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iesuzs zn2 o (findta) citizens. Letzing sach of the N coordinat

btetwear 2 zn

agle pesxadness

(1.1) For every ncn-zzrg «

srigin 2t x: and diresticn u.

ne phenchen:z tnas citizen i

de can row more mearinzfullyv ciscuss the central paint of this paper.

A oyl - i n
n carticular, L.{2} i5 a fepction from 2

o= 3}

o
o
w
i
r
iy
R4
> b
+
N -
(14
Y
3

This, the zssumotian pas an

e peijaedrecs

ica’zr, w2 can now d2¥1n3 what we -aan by “best

et 7 is the sat or all r
t sets ezual *a R;
-tuMa of 1nu¢ numcars.

eal numisrs,

Tre set R

cicr veR and every pa

=e move fars

k!

there are n (Tinite)

-
axes of

R €3rrespond 0 en issu2 we cin regresent the locaticn of each ~itizen

2 n

Tt R

2ins from the nosition =.

. 1
inta 2°,

Secores "less happy*
'd xj increases, we make the “ollewing as-

izer's loss functisn:

ir cf scalars

\
._m i dov.

es & ray with an

interoretaticn

nar from ¥ along

assuretion in {€ ).

sosition” under

is the Certesian

i.e., Rx®x ... x2. Any pcint on R® i< then

n
**x2 use the nolaticr “'" tg danote the transnase of a vector.

~y

mejority rule. Ir our discussien sueh a nesizior will be called zn ecys-

librium point. Further, we distin

¢ifferant types of ecuilidriv

paints in tne following definrizicn.

Cefrniticn 1.1

————— T L
”*

3

Consi a8 p2int 6 R, For each z¢ e:

p{8) = the nu-ter of citizens w4 rave rmﬁm-v < r*ﬂmvv
q{3) = the numSer of citizens ~hs nave P*Am.v > Lils)s
r{g) = citizens who have wﬁﬁmnw = nm“uv“

7

50 that plad + ofe) + riz) = r.

Al

(1) If for every 223" se nave o(g)

1t i< uaicue.

p{a) > m/2.

p(2) > afc). For a diczussion of {ii1) and its unicu2ness procersies we

refer tne reader tc [ 5. For our purposes, [iii) Res some uncesirable

praperties {e.g., 21) ard we will not fur

-
-"
o]
(8]
o
)
©
e
g
~
(o]
3
e
o
w
i
o
(1)
0
o
-~
-

ther considar it fn this papar.

*Note thet our uce c¢f the ward “plura ity i5 comewhat different nan
usual. In particular, our use has ar interpretation as a mejority
of those citizens who are not indifferent.

”
1
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In tne sopztial theory literatura *ha concest of an equilibriun 10
referred to as a deninant ooint. Tc Se consistent with other

[ 23, we will latar use dominzat to nave a somewhat dif-

a2 will pow interprat the atave cefin

-
2
o
——
(o]
pa ]
v

in a veting situation
tetween gpositicrns 9 ard 69 in R". To do this we mate the following assum-
{1.2) tach citizen 1 votes for md*wmﬂm.m..mmmaaoadkwﬁv

Amgw <Ly} and, similarly, vates for 8, 1FF L.(8,) < L, Auuv

ro

Thug, if rMAmdv = r¢Ava. citizen i is indifferent “etween g n¢ 9, and

re will rot veta, bence, if < is a majority egquilibrium point, than at
tz2st ore half of =he Jitizens will always voze €or 2 in asy electicn

If

-egeriless of tne positicn of ¢ if 9y is at a unicue maiority ecui-

litriu= point ang if a, £ 8y, taen more than cne half of the citizens will

becavse of

indifierencas not necessarily a rmajcrity of all citizens). If further g
is a unigue plurality equilitriu= point and if yu f 25, then ) will ob-
tain more vsiss than 5. It is perhags acpropriate to point out that
pcsiticng u, and 99 are often intercreted tc represent the locations of
Twd candidatas in the issue snace.

Again Follewing [ 6] we Yet f(x) denote a multivariate density of
sreference “which characterizes the copulaticn in the sense that it rep-

ragents a su

“ary statement of the oreferred pcsitieons of all citizens.”
With respect to the above rdtation, we have the following fmportant

result the one issue Andv case.

Thesrem 1.1. Consider the case of just one issue. If on

o

is a median of #(x) and if (1.1} roids,
point. If furtnsr tha median is uricuz

0dd), zhen ¢ is the unigue majerity ezuilitri

Tne ahove rasul: tznds te stronily
cate at median positicns c¢n issues. This unfortunziely is nat

true. Consider, for example, 2 situatic~ cf

sicnal issue space whase 1oss functizas hzve the form

(tre usual Tuzi'dian norm). Thas ter the sitsatise illustreted in Fizure 1.1,

(insert Fisure 1 liwnars .. corresssnds %o tha median positicn on each issue

. * . .
and the circles are isoloss contcurs, we can readily gee that &, is

strictly oreferred to 3y by citizers 1 and 2.

e

preferred 13 6, by citizens 2 and 3
¥ z v

€.

by citizens 1 and 3. From this we can conclude that the "rultidimencicnal

rmediar” 8_ is rot in general aa squilitrius paint. CFurthervore, this sa=e

1
. - -
constructicn .an be used to show that in gereral no equilitriua peint 5

need exis:z ir a multidimensioral issue spaca {6 3.

