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ABSTRACT

This report examines the Fourier transforn method of restoring
degraded images of point objects. The principal conclusion supported
by this study is that the major prcblem in restoring thesc images is
the presence of poles in the restored image spectrum. A series of
figures showing three restored imige quality criteria graphed as
functions of image degradation, for a computer modeled degraded
imaging system, are presented to support this conclusion. Also
included is a thorough mathematical analysis of the restored image
spectrum.

iv




TABLE OF CONTENTS
CHAPTER

I INTRODUCTION. .o

A. Statement of the Problem

B. Background Discussion of Imaging in the
Presence of Atmospheric Turbulence

C. Mathematical Concepts and the Fourier

Transform Method of Image Restoration

Surmary of Image Restoration Methods

Organization of the Study

Summary

Mmoo

II CALCULATION OF THE RESTORED IMAGE SPECTRUM..............

Introduction

The Imaging System Model

The Continuous Restored Image Spectrum
The Discrete Restored Image Spectrum
Summary

Mmoo o>
e o o e 4

IT1 ANALYSIS O THE RESTORED IMAGE SPECTRUM.................

Introduction

Definition of the Tdeally Restored Image
Analysis of the Restored Image Spectrum (RIS)
The Defocused Image Case

Restored Image Quality Criterion

Summary

MMMOoOOoO >
L] . L] . L] L]

Iv BTS20 309850 sty g e 5 Bt

A. Introduction
B. Restoration Results
C. Summary




v R

A.
B.

APPENDI X

A THE APERTURE PLANE CORRELATION FUMCTION
B CALCULATION OF THE RESTORED IMAGE SPECTRU:
C THE FAST FOURIER TRANSFORM (FFT)

REFERENCES

LVIEW AND CONCI USIONS

Review and Conclusions

vi

oooooooooooooooooooooooooooooooo

Suggestions for Further Study

oooooooooooo

oooooooooooooooooooooo

ooooooooooooooooooooooooo

65

6HY

67

68
75
79
83




G L
T W W e N —— Y N < VN S W

CHAPTER 1
INTRODUCTION

A. Statement of the Problem

We know that atmospheric turbulence degrades the images of objects
that are recorded by optical systems. Mirages and star twinkling are
typical examples. 1t is important for some applications that we be
able to extract as much information as possible from these degraded
images concerning the actual object especialiy in cases wshere this
object is an unknown guantity. Because the human visua! system is an
inefficient processor of this data, it is necessary to resort to otner
processing techniques. Out of this need for more efficient processing
techniques emerqges the study cf image restoration.

The goal of this study is to specify the limits over which one such
processing technique, the Fourier transform method, does restore a
turbulence degraded image <o that it is a more accurate representation
of the actual object. For this study, we will model a turbulence
degraded imaging system, and apply the Fourier transform processing

technique to the resulting degraded images to determine the actual
object.

B. Background Discussion of Imaging in Lie Presence of
Atmospheric Turbulence

Objects which are imaged through the atmosphere are degraded as a
result of random temperature fluctuations in that atmosphere. In this
section a brief discussion of theze degrading effects is presented.

Imaging through a turbulent atmosphere is not a new phenomena,
for man's own imaging system, the eye, has always had to contend with
this problem whenever a temperature gradient was present along his line
of sight. One of the most familiar instances today of the eye imaging
through a turbulent atmosphere occurs while driving along a highway
which is reradiating solar energy. As one looks at a car or the
scenery some distance ahead, the objects seem to be dancing and are
blurred because of the atmospheric effects. In this case the phenomena
is commonly referred to by the phrase "the heat is rising".

The atmosphere is a gas and thus as it is warmed, its density, and
hence its index of refraction, changes. The warmer layers rise and mix
with the cooler and more dense layers which are falling due to gravi-
tational forces. This mixing causes additional refractive index
changes to occur. These changes are referred to as refractive index
fluctuations ana are obviously random functions of time which are best
described by statistical means. (See Tatarski [1,2].)




A light wave propagating through a non-turbulent atmosphere is
focused by a telescope to a scecific point in the image plane. How-
ever, when the propagation path contains refractive index fluctuations
one may conside~ effects occuring on two spatial scales which degrade
the ideal imaging situation. First, for those refractive index fluc-
tuations whicn vary slowly over a spatial scale larger than the tele-
scope input aperture, the image plane effect is similar to that which
occurs when a prism is placed in front of the telescope input aperture.
That is, the incoming rays are bent causing the focused image to be
shifted to a new image plane coordinate location. Second, for those
refractive index fluctuations which vary rapidly over a spatial scale
comparable to the input aperture, the result observed in the optical
system image plane is that of image break-up.

Both of these effects obviously perturb the incoming wave phase
fronts. By including a random time variation in these phase front
perturbations, the resulting image plane pattem is a "dancing", blurred
and broken-up corruption of the ideal image.

C. Mathematical Concepts and the Fourier Transform Method of
Image Restoration

The familiar one-dimensional mathematical conc2pts of the convo-
lution 'ntegral and the Fourier transform pair are extended to a Lwe-
dimensional generalization. These two-dimensional generalizations
form the mathematical foundation on which the Fourier transform method
of image restoration is based.

First, consider the extension of one-dimensional linear system
theory, commonly associated with electrical engineering, to the two-
dimensional linear imaging system. It has been shown ?s?e Goodnan [3})
that the image plane intensity function and the object plane intencity

function for an incoherent object are related by a convolution integral
of the form:

oo

(1) Ii(xzsyz) = [f h(xz'xlsyz'yl) IO(Xl’y]) Xm d.yl ’
J

- 00

where 1;(x,,y;) and Io(x;,y;) are the image and object plane intensity
functions, respectively. This integral should be reco¢nized as the
extension to two dimensions of the one-dimensicnal intugral familiar to
all electrical engineers, which relates the output anad input of a linear
system. As in linear network theory, the two-. mensional generalization
has associated with it a unit impulse response h(x2,y2). This impulse
response is obtained by placing an intensity point source in the object

2




M 1 T e ——— S  ——

B
L TN

PLANE TELESCOPE

INPUT APERTURE IMAGE PLANE
PLANE

Fig. 1. Imaging coordinate systems.

plane. This impulse respon-e is referred to as the intensity point
spread function (PSF) and is defined as:

() Lilx,.y,) = h(x,.y,) = ”h(xz-xl,yz-yl) 8(xpsy,) dx, dy,

where 6(x1,y1) is a two-dimensional Dirac delta function.

The integral in Eq. (1) is valid only over that portion of the
object plane for which h(xz,y ) is independent of the location of
s(xl,ylg. This region over which the integral is said to be spatially

invariant is known as an isoplanatic patch and is analogous to the time
irvariance condition in electrical circuits,

Jefining a two~dimensional generalization of the Fourier transform
pair as:

(3) fxy) & Flkeky)




where the symbol «» indicates that the two functions are Fourier trans-
form mates, we have:

in =i (Kyx + KyY)
@ Flek) = [ e Y ax gy
and
e 3 (KyX + K, ¥)
(5) f(x,y) = (zi)z JJ F(KysKy) € = dKy dKy

o0

In Eqs. (4) and (5), Ky and Ky are defined as spatial frequencies with
the dimersions of radians/mm.” Applying this generalized Fourier trans-
form to Eq. (1) we see from the convolution theorem that:

(62) I (KeaKy) = H(KysKy) T(KyoKy)

The function H(Ky,Ky) s known as the system modulation transfer
function (MiF) and ¥s analogous to the network transfer function used
in linear circuit thesry. The functions I-(Kx,Ky) and IQ(KX,Ky) are
the spatial spectra of the image and objecl plane intensity functions,
recnectively.

The recorded image plane intensity will be a degraded form of
Io(x1,y¥1), the object intensity function, if the region between the
object plane and the telescop> input aperture is assumed to be a turbu-
lent medium. However, we can obtain the MTF of the system, including
the turbulence effects, by placing a point source in the same isoplana-
tic patch occupied by Ig(x;,y;). The input intensity function I,(x;,y;)
can then be determined by dividing the degraded image plane intensity
function spectrum by the system MTF (the quotient

is defined as the restored image spectrum (RIS)) and taking the inverse

Fourier Transform of this RIS. The result of these operations is the
restored image, which is:

(6b)  Io(Ky,Ky) =

1 ; J(Kyx + Ky¥)
(1) Io(xpeyy) = To(xpy) = T§§75'Ilml°(Kx’Ky) e dKy dK,

1T EKeK) Sl Ky
(27)2 11 H(KyoKy)

where Ip (x;,y;) is defined as the restored image.

dKy dK,

4
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For a randomly varying turbulent medium, an isoplanatic region,
which was defined earlier as the region over which Eq. (1) is spatially
invariant, is not defined by sharp boundaries but rather by more smooth-
1y varying transitions. As the separation between the object and the
point source increases, the phase front perturbations across the tele-
scope input aperture become different since the beams have propagated
along path- having s1:ghtly different small and large scale refractive
index fluctuations. Thus, one would expect that as the reference point
source is moved through such transition regions, the quality of the
restored image would decrease to the point where it cannot be consider-
ed as a valid restored image.

D. Summary of “mage Restoration Methods

In the past, there have been various methods suggested for the
restoration of turbulence degraded images. Among these schemes have
been wavefront reconstruction (Gaskill [4], Goodman [5]); maximum_
likelihood restoration (Frieden [ﬁ}); spatial filtering (Mueller |7],
Reynolds {7]); constrained deconvolution (MacAdams [8]); and the

Fourier transform method (Harris [9], McGlamery [10T). These and other
methods have been applied to restoring image degradation resulting from
effects other than atmospheric turbulence, such as image motion or
optical and electrical degradation (Huang [11], Andrews [12],

Sawchuk [i3]).

This present study is concerned with the Fourier transform method
as it applies to the restoration of turbulence-~degraded images. It
should be pointed out, however, that this method is also applicable to
some of the other sources of image degradation such as image motion.

The previous work involving the Fourier transform restoration
scheme has been qualitative in nature. It has demonstrated this method
using artificially generated or computer modelled image degrading
effects. In this study we emphasize the quantitative aspects of the
restored image quality obtained using the Fourier transform method.

The image quality is presented as a function of deviations from the
ideal PSF which yields the perfectly restored image.

The question we attempt to answer in this study is, how large
may these u:viations become before the Fourier transform method fails
to produce good image restoration results? The results obtainec, from
answering this question may serve as the input data needed to answer
other imaging questions such as, what is the isoplanatic patch size of
a turbulent atmosphere?

E. Organization of the Study

In Chapter I, we have discussed che image degrading effects of a
turbulent atmosphere. We have described a typical imaging system and
Presented the necessary mathematical background required to apply the

5
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Fourier transform method of image restoration to a turbulence degraded
image,

In Chapter II, we generate a mathematical model that describes
the turbulence degraded waveironts across the input aperture of the
imaging system as a polyncmial series. Using this model we then
derive an equation for the restored image spectrum (RIS). The actual
restored image obtained by using the Fourier transform method can then
be determined by calculating the inverse Fourier transform of this RIS.
The discrete form of this RIS is also presented in this chapter., It
is this discrete equation that is programmec on a digital computer
which calculates the inverse Fourier transform (yielding the restored
image) for various model p:-ameters.

In Chapter IIT we first define what is meant by the phrase "an
ideally restored image". Based on this definition we *hen note that
the presence of poles in the RIS may cause the inverse rourier trans-
form of the RIS to be a very poorly restored image. As a result, we
then conduct an excensive analysis of the RIS and its poles, the out-
come being a series of equations relating the number of poles and their
positions to the degraded wavefront model parameters. Thase equations
serve as input data for a quantitative analysis of restored image
quality versus RIS pole position and number, Finally, in Chapter III
we define the parameters that we will use to describe the quality of
a restored image.

In Chapter IV, quantitative results of restored image quality
are presented as a function of the degraded wavefront model parameters,
Three cases are thoroughly examined that relate these model parameters
to specifically known RIS pole placement and number; the result is
the definition of regions of successful image restoration separated by
regions characterized by gross departures from the restored image
quality criterion. A series of graphs is included for each case
showing the regions of successful and unsuccessful image restoration.

Chapter V is devoted to a summary of the entire study. Alsd, a

series of conclusions are drawn relating the results of this study to
the task of restoring turbulence degraded images.

F.  Summary

The goal of this study, as stated previously, is to determine the
limits over which the Fourier transform method of image restoration
does indeed produce a valid representation of the actual input object.
A secondary goal is to specify these limits in such a manner that they
may serve as input data for a future study relating the restored image
quality to the isoplanatic patch size.




CHAPTER II
CALCULATION OF THE RESTORED IMAGE SPECTRUM

A. Introduction

In Chapter I we briefly described the Jegradivg effects of the
large and small scale index fluctuations on an imaging system. We also
indicated that the Fourier transform method will be the apprcach used
in this study to restore such turbulence degraded images.

