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Prerac1 

For any manned reentry, of utmost importance la the 

safety of the crew and their vehicle, In this paper is a 

preliminary investigation of the usefulness cf the nondi­

mensional ballistic parameter Qin a control scheme to 

bring a lifting body safely through the first two phases of 

reentry - the initial pullout phase and the maneuvering 

phase, The vehicle model considered has the aerodynamic 

coefficient~ of a Newtonian flat. plate with n maximum L/D 

of 2, Motion is confined t~ two dimensional space, 

A control scheme is developed which allows onboard 

calculation of angle of attack, Consideration is given to 

heating rate, total heat, deceleration, and meeting end 

conditions as criteria for a useful control 3cheme, The 

control scheme d1eveloped meets these er! teria rather well. 

A problem which was preliminary to the controller inves­

tigation was the generation of optimal and near optimal tra­

jectories for comparison, In this I would like to express 

my gratitude to Capta~n David South, my sponsor, for the use 

of his work, I would also like to thank Major James E. Funk, 

my thes!s advisor, for his timely advise and Lieutenant 

Melvin L, Nagel for his candid discussions. Finally, I would 

like to thank my wife !Jr her patience and for typing this 

thesis, 

Dennis Navin 
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A~stract 

A preliminary investigation was conducted on the 

usefulness of the nondimensional ballistic energy param-

eter Qin a control scheme for the atmospheric reentry of 

a lifting body with a maximum L/D of 2, A feasible con-

trol scheme was developed that allowed onboar d calculation 

or the angle of attack which was used as the control, The 

control scheme was used over a wide spread of surface ranges 

while still meeting criteria on heating rate, deceleration 

and obtaining a desired final velocity, The final altitude 

was n ar that desired, 

The control scheme is flexible in that it has the 

capability of updating itself continually as its states 

become better known and if the control becomes saturated 

tor a part of the reentry trajectory the scheme will pick 

up again when the vehicle returns to a controllable state, 

The development was in two dimer.sional space and compar­

isons were made with desireable reference trajectories, 

vii 
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BALLISTIC ENERGY PARAMETER 

CONTROLLER FOR ATMOSPHERIC 

REENTRY OF A LIFTING BODY 

I Introduct.12.n 

Research in the field of reentry vehicles tor future 

space operations indicates that the type ot vehicle to be 

used is the lifting body. This class of vehicle allows good 

maneuverability for economical recovery while mai ntaining 

structural integrity under the structural stress and atmos­

pheric heating encountered during reentry. 

Reentry of a lifting body into the earth's atmosphere 

can be divided into four phases. First is the initial pull­

out phase where the heating and deceleration of the vehi le 

are kept to a minimum while allowing the vehicle to be cap­

tured by the atmosphere. The second phase ls the maneuvering 

phase at hypersonic speeds where the angle of attack is high 

to provide in-plane and crossrange maneuverability, low 

deceleration, and low heating rate. Third is a translation 

phase which has as its principal requirement of providing a 

continuous link between the hypersonic entry and the last 

phase, subsonic cruise. At subsonic cruise the vehicle will 

be maneuvered as an airc r aft to a landing. 

For any manned reentry, the problem of pr me interest 

is the safety or the crew and it is for this reason that 

1 
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the first and second phases of reentry are the topics or 

concern for this paper. It is in these phases t hat decel­

eration and heating rate can become the most dangerous to 

the crew and vehicle. So it i~ the pro·o1em or any reentr,: 

to reduce the kinetic and potential energy of the vehicle 

in such a manner as to preserve th~ structural integr i ty or 

the vehicle and the health or the crew. It is this tact 

that led to the topic ot this theses. 

Sta1ement of the Problem 
The problem considered is the investigatiori ot the 

non-dimensional parameter Qin a controller fo1· a lifting 

body reentry vehicle. This parameter, as used in this 

study, does not have the usual meaning accorded it in the 

literature on reentry, i.e., total heat. Instead, Q will 

be the non-dimensional energy term used in the literature 

on ballistic missile trajectories. It is defined as the 

a~uared ratio of the speed or the vehicle, v, to the speed 

necessary for circular orbit at that altitude, v
08

• Since 

v
08 

• Vµ/R, then (Ref 1 and 2) 

where 

v • velocity of the vehicle 

R • distance of t he vehicle from 
the center of the earth 

µ•the earth's gravitational 
constant 

2 
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As was mentioned earlier, the kinetic and potential 

energy ot a vehicle entering the earth's atmosp ere is to 

be reduced in such a way as to not endanger either th~ crew 

or the vehicle. The non-dimensional parameter Q~ as defined 
above; can be looked upon ae a non-dimensional energy para­

meter incorporating both kinetic energy (ve l ocity) and poten­
tial energy (altitude). Looking at Qin this manner it was 
hoped that the way in which it behaved for a well controlled, 
it not optimal, traj e~ tory would be of such a nature as to 
be a useful parameter in a controller for reentry. 

Sub-Problems 
In order to arrive at a desired schedule for Q during 

reentry, it was necessary to first obtain desired reentry 

trajectories. Two types of optimal trajectories were con­
sidered. The first was obtained using the conjugate gra­

dient optimization scheme as described in Appendix B. For 

this technique fixed initial conditions were used but only 

the altitude nnd velocity were constrained at the terminal 
range. The cost function consisted of the integral of heat­
ing rate with the terminal constraints added as penalties. 

The second type of optimal trajectory considered was 
the result of work currently being done by Capt. David South, 
a doctoral student at AFIT (Ref 9). His trajectories re­

sulted from the use of the variation of extrema.ls technique 
(OPQUID) and for this study were used only as examples of 

well controlled reentry trajectories. Initial and terminal 

J 
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conditions were fixed for this method as his termina con­

dition led into an "equilibrium" glide for the first part 

ot the transition phase. 

With these nominal trajectories available it was then 

possible to analyze the schedule for Q, or Q trajectory. 

