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" -A GENERAL METHOD AND FORTRAN PROGRAM ' ' f
- FOR THE DESIGN OF RECURSIVE DIGITAL FILTERS

INTRODUCTION

A very tedious problem often confronting engineers is the design of a
frequency selective digital filter that meets a desired set of spacifications. The
task is especially laborious and the theory quite complex when the filter has to
be designed to satisfy very demanding requirements, Considerations such as
these have often caused the designer to settle for a filter with characteristics

~ further from the ideal rectangular type response than is desired. Described
herein is a general method for the design of digital filters and a versatile
FORTRAN program (listed in the appendix) that will carry out the design of any
lew-pass, high-pass, bandpass, or band-reject digital filter in any of the i
standard forms' (i.e., Butterworth, Chebyshev, or elliptic). The user need only
provide the program with a set of structured specifications, and as output he
obtains the transfer function of the minimum order filter that meets his require- ;
ments, rFor convenience, the transfer function is expressed in a form that
allows immediate implementation is a cascade type realization, The user also
has the option of obtaining plots of the frequency response (both magnifude and
phase) and the unit sample response of the filter,
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| Coimplicated design nroblems will no longer demand so much time and
i effort, as has especially been the case with elliptic filters, Moreover, it is
suspected that elliptic filters may be preferred now for many applications since f
they normally require a lower order filter than that required by the currently

more common Butterworth and Chebyshev filters. The advantage lies in the

tact that a lower order implies fewer computaticns in the recursive scheme used

\ in implementing the filter. The principal argument against elliptic filters in the

i past has been the iime consuming and complicated design process.,

In this report instructions for the use of the computer program are dis-
cussed first 2:d then its use by example is illustratcd., Discussion of the
underlying theory is deferred to the iatter part of the report since its compre-
hensicn is not recessary in order to successfully use the program and the
resulting filter.
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USE OF THE CCMPUTER PROGRAM

One data card, which provides the program with the desired set of speci-
fications, should be uzed for each filter to be designed, The structure of the
data card is shown in table 1, Also, figure 1, which illustrates how the various
input parameters should be interpreted on plots of typical frequency curves,
should be helpful to the user. More detailed descriptions of the input parame- i
ters and other special notés now follow,
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Table 1. Data Tard Structure

e M

Input Variable Format Columns Brief Description 2

SRATE F8.0 1-8 Sampling rate :

FCLOW F8.0 9-16 Lower cutoff frequency ;

FCHIGH ¥8.0 17-24 | Higher cutoff frequency q

RIPPLE F6.0 25-30 Passband ripple o

FSLOW F8.0. 31-38 Lower stopband boundary .

FSHIGH  F8,0 39-46 Higher stophand boundary " __ ’4

STPLVL F4,0 47-50 Minimum st~pband attenuation ;
| IKIND 1 51 Kind of iilter desired (i.e., ) j
| Chebyshev, Butterworth, elliptic) "
| ITYPE n 52 Type of filter desired (e.g., 4
\I low-pass, or high-pass.,) 9
I NPOLES 12 53~-54 Order desired; set equal to -ero g 3
| for calculation of order f§
| IPLOT 1 56 Set #0 for plot of magnitude ’

of frequency response
NPTS 14 57-60 Number of points in unit sample
response
FLOW F10,0 61-70 Lowest frequency in plots
FHIGH ¥10.9 71-80 Highest frequency in plots
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The first lnp;xt pa.'ameter, SRATE, is the sampling rate and is pormally

-.the number of data semples per second. Hcwever, any time unit can be used, "

and in fact, one might choose a fictitious value here with the intention of con-
structing a filter whose cutiff is a certain percentage of the Nyquist rate, For
example, a low-pass filter witﬁh a cutoff that is one-quarter of Nyquist could be
obtained by choosing SRATE to be 200 Hz and the cutoff to be 25 Hz, Note that

‘ tb,ia same filter, if applied to data sampled at some other rate, would no longer
- have cutoff at 25 Hz, but its cutoff would shift to one-quarter of the new Nyquist

rate,

The quantities FCLOW aud FCHIGH are the cutoff frequencies of the filter,
and rust be given in the same units as SRATE, Note that if a low-pass or bhigh-
pass filter is desired, there is only one cutoff frequency and this value should
be read into FCLOW, '

The quantity RIPPLE is the maximum passband ripple (in decibels) to be
allowed, In the cas= of a Butterworth filter, where the response is monotonic,
RIPPLE is not used. Note also that RIPPLE shoula always be a positive
quantity.

The parameters FSLOW and FSHIGH are similar to FCLOW and FCHIGH,
but they mark the boundaries between sto~band and transition band, Here too
the quantity FSHIGK is not used in the low-pass or high-pass case,

The next specification, STPLVL, is the minimum stopband attenuation
(in decibels) the user will tolerate. This should also always be a positive

quantity.

The vaiue 1, 2, or 3 of the variavle IKIND determines which kind of
filter will be designed, that is, Chebyshev, Batterworth, or elliptic, respec-
tively.

Similariy, the value 1, 2, 3, or 4 of ITYPE determines the shape of the
filter that will be designed, that is, low-pass, high-pass, bandpass, or band-
reject, respectively.
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The value of NPOLES should normally be read in as zero, and the correct -

order will be calculated, However, the uzer may (except in the elliptic case)
chooge a positive inieger here if he desires a filter of some specific order.
This integer should be the order of the hasic low-pass structure desired before
transformation, In converting a lcw-pass filter to either a bandpass or band-
reject filter, the method doubles the number of poles; thus, to get a band-reject
filter of order 18, NPOLES should be set equal ‘o 9, If NPOLES is given as
nonzere, the quantities FSLOW, FSHIGH, and STOLVL are not used since the
given order determines these quantities uniquely, ' NPOLES is restricted to be
less than or“eqtial to 20, since it is anticipated that fiiters of these orders can

'meet any reasonable set of requirements. However, if necessary, one could

merely increase the array dimensions used in the program in order to obtain
filters of higher orcer,

The remaining input parameters control the plots producedbythe program,
If ti.e user does not have access to the Stromberg Carlson 4060 Integrated
Graphics System, he should remove the corresponding code or replace it by a
code that is compatible with his plotter,

If Jor some reason the user does not want any of the three available plots,
he should set the parameter IPLOT to zero. The number of points desired in
the urit sample response should be read into NPTS. This quantity must not be
greater than 1000 aad has a default value of 100 if the corresponding field in the
data card is left blank, The values given to the quantities FLOW and FHIGH
merely restrict the plots of magnitude and phase to the range between these two
frequencies. All information can be seen by plotting from zero to Nyquist, since
the curve is periodic witk period SRATE and is symmetric about Nyquist, How-
ever, one can expand a small frequency range for closer examination.

If more than one filter is desired, a similar data card for each should be
used and a blank card should be placed Jast.

The following typical example illustrates the points just discussed. Sup-
pose that an elliptic bandpass digital filter with cutoffs at 2000 Hz and 3000 Hz
is desired. Assume that the sampling rate is 10, 000 Hz, that the filter is to be
at least 30 dB down by 1800 Hz and 3200 Hz, and that the tolerabie ripple in the
passband is 0.5 dB. The fo''owing is a list of the proper input parameters for
tnis problem:
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SRATE : ~ 10000,0
'FCLOW o 2000, 0
FCHIGH o "aooo‘.b
RIPPLE | : 0.5
FSLOW  1800,0
FSHIGH 3200, 0
STPLVL 30,0
IKIND 3
ITYPE 3
NPOLES 0
pLoT 1
NPTS 200
FLOW 0.0
FHIGH 5000. 0

Figures 2 through 5 show the printed and pletted outputs for the example
in question. Note that the range of the magnitude plot is from 0 dB to -50 dB,
which can easily be increased if desired.
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INPUT SPECIFLICATIONS

SRATE = 10000,00
FCLyw = 2000,00
FCHIGH =  3000,00
RIPPLE = .500_
FSLUW = 1500.00
FSHIGH = 3200,00
STPLVL = 30,00
IKIND = 3
1TYPE = 3
NPOLES = 9
IPLoY 2 8

