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I. Introduction 

Plastic buckling has received a great deal of attention In the ptíe¿ and 

progress In the subject has been slow but steady. The coluan under axial 

compression has been studied more than any other single structure and its history 

Is well known. The turning points in this history are marked by the work of 

Considère (1891) and Karman (1910) to obtain the load at which the straight 

column becomes unstable. Then almost forty years later, Shanley (1947) 

explained, by way of a simple model and careful experimentation, the significance 

of the tangent modulus xoad of Engesser (1889) at which the straight column would 

start to deflect laterally under increasing load. It was recognized that the 

tangent modulus load is the lowest possible bifurcation load; the straight 

configuration loses its uniqueness at this load but not its stability (Karmin, 

1947). Shortly thereafter Duberg and Wilder (1952) studied the post-buckling 

behavior of a colmnn model. They showed that the inclusion of imperfections and 

realistic stress-strain behavior gave rise to a maximum support load that was 

closely approximated by the tangent modulus load, as Shanley had conjectured and 

in accord with existing experimental data. 

Extensive testing of plates and to some extent shells was carried out in 

the late 1940's and early 1950's and solutions for the lowest bifurcation load, 

analogous to the tangent modulus load for columns, were obtained for many cases 

of interest [see, for example, Bijlaard (1949) and Gerard and Becker (1957)]. A 

major obstacle to further progress surfaced in this period. It was discovered 

that bifurcation loads calculated using the simplest incremental, or flow, 

theories of plasticity consistently overestimated buckling loads of plates and 

shells obtained in tests. Calculations based on the less respectable deformation 

theories of plasticity gave reasonably good agreement with test results. It was 
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found that the diffirulty could be largely overcome if the smooth yield surface 

of the simplest flow theories was discarded. In fact, the bifurcation load 

predictions of a deformation theory could be justified rigorously in nearly all 

cases by establishing the connection between the deformation theory and a more 

sophisticated incremental theory which develops a sharp comer on its yield 

surface (Batdorf, 1949). Yet basic experiments on the multiaxial stress-strain 

behavior of typical metals failed to show conclusively that comers on yield 

o. rfacti u- a,_¿.üí.lly de;elop. Almost twenty years later this state of affairs 

remains at essentially the same impasse. 

On the theoretical side. Hill (1956, 1958, 1959, 1961) placed the bifurcation 

criterion for elastic-plastic solids on a firm mathematical foundation which 

embraces solids characterized by smooth or cornered yield surfaces. His 

formulation applies not only to bifurcation under compressive loading — that is 

problems which are loosely categorized under the heading of plastic buckling — 

but also to less thoroughly explored problems such as necking which can Involve 

bifurcation in tension. 

Thus, except for the difficulty in identifying an adequate plasticity theory, 

bifurcation theory for compressive loadings is reasonably well understood. A 

recent survey by Sewell (1972) Includes an organized bibliography of much of the 

enormous amount of work on plastic buckling. Relatively less is known about 

post-bifurcation behavior and imperfection-sensitivity in the plastic range. What 

is known comes largely from tests and a relatively few model studies such as that 

of Duberg and Wilder. This can be contrasted with the situation which now 

prevails for elastic buckling where a great deal is known about these matters and 

where a general theory of initial post-buckling behavior and imperfection- 

sensitivity is available (Koiter, 1945, 1963). 
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Thc importance of post-bifurcation considerations in the plastic range 

can immediately be appreciated in noting that in almost all cases of compressive 

loading the lowest bifurcation occurs under increasing load in the sense of 

Shanley, even for a structure which bifurcates unstably in the elastic range. 

Furthermore, this occurs even though material nonlinearity in the form of 

decreasing stiffness with Increasing deformation contributes an additional 

destabilizing influence to the geometric nonlinearity already present. By itself, 

the fact that the initial slope of the load-deflection relation is positive can 

be highly misleading since recent work has shown that the magnitude of the initial 

curvature of the load-deflection curve is usually infinite (Hutchinson, 1973) and 

the support load of the perfect structure may be only very slightly above 

the lowest bifurcation load. It is also significant that even the column under 

axial compression, which has a fully stable post-buckling behavior in the elastic 

range, is appreciably affected by small imperfections in the plastic range. 

The main accent in this article is placed on post-bifurcation and imperfection- 

sensitivity aspects of plastic buckling. A combination of model studies and 

analytical and numerical work has been drawn on to illustrate as wide a range of 

behaviors as possible. 

In Section II a simple two degree of freedom model is used to Introduce post- 

blfurcation behavior and a second model brings out some of the features peculiar 

to the behavior of continuous solids and structures. Hill's bifurcation criterion 

for a class of three-dimensional solids is given in the first part of Section III 

and is then applied to a widely-used theory for plates and shells, the Donnell— 

Mush tar1-Vlas ov theory. Following specification of the bifurcation criterion, a 

detailed commentary is given on the extent to which bifurcation predictions for 
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plates and shells depend on the plasticity theory used with particular focus on 

the differences between predictions based on the simplest deformation and 

incremental theories. Much of what will be said was common knowledge in the 

1950's but seems to be less widely appreciated now. 

A general treatment of the initial post-bifurcation behavior of plates and 

shells is given in Section IV within the context of the Donnell-Mushtari-Vlasov 

theory. The theory is Illustrated by applications to several column and plate 

problems. A dircussion of some of the effects of imperfections is also given. 

The article ends with a selection of numerical results for columns, plates and 

shells. 

WÊÊÊ mm 



II. Simple Models 

A. DISCRETE SHANLEY-TYPE MODEL 

The first model to be exsmined Is similar in all respects to Shanley's 

(1947) model of plastic column buckling except that it also is capable of 

illustrating the behavior of a highly imperfection-sensitive structure. In this 

respect it is similar to the model of Kármán et al. (1940) for the elastic 

buckling of imperfection-sensitive structures. The model succumbs to an 

elementary analysis yet still retains many of the essentials of plastic buckling. 

The results given in this section are taken from Hutchinson (1972). 

As shown in Fig. 1, the rigid-rod model has two degrees of freedom: the 

downward vertical displacement u and the rotation 0 . An initial rotation 

from the vertical in the unloaded state is identified as the imperfection and is 

denoted by S so that the total rotation from the vertical is 0 + S . An 

increment in the compressive force in either of the two support springs depends 

on whether plastic loading or elastic unloading occurs according to 

aaX and F > 0 , 

(2.1) 

F » E^e for F “ Fmc“‘' and F > 0 , 

F - E£ for F < F*1“ or F - F®8* and F < 0 , 

where e is the contraction of the spring. Initial yield occurs for F • F 
y 

and F^1 is set to be F^ at the start. The tangent modulus Et is taken 

to be constant. Geometric nonlinearity is incorporated into the model only 

through the nonlinear elastic spring which develops a force K(0) - kj^L2©2 + k2L203 + 

under rotation with the sign convention shown in Fig. 1. Equations of equilibrium 

and strain-displacement are 

F + F - P 
fl f2 1 * (2.2) 

(F2-F1)L + PL(0+0) + LK(0) - 0 , (2.3) 
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Ej ■ u + L0 and e2 ■ u - L0 , (2.4) 

where the subscripts denote springs Nos. 1 and 2. 

When the parameters of the model are such that buckling takes place in the 

elastic range the load-rotation behavior of the model is found to be 

(Pc -P)0 - K(0) - PS , (2.5) 

2 - 
where P ■ 2EL /L is the bifurcation load of the perfect model. If k. 0 the 

bifurcation point is asymmetric and for k^§>0 the maximum support load of the 

slightly imperfect model is given by the asymptotic formula 

pmax/Pc m 1 _ (ZLk^/E)172 + ... (2.6) 

If the load-rotation behavior is symmetric in 0 then k^» 0 . If k2>0 , then 

Pmax/P - 1 - (3/2)(Lk,82/E)1/3 + ... (2.7) 
c t 

These two cases, depicted in Fig. 2, Illustrate the two most common occurrences 

of imperfection-sensitivity in elastic structures. When K*0 (the Shanley 

model) the maximum support load of tue model is always P and in this sense 
c 

approximates the small deflection behavior of an axially compressed column. 

1. Behavior of the Perfect Model 

Throughout this article a subscript or superscript c will be reserved to 

denote quantities associated with the lowest possible bifurcation point. The 

lowest bifurcation load of the model in the plastic range is given by the tangent 

2 ,- 
modulus formula • 2Et.L /L . Bifurcation occurs at P£ under increasing load 

as discussed by Shanley. When the model has an asymmetric bifurcation point 

with, say, k^<0 , then the load increases linearly with positive values of 0 

in the neighborhood of the bifurcation point even in the elastic range. In the 

plastic range, one can readily show that both springs will continue to deform 



plastically in some finite range of either positive or negative 0 if 

±k1L/(2Et) >1 and ê £ 0 . (2.8) 

Thus, for example, if k1L/(2Et> >1 the geometric nonlinearity itself is 

sufficient to ensure tbaf: P increases with negative 0 sufficiently rapidly 

to ensure that neither support spring unloads. Of the two bifurcation branches 

emanating from such a nonsymmetric bifurcation point, the above mentioned branch 

is of inherently less interest than the opposite-signed deflection. On this 

latter branch the geometric nonlinearity has a destabilising effect. We limit 

consideration to k^ and 0 > 0 . 

For this case spring No. 1 continues to load and No. 2 undergoes elastic 

unloading or neutral loading (l.e., e ■ 0) following bifurcation. With the 

bifurcation load denoted by • E*!8« (2.1) to (2.4) give 

P - 

'E+Et' 

bif L E- E 

pbif + 6 

- 0 

t 

E + Et 

E - E. 

(P 0-K<0)) 
rm 

E + E. 

E- E. 

-1 

(2.9) 

«V’W 

'rn2fE+Et|2 
{ E -E. (Pnn "Pbif) +klL^ 

E+E. 

E - E. 
+ 0(03) . (2.10) 

In this formula P is the reduced modulus load of Karmin (1910) where 
rm 

bifurcation takes place with no first order change in load which is given by 

,2 
4EtL 2P 

^ ’ (1 + E /E)L <1+Et/E) * 

(2.11) 

Bifurcation can take place at every load in the range Pc <_ Pblf < P^ and 

for P < P it occurs under increasing load as can clearly be seen from (2.10). 
bif rm 
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A simple formula for the maximum support load cannot be obtained for a general 

function K(6) . However when K-k^V the maximum support load pj“ 

associated with bifurcation at the tangent modulus load Pc is given by the 

equation 

E- E. 

V 
E + E. (pr-pc> (2.12) 

If the geometric nonlinearity is strong in the sense that k,L/Et » 1 then 

„max 
Pn » P 
0 c 1 + 

ZkjL 

E - E. 

E + E. 
+ 0 

klL 
(2.13) 

When K-0 , P-t-p^ for large 6 as can be seen from (2.9) and Fig. 3a. 

Inis is also similar to the behavior of the model of Duberg and Wilder 

for their constant tangent modulus calculations. Even when the tangent modulus 

is constant, the present model has a maximum load which falls below the reduced 

modulus load if the geometric nonlinearity has a destabilizing effect. A similar 

effect is also observed in the model studies of Sewell (1965), August! (1968) 

and Batterman (1971). A strong geometric nonlinearity results in a maximum load 

which is only slightly above ?c as can be seen from (2.13) and Fig. 3b. 

2. Effect of Initial Imperfections 

In the presence of an initial imperfection, 0>O , the load-rotation behavior 

ox the model is more complicated; however a complete analysis can still be carried 

out for the case of the simplest geometric nonlinearity, K - kjL2©2 . There are 

three distinct sequences of loading and unloading which can take place depending 

on the magnitude of 0 . We will first consider the case for which 0 is 

sufficiently small such that the resulting formula will be valid in the limit as 

5 vanishes. 
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In this case It is found that there are four steps to the loading hlatory 

which must be treated separately in the analysis. With the first application 

of load both springs are elastic. Next, spring No. 1 starts to deform plastically 

and is followed by No. 2 at a slightly higher load. Uirh the load still rising 

A A 

spring No. 2 starts to unload at a value of P and 6 denoted by P and 6 . 