In this chapter, we turn our attention to a more detailed mathe-
matical model of the imaging system from whict Lhe restored image
spectrum (RIS) is calculated in terms of phase front parameters. The
incoming turbulence degraded optical phase front will be expanded in
terms of a general second degree quadratic equation. Using this ex-
pansion we then calculate the restored image spectrum for both con-
tinuous and discrete values of the spatial frequencies Ky and Ky.
These results will be used in Chapter III where we thoroughly examine
the RIS,

B. The Imaging System Model

This imaging system model discussion is divided into two sections.
First, the physical layout and coordinate system used are described.
Second, the expansion for the turbulence degraded input electric fields
(E fields) is derived.

We choose the coordinate system in Fig. 2 for the imaging system.

The (xo,yo) plane contains the telescope input aperture which is
assumed to be square, with width W = 2x@ = 2y... This assumption sim-
plifies the mathematics but does not detract from the fundamental
results.

The (x;,y;) object plane is located a distance dg from the input
aperture and contains the reference point source and the object that
we are imaging. The medium separating these two planes is assumed to
be a turbulent atmosphere having randomly varying refractive index
fluctuations. The (x;,y,) plane is located a distance d; from the
input aperture and is the image plane of the telescope. The distances
dy and d; are conjugate distances since we are considering an imaging
situation. The region between the (xq,y;) and (x,,y,) planes is as-
sumed to be void of any turbulent effects.

Both the reference source and the object are assumed to be mono-
chromatic point sources which are described mathematically by the two-
dimensional Dirac delta function. The separation between these two
points is the distance d;. The imaging system is assumed to be linean i

T a———— i n Bnain P
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Fig. 2. Coordinate system for imaging system model.

thus, analysis of an extended object would require integration of the
point object results over all points in the extended object.

The field distribution over the input aperture, for a point object
located at a finite distance d, and in the absence of turbulence, is
merely a spherical wave having uniform phase. However, in the presence
of turbulence and assuming negligible amplitude effects, we use
Frieds [14% assumption that the perturbed E-field phase fronts may be
described by a general second degree quadratic equation involving x

and y,. That is, the instantaneous phase ¢ may be expanded in the ?orm:

& 2 2
(8a) ¢ = ax,? + bxyy, + cy, 2+ dx, + ey, + f

This formulation can represent any wavefront that involves spherica1
and hyperbolic perturbations, wavefront tilt and an average phase term.

An alternative representation for the instantaneous phase ¢ which
clearly defines these distortions is the polynomial series used by
Collins [15].
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(8b) 6= ] ap Fplxgs¥o)

n=1 2
where:
Fixgsy,) = L
u
. /3 X '
F2(x0’y0) - TWT% 2l
3y
F : = =2 70
3(x0 yo) W u/2
_13 W2, 5
Fu o) = 3 3B 02 + v 2 - 2 7 wr2)
= 13 2 2 1,2)2 9
Fs(xosy0) = 7 5l5{%0® - ¥o?) / (/%) a
F -3 (W/2)2 1
(Xgs¥o) = i Xo¥ol (W/2)2 . .
Each polynomial has a part1cu1ar 1nt° rpretation. F (x,.y,) represents "

a constant phase contribution; F ) and F (xo,yo) repre.ent tilts
in the x, and y, directions respectwe?y, Fy xo,y0 represents a spher-
jcal d1sgort1on and Fg(x Q,yo) and FG(xo,yo) represent hyperbolic
distortions. These functions are chosen to be orthonormal over a
square of width W. The coefficients a, b, ¢, d, e, and f in Eq. (8a)
are related to the coefficients al, a2, a,, au, a! and a by the

5
following equations in whic:

L e ———
3= Wz z Tuzyz (& + 2s) = Cfay + ag)

b 1 3
= — a.
W (w/2)2 ®
al3 15 1 Voot = Vo
‘T w22 W22 (@i - 25) = Gylai - 23)
d=—1—-1/-_3-a' {
N2 W 2




The representation given in Eq. (8a) will be used extensively throughout
the remainder of this study because of its computational simplicity,
althou gh the results in Chapter IV are given in terms of both sets of
coefficients to facilitate interpretation in light of other work using
the Eq. (8b) expansion. Thus, using the expansion in Eq. (8a) the tur-
bulence degraded field distribution over the aperture plane resulting
from a poirt object may be expressed as:

jlax,2 + bx.y + Cy,2 + dx_ + ey + f)
(9) Ea(xo°yo) g 0 0’0 0 0 0

This E-field distribution is the general form assumed for the imaging
system model.

In the field of optics, it is a well known fact (see Goodman [3 |)
that when a lens system images an object, the field distribution over
the input aperture and the field distribution over the image plane
differ by a constant term and a phase term from being exact Fourier
transform mates. This relationship is expressed as:

A k\2 j ; J(k/d; ) (xox,*y,y,)
(1) Ei(x,.y,) = (Z—WT?i)ng” E, (Xg5y,)e dx, dy,

- 0

where E4(xq.¥o) and E(x,,y,) are the aperture and image plane field
distributions respect1vefy

If we define the spatial frequencies as:

A kx
(11a) Ky = H;Q
and
a ky
11b K, = —0
( ) Y d.

j

then the more familiar Fourier transform expression is obtained.

10
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i Ko x.vK, v.
(12) E.(x ) = A e L [ (K, ,K )é] S dK, dK
[ -1 ?!.Y? (2‘");) a x’ y x

-

y

By substituting the above definition of spatial frequencies into
. (9), the aperture plane E-field distribution becomes:

d 2 (aKy2+bKyKy+cKy ?) + d;/k) (dKyt+eKy) + f
(13)  Ealkyoky) = [(/") (aky“+bKkytcky”) + (dj/k) (dkyreky) ]

In this study, where we are interested in the instantaneous value of the
E-field in Eq. (13), we choose not to include the wavefront tilt terms
(the d and e terms) and the average phase term (the f term) in the
analysis of the point object. The wavefront tilt terms merely shift

the image to a different coordinate location but, for short exposures,
do not actually degrade the image detail (recall the time shifting
property in one-dimensional Fourier transform theory). The constant
phase term is merely a multiplicative factor that drops out anyway when
the intensities are calculated. Thus, the actual field distribution
assumed for the imaging system model is:

(d;/k)%(aKy? + bKyKy + cKy?)
(18)  EqlKeoKy) = Jea it > sy g

The parameters a, b and ¢ are defined as:

(152) a2 2na,/(W/2)2 = 2na/xy?
(156) b 2 2nb,/(W/2)2 = 2nb /xyo
(15¢) 2 2nc,/(W/2)2 = 2nc,/y,2

where a,, b; and c; specify the amount of wavefroit distortion, in
fractions of a wavefront, at the edge of the input aperture. Further-
more, since the input aperture is now considered a spatial frequency
plane, the aperture dimensions define the system E-field spatial
frequency band Timit Ky to be:

Kk k
(1) Kn= G %n = &Ym= @5

Remember that the aperture has been assumed to be square with width
= 2Xy = 2y




C. ihe Continuous Restored Image Spectrum

Using the model discussed in section B and the degraded aperture

plane E-field given in Eq. (14), the restored image spectrum (RIS) is
next calculated.

The first step toward finding the RIS is the calculation of the
image plane intensity function and its spectrum in terms of the E-field
given in Eq. (14). This image plane intensity function is

(7)) Hxay,) = E;x25y,) E*(x.,y,)

where the * notation indicates the complex conjugate ¢f the function,
(Note that Ly, the impedance of free space, has been dropped. It is
merely a multiplicative constant that would be cancelled in later
steps where ratios of intensities are formed.) Ei(xz,yp) is given by:

<]

. J(Kyx +K y. )
(18)  Ej(x,,y,) = 2812 ”w(Kx,Ky) EalKy.K) e Ky dK, dK,

(2r)?

)

where W(KX,K ) is the aperture function which takes into account the
finite sized input aperture. The function w(Kx,Ky) is defined as:

1 “Kp< Keg Ko
(19) WK,k = K< Kys Ky §
0 otherwise |

From Fourier transform theory we krow that if:
then
Ei*(XZ’yZ) © Ea*(-KX’-Ky) ’

and, addi tionally, that multiplication in the spatial plane is equivalent
to convolution in the spatial frequency plane. Using these facts, the

image plane intensity is found to be the Fourier transform of the con- 1
volution integral given in Eq. (20) below.

s
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(20)  I(x,,y,) = Ej(x,5y,) E4*(x,,y,) —

Y??IFVH W(KyoK oKy =k ) WE(k, k)

Ea(KykxsKy=ky) EX(-kyooky) dky dk,,

The variables ky and ky are dummy variables that have the dimensions of
spatial frequency.

By letting ky = -k, and k,, = -ky and multiplying Eq. (20) by (2-)2,
we define the image plane function I,-(xz,yz) as:

(21) Ii(xzsyz) = (2n)21(x2,y2) A Ii(szKy) H C(Kx,Ky) =

[ Wocekkyy) ety k)

Ea(KetkyoKytky) Eq*lkyoky) dky dk,

where 1:(K,,K ) is the spatial frequency spectrum of I;(x,5y,). The
integraf in Eq. (21) has the form of a correlation function and hence
is referred to as the aperture plane correlation function, which is
defined as C(Kx,Ky).

Substituting Eq. (14) into Eq. (21), we have:

=]

(22)  13(x.9,) & C(KgoKy) = H MKt Kty ) W (kyk, )

o0

ej(di/k)z[a(Kx+kx)2 + DKy, ) (K k) + (Ko ky )]

j(di/k)2 [ak 2 + bkok., + ck 2
e ! [ X7y y]dkxdky

When the phase term involving only Kx and Ky is brought outside the
integral, we have:

13




3(dj/k)? (aKy 2+ bK, K, + cK.?)
(23)  Li(x,) < ClKeky) =€ e

g 3/ [(2akyrbKy Dk (2ck, b1, )k ]
Jl WKy Kytky ) WKy oky) e

dky dky .

The details of evaluating the above integral are carried out in
Appendix A. The final result of this calculation is presented below.

(24) Ii(xzayz) - C(KX’Ky)

rSinl (d;/k)? (2aKytbKy )5 2K K, )1 ]

(2K - [K,])
m x| i (di/k)2(2aKx+be)‘/z(2Km'|Kx|) )

[Sinl (d;/k)? (2cKy+bKy )5(2Kn- Ky )} ]

- (2K, - K, ])
A (d4/K)2(2cK b, )is(2Ky [K, )

Note that C(K,sKy), being the transform of an image intensity function,
has a spatial fr%quency bandwidth twice that of the image plane E-field
given in Eq. (16). The region over which C(Ky,K,) is defined is:

y
-2 < Kt 2K

-2Kp < Kyg "2Km
Eq. (24) is the product of two triangular functions (2K, - [Ky|) and
(2Km - |K,|) each of which is modulated by a function having a Sin x/x
format (commonly referred to as a Sinc function). The degrading effects
of the atmospheric turbulence, as represented by the parameters a, b,
and c, are introduced through the arguments of the Sinc functions.

Note that when a=b = c =0 (i.e., in the absence of turbulence), the
correlation function is:

(25) C(Kx!Ky) = (2Km = IKXI) (ZKm = IKyI)

This function is the two-dimensional generalization of the familiar

14
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correlation of two onc-dinensional rectangular pulses. For the two-

dimensional case, [q. (?25) is the correlation of the aperture funcrion
w(Kx'KV) with itself.

The reference source is also a point source; thus, Eq. (14) also
describes the resulting aperture phase distribution when there is zero
separation (d. = 0) between the reference point and object point.
However, for Tinite separations between these two points, the atmos-
pheric effects on the waves radiating from the two points will, in
general, be different. These differences are incorporated in the
aperture plane expansion for the reference E-field by defining the
reference phase parameters as:

(26a) a+ Aa
(26b) b + ab

(26¢) C + AC

where ra, Ab, and Ac represent small perturbations in the parameters

a, b, and c, which describe the aperture plane E-field for the point
object.

The reference point aperture plane field distribution is obtained
by substituting Eqs. (26a), (26b), and (26c) into Eq. (14) to obtain:

Ky?)

ej(di/k)z(aonz + boKKy + ¢ Ky

(27) Ea(szKy) =

ej(di/k)z ((a+aa)Ke? + (brab)Kyk, + (ctac)K,?)