InE. MINEMUM URDER FILTER WHICIH MEETS THESE SPECIFICATIONS IS ORDER 8

THE THANSFER FUNCTIONsH(L)e oF THE DESIRED FILTER CAN BE EXPRESSEQ
e Tl FULLOWING FORM

TR 4629 -

(o928(1)82245(2) Les2eB(D)8248(4) Ze924B(N=110Z4B(H)
H(Z) S WNYTY ¢ eescwsetuscscsses . G T e - $ see 8
«o82¢C(1)024((2) Les74C(3)024C(4) Z9824C(N=1)8Z+C(N)
wHERE Tk COLFFILIENTS nu€ G)VEN BY
CNST = +3131680351429045=~001
Ll 103 =e2907070452876904000 B¢ 1) L140071954291418+001
L 2= «7448077036174054000 dg( 2)= «10090000J0000G0+001%
v 303 2937070452876%904000 B( 31z «,1400719542914184001
[ Y H « 744807 703517402000 B( &)z ,1000000000000004001%
L 5)2  -,60d8229578431754000 LT3 H «892533533653899+000
Wi 61T J930U11492663500¢000 d( 6)z  ,1000170000000000+400%
COTia 450082295 7843175¢000 Bl T)z =,892503%33653899+000
¢y 8)z +930411492663600¢000 da( 8)z  ,1000000000000004001

TnE TRANSFER FUNSTION I> EXPRUSSCD 1 THk ABUVE FORM SO THAY
THE CUEFK ICILNTS CAN BE USED AS oIVEN IN A CASCADE iMPLEMENYATION OF

Figure 2, Sample Printout

THE FILTER
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THEOR™ ™ TRMGRAMMING METHOD
PRELIMINARIES

Each of the majbr steps presented in the following synopsis of operations
performed by the program will be discussed in greater det.il in succeeding
sections:

a, Certain critical frequencies in the digital z-plane are given as input
parameters. These must be transformed to continuous s-plane critical fre-
quenries sin~e much of the design process is carricd out in the s-plane,

b. The minimum order filter of the appropriate kind that will meet the
specifications is computed,

c. The s-plane pole-zero pattern of a unity bandwidth low-pass anzlog
fiiter of proper order is determined.

d. These s-plane poles and zeros are inapped to the z-plane poles and
zeros of the required filter.

e. The poles and zeros of the desired transfer function determine the
function up to some constant factor; the required constant is obtained by forcing
the maximum value of the amplitude characteristic to be unity (0 dB).

f. Next, the transfer function is manipulated into a form that can be
immediately implemented in cascade form.

g. The magnitude and phase of the transfer function evaluated on the unit
circle in the z-plane (i.e., the frequency response) is plotted in the frequency
range specified by the user.

h. Finally, the unit 3ample response of the desired filter is plotted.

11
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A few facts from filter theory are now presented as background for later |
- discuasion. The threc kinds of fillars considered in this report have magnitude
chazacteristics in the analog plane defined by the following equations:

s g ST Ty R B

1

Butterworth |H(jﬂ)|?= o (1a)
Q
Chebyshev |H(j!‘t)|2 =——%—-—- (1b)
| 1+€ Vf,(m i
1
1 - |
elliptic !H(jﬂ)l = ——— (1c) g
1r€ wI' ({0)]
where

H(+) = the transfer function of the unity bandwidth low-pass filter

Q = radian frequency
n = the order of the filter
62 = IOR/ 2 - 1, where R is the amount of passband ripple

(in decibels)

Vn(-) = Chebyshev polynomial of order n

[ Kky) ]
snin sn (k) k., n odd
_ K(k) 1
¢n(9) K(kl) ' "

‘sn K(kl) +n -K_(ET 8n (Q,k),kl] , neven,
where

sn(*, *)= Jacobian elliptic function

K(-) = complete elliptic integral of the first kind

12




/e i do hane b P’ a2 w3 B e R SR A R D L e R B I R Y R S T R T SR AT E Y WW

TR 4629

s
k =1/9°, Q® being the start of the stopband
2 290
k1 =€/dA” -1, with A= IOS/ " and S eq1al to the minimum
stopband attenuation (in decibels}.

Two types of mappings that play a major role in the method will now be
presented. The first is a map that converts a unity bandwidth low-pass analog
filter, say H(s), into an analog filter of another type with different cutoff(s).
If H(s) is such & fitwer, then we see that

H(s/2°%) is low-pass with cutoff Q° (za)

H(Q /s) is high-pass with cutoff Q° 2b)
$* + 0] o) ¢ o

H - " is bandpass with cutoffs QI and 92 (2c)
. (92 } Q1)

and

s(2, - 07) . .
is band-reject with cutoffs Ql and @ . 2d)

2 c _C
8 +9192

A second mapping, called the bilinear trangformation, maps the s-plane
to the z-plane and can be used to convert an analog filter to a digital filter. The
mapping is given by

. 3)

Note that the imaginary axis in the s-plane is mapped to the unit circle in the
z-plane and that the left half of the s-plane is mapped inside the unit circle
in the z-plane, Thus, a stable analog filter will be mapped to a stable digital
filter and the digital frequcney response from zero to Nyquist will take on
exactly the same values as the analog frequency response from zero te infinity.
Also, note that the aliasing problem inherent in filters designed by the method
of impulse invariance is not present here since the mapping is invertible. It is
often stated that this methcd has the drawback of warping the frequency scale.
However, no real preblem exists, since the critical frequencies in a design
problem can be "prewarped, ' as described in the next section,
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In the literature, the terms Butterworth, Chebyshev, and elliptic are used
in the description of low-pass analog filters. In this report these terms are
also used in describing filters of other types that have been obtained by the pre-
vious two mappings.

ANALOG CRITICAL FREQUENCIES

The given digital critical frequencies must be transformed to the analog
plane in such a way that when they are later mapped back to the z-plane by the
bilinear trarsformation they will be mapped to the proper values, This
"prewar ‘ag'' of the critical frequencies is carried out by the map

2 = tan (921) ' (4)

where

2 = continuous radian frequency

w = digital radian frequency

T = time between samples,
The following argument will convince the reader of this result, Using the in-
verse of the bilinear transformation (3), we can relate any z-plane point to its
corresponding s-plane point, i.e.,

z-1
z+1"°

For z=¢" T, at which points we obtain the digital frequency response, the
corresponding s-plane point is

jwT

e -1 wT
§ = e = j tan (-—,,—) .
e]LJI‘ + 1 i

But the analcg frequency response is obtained by evaluating the transfer function
at 8 =jQ. Thus, we have the correspondence dictated by (4). Now when we
apply the bilinear transformatioa to cur s-plane filter, we can be sure we will
end up with a filter with proper digital critical frequencies.

14
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DETERMINATION OF MINIMUM ORDER

We will first solve the problem for the low-pass case and then show how
any of the other cases can be reduced to an equivalent problem,

Let w” and 0° be the desired digital and analog radian cutoff frequen-
cies, respectively, and let wS and Q8 be the frequencies at which the stopband

begins. By (4), these frequencies are connected by the relations

2
and
8
s T
0 =tan <—-w2 ) k
where
wc = 21rfc
WS = 27rf‘3

£ and fg are the given input specifications in hertz,

Next, define the "transition ratio, ' an important factor in determining the
required order, by

S
AR
o' =,
Q

Using the expressions (1a)-(1c) given previously for the three magnitude
characteristics, we can determine - N, the minimum order that will satisfy the
filter requirements. Omitting details of the algebra, we now present general
expressions for calculatioa of N,

If a Butterworth filter is desired, N can be computed as the smailest
integer that is greater than

S/10 _1)

log1 0 (10

T
2 logl.0 Q

15
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For a Chebyshev filter, we compute the required order by finding the

smallest value of N:
.v (QT)> i /10 s 1/2 _
N 10R/IO_ 1 '

Finally, if an elliptic filter is desired, we determine N by finding the
smallest integer that is greater than

k(i -k21 )k a/e7)
Kik,) K Il - /ATy l '

All the parameters used in these expressions have been defined in this or
previous sections.