From this point on spring No. 1 continues to load while No. 2 responds elastically. 

The maxlmuo load is attained at a point (PmaX,6*) following the onset of elastic 

A A A A 

unloading at (P,6). The expressions for 6 and P are given by 

1/2 
9 = -5 + 

x2 . l5/l - 52 
1+ (k1L72Et) (2.14) 

l5/l 
r+ (k^L/2Et) 

1/2 
+ 0(5) , (2.15) 

and 

p/p - i - 5 - [i +(k.L/EjKê + 5) 
c it 

i - n + (k1L/Et)i 
L0/L 

1+ (k1L/2Et) 

1/2 
+ 0(5) . 

(2.16) 

(2.17) 

Also, 

* A 
6 - 0 + 

E - E 

ê+s+F+r [l + (2Et/k1L)]1/2-l (2.18) 

and 

PmaX - Pjax - 2k1Lz[0 + (0+5)([l+(2Et/k1L)]1/2-l)] , (2.19) 

where p!?*x is the maximum load of the perfect model given by (2.12) for 

bifurcation from P . 
c 

If k.-0 then P-*-P_ 
i rm 

for all values of 5 as shown in Fig. 3a. If 
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k1>0 then we can show that (2.19) reduces to 

pmax^e . pnM/p^ . (2klE5/Et)1/2 + 0(5) . (2.2C 

A mall Imperfection results in a reduction in the maximum support load which 

is proportional to the square root of its amplitude. The limit in which §-»-0 

is the bifurcation response of the perfect model for bifurcation from P 
c 

Asymptotically the reduction in the buckling load according to (2.20) is 

precisely of the same form as is the analogous formula (2.6) for the elastic 

model, except that the effect of a small imperfection is magnified by an amount 

E/F.t compared with the elastic case. 

For larger imperfections the maximum load can be reduced to a sufficiently 

low level such that the force spring No. 2 does not reach Fy , and (2.19) 

ceases to be valid. In this sequence of loading spring No. 1 yields at a value 

of r just under 2Fy and the model deflects readily under a slight increase 

in load, helped along by the geometric nonlinearity, until the maximum support 

load is reached. The maximum load is not too different from the initial yield 

load of the perfect model, i.e.. 

ptaax 
(2.21) 

Load-rotation curves showing the effect of initial imperfections are shown in 

Fig. 3b. 

For even larger values of the imperfection a third possibility may arise. 

Suppose the bifurcation load Pc - 2EtL /L is only slightly below the associated 

elastic load, 2EL /L . Then if 9 is large enough neither spring becomes 

plastic before the maximum load occurs and the elastic result holds. For 

2 2 
K-kjL 0 the elastic result is given exactly by the equation 
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(1 _ pmax/p )2 . (Zk.ie/E )PmaX/P . (2.22) 
C 1C c 

Figure 4 «hows the relation between pmax and 0 for such a case. On the 

portion of the curve À-B the strong imperfection sensitivity associated with 

(2.20) is seen; on B-C (2.21) holds; and on C-D the elastic result (2.22) 

pertains. 

The implication of the model is that if a structure is highly imperfection- 

sensitive in the elastic range then an imperfect realization of the structure 

may buckle elastically even though a perfect version would buckle in the plastic 

range. The converse situation is also of interest. Namely, what is the effect 

of initial imperfections on the maximum support load of a structure designed 

such that a perfect realization bifurcates at a load which is slightly below 

initial plastic yielding? We will look at this question in connection with the 

next model which incorporates a more realistic stress-strain relation. 

B. CONTIGUOUS MODEL 

According to the Shanley concept, bifurcation occurs at the lowest possible 

load under increasing load in such a way that no elastic unloading takes place 

at bifurcation. This is manifest in the simple model of Section II, A in that 

one spring continues to load plastically and the other undergoes neutral loading 

(Ê -0) at bifurcation and then unloads elastically immediately following 

bifurcation. Mathematically this is expressed by the fact that the contraction 

rate of the unloading spring is given by e ~ -9 for small 6 . It is clear 

that elastic unloading must start at the lowest bifurcation point in this sense. 

To see this, suppose that no elastic unloading occurred in some finite 

neighborhood of the bifurcation point. Within this neighborhood the response of 

the model would be identical to an elastic model with moduli Et . But this 
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leads to a contradiction since a reversal in sign of the contraction-rate will 

occur in the elastic model at bifurcation, except when ± k L/(2E ) >1 and 

6 > 0 as already discussed. 

In a continuous elastic-plastic structure it is also generally true that 

elastic unloading must start at bifurcation at at least one point in the structure 

as will be shown. As the bifurcation deflection increases the region of elastic 

unloading expands in a continuous fashion in most problems. It is this feature 

ma ^ an analytic treatment of the initial post-bifurcation behavior of a 

continuous elastic-plastic structure considerably more difficult to carry out 

than for an elastic structure. The model discussed in this section is perhaps 

the simplest meaningful model which is capable of illustrating some aspects of 

the analytical character of initial post-bifurcation behavior. It is the 

continuum version of the model of the previous section and is shown in Fig. 5. 

This model is already sufficiently complicated that closed form formulas 

analogous to those for the discrete model cannot be obtained. A representation 

of the behavior is obtained in the form of a perturbation expansion about the 

lowest bifurcation point. In this study the variation of the tangent modulus 

with increasing plastic deformation will also be taken into account. Most of 

the results for this model were previously given by Hutchinson (1973a,b). Here 

we will indicate an alternative method of analysis of the model which is very 

similar to the general method applied to columns, plates and shells later in the 

article. 

The model of Fig. 5 differs from the previous model only in that it is 

supported by a continuous distribution of springs. The contraction of a spring 

attached at a point x along the base is given by 

e « u + x0 . (2.23) 
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The rate of change of the compressive force per unit length s la related to 

the contraction-rate at any point by 

a - Eté for s - amax anù s ^ 0 , ) 

> (2.24) 

s ■ Ee for s < 8max or s ■ amax and a < 0 , j 
where Is taken to be a smooth function of e or 8 . (Note that Et and 

2 
E have dimensions force/length In the continuous model while In the discrete 

model they have the dimensions force/length.) Equations of vertical and moment 

equilibrium are 

L L 

P - j sdx and [PL(0 + 5)]* + KL - j sxdx . (2.25a,b) 

-L -L 

These may be replaced by the single variational principle of virtual work 

L 

Póu + [PL(0 + 0) + KL]*60 - j sócdx , (2.26) 

-L 

where 6e - 6u + x60 . 

3 
The elastic bifurcation load Is =• 2EL /(3L) and (2.5) continues to apply. 

Asymptotic formulas for the elastic buckling load are still given by (2.6) and 

(2.7) if kl is replaced by 3^/L In (2.6) and k2 by 3k2/L in (2.7). 

1. Behavior of Perfect Model 

The lowest bifurcation load in the plastic range is given by the tangent 

ç 3. *** c 
modulus formula P *2E L /(3L) where E is the value of the tangent modulus 

c t t 

at Pc • Just as in the case of the discrete model no elastic unloading occurs 

in some range of positive or negative 0 if the magnitude of kj Is sufficiently 

large, but otherwise elastic unloading starts at bifurcation with the occurrence 

of neutral loading at one point. 
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First entertain the possibility that no elastic unloading occurs so that 

the model behaves as a nonlinear elastic model with variable moduli Et , i.e., 

the unloading branch of (2.24) is suppressed. The behavior of this comparison 

model is readily analyzed. Its initial post-bifurcation expansion is found to 

be 

where 

P/P 1 + 
al6 

+ a^e2 + (2.27) 

e 
3k1L 

2e£l 
(2.28) 

and we have expanded Et about the bifurcation point according to 

Et “ Et + (s-sc)(dEt/ds)c + j(s-sc)2(d2Et/ds2)c + ... . (2.29) 

The superscript e is used to distinguish the initial slope of the elastic 

comparison model from that of the elastic-plastic model given below; a* figures 

prominently in formulas for the elastic-plastic model. 

The contraction-rate in the comparison model just following bifurcation is 

given by 

L_ 

3L 

2 r 
ae + it 
1 L 

ê + cos) (2.30) 

For example, if ^ is sufficiently large such that a® < -3L/L and 0<O , then 

no reversal in sign of the contraction-rate will occur in some finite range of 

negative 0 . Over this range the behaviors of the comparison model and elastic- 

plastic model coincide. As already mentioned, the more interesting bifurcation 

branch has the opposite-signed rotation. From here on we will take ^>0 so 

that a^O and consider bifurcation under monotonically increasing 0 . in 

this case the comoarison model does not pertain. 
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For the elastic-plastic model the Shanley loading condition requires 

¿>0 on |*| <L which in turn implies 

J_ dP 

P d6 
■ > 

3L 
(2.31) 

If the inequality holds in (2.31) then e>0 everywhere at bifurcation and by 

continuity Implies that no elastic unloading will occur in some finite range 

of positive 6 . By the same argument made for the discrete model, this would 

£ 
Imply that the comparison model pertains with its initial slope a^ . But 

since «*^0 , (2.31) is contradicted and we must conclude that the equality 

in (2.31) must hold for bifurcation at the load Pc . Elastic unloading starts 

at bifurcation in the sense that e - 0 at x * -L . It follows then that 

P/P 1 + a^0 + ... and u/L ,:i u /L + b. 0 + ... , 
c x 

where 

a^ - 3L/L and b^ ■ 1 . 

(2.32) 

(2.33) 

The Instantaneous position d of the boundary between the regions of elastic 

unloading and plastic loading occurs where £“0 so that from (2.23) 

d * -du/d0 . 

To obtain additional terms in che expansion (2.32) write 

a+0 

(2.34) 

P/P 

u/L 

1 + 3j0 + SjQ + P(0) 

,1+ß 

(2.35) 

u /L + b.0 + b.e + u(0) , 
c 1 c 

where we anticipate that 0 < 0 ^ 1 and require that q (q 0 (P,u)"0 . Now 

make the identification 

(*) = d( )/d0 , (2.36) 

so that 
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V/T - a1 + (i+ß)a.eß + P ci z 
(2.37) 

d/L - -u/L - -bx - (l+ß)b20M - G . J 

Substitute these expansions into the principle of virtual work (2.26) 

noting that one can write 

L L d 
( . r . 
sóedx - E eóedx + (E-E )eôedx , 

J 1 J t 
-L -L -L 

(2.38) 

ana rrora (Z.Zy; and v.2.32) 

E ■ E^ + 0(L+x)E^(dE /ds) + ... . (2.39) 
t t t t c 

Using (2.31) and (2.32) to eliminate the lowest order terms in the principle of 

virtual work (2.26) one obtains 

P [(l+ß)a.9ß-* P]6u + [2P La10 + 2k,L2L0 +...]60 
c 4 c i 1 

dE 

[(l+ß)E^Lb-eß+E^Lu + 0(L-i'x)ZE^ ^ 
j t Z t t as 
i 
j 
-L 

□ 

...]6edx + | (E - E^)£ÓEdx + ... .(2. 