The modulation transfer function (MTF) is the system transfer
function obtained when the reference input is a point source (see
Chapter 1). Actually we have already derived this function in Eq. (24)
where the object was also assumed to be a point source. Thus the MTF
is obtained by substituting Eqs. (26a), (26b), and (26¢) into Eq. (24).
Remember that the resulting function is the Fourier transform of the
system PSF (see Chapter I). The MTF is:




[Sinf (d/k)? (2 [(a+na)K,+(brab)K, | 5(2Ky- 1, )]

(28 HK LK )=(2K - K, [)
) X’y m l XI i (di/k)?(z[(a+Aa)Kx+(b+Ib)KyJ%(ZKm'Ile) E

2l SinC (di/k)2(2[(crac)K +(brab)K,] (2Ky ', )]
“(2K -]k |) [——1=" =t
A | (di/k)2(2 [(crac)Ky v (brab)Ky] (2K - Ky 1) |

We now have calculated the spectrum for the image plane intensity,
the aperture plane correlation function (Eq. (24)), and we have also
calculated the MTF which is the transform of the PSF. lext, we will
use the MTF and the degraded image spectrum to calculate the restored
image spectrum (RIS) IR(Kx’Ky) using the approach given in Eq. (7).

I](KxaKy) _ C(szKy)
H(Kgoky)  HOKyoKy)

(29)  Ip(Kyeky) =

Substituting Eqs.(15a), (15b)and (15c) into Eqs. (24) and (28) and
performing the division indicated in Eq. (29), the restored image
spectrum is calculated in terms of Ky and Ky, the spatial frequency
components; a,, b, and c,, the object phase’ front parameters; and Aay,
tby and ac,, the reference phase perturbation parameters. The notation
used for this RIS given below has been chosen to emphasize the eight
independent variabies discussed above. The notation to be used is:

(30) IR(KX’Ky) = R(Kx,Ky,al,bl,cl,Aal,Abi,Acl)

Actual calculation of the RIS is straightforward but tedious; thus,
it is carried out in Appendix B. The result of this calculation is
that the RIS has the mathematical form:

20a Ky + Able]

(31) R(Ky 5K sa;,b 5¢q50a,,ab,,8¢,) = [; +
i Al ta bR S e O
2a,Ky + ble

[Cos {(Zn/sz )%(2K - | Ky ) (ZAalKX+Ab1Ky)}

-Sin {(28/K,2) (2 Ky ) (2Aale+Ab1Ky)}-Cot{(2n/Km2)’/z(2Km- K D)
2ac, Ky, + abyKy J

-(2(a1+Aa1)Kx+(bl+Ab1)Ky)}] ] # mt ¥
2c1Ky

i blKX

16
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- {cos {(ZH/Km7)~‘/2(2I<,n-|Ky|)(2Ac1Ky + b, Ky)} - Sin{(2n/|<m7)
(2K K, |) (280K, + b Ky )} Cot {(2r/50? (2K, 1Ky |)
.(2(C1+AC1)Ky + (b1+Abl)Kxﬂ]

For small values of aAa,, ab. and ac, (i.e., much iass than 1.0),
Eq. (31) may be simplified 6y us%ng the small argument approximations
for the Sin and Cos functions. That is, for small values of the
arguments, we have:

Sin o > a
Cos a = 1

where o may be the argument of any Sin or Cos temm in Eq. (31). Using

these approximations, Eq. (31) is greatly simplified and may be re-
written as:

2Aa1Kx + Able
(32) R(Kx,Ky,al,bl,cl,Aal,Abl,Acl) = |1+

23 Ky + ble

-{1 - {(ZW/KmZ)%(ZKm-IKXD(2Aa1Kx+Able)}Cot{(Zn/sz)%(Zi(m-lKXI)

2ac, Ky, + ab,K
-(2(ay*na Ky + (b1+Ab1)Ky)}] o=t _LX
2¢c Ky, + byKy

[ -{(ZW/KmZ)‘/Z(ZKm-l Kyl )(2Ac1Ky+AblKX)}Cot{(Zr/sz)!a(ZKm-|Ky| )
{2(c,*ac Ky + (b1+Ab1\Kx}] .

At this point we have a mathematical relationship which describes
the RIS in terms of the parameters a_, b., c,, Aa,, 4b,, and ac, which
are associated with the turbulence-ifducdd e%fects. Tﬁis expression is
used in the next section of this chapter where the discrete form for the
RIS is derived; it is also used in Chapter III where a thorough analysis
of the RIS is conducted. .
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D. The Discrete Restored Image Spectrum

The expression given in Eq. (32) describes the restored image
spectrum as a continuous function; however, restoration techniques
employing digital computers require only a finite number of data
samples, taken in compliance with the Nyquist sampling criterion, to
describe a band-limited function. Since we are interested in com-
puter processing of turbulence degraded images, we now proceed to derive
the discrete form of Eq. (32) which we assume to be a valid repre-
sentation for the RIS,

The discrete RIS for an actual imaging system would be obtained
by sampling the degraded image and the PSF in the telescope image
Plane. The resulting two sampled data arrays are then read into a
digital computer where their Fourier transforms are calculated using
a fast Fourier transform (FFT) algorithm. (See Appendix C for a
discussion of the FFT.) The ratio of the two discrete transforms
(i.e., image spectrum divided by MTF) yields the discrete RIS,

The sample spacing used in the image plane and the quantitized
spatial frequencies are next calculated. In Eq. (24) the spatial
frequency band 1imit for the image intensity was found to be 2Km.
For this study we assume that the images are sampled with 64 x 64
sample resolution. Thus, in accordance with Nyquist's criterion,

the sample spacing must be:
(32a) My = ayy < nf2K

for which the quantitized spatial frequency is:

(33b) AKx = AKy = 4Km/64 = 21/68a%,= 21/64ny

(See Appendix C for details).

It is assumed for the model used here that a telescope input
aperture actually limits the frequency content of the intensity func-
tions to 63aKy and 63K, (i.e., 640Ky = 642Ky = 0); however, the image
plane functions are sampled with 64 x 64 resolution. Thus, the image
is sampled at greater than the Nyquist rate, which eliminates the prob-
lem of aliasing in the spectrum.

We are now equipped to calculate the discrete RIS from Eq. (32)
by making the substitutions:

(34a) Kx > pak,
(34b) Ky > qAKy

18




where p and q = 0, +1,2,--- 31 and K, and AKy are the discrete spatial
frequencies given in Eq. (33b).

In terms of the "R" function notation introduced in Eq. (30), the
discrete RIS is given in Eq. (35) below.

(35) Discrete RIS = R(p AKys q AKy, a1’b1’c1’Aa1’Ab1’Ac1)

The restored image is obtained by taking the inverse FFT of the
function given in Eq. (35). It is the quality of this resulting re-
stored image that we discuss in Chapter 1V,

It is worthwhile to show the relationship between the discrete
frequencies in the RIS passband and Kms the input aperture halfwidth,
where this halfwidth is expressed in units of spatial frequency (see
Eq. (16)). These relationships are presented in Fig. 3 for only the

Kx components. The Ky components are exactly the same since a square
input aperture was assumed.

RIS PASS BAND >
b€~ |INPUT APERTURE WIDTH ——u
APERTURE
HALF ———»
WIDTH
Kx
1xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx xxxxxxxxxxxxxxxrxxxxxxxxxxxxxxxx:—Kﬁ-
° 1
Q
3lAKy= 2K -lsVzAKp—Km - |5l/2 DKy:Km DKy =2Km

x=DISCRETE SPATIAL FREQUENCY VALUES

Fig. 3. Discrete frequency relationships.
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The RIS passband is seen to be twice the input aperture width K_ which

is the E-field pass band. This fact results from convolving the =
aperture function w(Kx,Ky) with itself in Eq. (20).
E. Summary

At this point we have both a continuous mathematical model
(Eq. (32)) and a discrete model (Eq. (35)) describing the restorea
image spectrum in terms of the parameters a1, 51, €1, Aa1, Ab1, and ac:
which describe the turbulence-induced effects in the received E-field.
The goal now is to use the discrete model, in conjunction with a high
speed digital computer, to set 1imits on the ranges over which aAa;, nby,
and Ac, may vary for a particular choice of a » by, and ¢; such that
the restored image (i.e., inverse FFT of Eq. %35)5 is a "good" approxi-
mation of the actual point sbject. The details of this "goodness"
criterion are discussed in Chapter III, section E.

e TR - g
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CHAPTER ITI
ANALYSIS OF THE RESTORED IMAGE SPECTRUM

A. Introduction

In this chapter we discuss in depth the concepts associated with
restored images, their quality and the restored image spectrum (RIS)
from which they are obtained. First, we define what we mean by an
ideally restored image and the spectrum of this image. We then consider
in detail how well the RIS, given in Eq. (32) of Chapter II, matches the
ideal RIS. The major RIS degrading factors are found to be mathematical
poles present in the RIS. Physically this theory is not difficult to
accept since the poles represent gross departures from the ideal ly flat
RIS. In order to facilitate a computer analysis of these poles, a
series of equations are derived relating the number and location of
these poles to the parameters describing the E-field phase expansion

(Eq. (14)).

In order to measure the effectiveness of the restoration procedure
described in Chapter I, it is necessary to describe a criterion with
which to judye restored image quality. Therefore, we conclude this
chapter with a discussion of three parameters chosen to describe the
restored image quality.

B. Definition of the Ideally Restored Image

In this section the ideal ly restored image is defined for the
degraded aperture plane E-field model presented in Chapter I. The
mathematical expression for the ideally restored image is given for the
continuous and discrete cases. And finally, a brief discussion of the
non-ideally restored image is presented.

The ideally restored image is defined in terms of the equations
expressing the turbulence degraded E-field wavefronts. These aperture
plane E-field distributions for the object point and reference point
are reproduced below in Eqs. (36a) and (36b), respectively:

I(di7K)2 (aKy4bK K ek, 2)

(36a)  E,(Ky,Ky)

3(d;/K)2((a+0a)K2+ (brab)KyK +(ctac) Ky 2)
e .

(36b)  Eq(Ky.Ky)

For the special case in which aa = ab = ac = 0, both Eqs. (36a) and
(36b) have exactly the same mathematical form. This means that both
waves were perturbed in exactly the same manner as they propagated
through the turbulent atmosphere. Thus, using the MTF obtained from
Eq. (36b) to restore the degraded image characterized by Eq. (3€a), we




T Ly -

define the ideally restored image as the image obtained when Aa = Ab =
Ac = 0. This definition, an extension of Harris's |9] work, does not
restrict the values of a, b, and ¢c. Physically, this means that as
long as both the reference wave and the object wave experience the same
turbulence effects, as characterized by a, b, and c, the best possible
restored image is obtained.

Applying the condition that Aa = Ab = Ac = 0 (equivalently
ba, = ab, = Ac, = 0) to the continuous RIS in Eq. (32) and taking the
inverse i-'ourier transform of this function, an expression is obtained
for the ideally restored image.

P ( )
j (KX, +K,y
P | VAL S B"A |
“™m
2Ky ( )
1 3 (KX Koy,
37b = r dK,, dK
-2Km
2K \? Sin 2K x; Sin 2K
(37¢) =( n . il

"/ 2KnX, 2Ky,

Note that the result obtained in Eq. (37c) is not the ideal point
object, 5(x;,y;); however, in the Timit as Ky » = , Eq.(37c) does
approach this ideal result, a fact well known from di ffraction theory.
Thus, the system band limit 2Ky has imposed an upper bound on the re-
stored image quality even in the ideal case.

When the discrete case (Eq. (35)) is considered for aa = ab = ac
= 0 (equivalently aa, = Ab; = Ac; = 0), we must recall that the FFT
algori thm represents the function being transformed as a discrete
Fourier series (see Appendix C). The results indicate that when
R(p &Ky, q &K , a;, by, ¢y, 0, 0, 0), which equals 1.0 at all discrete
frequencies, Ys inverse Fourier transformed; the resulting function is
the discrete analogy to the Dirac delta function. For this case, the
discrete restored image is:

(38) In(p ax,,q ax;) = 8(p Axy,q ay,)
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where p and q are integers that specify the location of the restored
image in the 6 x 64 sample restored image array.

Neither Eq. (37c) nor (38) is the ideal 5(x1,¥,) point object but
these functions do represent the best possible approximation of 8(xy,y1)

for the band limited system we are considering. Thus, they will here-
after be referred to as the ideally restored images.