It was necessary to manipulate some parts of the Q trajec­

tory to simplify it for us with a controller and still have 

an approximation to the optimal trajectories. The end 

result is a simple sub-optimal guidance scheme using the 

desired Q trajectory to calculate the control (angle of 

attack) in real time, 

Assumpt1Qns and Approximations 

To make the problem more tractable, several simplifying 

assumptions were made, The major assumptions are presented 

here in generalized terms. More detail is brought out in 

Chapter II, First, tho p oblem wae formulated using two-

body mechanics assuming the vehicle was close enough to the 

earth to ignore any perturbations due to either the sun or 

the moon. Then the earth and its atmosphere were considered 

to be spherically symmetrical. The atmospheric den~ity was 

approximated by an exponential {Ref J), All of these approx­

imations are common practice in reentry studies and do not 

atfect the major characteristics of the results to any great 

extent. 

The equations of motion were confined to two dimensions 

(in-plane motion) and this does aff~ct the results somewhat 

4 
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in that it eliminates the possibility o~ using lateral 

maneuvers through roll control of the lift vector tor cross 

range corrections and deceleration control. However, a 

two-dimensional study is sufficient in determining the 

teasibility of using Q as a controller during reentry and 

using angle of attack for control, 

Another approximation was that of the aerodynamic 

model for the ve icle. A flat plate drag polar was assumed 

to simulate the lifting body (Ref 8). This avoids the 

complication ot using one proposed vehicle while ignoring 

others and id general enough to allow a meaningful study 

to be completed, 

Criteria 
It was not desired that the guidance scheme evolved 

using the Q-controller would be as good as the optimal 

trajectories. Indeed, if optimizing techniques were used 

to arrive at these trajectories, then only the exact same 

control could do as well, The criteria used to judge the 

usefulness of the Q-controller was that it kept the maxi­

mum heating rate below a certain bound and the deceleration 

well below the tolerance for man, Specifics on these cri­

teria are given later in this report. 

Also the Q-Controller must be simple enough to allow 

real time calculation of control. At the same time it has 

to allow for variations in initial conditions and still 

arrive at the desired terminal conditions. This is most 
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important since the vehicle could be off from the planned 

trajectory. 

It was assumed that all along the trajectory the 

velocity, altitude, flight path angle, and angle of attack 

were measurable. This was necessary to calculate Q and 

also the control once Q had been determined. 

§.rnence of ProbJ.e,m nevelopm~nt 
At the outset of the investi gation several fundamental 

conditions and mathematical models had to be clearly de­

fined to be used throughout the study. This is done in 

Chapter II and Appendix A. Appendix A contains the deriv­

ation of the two-body, two-dimen~ional equations of motion 

using the general forces of lift, drag and gravity acting 

on a po.lnt mass. 

In Chapter II the ma th mode,. of tho vehicle to be used 

in the study is defined and incorporated into the equatiol'ls 

of motion, With the atmosphere density defined, the system 

equations are ready for integration, 

The initial conditions are chosen for a typical orbital 

return trajecto~y from 200 nautical mile orbit with reentrJ 

beginning at 400,000 feet. The flight depression angle is 

1.738 degrees and the velocity is 24 1 850 ft/sec. The fina l 

conditions to be met are that the altitude be 150,000 fee 

and velocity between J,noo and 5,000 ft/sec. These terminal 

conditions of the initial entry phase coincide with the 

initial conditions for the transition nhase. (Ref?) 

6 
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With the problem so formulated, the conjugate gradient 

is then used to produce near optimal trajectories from which 

Q-trajectori es can be studied. The results trom the use ot 

the conjugate gradient technique are presented in Chapter III 

along with some results from the work done by Capt. South 

(Ret 9). However, Capt . South's work was done with somewhat 

ditterent objectives and his results are used only for com­

parison of the Q variable behavior. 

In Chapter IV several nethods for approximating the 

Q-trajectories arrived at in Chapter III are explored. A 

method for real time calculation of control using straight 

line approximations is derived and a second order approxi­

mation is attempted, The results of these methods are 

presented and compared in Chapter IV, 

? 
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II P.roblem Qevelu~ment 

Yehicle Mogel 
The equations or motion for a point mass in two­

dimensional space, acted upon by the forces of lift, dr~g, 

and gravity, are derived in Appendix A. The vehicle model 

used in this study to produce the force of lift and drag 

has the aerodynamic coefficients of a N~wtonian-Flat-Plate 

drag p lar (Ref 8), 

CL u 1,82 sin a cos alsin al 

CO a 0,042 + 1.46lsin3 al 
(2) 

(3) 

CL is the lift coefficient, CO is the drag coefficient and 

a is the angle of attack, Using these definitions of param­

eters CL and CD gives a vehicle model with a maximum lift­

over-drag of 2 at an angle of attack or approximately 21 

degrees. 

The model for the atmospheric density, p, as mentioned 

in the introduction, is an exponential approximation (Ref J)a 

where 

Po• 0,0026?03 slugs/rt3 

and his the altitude of the vehicle. 

8 

(4) 

(S) 

(6) 
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Introducing Equations (2), (J), and (4) into the 

general equations for lift and drag, and dividing by the 

mass ot the vehicle results in the specific force equations 

for lift and drags 

(7) 

and 

(8) 

where vis the magnitude of the velocity o! the vehicle, 12 

ls the characteristic area of the vehicle, and mis the mass 

of the vehicle, The term 12/m was defined as a constant 

(Ref 8 )a 
(9) 

The heating rate, q, or the vehicle model is propor­

tional to the cube of the total velocity of the vehicle 

multiplied by the square root of the atmospheric density. 

The constant of proportionality for this model, Ch' equals 

2(10)- 8 when used with British units and results in Btu/rt2 

aeo, i,e,, the heating rate with respect to time is 

(10) 

Heating rate and its integral, total heat, were used in this 

study to evaluate the effectiveness of the control schemes 

9 
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used tor the reentry problem. It was desired to keep the 

maximum heating rate below 100 Btu/rt2 sec. or course, the 

lower the maximum heat rate, the better the control scheme. 

