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FORWORD 

This is the final report under Contract F33615-71-C-1289 for the 
Aerospace Research Laboratorie1, Air Force Sy1tem Coaand, United States 
Air Force, It covers the period from 1 February 1971 to 30 November 1972. 
Two journal articles have also been written under the sponsorship of this 
contract "Electrical Conductivity from Electric Arc Measurement•", by 
R, S, nevoto and D, Mukherjee, to be published in Journal of Plasma 
Physics and ''Measurement of Argon Electrical Conductivity at High Pressure", 
by U, Bauder, R, S, Devoto and D. Mukherjee, subllitted to Physics of 
Fluids, The senior author of this report is now located at the School 
of Mechanical Engineering, Georgia Institute of Technology, Technical 
Monitors for this report were Dr, U, Bauder, Tltermodynamics Laboratory, 
and Capt. Allen M. Hunter, II, Plasma Physics L&boratory, Aerospace 
Research Laboratory. 
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ABSTRACT 

Equations are developed which govern the behavior of a wall-stabilized 
electric arc 1,, which heat transfer takes place Tia conduction and 
radiation e• ission and reabsorption within the heated gac. The differential 
approxi•tion is uaed to de•cribe the radiative transport. Several 
nmerical schemes are described which were used in an attempt to integrate 
the1e equations; none were found to work for all values of the absorption 
coefficient. A discussion of the development of higher-order differential 
approxi•tions is also included. 
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SECTION I 

INTRODUCTION 

An important need for application to hypersonic wind tunnels is a 

source of high-pressure (to 1000 atm) high temperature (to 15000°K) air. 

The high pressure electric arc would satisfy this need; its properties 

are as yet only imperfectly known. For th~s reason a pro~ram was under­

taken to compute properties such as temperature profiles, power input, 

etc. of a particular shape of high-pressJre arc, n~mely a wall-stabilized 

cylindrically symmetric arc. 

At high pressures, account must be taken of energy transport via 

radiation reabsorption within the arc as well as by the traditjonal 

thermal conduction. However, the exact theory of radiative transport is 

complicated, an~ therefore difficult to apply in real problems. For 

this 1·eason many people have en,ployed the so-called differential 

approximation. The computation of arc properties with this approximation 

is described in Section II. Because of doubts about the accuracy of 

this approxiMtion for certain values of the optical depth, we have also 

investigated higher-order methods. This work is described in Section III. 
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SECTlON II 

LOWEST-ORDER DIFFERENTIAL APPROXIMATION 

For a cylindrically synaetric arc, the gas energy equation and the 01 
equations for radiative transfer ~an be written in the form 

1 d T 2 
r dr (rq ) • aE 

dT 1 T R 
- - - - (q -q ) dr ~ 

du 
~ -dr 

(1) 

(2) 

(3) 

(4) 

where qT and qR are the total and radiative contributions to the heat flux, 

x is the effective absorption coefficient, u is the radiation energy 
V * V 

density,and u is its equilibriua value, giv~n by 

" 
* u -
V 

8n:h-l 1 
3 hv!kT l 

C e -

Other symbols have their usual meaning. 

Boundary conditions for these equations can be written in several 

equivalent ways. In the present case we take 

T(O) • T A 

qT(O) - 0 

qR(O) - 0 

T(R) -1w 
cu (R) - 2q 

R (R) 
V V 

2 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 
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Equation• (6) - (9) are obvious on physical grounds; Eq. (10) arises from 

the necessity for continuity of heat flux at the arc outer boundary. 

We aee that these are t·our coupled fir.1t order differential equatiqna, 

but with five boundary condition•, •eemingly one too many. One of the boundary 
condition• ia used in determining the value of E , 10 this 1a an 

eigenvalue problem. In an alternative fonulation, Eis given and T(0) 

i• computed aa part of the solution ,ao Eq. (t) 1• no longer needed. 