Next, consider the case for which Aa;, 4b,, and AC, are permitted to
assume small positive or negative values. For this case, the received
E-field distributions for the reference point and object point will be
different (see Egs. (36a) and (36b)). Thus, since the PSF is no longer
the impulse response of exactly the same linear imaging system that
degrades the point object, we expect the restored image quality to
fall short of the ideally restored image. This fact emphasizes the

need for a analysis of the degrading effects of finjte Aa;, Ab, and
Ac,.
1

C. Analysis of the Restored Image Spectrum (RIS)

In section B it was suggested that when aa, ab and ac (or equiva-
lently aa;, ab, and 4cy) are finite, attempted image restoration would
fall short of producing the ideally restored image. In this section,
using the RIS, it will be shown that indeed this situation does occur.
The loci of poles in the RIS are shown to be the determining factors
in the restored image quality. A thorough ma*hematical analysis of
the number and location of these pole loci is thus presented,

The restored image obtainec when Aa,, 4b1 and Acy are finite is
demonstrated to be non-ideal by returning to the RIS given in Eq. (32).
When aa; = ab, = ¢, = 0, R(KysKysa1,b1,¢1,0,0,0) is equal to 1.0 for
all frequencies within the syste% passband. This spectrum, when inverse
trans formed, yields the ideally restored image calculated in Eq. (37c¢).
However, when aa;, ab, and Ac, are finite, the RIS includes terms in-
volving the Cot function. Obviously when » Cot nm = « (n integer)
condition occurs (i.e., a pole exists), the frequen-y component will
greatly exceed the desired value of 1.0. The restored image which is
the inverse Fourier transform of this degraded RIS will fail to be the
ideally restored image.

The continuous form for the RIS is used in this section; however,
it should be remembered that at any point in the analysis the discrete

results may be obtained by making the substitutions given in Eqs. (34a)
and (34b).

Returning to the RIS, which is reproduced below in Eq. (39), note
that the poles are introduced whenever the Cot argument, which we
define as the function Z(Kx,Ky), assumes the value Z = ny (n = integer).
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2a)Ky + biKy

2ha;Ky +Ab.K
(39)  R(K,,Ky»a,5b.cyy8a,,8b ) ,8¢)) = [1 +

[1 : {(Zn/Km?)li(ZKm-|Kx ) (ZAaIKX+Ab1Ky)}Cot{(Z*/K;)-‘z(ZKm- K1)

2ne Ky+ab Ky

-(2(al+Aa1)Kx + (b1+Abl)K ﬂ} [1 +
Y
2c1Ky+b1Kx

[1 -{(Zn/Km?-)-‘/z(ZKm-|Ky| )(2Ac1Ky+Able)}Cot{(Zn/sz)‘/z(ZKm- Ky )

-(2(c1+Acl)Ky + (b!+Ab1)Kx)}J

/

Since both square-bracketed terms involving the Cot function have
the same mathematical form, we need only analyze one such term. The
other term will follow with the proper substitution of wavefront para-
meters. Thus, we need only analyze the term involving the a and b
parameters. The Cot argument, Z(Kx,Ky), for this term is given in
Eqs. (40a) and (40b) below.

(402)  Z(Kx,Ky) = (2n/Ky?Va(2Kn=[ Ky | ) (2K, + boK,)

2

The parameters ap» bp and Cp are defined below as:

(41a) ap = a; + na,
(41b) by = b, + ab,
(41c)  ¢p = ¢, + ac,
Eq. (40b) is an odd function of K, and Kys that is,

Z(KysKy) = ~Z(-Ky,-Ky).
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Thus, the analysis may be further limited to the half plane defined by:
Ky 20 5 -2Ky< Ky<. 2K

The analysis for the second half plane is obtained by substituting
-Kx for Kx and -Ky for Ky into the equations derived below and then
multiplying by -1.0.

As stated previously, the loci of poles are determined by the
condition Z(Ky,K,) = nv (n integer). The maximum number of such pole
loci is obviously proportional to the maximum range of Z(Ky,Ky).
Knowledge of this range, in terms of ay and by, affords control over the
number of pole loci. This facilitates a computer analysis of the
effects of these parameters on the restored image quality.

In order to determine this maximum range, we must first generate
an equation in terms of a, and bp and determine the maximum and minimum
values assumed by Z(Kx,Ky . We will find that this analysis is divided
into two cases depending on the relative magnitudes of ap and bp.

Using the first and second derivatives of Z with respect to Ky to
determine maxima or minima with respect to Ky, we find that:

~

R

(42a) =0 = Ky = 2Kp

QL

Ky

and

2
(426) 2Z_=9

Substituting Eq. (42a) into Eq. (40b) we find that Z(Kx,Ky) = 0 for all
Ky. Since Eq. (42b), the second derivative test for maxima or minima
f%ils, we deduce that there are no maxima or minima along the line

Kx = 2Ky.

From the first and second derivatives of Z with respect to Ky, we
find, with respect to Ky, that:

yA a

(432) 2—=0 = K, = -Bfi (KpKy)
X

and

322 4a
(43b) 5= - -2

K, b
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Here, the second derivative test indicates that maxima do exist, for
ap/bp > 0 (or minima for ap/by < 0), along the line Ky=(4ap/bp) (Ky=Ky).
Tﬁis equation is craphed in F g. 4.

—JAw Kx

2Km
9p
LINE OF MAXIMA FOR — >0
N\ by

Cp
LINE OF MINIMA FOR E< 0

Fig. 4. Maxima and minima of Z(Kx,Ky).

Evaluating Eq. (40b) along the line Ky = (4ap/bp)(Km-Kx), we have:

4ap .,
(44) Z(K,,Ky = 'B;'(Km‘Kx)) = (n/sz)(Zapr2 - 8apKpKy + 8ame‘) 1
which is graphed in Fig. 5. Fig. 5 indicates that the maxima, with

respect to Ky exist at Ky, = 0 and Ky = (2ap/bp)2Ky (also, see Fig. 4).

Now, looking at the Z versus Ky variation with Kx = 0, we find
from Eq. (40b) that:




20,

]

]

I

e
Km

2Km

Fig. 5. Z evaluated along line of maxima or minima vs. Kx'

(45)  Z(0,Ky) = (n/Ky?) 2bpKpky ’ :

which has a maximum at K, = 2Ky as seen in Fig. 6. Thus, when b, > 2ap,
the maximum value of Z otcurs at (0,2Kp). Since Z has been shown to
be an odd function of K,, the minimum must occur at the point (0,-2Kp)

as shown in Fig. 6. Thﬁs, the maximum range of Z, the quantity we are
interested in, for bp > 2ap is:

(46) Ipax - Zmin = 4bpﬂ - (-4bpw) = 8bpw

The parameter by, in Eq. (46) determines the maximum number of pole loci
contributed to Ehe restored image spectrum.

When b, < 2a,, a different situation exists. The results obtained
from Eq. (4§a) anB Fig. 4 indicate that the maximum value of Z with
respect to Ky occurs at the intersection of the lines Ky = 2Kp and
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SLOPE = ----K.m m

Fig. 6. Zpax ard Zpip, as a function of Ky.

K, = (4ap/bp)(Kn-Ky) or,
(Km-Kx),patpthgmpo¥nt:

b
(47a) Ky = Kp(1 - §E§°

(47b) K, = 2K,

by substituting Ky = 2Kp into Ky = (4ap/bp)

This result, which is valid for -2ap5 ‘bpg 2ap, is shown in Fig. 7.

Consider a (K

,Z) plane cutting through Fig. 7 along the 1ine

Ky = Kyg- By subs%ituting Ky = Kxg into Eq. (40b) and regrouping terms,

we obtain:

which is ¢raphed in Fig.

8.
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for -2ap < bp < 2ap.
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2

Fig. 8. Zpayx and Zyip as a function of Ky .

In Fig. 8 it is seen that the maximum value of Z, with respect to
Ky, occurs along the line K, = 2Ky. In Fig. 7, it was demonstrated
t%at, for -2a5< byp< 2ap, the maximum value of Z with respect to Ky
occurs along the 1ine Kx = Km(1 - (bp/2a,)). Evaluating Zp,, (from
Fig. 8) at the point (Ky = Kn(1-(bp/3ap)],Ky = 2K ), we Find:

b 2
P

Since the Z axis intercept in Fig. 8 will always be greater than
or equal to zero for 0 <Ky < 2Ky, the minimum value of Z will always
occur (see Fig. 6) at the point Ky = 0, Ky = -2Kp), thus:
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(50)  Znin = -4b s

Using Eqs. (49) and (50), the maximum range for Z, when -2ap< bp\: 2ap,
is calculated to be:

EPZ
(51) Zmax - Zmin = (zap + 6bp + za;) m

In this case the magnitudes of both the parameters ap and by contribute
to the total number of pole loci present in the RIS. Dividing the

maximum ranges for Z found in Eqs. (46) and (51) by =, and then sub-
stituting

ap = al + Aal
= i

we find that the maximum number of pole loci Mo (Mp integer) is:

(52a) for 2(al + Aal) < bl tab,

(520) My = 8b, + tb,|

and for

(53a) -2(a1 + Aal)g bl + ab, < 2(al + Aal)

(b, + ab )2
(53b) My = lZ(a1 +8a)) + 6(b, + b))+ o | Yt | A
2(61 + Aal) !

The gross characteristics of the pole loci in the RIS are determined in
Eqs.?52b) and (53b) by the parameters a, and b,, which are a measure of
the wavefront distortion at the edge of the input aperture in fractions ‘
of a wavelength; however, the perturbation parameters Aa; and ab;, con- :
tribute in two important ways. First, they may increase or decrease :
the value of My by a sufficient magnitude to actually introduce or :
remove a loci of poles. Second, regardless of whether they do intruduce 1
or remove a loci of poles, the perturbation parameters will always tend 1
to shift the location of the existing loci of the poles in the KyX

plane. This second point is important in terms of the discrete case in
which a small change in aa; or Ab, may result in a discrete frequency
component being evaluated precisely at a pole. The implications of
this event are covered in Chapter IV, section B.




One additional
analysis of the RIS. This point involves the term

point should be covered before completing this

(54) AL = '"/sz[-ZAale,KXI-N)IIKX,Ky+4AaleKx+2AbleKy]

which multiplies the Cot function in Eq. (39). It was stated previously
in Chapter II, section C, that the ranges for Aa; and sb, are much less
than 1.0. Thus, since AZ and (3AZ/3Ky) and (QAZ/ﬂKy) are all propor-
tional to these perturbation parameters, this implies that the function
Z is small and slowly varying in both the Ky and ¥, directions. This
multiplicative term then tends to modulate the (ot ¥unction in such a
way as to reduce the area under the Cot function. In the next chapter
this will be demonstrated to be particularly important near RIS poles.

The most significant results obtained from the RIS analysis are
given in Eqs. (52b) and (53b). These equations are emphasized because
they relate the maximum number of RIS pole loci, which have been hy-
pothesized to have a significant bearing on the restored image quality,
to the parameters used to describe the turbulence degraded input waves
(see Egs. (36a) and (36b)). These relationships will be used in

Chapter IV, section B, where actual image restoration is performed
on three classes of degraded images.

D. The Defocused Image Case

At this point, a particular class of degraded images is selected
for analysis. This class of images is distinguished by the absence of
the coupling between Ky and Ky in Egqs. (36a) and (36b). That is, we
set the parameters b = ab = 0 (or equivalently by = ab, = 0) in all
equations involving the wavefront parameters. A review of these equa-
tions is contained in this section.

Physically, this case (i.e., by = aby = 0) corresponds to the
recording of defocused images in the telescope image plane. This case
is very useful when one is studying the relationship between poles in
the RIS and the quality of the resulting restored image. It is useful
because the associated mathematics are simpler than those for the case
involving the cross term by + ab; but yet loci of poles are present in
the RIS and they do tend to degrade the restored image quality.

In the following discussion, the general equations derived in
Chapters II and III are restated with the cross-coupling terms b and ab
(or equivalently b, and aby) set equal to zero.

The aperture plane E-field distribution taken from Eq. (36a) is
rewritten for this special case in Eq. (55) below.




5 (di/K)? (aKg? + bKy?)
(85)  Ep(Kg.ky) = e

Assuming this phase distribution, the degraded image spectrum (aperture
plane correlation function, C(KX’KY)’ and the MTF, H(Kx,Ky), have the
following forms (the general equations are (24) and (28)).

Sin(di/k)2 (2K [Ky| ) aKy

(56)  C(K.,Ky) = (2K, -[K,|)
&t K (di/k)2(2Kp- Ky | )aky

Sin(di/k)Z(ZKm-lel)cKy
(di/k)Z(ZKm-lel )eKy,

(ZKm'lel)

Sin(d;/k)2 (2K~ K + ra)K
(57) H(Kx’Ky) = &ZKm‘lel) in{di/k)®(2Kn-[Ky[)(a + sa) X
(di/k)%(2Kp-1Ky[) (a + na)K,

Sin(di/k)z(ZKm-IKyl)(c +Ac)Ky

(2Kp- K
(di/k\z(ZKm-lel)(c + Ac)Ky

Y

-

Note that Eqs. (56) and (57) are separable into two factors, one in-
volving only Kx_and the other involving only K,. Thus the behavior
of each factor is graphed in a single figure (¥ig. 9), where K repre-
sents either Ky or Ky and y represénts a or c. The total function is
then obtained by mu]%ip]ying two such diagrams together at each point
in the K,Ky plane.