The total heat was not giv~n any bound as its val, .e depends 

a great deal on the time of flight. However, it was used as 

a relative measure of effectiveness tor the different control 

schemes used for a fixed range and fixed end conditions. 

~tate Equations 
Inserting Equations (?) and (8) into +!1e general equa­

tions of motion derived in Appendix A gives 

h • -v sin 6 

J1 sin & 
- ,CD Po e-8h v2 (12/m) ♦- (h+Ro)2 

-v cos 6 µ cos 6 
6 - + 

(h+R 0 )
2v h+R0 

- iCL Poe-Sh v (12 /m) 

• R0 V cos 6 
s - h+R0 

where Sis surface range. 

Since it was highly unlikely that the surface range 

would do anything but monotonically increase during the 

phases of reentry being considered in this study, it was 

10 

(11) 

(12) 

(13) 

(14) 
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decided to use the surface range as the independent variable 

instead ot time, This not only eliminates one of state equa­

tions but also allows a fixed terminal value tor the inde­

pendent variable to be specified in the optimization problem 

formulation, This is accomplished by dividing Equati~~s (11), 

(12), and (13) by Equation (14) to give the remaining . i.ates 

derivatives with respect to surface range, 

dh -(h+R 0 ) tan 6 --
dS Ro (15) 

dv µ tan 6 CD(h+R0 ) Po e-9h V (12/2m) --
dS (h+R0 )vR0 Ro cos 6 (16) 

d& -1 p. 
---+ 

v2 (h+R 0 ) dS Ro Ro 

CL (h+Ro) Po e -9h (12/2m) 

R0 cos 6 (17) 

It was also desirous to have Q as one of the states and 

a second set of states which includes Q was developed, 

Recalling a Q a µ (1) 

wh~re R is equal to altitude, hi plus the radius of earth, 

R0 , it would be easiest to replace h with Q as a state of the 

system, This was done by taking the derivative of (1) with 

respect to range and making use of Equations (15) and (16). 

11 
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Then 

-----
dS 

where 

µ R0 cos 6 

v2 (h+R0 ) sin 6 

µ R0 cos 6 

µ Q 
h • - - R 2 0 

V 

(18) 

(19) 

Equation (19) was substituted into (16), (17), and (18) to 

give the state equations as used with the controllers 

developed in Chapter IVa 

dQ tan 6 (2-Q) 
2 -8(~-R 0 ) 

CDµ Q Poe v (12/m) -- -----
dS v2 R0 cos 6 (20) 

-----
dS V R0 COi! 6 (21) 

d·& -1 1 
-~(~-Ro) 

iCL µ Q Poe v (12/m) 
---+---

v2 R0 cos 6 (22) 

The heating rate was also divided by the time derivati ve 

ot surface range so that q could be integrated along with the 

state equations using surface range as the independent variables 

12 
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(23) 

where use of the equation for h, (19), was made to eliminate h. 

EM..Q.<2.IDiillc-A.):~:c._11§.entry 

The initial conditions for the reent,ry trajectory were 

stated in the introduction but will be repeated here for 

continuity in the problem development. The initial condi­

tions f'or the state equa tior..s were 

therefore 

and 

h0 • 399, 2bJ ft 

Y0 • 24,850 ft/sec 

Q0 • 0,9355? 

60 • 1,7377 deg 

(24) 

(25) 

(26) 

(27) 

Tht initial value for the independent variable, surface 

range, was zero, i.e., the earth cent~red inertial reference 

frame used in the derivation of the equations of motion in 

Appendix A was assumed to have its x-axis in the direction 

where the vehicle enters the atmosphere at J99,26J rt. Also 

the total heat was assumed to have been negligible up to 

this point and was set equal to zero. 

Different terminal conditions were used depending on the 

control scheme being used and for making evaluations of guid­

ance schemes. For the conjugate gradi~nt optimization problem 

the state equations as given in (15), (16), and (1?) were 
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used and the only constraints put on the states at the final 

nnge wae that the altitude would be 150,000 feet and 

velocity 4,000 ft/sec, As it turned out the velocity was 

usually well within the bounds desired and was constrained 

only as a check on its effect on the Q trajectory which was 

negligible or to make more detailed comparisons with Q con­

~rolled trajectories, The final range was varied to make 

comparisons with Q controlled trajectories since one desire 

end result was that there would be some degree of freedom in 

choosing a final range at the initial entry point of 399,263 
feet and still be able to meet other ~esired end conditions. 

For the Q controlled trajectories the state equations 

as given by (20), (21), and (22) were used, The only con­

straint on t.~1e final states for these trajectories was the 

final value of Q, Qr, Since Q is a function of altitude and 

velocity; using a fixed Qr does not guarantee final values 

tor either h or v. It was found that the effect is more 

pronounced on altitude which varied considerably with total 

range covered by the trajectory, As is implied by this last 

statement various final ranges were used for the Q controlled 

trajectories to determine the useful range of the controller, 
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III l1:tl1m1nary Reference 
tr1je~t.Q.ry Generatign 

~outb'L~try Trajectories 

Before any characteristics of a desired Q trajectory 

could be ascertained it was necessary to first produce 

trajectories that were at least near optimal. Two sources 

were considered, First was the results of work done by 

Capt. South (Ref 9), Through him were obtained two tra­

jectories - one an •equilibrium" glide and the other an 

optimum trajectory leading to "equilibrium• conditions at 

200,000 feet. The first was used by South to generate end 

conditions close enough to optimal to permit a Newton­

Raphson iteration scheme to converge to the desired initial 

conditions at 400,000 feet. The vehicle model used by South 

had a maximum L/D of 1,5 at an angle of attack of 22.15 

degrees. 