-L 

40) 

The last term in the above equation arises from elastic unloading and must 

be examined closely. From (2.33) and (2.37) 

ê/L - 1 + (x/L) + (l+ß)b20ß + G , (2.41) 

and e«0 at x*-L at bifurcation as already noted. The last term in (2.40) 

vanishes as 0+0 since d +-L . To evaluate the lowest order contribution of 

A 
this integral, Introduce a stretched coordinate x chosen such that the 

position of the elastic-plastic boundary d is independent of 6 to lowest 

order In this new coordinate system. With the choice 

x - 0-ß(l-bc/L)/[-(l+ß)b2] , (2.42) 

■MM 
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* * the liait* of Integration on the Integral run fron x«0 to x«l + ¿>(6 ) 
* 

where a > 0 . In tern* of x , 

ê/L - eß(l+ß)b2(l-x) + 5 . (2.43) 

To lowest order, 

d 1 

J (E -E*)êóedx - 02ß (l+ß)2b2 (E - E^)L2 j (1-Î) (6u - L«e)dx 

-L 0 

- - ie2ß(l+ß)2b2(E-E^)L2(6u-L60) . (2.44) 

g 
Requiring ten* of order 0P In (2.40) to vanish implies that 

2 c Pca2 - 2L Etb2 . Next, take 6u«0 and 60 y 0 and collect terms to get 

0[PcLa1+k1L2L - (2/3)L4E^(dEt/ds)c] + 

-02ßL3(l+ß)2b2(E-E^)/4 +...-0. (2.45) 

If ß>l/2 , (2.45) cannot be satisfied since the terms of order 0 will 

not vanish. Similarly, if ß<1/2 (2.45) cannot be satisfied except with 

b2« 0 , which laplies that the assumed expansion is not possible. Suppose 

however that ß-1/2 . Then there is a balance of terms in (2.45) and the 

following expressions for b2 and a2 are obtained: 

(2.46) 

2 
where the negative root of b2 was chosen consistent with (2.37) and (2.43). 

The expansion can be continued by the above approach or by a direct aethod 

given by Hutchinson (1973a). One finds 
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P/P„ - 1 + a. 0 + a„e3/2 + a,02 + a.e5/2 + 
c l ¿ 3 4 

(2.47) 

d/L - -i - fb2e1/2 - 2b30 - |bA03/2 + ... 

where 

E^[3L - (dE /ds) L2] - k,L 
c t c I 

3(E-E®)L 

(2.48) 

The fractional powers which appear in the expansion (2.47) are absent from 

the initial post-bifurcation expansions for elastic systems (Koiter, 1945, 1963) 

as well as from expansions for discrete element elastic-plastic systems — see 

(2.10) and the studies of Sewell (1965) and August! (1968). Terms involving 

fractional powers of the bifurcation amplitude arise in connection with the 

continuous growth of the region of elastic unloading. The significance of the 

3/2 
term a26 in (2.47) Is that it is negative and may become numerically 

significant compared to the lead positive term a^0 at relatively small values 

3/2 
of 6 . For example, if the series is truncated after the term a20 and is 

then used to find an approximate estimate of the maximum support load of the 

perfect model, one finds 

pr/pc " 1 + 4«i/(27a2) (2.49) 

If the magnitude of a2 is sufficiently large the maximum load will only slightly 

exceed . Note that a2 , given by (2.46), depends on the geometric 

nonlinearity through as well as on the material nonlinearity through 

(dE /ds) . 
t c 

Figures 6 and 7 show comparisons between predictions based on the expansion 
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3/2 
(2.47), up to and including the a20 -term, and accurate mnerical calculations 

carried out for the simple model. Nonlinear material behavior was Introduced 

by using a Ramberg-Osgood-type stress-strain relation 

e/e - s/s + a(s/s )n (2.50) 
y y y 

where e and s - Ee are effective initial yield values. In Fig. 6 the modal 
y y y 

has a strong geometric nonlinearity with kjL/(EL) >1 and . The model 

of Fig. 7 has no geometric nonlinearity (i.e., k^-kj^O). In both examples 

a-1/5 , n-3 , L/L «1 and (sy/EL) - 0.1094 (corresponding to the values 

Ec/E-0.46 and s /s -1.4 , where s is the value of s at bifurcation), 
t c y c 

The combination of strong material and geometrical nonlinearity of the model 

of Fig. 6 results in a maximum load which is only slightly greater than ?c 

and which occurs at a relatively small value of 6 . In this case the first few 

terms in the expansion (2.47) provides an excellent approximation to the behavior 

in the range of interest. In the second example with only the material nonlinearity, 

the ««xluM support load is attained further from the bifurcation point and the 

expansion is not accurate over the full range of interest. Nevertheless, the 

load prediction involves rather small error. 

2. Effect of Initial Imperfections 

Prior to the occurrence of any elastic unloading the behavior of the elastic- 

plastic model is identical to that of the nonlinear comparison model introduced 

in the preceding subsection. However, once strain-rate reversal starts elastic 

unloading must be accounted for in the analysis. Thus the analysis of the slightly 

imperfect model separates into parts as discussed by Hutchinson (1973b) and the 

results presented here are condensed from this reference. 

A Koiter-type initial post-buckling analysis can be used to obtain the 

mtÊÊKÊÊm 
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behavior of the model prior to elastic u'-î .»ading. The result of this analysis 

is an exact asymptotic equation relating the load, rotation and Initial 

imperfection 8 at load levels in the neighborhood of P : 
c 

d-p/pc)e + aje2 + ... « p5 , (2.51) 

where is the initial slope of the perfect model (2.28) and 

P - 1 
¿ft 
3L ds 

(2.52) 

The first reversal in sign of the strain-rate in the slightly imperfect model 

occurs when the slope of the load-rotation curve is reduced to the initial slope 

of the elastic-plastic model. With values marking the onset of elastic unloading 

topped by a wedge, 

1 dP Ä . 
P"d0 “ al + 0(6,P-P 0) 
C 

Condition (2.53) together with (2.51) gives 

0 - 
p5 

•i - V 

1/2 
+ 0(8) , 

(2.53) 

(2.54) 

and 

jr - 1 - (aj - 2a*) 
c 

pi h/2 
e 

*1 - ai 

+ 0(8) . (2.55) 

To obtain a uniformly valid expansion for the response following the onset 

of elastic unloading, which holds for small 8 and reduces to (2.47) for 8-+-0, 

it is necessary to introduce a new expansion parameter Ç > 0 defined for 6 > 0 

by 

0 - 0 - yç01/2 + ç2 , (2.56) 

where y is a constant parameter determined in the expansion process. The 
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expans Ion has the form 

P/P - ?/P + p.Ç + p,ç2 + p-ç3 + ... 
C CX Í J 

d/L --1 + + d2C2 + ... , 

(2.57) 

where the coefficients of the expansion are given in the above mentioned reference. 

Load-rotation curves shoving the effect of initial imperfections are also 

shown in Pigs. 6 and 7. Here again the solid line curves are based on the 

truncated expansion and the dashed line curves are based on an accurate numerical 

calculation and can be regarded as essentially exact fer purposes of this 

comparison. A wedge marks the onset of elastic unloading in these figures and a 

dot the maximum load. Plots of P™4*/?®** (where P®4* is the maximum load of 

the perfect model) and P/Pc as a function of Õ are given on the right in 

Fig. 6 and 7. 

For model of Fig. 6 we see that 

(*1 - 2®*) 
p5 1/2 

+ 0(5) (2.58) 

The pivotal role of P stems from the fact that in the presence of strongly 

destabilizing material and geometrical nonlinearities the maximum load is attained 

shortly after elastic unloading starts in both the perfect and imperfect model. 

The significant point is that the reduction in the maximum load appears to be 

proportional to the square root of the imperfection amplitude for small 

imperfections, similar to what was established conclusively for the discrete 

model with in (2.20). For the model with no destabilizing geometrical 

nonlinearity in Fig. 7 (2.58) is seen to be less accurate although it appears to 

be qualitatively correct. It should be possible to establish whether or not the 

reduction in cases in which kjjO is proportional to 5 or to some other 
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power of 6 . This has not been done. Nor for that matter has an analysis of 

the discrete model with 0 and 0 been carried out even though this 

would be considerably simpler and also very revealing in this regard. Recall 

-2/3 
'.hat in the elastic range the reduction is proportional to 8 when ■ 0 

and k£ > 0 . 

All the examples we have considered thus far have dealt with behavior when 

the parameters of the perfect model were chosen such that bifurcation occurred 

veil ii:o the plastic range. Equally of interest is the effect of initial 

imperfections on a structure whose perfect realization bifurcates in the elastic 

range or at least before appreciable plastic deformation occurs. Numerical 

calculations of the maximum support load have been made to illustrate the effect 

of initial imperfections under such circumstances for the continuous model with 

the Ramberg-Osgood stress-strain relation (2.50). In Fig. 8 we have followed 

Duberg (1962) and have plotted the maximum support load normalized by the tangent 

modulus load of the perfect model, P^Bax/Pc , as a function of the bifurcation 

stress of the perfect model over the effective yield stress, 8C/Sy » f°r several 

levels of imperfection. One set of curves pertains to a high strain-hardening 

material (n • 3) and the other to a low strain-hardening material (n*10). In 

both cases a - 3/7 corresponding to the original suggestion of Ramberg and Osgood 

and the choice of Duberg. We defer a detailed discussion of these curves until 

Section V where they will be compared with analogous curves for columns and plates, 

here we simply note that the curves of Fig. 8 are very similar to Duberg1s results 

for a two-flanged column model and that they emphasize the possibility of strong 

interaction between imperfections and plastic deformation when the effective yield 

stress is not considerably in excess of the bifurcation stress of the perfect 

structure 
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III. Bifurcation Criterion 

A. CRITERION FOR THREE-DIMENSIONAL SOLIDS 

The theory given below is a specialized version of Hill's (1958, 1959, 1961) 

general theory of uniqueness and bifurcation in elastic-plastic solida which waa 

given in somewhat less detail by Hutchinson (1973a). Sewell's (1972) survey 

article on plastic buckling deals at some length with Hill's theory. Here we are 

principally interested in presenting a suitable background for the bifurcation 

criterion to be presented in Section III, B for the most widely used theory of 

columns, plates and shells. Most of the usable nonlinear theories of structures 

employ Lagranglan strain quantities where the undeformed configuration is usually 

chosen for reference, as has been discussed by Budlansky (1969). The three- 

dimensional approach given below is developed from the same point of view. 

Let material points in the body be identified by a set of convected 

coordinates and let g^j and g^ be the metric tensor and its inverse, 

respectively, in the undeformed body. Denote contravariant components of a tensor 

by superscripts and covariant components by subscripts in the usual way. With u^ 

and u* as the components of the displacement vector referred to the undeformed 

base vectors, the Lagranglan strain tensor is 

nij'3(ui,j+”i.i) + Ki + uv,J ’ <3-l> 

where the comma denotes covariant differentiation with respect to the metric of 

the undeformed body. Let T be the surface traction vector per unit original 

area and let T1 be its contravariant components referred to the undeformed 

base vectors. With dV and dS denoting volume and surface elements in the 

undeformed body the principle of virtual work is 
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Jt^ón^dV - íl16u1dS , (3.2) 

for all admissible variations where 

6nlj ’ 5({ul,j+ î(uW,j + ujH,i) • <3-3) 

Body forces will be omitted for simplicity. 

The stress quantities which enter into this exact statement of the 

principle of virtual work are the contravai'lant components of the symmetric 

kirchnorr scress referred to base vectors in the deformed body.* Application 

of the divergence theorem in the usual way to (3.2) yields the connection between 

the stress tensor and the nominal surface traction vector 

T1 = (T^+T^u^)^ , (3.4) 

where n^ are the covariant components of the unit outward normal to the surface 

of the undeformed body referred to the undeformed base vectors. Similarly, the 

equilibrium equations are found to be 

ij kj i . 

t.j + (T V.j ■0 • (3.5) 

With rates of change denoted by a dot, the incremental form of the principle of 

virtual work is 

+T^u^ÔUfc jldV - j^óu^S . (3.6) 

V S 

First we consider the general rate-constitutive relation discussed by 

Hill (1967) for the isothermal, finite deformation of elastic-plastic solids 

characterized by a smooth yield surface. At any stage of the deformation 

See, for example. Green and Zerna (1968), Bolotin (1963) or Budiansky (1969). 
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process denote the current elastic moduli based on the Klrchhoff stress-rates 

• 
t by //'. If the current stress Is on the yield surface, denote the 

coeponents of the unit tensor normal to the elastic domain in strain-rate space 

by m1-^ where the strain-rate Is given by 

• 1.» , • \,l/h» .k* » 
"ij -5^10+uJ.i) + i(u.A.i+u.i"ic.J> 

The rate-constitutive relation Is 

•ij .ijk£* 
t J - L J n 

where 

k£ 

k£ 

for 
k£* 

'k£ 
> 0 , 

k£* 
for m nkÄ < 0 , 

. ijk£ ^ijk£ -1 Ij k£ -, ,AX 
L J m* * - g m Jm . (3.10) 

The constant g depends on the deformation history (as well as on the current 

point on the yield surface) and determines the current level of strain 

hardening. It Is assumed that a pure dilatation-rate gives rise to an elastic 

response independent of the sign of m n. f and this requires that m satisfy 

(3.7) 

(3.8) 

(3.9) 

ij Gj^m J"0 , where is the metric tensor of the deformed body. When the 

stress lies within the yield surface (3.9) holds for all strain-rates. 