The restored image spectrum (RIS) for the special case becomes
(from Eq. (32)):

C(KyKy)
(58) R(szKysal sOsclsAalsosAcl) N e F
H(Ky Ky )

[é;A:;) (1-{;:2 (2K - 1K, | )Aale}Cot{(Zn/Km2)(2Km-|Kx| )apr})] .
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2K

Y = Y3+4y

*19. 9. Graph of (2K -|K|) Sinc[(di/k)? (2K -|K|)vK].

Ac,
[(”—c;) (1-{(2n/Km7)(2Km-|Ky| )A°1Ky}c°t{(2"/'<m2) (2Kp-[Ky | )CPKy})J

Note that each factor in Eq. (58) involves only Ky or ﬁg; thus, the

overall inverse transform is the product of two one-di nsional inverse
transforms.

The discrete form of Eq. (58) is obtained by substituting Eqs.(34a)
and (34b) into Eq. (58) to yield:
(59)  R(p &Ky, q &Ky 2y5 0, ¢y, 22, 0, ac))

The number of pole loci for this special case is obtained from
Egs. (52b) and (53b). Obviously bp = 0 satisfies Eq. (53a); thus the
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number of pole loci is
(60a) Mpx = 2(a; + na;) = 2|ap| :

Eq. (60a) indicates that the Kx term in Eq. (58) contributes 2a. loci
of poles in each half plane (i.e., Kx < 0 and Ky > 0), Similar results
are obtained for the Ky term in Eq. (58), where the two Ky half planes

(i.e., Ky < 0 and Ky > 0) each contribute

(60b) Mpy = Z(Cl + ACl) = ZleI

loci of poles. The number of pole loci equals minimum integer value
of Eqs. (60a) and (60b).

The actual loci of poles are demonstrated to be straight Tines by
solving the equation:

(61) Z(KX’Ky) = nn

where Z(Kx,Ky) is the Cot arqument from Eq. (58) and n is an integer.
As an example of this calculation, consider the Ky half plane defined

by 0 < Ky< 2Kp and -2K;, < Ky< 2Kp. Solving Eq.”(61) for these con-
ditions we obtain

2na 4ma
(62a) Z(Kx,Ky) g ] Ky2 + ___E.Kx = nr
P .
Km* m

which reduces to

2ap-n
(62b) Ky = Kn * Kn

2ap
Eq. (62b) is indeed the equation for two straight lines located equal
distances on either side of the line Ky=Ko. The loci in the remaining
Ky half plane and the two K, half planes ?o]low from similar calcula-
tions. An overall view of these pole Toci is presented in Fig. 10. The

Z versus Ky and Z versus K, graphs clearly illustrate that the pole loci
arise when"the Cot argunen¥ Z=nm (n =1 for Fig. 10).

Note that when a, is incremented by a small amount to a new larger
value ap', the Toci of poles shift in the RIS
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At this point, all the significant equations from_Chapter ;I anq
Chapter IIIA, B and C have been rewritten for @he special case in which
there is no cross coupling between K, and K (i.e., b, = tby = 0).

Note that Fig. 10, which illustrates the Tocation and shifting qf po]e
loci, is a very important graph and it is referred to several times in
Chapter IV where actual image restoration of degraded images hav1ng_
zero cross coupling between Kx and Ky (i.e., defocused image case) is
discussed.

E. Restored Image Quality Criterion

This section is devoted to a discussion of the criterion by which
the restored quality is Judged. Among the authors who have addressed
themselves to this problem have been Linfoot [16] and Barry [17]. They
have emphasized that it is desirable for such a criterion to reflect a
quantitative rather than subjective measure of the restored image
quality. For this reason, three parameters, the restored Strehl ratio
(Sr), the restored image integral scale (r) and the restored image
mean squared error (ep ), were selected to describe the restored image
quality. A discussion of each of these parameters and their optimur
values comprises the material discussed in this section.

The Strehl ratio s defined as:
15(0,0)
(63) S & ———
II(O,O)

where 15(0,0) is the point spread function (PSF) of the turbulence
degraded imaging system andg 11(0,0) is the PSF for the ideal turbulence
free system. However, for this study in which we are interested in
restored image quality, we define a restored Strehl ratio as:

) 1¢(0,0)

(64) Sr=
1;(0,0)

where 1p(0,0) is the restored image obtained from the RIS and 11(0,0)
is the 1deally restored image. For the optimum case (with a point
source input) the ideally restored image has the value 1;(0,0) = 1.0.
Substituting this condition irto Eq. (64), we see that the restored
Strehl ratio (Sr) is merely the restored image value at the coordinate

system origin. Thus, for the ideally restored image (see Eq. (38)),
Sr = 1p(0,0) = 1.0.

The restored Strehl ratio yields both spatia! domain (xy,y;) and
spatial frequency (Kx,Ky) information about the restored image. In
terms of the spatial domain, Sr is the ratio of the central intensity
peaks of the restored image and the ideal image. For the spatial
frequency interpretation, we recall that, in terms of Fourier
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transforms, 1p(0,0) and 1;(0,0) may be written as:

2Km

[
i (65a) IR(O,O) = (1/2n)zfj R dK, de
} x,

and
2Ky
(65b) II(O,O) = (1/2n)2H 1.0 dK, de
2K, 1

Eqs. (65a) and (650) are the average value of their respective spatial
frequency spectrum. This means that the restored Strehl ratio may also
be thought of as the RIS average value since the average value of the
ideally restored image spectrum is 1.0 (all frequency components in the :
] spectrum of the ideally restored image are equal to 1.0). Thus, the i
restored Strehl ratio, which has the optimum value of 1.0, gives us a

measure of how closely the restored image and the RIS approach their f
ideal values. :

The integral scale r, is defined as:

63 63
E ? Ip(p 4x, q ay)
(66) r,=+ |p=1aq=1

r 1p(0,0) 1

where r_ is defined such that the volume of a cylinder with height '
1.(0,0) (restored image value at the origin) and radius r, equals the
vBlune under the restored image intensity function IR(xl,yl). This
definition is illustrated in Fig. 11. The parameter r, gives a measure ,
of the spread of the restored image. The optimum value of r, is -
o = 1/¥/7 which occurs when the integral in Eq. (66) equals Ip(0,0). i

If Eq. (65) is divided by 1//7, a normalized integral scale is
defined as

(67) r=v/ir ,

o]

for which the optimum value of r is r=1.0. It is the normalized in-

tegral scale that will be used in this study to express the spread of
the restored image.
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Fig. 11. Diagram illustrating the definition of r

the integral scale. °

The final restored image quality parameter is the restored image
mean squared error (epg). This parameter is defined as:

(63) e’ L ZO IR(p ax, q ay) - Iy(p ax, q 8y)(?

where Ip and I; are the restored and ideal images, respectively.
The parameter epg gives a measure of the mean squared error

between the actual restored image and the ideally restored image.
Obviously the optimum value for epg is zero.
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Next in the discussion of the restoration parameters is the appli-
cation of the computer processing techniques to the ideally restored
images defined by aa; = ac, = 0 and finite a; and c, (see Chapter III-B).
The resulting restoration parameters calculated using Eqs. (64), (67)
and (68) are defined as bench marks against which the parameters calcu-
lated for images having finite valued Ad) and Ac; may be compared.

After numerous computer runs using various values of a; and c,

(ra, = Acy, = 0),it was verified that the bench-mark values are inde-
pendent of the values selected for a; and .

Table 1 lists both the theoretical and the actual computer
calculated values for each parameter.

TABLE 1

Calcutated Value
Parameter Theoretical Value (aa; = ac, = 0)

Sr 1.000 1.000
r 1.000 1.000 _
€ 0.000 8.553 x 10710

The discrepancies between the theoretical and calculated
values of €ms represent inherent computer processing errors; however,
these errors are sufficiently small to be insignificant. Thus, the
calculated values are accepted as the bench-mark parameters,

The rang 5 for Sr, r, and €ms Which define a successfully restored
image must be specified. A successfully restored image will be defined
in this study as an image with the following properties:

(69a) 0.5< Sr <2.0
(69b) 0.5¢ r <2.0

(69c¢) <0.1

TS

The range for Sr allows a +3 db deviation in the restored image central
peak intensity. The spread of the restored image, as expressed by r,
may vary by a ratio of 2:1 while the mean squared error must be less
than 10%. These values for the quality parameters were selected on the
basis of preliminary computer processed images. Obviously either more
stringent or more relaxed requirements could have been imposed; how-

ever, this particular choice serves as a reasonable starting point for
defining a successfully restored image.

PN Ny




This completes the discussion of the restored image quality
criterion. The quality parameters, restored Strehl ratio (Sr), integral
scale (r), and mean squared error (emg ) were defined and the Timits
within which successful image restoration occurs were specified for
these parameters.

F. Summa

This chapter has been primarily devoted to the discussion of
restored image spectrum (RIS) and the restriction of this general
analysis for the defocused case in which there is no cross coupling
between the Ky and K, variables. The most significant result of this
analysis is a'series”of equations (Eqs. (52b), (53b), (60a) and (60b))
relating the number of pole loci in the RIS to the wavefrent parameters

ap, bp and cp.
A discussion of the ideally restored image and the restored image
quality criterion, which determines whether a processed image may be

classed as a successfully restored image, were also discussed in this
chapter.
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CHAPTER 1V
RESULTS

A, Introduction

In this chapter, three classes of turbulence degraded images are
restored using a computer processing technique which involves the
Fourier transform method of image restoration. (This method was dis-
cussed in Chapter I.) Each class of degraded images is defined by the
number and location of the pole loci present in the RIS. The success
or failure of the attempted restorations is then discussed in terms of
the restored image quality criterion (see Chapter III, section E). Graphs
which present the behavior of the restored image quality parameter as a
function of the wavefront perturbation parameters sa; and acy are
included. The allowable ranges for aa; and ac, over which successful
image restoration does occur are defined with reference to these graphs.
These 1imits on Aa; and Ac, are the primary goal of this study and
they will be used to define the ranges of successful image restoration.

ainnt acaaslll & g e o ol e e o

B. Restoration Results

It has been suggested in Chapter III, section C, that the presence
of poles in the restored image spectrum (RIS), as determined by the
parameters ap(=a; + sa;) and cp(=c, + ac;), is intimately related to
the success or failure of the image restoration process. The remainder
of this section is devoted to demonstrating the importance of these
pole loci and their effects on the restored image quality. In this
chapter, a series of computer processed restored images is generated in
order to determine whether the presence of poles does indeed influence
the allowable ranges for the parameters aa; and ac,. Fach restored
image is obtained by calculating the discrete RIS qu. (59)) and then
applying the inverse FFT algorithm to this function.

Because only those cases where a; = c¢; and ra; = rc; are being
considered, all the results derived throughout the remainder of this
chapter for a, and saa; apply identically for ¢, and Ac,.

The series of computer processed images was divided into three
unique cases. For each case, the value of the parameter a., which
describes the gross wavefront distortion at the edge of the input
aperture, was specified so as to introduce the loci of poles at a known
location in the RIS (see Fig. 10). For each selected value of a,, a
restored image was calculated for perturbations say; = n(0.006)) ewhere
n +10,1,2,---41). The special situation in which aa; = 0.0 corres-
ponds to that of the ideally restored image. It occurs only when the
degraded image and the PSF have experienced exactly the same turbulence
effects characterized by the particular choice of a;. The argument Z, }
which is taken from Eq. (58), is graphed for the three cases in which
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ar = 0.25x, 0.5) or 0.752 (equivalently, in terms of the polynomial
coefficients introduced in Eq. (8b) these three cases are given by

a, = E%;2-(0.25)\). E§§;§(O.50A) or E;%ﬁ;{o.?Sx)

while ag = ag = 0) in Fig. 12. This graph, which is similar to those
used in Fig. 10, presents the locations of the pole loci in the RIS.
The x's and o's along the K, axis represent the initial locations
(when ray = 0.0) of RIS pole loci for Cases II and ITT, respectively.

These initial pole locations are defined by the intersections of the
Cot argument with the lines 7 = nu.

Each case has a uni

que characteristic over the processing range
that extends from

(70) (a, - 0.246) < ‘aps (a; + 0.246)

4—CASE II 0= 0.75\

CASE I Q,= 0.50\

_—CASE I a,=0.25X\

2w
-—K:‘ ( 2Km= |&y)a K,

Fig. 12. Location of the points at which Cot argument
Z'—'n'n'.
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7 is Timited at the value Aa, = 0.11x whe
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Case I is unique in that there are no pole loci introduced into the
RIS over the processing range of a,. Case II is unique in that when

ay > a, (a, = 0.501), a pair of polg loci is introduced at the point
[RXI = Km which then migrates away from this point as a increases.
However, when dp < a;, this pair of pole loci is not present. Case III
is unique in that a pair of pole loci is present for the entire pro-
cessing range of ap. This pair of pole loci migrates toward the point
Kx| = K for dp<a, and away from this point for ap > a;.