The "equilibrium" glide tra jectory can be divided into 

three · distinct parts in tern,~ of control. The first part is 

a constant angle of attack, 55 degrees, until the flight path 

depression angle, &, becomes negative wherein the second part 

begins. This is the pullout phase and uses for a control law 

h + 2Vk h + k (h - 250,000) • 0 (28) 

or 

(29) 
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where 

()0) 

which means 

~n • 0,1 rad/sec ()1) 

tor 

' • 1 (J2) 

Prom Equation (11) 

h • - v sin & (11) 

t I 

which is substituted lnto (29) and h is solved for, Th,ln 

the derivative is taken of (11) which gives two equations .. 
for h, The control is then solv~d for~ iteration. This 

control law is used until n reaches 54,74 degrees and then 

u is held constant at this angle for the rest of the flight. 

That is, the result of this control law being used is a tra­

jectory where the altitude of the vehicle ascends to 250,000 

teet after pullout at which it stays until the control l~w 

commands an angle of attack of 54,74 degrees. This is the 

angle of attack for maximum lift for the vehicle model being 

used and phugoid motion is damped out for the remainder of 

the trajectory, These results are shown graphically in 

Figures 1 and 2. 

It should be noted here that the initial and final 

conditions for the trajectories resulting from Capt. South's 

work were not the same as stated previously in this paper, 

16 
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his trajectories were used only tor observing the behavior 

ot the parameter Q during a well controlled reentry. The 

initial conditions for South's trajectories were 

h • 400,000 ft 

v • 25850 ft/sec 

6 • 2. 159 deg 

(33) 

(34) 

' (35) 

The values of velocity and the flight depression angle 

from the equilibrium glide trajectory at 200,000 feet were 

used as terminal co~1di tions to start the Newton-Raphson 1 ter­

ations which converged to the desired initial conditions and 

the resulting optimal trajectory is presented in Figures 3 

and 4. Note that the end conditions for this optimal trajec­

tory meet the conditions for a glide trajectory with phugoid 

motion damped out for the remainder of the flight . 

The analysis of these t~ajectories as they apply to the 

Q-cont roller will be presented later. 

Q.Q.nj,yga..1LQGd ien:t 
The second source for optimal reentry trajectories 

was the conjugate gradient optimization scheme. The general 

equations and algorithm for this method are presented in 

Appendix B , The more specific equations are presented here. 

The state equations for the conjugate gradient problem 

formulation were those as shown on page 11, Equations (15), 

(16), and (17), and the initial conditions were those given 

1? 
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on page 13, Equations (24) through (27). To complete the 

problem formulation a cost function which reflected the 

most desireable qualities for a reentry trajectory was needed. 

The squared integral of the heating rate was chosen since it 

was desired to preserve the vehicles structural reliability 

and since also the dece eration schedule for a reentry 

vehicle very nearly parallels the heating rate schedule. 

Then penalty functions were added to this cost function to 

constrain the terminal values of altitude, h, and velocity, v. 

where 

Then the total cost function in Meyer form was 

2 
J • CK2(st) + n(h(Sr) - 150000] 

+ E(v<sr) ·- 4000] 
2 

()6) 

and C, D, and E were weighting factors. Also Sf was the 

desired final range and 4
9 

was as defined in Equation 2), 

page 1). For the cost function to be so defined it was 

necessary to define K as an additional state with its de­

rivative equal to q
8

• Ordinarily this extra state, which 

is the total heat absorbed, would have the symbol Q, but 

this would lead to confusion in this paper and so the sym­

bol K was adopted for total heat. 

18 
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The states were defined as 

h 

V -
K (38) 

Ae was mentioned earlier, it was not necessary to use the 
constraint on velocity so E was usually set equal to zero. 
Two runs were made where E was not eq~al to zero and proved 
not to change the trajectory noticeably. 

The procedure as outlined in Appendix B was followed 
to form the Hamiltonian and the range derivatives of the 
costates were determined• 

-ax ( ] + ~2(0.042 + 1.46ls i n3 al) Doe 1 x2(12/2m) 1-B(x1+R 0 ) 

R0 cos XJ 

19 
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d>.l 
dS 

-~x 
+ >.2(0,042 + 1.46lsin3 al) Doe (7.1+R 0 )(12/2m ) 

R• cos X) 

1 
-----

(>.2(0,42 + 1,46lsin3 al)x2 

+ >. 3 J.. 82 sin a cos a I sin al] 

20 
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t -i8x1 2 
14 Cn._Po e x2 tan x1 (x1+R0 ) 

R. cos X) (41) 

d~'t 
:I 0 

dS (42) 

Then the associated costates for these states at the final 

range, Sr, were 

or 

aJ 
~i(Sf) -- i =- 1, ... ,4 

c,xi 
St 

>..1(Sf) 2o[x1(sf)-150000] 

>..2<sr> 2E [x2 (Sf )-4000] 
• 

>..)(Sf) 0 

>..4 (Sf) 2C x4 (Sf) 

The gradient was given by 

aH g(a.) = -­aa 

(4)) 

(44) 

(45) 

but since there were trigonometric functions of a inclosed 

within ab: ·olute value signs these functions were transformed 

21 
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to trigonometric functions times sgn a where sgn a was 

treated as a tionstant, Then the gradient was 

( - 4,)8 ~2 x2 sin2 a cos a 

- 1,82 A3 (2 sin a cos2 a - sinJ a)] 
(46) 

Equations (J6) through (46) were applied, using the 

algorithm presented in Appendix B, to three reentry condi­

tions, The first two had the initial conditions as given 

in Equations (24) through (27), page 1J, but with different 

terminal ranges. The third trajectory had the same initial 

conditions but used a constant angle of attack up to the 

first peak in eating rate and then conjugate gradient was 

applied from that point to the terminal conditions, The 

graphical presentation of these trajectories are shown in 

Figures 5 through 10, 

Since these trajectories have the same initial condi­

tions and vehicle model as was used for the Q controlled 

trajectories presented later, some of the particulars a.re 

presented in Table I, The graphical results of these tra­

jectories are shown in Figures 5 through 10, 

22 
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As is pointed out in the table the second trajectory 

did not have a constraint on t he final velocity. The final 

veloc!.ty of J109 ft/sec was within the desired range of 

velocities desired ra.nd since this trajectory was used only 

tor analysis of the Q schedule the final velocity wasn't 

constrained. 