The above equations can be tran1formed into a form more convenient 

for 1olution if we define new di•n1ionless variable• 

2 
x rt (r/ll) 

l 
1l 2 T 

V = 2T ). X q 
AA 

l 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 



u(O) • 1 

\1(0) • 0 

z (0) • 0 
\I 

u(l) • 'Iv/TA 

4z,.,(l) 
w (1) - ------

\I 31'\JA 

at x • 0 , the limiting forms of Eqs. (18) and (20) are 

du - --dx 

dw x dz 
--ll ,. - --ll ~ 

dx xvA dx 

dz ] ~ d\l 
dx 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(18a) 

(20a) 

which must be used near x = 0 to avoid the singularities in Eqs. (18) 

and (20). 

Preparatory to solving the full set of equations above we can look at 

several limiting cases. 

1. Negligible Radiation - In this case the equations become the well-known 

Elenbaas-Heller equation. In the form of the equations used here, the 

mathematical problem is a two-point boundary value prob lea i.e., the two 

first-order (or one second-order) equations 1111st be solved subject to condi­

tions at two boundaries. In the present case we can numerically integrate the 

differential equ,tions (18)-(19) as an initial-value problem using the 

boundary conditi~ns (22)-(23) as initial values. A value is assumed for 
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o (say o1) and the ~quations integrated to x = 1 • lf Eq. (2)) is satis­

fied to within a small constant c , then 01 is the eigenvalue and the com­

puted solution is the desir•!d lffle. In general, Eq. (25) will not be satisfied 

and wr na1st guess a new val•Je for o , say °"l • nu• p".'Jcedure for computing 

the new value of o must be chosen with care since a great deal of computation 

time can be used while integrating the differential equation from x • 0 to 

x ~ l with new values of o. In the present case, after the initial 

guess o1 , °2 was computed from 

and further o from 
'J 

0 -
'V 

(27) 

(28) 

The dependence of u on O ii explicitly indicated above. An example of 

a temperature profile compu~ed for argon at 1 atm pressure with TA• 10
4

°K 

and 1w • 103
0K is given in Fig. 1. Shown is 

T • ¾ 
8 - TA-¾ 

vs. x rather than u(x) • 

2. Constant Effective Absorption Coefficient - In this case Eqs. (18) - (22) 

reduce to the following 

du - --dx 

dv --dx 

~A (v • _Nl z) 
x~ 

5 

(29) 

(30) l 
I 
1 
·l s 
! 

' 



dw z 
dx • • x 

3.,.2 
(w*-w) 

4 

(31) 

(32) 

with correspondingly simplified boundary conditions. N ls the so-called 

conduction-radiation parameter and ls given by 

(33) 

where ~ ls the Stefan-Boltzmann constant, and ls, crudely speaking, a 

measure of the relative importance of condu~tlon and radiation heat 

transfer in the arc. Other quantities are T = RK (a constant) and 
4 

w* • u. 

As a preliminary to integrating the arc equation with varying K~, 

the solution of these equations was progra11111ed for the IBM 360. Important 

to the program are tvo major parts: (1) the •thod for nu•rically in• 

tegrating the differential equations, (2) the •thod for satiafying 1ia1l­

taneously the boundary conditions at x • 0 and x • 1. 

In view of the fact that the differential equations probably become 

stiff for T? 1, it is necessary to use a technique applicable to such 

equations. A program for integrating sy1te1111 of stiff or non-1tiff equations 
1 has been recently published by Gear and was used for the present ca1e. It 

was found, however, that under certain conditions the Gear program would not 

integrate the equations and exited with an error message. Several months of 

effort failed to correct this problem and it was only recently learned that 

this program has been rewritten by Gear to remove this error. flte new Gear 

program has since been incorporated into the program and has given no more 

difficulties. 

The second problem listed above has proved 1111ch more difficult and was 

not resolved in this work. For Eqs. (29)-(32) there are boundary conditions 

6 
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to be satisfied by u(as in the Elenbaas-Heller equation) and by z and w. 