The only additional problem arises in the elliptic case and results from
the fact that the expression above will ordinarily not be an integer and must be
round:zd upwards. Since it is required that

K([—Z) K@/Q")
K& )KW]

the value of k; must be recalculated after N is determined. A convenient
formula* for recomputation of k; is

Y
2qlo.zs [‘1 +£q1(1+1)]
1

- i:

1 1+2Eq12

B NrKW - k)
1= €A\ "K®) 4

Note here that k = I/QT.

>
It

where

in Network Synthesis, ' J. Franklin Institute, vol. 249, 1950, pp. 189-205,
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1.

" Now the problem of dete:minatton of mipimum order for the low-pass case
is solved. For any other case we define QT differently but proceed exactly as
in the low-pass case. For the high-pass case the appropriate definition is

A=
Q

T &
S

For the bandpass case chcose

9'1=min -L,-}—- s
o orf
1 2

where the Qrir are given by

By chz and Qg we mean the two cutoff frequencies, and by Q? and 93 we
mean the two boundaries between stopband and transition band,

These rules for determination of QT and, hence, N, for filter types
other than low-pass, follow directly from (2a)-(2d), the transformations that
convert a low-pass filter to one of another type. Note, however, that in the
bandpass and band-reject cases, the computed N will equal the order of the
basic low-pass structure before transformation to the filter of proper type.

The actual order of the final filter will be 2N,

In the above we have chosen the minimum order filter which meets the
user's requirements, It should be mentioned. however, that the user may find
another order more appealing in certain special cases, For example, for band-
reject Chebyshev or elliptic filters that are derived from even order low-pass
structures, we find that the magnitude characteristic is asymptotic to ~R dB in

17
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the passband, andis actually near -R dB over a large percentage of the frequency

range, Thus, a filter derived from an odd order iow-pass structure may be
preferred here, since its frequency response is asymptotic to 0 dB, the ideal
value in the passband,

DETERMINATION OF S-PLANE
POLE-ZERO PATTERN

A lengthy but straightforward task ie the computation of the pole-zero
pattern of a continuous unity bandwidth low~pass filter of order N, The tech-
niques are adequately reviewed by Gold and Rader* and will not be repeated
here, However, it is not necessary to keep track of all poles and zeros since
they always occur in complex conjugate pairs, and it is not necessary to com-
pute any zeros, except in the elliptic case, since they are always at infinity in
the s-plane,

Also, the complete elliptic integral of the first kind, which is needed in
the elliptic design problem, is given exactly by

1

Km>=£[

1

a-tha - A2

but in the program is approximated by the formula*

. 4 4 1)
K(m) = (a0+a1m1 4o +a4ml)+ (b0+b1m1 +ooes +b4m1)ln <m1)’

*B, Gold and C, M. Ra: r, Digital Processingf Ségnals, McGraw-Hill
Book Company, Inc., 1969, p, 48-97,

M, Abramowitz and I. A. Stegnn, Handbook of Mathematical Functions,
Dover Publications, 1964, pp. 567-607,
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wh'ere‘
a, = 1,38629436112 by = 0.5
a, = 0,09666344259 | b, = 0.12498593597
a, = 0. 03590092383 ' b, = 0.06880248576
a, = 0.03742563713 by = 0. 03328355346
a, = 0. 01451196212 b, = 0.00441787012
and
m = k2
m,=1-m,

1
The maximum error in this formula is 2 x 10"8 when 0 £m <1, in which range
m will always be. '

Also, other approximations* are used inthe calculation of eiliptic poles and
zeros. Iterative and/or series calculations can be used to replace these approxi-
mations but the results obtained with them were deemed sufficiently accurate.

CALCULATION OF POLE-ZERO PATTERN
OF THE DESIRED DIGITAL FILTER

Once the s-plane poles and zeros of a unity bandwidth low-pass continuous
filter of proper order and kind have been determined, it is possible to map these
to the poles and zeros of the desired digital filter, which may be of any type with
any cutoff(s).

Although the calculations vafy by type of filter desired, the method is
basically the same, and will be shown for the bandpass case only. If H(s) is the
transfer function of a unity bandwidth low-pass continuous filter of order N, then

2 ¢ .C
+ (
S Q .22

c c
s (Qz - Ql)

{3) =
HA‘J) H

*Gold and Rader, op. cit.
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is the transfer function of a continuous bandpass filter of order zN with cutoffs
Q7 and Q. | ‘ .

. Nov. applying the bilinear transformation (3), we see that

() 5 o

_ z-17 _ z+l 1 2
HD(Z) = HA [z+1] B (_z-_1> 'lﬂ'c -
z+l 2 1)

is the transfer function of a bandpass digital filter of order 2N with cutoffs at

c

“1

and

z~1 c
(z+1> ¥ 91 Q2
8= z~-1 c (]
('zTi'> (.92 - 91)
for z in terms of s, we obtain
-1 ¢d -
sd-1-p 2
where
p= S Qg
c C
d= 92 Q] c

20
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We can merely substitute the previously computed s~plane poles and zeros into
this expression to obtain the poles and zeros of the desired digital bandpass
transfer function Hp(z). Note that each point in the s-plane is mapped to two
z-plane points, and thus the number of poles and zeros doubles, Actually, the
computations are not carried out for the zeros unless we are working with an "
elliptic filter since Hp(z) will always have N zeros at z=1 and N zeros
at z= -1, This follows from the fact that the s-plane zeros are all at infinity,

When we have calculated the z-plane poles and zeros, we have determined
the desired transfer function up to some constant factor, In the next section we

will determine that constant,

CALCULATION OF THE CONSTANT
MULTIPLIER

Thus far we have determined the transfer function, HD(z), of the desired

. filter as
N
K l I (z-1z)
i=1
HD(z) B ——
(z-py)
i=1 '
where

K = ccnstant multiplier to be determined
N = order of filter
zi = calcalated zeros

P, = calculated poles.

Knowing the value of Hp(z) or any z (z # z, or pi) will enable us to deter-
mine K uniquely.

21
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Let E be defined by .
1 , for N odd or__Butterworth
E= >

‘ 1//1 + € , otherwise

Now for any-low-pass continuocus filter of the kinds considered in this report,
we have
H,(s} =E
A 1s=o ‘

and, in particular, this holds true for the unity bandwidth low-pass filter con-
structed previously, Thus, if we knew the point zy in the z-plane to which the
point s = 0 is mapped, we could merely set

=E
z=z
o

HDu)

and solve for the quantity K.

From the theory of the previous section it follows that the proper values
for z, are

low-pass z, = 1

high-pass z, = -1

i 2,/p _ o® o
bandpass z, = 1 - p £ Trp’ where p= Ql 92 , as before,

band-reject 2, = 1,

For example, in the bandpass case we know that any point s, in the s-plane
will be mapped to the point ‘

O-1¢ 6 & -ap'?

o d-1-
s p

22
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Hence, the point s, =0 is mapped to

Note that in the bandpass and band-reject cases we have a choice of two values
for z,, since each is an image of the point 8 =0, :

No matter what type filter we are designing, it follows that we can deter-
mine the quantity K by

In computing this expression, computational techniques make it unnecessary to
work with cemplex quantities.

MANIPULATION INTO CASCADE FORM

By combining the complex corjugate poles and zeros of the transfer func-
tion Hp(z) into second order factors with real coefficients, we can write the
transfer function as a product of terms of the form

2
+
Z +blz b2

22+ Z+C
A 2

There will also be one factor of the form

z+b
Zz+cC

if the order of the filter is odd, corresponding to the real pole. However, when
one actually implements a filter, some recursive scheme is needed to calculate
the present filtered data point, With the transfer function in the above form we

23

ik S BRIV s e e R «.;-E‘;J'ié

o

s

s M S A et i e ki

L0

A

o

i o B R n e

TR

s

SN ot s




TR 4629 - _. ' -

can immediately write a set of difference equations that describes the filier in
the time domain, and this set will correspond to a cascade realization, In the
general case where the transfer function is

1o . 2ni 2 .
z+ )\
| _Y@) b1 z +b2z‘+b3 z +bN-12+bN
H(Z)"' —K LR 5 .
X(z) z+c] z2+c . §+ "
: 2 V8 3 2 TONa 2T %

the following set of diffgrence equations equivalently describes the filter:
y; @) = x@) - ¢,y, -1}
@) =y, @) +b.y, (n-1)
Y30) = ¥,() - ¢,¥,5(n-1) - c,y,(n-1)
y4@) = y5@) +b,y,(n-1) + by, (n-2)
Ys(“) o y4(n) = C4Y5(n-1) . Csys(n-z)
Yg@) =y () +b,y (n-1) +b_y_(n-2)

Y = ¥y @) - ey Y1) - ey ¥y (0-2)

ym) = K(yN(n) +-bN-1 yN(n"l) i bN yN (n-2)) ,

where x(n) and y(n) are the filter inputs and outputs, respectively, and yj(n),
y1(), ..., yN@) are intermediate values determined by the above equations.