The third trajectory of Table I, Figures 9 and 10, 

is the result of using a constant angle of attack of 59.961 

degrees and then a conjugate gradient determined control 

schedule from that point where the first peak in heat rate 

occurs for the constant« trajectory. The angle 59.961 

degrees was determinec1. using a straight forward search 

routine to find the constant« which gave the lowest peak 

heat rate using the given initial conditions. 

The analysis of these trajectories, those given by 

Capt. South, and the state equation for Q which led to the 

Q-controller follows next. 

23 
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IV Q-Contr~ller an~ Tra,ectories 

With the reference trajectories of Chapter III de­

veloped, some correlation was sought between these tra­

jectories and the resulting Q schedule. At first look, 

the Q curves seemed pretty well nondescript when taken 

as a whole, However, with three of the trajectories some 

correlation was found, In Figure 1, page 24, for the 

•equilibrium" glide tra jectory, the plot for Q is nearly 

a straight line from about 750 nm to the final range, 

Also, in Figures 5, page 28, and 9, page 32, .if a straight 

line is drawn from the initial to the final Q, the actual 

Q trajectory either approaches or oscillates about this 

straight line for approximately the last half of the tra­

jectory, Another characteristic noted was that peaks in 

heating rate generally occurred where the slope of the Q 

trajectory was steepest. This was especially noticeable in 

Figures 3, 5, and 7 of Chapter III, It was then decided to 

try straightening the Q profile, or trajectory, such that 

the slope is controlled and possibly resulting in reduced 

peaks in the heating rate. 

It should be noted that the cost function of the con­

jugate gradient optimization scheme was tha in ,ral of 

heating rate squared which is a compromise between mini­

mizing the peak heating rate and the total heat, so the 

peaks in heating rate were not necessarily minimized, This 
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was shown to be the case in Chapter III where tor one tra­

jectory a constant angle or attack was used tor part ot the 

reentry trajectory, Figure 9. The peak heating rate was less 

in this case than in the case where the conjugate gradient 

technique was used for the whole trajectory, Figure 5. How­

ever, the conjugate gradient gave a lower total heat. It 

was not within the scope or this paper to ascertain which 

would be best but using the guidelines as they are i.e., 

peak heating rate below 100 Btu/ft2 sec and total heat ap­

proaching that of an optimized trajectory, should be suffi­

cient in assuring the structural integrity ot the vehicle. 

!t.a. Q-ContrillEll: 

It was not known at the outset it straighteni r.g the 

Q profile was the best route to take but only a starting 

direction, To get a straight line Q trajectory, the first 

method attempted was using optimization techniques to track 

a desired Q trajectory. This W3S never successful as the 

control became saturated at points in the trajectory as 

there was not enough lift available to acheive the desired 

response. It was while attempting to find an optimization 

scheme to work that another alternativ was sought and 

found, 

Since it was a straight line that was desired end 

result, then dQ/dS desired was a constant. The state equa­

tion for dQ/dS, Equation 20, page 12, was solved tor· the 

contro l , 
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u • arcsin 

& (2-Q) dQ] 2 
- - V R 0 R0 dS 

cos & 

1/J 

- 0.042 /1.46 sgn a. 

(47) 

It was this equation that allowed the proposed problem for 

this paper to be solved, At first glance it would seem 

that sgn a. need by known before a. can be determined. How­

ever, if a is constrained to be positive, this term can be 

ignored, This constraint does not limit the effectiveness 

ot the control if the constraint is for a between o0 and 

180°. The lift coefficient, drag coefficient and thus the 

lift-over-drag value for the mathematical vehicle model have 

the same meaning for a in the second quadrant as for a. in 

the fourth quadrant and so any desired value for these terms 

can be reached within these limits for a.. It was tound that 

limiting a between 0° and 90° was sufficient. 

All the parameters of this equation are either con­

stants or states of the system except for dQ/dS, which will 

be referred to as the desired rate of change in Q with re­

spect to range, ~d. With the equation set up in this manner, 

any trajectory for Q as a function of range can be followed 

if the trajectory has an explicit equation and that equati on 
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has a derivative with respect to range-provided the vehicle 

model is controllable over this tra jectory. That is, it is 

possible that Equation (47) would have no solution for part 

or the trajectory where the expression in brackets has a 

value greater than 1. Practically, this means the controller 

is asked to dissipate more energy (provide more drag) than is 

physically possible since the maximum is reached at a=90° or 

where sin a=1, The control is said to be "saturated" and the 

vehicle "uncontrollable" at these timea, with a held at 90°. 

A control scheme which overcomes this possibility is presented 

in the next section. 

§mi&bt Line Q Trai.e,gtorie 

There are several ways to incorporate a straight line 

Q trajectory into the reentry problem, One is to try fol­

lowing a line from the initial Q at 399,263 ft altitude to 

the desired final Q, Qfd" This is not practical, however, 

because at high altitudes the trajectory for reentry is 

nearly ballistic in nature and no value of control will 

force the vehicle to follow the proposed Q trajectory. As 

was brought out in the last chupter, a search was ma.de for 

a constant angle of attack which minimized the peak heating 

rate for the specified initial conditions and was found to 

be 59.961 degrees. This control was then used for the ini­

tial part of the trajectory. 