This does rnot, hcwever, imply that ecuilitrium coints cenrct exist

in multidimensicnal fssua Spaces. he will now revies some conditicns which

guarantee the existence of an equiiibrium pcint.
Again following {6 ) cuprose that
(1.3) Li(e) = s{(x4-5)" Alx4~0))

where $(.) is a strictly increasirg function and A is a positive definite

T

*See Sectien 2 for a precise definition of this concept. |




Figure 1.1
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citizens.
Besides the assurntions i-plicit in the exrressic: 3.2}, following
[ 6] we alsn assume that f(x) is syrmetric 2bout soee zsinz € . In that

(RRS T < N
case, they prove that e s an eauilisrium point. We row state this result

more precisely.
R 4
Theor:w 1.2, If f(x] is cymezric abous 5 anc if each

ted : . . e . :
citizen's loss funciior has the form (1.3,, then 5 is a unique plurality

equilitrium point.

Note that o is the wean of F{x). Thus, in contras: to the medien
results in Theoren 1.1, Theorem 1.2 aives corditicns wner tne nezn is an
equilibrium point.

ore studyfng otrer nmultidinensioral ecuilibrium existence

questions, we first take a more detafled luok at the nature of isoloss

conteurs.




bt
(&)

-

2. Irndifference Contours and Nor—s

By an indifferance contourfer 2 citizer ¢

lssue 2 we mea2n the lecus oF zoints azout nis scsiticn x. ovar whicn he is ire-
o~

differant. In Secticn 1 we calles such 2 set of paints an iscloss consour
for citizen i. Figure 2.1a illustrates 2 gereral irdifference ccrtour for
Corsider ¢ set of poin=s S, enclosed by an irndi¥farance centour !

M
R =
(see Figure 2.1).(insert Figure 2.1}. Such 2 et S» wili eitner 5e crnvex

£3
i

cr ronconvex. Figure 2.1z illustrates a reaccrvex set Sy while Fiqure 2,10

illustrates 3 convex set S,. In this paper w2 resirict our 2nalysic %o
I

- the cases whire mH is convex. This restricticn ¢ 3szlagous to the usual
behavicral assumpticn of dininishing marginal rate of substitution in
economics {3 1.

!

W

v have is syTeiry

* Anltaer property tnat irgd

; :/Lw about the citizen's pesition x;. ezifically, an indifference cur.e
> I TR forRciit]zenii NS chieR e ORE RSN iy if for every 3:1, 2x:-@
is alsc on I. Ar example of a symetric iraiffererce curve is given in
. Figure 2.1c. Althoush symetric indiffereaze contours corstitute a special
class cf contours, we wili limit cur discussicn in this paper fc tler.
In summzry, we consider tne follgwine zlazs of indifferzrce contonrs
AGHE L in this pager.
(2.1) For each citizen i we assume that each of his indifferenca contours
*A set S is convex if tne pofnts on a Tire seament connecting any two
3 points of the set are also fn S.
. =
4 - - b o L E P o




I is symmetric 2bout the position xj and that each correspornding set Sy is

,ﬁ
|
|
|

ccnavex.
t N Note that the elliptical indifference contours considered in [ 6]
{e.g. es discussed in Section 1) satisfy assumsticn ((Z 810

In the rest ¢f tnis secticn we will show hew indifference cocntours
satisfying assumpticn (2.1) can te characterized by a furction nmdmmn a
rorm. Alsc, we will discuss scme important special norms thet Pave nct

yet been considered in democracy equilibrium probliems. First, hcwever, we

define a rorm.

> = Definition 2.1. _
A function {i-]! from 8" inte &' is a norm if it satisfies the fol-
lowing properties: i
. (i) Il €l! 20 for every £ed’s i
£ Figere 2.1a Figure 2.1t G SRR 0 M
\ (i11)]1ag || = ali &!| where a is any positive sc2lari m
(iv) '} Al nnm_ 5 m”m"m“ . ‘hmum_ waere £ erd g are arbitrary vecters
Q A T :

. (v) [leti = 11-gl!.