The above filter could also be described by a single difference equation of
order N, which would be an entirely equivalent time domain representation, if
all coeificients could be represented exactly, However, due to the necessary
quantization of coefficients, this so-called "direct form" realization is not
recommended since it is much more sensitive to coefficient accuracy than the
corresponding cascade implementation (5).
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THE MAGNITUDE AND PHASE
OF THE FREQUENCY RESPONSE

To obtain the frequency response of a digital filter, we must evaluate the

- transfer function on the unit circie of the complex z-plane. In particular,

{HpewT)|, the magnitude of the frequency response, is usually of primary
interest.

Thus far we have Hp(z) expressed as a product of terms of the form

2
+
z +b1z b2

z2+c z+ce
1 2

The magnitude and phase of this term for z — edT can easily be expressed as
a trigonometric function of T and can be simply evaluated for any «. The
product of the magnitudes of all such terms and the constant multiplier is then
the magnitude of the frequency response. Similarly, the sum of the phases of
all such terms gives the phase of the frequency response. The possibility of a
single term of the form

Z+b
z +c

poses no additional problem, In the program we compute the magnitude and
phase as above, convert the magnitude to decibels and phase to degrees, and

then provide plots in the frequency range desired.

THE UNIT SAMPLE RESPONSE

The rate of decay of the unit sample response (i.e., the response of the
filter to a pulse of unit height al time zero) of a digital filter is often of interest
to the designer. For thic reason a plot is provided if requested.

Since the transfer function, Hp(z), can be viewed as the Z-transform
of h(n), the unit sample response, we can write

hn)= 277 [HD(Z)] ,
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or

n-1
“h(n) = 2) (-:HD(Z)Z dz,

where C is anycontour inthe c~mplex plane enclosing all poles of the integrand.
Replacing Hp(z) by its pole-zero factorization, we obtain _

N
' H'(z - 2Z)

K [ =1 n-1
bo) = 21rj N — dz.

H (z -p)

i=1

Since the p;, i=1,2,..., N will always be simple poles, the residue at a
specific pj of the integrand is

H(p - z,)
n@-pi

m

For the special case n = 0 there is alsv a pole at z = 0, but the complications
introduced by the additional pole need not be considered since we know by exam-
ining (5) that h(0) must equal K. Defining

II
P, - z,)
5 =] !
I

®; - p.)
g a0

i4]

n-l

we can then easily compute ihe unit sample response as

25
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{ N
T s n-1
hn) = Khzl.’gipt R
K

, n=0

Although the unit sample response is a discrete function of time, the plot pro- '
duced by ‘the program is a continuous function for ease in viewing,

SUMMARY

Butterworth, Chebyshev, and elliptic digital filters are realizable networks
that approximate physically unrealizable filters having rectangular magnitude
chzracteristics. Each of these filters come arbitrarily close to the ideal re-
sponse as the order of the approximating network becomes large., Thus, the
question of the order necessary to meet a set of specifications is usually criti-
cal. The computer program described in this report computes the minimum
order filter that meets the particular requirements of the user, and then prc-
ceeds to design ‘hat filter, The program also produces plots of the magnitude
and phase of the frequehcy response and the unit sample response of the filter,
The reader need not fullyunderstand the theory presented in this report in order
to use the program. Finally, for those unfamiliar with digital signal processing
techniques, the instructior: on how the filter transfer functioncanbe implemented
as a set of difference equations should be useful,
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Appendix

LISTING OF THE COMPUTER PROGRAM
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L ol ol X i ol i ol off SN i o

COCNCOCCr CCrCCCCCCrarecnrncrecncrCcrcccccrcecece

CAEMYSHEY BUITERWORIM OR ELLIPTIC DlGiTAL FILTER OESIGN PROGRAM 99516698991
o ITTEN 8Y JoJo#0LCLw

14LS PROWRAM WILL DESIGN ANY LOW=PASS: H1GH«PASS, BANDPASS OR
BAND=REJLCT #FLTEP o BILINEAR TRANSHORMATION TECHNIQUES

LAST UPUATED 6 JUNE 1973

s 8888 938 9 oINSTRUCTIONS FOR INPUT SPECIFICATIONS s s 3 s s s s s s &

vAKLABLE
ceeegeae
AT
FCLOw
FCHlGH
RIPPLE
FalLOw

FSHIGH

SiPuvl
KNy

LFYPE

WPOLES

1Pt

TvPE
o
ReAL
RrAL
ReAL
ReAL
Re.AL

Re AL

ReAL
INTEGER

INTEGER

INTEGER

LNTEGER

COLUMNS

DESCRIPTIUN

1-8

y=16

1T7=24

5«39

Il=3y

S9=lip

#T=5p

E2Y

52

9354

26

THE NUMBLR OF DATA SAMPLES PER
TIME UNIT (USUALLY SECONOS)

THE LOWEx CUTOFF FREQUENCY
(IN CYCLES/TIME UVIT)

THE UPPEK CUTOFF FREQUENCY
(IN (YCLLS/TIME UNLIT)

THE LESINED PASSBAND RIPPLE (IN UB)

THE LOWEX FREQUENCY MARKING THE BOUNDARY
SETWLEN STOPBAND AN TRANSITLION BAND
(LN CYCLES/TIME UNIT)

THE rHIGHER FREQUENCY MARKING THE BOUNDARY
tETweEN STOPBAND AND TRANSITION BANO
(IN CYCLUS/TIME UWLT)

THE MINIMAL STOPSAND ATTENUATION(IN DB)

THE AINO OF FILTER RESIRED I.S.
1 CHEBYSHLY

2 BUTTERWORTHK

3 ELLIPYIC

TYPE OF FILTER DESIRED I,.E,

1 LOW=PASS

2 HIGH=PASS

3 BANDPASS

4 BAND=REJECT

SET=0 FOR CALCULATION OF REGUIRED ORDER
OTHERW]S: SETSQRDER QESIRED FOR BASIC
LOW="ASS STRUCTURE BEFORE TRANSFORMATION

SET=1 FOR PLOT OF MAGNITUDE OF H(Z)

SET=0 FOR NO PLOT

SECR R

el
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AL SR SRR 0 0

e

T INTEGEP 27-60 NOs OF PTS IN UNIT SAMPLE RESPONSE
| (DEFAULT VALUE = 100)

; roOn ReAL 0l=Tn LOW LN FREQUENCY OF PLOT

] Fi1Ton Ke Ak 71=8¢ HIGH END FREQUENCY OF PLOT

"nort----xF.wrcLEs.ug.o (I.E. THE ORULR IS SPECIFIED), FSLOW:FSHIGH AND
) STPLvL ARE twuT UGED (UNLESS ELLIPTIC) SINCE THE GIVEN ORULER
VETERMINES TrnESE WUANTITIES :

IF Luk=PASS UR M{GH=PASS, FChIGH AND FSHISH ARE NOT USED
IF BUTTERWORIH IS DESIRED, RIPPLL IS NOT USED
THE WUAUTITICS RIPPLC AUID STRLVL SHOULD ALWAYS BE GIVEN .GT, 0

REPEAT OATA LARD vk InIs TYPL FOx EACH FILTER TO RE LESIGMNED
PLACE A LA DATA CARD LAST
L N N N R N

C Crreece cCCCCCCCCrecCrococcocce

LUUBLE PREVISION CUEF(20,2) vPOLES(IC,2) e POLEZ(4N2) »ZERDS(10,2)
VOUBLE PRECISION LVEFN(<09¢2) oCNSTocEROL(40,2)
DULALE PRECISION EPSZ2oplewCUTY)WCUT2,EAPNT ) ANGLE » OANGLE » WSTOPL
2ADTOPL ) OMEGA»OMEGRAr ArHeCorEoF o GoPROD D IFFIRMAGy RANGLE ¢+ THETA»