There are several logi cal points along the constant 

angle of attack trajectory where the straight line Q tra-

J8 
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jectory could be initiat ed. The one selected for this 

study was where the peak heating rate occurred, 

The des:red final Q, Qfd' was calculated using t he 

desired final altitude, 150,000 ft, and a velocity ot 4000 

tt/sec whic h is midway between the range of velocities 

desired, 
Qfd = 0,023955591 (48) 

• The desired rate of change in Q with respect to range, Qd' 

was calculated using 

where Q was the current value of Q and stg was the range 

to go, 

(49) 

(50) 

where Sf' was the desired f_i nal range from the initial entry 

point and S was the actual range obtained from the initial 
• entry point. This val ue for Qd was then inserted into Equa-

tion (47) and a control calculated, Some graphical examples 

of resulting tra jectories are s hown in Figures 11 and 13, 

and the control schedules for these trajectories are shown 

in Figures 12 and 14, Figures 11 and 12 are the results 

using a final range of 1730 nm and Figures 13 and 14 are 

results using a range of 2419 nm. 

A distinct advantage in using this method for calcu-
• 

lating Qd is that it is continually being updated using the 
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current state of the system. So, even if the control 

limits of the vehicle model have been reached, eventually 

the vehicle returns to a controllable state and a new 

straight line Q trajectory is tracked. Of course, it is 

possible that the control becomes saturated toward the 

end of the trajectory and thus the vehicle model is unable 

to meet the desired end conditions. This does happen and 

is a limiting factor for the use of the Q-controller. 

Table 1 shows the terminal conditions met by the 

vehicle model using various distances for the total surface 

range from entry. From the table a conservative estimate 

of the effective spread for this type of control scheme is 

1900 nm, ranges 1550 through 3452 nm. With this estimate, 

the altitude would not be off by more than 9000 ft, or 

6.o~, and velocity error would be negligible. The flight 

depression angle does have some spread but at the velocity 

being considered this could be readily change in the tran­

sition phase of reentry. Th peak heating rate for all the 

trajectories in this table was obtained while the constant 

angle of attack was still in affect, i.e., 86.28 Btu/ft2 

sec. 

For all the trajectories considered within the range 

of the controller the highest deceleration force encountered 

was 2,13 g's, Therefore deceleration is not a limiting 

factor . 

Table II shows the effects of changes in the initial 

oondi :ions at entry on terminal conditions for a total 

40 
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eurtaoe range of 2419 nm, The largest error in altitude 

trom the desired 150,000 rt is 11,256 ;t, 7,5%, tor a spread 

in the initial velocities of 1600 ft/sec,± J,2%, Further 

examination of the table shows that even for desired initial 

conditions the altitude is off by 6563 ft, J,3%, However, 

tor all trajectories the errors in the terminal velocities 

are negligible, Variations in the initial flight depression 

angle have a similar effect on altitude, The largest error 

in altitude is 7371 ft, 4,9%, for a spread in initial 6 ot 

0,)4 degrees,± 9,8%, Variations in the terminal flight 

depression angle were not significant for the perturbations 

considered though no direct consideration was given to this 

parameter in the controller. 

Maximum deceleration for any perturbed trajectory for 

this range was less than 2 g's and again was not considered 

a limiting factor. 

Whether the variations in these end results are ac­

ceptable initial conditions for the transition phase of 

reentry depends a great deal on the scheme used for that 

phase. Reference 7 considered perturbations of 100 ft/sec, 

1°, and 1000 ft in velocity, flight depression, and altitude 

respectively, While the variations in hand 6 for the Q 

controlled reentry is greater than those of Reference?, 

there is enough energy lift in the system that these var­

iations could be absorbed, 
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Another type of trajectory given consideration was 

one which more closely approximates the optimal ot Figures 

5, (page 28) and 9 {page 32). Again drawing a straight line 

from the initial Q to Qfd' the actual Q trajectory approaches 

this line very nearly as a second order system would with 

the straight line as the input. Figure 15 shows these two 

curves and defines a few points on these curves that helped 

derive the equation for the second order approximation. 

Subtracting Q from Qd results in a second order system 
I starting at point Q0 with some initial negative value, a 

elope equal to zero, and an input equal to zero. This is 

shown in Figure 16. 

Noting that 

(51) 

and 

(52) 

then 

d d . 
- 6Q • - (Q 0 + Qd S - Q) 
dS dS 

(53) 

therefore 

(54) 
• 

where 6Q is the derivative of 6Q with respect to range. 
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Figure 15. Representation of Optimal Q Tra jectory over 1730 nm Total Range as it Approaches a Straight Line 

I QI 
Qd- o - - - - - - - - - - -~--

ra ectory 
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It was then assumed that the curve, AQ, ot Figure !6 

was the result ot a second order equation starting at a 

point along the actual Q trajectory where the slope ot the 

actual Q trajectory equaled that ot the desired Q, Then, 

(SS) 

•~ere, as stated before, the input is zero and the initial 
I I condition tor AQ is Qd Q0 , Then the steady state solu-

tion for Equation (55} is zero. 

The general transient solution is (Rer 6) 

(56} 

and 

I wheres is a surface range initialized at O beginning at 
I that point where Q equals Q0 , Using the initial conditions 

• 
for AQ and AQ, Equation (56} becomes 

(58) 
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and Equation (57) becomes 

0 • - { sin a, + -J;:'1 cos a, (59) 

It can be shown from these equations that 

a, • arccos C (60) 

Also, the time constant (Ref 6) 

(61) 

The number of time constants from the start of the guidance 

scheme to the final range can be adjusted by 

(62) 

where n is the parameter used to adjust the number of time 

constants and Stg is the range to go from the start of the 

guidance scheme, For a given n and tall the constants for 

Equation (57) are known, 

and 

w • n 
n 

a, • arccos C 
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A• 
Q, - Q' 
d o 

sin a, (64) 

Therefore AQ is known as a function of range for the re-
• 

mainder of the flight and since Qd is a known constant a 

desired rate of change with respect to range of the actual 
• 

Q, Q, can be found using Equation (54). ~his Q was then 

used in Equation (47), page 37, to calculate a. 