Hill (1967) has discussed the transformation of this constitutive relation 

in going from one choice of objective stress-rate to another. For the purposes 

of this article it need only be noted that the rate-constitutive relation for any 

elastic-plastic solid with a smooth yield surface can be cast into the present 

form (3.8) to (3.10).* In particular, the simple flow theory of strain 

hardening plasticity is a special case of this relation. 

Dead loads are applied to the body in proportion to a single load (or 

displacement) parameter X . On prescribe surface tractions sccordlng to 

* Later, the additional restriction /’^^ _ yk£ij fee 
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T1 ■ XTg and on prescribe displacements u - Xu® where and uS are 
il S jL 

Independent of X . Attention Is directed to bifurcations which occur prior 

to any limit point of X . All quantities associated with the fundamental 

solution whose uniqueness is in question are labeled by a subscript or 

superscript 0 . It is to be understood that the fundamental solution is the 

solution starting at X-0 and is associated with monotonically increasing X . 

1. Bifurcation Analysis for Solids with Smooth Yield Surfaces 

A.t ny stale of deformation characterized by u°(X) , suppose that 

bifurcation is possible so that for a given increment in load X (either 

positive or negative) there are at least two solutions ú® and u^ . Introduce 

the following differences between the two solution increments: 

b 

ui“ui-ui * 
— -'b *a ~11 »ii • i i 

* T “xb-V • and 
~i *i •! 
T - T. - T 

where from (3.7) 

si 

(3.11) 

Since T vanishes on S and u vanishes on S and since both 
T 1 u 

solutions are assumed to satisfy the equilibrium equations, the usual construction 

in uniqueness proofs gives 

0 - jl^dS - J{T1Jr¡i:j + TjJu^GkJ}dV = H , (3.12) 

S V 

where H is defined by the last equality. 

In the current state at load X define the moduli L of an elastic 
-c - 

comparison solid such that Lc equals L where the stress is currently on the 

yield surface, independent of the sign of m^r^j , and Lc equals y where the 

stress lies within the yield surface. To obtain Hill's (1958) sufficiency 

condition for uniqueness, introduce the following quadratic functional, 
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(3.13) 

IJ 

or 

The difference between the integrands of F and H depends on a Jri 

and according to (from (3.8) to (3.10)) 

H ( . >0 and . > o 

ï j\, - lí3 \a. ■0 13 13 ~ 
J J ( stress within the yield surface, 

■ g 11®1^ (n^j - ñ®j ) 1 ‘ for <. o and <0 , 

• -njj)®11^^ for ®iJñJj 1 o and i 0 , 

* g"1®1^ (n®j - ñjj )®ki,n^£ for ®i:*n®j <. o and a1^^ >_ 0 . 

(3.14) 

It is therefore apparent that for positive g the integrand of H is nowhere 

less than the integrand of F and H >_ F . Consequently, the condition 

F(X,S) > 0 (3.15) 

for all admissible nonvanishing u^ (which vanish on S^) is sufficient to 

ensure uniqueness of the solution increment for either positive or negative Ä . 

Let X be the lowest eigenvalue with an associated elgenaode such 

that F(Xc,^u^)*0 . The mode is taken to be normalized in some definite way 

and for simplicity it is assumed to b> unique. The variational statement of the 

eigenvalue problem, ¿F ■ 0 , leads to the eigenvalue equations: 

4) 1/(1) ■ (1) \ , 1, 0c (l)k 0c (l)k. 
nD ■ î( ui.i+ "3,i)+5^.J “,<+Vl u»33 ' 

(»13 . l13M<1) , 

(3.16) 

(3.17) 

,(1)13 . <l)kj Oi k1 (Di. 
< T + T Uc,k+ Vc U,k),j 0 (3.18) 
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(1) 
T 

i 
4. (i>kJ 01 4. TkJ (1)ÍN n 

( T + T U,k + Ve u,k)nj - 0 on (3.19) 

and 

(¿^ - 0 on Su . (3.20) 

For bifurcation to be possible at the lowest eigenvalue of F it Is 

necessary that H vanish when F does. However from the inequalities In 

(3.14) it Is seen that H > F when m^n*^ < 0 and/or m^r^ < 0 in a finite 

portion of V . In words, both solutions are possible when F - 0 if and only 

if both solutions share the property that no elastic unloading occurs. 

The following condition on the fundamental solution ensures that bifurcation 

can take place at the lowest eigenvalue . It should be possible to 

relax this condition in special cases but for many problems of Interest it is 

clearly satisfied. Suppose there exists a A>0 such that the fundamental 

solution satisfies 

(3.21) 

throughout the current yielded region. As already emphasized it is to be 

understood that the derivative in (3.21) is the one-sided derivative in the 

sense that the fundamental solution in assoclnted with monotonlcally increasing 

X . 
• n 

Identify the fundamental solution lnrrer.i*nt with and consider a 

•b *0 (1) 
bifurcation solution u^ in the form of a linear romhlnatlon of u^ and u^ . 

Let k® the contribution of the elgenaode to the bifurcation solution. 

Define the amplitude £ such that It In ponltlve. To obtain the opposite-signed 

contribution of the eigenmode change the sign of but not Ç . Regarding Ç 

as the independent variable on the bifurcation branch, write 
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À ■ X +XÇ+... 
c l 

and 

du1 

'l dX" 
^ (1) 
+ ui 

(3.22) 

so that at bifurcation 

(3.23) 

By (3.21), the above inequality can clearly be satisfied if Xl i» larga enough. 

Uni«.. >0 throughout the current yielded region, (3.23) implies 

that X1>0 and thus bifurcation takes place under increasing load in the sense 

of Shsnley as generalized by Hill. One can conceive of rather extraordinary 

problems in which it would turn out that > 0 throughout the current 

yielded region. In such cases bifurcation may be possible under decreasing load 

in such a way that it is still true that no elastic unloading occurs. 

2. Bifurcation Analysis for Solids with Corners on Their Yield Surfaces 

Generalizations of the constitutive relation (3.8)-(3.10) which account for a 

singular yield surface with a pyramidal corner have been given by Koiter (1953), 

Sanders (1954), Mandel (1965) and Hill (1966). At any stage of deformation suppose 

there are N potentially active deformation systems such that, with 

denoting the plastic shear-rate on the pth system, the plastic part of the strain- 

rate is given by 

•plastic r * ..(p) 

nij 1 y(p)vij • 

The rate of change of the yield stress on the pth system is denoted by and 

Is assumed to be related to the shear—rates by (Hi].., 1966) 

T(p) " £ h(p)(q)Y(q) ’ 

where we will take the hardening matrix h(p)(q) to be symmetric. We will formulate 

the constitutive relation using the convected rates of the contravariant components 
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of i:he Klrchhoíf stress since they arise naturally in the bifurcation analysis. 

Other choices may be preferable depending on the application (Hill and Rice, 

1972), and the development may be altered to accommodate a different choice. The 

conditions for plastic loading or elastic unloading of the pth system are 

;<p> -0 lf 
and ñp) ■0 lf < Vp) (3.24a,b) 

Hill (1966) has shown that a sufficient condition for uniqueness of the stress- 

rate given a prescribed strain-rate is that the elastic moduli //’ be positive 

definite and that the hardening matrix h(p)(q) be positive semi-definite. 

Since 

the conditions for loading and unloading can be rewritten in terms of the strain- 

rate and the shear-rates as 

M 
Y(p)i° if m(í)niJ * ^ A(p)(q)Y(q) and 

where 

(p)(q) Vij 

(P) 

- v<pyjkv«> + h 

i£ t A(p)(p);(p) 

(3.25a) 

(3.25b) 

k£ T (p)(q) 
and mj^ „ y^Jki (p) 

(p) k£ 

Let be prescribed. Within a sub-domain of strain -rate space containing 

nij anV solution for the shear-rates associated with the systems which do not 

unload can be written as 

Y(p) ^ B(p) (q^iq^ij ’ 

where is a symmetric M *M matrix and the sum extends over the M system 

satisfying (3.25a). In general, the shear-rates and B are not unique. If a 

complete basis can be chosen within the sub-domain of strain-rate space in question. 
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It follows from the fact that the stress-rate Is unique that the moduli must also 

be unique in this sub-domain. Using the above expression In the equation for 

• 
T J , the moduli can be written as 

Lijki _ y)ijk£ np ij kA 

(p)(q)B(p)B(q) * 
(3.26) 

where again the sums involve only the systems satisfying (3.25a). 

Suppose the hardening matrix is positive definite. If Is also positive 

definite it can be shown that the N x N matrix A will always be positive 

definite. Let Bc be the N xn matrix given by Bc ■ A ^ . Define comparison 

moduli Lc using Bc in (3.26) with the sums extending over all N systems. 

Sewell (1972. §3. iv) has shown that comparison moduli defined in this way ensure 

that the fundamental inequality. 

îiJfiij - Lc"%v ï 0 (3.27) 

holds for all strain-rates nf. and . , where and 
ij ij b a 

-. *b «a 
nij " nij " nij * 

A central concept to our subsequent discussion is total loading. Suppose there 

exists a sub-domain of strain-rate space such that no elastic unloading occurs on 

any system (l.e., (3.25a) holds for all systems) — this is called the total loading 

sub-domain. Within such a domain the comparison moduli L are the actual moduli, 
* a * b 

and it lanediately follows that if and are both within the total loading 

sub-domain then the equality holds in (3.27). It can be shown (from Sewell's 

construction of (3.27)) that, in general, the equality will not hold if no total 

* fl *1) 
loading domain exists or, if it does exist, if both and do nut lie 

within it. 

In the application of the comparison moduli Lc to the bifurcation analysis, 

suppose that the fundamental solution increment satisfies total loading at each point 

in the body. Then, by the same argument that was made in the analysis of the solid 

with a smooth yield surface, it is possible to construct a bifurcation solution as 

some linear combination of the fundamental solution Increment and the cigenmode in 

such a way that the bifurcation solution also satisfies total loading at each point 
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in the body. Consequently, H vanishes when F does as it must if bifurcation is 

to be possible. Fhe initial slope in (3.22) must be chosen to ensure that the 

Liiurcation solution satisfies the total loading constraint. 

The requirement that the hardening matrix be positive definite is more 

restrictive than one would generally wish since, for example, it excludes the case 

of perfectly plastic behavior. However, for the arguments to be made later in this 

article it does suffice to assume a positive definite hardening matrix. 

Koiter (1953) showed that the slip theory of Batdorf and Budiansky (1949) is a 

special case of this class of theories in the limiting sense as N-*-« . Sanders (1954) 

discussed a class of theories broader than slip theory but also based on the present 

structure with linear loading functions which for strain hardening materials has the 

property that the hardening matrix is positive definite. These theories are pertinent 

to the discussion of the use of deformation theories in bifurcation analyses to be 

given later since for total loading histories they coincide with deformation theories 

of plasticity. 

B. GENERAL BIFURCATION CRITERION FOR THE DONNELL-MUSHTARI-VLASOV (D-M-V) 

THEORY OF PLATES AND SHELLS 

The D-M-V approximate strain measures for plates and shells apply when the 

strains are small and when the characteristic wavelength of deformation is large 

compared to the thickness of the shell yet small compared to the radii of 

curvatures of its middle surface. Their application is also restricted to 

relatively small rotations as discussed by Sanders (1963) and Koiter (1966). 