! 2511 e SHA P CHA v CNIeD1v L »DN2ISNY Q@

| DIMEANSEON A(1007) ¢ Y{I000),PHI(1000),21200)

UInENSION v(2I)

UAMENSION  H1(1000;,m2(1000)

COMPLEX ZPULES(4D)»2ZERDS(40) o (TEMP(40) 2 BETA(RD)

CUMPLEA PTeMPI o HTLiP2y 2TEMP2

ELLPTCIT)I=1,3862945011200+1%(,09606344.5900+T¢(, 035%9009238300+
aT#{o03742503713D0¢ s, 0145119621200)))¢0LOG(I,0/T)e(5¢Ts

‘ (e 1249059329700+ ¢ ( 0680024857600+ 7% (,0332835534b00+T+,00441787012

300))))

READ INPUT SMECIFICATIONS OF FILTER TU BE LESIENED

creccc

9 READ(306) SRATEFCLOWsFCHIUHKIPFLE »FSLOWIFSHIGH, STPLVL» IKIND
LITYPE POLL S IPLOT NPT FLUWI FHTIBH
¥ ¢ FORAAT(IFB,CrFGe00eFB,00Fu,902110212,18402F%0,0)
IF(ITYPE,Eu,0) 'GU To 1000

ARITc OUT INPUT SPECIFICATIONS On PRINTER

freeccc

wi (TECws7) SRATE +FLLOW,FCHIGMyHIPPLE FSLOW,FSHIGH)STPLVL, IXIND,
LITYPE »ivPOLL Sy IPLOI
! 7 FUKMAT(IHI /1840 *1iveUT SPECLFICATIONS?/// 18X *SRATE = ?9FB8,2//723%
P'FLLON = *,FB.2//720Xs pCHIUH = 2976,2//33K, 'RIPPLE = *,F5,3//38X

Reproduced from AN :
best available copy. ‘i :
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[N o

CcCCcCrce

EUFSLOW 3 *9F8.2//4Ks 'ESHIGH = *oFu,2//88Xs *STELVL = *9F6,2//53%,

SYIRINDG = ' 11//58R0ITYPE = *011//03%etHPOLES = *9]2//768% '1PLUT =
+ %11
FNYQSSRATE/2,

IF(FCLUW,O) JFiYO U FCHIGH 6T FNYQ, OR F SHIGH, 6T FNYU, ORFSLOW. 6T,

1FYQ), GO (0 8 .

IF (HPULES 2.0, 0. ANU,STPLVL LT 0,) 60 Ty 8
IF(IKLID N o2, AND o n IPPLE LT:0s) GU TO ¥

L (NPOLES o1eE e 0o ANU, IKINULEWed) 60 TO &

IF(ITYPE kU, 1 ANDFCLOWGT . FSLUW) GO YO 8

LR CITYPE oBue2sANDorCLOM LT FSLOW) GO 10 8

IH(ATYPEobuy 34 AND . (FCLUX, L1 oFSLOW,OR,FUHIGH, 3T, FSHIGH))
TR (ITYPE BG4 o AND o (FCLOY 6T oFSLOW, OR FLHIGH, LT ,FSHION) )
L0 T0 11

o ak1TE(4,D) .

G0 108
6V TO &

¥ FURMATL18X, UESLIG J4P(5SIoLEeenNCONSISTENT SPECIFICATIONS?)

oG T0 o
T CONTLIUE

#1323, 14459:65358979324,0
alUTISUTAN (PLaFCLUN/SRATE )
IFLITWLL) 1) GO TO 32
wlUT2SUTAN(PLsFCHIUH/SKATE )
LirFaCUTR2=WCUTY
Priglz4 Ul lenCUTS
e IF(IKINDWNL2) EPSc=(14e000) & (RIPPLFZ10,000)=1,000
1E (IPILES o o 00 A1, IKIND oL o 3) GO TO 50

VETRWMINE ML.oIMUp ORUER FILTER WHICH MEETS INPUT
SPECLFICATIVNS U LESS OWUER 1S SPECIFIED

wHIUPLIUTA(PLoF SLUN/SKATE
WO TO (1304401501000 TYPE

19 Ve GAZWSTOr 1 /4CUTT
w0 TO 14

19 um LGASACUT1/74STOP]
wu T0 16

15 wWH10PL2DTAN (P sF SHEGH/GIIATL)
LR (ITYPE Eu,4) GU TO 36
UMe GASLANS ( (WSTOPLea2«pHROD) /(S TOPT&DIFF ) )
UMLOALZDAB, ((WSTOFee2PROV) / (WSTOH2eDIFF) )
ov Ty 17

1o UmpuASUABSLIWSTCPASDIFE ) / (PROD=WSTOPL1242))
Orie GATZDABS ((WSTOV2eDIHF ) 7 (PROLU=WSTUP2#62) )
17 11 (OMcOLAL LT IMEGA) 0 EGAZOMLGAL

10 U TO (199,0040) a0 dKD
1y Vi SuR1( (10,20 (STELVLZ L0, ) =1, ) /EPSL)

vipi=1.0
Vig)=Omt GA

et
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AR AN
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LF (OMELA 61, V) bv TO 25
LU €0 1230l E
Vi1)32,020mEGARV (l=] )=y (]=2)
LF(VI)LT,VN) 6u TO 20
NPYLES=T=1 .

ov T0 o0

COteT INUE

wrl T (wel
fuk?AT(MORu'TNﬁ SPLCIF JCATIONS REWUIRE A FILTLR OF ORDER ,0f, 20')
v TO 9

WPULES=]
o0 To 50

HPULESSALOUI0 (10, *8 (STELVL/104) =1 4)/(2,*ALOGIO¢OMEGA) Dot
IF (PULES LT (20} w0 To 21
oV Ty 20

AS10, 28 (STPLVL/E0.)

B LPSE/ (Adu=l,)
CSie/{IMEGASVAECA)

VL elPiC Ui =d)
eSebiPLC (S ¢=C)
FaclLPiCty)

G LLPTC(S)
NPULES<1e(reE)/ (Dew)

IF (HPULESeuTe20) 00 To 21
USLEXP («=NPULESePTeu/E)
WSae

U0 42 1310300
Bauratleley)
IF(B,Lisley=30) Gu YO 45
Lzpth

COLTEE

F=0.

bu 57 1210430

bSyre{s])

1P (Lol eleumdn) ou TO 4B
F=r¢8

COL TINUE
LI(Zedues0, 25007/ (1, 42.9F) ) 224
DILPIC(L =)
FaLLLP(C(b)

NZLPOMLSS ( (TTYPE41)/2)
whiTE(weS1) N
FUlMAT (18X P THE ManIMUM ORUER FILTLR Wi dCH MELTS THESE SPECIFICATI

W0lvy 1S ORUCR "ile,

CALCULAIE The SECUND GUADRANT POLE POSITIONS IN THE S=PLANE
UF A UNITY 0alDWLOTH LOs PASS FILTER OF THE REQUIRED ORDER
HEALLIZING THaT TEIk COMPLEX CONJUGATES ARE AMLSO POLES

oV

10u0=MUD (NPOLLS? 2)
KRS {[POLES+1) /2
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34

10

80

9

Y¢

9
95

%

9o

100

EAPHTSA . 000/NPOLE S
IFtIKIDEwed) GO 1O 90

DabLESP Lo XPNT

“AS1.0

B821.0

IF(IK1DEw,2) 60 70 70
CS(USERT(1,000+1,300/EPS2) ¢1,000/7050RTLEPS2] )SsEXPNT
AZ,5008(C~},000/C)
©8=,5008(C+1,000/C)

ANOLE=0,0

IF(100U.EQ,0) ANGLE=DAMGLE/2,0D0
Lo 80 1=ten
PULES(193)==1,0D0¢A8DCOS (ANGLE)
POLES(1+2)289DSIN(ANGLE)
ANGLESANGL ¢ +DANGLE,