An exa mple trajectory is shown graphically in Figure 17 

and the control schedule in Figure 18. For this example ( 

was 0.7 and n was 3, Other values were also used but these 

gave the best results. This trajectory had the lowest peak 

heat rate of any of those tried, 85,87 Btu/ft2 sec. How­

ever, this was only 0,41 Btu/ft2 seo less than was obtained 

ueing the constant a of 59,961° and the terminal values were 

further off than for any other control scheme. The reason 

for the terminal values being so far from the desired condi­

tions is because the control scheme is completely specified 

at initiation and therefore if the vehicle model is unable 

to track the specified Q trajectory there is no way for 

the control scheme to correct for the error. The terminal 

values tor altitude and velocity were 143926 ft and 3296 

tt/sec respectively, 

Table IV gives a comparison of the different trajec­

tories resulting from the control schemes used in this paper 

for a total surface range of 1730 nm, From this table can 

be seen that the use of optimization schemes resulted in 
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meeting the desired end conditions and lower total heat 

absorbed. The straight line Q controller met the final end 

conditions fairly well but had the highest total heat. 

However, the straight line Q trajectory has a low peak heat 

rate which could offset the higher total heat and has inher­

ent self-correcting features and simplicity which would be 

desirable for an onboard controller. The second order con­

troller also has the advantage of simplicity but, referring 

to Figure 7 of Chapter III, its usefulness over any sizeable 

range difference is questionable, besides not being able to 

meet end conditions. 
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v Conclusions and Recommendations 

Conclusi~ 
From the results of this study it can be concluded 

that the nondimensional ballistic parameter Q does lead to 

a feasible control scheme for atmospheric reentry. The 

straight line Q controller developed in this paper meets 

all the criteria for a desirable controller exc6pt the 

meeting of the exact desired end condition on altitude, 

However, with the energy left in the system this could be 

compensated for in the transition phase for reentry. The 

fact that the control scheme meets all the other terms in 

the criteria shows it has merit, The scheme meets the 

criteria on heating rate, total heat, deceleration and on 

obtaining a desired final velocity, It is flexible in that 

it has t he capability of updating itself continually as the 

system's become better known, or if the vehicle should be­

come uncontrollable, in the sense that the control is sat­

urated, for a part of the reentry trajectory. The scheme 

will pick up again when the vehicle returns to a control­

lable state. Also the computational aspects are simple 

enough for onboard calcuj_~tion of control with a minimum 

in storage requirements for data. The control scheme also 

works over a wide spread of total surface range. 
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• There were several aspects that were not covered in 

this investigation and development that may be worthwhile 

looking into. One would be the investigation of transition 

phase guidance schemes that would be able to handle the 

variations in i nitial conditions generated in the Q con­

trolled trajectories. It is possible that a more judicious 

choice in the desired final Q would lead to more consistent 

end conditions. These final Q values may be a function of 

the total surface range to be covered, initial velocity, or 

even the initial tlight depression angle. Adding such con­

ditions may complicate the control scheme somewhat but if 

the end result is more consistency the extra computation 

would be worth it, 

Finally, since this study was a preliminatj' feasibility 

study, it was done using only two dimensional equations of 

motion. The control scheme would have to be extended to 

full six-degree-of-f reedom equations before its full worth 

can be ascertained, 
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APPENDIX A 

Q~dntion o!. Equations or Motion 

Before applying the theorem of Coriolis to derive 

the state equations, a system of coordinate frames is 

tlret defined, In Figure 19 is illust ated the relation­

ship between the three coordinate frames used in deriving 

the ~tate equations. The E-frame is a locally inertial 

frame which is fixed 

to an assumed non-

rotating earth at 

the start or the 

reentry problem. 

The N-frame is the 

earth centered navi-

gation frame which 

rotates about the 

center of the earth 

with the movement of 

the vehi.cle. The 

B-frame is the ve­

locity frame and 

fixed relative to 

the vehicle veloc­

ity vector, 

Surface 
of Earth 

Zn 
Y

8 
------1--~--:---~ ze Center Zb 

or Earth 

Figure 19, 

Coordinate Systems E, N, and B 
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Prom the theorm ot Coriolis (Ref 5) the acc~leration 

or the vehicle (considered a point mass) with respect to 

the E-frame and expressed in N coordinates is 

(65) 

where R is the sum ot the radius or the earth, R0 , and the 

altitude ot the vehicle, h. The subscripts for R indicate 

the trame the R vector is in, The rate or angular rotation 

ot the N-rrame with respect to the E-frame is given by ~en• 

By in1pection 

0 
0 

Y cos 6 • 
R N (66) 

where the subscript :i indicates the vector is in the N-rrame. 

vis the velocity of the vehicle in the velocity frame and 6 

is the flight depression angle. The flight depression angle 

is positive as shown in Figure 19 and defined as the angle 

between the local horizontal, y-axis of the N-frame, and the 

velocity vector of the vehicle, y axis of the B-frame. T~king 

the time derivative of the Z component of the w
8
n vector 

• • • 
R(v cos 6 - v6 sin 6) - Rv cos 6 

R2 

Zn is the unit vector in the Z direction or the N-trame. 