A modern treatment of elasti : buckling using D-M-V theory has been given by 

Budiansky (1968). 

Let the material points in a thin plate or shell be identified by convected 

coordinates x3 (a »1,2) lying in the middle surface of the undeformed body and 

the coordinate x normal to the undeforued middle surface. The D-M-V 

approximation to the Lagrangian strain tensor in this coordinate system is 
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nae 

where Eag and Kag are called the 

given In terns of the displacements 

• eo6 + x3koB • (3,2,) 

stretching and bending strains. They are 

of the middle surface U and W which ara 
a 

tangential and normal, respectively, to the undeformed middle surface by 

Eaß • 
+ b 

aß 
W + ¿ W 

a ,ß 
(3.29) 

and 

(3.30) 

where b « Is the curvature tensor of the undeformed middle surface and the 
aß 

coana denotes covariant differentiation with respect to a surface coordinate. 

Greek Indices range from 1 to 2 . 

The approximation to the three-dimensional expression for the Internal virtual 

work in this theory is 

(r^ôn. .dv 
j 1J 
V 

{M^aß + N^gldA . (3.31) 

where dA is the undeformed element, of area of the middle surface. The bending 

moment and resultant stress tensors are given by 

t/2 t/2 

Maß - Í Taßx3dx3 and Naß - 

-t/2 -t/2 

aß. 3 
T dx , (3.32) 

where t is the undeformed thickness. An exact principle of virtual work is 

postulated for the variables of D-M-V theory. Let p be the resultant force 

per unit original area with components pa i*r.d p referred to the base vectors 

of the undeformed shell. The principle of virtual work is 

A 

{paóUa +pôw}dA + boundary terms . 

A 

(3.33) 
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Equlllbriun equations in terms of the stretching force and bending moment tensors 

are obtained without approximation from (3.33). 

To obtain the rate-constitutive relations in terms of the D-M-V variables we 

Invoke the same approximations as are used in the theory of linearly elastic thin 

plates and shells. The state of approximate plane stress at each point through 

the thickness is assumed to apply. The transverse shear-rate components, 

and n23 , are taken to be zero, and it is assumed that T -0 so that there is 

to 'ontribuilon to the internal virtual work from the normal strain-rate n33 . 

For a given strain-rate denote the three-dimensional moduli by L so that 

•ij ,ijk£* 
-5 L nk£ * (3*34> 

The assumption of approximate plane stress gives 

•aß r-aßicy • 
T = L , (3.35) 

where again the Greek indices range from 1 to 2 and the plane stress moduli , 

are given by 

j-aßicy , Laßnr _ Laß33L33iqr^L3333 
(3.36) 

For the special case of the relation (3.8)-(3.10) for solids with a smooth 

yield surface the plane stress elastic moduli are given in terms of the three- 

dimensional quantities by 

(3.37) 

One can also show after ¿orne manipulation that the assumption of approximate 

plane stress loads to 

(3.38) 

—qR • 

where a-1 for m r)^ 0 and a * 0 otherwise, and where 

i 
_-l 
8 g-V3333/L3333 (3.39) 
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Usiig (3.32) and (3.35) the rate-constitutive relations Involving th« D-M-V 

variables are 

•aß aßicYi . „aßKY* 
" H(l) 'o' + "(2) K0 > 

•aß „aßKY* „aßKYA 
M H(2) Eky + "(3) Kky » 

(3.40) 

where 

aaßnr 

t/2 

(i) L^xV-W (3.41) 

-t/2 

In the linear elastic theory of shells the integrations in (3.41) can be perfoned 

once and for all. In the elastic-plastic verrlon of the theory the moduli are 

stress dependent and the active branch of the moduli depends on the strain-rate. 

Thus an essential part of a general elastic-plastic calculation using this theory 

is the computation of the local stress distribution using the incremental relation 

(3.35) and evaluation of the Integrals in (3.41) by one means or another at each 

stage of the loading process. 

Now we turn to the question of uniqueness within the context of the D-M-V 

theory. At a given stage of deformation suppose there are two possible solution- 

rates associated with the same rate of applied (dead) load. Denote these by 

• b *b 
U , w , U , W , etc. Following the uniqueness construction of Section III, ▲ 

Introduce the differences U -U -U 
•b »a -aß *aß *aß 

* T. ^ — T " , etc. Then if both 
D A a a a 

solution-rates are indeed possible solutions it must follow that 

H = 
’iwaß~ -aß~ 
{Ä“Ko6 + 5“0Eo8 + Nftt>oS>6)dA - 0 , (3.42) 

where N 
,aß 

ï 

j 

is the current resultant stress tensor and 
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1,„0 .0 « 
Eo8 ■ + ba6” + 2(U,aW.e+".e“,«' ) 

(3.43) 

aß ,aß * 

Define three-dimensional comparison moduli in the same way as in Section III, A 

and use them in (3.36) to obtain the plane stress comparison moduli £ . Denote the 

_ c 
integrals in (3.41) evaluated using Lc by • If three-dimensional 

constitutive relation satisfies the fundamental inequality (3.27), then one can 

show that the D-M-V quantities as they have been defined satisfy 

P\e + 5% > + . 1¾¾ . (3.44) 

The equality holds if and only if both the solution-rates satisfy total loading 

(i.e., no elastic unloading if N* 1) through the shell thickness. 

The quadratic functional for testing for bifurcation in the D-M-V theory 

is therefore 

F ■ Ifêo)\e^y++ + "0BV.ßl" • <3-‘5) 

For any three-dimensional relation which satisfies the inequality (3.27) the 

condition that F> 0 for all admissible, nonvanishing fields , W ensures 

uniqueness. Furthermore by the same argument given in Section III, A, if the 

fundamental solution-rate satisfies total loading,then bifurcation is possible 

when F first vanishes with the bifurcation mode composed of a linear combination 

of the fundamental solution-rate and the eigenmode. The eigenvalue equations 

associated with ÔF ■ 0 are listed in Section IV, A. 

The Kirchhoff stress tensor arises naturally in the above formulation by 

virtue of the fact that the theory employs an approximation to the Lagranglan 

strain tensor and the undeformed configuration as reference. Since the difference 

between two stress-rate measures involves terms like rn , such differences will 
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be small if the stress is small compared to the Instantaneous moduli. In the 

compressive buckling of columns, plates and shells the stress level Is usually 

a small fraction of the Instantaneous moduli at buckling. For example, the 

compressive bifurcation stress of a column is given by the tangent modulus foramla 
2 

CE^(t/L) , where C is a constant of order unity determined by the cross-section 

and end conditions and t and L are the characteristic thickness and length of 

the column. For a practical analysis of a slender column one can therefore use a 

"small strain" theory of strain hardening plasticity In which no care Is paid to 

the specification of the stress-rate measure. On the crher hand, when the stress 

at bifurcation Is comparable In magnitude to the Instantaneous moduli It Is 

•aß 
necessary to correctly Identify T as the convected rate of change of the 

contravariant components of the Kirchhoff stress. The moduli In (3.34) must also 

be chosen consistent with this Interpretation. A recent discussion of the extent 

to which the stress-rate choice Influences bifurcation predictions Is illustrated 

In a number of examples examined by Bazant (1971). 

As It stands, (3.45) Is referred to the original configuration as has been 

discussed. If it is desired to use the deformed configuration at bifurcation as 

the reference then (3.45) remains unchanged In form except that now the comma 

denotes covariant differentiation base vectors of the deformed middle surface, 

V represents a deflection normal to the current middle surface, etc., and the 

Ocxß 0 
components N are referred to the current base vectors. Also, W must be 

set to zero in (3.43) and t represents the current thickness and dA the 

current element of area of the middle surface. Since the theory Is restricted to 

small strains it is usually unnecessary to draw a distinction between the area 

and thickness of the shell at bifurcation and in the undeformed state. 
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C. DISCUSSION OF BIFURCATION PREDICTIONS BASED ON THE SIMPLEST INCREMENTAL 

AND DEFORMATION THEORIES OF PLASTICITY 

In the examples to be discussed below the stress levels at bifurcation are 

a small fraction of the instantaneous moduli so that a discussion within the 

context of small strain theories of strain hardening plasticity is justified. 

The most widely used incremental strain hardening theory is flow theory. In 

Cartesian coordinates the stress deviator is s. . ■T..-4 T,. 6.. and 
ij ij 3 kk ij 

. The instaitaneous moduli are given by 
2 2 “ij Jij • 

Lijkfc ° I+v I 2(6ik6jl+(5i£Ójk) + I^2v 6ij6k)l* l+v+2h°j2 } * <3-46> 

ah, s. ,s. 

where E is Young's modulus and v is Poisson's ratio. For ” (J_) , 
2 2 max 

a - 1 if j > 0 and a = 0 if J < 0 , and a= 0 if J < (J.) . The 
2 — 2 2 2 max 

function hj^Jj) is determined from the tensile stress-strain curve in terms of 

• « 

the tangent modulus E^ (i.e., a=E t) as 

hx - 3[E/Et- 1]/(4J2) . (3.A7) 

The comparison moduli are given by (3.46) with a*l where J2 ■ ^32^max * 

Since flow theory satisfies the inequality (3.27) the functional F 

defined in (3.45) does form the basis of the sufficiency condition for uniqueness. 

Furthermore when the fundamental solution has the property that > 0 everywhere 

the yield condition is currently satisfied, then bifurcation is possible at the 

lowest eigenvalue of F . 

The simplest total strain theory of plasticity is usually referred to as 

J2 deformation theory. It is a small strain, nonlinear elasticity relation in 

which the total strain can be expressed as a function of the stress according to 

eij “ Ë f (1+V)aij ‘ ^kk^ij+h2(J2)8ij} * (3-48) 
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where 

h2(J2) - 3(E/Eg-1)/2 , (3.49) 

and where Eg ■ a/e Is the secant modulus in a tension teat. The instantaneous 

moduli are 

M 3v + h2 h2*H8kl ) 
{ 5^ik^jl+ ^ii^jk^+ 3(l-2v) 6ij6ki " l+v+h2+2h¿J2 } » (3*50) ijkl l+v+h2 

where h2 = dh^/dJ^ . 

Bifurcation predictions based on F in (3.45) with either (3.46) or (3.50) 

reduce to results obtained by many authors. Most problems which have been 

worked out in detail have a fundamental prebifurcation solution which is a 

trivial , uniform state of stress. Many solutions (some involving additional 

approximations) are prewented in the well-known references by Bljlaard (1949), 

Stowell (1948) and Gerard and Becker (1957). More recent work includes Lee's 

(1961, 1962) cylindrical shell studies, Batterman's (1964) equations for 

axisymmetric shells, and Jones' (1967) results for eccentrically stiffened shells. 

Sewell's (1972) bibliography Includes many more references to problems in this 

class. 

Sanders (1954) has shown that Incremental theories o * plasticity baaed on 

linear loading functions such as those alluded to in Section III, A are integrable 

for total loading histories on which no activated loading function unloads. In 

particular, he has shown that there exists an incremental theory with infinitely 

many loading functions which coincides exactly with J2 deformation theory for 

total loading. Put another way, for a restricted range of deformations J2 

deformation theory coincides with a physically acceptable incremental theory which 

develops a corner on its yield surface. 
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Slip theory of Batdoif and Budiansky (1949) is also integrable for total loading 

deformations but it coincides with a deformation theory involving both J2 and 

the third invariant of the stress. We have already remarked that theories based 

on multiple loading functions satisfy the fundamental inequality required to 

establish the validity of the bifurcation criterion based on F . 