CUNTINUE

60 To il0

“z={(G/F)pul0G(IDOWRT (1o 4k S2)41.) 7USART (EPS2))
FLUSARI(L1e=C)
IwliCs,

SELLPIC(F»F)
SSplLPiC(L,=FnF)
Q=LEXP (=Pl eG/d)
AlGLESP 1Ay (2,0R)

Siz0,

VO 9% uz=0e4iCO00

D80 (J+eD) )/ (Lymuse( 8J¢)))
SHESN+USDSIN((28J+1, ) saANGLE)

IF(Lelioleu=30) 6L TO 9
COtTINUE
SN=(2.8PIsuN) Z(Fou)

6u 10 (96e48) ¢ INDIL

SN SSN
CNLSUSURT (] 4 »SNISIT)
DtsLSDSWRT 4, =(FOSNL) s8y)
wlcae

AS(1=10DD) wESEXPNT
FuSQKI(C)

=0

60 To w2

Sho=Sid

CivsSDSURT (4 o =Sivde5,e3)
UNJZDSURT (] ,=CoSNIaSNY)

=1+l

PULESCLr 1) 3(SHISCHLSCNIBUNS) /(1 , =S ] 0SNLADNISUNY)
POLESILe2) 2(SHIPDNL) /(1 e =SIHLASNI SONISONY)
IF(1eEuelenND I00U,.EG L} L0 TO 100
2Er0SUiv 1) 30,
ZEROS(402) 514/ (DSUT(C) SSNI)

AZae(2,8E8 XPHT)

IF(L,LT.K) GO TO 92

/AT A A iR 8 vl A

S A




Lol ol SN o SN ol Y o

TR 4629

AP (HE S=P\ANE JOLES TO THE Z«PLANE USING THE BILINLAR
FRAHSFORMATLIUN TaAKING THE CUTOFF FREQUENCY ANO TYPE OF
FILTLR LINTO ACCOUNT

ALSO, IF ELLIPTIC 15 DESIRED CARKY OUT THE SAME PROCEDURE
*UR 1HE ZERV>

110 1F(ITYPELGI,2) Gu TO 170

J=1

1IF(1TYPELu, I} Gu TO 140

1F (10UL,.ER,0) GO 10 120

PULEZ 10 1) S{POLESTL 1) 4WCUTL)/(POLLS (101 )=WCUTT)
PuLt2(1.2)20,0

1F (isPOLES.tG,1) VU TO 300

Jse

12u L=y

bV 130 1=2L,K

ALt (Iel)+4CUTY
BapOLEs(Le )
D3pOLE {1 s ) =ACUTL
POLLZ{Ue 1) (AS04DRG) /(e 4usB)
PuLLZlde )z (seD=Anp) /{sDepsi})
PULEZ{u+10]1)ZPOLEL (U0 ))

POLEZ (U410 )2=1,0008P0LE2({J02)
1F(IKIDLNL3) GO TO 125
ZeruZ{ur 11 (ZFEROSTLe2) o LERUS (1921 =wCUTLaWCUTL )/ (ZERVS(L2)*
12er0S {1021 +WCUTLSWCUTY)

LonOZlur2)22,82ERUS (10 2) 2 WLUTL/(ZEXOS (102} 8ZEROS () »2) +dCUTL WCUTY)

ZLnOZ{Ue)01)TZEROL{J L)
PATOrARISEPR LV WPENTPS

129 Jsgt2

130 COnTlaul

Gu TO

300

143 €=21,000/%CuT)
1F (10Uu.E6,0) GO 10 In0

PULEZ(1 1) (POLEST{401)sC)/(C=POLES(1.1))
PuLeZ(ie2)z0,0
1F {HPULES.L041) < TO 300

J=e
150 L=y

buv 169 I=LK

AspOLES (104 C

BEPOLES(Teg)

LS =PULESTL I}
PULEZ(Ve 1)z (AsD=Bay)/(,80vge9)
PULEZ(Ue2) 2 (BeDtASL) /(DOD4ueTY)
PULEZ{U+101)=POLEC (YY)
PULEZ(UrLrg) 2=l 0u0SPOLEZ (U0 2)
1F Ik, 3) Gu TO 155

2EKOZ(Ue ) )= (C8C=2En0S 102D 8ZERGS(102) ) /(CCHZERCSL (10 2)SZERUS(T42))

2L ROZ(ue2122,82FR0L1202)8C/ (Co(+ZEROS(112)8ZEHOS(102))
ZEhGE\L+10))=2EROL LU0 1)
Zer02{utlrc ) 3=ZERVL(Jr2)

199 va 2

35
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160

170

180

190
195

190

209

CUi FINVE
Gu To 300

1F(1TYPEEu, 35 GuU TO 190

Ouv 180 121,k

AZPOLES(1e])
PULES(L02)zPOLES(2101)/(POLES 191} #e2+4POLES(102)802)
POLES([02)s=POLES(102) /(Ase2¢POLES(1,2)*02)

IF (IXiD N 3) GU TO 20

1F{1,Ede14AND, 10DV ,£0.1) GO TO 180

ASZLRO5(0 )
LEn0S(Le1)SZEROS(Le1)/(ZERUS(L 0] )*e242ZbROS(102) #02)
2en0S{Le2)z=2ERCS(,02), (Ase242ERDS(1,2)#22)
COUNTINUE

INuIC20

CUNTINUE

J=i

’

DV 200 1=21,K

1F (] Eus2eaNDo 10D ,EQ, 1)  usJ#2

I ((1e0T42) URL (1, Q,2,AND, 20U EW, D)) JSJdth
SUIFFeDIFF e (POLES(191)#42=POLLS(192) 80 )=l #PROD
B2 o ePULES1101)8POLES(102)eDLFFeDIFF

RMAGZ (AeAspei} #00,c5

RAKNGLESDATANZ (BrA)

ASRMAGDS1v(RANGLE/2,)

BSKMAGDCO5 (RANGLE/2,)
C=1+4PROD=UIFFePOLLS(1,1)

D=LIFFePOLLS(1+2)

1F (INDIC,Ew,1) GU TO 98

1NCRMT=2

IF(1,EuelenND 100U EQsy) INCRMTSYL
PULEZ(Ue1)Z (11, =PryD+B) *Caysd) /(CoC+D0y)
PULEZ(ue2)2(Us(1,~FRQD4 ) 4CoA) 7 (CaCtDoy)
PULEZ(J+INLRMT 1) S( (1 ,=PROU=B)#C+0eA )/ (CrCeliny)
POLEZC U+ INLRMT» 2)S (08 ( | o =PhOD=b) =CeA )/ (CoC+UsD)
1F (148uel1sAND,2100U,EG,)) O TO 200
PULEZ(U+101)=POLEZ(JUN])
PULEZ(ut1rg)2=POLLL (U 2)

PULEZ (v+30 1)2POLELLJ42, L)
PULEZ(uedeg)==POLEL(U+202)

6V TQ 200

1F (L 4Eus14AND,10DULEQ,LD) &0 Ty 200
2ek02(Ue1)2((1,=PrUN B ) sCaysd i /(Ca +Dsl)
2eR02(ur2) 2 (D8 (1, =PRODat) +L#A) / (Col+D2)
ZEROZ U420 1)2( (1, =PROD=D ) oL +DsA) /(L oC+L*D)
2kROZ{u+212)2(D®* (1 ,=PROD=8)=Con) /(CECoU®D)
2er02(J+101)225R024 Jo 1)
2EROZ(J+ 11 ¢ )2=28ROL (U0 2)

2EROZ (U+3 [)=ZEROZ(J+2,1)
ZEROZ(U+312)2«2EROLL J4212)

CONTINUE

1F (1K1 oNe o 3,0R 4 1NDEC,EQ, D) 60 10 300

DV 210 131,K
POLES(Ls1)32EROS(ird)




AT a3 A

frrecce

Lol gl ol S G i ol ol o o

e X N kg » o N ]

TR 4629

e

PULES(142)22ERD5(442)