Property (i) savs that tre norm is a furcticn that is always greatar

q n
is zero iff = 0z . Properiy

han or ecual to zerc, while preperty (i) says that the value of the narm
(iii) is a Tinear homogereity property -

and property {iv) is sften callec the triangle ineguelity. Finally, pro-

perty (v) is just ona of symratry.

g

v

3efore giving some examples to fllustrate functions which are norrs,

we first try to motivate our discussion. Censicer the locus of those M

points @ that yield the same value for the function !{e-xj||. Tris locus

of points will be called an indifference concour about x¢ undar the nom

Figure 2.1c




0 each indifference contour I Sor citizer i

tnat satisfies assurpsion (2.1) there exists scme norm [1.1] such that

12-X3 .. Ganerates the sire irdiffargrze ccntour ahout x;. Conversely,

genératec ny a rnerm ||, 1! satisfies

thalasisuentiGns i e

(Sae Tracrsm 15.2 of [1¢ for a proof of this eouivalence bSetwaen
rerTs and sets Sy having the rrocerties resuiting from assumption (2.1)).

- The above thegrem essen:

[
—
-

<

[

w

s

w

that zhe class of indifference

cirves satisfying {1.2)

.

s ecuivalant 0 the class of functions thas are
noms.  More scacifically, anv indifferznce curve satisfying the assu-ptions
ir (2.1) correspends to som2 norm ||, | ard every rorm generates indifference

curvas that satisfy {2.1). e ncw -armsicar some particuler norms that may

niavz i=2crtant interpretationt in political theory.
Ex2mai2 2.1,

Cornsider a norm defined as

-
o r
e
<
e
(28
(1]
-t
oh
a
S
N
[

is a 923 —atrix. For reasons to be explained telow,
w2 call this the "sereralized" Fuclidian norm. See Householcer {12} *o see
hew (2.2) satisfies the proserties in Definition 2.1. AS we will see,

this rnorn is precisaly tre cre considerad in previous sratial theory
articies 18], [15. 'n facz, the shaze of i*s irdffrerence contours

(e.g., in mmv is that of a rotated ellipse.

For our surposes, it is i

mportant to coint out that since A is
positive definite ore can find the eicenvectors of A and then use these
Vecicrs as a new coordinate system for the issue space. Furthermore, by

making agoropricte scaling charges along each of the new axes we get the

following eguivalent norm o this ezuivalence are

given in [6] and {13}):

—
"~
L)

—

to as the i, nor {fc

it from other rcrms oy

[~ =~

that the Indifferesce contours for the Euclidizn rcrm {2.3) are now “circlss”

instead of tha "allipses” a5 in (Z.2). From this difference one can chserve
that the above transition from (2.2) %o (2.3} irvelved essentially a ro-
tation and scaling charga cf the axes. Furthermore, we can conclude that
the rorm in (2.2) is mathematicaily nc mora genzral than the well known
Euclidian nom (2.3).

By letting ¢ = =8 in (Z.2) we ¢t

&3
(2.4) “wx.“-u_“ = {(xj-35)" A ﬂx._um: .

Except for the square root,

in (1.3). Thus, one can see tha* the indifference contcurs <o (1.3) have
the same shase as that in {2.4). In parzicalar, this is {llustrated in
Ficure 1.2. Cf course, uncer an zgpropriate basis chezrge [as discussed
above}(2.4) is equivalent *o the Suclidian norm .

(2.5) Hag-al1 ) = ix-0) 0201

whose indifference contours are “circles® abcut xj.

Example 2.2

ConsiZar a norm cdefined as
a3
(2.6) Mefla = 7

1
where £eR7 (the Luperscript (1) is uzed to dencte this type of norm).

The fact that (2.6) indeed satisfies the properties in Definizion 2.1



e/

is easy to orove. Such a norm is often called the city block norm, the

tanhatlan norm, Cr the 2y norm. The raason for the former ramas is that
in varicus urban araas (a.g., Marnhattan) the city straets ara in tha
rorti-south and sast-wast cirections. Given a north-south and aast-west
coordinata systen, a distance vector £ has a length given by the sum of
absclute valuss of the coordinatas. This is illustrated in Figure 2.2.
(insar: Figure 2 2}, Tne reason for it being called the 1} ncrm will
bacome clear in Examnle 2.4.

Eesides the above interpretation, the iy norm has an interestiny
irterpretation in distance percaption in an issue space. Consider a
citizan’s position at « poirt x; and a candidate's position et the coint o.
_

e citizen viewz the distance frem him to the candidate as the su

-,

n g
Then Howx 1) = 1 Jodex
=

Cae

and ¢

T

of tne distance that their views vary on each issue.

Stnce tha 2moirical werk of Attneava [2 ], the £; ncrm has been of

sore interest tc psycholocists in analyzing perceptual data. Indaad the

argumant has baen macde [2 ) that the £y rorm ratner then the Euclidian

rore shzuld be considered as fundamental for ordaring perceptual data,

ca s.biects saemed to judge dissimilarities in gecretric stimuli by
indecsndantly judging differences in ccmponents (dimensions). Furtker,
tha 1y norm hes nice acdditive prepertias not possessed by the Euclidian
nora. Indiffarence contours of this type of individual are given in
Figura 2.3. XNct2 tne diamenc shage of these contours as opposad to the
ellipzical snare in Example 2.1. (insert Fiqure 2.3).