To integrate the equations as an initial-value problem we a11t gue11 a and 

w(0), integrate to x • 1 and see if Eq1. (25) and (26) are 1ati1fied. If 

they are not 1atisfied, then a and v(0) aa1t 1011ehov be adju1ted in an 

iterative process to do so. As a fir1t attempt to iterate, after initial 

guesses, a and w(0) were adju1ted a1 in Eqs. (27)-(28). flt~• procedure 

was succe1sful for s•ll T I but did not converge for T>0.01. Profiles 

of 8 v1 x for T • 0.0025, 0.01 are 1hovn in Pig. 1 for an argon arc at 

TA• 1040K, p • 1 atm. We note that the temperature profile i1 depre1sed 

near the axil du• to radiative lo11es, •• ve would expect. 

Since the above procedure was not 1ucces1ful for T> 0.01, a new 

•thod wa1 1ought. It turns out that the radiation den1ity at the arc 

center can be evaluated from an exact, fairly 1imple two-fold quadrature 

once the temperature profile (or an approxi•tion thereto) i1 known. In the 
2 3 notation of thi1 report the general expre11ion read•' 

V V (0) - R 1 I X }x) ~(x) o, ~ V (O,x)] dx (]4) 

where 

T (0,x) •1 xx (x')dx' 
V O V 

(35) 

11 the optical depth at frequency v and po1ltlon x and D1(x) 11 an 

lntearated le11el function, 

For con1tant ,c. Eq. (34) reduces tu 

1 

w(0} • T 1 u4 (x) »1 (Tx)dx 

0 

with T • R.1t • 

7 

(36) 

(37) 
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Figure 1. Dimensionless Temperature Profile of Argon Arc at 1 atm 

(T • 104 T • 103•K). 
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The new interation procedure is as fol lows: 

(1) Compute u(x) without radiation or feed in assumed u(x); 

(2) Compute w(O) from Eq. (37); 

(3) With 1'(0) from s ... ep (2) and guessed 01 integrate arc equations 

until convergence is obtained on er ' i.e. , the eiger.value er for the 

w(O) computed in (2) is obtained; 

(4) Recompute w(O) with Eq. (37) and repeat (3); 

(5) After w(O) no longer changes, check to tiee if Eq. (26) is satisfied. 

If so, this is the desired solution; if not, then apply a scheme similar to 

Eqs. (l7)-(28) to hoth a and w(O) until convergence is obtained. Steps 

(1 )-(4) should ensure that the initial cr and w(O) are close enough to 

the true solution to obtain convergence. 

Thie procedure was tried for T > 0.01 but it also did not converge. 

The reason for the failure probably lies in the value of w(O) computed 

from Eq. (37). This is cin exact ·,alue if u(x) is exact. However, the 

solution is an appr~ximate solution which will presumably deviate from 

the exact solution. We thus expect that w(O) computed from Eq. (37), 

even with th~ exact u(x), will not be the correct w(O) for this 

problem. Note furthermore that a small error in u(x) is multiplied 

fourfold in the computation of Eq. (37). 

9 



SECTION 111 

HIGHER-ORDER DIFFERENTIAL APPROXIMATIONS 

Considerable effort has been directed towarcs obtaining solutions of 

the n1diative transfer equation and its close counterpart in neutron 

transpo::t theory. A thorough literature search carried out indicates 

that this effort can be subdivided into the following major categories: 

a. Exact solutions 

b. Purely numerical solutions, including the Monte Carlo 
rechrique 

c. /1.pproximation schemes 

Because of its complicated integro-differential nature, exact solutions 

have been obtained only in very simple cases with r~3trictions on the absorption 

coefficient and geometry of the system. Tog~ther with the second category 

(numerical solution) the exact solutions are of interest in so far as they 

provide a check on the results from approximate techniques of solution. 

l'l>st of the approximation schemes are related to one or the other of 

two general methods for approximating the angular dependence of the radiation 

intensity - the spherical harmonicb method (or the P method) and the discrete 
n 

ordinates method (or the S method). Interest in the latter method has been 
n 

very limited and we have primarily concerned ourselves with the P and 
n 

related methods in our effort. 