Figs. 13a, 13b, 13c, 14a, 14b, l4c, and 15a, 15b, 15¢ are graphs
of the restored image quality factors: restored Strehl ratio (Sr),
integral scale (r), and mean squared error (epg) calculated from
Cases I, II and III, respectively. Each quality factor is graphed as a
function of Aa,, the perturbation parameter. Note that on each graph,

when aa, = 0.0 (ap =a;), Sr=1.0, r=1.0 and epe is @ minimum. These
are the expected resul%s for the ideally restored 1mage and occur on
all graphs independent of the choice for a.

Examining Figs. 13a, 13b, and 13c, we see that for Case 1 (a, =
0.251) the range of Aa, over which successfuyl image restoration occurs

re the quality factor Sp exceeds
the allowable upper bound of Sr = 2.0, Although Sr is the Timiting

parameter in this case, note that the two remaining quality parameters
rand epe are monotonically approaching their respective bounds at the
point 4a, = 0.11x. This behavior of r and ¢ reinforces the assumption
that, in the remaining portion of the region Aa, > 0.113, a successfully

restored image cannot be obtained. Thus, the Timits on sa, for Case I
are:

(71)  -0.246) <aa, ¢ 0.113

where -0.246x is the lower processing limit for ra) (see Eq. (70)).

Examination of Figs. 14a, 14b and 14c reveals that for Case II
(ay = 0.501), when Aa) > 0, all three vestoration parameters Sr, r, and
€ms vary erratically. Hidden within these fluctuations we find regions
in which the restoration parameters do indeed lie within the bounds that
define a successfully restored image. However, there are adjacent
regions in which the quality factors greatly exceed the allowable
bounds, indicating that image restoration fails for these values of Aay.

Fig. 12 correlated with Figs. 14a, 14b and 14c indicates that this
erratic behavior corresponds exactly with the introduction into the RIS
of the first pair of pole loci. (This fact supports the hypothesis that
the presence of poles in the RIS is directly related to restored image
quality.) Furthermore, when 4a, < 0, Fig. 12 indicates that poles do not
exist in the RIS. This explains the smoothly varying behavior of the
parameters in Figs. 14a, 14b and 14c. Note that again for A3, < 0 it is
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the parameter Sr (see Fig. 14a) that establishes the restoration limit
which occurs at ra; = -0.0361.

Thus for Case II, the limits on sa; are a series of isolated small
scale regions rather than large scale bounds present in Case I.

Now consider Figs. 15a, 15b and 15c. These graphs indicate that
over the entire range of Aa, in Case III (a1 = 0.751), there are only
small scale regions in which the restoration parameters remain within
the bounds defining a successfully restored image. Again, these
regions are defined by the points where the parameter Sr exceeds its
Tower and upper bounds. However, the primary difference between the
small scale regions in Cases II and III is their width, which is notice-
ably narrower in Case II (when aa; > 0). Another basic difference
between the two cases is the initial location of the poles within the
RIS as seen in Fig. 12. 1In Case III, the poles are initially (i.e.,
when Aa, = 0.0) further removed from the point

Kx x Km.

The important consequence of the Case II and Case III studies is
that the presence of RIS pole loci imposes 1imits on Aa,, which in turmn
define a region of successful image restoration. These limits are a
series of isolated small scale regions along the ra; axis in Figs. 13a
and l4a.

Next, an expression is derived that relates the presence of RIS
pole loci to the magnitude of Sr. The restored Strehl ratio (Sr) is
easily calculated if we remember that Sr is the spatial domain analog of
the D.C. value in the frequency domain (see ChapterIII, section E). That

is, Sr is the average of the frequency components as defined in Eq.(72a).

63 63
(72a)  Sr= § ] R(p aKysq 8Ky, a1, 0, cp, 43y, 0, Ac)
p=0 ¢=0

Substituting the discrete RIS (obtained by substituting Eqs. (34a) and
(34b) into Eq. (58) with a, = ¢, and Aa; = Ac,) into Eq. (72a) we obtain

il Aa,
(72b)  Sr = 4[ ) G + —E_) (1 -'¥2n/Km2)(2Km-|p AKX|)Aa1p AKX}
p=0 p

2
Cot (2n/Ky?) (2Kp-1p 8Ky |)ay p AKXJ

The terms under the summation sign in Eq. (72b) are graphed for Cases
I, IT and IIT in Figs. 16a, 16b and 1l6c, respectively. These graphs,
which are the envelopes obtained by connecting the discrete frequency
components, clearly indicate the presence of poles suggested in Fig. 12,
Furthermore, the graphs suggest an important question. How is the value
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Fig. 16. (a) Case I a; = 0.25..
(b) Case IT a, = 0.50).
(c) Case III a, = 0.75).
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of Sr, which is calculated using Eq. (72b), affected by whether or not
a pole exists exactly at a discrete frequency component? In order to
answer this question, a relationship is derived to relate the magni tude
of Sr to the possibility that a discrete RIS frequency component was
evaluated at a pole.

The Cot argument Z(Kx,Ky) taken from Eq. (72b) is graphed in
Fig. 17a for Case II (a; = 0.502). A more detailed graph of this
argument in the neighborhood of the point Kx = K, is presented in
Fig. 17b. (Fig. 17b is exaggerated for c]arity.?

Examining Fig. 17b, we see that when pa; = 0.0, the Cot argument
Z equals the value = at a point half way betwean the discrete frequency
components 15 AK, and 16 AKy. Thus, since the ordinate of the discrete
argument never actually equals the value =, the discrete RIS will not
contain any true poles. Hence the parameter Sr, which is calculated
from Eq. (72b), will be finite. However, referring to Fig. 17b, for
the curve defined by Aay = Aay', the Cot argument Z does equal the
value m at 15 aKy and 16 aKy (Km * %K) and hence RIS poles do exist.
For this situation, the summation over all frequency components will
obviously exceed the 1imits imposed on Sr. When the value of ap &gain
increases to the value a, + aa;'' and then again to a, + aa;""", the
Cot argument behavior is analogous to that of Aay = 0 and ra, = Aal',
respectively. That is, poles do not exist in the RIS for sa, = sa;"’
but they do exist for aa, = aa,'''. Thus, based on this anaiysis and
the behavior of Sr exhibited in Figs. 13a, 14a and 15a, it seems
natural to assume that small scale regions, in which scccess ful image
restoration occurs, will exist for values of Aay in ranges similar to
Ara,' < ra <ha;''" (see Fig. 17b). That is, successful restoration
wiil exis% in regions which are bounded at each end by Sr greatly ex-
ceeding its established limits. This assumption is verified in Fig. 18
which is a more detailed graph of Sr for Case II (a, = 0.502) where
Aa; > 0. In this graph many small scale regions aré apparent and each
one is bounded by Sr greatly exceeding the limits Sr = 2.0 or Sr = 0.50.

The data for Fig. 18 was obtained by using the same computer pro-
cessing techniques employed in Cases I, II and III but with finer
resolution in the parameter sa, (i.e., aa, = n0.001 , n = 0,1,-- - ).

Next, we show that indeed the small scale regions are bounded by
those values of Aa; which result in the Cot argument 7 equalling the
value 7 at one or more discrete frequencies causing Sr tn exceed the
limits defining a successfully restored image. In order to prove this
fact, an equation is derived that specifies the magnitude of Ad,
required to skift a given ordinate value (v in this case) of the Cot
argunent)p 8Ky (p = m/2 m integer) units along the K, axis (see
Fig. 17b).

For the first step of this derivation we must recall that the
continuous Cot argument (from Eq. (58)) is:
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(73) 2= (20/K,2) ay(-Ke? + 2K Ky)

Rewriting Eq. (73) in terms of the discrete frequency components
Ky = n AKy and Kn = 19% AKy (where n is an integer) we obtain:

(74) Z= (21/240.25) ap(-n2 + 31n)

Ea. (74) is next expanded about the point Ky = Kp by letting [paKy!
(p=m/2, m= integer) measure distances along the abscissa with the
point K, = Kp considered as the oriagin. Thus the Cot argument re-
written as a function of the variable p is:

(75) Z - (21/240.25) ap(240.25 - p?).

Finally, substituting ap = a, + aa; and solving for 43y, the desired
rquation is obtained:

(76)  na, = (2/2n)(—3-4-u5——) - a
240.25 - p2

Eq. (76) specifies the magnitude of Aa; required to shift the Cot
argument Z, p = m/2 (m integer) units along the Ky axis.

Applying Eq. (76) to Case II, in which a; = 0.50x and Z = - when
aa, = 0.0 (see Fig. 12), we have:

2 \
(77) A, = 0.50(____E______7
240.25 - p2

Table 2 lists the values of Aa;, calculated from Eq. (77), for p = m/2
(m=1,2,-.-17). The values p = m/2 (m odd) correspond to those cases
in which the Cot argument exactly equals the value = at one or more
discrete frequency (see, for example, the Aa; = aa;' curve in Fig. 17b)
and poor image restoration is obtained. The values p=m2 (meven)
correspond to those cases in which the value m occurs exactly half way
between two adjacent discrete frequencies (see, for example, tne

Aa; = aa;"' curve in Fig. 17b) and good image restoration is obtained.

Next, a series of computer processed images was generated using

the same processing technique described earlier for Cases I, II and III;

however, the values for ra; were taken from Table 2. The values of Sr
calculated for each restored image are graphed in Fig. 19a and 19b.
Fig. 19a is a superposition of the data obtained from Table 2 over the
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TABLE 2
a, = 0.501
p=15 " = 0.0095)
= ] 0.0021x
= 1k 0.0047)
=2 0.0084)
= 2% 0.0133x
=3 0.0194»
= 34 0.0268x
=4 0.0356x
= 41 0.0460»
=5 0.0580x ,
= 5% 0.0720x 1 é
=6 0.0881x :
= 6% 0.1067x
=7 0.12811
= I 0.1528\
=8 0.1815» .
= 84 0.2150x

Case II results while Fig. 19b is a superposition of this data over the

fine resolution Case II data (i.e., Aa; = n0.001 data). Note that when d
p=m2 (modd) the occurrence of the Cot 7 situation does indeed cause

Sr to grossly exceed its upper bound. When p = m/2 (m even), the values

of Sr are finite; in fact, in all but one case, shown in Fig. 19a,

these values 1ie within the acceptable bounds for Sr defining a success-

fully restored image.

Finally, we derive an equation that expresses how rapidly the poles
(i.e., points corresponding to p = m/2 where m is odd in the above
analysis) migrate through the RIS as a function of rdy. This point is
expressed by taking the derivative of the Cot argument Z with respect
to ra,. The result of this calculation is:

-

(78) %11-: (2n/K?) (2K = [Ky|IK,

which is graphed in Fig. 20 as a function of Ky. Fig. 20 demonstrates
that for a given perturbation Aay, the poles migrate from one discrete
frequency component to the next adjacent component most rapidly (i.e.,

for the smallest change in Aa;) when they occur near the point K, = K-
This fact corresponds exactly with the behavior seen in Case II

(a; = 0.501) where rapid fluctuations occur in Sr as Aa; increase in

magnitude (see Figs. 14a and 18). Fig. 20 also explains the behavior
observed in Case III where Sr does not vary as rapidly as a function

Aa;. For Case III (Fig. 14a) when Aa; is positive, the poles migrate
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farther away from the point Ky = Ky and the small scale regions have

larger separations; however, when Aa, is negative, the opposite effect
is observed.

We can now generalize from these results. At best we can expect |
only small scale regions in which the imaging processing technique will 1
produce a successfully restored image. In fact, from the data presented ‘
in Figs. 13a, 14a and 15a we can calculate the percentage of the aa,

range over which successful restoration results occur. For the three
cases, these percentages are:

CASE I 85.5%
CASE II 14.0%
CASE 111 71.0%

The presence of these small scale regions will obviously create great
difficulties in the analysis of the restored images.

The fact that a particular image was not successfully restored
could be the result of one of two factors. First, the object and point
source could actually have been located in different isoplanatic patches.
By definition of an isoplanatic patch (see Chapter 1) we would expect
poor quality restoration in this case. Second, the atmospheric effects
which degraded the image might have created a situation in which the
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Cot argument in the RIS assumed the value  at one or more discrete
frequency components. As we have seen, this event will grossly perturb
the RIS so that when it is inverse Fourier transformed, the restored
image does not meet the restoration criterion established in Chapter
11T, section E.