Exa~plae 2.3

Consider a norm defined as

(2.7) Hell 4= wax (1ed)s
3=1,...,n

Issus 2
N
3 .
z2 ¥
i &
# T v _ - =» I5aue 1
1 E 3

Hell® = 1302 + (23" = pay®

__m__ﬂew = Max{]3],12]; = 3

Figure 2.2




& o 2 A o e = i 3 P s . e =i l
,,,_. < it v - 4 4 Sate ko B ot . ; . - iy Y S ”
Ran il e e e ot PSS e, . o
-
. ry .
X 17 . . g
wrere £28" (the suersorint (=) is used <0 gengte tris type of rorm).

Such a norm is oftern callex trz suo ncrm, the Tchebychess norm, or
the ¢ norm. Unlike the crevigus no=m, the i, rorm has an intsroretaticn
that tha distance from a candicate to a citizen squals the maximun of the

4 differences in pcsitions cver 21) issuzs. Matnematically, we write *his as
_um'x.__aav = May ﬁ“mg-x.umw.
G| ot i
I yoos g

E 'ssue 2

In particular, a citizen who measures distance undar such a norm would

;//. ignore a candidata's positicn on ail issuss but the one which achievad

P : : Ty
maximum disparity {e.q., Yietnzn).

Hi \

I
A As sncwn in Ficure 2.2, tre indifference contours for this tyre of
5 norm are tox-like. Since a rotation of the box is a diamond, ore
N suspect that the matnenatical structure of ty persons ard ¢, cersens s

relatad. We will now investigate this relationship between thesa two rorms.

2
Theorem 2.2, In R™ the 11 ncrm and the 2 norm are

I

; y issue 1l

equivalent under a charge cf variatles {i.e., a 45 degree rotation).

For a proof, see [29].
3 Just as significant as the above theorsm {s the fact that the norms
3

4 are not equivalent in 2" for n 2 3. In R , for examnle, the diamcnd will

have 6 extreme points {e.g., corrers) while a bax has 8 extreme points.
Thus, ro matter how ruch aone rotates the twg figures, they will never

Fiqure 2.3
Lecome “equivalent.”

-
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Exa-ol2 2.4

In a more general serse we define an £, norm forp 21 as |

3P 175

n
° 0.
mma o) ’

(2.8) e ®

woere superscript {p) 33 used to dznsia the particular mu nora. It is
rot especially easy to see that (2.5) defines a norm and, in particular,
we Tust apply the Minkowski irequality <o prove the triangle inequality
in Jefinition 2.1. Note that Zxamwles 2.1 and 2.2 are srecial cases
when p=2 anu 1, respectively. It cas also be shown that Example 2.3 iz
a special case when p=e [12].

To observe how the norm giver in (2.2) is such a special case,
note that fts equivalent farm (2.3) 3s just a sgecial case of the t, form
when p=2. Thus, the norm creviously considered in suiatial theory analysis
is just ore of an (unccuntably) infinite number. Furthermore, even tp
orms Jo not exhaust all possible types. This is easily seen from the

fact that

1
ter = ey s g @

is a norm that is not equivalent %o any nu norm. Finally, we end this

section with the follewing observation: althouth the ~u norms can be
"gereralized* to allow for basis changes which correspond to rotations and
scale crarges (as in Example 2.1), we will, for simplicity, stick to the

matheratically equivalent foirms that are given in the Examples.
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3. Equilibrium Poinis ir a Gereralized Scatial Arcroach

Now that we know what a ncrm is, wa will let _“.““m derote a nom
whese type is allowad to decend on the citizen i. Fer example, citizen
may reasure distance via the nd rorm, citizen 2 may use the £, norm, ard
citizen 3 may use the t_ ncrm. In general, we assume that each citizer's

1css function nas the form

{2.1) Lile) = C;4llx

1

where C;{.) is a strictiy incraasing functicn. NKote that such a formulaticn
satisfies the “single peakedness~ conzition ia (1.1).

If we just "ove cne issue {i.e., n=l). *hen we 2re in the case
considersd by Theorem 1.1. If, on the other hand, we have more than one
issue, then {3.1) resslts in a gemeralization of (1.3). In particular,
1f all of tr: rorms [[.1]; are assuted to be c: the form (2.2) and if
€i(z) = o(27} ar an i, then (3.1) degenerates into (1.3). Thus, previous
soatfal eralysis becomes a special rese of cur fermuiation.

Befure proceeding with our analysis of majority decision making, we
wiil first review the definition of a multidimensional median.

fefiaition 3.1.