210 Cur MNINUE
I, 1C=1
vu TO 19%
300 Cuiflnvt
K&zt
1P (13D, Lu, 3, A0,L2000,60,0) 60 Tu 410
IFLIKLDbu,3) He={ITYPE#L)/2
rILL UP THE CEROY ARKAY alTH THE Z=PLANE Z:RUo (UNLESH ELLIPYIC)
IN W1 CASC THy Z2EROS HAVE BEE CALCULATEU,
Du 400 1I=1.nE
6V TO (310,32n:330,340)¢ITTPE
330 LervZilel)zel,
Zen021142)20,
Gu 10 400
24 ZEwOZ2{101)51,
ZenDZ{i1e2)20,
Gu 10 <00
330 LaHUZCLel)2(=1,)00 (1)
ZLrGZlli2) 20,
sV TO 400
340 ZenVllle1)2(1,=PRuw)/Z{].4PKON)
den0dt1e2)a(=1,)08(1+1)#2,80SUKTIPROD)/ (1, ¢PROY)
400 CONTINVE
VETERMINE Thi, COLFFILIENTS IN THE DENOMINATOR POLYNOMIAL
VF ThE TRANSFER (UIICTION BY (OMBINING THE COMPLEX CONJUGATE
POLE PAIRS LiYO «bAL SECUND ORDER FACYCRS, 1F THE ORUVER 1S
wDO THERE Alel A 50 wE UNE TERYM OF ORDEH ONEs CORRESPUNDLING
70 T REAL POLE
FOLLUW THE SaME pROCLDURE YO DETERMINE THE NUMERAYOR COEFFICIENTS
410 J=,

449
450

P LT YPELG1 200000 0D0WL UL 0)
CULF (L01)==POLE7 (L01)
CurF(li2)29,
CuLFN{Le1)2=2ER02(1e))
CueFnitie2lzt,

IF (NPULES NE,1?
E=1.000

1 (ATYrEEual) C3(L,4COLF (20d
1F(1TVrEstu,2) C2(1,=CUEF(1ed
G0 YO 00

N

L=y

Mzn

TF(ITTrE.us.2)

o0 TO 450

oduced frov'
Fé:g‘r available cor:

w0 T 440

1/{1e+CubFN{141))
1/(1,=COFFN({1+1))

——

MzPOLLS
Uv 469 12L,M

CurF(14172=POLEZ (V1) =pOLEL(S4)0))
CULF (10 2)3r0LEZ (o 0) aPune 2 (vl o1 ) POLE L (U0 2) sPULEL2 (Ve 2)
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COLFNL4+112=2ER0Z(Ur1)=2ERVZ(Ve1r]) o
COLFN(1s2)S2EROZ(Ur1)82EROL (V410 1) 4ZEROGZ (V9 2) $ZEROZ LI 2)

Jaute -
460 CONTINUE
& .
<
¢ NOW [HAT WE nAVE THE POLE=-ZERO PATTERN OF THE OESIRED TRANSFER
< FUNCTIONs Hlc)e oE HAVE DETEKMINGED H(2Z) UP TO SOME CONSTANT,
[ HEXY DETERMIWE THAT CONSTANT,
¢ . -
13
ES1.000 K
It (100U,EQ,0,AND, IKIND,MNE, &)  E=1,000/0SQRY(1.000+4EPS2?
G‘; €=1.000
& GO TO (470,480,490,470)ITYPL
7 (9
{ 470 OU 75 i=1.M
3 ATLo+COEBFMETr 1) *CURFN(T02)
;. B=1.000+COF (v 2)+LO0EF(1/92)
b Soe(td/b)
3 4T CUNTINUE
b 60 T0 500
i C
% 480 DU 485 Isl.K
% AS1o=COEFN(I+1)+CULFN(1¢2)
B 831,000=COcF (1+1)+COEF (142)
i C2ue(B/4)
by 485 CONTINUE
H . GO TO 500
480 THETAZUATAN2(2,%05WRT {pROD I ¢ 1, =PRUD)
F2UCGS (2,0 )HETA)
; 63UCOS(THEA)
OSUSIN(2, 0 THETA)
A GSUSIN(THETA)
& DO 499 Is1NPOLES
& BILSARF((FCOEF (L10a) 0GaCOEF (102) ) 9624 (U+COEF (101)80)082)
ASUSQRT((F4COEEN(191)#G*COLFN(I,2))*0R+(0+COEFN(I/1)80)ne2)
3Ce(B/A)
495 CONTINUE
¢
5 509 CNSTz2EsC
k: (9
¥ C - . _—_
< VALCULATIONS ARE COMPLETE, WRITE OUT YHE TRANSFER FUNCTION
¢ AS A RATIO OF POLTNOMIALS WHICH CAN BE IMMEDIATELY
< IMPLEMENTED uN *CASCACE’ FORM
¢
<

uNiTE(49510)
510 FORMAT (//77/718%X¢°TiE TRANSFER FUNCTION,H(Z)s OF THE OESIRED FILTER
)L CAN Bt EXPRESSED?e/18xe?1iv THE FOLLOWING FOR .-}
1r (100ULEQ, 1. AND, ITYPE L T,3) wARITL(40520)
IFtI0VU.EQ,0,ORJITYPE.GT,.2) wRITL(4,530)
520 FORMAT(//50X0 2ZBLL) 797X 0 ?£0024B(2)0248(3) 20 13Xs*2002+B(N=s)sZ¢B(N
130./73507H(Z) = CNOT » L] LTI ]
Co/80Xe P LCHL) o TX o2 0024C(2)8Z0C(3) 70 13X0 " 20024

2
C(~11024CiNI )

38
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g g

L T

rfececr

530 FORMAT(//50X ¢ *Z¢eceB(1)sZ4p(2) ¢ TX,*20024B(3)" zoa(ul'nxsx.'zoO¢oB(
IN=3)02+BEN)* ¢/ 35X0 *H(Z) = NST ¢
Lomemene § ,44 ¢ - 'r/SOXn'loa2¢€(l):lo€t2)'-7x
J."oaéoctdltltc(“l'olle‘lt'?OC(N-llOZOC(N)')

wN L TEC+.540) CNST
S40 FunMAT (/718X WHLKE T)t COEFFICIhhTS ARE GlVEn BV'O//DSX.'CNSY
2%9¢3.1Y)
) £ (a3
IF (10UW.EG.1 JAMD,LITYP: LT, 3) luulc:;
Uy 960 1z1,N
Jiz(1+1DIC+1) /2
Jez2oMuU(T+1N0IC ) =1/ (1=3+:D1Ce1)
whiTE(4e550u)  TeCurF(J10d2) e 1 2COLFNIYL0J2)
355 PULMAT (18As°CL s le s )z’ sUeIe15010A0 B 3200)27,029,15)
560 Cul TINuE
wnilE(4,570)

STV Uk ATC//7748%0 ! THL TRANSFEN FUNCTION IS EXPRESSED IN THE ABCVE FOR
i LU THATY/Z18Ke *The COeFFILIENTS Call B USED AS GIVEN IN A CASCAUE
o sMPLLEHENTATION OF THE rILIER?)