It follows from Sanders' observation that most of the results which have 

been obtained using J2 deformation theory are rigorously valid bifurcation 

predictions base! on the incremental theory mentioned above which coincides with 

J2 deformation for total loading. This is contrary to statements made repeatedly 

in the literature to the effect that bifurcation predictions based on deformation 

theory are physically unacceptable. To be more specific, suppose the fundamental 

solution satisfies proportional loading everywhere, as is the case for almost all 

the examples which have been worked out in detail in the literature. The 

bifurcation solution is a linear sum of the fundamental solution increment and 

the eigenmode. We can always include a sufficiently large amount of the 

fundamental solution increment relative to the eigenmode such that the bifurcation 

mode satisfies the total loading restriction. It seems to be widely appreciated 

that J2 deformation theory cannot be labeled physically unacceptable for total 

loading histories (Budiansky, 1959). The confusion in bifurcation applications 

apparently stems from the misconception that when bifurcation occurs total 

loading will be violated. On the contrary, it is the total loading condition 

itself which supplies the constraint on the combination of fundamental solution 

increment and eigenmode which must pertain — just as it is the condition 

i 1 *b 
m Ü 0 which provides the constraint in (3.23) for the case? of a smooth 

yield surface. The above line of reasoning is due to Batdorf (1949) who used 

slip theory, which was developed for this purpose, as the basis for his argument. 
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As long as the fundamental solution satisfies total loading there are no 

grounds that we have yet mentioned which favor the bifurcation load predictions 

based on J2 flow theory over those based on deformation theory or vice versa. 

Perhaps the best example which brings out the essence of the difference 

between the two simple theories In bifurcation applications is the buckling of 

a cruciform column under axial compression shown In Fig. 9 and studied originally 

by Stowell (1948). If the column is not too long, It undergoes torsional 

buckling in which the specimen twists about its axis. Only the effective shear 

modulus enters into the formula for the bifurcation stress. In the elastic range 

the compressive stress at bifurcation Is 

o - G(t/b)2 , (3.51) 
c 

where G Is the elastic shear modulus, t is the thickness and b is the width 

of the flange plates. This result can be obtained In several ways; but. In 

particular, it can be obtained from the D-M-V theory as a limiting case for a 

long plate which is simply supported along one of the long edges and free on the 

* 
other (Timoshenko and Gere, 1961). 

In the plastic range (3.51) still holds according to J2 flow theory. Because 

this plasticity theory has a smooth yield surface, the increments in the relevant 

components of shear stress and shear strain following uniaxial compresnlon are 

related by the elastic shear modulus. On the other hand, for anjr deformation 

theory for an initially isotropic material it can be shown that the relevant 

instantaneous shear modulus G following uniaxial compression is given by 

* 
For flat plates the D-M-V equations reduce to the Kármán plate equations. 



-42- 

wï»ere E = o/c is the secant modulus. The deformation theory prediction (and 
8 

consequently that of slip theory too) is 

a - G(t/b)2 (3.53) 
c 

Thus the ratio of the deformation theory result to the simple flow theory result 

is G/G and for Poisson's ratio equal to 1/2 so G*E/3 in (3.52) this ratio 

equals E /E . 
8 

2 
Experimental results in the form of the buckling stress normalized by G(t/b) 

and E /¥. are plotted as a function of 0 in Fig. 9. These experiments were 
s c 

performed on specimens of 2024-T4 aluminum and the figure was taken from Gerard 

and Becker (1957). The discrepancy between the two theories for the cruciform 

column is more dramatic than occurs in most problems. Nevertheless, it is 

generally agreed that bifurcation load predictions for plates based on 

deformation theory give reasonably good agreement with experimental buckling loads 

while predictions based on J2 flow theory are consistently high. 

The cruciform column was discussed extensively in the literature by Drucker 

(1949), Cicala (1950), Bijlaard (1950) and Onat and Drucker (1953). In part, this 

discussion centered on whether or not. imperfections could account for the discrepancy 

between the predictions of simple flow theory and deformation theory. Based on a 

rather approximate analysis Cicala (1950) concluded that small imperfections, which 

would inevitably be present in any actual specimen, would reduce the maximum support 

load calculated using J2 flow theory to the level of the deformation theory 

bifurcation load. Bijlaard (1950) refuted Cicala's claim on the grounds that the 

imperfection levels Cicala was considering would by no means inevitably be present. 

Onat and Drucker (1953) carried out a more detailed, but still approximate, 

calculation of the maximum support load based on J2 flow theory and found that 

extremely small imperfections did reduce the maximum load to essentially the level 

of the deformation theory bifurcation load. The imperfections required to bring 

about this reduction were so small that they suggested that no significant scatter 
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In the buckling loads should be expected (as is usually the case «hen Imperfection- 

sensitivity is involved), as the test data seems to indicate. If they are correct 

in asserting that the yield surface should be taken to be smooth and if their 

conclusion regarding the effect of small imperfections is also correct, the prospect 

of having to take into account initial imperfections in this manner just to calculate 

an effective buckling load is hardly a hanpy one. In any case, this exaaple does 

lend further credibility to the use of bifurcation load predictions of deformation 

theory for engineering purposes. 

As discussed above the essential difference between the two sets of 

predictions revolves around the question of whether the description of the yield 

surface should allow for corners. Theoretical models based on single crystal 

slip (such as slip theory or the more elaborate models which followed it) 

definitely indicate that corners should develop (Hill, 1967a; Hutchinson, 1970; 

and Lin, 1971). However, experimental evidence on this question is contradictory. 

Adequate direct evidence in the form of measured yield surfaces is extremely 

difficult to obtain for these purposes since experimental probing of the yield 

surface tends to obliterate any potential corner. Nevertheless, many tests do 

show that a region of high curvature does develop at the loading point on the 

yield surface. Biaxial tests or tension-torsion tests which directly measure 

Incremental stiffnesses are more likely to shed light on this matter. But here 

too, the experimental evidence is contradictory with some investigators finding 

evidence which suggests corners and others finding none. A recent survey of the 

history of yield surface experimentation is given by Mlchno and Findley (1972). 

So far the evidence from basic stress-strain tests must be regarded as 

Inconclusive with regard to whether or not adequate models of the elastic-plastic 

behavior of common metals should incorporate yield surfaces with corners. 

Fortunately, experimental work in this area is continuing and the accuracy of the 

tests is improving so that there may be clearer evidence available in the future. 

In the meantime there seems to be little doubt that for engineering purposes 
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blfurcation prediction based on deformation theory should be favored over those 

based on incremental theories with smooth yield surfaces. This should not be 

construed as an argument for the universal application of deformation theory. 

In fact where deformation histories do depart from total loading, as may be the 

case in the post-bifurcation regime, for example, deformation theory predictions 

must obviously be regarded with suspicion. 

We conclude this section with two additional examples which more typically 

xu.ÍL.^trate wi.e discitpancy between the bifurcation predictions of these two 

theories. Bifurcation results for these two examples will serve as the starting 

point for post-bifurcation and imperfection-sensitivity studies presented in 

Sections IV and V. 

Consider a clamped circular plate of radius R and thickness t subject to 

a uniform radial stress 0 . The elastic bifurcation stress for compressive 

loading obtained from the D-M-V criterion is 

O 
c 

2 2 
K Et 

12<!-v2)R2 
(3.54) 

where k • 3.832 is the first zero of the Bessel function of the first kind of 

first order (Timoshenko and Gere, 1961). 

In the plastic range the fundamental solution continues to be the uniform 

state of equal biaxial compression. The plane stress comparison moduli relating 

the Inplane stress-rates and strain-rates must be isotropic at bifurcation. 

Without any approximation we can introduce an instantaneous modulus E and 

contraction ratio v so that 

U+v)T 
aß - “Vae (3.55) 

Also without approximation the lowest bifurcation stress according to D-M-V 
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theory is given (3.54) using Ê and v instead of E and v , i.e., 

a -- 
c 

k2Êt^ 

12(1-\;2)R2 
(3.56) 

For J2 flow theory E and v are given by 

E/Ê - [1 + (E/Et -1)/41 

(3.57) 

V - (E/E)Iv- (E/Et- 1)/41 , 

where is the tangent modulus in simple tension which is regarded as a function 

of as in (3.47). For deformation theory. 

Ê”1 - (E‘1 + 3E*1)/4 
t 8 

VÊ 1 - -[2(l-2v)E_1+ e”1 - 3E”^1/4 , 
t 8 

(3.58) 

where E^ is the secant modulus in simple tension and is also taken to be a 

function of J 
2 * 

An example studied by Needleman (1973) to be discussed further in Section V 

uses a uniaxial tensile stress-strain curve which has a definite yield stress 0 
5 

and yield strain c^*a^/E and a continuous tangent modulus where 

e/e = 0/0 
y y 

a < a 
- y 

(3.59) 
+ 1-- 

n a > 0 

This curve is shown in Fig. 10 with a strain hardening exponent of n ■ 12 . 

Also shown in Fig. 10 are the predictions for the bifurcation stress from (3.56) 

using (3.57) and (3.58) derived from this tensile stress-strain curve. The 

bifurcation results are conveniently plotted as o /0 against 
c y 

2 2 2 
k (fc/F) /[12e^(l-v )] so that in the elastic range the bifurcation curves plot 

on top of the stress-strain curve. For bifurcation stresses which are not more 
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than about twenty percent in excess of the yield stress (and thus bifurcation 

strains not exceeding about 2½ times the yield strain) the difference between 

the two theories is very small for this example. For larger values of the 

abscissa the difference is no longer insignificant. 

A second example which can be analyzed in an equally simple manner is the 

thin spherical shell under uniform external pressure. The prebifurcation 

solution is again the uniform state of equal biaxial compression. In terms of 

E and v in (3.i>5) the stress in the spherical shell at bifurcation is 

Et 

[3(1-v2)]1/2R ’ 
(3.60) 

where now t and R are the thickness and radius of the shell. This result 

also comes from I>-M-V theory as discussed by Hutchinson (1972); with Ê and V 

assuming theirelastic values, (3.60) is the elastic formula. Figure 11 has been 

plotted in the same way as was done for the corresponding plate curves. Here, 

however, a Ramberg-Osgood-type tensile relation has been used where and 

üy = are now an effective yield strain and yield stress, and n «■ 6 was chosen 

as illustrative of relatively high strain hardening. 

Bijlaard (1949) recognized that the elastic results for the above sphere and 

circular plate problems could be simply converted to give bifurcation loads in 

the plastic range. Hf.s paper Includes predictions based on the two simple 

theories used above. A rederivation of Bijlaard's result for the sphere has been 

given by Battennan (1969) for ^ flow theory. 

Sewell (1963, 1964) studied the extent to which the orientation of the normal 

to the smooth yield surface influenced the lowest bifurcation load. In his study 

of rectangular plates under uniaxial compression which are »imnly-supported on all 

four sides he found that by allowing the normal to differ from that of flow 
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theory somewhat lower bifurcation loads could be obtained. Justification for 

the different choice of normal requires an appeal to initial plastic anisotropy. 

In a more recent study Sewell (1973) reexamined this same plate problem using a 

plasticity theory based on the two loading functions associated with the corner 

of the Tresca yield surface. Appreciable reductions below the predictions of 

J2 flow theory were found. However it does not follow from these findings that 

the Tresca yield surface is generally suitable for bifurcation calculations. 

If the Tresca yield surface is used in the analysis of the cruciform column ona 

still obtains the elastic prediction (3.51) since the corner associated with 

the Tresca surface does not lower the effective shear modulus in question below 

its elastic value. 
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IV. Initial Post-Bifurcation Behavior for Donnell-Mushtari-Vlasov Theory 

In this section behavior immediately following bifurcation is studied within 

the context of D-M-V theory. Attention is focused on bifurcations emanating from 

the lowest possible bifurcation point. Growth of the region of elastic unloading 

is involved in an essential way in the determination of the initial post-bifurcation 

behavior as has been previously brought out by the continuous model of Section II, 

B. The analysis will parallel that given for the continuous model as well as a 

^ dimensional solids given by Hutchinson (1973a). 