A point 0" ic said to be a m:1tidimensional mecian cf the points
J

. .t .-
Axd.....xsm if for each ccmponent @) we have &7 2 X for at least ore

half of the m citizens and o3 < xm for at least one half of the m citizess.
When m {s an even numter, we heve (just as in the R} case) the possi-

bility that more than ore point o* will satisfy the definition. Thus, we

let xn cenote the set of median roints. This i{s illustrated for six poiats

in Figure 3.1. Of course, M consists of just one point 3" when m {s an odd

' Wiy e

Ay




r. !Insert Figure 3.1)

\ow coesidzye a generzlizaticn of the one Jimensinnal issue space
case %0 2 rultidirensfonal issue space where the noints xj are collinear
2lcng some straight line). Such a situation is illustrated in
figure 3.2 where Xy X, and X3 lie alcng the lire L. {Insert Figure 3.2).
3¢ course, in a one dirensional issue space the casizions are always collinear.
fiven that the paints Ax_.....xav are collinear in :" along some line
L we nox ask the following question:
3.2) Under wnat conditions can w2 reduce the search Tor an eguilibrium
point ©o toints on the 1ine L~

suzh a guestion is important since i€ such a reduction can be mace

toer wa will ecsentially be in the case considared by Tueoren 1.1. In

narzicuelar, then, an equilibriun position would exist at the median position(s)

2leng tfne L (i.e., -the point(s) W C L). This would be 2 direct multi-
dima-sicnal generalizatior of Theoren 1.1 to locatiorn at rmadians.
uartely, such a reduction can nat always oe mada. If, for

exarole, citizen 1 measures aistance via the ty norm, citizen 3 uses the 2,
srm, and citizen 2 uses a “ganeralized” fuclidian ncrm. (e.g., where the
indiffarence cortours are given in Figure 3.2}, tnen no position 9, On L
will evar beat md in a majority electica. 1n parzicular, only citizen 1
cci14 prefer positions 8, on L to the le®t of point A over the position o_.
similarly, only citizen 3 could prerer pasition 0, on L to the right of
point 8 over tre position md. Finally, only citizen 2 could prefer pasition
£F) bets2en points A and B to the position 0. In short, no mN along L could
zver hoze %0 be2i the nosition 9, in an election.

There is, however, one important case when such a reduction can be

made. Before stating this case, we first give a result upon which it depends.

> Issue 1l

Figure 3.1




Figure 3.2

Lerma. Let }}.|] be 2ny ncrm.

If the poinis {xq,...,x )} are collinza

in /" along a line L then for every CqfL there exists some omnr sJach that

(3.3) flog=x; It £ leg=x;t] for i=1,....m.

The above Le-m2 fallows from Theoress 2 and 3 in [25) (e.g., condition

(2.3) s what is called domirance in [25) as distinzt {rom the use of this

word in spatial theory).

Note that the abcve Lerma says that for every necsition

there exists at least ore

not on L

cositicn 5. on L Such +that each citizen i is

either indifferen: beinpen 29 _and

the gitizan serice

v_crefers 5, 0

9- Thus, positions not on L can

result.

Treorem 3.1.

5 CT
4

be disregarded so tnzt we get the folleqin

Suopose that the locaticns of citizers

positions are collirear along some lire L in RM. also suprose that_ eacn

Py 3 - 3 *
citizen measures distance sn R" via the same rorm. Then a median & of the

positions Axd.....xzv along i+ (t.e., m.nxmn.rv is a plurality equiliorium

point. Furthermore, if m is an odd nurber then the median

plurality equilibrium point.
The proof of the above theorem is given in the Appendix.

Theorem 1.1 rote that Tnecrem 3

.1 only guarantees that th

is a unique

tnlike

"median” is a

plurality ec.ilibrigm goint in contrast to a majerity equilitrium psint.

*
Figure 3.3 1llustrates a cese where @ 1s not a majcrity eqeilibrium point

L 3
(e.q., citizens 1 and 2 are irdfiiferent between ¢ and 3).

norms (e.g., the fuclidian rcrm) the result in Thecrem 2.1 may be

ened to assert the existenc: of a majority equilibrium point.

pursue this here. (insert Figure 3.3).

strength-

will rot

s
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In the above 2i- i own that the "mz: 29
equilibrium zoirt in : ssue Space when tne sasitinns of
the citizens are collirear and saen tney all m-isure distance w2 the
same norm. we r.o~ proceed generalize the madian eguilicrium resul: from
2 cne 3 rultidizensional
More specifically, we wiil geraralize the result tc a *wd ¢
e
assumption cr even symmetry assu~piicns abcut the distritutizn
the citizens' positicns will be rade. T'n particular, we state thfs resuls
as follcws.

Tneorem 3.2. If each 5€ the m citizens maacures discance

2 E 3 E " =4 o s
via the £y rorm in a two dimensioral issue szace K™, then *he rultidicen-

sional median o- of the citizens positions is a plurality ecuiliorium point.
Furthermore, if m is c2d, thes 3" is a unigue plurality ecufiibriua
point.
Again, the proof of this theorer is given in the Anpendix. Note

*
that Figure 3.3 illustrates & cese where @ is not a majcrity equilibrium

point.
The above Thecrem is interziting ard important since it is a direce
multidimensional generalization of the well known one dimersional result

of locatior 1t a median. It is, hcwever, also interesting that

in Theorem 3.2 cannot be directly extanded to R” for n 2 3. We illustrate
this with an exzmple.