C. Summary

This chapter has been devoted to the analysis of three cases of
restored images. The three cases were defined by the values assumed
for the wavefront parameter a,(c; = a;). Each case was analyzed for
a series of perturbations Aa %Ac1 =Aa1) in the initial value for a,.
The restored image quality parameters, restored Strehl ratio (Sr),
integral scale (r), and mean squared error (emg) were calculated for
each restored image, and then graphed as a function of Aay. From these
graphs, the regions of successful image restoration are defined between
the points at which Sr exceeds its upper and lower bounds. The exceed-
ingly large values for Sr were then related to whether or not a pole
was evaluated exactly at a discrete RIS frequency component.

Finally, it was demonstrated that the number of small scale regions
for a given restoration range (i.e., range of ap) is dependent on the
initial location of the poles. For poles initially located near the
point Ky = Ky, the poles migrate rapidly from one discrete RIS frequency
component to the next adjacent frequency component. Thus, the regions
of successful image restoration as a function of Aa; are very narrow
(as small as 0.0005x). For poles initially located at a distance from
the point Ky = Ky, larger variations in Aa; are required to shift a
pole from one discrete frequency to the next adjacent component. Thus,
the regions of successful image restoration encompass a larger range
of Aaj.

The important point established in this chapter is that image
restoration is a much more complex process than dividing a degraded
image spectrum by a MTF and then inverse Fourier transfoming to obtain
the restored image. It has been shown that the poles introduced by
this division operation limit image restoration to a series of small
regions defining perturbations in the reference point wavefront that
are not present in the point image wavefront.
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CHAPTER V
REVIEW AND CONCLUSIONS

A. Review and Conclusions

This study has been devoted to the task of defining the 1imits for
which the Fourier transform method of image restoration may be used
to successfully restore turbulence degraded images obtained from a
ground-based telescope.

In order to define the limits over which successful image restora-
tion could occur, a turbulence degraded imaging system was modeled, with
the assumption that the degrading effects could be expressed by expand-
ing the E-field phase distribution across the telescope input aperture,
in terms of a general second order quadratic equation. This expansion
was used to define the degraded E field for a point object and the
degraded E field from a reference point, which wac assumed to be
lTocated in the transmitter plane with the point object. In order to
model various reference point - object point separation, the reference
point E-field phase distribution included a perturbation term in the
quadratic phase coefficients.

The actual restored image analysis discussed in this study was
based on a simplification of the general quadratic phase distribution
discussed above. The specific case analyzed included only the spherical
wavefront distortion in the E-field phase distributions. With the input
aperture considered as a spatial frequency plane (see Chapter II-B), the
object point and reference point E- field phase distributions for the
spherical wavefront distortion case are, respectively:

JA5/K02 (ark? + cky)

e

(79a) Ea(KX,KyI

J(d_l/k)z {(al + Aal)sz + (Cl + AC])Kyz}

(79b) Ea(KX,K )

e
Y

The parameters a; and c, represent gross wavefront distortions while

the parameters Aa; and Ac; define the phase perturbations resulting

from the object point and reference point waves propagating through

di fferent turbulence conditions. (See Chapter II, section B and section
C for details.)

Egs. (79a) and (79b) were used as inputs for calculating the
degraded image spectrum and the modulation transfer function (MTF),
respectively. Then, using linear system theory, the restored image was
obtained by calculating the inverse Fourier transform (The Fast Fourier
Transform (FFT) was used for computer processing (see Appendix C) of the
degraded image spectrum divided by the MTF or system transfer function.)
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The restored image spectrum (RIS) obtained by dividing the de-
graded image spectrum by the MTF was subjected to a complete analysis.
It was shown that the presence of poles (points at which the mathe-
matical function takes on an infinitely large value) in the RIS
definitely affected the restored image quality. [quations were
derived that related the number and position, within the RIS, of these
poles to the parameters a, + aa; and ¢; + Ac,.

The restored image quality was defined in terms of three resto-
4 ration parameters: the restored Strehl ratio (Sr) which measures the
1 peak image intensity, the integral scale (r) which measures image
width, and the mean squared error (ems) which are discussed in detail
in Chapter III, section E. Limits were placed on these parameters
which defined a successfully restored image.

A series of degraded images, generated using the model discussed
above, was restored using a digital computer to implement the inverse
Fourier transform restoration method. The degraded images wera divided }
into three classes defined by the value assumed for the parameter
a;(= ¢;). For each such class, a series of restorations were performed -3
for perturbations Aa, = n(0.0061) (n = +0,1,2,--:41),

The results of the analysis of these restored images, in terms
of the restoration parameters, indicated that the presence of noles in
the RIS did indeed cause the restored image to fail to meet *ne re-
stored image quality criterion. It was determined that the quality
parameter Sr was the most sensitive indicator of restored image quality,
and hence this parameter was used to define the ranges of successful
image restoration.

The conclusion drawn from this study was that a discrete IS
frequency component evaluated precisely at a pole was the major factor
that caused Sr to greatly exceed its bounds indicating that the restored
image failed to meet the quality criterion. As these poles migrated
from one discrete spatial frequency component to the next adjacent
discrete component, a region of successful image restoration was
bounded. These small scale regions were found to be narrower in width
(the width expressed in terms of Aa.) when the p2les originated near
the spatial frequency spectrum midpoint Ky = K. Poles initially
located some distance from this point K, = K were found to generate
much wider small scale regions of successful image restoration.

For the three cases studied, it was shown that the sum of these
small scale regions ranged from 14% to 85.5% of the processing range
that was considered. Obviously, the 14.0% case indicates a very severe
limit imposed on the Fourier transform image restoration method.
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The results obtained from this study support the following six
conclusions:

1. The major problem in the restoration of images is the
presence of poies in the restored image spectrum (RIS).

2. The restored Strehl ratio (Sr) is the most sensitive
of the three restoration parameters (integral scale, r,
and mean squared error, epg, are the other two restora-
tion parameters) used to measure restored image quality.

3. The ability to successfully restore a degraded image
does not monotonically decrease with increasing wave-
front distortion but, rather, is oscillatory in nature.

4. Given a gross wavefront distortion, there may be many
small ranges of wavefront perturbations in which
successful image restoration occurs.

5. To assure restoration in the a; = 0.50) worst case

considered here, Aa, must be less than or equal to
0.0005x.

6. A nrobabilistic measure of successful image restora-
tion as a function of gross wavetront distortion
appears to be a useful discriptor.

B. Suggestions for Further Study

In this section, we propose suggestions for the possible extension
of the work described in this study.

The next step beyond the work covered here might be that of em-
ploying a smoothing function such as a two-dimensional Gaussian or
tiriangular function to smooth out the effects of poles present in the
restored image spectrum (RIS) and hence improve the restored image
quality. Further, this work suggests the need for investigating the
validity of the discrete representation for the quotient of two
functions as in calculating the RIS. The basic question to be
answered is: do poles in the RIS result in effects such as a
spatial domain analog to aliasing?

The other important extension would be that of including the cross
term parameters b, and ab; in the model for the degraded E-field wave-
front. We would then be interested in the location of the new RIS pole
Toci and the effects of these poles on the size of the regions in which
successful image restoration is obtained.




APPENDIX A
THE APERTURE PLANE CORRELATION FUNCTION

In this appendix we evaluate the convolution of our modeled E-

field aperture distribution (Eq. (14)) with itself to find the aperture
plane correlation function C(KX,Ky).

It was shown in Eq. (20) of Chapter II that the image plane inten-

sity function and convolution of the field distribution over the

telescope input aperture are Fourier transform mates. That is, from
Eq. (20):

(20)  1(x,,y,) = (1/2w)2ﬂwa<x - kyoKy = ky) WH(-ky, k)

| EalKy = kxsKy = k) Ea*(~kyaoky) dky dk,,
:

In Eq. (20), Ky, Ky, ky and k, all are spatial frequencies in radian/mm
and w(KX,Ky) is the aperture ¥unction defined by Eq. (19) as:

1 -K.< K.< K
m> °x* 'm
(19) w(KX’Ky) = -ng Kyg_ Km
0 otherwise

By letting ky = -k, and ky = -ky and multiplying Eq. (20) by (27)2,
we have shown in Eq. (21) that®

(21) I-i(xzayz) = (2")21()(2’)'2) = C(KX,Ky) =

[=2]

ﬂ' WKtk Ktk ) W (ko ) Ea(Kytky Kty ) Eq*(kysk,) diy dk,

-~ @

whe re C(KX,Ky) is the aperture plane correlation function.

We now are interested in evaluating Eq. (21) for the case where
t the input field distribution is given by Eq. (14) as:

j (dj/k)2(aK, 2+ bK K, + cK 2)
(1) Ealkeoky) = | XY T Ty

Substituting Eq. (14) into Eq. (21), we obtain Eq. (23) which is
the actual integral that we must evaluate.
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T

j(d;/k)2(aK,2 + bK. K, + cK,2)

(23) C(Kx,Ky) i} eJ i X Xty Y
r i (dj/k)?2
HN(Kx+kx,Ky+ky) W*(ky,ky) e

- Q0

(2aK, + bK, )k, + (2cK, + be)ky]
[ y y dky dk,,
Since the aperture function restricts the input field at *Kns
we can determine the limits of integration by considering the correla-
tion of the two aperture functions. Fig. Al, below, shows the two

aperture functions involved in the Kx correlation.

L A
'/W(k,,ky)
F
L ] 3 K x
i =Ky Ky Ky K+ Ky =K Km
Fig. Al.

The complex conjugate notation ( * ) may be dropped from w*(kx,k ) since

the aperture function is a real function. Using Fig. Al to defifle the
limits of integration, we find that when Ky 2 0, the Timits on kx are

and when K, <0, the limits on it are

(Alb) -Kx‘KmS kxs Km
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Since the input aperture is square, the same results apply for the

Ky correlation. That is, the ky integration limits are defined
(A2a) for Ky >0 , as Ky < Ky < Ky + K, and
(A2b) for Ky <0 , as -Ky=Kp < ky <K,

Thus, Eq. (23) can be rewritten as the product of a ky and a k
integration. Fach integration is then divided into two parts defined
by Eqs. (A1) and (A2). Note that the aperture function can be dropped
since its effect is now reflected in the 1imits of integration. Thus,
we have:

3(dj/k)2(aK, 2 + bK K, + cK 2)
(A3)  ClKyky) =& el

_KX+Km . Km w
J’ Kd;/k) 2(2aK,+bKy )k, f Kd;/k)2 (2K 40K, Yy |
e dkx + e
- m 'Kx'Km dkx
/
-Ky‘H(m \
3 (di/k)2(2cky#bK, )k, Ad;/k)2(2cK tbKy )k,
e dk, + e dk >
- YKk Y
m Y °m

Remember that the first term inside each bracket is defined for
Ky or Ky > 0, and the second term is defined for K, or Ky< 0.

Since the two bracketed terms in Eq. (A3) have exactly the same
mathematical form, only the first one will be calculated here. The
second will follow exactly the same steps.

For the first term, when Ky > 0, we have:

K
-K +K i(d:/k)2(2aK_+bK )
(A4) (" j(d;/k)2(2aK_+bK_ )k e ! Ty
e | XY Tx dk =
X .
“Kn 3(di/k)?(2aK+bKy )

-Km

ej(di/k)Z(ZaKx+be)(-Kx+Km) ej(di/k)z(ZaKx+be)Km

j(di/k)z(ZaKx+be)
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J (d3/k)25(2aK,+bKy K,
(5

ej (di/k)z(ZaKx+be)(Km-ng)
%(d;/k)?(2aK,+bKy )2

-(d;/K)2(2aK #bK, ) (K - 35K, )
-e

This last equality in Eq. (

A4) can be written in terms of the Sin
function as:

S 14/k)2(2aK, +bK, )k
. aK +
(A6) ‘?( e’ Y xdkx=

~Km

e—,jdi/k)zg(ZaKx+be)Kx Sin(d;/k)2(2aKy+bKy ) (Ko -1y )

%(di/k)z(ZaKx+be)

For the second Ky term in Eq. (A3) we have for Ky < 0:

A2aK,+bKy )k, Kp

Kn
(2ak, +bK., )k
(A7) f eJ(ax+ y)xdk 2

j(2aKx+be)
'Kx'Km 'Kx‘Km

ej(d,-/k)2(2aKx+be)Km e—j(di/k)z(ZaKx+be)(Km+Kx)

3(di/k)2(2aK,bK))

- 3ldizk) P 2ak ek, )k,

)

éj(di/k)Z(ZaKx+be)(Km+%Kx)
%(di/k)z(ZaKx+be)2j

-e

- 3(dj/k)? (2aK, +bky ) ( Km+%'<x)J




T e v

Again, this last equality in Eq. (A7) can be written in terms of a
Sin function as:

-K_+K

X m.
3(d§/K)2(2aK_+bK )k
(A8) J e XY gk =

-Km

R (d;/k)25(2aK +bK K [Sin (di/K)? (2aK +bK, ) (Km+‘/2}(x);}
'(dj/k) 2(2aKy#bK, )