One difficulty which must be faced immediately in the initial post-bifurcation 

analysis is the choice of constitutive relation. A deformation theory which 

incorporates elastic unloading is generally unsatisfactory in that it violates 

continuity requirements, as is well-known. This is in addition to the loss of 

its justification once total loading can no longer be claimed, which will often be 

the case in the post-bifurcation regime. On the other hand we have seen that 

where deformation theory predictions for the bifurcation load fall significantly 

below those of a simple incremental theory the deformation theory predictions are 

in better accord with experimental data. We strike a compromise here by using 

the incremental theory based on a smooth yield surface and by restricting 

consideration to specific examples where the bifurcation load is only slightly 

greater than the deformation theory prediction. In two column problems which 

will be looked at in some detail this question does not even arise since the 

stress-strain behavior is essentially unidirectional. However in the general 

situation this predicament underlines the lack of a reasonably simple yet adequate 

constitutive relation for common structural metals even for the restricted class 

of deformation histories involved in plastic buckling problems. 

The general constitutive relation (3.8) to (3.10) will be used; under the 
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assumption of approximate plane stress this relation has been rewritten in tetM 

of the Inplane stress and strain components in (3.37) to (3.39). Although it Is 

not crucial to the analysis we will make the simplifying assumption that the 

body becomes fully plastic prior to bifurcation. 

Let X be the single load parameter and let dead loads (and/or displacements) 

be applied proportional to X . Let the fundamental solution be associated with 

monotonlcally increasing X prior to the occurrence of any limit point of X 

and label the fundamental solution with a superscript or subscript 0 . Attention 

is restricted to bifurcations which occur prior to a limit point of X . Vlth £ 

denoting the (positive) amplitude of the eigenmode associated with the lowest 

bifurcation load Xc , we will show that the initial post-bifurcation expansion 

is of the form 

Xc + Xx£ + X2Ç 1+ß ^ eos g (4.1) 

where 0 < ß £ 1 . Generally, X1 > 0 ; in the examples examined below, ß<*l/3 

or 2/5 and Xg < 0 . 

A. GENERAL THEORY 

1. Equations for the Eigenvalue Problem and Determination of X^ 

Denote the elgenmodal quantities associated with the lowest value X^ for 

which F vanishes by 

.(1) (D (D (D (1) (Daß (Daß (Daß 
( °a - H • Eae • ■'aB • nc,8 • S • M • T l . «-i) 

where the local quantities which vary through the thickness are listed along with 

the quantities which are functions of just the two middle surface coordinates 

x° . The first variation of F also vanishes at X , i.e., 
c 
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/< 
(N><,eíCEaS (4.3a) 

with 

ä Eaß - 2({ua,e + 60f,,a) + V" + 5<^>i8+w”'«w,a) , (4.3b) 

which generates the equilibrium equations and homogeneous boundary conditions for 

the eigenvalue problem. In addition, the eigenmodal quantities satisfy: 

<i,°6 ■ +■ (“)aB • + 

(1) (1) 

KaS * - H,ae • Eoß - 2' "o.ß" ue,0i' T -Oß " - J'“,a M.a 

^)aß jKißKyd) 

T - Lc V and (4.3e) 

(1) (1) 3(1) 

naß " Eaß + x Kaß * (4.3f) 

A superscript or subscript c denotes quantities evaluated at X . The 

- c c 
quantities Lc and H(1) were defined in Section III, B and, in general, they 

may vary through the thickness as well as over the middle surface. Equations 

(4.3e) and (4.3f) are auxiliary to the eigenvalue problem but nonetheless are 

Important to the initial post-bifurcation analysis. 

Attention is restricted to problems in which the eigenmode associated with 

Xc is unique. The mode is normalized in some definite way. As defined 

previously, Ç is the amplitude of the eigenmodal contribution to the bifurcated 

solution. It is used as the expansion variable; Ç is defined to be positive 

and is increased monotonically in the initial post-bifurcation regime. To analyze 

the opposite-signed deflection in the eigenmode we will change the sign of the 

eigenmodal quantities (4.2). 

It is assumed that the fundamental solution satisfies 
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-aßiQ 
m n, > A > 0 
c 'aß - ’ (4.*) 

where for the remainder of the paper 

(') = [d< )/dX]c . 

As already discussed, the bifurcated solution Is of the form, 

,0c' 

(4.5) 

U u: 

w 

+ K 

Xi¿°+ (Ug 
la a, 

^ • • • , (4.6) 

with similar expressions for the other variables and where X^ was Introduced 

in (4.1). An equivalent form for the expansion is 

(1) 

where 

U ) ( U ) I Ü ) a / la/ I a / 
/ + 1 /+ ••• . . ( ) .0 i / (1) ( w 1 (w J ( w ) 

(*) = d( )/dÇ 

and, for example, W° is shorthand for (dW°/dX) (dX/dÇ) 

for no elastic unloading at bifurcation requires 

—aß'0 (1) N _ 
mc ainaß+ V5 

(4.7) 

(4.8) 

The Shanley condition 

(4.9) 

at every point in the body which provides a constraint on X^ which clearly can 

be met if (4.4) holds. 

Recall that two possibilities were encountered in the analysis of the models 

of Section II. Either no elastic unloading occurred on the bifurcated solution 

branch in some finite neighborhood of X^ or neutral loading occurred at one 

point in the body at bifurcation and elastic unloading spread froa this point as 

the amplitude of the bifurcation deflection increased. The same is true here. 

In the unlikely event that the structure possesses a sufficiently large 
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stablllzing geometric nonlinearity such that Is greater than the smallest 

value needed to ensure (4.9), then no elastic unloading will occur for some range 

of positive £ . The criterion for Identifying this possibility will be given 

later, along with the associated formula for X^ . The second possibility Is 

more typical and by far the more Important. Then X^ assumes the smallest value 

consistent with (4.9). This Is the case which is analyzed below. 

2. Lowest Order Boundary-Layer Terms 

The instantaneous neutral loading surface separating the regions of elastic 

unloading and plastic loading spreads from a point as £ increases from 

zero as depicted in Fig. 12. The initial neutral loading point is denoted by 

and is the point where the equality In (4.9) is attained. In some problems 

neutral loading at bifurcation may occur at more than one Isolated point or along 

a line of points as for example in an axisymmetric bifurcation of a shell of 

revolution. We will carry out all the details of the analysis for the case where 

x^ Is an Isolated point. In most problems x^ will lie on one of the two surfaces 

of the shell as in Fig. 12 and this will be assumed to be the case here. Other 

variants can be analyzed with the same approach. 

With X^ chosen such that the equality holds at x^ in (4.9), the function 

on the left hand side of this inequality is greater than zero elsewhere in the 

body. It enters into the initial post-bifurcation analysis in an essential way. 

To display the behavior of this function in the neighborhood of x^ introduce a 

set of local Cartesian coordinates centered at x^ as shown in Fig. 12 such 

that Zj is directed along the outward normal to the surface on which x^ lies. 

Using a Taylor series expansion about x^ , write 

-aß,, '0 , (D , 
"c (XlnoB+ W C3*3 + Ca8Ve + 

(4.10) 
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where 

3 

ïïi: 

F-aB.. '0 (1) J 
3[mc <Xlnaß+ naB) 

1 3 3 

-.cr - YTTTT] V>]|xi 

(4.11) 

Since (4.10) attains its minimum in :he body at t C^-Cj-O and _< 0 . 

In the subsequent analysis it is crucial to distinguish between Instances where 

< 0 and where » 0 ,. It will almost always be the case that ^ 0 If: 

the eigenmode Involves bending. For example, suppose the fundamental state is a 

uniform state of stress; then from (4.11) and (4.3f) 

r0.6«> 
"c ’'c.e 

which will vanish only under exceptional circumstances. We will carry out the 

analysis under the assumption that < 0 and later coiment on the case where 

c3-o . 

Motivated by the simple model results, an expansion is attempted in the font 

(4.1) so that 

A ■ + (I+BÍA^Ç^ + A , (4.12) 

1 VYl 

where the remainder satisfies A)*0 . Using this relation to expand the 

fundamental solution about A gives for a typical quantity such as the stress 
c 

dTlj 
= Z£_ dA . x ’ij . il+ßU rß’ij + 

T0 ' dA dÇ xi 0 + (1+B)à2Ç T0 + ••• * 
(4.13) 

As the region of elastic unloading spreads from xc and engulfs a point, 

the relation between the stress-rate and strain—rate changes from being determined 

by the plastic moduli L to the elastic moduli . A set of stretched 
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boundary-layer coordinates z± will be Introduced such that the equation of 

the neutral loading surface will be Independent of Ç to lowest order when 

written In terms of these coordinates. These same coordinates are the natural 

choice for use in the description of behavior in the vicinity of the growing 

elastic unloading region. 

Anticipating that the lowest order corrections to the bifurcation mode (4.7) 

are of order we can write quite generally that 

|;apl |;«j j?“»«.,1, 
(. (4.14) 

To introduce the boundary-layer description two distinct limits of the last terms 

in (4.14) are considered. In the first the point x1 (x1 4 x1) is held fixed so 
c 

that the elastic-unloading region leaves x1 behind as it shrinks to the point 

i 
xc as £-*■(), i.e., 

lim jnaB(Ç,xl)| (na6<xl)| 

^O.x1 fixed I j ' 
(4.15) 

Next, take the limit with fixed so that the point in question stays at the 

same position relative to the shrinking boundary-layer region as Ç -*■ 0 . Define 

the boundary-layer quantities by 

u„ (v'”*1*! ( v<v j 
£*o>íi ““■‘i?“6«.»1)) j ’ 

(4.16) 

* a a 
The quantities n and T have no connection with quantities identified by 

an a in the uniqueness construction. 
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Having defined these limits we now proceed to obtain the lowest order 

equation for the instantaneous neutral loading surface. The normal to the yield 

surface in strain-rate space is regarded as a function of stress, and for plastic 

loading 

î“8 - ;“8 + 

-aß 

c 
+ ... - mc + + T )— + ... . (4.17) 

Thus the equation for the neutral loading surface can be written as 

0 * m^n ■ ) + Ç^[ (l+BHJñ^ní? +¡vpri ] + ... • (4.18) 
op c 1 op op 2 c ap c ap 

Noting the expansion (4.10) for the zeroth order term in the above equation, 

define the stretched coordinates according to 

r-ß 
^ Z3 

3 “ -(1+6) V, 

* 
and z 

rß/2z. 

“ {-(l+ß)X.]1'71 
(4.19) 

where it has been anticipated that X2 is negative. Introduce the stretched 

coordinates into (4.18) and take the limit as with z^ flved with the 

result 

0 - mapnar « f,8[(l+ß)X2_r _c ,-c. .ap. ,f(z.) +m“P(xSn„ J + ... , (4.20) 

where 

ct* \ - -utB’O 
f(zi) = mc V i ' ':3Z3 " CaßVß * 

(4.21) 

are zero as a consequence of The boundary-layer strain-rate ouantities 

a a 
the kinematic assumptions which have been adopted. With E « and K g defined 

analogous to the definitions in (4.14), (3.28) gives 

naß(x ) ’ haP(x } X Kaß(x ) ' 
(4.22) 
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Sin ce the strains are constrained to vary linearly through the thickness, the 

* * * * 
existence of boundary-layer terms Ejg(z^) and Kag(za) would result in the 

* 
quantities varying linearly through the entire thickness. This possibility 

Is excluded by the situation envisioned In Fig. 12 where the region of elastic 

unloading spreads into the shell In the direction as well as In the two 

tangential directions. To proceed we must take 

aB Kaß " naß 0 . (4.23) 

At this point one might want to question the retention of the assumption that 

the strains vary linearly through the thickness accoroing to (3.28) once elastic 

unloading sets in. We will take this matter up again in the discussion of some 

specific examples. Here, however, it is possible to instill some confidence in 

this assumption by noting that the full boundary-layer treatment for a three- 

dimensional solid also gives ® (Hutchinson, 1973a, §6.2). Consequently, 

the lowest order equation for the neutral loading surface (4.20) reduces to 

f^) - 0 (4.24a) 

or in terms of the unstretched local coordinates 

c3*3 + caBVe ■ -a+6)x2ç8"cp;w i • 
(4.24b) 

Because of (4.4) and < 0 , (4.24b) implies that < 0 if the neutral 

loading surface is to spread into the body as previously anticipated. 