Examgle 3.1

Figure 3.3 3

In the three &imensioral issue space R™ suppose that x_uﬁ_._.ov..
KNHA—-O-—V.- KQHAO-—-—V.- xhunlualu-luv-a and Xmuﬁlgclmulwv.. 20”0 ﬁTNﬂ

awuﬁo.o.ov. is the multidimensional median. Consider arother gosfticn
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’ ' o : 27 - 23
3 St A o T W SR
p 8= (IL1.Y)". Then, using the E o i A e bave g redian of ﬂ.xd.....xa_v s a slurality equilibrium point. Furthermore, if
s :J-m-::v = 11-0) + [1-0! + 19-07 = 2 m is odd then this is a urnigue plurality eauilibrium point.
, (1) The rioof of thiz thiorea is a cirect result of Thecre= 2.2 and Treo-
e = 0! + !1-0'
] :xm St f1-6L+. fo-of + st ren 3.2. e now llustrate b2 tmezres and the cefiniticn via an exanrle.
I'x x3-2 1.: = o 0] + :no_ + 1.9 =2 Exarole 3.2
) Let x| = Qobye, x, = (0,3), xg = (2,2)'. iren, as illustrated in
I n,-.. = Sl Mef 10-1%.=
?J o g 1 2 1T l Figure 3.2, the ccorlirates under t2e rotaticns ars (insert Figure 2.4
19 5N R
- = - -1 = - S gl L4 24y, = C [
. 2531 = 11 4 j0-1 « 110 =y :uzm.e.Jiuml.ubﬁv.;u:he.
(%) o1
ix;-8}| f0-31 + =11 + f1-1} = 1. The median with respect :c Xy, X,, and ..u is @ = ( uLm.lmn » 0)'. Note that

*
Fro= this we acte that & 1s the point resulting from a rotaticn of 53 = (3/2, 3/2)'. Fron the
2

above theorem we know that - is a plurality equilitrium point (and in this

« (1) o= ()
:x..-c 1 ki _J.-m__ fer 1-1.,2.3. case a unique pluraiity equilibriur coint since m=3). The equivalence betwean

*
] this 6(2) - 5(2) and we conclude that @ is not an equilibrium point. In the results in Theorems 3.2 ard 3.3 can be abserved by viewing Figure 3.4
| = *
ner wives, 2 would b i t ’ : G0
BHEE & woild s2at & in a maicrity election at a 45 ¢~ ree analz. In particular, note that the o3«-1ike incdiffereace
, Ne row conclude this section with an exanination of the equilibrium

g cantou.r af che 2, rorm bezcme the ciamond contours of coe 2y rom.

soirt existen U o1 when the =om i 1) Tar al ns is th . :
EOAP Spexisteportouestion e S50 n (3.1) far all persons is the t. We now make some chservaticns absut the results in Tnecrem 3.3. Firse,

[ b . 3
gafera doirg this, however, we first make the following definition. we believe that it is an important rasult in that it characterizes tre

7/

equilibrium point for an irportant special case. Unfertunately, we ere

- A . 4 ; 2
an be zcints in a two dimensional issu o ; X . e . 6 g ] : *
BChats s 0 ansfonal issve space R nct adble to give mucr “direct intuitive interpretation® 2tout the point o .

4 Fyrther, let: x, x nd 3 be the new dirat £ th int . > n A
seeeoX ) and o7 be the new coordirates of the points This appears tc be at leist one cace where the rmatheratics leads the intyi-

mx...mz .._ 35 deg tatie g . . d .
1o SRt m = am.. absoretsrestrod n of the coordinate axes tion (at leas: to uc). Also it should be pointad cut that the exi.~sion of

.
Thea u s said to be a rotated twe dimensional median of CJ.....xnv if g

Theoran 3.2 to R” for n > 3 is nct clear. This is partially true bacause

a ruitidi c=3l ma: ip AfF IX. o n 5
is the muitidirensional R CI EITRRT S 2 our definiticn of a rotated median only considers two cimensions, and
Althouzh we will fllusicate tnis definition in Example 3.2, we first since the relationsnip tetween she £y and the t_ norms treaks down for G

state the follo4ing result. This is further discussed ir Section 2.

Theorem 3.3. If each of the m cilizens measures distance via

the p_ narm in 2 two dimeasional i:sue spaca mm. the rotated two dimensioral
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4. (onclusians

In this secticn, we will surarize and anmalv:o our results. In
particular, wa wi'l zs~_2r2 them 20 the ontimal pesitian thet & te-evslent
dictator would salect uader 2 “similar” situation (the berevclent dictator
proolem has teen extersively analyzed in [23}).