Th£ straightforward spherical harmonics approximation consists of ex-
m panding the radiation intensity I in terms of spherical har11110nics Yn 

(which reduce to Legendre polynomials in planar and spherically synnetric 

geometries and to associated Legendre polynomials in a cylindrically symnetric 

case), substituting into the transfer equation for I , multiplying the 
-m 

resulting equation by Yn, the conjugate spherical harmonics, and integrnting 

over the co~lete solid angle range. Use of the orthogonality and recurrence 

relations for the spherical harmonics leads to an infinite series of 

ordinary differential equations in terms of the coefficients of the spherical 
m harmonics expansion, An , which are functions of position only and are therehy 

related to the quantities of interest, viz., the radiation intensity and heat 

flux vector. 

10 
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m 
flte p approximation consists of setting the coefficients An• 0 

n 
for n :2: N + 1, thus leading to a finite, determinate set of ordinary differ-

ential equations. The first approximation or P1 approximation is often 

referred to as the differential approximation. 

Al the .igh, as fornileted, this theory has no t:xplicit restrictions on 

either absorption coefficient or geometry, it turns out that, a8 a practical 

matter, the P
1 

or p
3 

approximations fail whenever the directional 

distribution of the radiati~n i"tensity becomes singular or when any volume 

element in the gas is not traversed by photons coming from all directions • 

Such is the case for the radiation field in curvilinear geometrics such 

as concentric spheres or cylinders. 

Several techniques for o-.,ercoming this problem have been published in 
4 recent years. One of the more promising of these is that by Traugott in 

which a modified spherical harmonic technique is applied to the radiation field 

between concentric spheres. Instead of developing the straight-forward 

1pherical harmonics approximation, Traugott develops a finite set of moment 

equations where the momentd are those of I with respect to direction cosines 
--of O • Aa a system of moment equations is indeterminate, it is necessary 

to obtain clo1ure relations between the moments with the aid of a spherical 

harmonics expansion of the intensity. It is in these closure relations that 

the modification is made by requiring that these relation~ hold not only for 

the ca1e of isotropy but also for a unidirectional (radial) intensity field. 

flte attractiveness of this approach lies in the fact that it is possible 

to incorporate into the approximation scheme physical arguments relevant to 

the particular geomtry under study. With this in view, our ain effort this 

quarter has been towards developing general momnt equations and clcsure 

relations between IDDINnts in cylindrical geometry. fltese reaults are 

•u-ri&ed in the following section,. 

l. Transfer Equation 

flte radiative transfer equation for a non-scattering, steady-state gas 

in local thermodynamic equilibrium can be written as 5 

rs • O 1 (r,o) - - x (T) (I (r,o) - B (T > > 
\J \J \J \J 

where rf is a unit vector in the direction of photon propagation, 

is the spectral radiation intensity, B is the Planck function for 
\J 

11 
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equilibrium radiation, • ia the effective absorption coefficient and r 
V 

is temper~ture. 'nle Planck function 8 is defined Ly 
V 

8 • 2hv3 
V 2 

C 

(39) 

Furthermore, the radiative heat flux vector - the quantity of main 

interest to us - is iefined by 

q -JI od n 
V 4TT V 

(40) 

For the sake of convenience, we shall suppres~ the functional dependence of 

these quantities as well as the subscript "v" • 

It is convenient to rewrite the transfer equation in terms cf 

cylindrical polar coordinates at the outset. Using the coord1nate system 

shown in Fig. 2 and assuming cylindrical symnetry,we find for [Gn.(38): 

sin0 cos X .a! - sinesinX a!• - X(l-8) 
~r r ax 

Alternatively, this can be written in terms of direction cosines as 

t 
t ,al - _,; a! • • X(l•B) 
r ~r r ~x 

where the direction cosines are given by 

sin8 
2 1/2 

t - cos)( - (1-µ ) cos)' 
r 

t -&in8 sin)( • o-l> 112 ain )( 
Cl) 

lz - cos 8 • µ 

2. M:>ment Equations 

we define a sequence of moments of the intensity as follows: 

1000 • In Id() 

1. 00 • l ltrdO 

1010 • £ 1.t dO 
TT Cl) 

12 

(41a) 

(41b) 

(42a) 

(42b) 

(42c) 

(43a) 

(43b) 

(43c) 
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Figure 2. Coordinate Syatea in Cylindrical Geoatry (z correaponda to 

axi• of cylinder). 
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J UdO 
4TT z 

J It t dO 
4TT r Cl) 