Thus for the Kx correlation we have from Eqs. (A6) and (A8) that:

Ky +Ko K
j(di/k)z(ZaKx+be)kX j(di/k)2(2akx+be)kX
(A9) e dky + l e dk
-Kn “KxKnm

ej(di/k)Z%(ZaKX+be)Kx [Sin(di/k)2(2aKx+be)%(2Km—KX):|
'5(di/k)2 (2aKk, 4K )

, Sin(d;/k)? (2aKy+bKy )i (2K K, )
'5(di/k)2(2aKy+bK,)

We next multiply the first Sin term (defined for Ky 20) by (2Km-KX)/
(2Km-Kx) and the second Sin term (defined for Ky < 0) by (2Km+KX)/
(2K +K,) which casts these terms in the form of the familiar Sin X/ x
or Sinc function. Thus the right-hand side of Eq. (A9) becomes:




- Sin(d;/k)2 (2aKy+bK, )%5(2Kp-Ky)
=e

J(ds;/k)25(2aK +.K, )K
v Y x'{(ZKm-KX)

(d3/k)2 (2aK,+bKy ) 35( 2Ky K, )

Sin(di/k)2(2aKx+be)%(2Km+Kx)
(d5/k)2(2aK, +bKy )55 (2K, 4K, )

+ (2Kp#K,)

Eq. (A10) may be writion in a more compact form by employing lel ard
remembering that the first term in Eq. (A10) is defined for Ky 20
and the second term is defined for Kx 0.

j(d.-/k)2>2(2aKx+be)Kx

(Al1) =e (2Kp=1Kx|)

Sin (d;/k)2(2aKg+bKy ) (2K - | Ky |)
(dj/k)?(2aKy+bKy )% (2Km- Ky |)

We next obtain the solution to the <econd bracketed term in Eq. (A3) by
substituting:

K, for K
K; for K{
¢ for a

into Eq. (All) to obtain:

3(d;/k)242c K +bKy)K

y

y Sin(d;/KP (2K +bKy)%(2Kp- [Ky |)

(di/K)2(2cKy#bKy )i (2Kpy= [ Ky | )

(A12) =e

Substituting Eq. (Al11) and (A12) into Eq. (A3), we see that the
multiplicative phase term is ciancelled leaving us with:

Sin(d;/k)2(2aK,+bK, )5 (2K -|K, |)
(A13) C(Kx,Ky) = (ZKm_IKXI) 1 X"ty m~ Ry

(di/K) 2 (2aKy +bK )5 2K - K |)

Sin(dilk)2(2cKy+be)%(2Km-|Kyl) |

(2K -k 1)
" (/0 (2eKy oK, (26K )
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Eq. (A13) which is defined for:

(A14)

is the desired result and is used in Eq. (24) of Chapter 1I.




APPENDIX B
CALCULATION OF THE RESTORED IMAGE SPECTRUM

In this appendix, we calculate the restored image spectrum (RIS)
IR(Kx,Ky) given in Chapter II, Eq. (29), from the degraded image

spectrum C Kx,Ky) (aperture plane correlation function) and the system
modulation transfer function (MTF) H(KX,Ky).

C(KyaKy)

H(KysKy )

The formulas for C(Kx,Ky) and H(Kx,Ky) are given in Chapter II,
Egs. (24) and (28), respectively. The fo lowing derivation of the RIS
will involve only the Sinc terms multiplied by (2Kp=| K ;) in Egs. (24)
and (28). The second Sinc term multiplied by (2K -le is obtained
directly from the following derivation by making ?he Substitutions:

(29)  Ig(kyeky) =

(Bla) Ky for K
and
(B1b) c, for a,
and

(Ble)  ac, for aaq

Substituting these Sinc terms into Eq. (29), we have as one term
in the RIS:

82)  sin{(di/k)2 (2akysbK, Ps(2K K, | }
(d]/k )z(zaKx"'be);i(ZKm- l Kx l )

Sin{ /K12 [2(araa)k, (b+ab K Jis(2ky [k, |}
(d1-/k)2[2(a+Aa)Kx+(b+Ab)Ky]!i(ZKm-lle)

Next, by substituting a,, aa,, b, and Ahi obtained from Eqs. (15a) and
(15b) and remembering tﬂat (éi/k}Z(Zn/xm ) = 2n/§m2, we express Eq. (B2)

as a ratio of two Sin functions multiplied by a factor involving Ky and

Ky.
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2ha, K, + ab,K
(87) [1 . a; Ky 1 yJ
2,k + b,k

Sin{(2n/Km2)(2a1KX+b1ky)g(2Km-|Kx|)}
Sin ﬁZn/sz)[2(a1+Aa1)KX+(b1+Ab1)K¥]%(ZKm-IKx

)
)’f’
We next add and subtract:

(B4) AY = (20 /Ky ) (20a,Ky + Ab1Ky ) (2Kp- 1Ky )

from the argument of the Sin function in the numerator of Eq. (B3)
which we define as:

(B5) Y= (2n/K;2)(2a,K, + b, Ky Ma(2K- K, )

Thus, Eq. (B3) becomes:

[1 . 28K, + ab,K, ] Sin(Y+aY - aY)

2a,kx + b K, Sin(Y+aY)

Applying the trigonometry identity,
Sin A-B = Sin A Cos B - Cos A Sin B,
to Eq. (B5), we have:

2ba Ky + Able Sin(Y+aY) Cos AY - Cos (Y+aY) Sin(aY)
(B6) 1+

2a1Kx + ble

Sin(Y+aY)
which simplifies to:

(87) /

2nayK, + abK
1+ Cos AY - Sin aY Cot(Y+aY)

241K, + bk,
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Substituting Cgs. (B4) and (B5) into (B7). we have:

~

(B8) 1+
L 2a1Kx + ble

26K, + Able]

Ecs~¥2n/Km2)(2Aale - Able)%(ZKm-]le)} -
Sin{(2r/ky?) (202K, - b Ky V's( 2Ky [ Ky )}
. COt{(ZTT/KmZ)[Z(al+A31)KX + (b1+Ab1)Ky]‘/2(2Km-|KX|)}]

As stated earlier, the second term in the RIS is obtained by making the

substitutions indicated in Eqs. (Bla), (Blb) and (Blc) into Eq. (B8) to
yield:

-
2ac,K, + ab K
(B9) 1+ 1y 1™

2c1Ky + b1Kx

[Cos {(2n/f'm2)(2Ac1Ky - AbIKx)%(ZKm-IKyl)} -

sin {(2n/K ?) (20c K, - 1K (2 K, )
-Cot{(Zn/KmZ)[Z(a1+Ac1)Ky - (b1+Ab1)Kx]‘/2(2Km-|Ky|)}].

The desired RIS, R(K,,K ,a

1 L sDy5Cy,087,8b,,8¢,), in Eq. (31) of Chapter ]
is the product of Egs. YBS} and %89).

2ha K, + Able
(B10) R(KysKysay,by5¢q50a,,8b,,a0,) = |1 +
2a,K, +Ab1Ky

[Cos{(Zﬂ/KmZ)(zAale - Able)%(ZKm'leli}'Si"{(Z“/sz)

- (28, Ky-0b Ky )55 (2K |Kx|)}Cot{( 2n/Kn?) [2(a #82,)Ky-(b +b, K]

2Ac1Ky + ab,K,
'%(ZKm-|Kx|)}] 1+ [COS{an/KmZ)(2Ac1Ky-Ab1KX)
2C1Ky + ble
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L4 ]
“15(2K - Ky | )} -Sin ]'\(Zn/Km?)(Z/\cl Ky=Ab1Ky ) 15(2Ky- | Ky | )f- .

«Cot {(zn/sz)[Z(a]Mal )Ky-(blmbl )KX., %5(2K - lel )H

The above equation is the desired result used in Chapter II, Eq. (31).
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o APPENDIX C
THE FAST FOURIER TRANSFORM (FFT)

In this appendix we discuss pertinent aspects of the Fast Fourier
Transform (FFT) algorithm and the Discrete Fourier Transform (DFT) from
which it is derived. Attention is also given to both frequency and
spatial domain discrete variables and their relationships with the
spatial domain sampling rate.

It is a well known fact that for a frequency band-limited system,
the time waveform is exactly described by a Discrete Fourier Series
(DFS), when the time function is sampled at a rate greater than or
equal to the highest frequency component in the pass band. This
i relationship applies equally for a n-dimensional system. The Discrete
+ Fourier fransform (DFT) applied to the DFS is a bi-directional mapping
operation with mathematical properties analogous to tnose of the
Fourier integral. The Fast Fourier Transform (FFT) is a method for
efficiently computing the DFT of a n-dimensional series of discrete
data samples. For the purpose of this study, we restrict our attention
to the two-dimensional FFT. The FFT takes advantage of the fact that
the coefficients for the DFT may be calculated by using a parallel
iterative technique rather than the coefficient-by-coefficient direct
approach. For a two-dimensional array of dimension N by N, where
N =2m (m integer), direct calculation of the DFT coefficients requires
N4 arithmetic operations; however, the FFT, using the ‘terative tech-
nique, requires only 4N2Tog,N = 4N2m arithmetic opew:tions 1182. When
N =64, as in this study, tﬁe FFT requires only 4m/N2 = 24/409 or
0.6% of the possible N* arithmetic operations, and hence computer time,
required by the divect method. Not only does the FFT reduce the re-
cuired computer time by 99.4%, but it reduces the computer round off
errors by the same factor [18].

The defining equation for the DFT is:

I-1) (R-1) , (J-1)(5-1
(c1) 1 NE Nf Ips € jz"(i—_&é‘.—hi_%—l)

I =
1 R=1 S=1

4Y
where [ g s an Nx by Ny array of discrete data samples and I1y> the
DFT of » is an Nx by Ny array of discrete frequency components. The
inverse BﬁT is given by:
(I-1)(R-1)  (J-1)(S-1)
Nf Y jen( Nx + Ny )
1J ©

1J=1

1 N
(€2)  Ipg =gl |
NxNy I

ne--1x

The valjdity of this transform pair can be easily verified by substi-
tuting 11y from Eq. (C1) into Eq. (C2) and using the orthogonal
re]ationsﬁip for exponentials, which is:
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(I-1)(R-1) (J-1)(s-1) (I-1)(M-1) (J-1)(N-1)

Nx Ny _s2n( + ) s2n( +
(C3) )‘ f e J Nx Ny e‘] Nx Ny
I=1 J=1
Nx Ny for R=M
S=N
0 otherwise

L

For convenience, the DFT transform pair is represented by the shorthand
notation:

~
(C4) IRS ¢ IIJ

We are assuming in this study that the frequency spectrum is band-
limited at K = 2Ky and K, = 2K, (see Eq. (21)); thus the sample
spacing Ax ="sy in the spatial plane must be given by:

(C5) Ax = 0y <5(21/2Kp) = (m/2Kp)
We further assume that the width, W, of spatial function equals an
integral number of samples; that is:
Nxm  Nym
(c6) W= Nxax = NyAy = — = —
2Kp 2K

Substituting Nx = W/ax and Ny = W/Ay into Eq. (C1) and (C2) and grouping
terms in the exponents, we have:

(I-1) (J-1)
W (R-1)ax + ——ﬁ-—(S-l)Ay)

" Nx N 277(

(c7) Ijy= ) f Ipg e
= L LIk

and

]
(@) Tpg=qp I Llge
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From Eq. (C7), we see that YIJ is periodic with period 1/ax along the
Ky axis and 1/ay along the Ky axis; that is:

"

H*n/Ax,Jtn/Ay (n integer)

4
(C9) I1g =
Alsb, we see that the sample spacing in the frequency plane is:

(C10) AK, = AKy = 1/W

Gave

From Eq. (C8), we find that Ipg is periodic with period W along the x
and y axes; that is:

(C11) Ipg = I (n integer)

Ranty,S+nl

' The sample spacing has already been specified as Ax = Ay. Further,
note that since the spatial domain period W = NxAx = Nyay (from Eq.
§ (C6)) and the frequency plane periods 1/Ax = Nx/W and 1/ay =, Ny/MW
g ' (from €q. (C6) are both directly proportional tc Nx and Ny, Ijj and
| Ipg are also periodic with periods Nx and Ny. Thus, each array of
- ' Nx by Ny number represents one cycle of the periodic frequency and

spatial domain functions.

These rgsults are summarizad in Fig. ] for the one-dimensional
case (i.e., I} & IR), which simplifies the graphic presentation.

R

” S 4
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AY /N
L = -ax,, SR
| 11:
[ ! | TN A .
-2W -W iz W 2w x
- W = 64 AX—

Fig. C1. Discrete Fourier transform,
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