First we summarize cur rasults of the paper. In Section 1 we dafine

various kirds of equilitrium points (praviously callad dcrirant points) and

™

raview related results in the literature. In Secticn 2 wa characterize
general class of indiffererca contours (e.g., see (2.1)) znd point out that
tnis class is eauivalent to the class of functicns called norms (see

Thegrem 2.1). Various examdlas ara given including the * -eneralizec”
Euclidian norm used in previous multidimensional epatial thecry Ammm 2xan-
ple 2.1). Other exarple:, includa the nm rorin and the 2, ncrm whicn kave

very important substantive intercretations in politicail science (see exarples

2.2 and 2.3). We also point out the fact that tne n_ and t_ norms are egui-

Tent

valent in xm urder a 43 gegree coordinate rotation, but are not egquiva
inR" forn23 (see Theorem 2.2). Tn Section 3 we genzralize the formu-
lation of a loss function to allow for arbitrary norms and for the type of
norm to degend upon the particular citizen (e.g., see (3.1)). In particular,
the formulation in [ 6] bacocmas a special case. Then we considar the sictua-
tion when the positicns of tre citizens are collinear (i.e., lie alorg sore
straight lire L) in A% with rescect to this situation we show that {f all
citizens use the saze crbitrary norm to measure distance, then the median o

on line L will be an equilibrium point {see Theorem 3.1}. If the citizerns




€3 rot use tne sate roerm then this result is not tree (e.g., s2e Figure 3.2).

2 where the citizens all measure

Then we ccnsider a ncncollinear case in R
distarce via
Exémple 3.1 shows that
Similar to thzt case, wa also
considzr @ situation wien 223in we are in a twe agimensional issue space
but where the citizens all measure distence via the i, norm. Here we es-
» that the rotated two dimensicnzl median {see Definition 3.2) is an
(see Thesrem 3.3). In short, this paper preserts both
a generelizaticn in the formulation and the results in the spatial theory
of majority decisisn making.

We now corpare our results of location at a median zo where a bene-
volent dictezor would lccete in @ “"similar" situation. First we consider
the cese where the citizens positions 1ie 2long some line L in R™ and wicve
the dictator cesires to sick a location ow that minimizes the sum cf dis-
tances to the citizens {e.g., ¥ every citizen has the same Yass function
which is linear ir cistance, then the dictater is essentially minimizing
total utility loss to society 123)). If each citizen uses the same norm
thern the medien along L will be the nptimal locazion of the dictator. If
the citizens dp rot all have the same norm, then the optimal dictator po-
siitics ht n5t even be on tha line L. These rasults are analagous ia
our raesults in tnis pazer. If, on the other hand, ihe citizens do not have
collinear pesiticns but if they all use the 2y norm, then the distator (with
the same criterion as discussed above) will again select the median as his
optimal position. Agair, this is analagouz 5 cu= 1cs-'* in Thuorem 3.&

except that Theore~ 3.2 only applies to a iwo dimensforal “ssue shace.

Similarly, an analogy exists for the t_case. de cen suwarize this

comparison by concluding thet a dzmecracy and dictatorship will beth
arrive at the sare decision in similar sitaations where this decisica

{s charecterized by the median.
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APPENDIX

—_—

Suppese that 3 is roz a plurality equilibriun poinz. Tnen 7vcm
Defiritica 1.1 we assert the existence of some scR” such that o(e ) > p(3)
Py - - . . * Y
(i.2., the nuzSer of citi-ns strictly preferring @ cver 6 is greater than

»*
tha numler strictly preferring 3 over 8).

New 1€ 3£L then by the Lerma we assert the existence of Bel such that

__mwx_mu £ Is-xi}] for ial,....m. I acl, let § = Thus we have

a position Gcb such that

He-x;]] < [lo-x;[|  for i=1,...,m.

Consider two cases:

. < ! . - *
I case (i) al) citizens cither strictly prefer 0 = 6 to ¢ or they are

irdiffarent. This, however, contradicts our assertion that q(e) > p{e).
Trus case (1) is imoossiale.

w2 now consider case (ii). Since 3:L and since 5 £ o, the propertics
ef & rorm imply that at Teast one half of ‘he citizens weuld strictly pre-
f2r 9° 0 3 {i.e., those citizens on L who are either located at o or are
cn the ozzosite side of on from 8). In particular, €. . hese citizens (who

compase at least one half of all the citizens m) we have
L 4 -
He™=x Il < [15-x,]] .

Far these saze citizens we have

Bl A ol B e Lol R S s | KXo, 7 Sl e

1% x;11 < Lo 1]

Thus, for these same citizens, we have from (3.1) that

rwﬁm ) < r*nmv ©

And 2gain, sirce ¢t least one calf of the citizens have this preferance,

we conclude that () 2 o(s). This is a ccotradiction to q(s) > ble) ane
ii)

we corclude that case (i1) is also irpocsinie. Teus, Sy contradiction we
- * : - . 3 .
have shown that a median @ must be & plurality equilibrium poirt.