1
101 

= f Lt t dO 
4TT r Z 

1
011 

.. J I.t t dO 
4n CD Z 

(43d) 

(l13e) 

(43f) 

(43g) 

HEre, it is understood that the first, second anl third subscripts refer to 

the order of t , t and tz , re3pectively, in the integrand on the R.H.S. 
r a, 

It fs eaaily shown that th£ zeroth order moment 1000 is proportional 

to the radiation energy density u(r) , the three first-order moments 

(1
100

, 1
010

, 1
001

) comprise the three coruponents of the radiation heat flux .. 
vector q and the nit,e second-order moments are proportional to the radiation 

pressure tensor. fot>ments higher than second-order have no physical significance. 

Differential equations for the moments are derived as follows: To obtain 

the nth order mo,nent equation we multiply the transfer equation (41b) by 

t~ (where ti can be tr, t~ or lz) and integrate the resulting equation 

with respect to direction over the entire solid angle range. Thus the zeroth 

order moment equation is 

dllOO 1 
--+-dr r 

(44) 

The first-order moment equations consist of a set of three equations as follows: 

(45a) 

(45b) 

(45c) 

By continuing this process we can generate an infinite number of moment 

equations which, taken together, are completely equivalent to th~ original 

transfer equation. An approximation consists of truncating this series and 
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considering only a finite number of moments equations. In this case, however, 

the n,mber of unknowns usually exceeds the number of equations,and it is 

necessary to obtain additlonal relations between the moments so that the 

system becomes determinate. 

We can obtain these "closure" relations as follows. Expand the inten­

sity in a series of associated Legendre polynomials: 

I(r,µ.,X) • E 2:
1 

[P~(µ.)A~(r) 
.t-o 

{t-m)! Pm (n)cos ~ Am (r)] 
(.t+-m) ! t ,. (t) 

(46) 

For the Nth order moment approximation scheme (which is obtained by 

integration w.r.t. 0 of successive products of (41b) and t7 , m • 0,1,2 ••• N) 

we truncate the expansion (46) at t • N, by setting A~• 0 for 

t ~ N + 1 • Substitution of the truncated spherical harmonics series for I 

into the defining equations for the moments (43) and elimination of the 
m coefficients At from the resulting equations give us the necessary num-

ber of closure relations between the moments to render the problem 

determinate. This resulting problem - the moment equations plus the 

closure relations - is identical to the determinate system of differential 

equations in terms of the coefficients A! one obtains by carrying out the 

straightforward spherical harmonics expansion (desc~ibed in the introduc­

tion to the section) to order PN. 

For the first-order approximation scheme, in which equations (44) and 

(45) are the moment differential equations, the closure relations are found 

to be 

1200 • 1020 • 1002 • 113 1000 

Substitution of (47) into (44), (45) leads to 
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q , the radial component of the radiation heat flux r 
Replacing 1

100 
by 

vector, ar:d 1000 by cu 

reproduce equations (3)-(4) 

(where u is the radiation energy density), we 

of the earlier section. In other words, the 

first-order moment approximation scheme is identical to the differential 

or P1 approximation. 

We have evaluated the differential equations and the L 1 osure relations 

for the next two higher moment approximation schemes. These correspond to 

the p2 and p3 spherical harmonics approxina tions. As noted in the 

Introduction, we are attempting to modify the closure relations in these 

higher approximations by incorporating physical arguments relevant to a 

curvilinear geomet~y. For the P
3 

approximation, which is being developed 

at present, we are modifying the closure relations so that they satisfy the 

relationship between moments that result when the radiation field consists 

of an undirectional radial beam. In this way the resultant differential equations 

should be able to more accurately predict the radiative heat flux. 

In these approximate schemes for solutio~1 of the transfer equation 

it is necessary to replace the exact boundory conditions by those that 

are consistent with the approximation being made. Two general techniques 

have been developed for this purpose and have been applied extensively in 
4 neutron tranaport problem•• One of our primary goals was to develop a 

consistent aet of boundary conditions for the higher-order approximation 

schemes di1cu11ed, and then to apply the differential equations plus 

boundary conditions to the arc problem. 
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