20

NO z a.CH) fu2?30
FOUR = QNAH
ENDS =UFNPA0.0) 4+ FU4P(PI) 0 0V-4-0

-SUMIO =(ENDS 4~4.0*FOUP) * 1 /3.0 0b

N 2 0 Du 2-77 P
TWO TW o i. FOUR 002-780

'I 01)i280-6
- 0 OJ2810

FOURt FOUR + FUNPAYI0064

I F( .I-i. 41) : O TO 203 002 850
FUN!. CENDS +- 2.0*TWO- + 4.i3'FOUR) 4- TO.00Z80

IABSCS-UNO- -UR) .LT. I.OE-5) RFTIJRN 0a

GOJ TO 1.00 ,8P

FUNICTION--F1fP(Y-)
COMKI'ON AkL, OH, XLI L, 01I, Z3
oM O 0tlfl-T~Tl4 00295-

coHiIONg 0-1-

ROZSIRT (i.0 +CY)S~I)*2 DS-F_)*
RO3 SRT( (ZO - 0ALIFSINE) "*'2 +a ALV*2-(0.- +. 0*CO3IN4E)'2)
R04 SRT4t (23 OV0'AL #SINE)* 2 +' +L'2T. 't CO31-NSY**2)
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= '.U+ G~± I 02
63 =AL A~-u- 5- + O*Gi)- / R03
G4 AL (i5+ 0*01) / R34.
RCI SQRT-( 4(1-0 *- G 11 2.3) 003650

RC2 -3:ZRTd (.i + G2) /2.0) 003U60

RC3 SaUT (4.0- + G-3) 12.0) 0u3L70

RC4 SaRT( Al ,0 1- 04) /2.0) 003080

RSI = QRTJ (1-0 -Gl) / 2.0) 603U90

RS2 =S-aRT( -(.t- 02)- f 2.0) 0u3i00

Rt 3 = .RT(- -(i. U - 0) / 2.3) 0U311
RS3 = RS3
RS'. z RT=( -(. - G4) / 2.0) OU3120

ACT = RI *IC2*C3*RC4 +- RCI*RC4F.RS2*RS3 RZ VR4*RSV.RS3 + 0us3o
R3#*kCW* 1*RSZ Sf'*:S44'RC2*RC3 -'R 2*R,P..1A0Rl3 -00314~0

r ca R3ZtS4RG1I*RC2 - RSifaS2-RS3"-S',' 00315-0

AST i~l*C2*C
4 . RC,4 - RS2*RCl*RCZ*RC4 + RS3*IC1*RC2*R^,4 + 0ij316O

1. ZSI1-RS2*RS3*RC4 * RCI*RC2*~R^3*RzS4 R~i*RS2wRS3*RS4 - 03;L-0

2 R-,ZRSI*:S3*S4 +RC3* SRS2 RS4- 003i80 -

ARR =Sak 10 R03 04/fl)*X
-ARC R ACT 00j200

ARS = &R, AST 043-170

FUNP = &ootPI) E)CP(ALTT4'COSINE - AlC)-COS1!3*ALTT4SINE -ARS)-

RE-TURN 0032-40
FEND 00325-0-
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