IF (1PLUT ,Eu,0) GU TH

TR 4629

FLOT THE PAGHITULL AND PHASE OF HMI{Z) AS £ VARIES ON THE
"URIV CIRCLE iH Tt CUMPLEX PLAME

el 4Z2,8FL asP1/SHATE
W1 GHEC #F  1GHOP 1/ oRAT,
hALGEZLHLGrimaL Ok

UAZ (FHGH=r LOX) /710G, 0
Toulix=eon0a

L=

LU ©w09 1z1,10C0
XUL)=a0w+rLOAT{I)8RANGE/1000,0
SINASSINIRLD))
SInex=sInte,ontld)
COLAZCUSIALTY)
Cus2 =05 e, oall))
Riz0,
ba140
1F (10UL U 0,0k ITTPE,,61,2) 60 TO SRO
AS (COSA4COLFNILv1) 1me2e5INR002
B (COSA+COLF (Lol ) a02e411iX002
USSR LAZL)
KlzCorri (1o1)4COSA
NezCOEF {101} 4C0O5K
IF (ABS(SIMAT LTelee =10, ANV ABS(RI ) (LT,1,E«10) R121.,E-10
IR CADSESINA) (LT elor=10,AND ANS{N2) (LT4LheE=10) K221.,E=10
KRZATALR(S NN RLY=aTANZ (STNXe R )
L=e
IF (IPOLES ey 1) OV TO 585
580 Cuiv T INUE
VU 590 JsL oM
C{COSCK4CLEF {Jr1)8COSA+COLF (Us2) ) @024 (SIN2X4CUEF (Jr1) sSINX) 002
AS{COSeX4CUEFillJr 11 oCOSA+CUEFI(UrE) T ao et (STI2A4COEFNIJ 1) 8SINN) 002
BEne0SWRT(4/C)
RAzSINX4CUEFiH{Je 105 InA

29
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TR 4629

40

HezCOScX4CUEFN(Je 1) 8COSKCUEFN(J02)
KI5 12X eCUEF (Jo 1) oSNy
HUSCOSCXSCUEF (Jr1) eCOSX*COLF (J,2)
1F (ADS(RL) (LY e14E=20,A1U0,AUS(H2) 4T el st =10)
IF(“B‘(RJ).LT..'E°10.AnJ.AcS(ﬂ0)oLT.l.L‘lO)
NHSKREATANG (RLINZ2 =ATANZ (RO RG)

590 Cur TINUE

99 1F (B,LF,0,001/CMST) GO TO 98
V(i)220,00L0510(ClinTeB)
1 (Y{D) LT,=50,0)  Y(1;3=50,0
wu To 199

590 Y(1)==20,

599 x(1)=X(I1)e5RATE/(2,0eP))
WP SIFAX(0,5eRN/P1)
Piij (1) =RR=¢ ,aNPlap)
1F(PHI(L)erToBs) PHIG1IZPHI(] )92, 0P1
P (1021680, 4PH1(1)/P]

608 Cur TIniE

CALL MUDESL{Ze0)

CALL OuJCTU(Z2e500,0¢500.003050,003050,0)
CALL SUBJEU(LIFLORI=50,0,Fr1GHe0,0)

Cail URIUG(2ZeUX05.0,0,9¢0,0)

CALL LABELW(Z¢0eTavDXe0¢8,2)

CALL LABELG(Z¢1¢10,0,0,5,1)

Col LINESG(Ze2000+X,Y)

CALL TATLEL(Zo29 *FREGUENCY 1IN CYCLES/TIME UN1T?.8, 'DECIBELS bl
ATPLOT UF Tab MAGHIIUJE OF (HE FREWVENCY RESPONS. UF THE FILTERY)

CALL OuUCTL(Z03050,0500004095,¢3050,)
CALL SUBJEL(Z00490401045,0100,)

Hez=1.k=10
R4z, =10

CaLl LEGNDG(Z0200,090,,210DESCRIPTICN OF FILTER?)

GO TO (701,782,711,712)01TYPE

704 CaLk LLGNUG(2¢200.080,,8,°L0% PASS?)
Gu 10 /085

10c CALL LLGNUL(Le200, 08B0, ,% *HIGH PASS?)

705 CALL LeGNU(202000¢60,,80°CUTORFS 1)
Cagk WUMHRY(Ze4504060,,7,2+FCLOW)
1+ (IK1uD,Eu,2) GU TO 750
Coa b LeONDO (202006055, ,0¢ PRIPPLES 01
CALL NUMBRU(Z1450.05%9,,4,2,R1PPLE)
Gu 10 /%0

711 CALL LLGNUu(ZrZPO.rﬁn..b.'uANDPASS')
ov TO 1%

T1¢ CALL LLGNDU(Ze200,0B0,,11,*OANG REJECT??

T12 CaLk LLOGNUUIZ0o2004160,,%0 *WUTOFFLZ )
CALL LLGNDU(Z2e200.¢55,,9¢CUTOFF2= )
CALL NUMBNG(Z1480.960,,7,2/FCLOW)
CALL NUMBRyL(Ze4B0.055,,7,2¢FCHIGHY
1F (11D ku,2)  GU TO ™0
CALL LuONDGIZe200,050,,8¢ 'R1IPPLES *)
CALL NuMBru (204504050, ,4,8oRIFPLE)

756 @u TO (B01,A802,803;1K1ID

801 Capl LLGRDGIZ20200,075,,9 ' HEUYSHEY?)
6L TO 830

50c CALL LeGNUGIZr2004 0T, ,310 *RUTTERWURTH?)
G0 To 50

800 CALL LEGNUG(Z2020060 75, 8¢ e ilIPTICH)
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ccecccer

RS0 CaLl
CAaLL
ChLl
CALL
CaLl
CALL
CALL
CALL
CALL
CALL
CALL
CALL

LEGNCY (202004070, , 70 *SRATE= *)
WUMBKG (Z20400.070,,7,1,SRATE)
LLGNDL (Z0 200, 165, ,7 *URDERS ?)
NUMBRY (20400, 065, ,20N)
PAGEG(Z2s0010])
OLJCTu(Ze500,+500, 1 #00V0,,2800,)
SUBJEV(ZeFLOW 0, ofMIGIH2360,)
V1061 Z9DXe50,00,,0,)
LABELL(Z:0¢TauDXs0r8,2)
LnBELU(Ze1e00,0005.1)
LuNESU(Ze 1000 X,PHI)

TETLEL (20290 *HREQUENCY IN CYCLES/TIME UNIT?,7,*0EGREES? 57, 7P

1LUT OF THE PHASE ur THy FRLOUENCY RESPOMSE CF THE FILTER?)

Crul

PAGEG(Z200s1:1)

TR 4629

VOMPUTE AND #LOT THE UNIT SAMPLE RESPONSE AS THE INVERSE
C=TRANSFORM UF H(Z)

Vv 900 I=i/N
RazPOLLE(T, 1)
RezPOLLZ (1,2}
HI=LERWZ(T,t)
ReZZERVZ(T,2)
LPULES T SUMPLX (RL P H2)
ZTeiPiy) =g,

300 24009 (1) SUMPLXIRS P HU)

bu 929 I=l,N

PTLMPIZCMPLX (1, 204)

PILMPLZCMPLX (1,004)

LV 910 UziN

Pl MPLEPTEMPL O (ZPUGES ([ ) =2LERUS (J))

IF(J.E2,13 GO TO w0

Pl MP2ZPTEmP28 (2PULES ([ ) =2P0LLS (J))
910 CunTiniuL

ULIA (L) SPTLMPL/P T PR
920 CUNTINUE

Hi(lr=0,

He (L, = st

HMa koSt

1 PT5, LG .0 NPTL3100

PISTFLVAT (Y5

U0 990 [z2,NP.:

ZT MP2z0,

DV 930 J=i,N

ZILHPRZTEMP4BE TA LU # TEMP (J)

ZILMP L) SZIEMP (JY #cPOLL S (W)
930 CONTINUE

HL(L)SFLOA((I~])

HE (L) SUNSTeRCALIZTLMP2)

IF (ABS(H2(1) 1 46T, rimAXY  HMAXZALS(HZ (1))
950 COnTINJE

HMAXZ) , 058nMAX

41

G

e

-%““hm-wmﬁﬁ'

Bl
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TR 4629

1F (MMAXLY,0,002) HMAx=0,.002
HM LS = tMA X

DrzHMAR/2, 5

0az1iPY5/10

Cagtl
CALL
Cail
CaLl
CALL
CALL
CALL

GudC T 2:500,;508,:4000,,.6800,)

SUBY 002001 IN b 1 5o riMAN )

©. " JG(2ePYSeHMAX Qoo 0 )

CaBeluti2s000ar0,8)

LaBELL(Z01000790,6,3)

LINESG(2eNPTSIHL 0 2)

TITLEG (20150 'RESPUNSE NUMBER? 312, *GUTIUT VALUE ' 9380 *PLOT OF U

ANLT SARPLE RESPONS. OF FILTERY)

CALL

PAGEG(2,00101)

o0 10 >

8

4000 COnTINUE

CALk
[ X'V}

LU CF CUMrLLAT L

SlueY
Slo09

PLIY

42

EALITG12)
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[N RELUCA ) Adle, 23 JuL T3 0834114 1 03272232 “8
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