To prove ii. uniqueness when m is odd we again consider two cases:

—
e
-
<]
n
P
G0

—
-
=

-
(4]

.
L)
.

In case {ii}we can use the sase argument as befsre to argue that more than
one half of the citizens will prafer o» to e . Thus, in this case, we Save
p(e) 2 qla) which woui: contradict g(s) < ple).

In case (i) we have uruzw that the citizen located at the median will
strictly prefer m. to o while all the o<her citizers will either ztrictly
prefer mn to 9 or they will be indifferent. Thus, again, we have
ple) % q(a) which would contrasict q(e) £ p(s). Hence, we have proved the
theoren.

Proof of Thesrex 3.2

We exploit the fact that we are in z2 by giving a simple gecrztric

proof. In particuiar, w

(-

illustrate a tysical situaticn in Ficure A
*

s - *
where, for the six points Axd.xm.xu.x».xm.xau. e 1is a point in ¥ . Note

that we have dividad the R° space into “pie-shaped” regions via the lires

AA', BB', CC', and BD'. (fnse=t Figure A.1).
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*
Kow suppose that 5 s not » ,lurality ezuilitrium point. Tnen therz

exists some a:RZ such that o2 ar2 more citisoos who strictly oprefer =
than there :re citizens who strictly prefer moﬁm.n.. q(3) > p{e)). Clearly
@ will te in one of the four “pie-shaped” regions nw-o.. n.m-c.. n.o-m.
or nm»u. First let's suppose that it is in tne region nmnc.. In that
case there are only three possibilities:
(1) o Yies interior tc the region c:"p* (2s illustrated by
the point mdvn
(i1) o 1des on the half line @ 2' (as illustrated by the
point e,);
{i1i) 2 Vies on the half line o'C fas illustrated by the

suint mwv.

First we consider case (f). Since e +5 a median position with
respect to issue 2, at least one half of the citizens will have positicns
on or below the line AA'. By corsidering th2 indifference contours of eazh
of these citizens (as illustrated n Figure 2.3), it is clear that cach of
these citizens wori< str. *' prefer m- to 8. Trerefore, in this case,
we would have p(7} 2 g(3). Since this contradicis q(s) » n{e), case (i) is

impossible.

We now consider case (ii). Define:

. . 2 *
v E the number of citizens in the agicn A2 8's.

*
Y, ® the number of citizens in tha irterior of the region A's 8' plus

the rumber of citizens on the half line z"A‘ (with the exceg:ice
of the point o-v.

Yy 2 the rumter of citizens in the interior of the region »m.m plus
the number of citizens on the half line o;m (with the exception

-
of the point 0 ):




v

*
7 the number of citizens in the interior of the region A's B.

Note that the above classification divides R° into four non-overlapping

*
areas. Furthermore, since 8 1is a median we have that

nv

N i Y, Y5 < Vg

and
<._+<wu<m+<a .

4
These irequalities imply that

R Y PR AT B4 CHE RN vy +v) .

This reduces to the irequality Yy o= Y.-
3

ference contours to assert

W2 232°7 appeal fo the shage of *he

"

)
-
A
o
-
°h

trat fer

0y

P *
cn tke haif lire 3 B': the v, ¢itizens will strictly prefer o
g *
gvar 2; tre 23 ard Y3 citizens will 21ther k2 indifferent between 8 and o
k. *
or trey will suicdly prefer 5 over 5; erd the T, citizens will strictly
*

prefer 2 over 6 . Jut since \2 2

= Yy “e corclude t:at the number of citizens
striccly preferring m¢ ovar 9 is greater than the rumber strictly preferring
3 over ¢ . Thus p(a) 2 g{s) which contrzcicts p(a) > £ () and we conclude
that case (ii) is imocssible. 2y symmetry we asser* *hit case 1§11} is
izpessidle. Also by symeiry we assert that the serm2 argusents can be made
fer any cf the cther regiors n.mic,. n.m¢m. or nmuc. Hence no such 6 can
exist and the first part of the theorerm is proved by contradiction.

ke noi prove the assertion in the saccrd nart of the theorem that a¢
is the tnique plurality equilibrivs coint wien m is odd. If noc true, then
there exilts some & such that a(c) 2 p(e). Fcllowing the proof to the first

part of the theorem, we first consider case (1). Since m is odd, we can

assert that over onn ha'- of the citizens lie on or below line AA'. Thus
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we get that p(8) > 4(e) wnich is a contradiction. If case ({i) applies
one can see that

LA & TG VI

ard
YWty vty

which imply that Y > Y- Again we get that p(s) > q(3) which is a contra-

diction. By symetry we conclude that the secord part of the thegrem {s

also true.
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