Henceforth, all unit vectors will be denoted in the same 

manner. 
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The instantaneous rate of change or the radius vector 

with respect to the N-trame 

(68) 

Acceleration with respect to the N-f rame, is then 

(69) 

The appropriate cross products are now taken and summed 

-v ■ in 6 - v6 cos & - v2 cos2 &/R 

a.t- • • 2v2 cos & sin & 
R (v COi & - v6 sin &)-Rv cos & -

R 

0 

(?O) 

It is desired to have velocity frame coordinates for 

on board computation. The coordinate transformation matrix 

(Ref 5) from N coordinates to B coordinates is 

cos & sin & o 
N CB• -sin 6 cos 6 o 

0 0 1 (?1) 
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Attar premultiplying !!.al N by c: and simplifying 

.R I . 
e B 

• 2 
-v6 - V COS 6/R • 

V 

0 (72) 

Using Newton's 3eoond law of motion, the acceleration 
can be equated to the specific forces acting on the vehicle, 
The forces acting on an unpowered reentry lifting body are 
lift, drag and gravity, Lift is perpendicular to the veloc­
ity vector, the xb direction, and drag is opposite of the 
velocity vector, -yb direction, Using two body mechanics 
and the fact that the mass of the earth is much greater than 
that of the vehicle, the force acting on the vehicle due to 
gravity is 

GM 
p • - X 

g . RJ n {?3) 

where G is the universal gravitational constant and Mis 
the mass of the earth, The coordinate t ransformation into 
the B-frame is applied to this force and the earth's gravi­
tational parameter, µ•GM, is used, The forces are summed 
and then equated to the acceleration, 

v2 cos 6/R 
µ 

-v6 - L - - cos 6 
RJ 

V - -D + µ/RJ sin 6 

0 0 (74) 
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Solving· for 6 and v 

-v2 cos 6 p. oos 6 L 
& • + 

RJv Rv V (7.5) 

and 
p. sin 6 

V • 
RJ 

- D 
(76) 

where Lis the specific lift of the vehicle and Dis the 

specific drag, Using these equations and two others which 
• 

were defined during the derivation, those for Rb and Wen• 

the resulting state equations are 

-v2 cos 6 J.1 co~ 6 L 
6 • + 

R3v Rv V (77) 

J.l sin 6 
V • RJ - D 

(78) 

Ra - v sin 6 (79) 

V COS 6 

R (80) 

where o is the angle between the inertial earth centered 

frame and the navigational frame, This is the range angle 

ard can be converted to the surface range by mul tipl!'ing by 

the radius of the earth, R0 , Also R can be replaced with h 

since R = R0 +h and R0 is assumed to be a constant, 
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APPENDIX B 

Q.Qnjugate Gt1dient 

The algorithm for the conjugate gradi ent optimization 

technique used in this paper to generate nominal reentry 

trajectories was taken from a paper by L.S. Lasdon, S.K. 

Mitter, and A.O. Waren (Ref 4). The algorithm uses penalty 

functions to convert constrained optimal control problems 

to unconstrained problen~. It requires more storage than 

the steepest descent method in that beside the gradient 

trajectory being stored, the norm squared of the gradient 

and the actual direction of search must also be stored. 

However, the number of iterations necessary for convergence 

to a local minimum is much less for the conjugate gradient. 

Et:Q.plem Forml.ll.ation 

Th~ r oblem formulation used in reference 4 is based 

on a cost function being in Meyer form, i.e., a function ot 

the states evaluated at the final value of the independent 

variable, Using t to represent the independent variable, 

the cost function is 

(81) 

where K is an n vector. If the desired cost function is of 

integral form, a new state can be defined such that its der i­

vative is the integrand of the cost function and a new cost 
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function in Meyer form results. Any terminal constraints 

can then be added as penalty functions. Initial conditions 

have to be known, and as implied in the above discussion, 

the initial and final values or the independent variable 

have to be known. Then the general formulation of the 

optimization problem is 

• 
subject to & a t(~,~,t) 

(82) 

(83) 

(84) 

where & is an n vector, u is an m vector, t 0 is the initial 

value or the independent variable and tr is its final value, 

and both t 0 and tr are known, 

The Hamilton, for the Meyer form of the cost function, 

is 

where the costate vector, A, is an n vector and 

• n arj 
).i --

f-1 
). j 

ax1 (86) 

The values tor the costates at tr are 

aco 
>.i<tr> -- 1=-1,2, ... ,n 

ax1 t•tr (87) 
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the gradient is . -
(88) 

and g(u) is an m vector . Up to this point the formulation 

is the same as for a steepest descent technique. In fact, 

the conjugate gradient technique does use the negative 

direction of the gradient for its first search direct~.on 

but in subsequent iterations the direction is altered by the 

ratio of the current to the previous norms squared of the gra­

dient and the previous search direction. 

Algor1.1hm 

The algorithm for the case where there is only one 

control variable, m ~ 1, proceeds as follows, 

t. An arbitrary initial control trajectory, u0 , is 
chosen and stored . 

2. The state equations are integrated forward using 
u0 , The costates are evaluated at tr and inte­
grated backward using u0 , Both the state and 
costate trajectories are stored, 

4. 

The gradient trajectory g0 is calculated using the 
values obtained in ( ) and (2) and the initial 
search direction, s 0 , is set equal to the negative 
ot g 0 , 

A one dimensional search is made for an a which 
minimizes the cost function which is now a function 
ot the previous control trajectory plus a times 

6? 
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the search direction . That is 

where i refers to the iteration number starting 
with o. The states are integrated forward using 
u • ui + tts1 to evaluate J. 

5. With an« found, a new control trajectory is cal­
culated and stored 

(90) 

6. The states are integrated forward using the new 
control, ui+!' and stored. If the desired s t op­
ping condition is reached, a nominal state tra­
jectory has been reached. (The stopping condi­
tion used in the computer program for this paper 
was that the cost function did not change more 
than a specified value.) 

7. If the stopping condition has no t been met, the 
costates are evaluated at tr, integrated backwards, 
and stored. 

8. The norm squared of the gradient is calculated 
by integrating the stored gradient squared, i.e. 

(Rectangular approximations were used in the 
computer program for this paper.) Then a new 
gradient, gi+t' is calculated using the results 
of (6) and (7), This is stored and its square 
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i s integrated. A ratio, ~1• is given by 

where (g, g) is as defined above. 

9, The new search direction is given as 

thi3 trajectory is stored and the algorithm 
continues at step (4). 
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