Within the region of elastic unloading, 

(1) 
<y Vy 

•op-,;TaP»nr[X^+^+(1+ß)X^ßto^ + cß^+ . (4>25) 

Using (4.14), (4.3e), together with 

jOaß -aßtcY'O . -aßtcy --l-aß-tcy 
Lc n<Y and '/’ T - Lc ’ - g^ m^ m„ ' , 

'c c c 
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(4.25) can be rewritten as 

çsjcp. + + +.... 

6 * 
Now divide by Ç and take the limit as £ * 0 with fixed (thus remaining 

within the elastic unloading region as £ -^ 0). In this limiting process make 

use of (4.10), (4.19), (4.21) and (4.23). The result la the lowest order 

correction to the bifurcation mode for the stress-rate within the elastic 

unloading region: 

*_ r_-l * 
(4.26) t0^ - (1+8)X2 . 

*ag 
A similar analysis gives T -0 outside the region of elastic unloading. Note 

that the boundary-layer stress-rate is continuous across the neutral loading 

surface f - 0 . 

Let n“6 and M010 be the contributions of boundary-layer stress-rate to 

the resultant inplane stress and bending moment tensors defined in accord with 

(3.32) by 

t/2 

*aB *a8 . 3 
T dx and 

i 

moB - I 

t/2 

*aB 3, 3 
t X dx (4.27) 

-t/2 -t/2 

Changing to the stretched coordinate for the integration variable, 

¿op -U+8)A2£ ^*3 + ... 

- -(l+8)2A2£ß , if(z1)d*3 + .,. , 
L J V J 

(4.28a) 

and similarly, 

M 
,,0.2.2-8 

-(1+8) >2£ j^gc mc (it/2) 
f * it 
f(z1)dz3 + . •. , (4.28b) 
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where Che Integration extends from the edge of the elastic unloading region to 

3 
the shell surface in a sense consistent with which of z^>±(x 7 t/2) holds. 

3 3 
Also, +t/2 pertains when xc ■ t/2 and -t/2 when *c ■-t/2 . 

3. Determination of 6 and 

To evaluate 6 and X^ the lowest order boundary-layer terms are displayed 

explicitly in the initial post-bifurcation expansion and in this form the expansion 

is substituted into the principle of virtual work. Following some further 

manipulation of the virtual work equation, an examination of the lowest order 

non-vanishing terms in this equation permits us to identify ß by inspection and 

provides a general equation for X^ . 

The bifurcated solution-rate is written as 

a,p 

ap 

•ap 

jap 

Vp'5'1 > 
b i 

nap (£-x > 

H j^p (Ç.X1) 

n“»' £n“<> (Ç.,Y) 

(A.29) 

with similar definitions for the other quantities. Since the lowest order 

boundary-layer terms have been separated out it can be asserted that 

r p *tef, , C6fu ; $ ; t“p j ¢-6¾06} ■ 0 . Ç fixed 1 a,p ’ ap ’ 1 

The incremental form of the principle of virtual work (3.33) is 

{MaS(SKrtR+Na66ErtR+NaBWia6W^}dA - EVW , 

(A. 30) 

(A.31) 

which is satisfied by both the fundamental solution and the bifurcated solution. 
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El la Ina te the right-hand-side of (4.31) using the equation satisfied by the 

fundaaental solution and rearrange the resulting equation to the following fora: 

Jf (M08 - Mf)6Kae + (¡¡“6 . (i“**, (ÍUaje+ W^V+Ñ“6^-/0)«V> 
6 

+»f(W(i-i®0)SW>6 + (rf,8.lÇ6)êaíl)(6)dA . 0 . (4.32) 

Substitute (4.29) into (4.32) using (4.3a), (4.12) and expansions such as (4.13) 

to obtain 

I+ B)dA + 15^6^ IdA 
A A 

+ çJ{2X1<N)otBW°a6W^+2(1^+(N>aß)(i|a6W e}dA +...-0 (4.33) 

where 6 E is defined by (4.3b). 

Equation (4.33) can be regarded as the variational equation of equillbrlus 

for the quantities with the superscript b . Ue will argue that all three terns 

shown in (-. 33) must be of order Ç and this will enable us to identify 8 . 

In preparation for this argument we first digress to consider the initial 

post-bifurcation behavior of a nonlinear hypo-elastic comparison problem in 

which the unloading branch of the constitutive relation is suppressed. That is 

Taß - for all strain-rates where L will be taken as a function of 
<Y - 

the stress. For the comparison problem the initial slope is not constrained 

by (4.9) but will be determined below. Since the boundary-layer region does not 

develop the associated term in (4.33) must be deleted and the superscripted b- 

quantitles are of order Ç . Introduce the limit 

: V i Tae ¡ ¡Sae) * 2(¾ ¡ (S>6 ; (?)a6 , . (4.34) 

11m 

Ç + O.x fixed 
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where the multiplicative factor of 2 brings the notation into line with previous 

work on elastic post-buckling expansions to be cited later. The variational 

equation for the second order quantities is 

2|(<">ae{Ko6+ <">08sCEae + <<“!aS".e)',A + 

2|(Xl<E>C,8"°a{M.B + <Xl^6+ <“)0'8)<V{W,B^‘iA ' 0 ‘ <4,35) 

One can also establish the connections 

<2> (2) (2) ! (2) (2) (2) , 0 (2) 0c(2) , (1) (1) 
K_0 - - W and EnR - ¿( U -+ U- ) + b^- W + i(W°f W fi + W°^ W + i V W 
08 ,a8 

Writing 

one can show 

where 

a8 - 2' “a,8' a' ^ ua8 " T w.6"w,8 w,a; + 2 w,a w,8 

(4.36) 

jaBKY . ^aßtqr + (tMV _ 

c 3Tyv 

(?)oB - + Daß , 
c <y ’ 

Da3 s 1 x -uv 3Laß^ 

2 1 0 

(D , 1 (Dyv 3^ 

V + 2 T - 
3t 
pv 

(4.37) 

(4.38) 

(xA+<v) • <4-39> 

In addition, it follows that 

(»)a8 ■ +5<Ä+f^0“8- 
-t/2 

t/2 

(»)a8 ■ ++1 d“8»3- 
-t/2 

(4.40) 
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(1) (D 
Now set ÔU - U and 6W - W in (A.35) to get 

a a 

A 

+ 2j{l1<N)aßW°a<W)ß +- 0 . (A.Al) 

A 

An Identity for the first tern of (A.A1) is 

A 

* Kv" 

idiere dV represents the volume element in the undeformed shell. This identity 

(2) (2) 
is obtained by setting 6Ua» Ua and ÓW - W in the variational equation for 

the eigenmode (A.3a) and then by making use of (A.3b), (A.3c), (A.36), (A.AO) and 

the property . Eliminate the common term in (A.A1) and (A.A2) to 

obtain the following equation for : 

(A.A3) ,<■/+ Xj.y?- 0 , 

where 

, [ <l)oßU> (D fU>pv 3101^ .,/. j3 N «ia Wi(,dA + j T " — 
(1) (1) 

na6 VV 
(4.44.) 

■MV SL06'1' 

A V 01 

yv 

(1) (1) (Dyv 31°^ 
naB V+ T - 3t yv 

•0 (!) 1 
naß n^v • 

(A.AAb) 

The expression (A.A3) for in terms of the eigenmode specialises to 

formulas given by Budiansky and Hutchinson (196A), Budlansky (1969), Cohen (1968) 
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and Fitch (1968) for constant elastic moduli. When the variable moduli are 

derivable from a strain energy density the result can be regarded as deriving 

from Kolter's (1945, 1963) general approach to conservative elastic systems. 

The formula is more general however in that it applies to the nonlinear 

hypo-elastic comparison problem for which the moduli are given by the loading 

branch of the elastic-plastic constitutive relation and are not, in general, 

derivable from a strain energy density function. The initial slope of the 

he 
couipài...bon problem is denoted by to distinguish it from the slope of the 

elastic-plastic problem A1 and in this notation (4.43) is replaced by 

• V + xj*'/?- 0 

The symmetry of the eigenmode in many problems implies that 0 and thus 

■ 0 . But if A^e as given above is sufficiently large such that 

\e<Xïe^6+<V) J 0 <4-45) 

throughout the body, then no reversal in sign of the strain-rate will occur in 

some finite range of positive £ . The behavior of the comparison problem will 

coincide with that of the elastic-plastic problem in this range and, in particular, 

i)0 
^ • However as has been indicated, the typical and more interesting 

situation occurs when strain-rate reversal occurs at bifurcation in the comparison 

problem. In this case A^ is the minimum value consistent with (4.9) and 

A > Ahe 
1 1 * 

We return to the analysis of the elastic-plastic problem in which elastic 

unloading must be taken into account. The contribution of the boundary-layer 

terms in (4.33) can be rewritten using the stretched coordinates and (4.28) as 

+NaP6CEap}dA » Ç3B(1+8)3A2 
—~ <xPj. 
g ® on « 
ec c aP 

JX 

f * * 
jf(*1)dV + 

* 
V 

• • • (4.46) 
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The volume V le the region of elastic unloading expressed In terms of the 

stretched coordinates. It Is enclosed between the two surfaces 

f (îj) - 0 and ±2*3 + bo0 (4.47) 

where (+) holds If x3-t/2 and (-) If x3--t/2 
C c 

By considering the three possibilities, B > 1/3 , B < 1/3 and B"l/3 , we 

will show that B -1/3 must hold Implying a balance between the three terms listed 

in (4.33). First, suppose B > 1/3 . Then by (4.46) the boundarj-layer 

contribution to (4.33) would be of order larger than Ç . A balance between the 

first and third terms in (4.33) would require the first term to be of order Ç . 

With the limit for fixed x1 defined as in (4.34), the subsequent analysis leading 

to (4.43) would pertain. That is, with B > 1/3 the effect of elastic unloading 

would drop out to this order requiring X, to satisfy (4.43). But this is not 

tlG 
possible because > X^ by assumption.. 

If it is supposed that B < 1/3 then there must be a balance between the 

first and second terms in (4.33), and in the limit Ç + 0 for fixed x the 

quantities W and Ua muft be of order Ç36 . Proceeding in a manner similar to 

that outlined in Eqs. (3.34) to (4.43), one can show that the only solution for 

these limit quantities is some multiple of the eigenmode. Furthermore, B < 1/3 

requires the boundary—layer contribution (4.46) to be identically sero. 

As already suggested, the proper choice is B"l/3 • Then all three terms in 

(4.33) are of order Ç and (4.34) still pertains.* The boundary-layer contribution 

* Eigenmodal contributions to (Ua,W) of order lower than Ç are possible; 

however, it is readily shown that such contributions do not influence the term 

in (4.1). To carry the expansion beyond this term it does become 

necessary to require the higher order terms in (4.29) to be orthogonal to the 

eigenmode in some specific way. 

......... 
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(1) 
((4.46) with 5n - n ) must be added to the left-hand-side of (4.35) as well as 

to (4.41). Equations (4.36) to (4.40) and (4.42) remain unchanged. Equation (4.43) 

is replaced by 

fiz^dV - -0/+X^) (4A2/3) gc m (4.48) 

where .f/ and are still given by (4.44). This equation is the general equation 

for X2 . Note that it involves the eigenmode, the initial slope and the 

derivatives of the Instantaneous moduli evaluated at bifurcation. 

* 
The integral J fdV can be evaluated in closed form for most cases of interest. 

With Cj2 ■ 0 and the general expression is 

3 

In this formula 
(4.49) 

» 

2 
ba - ±cabctaC3/2 (0^1.2 ; no summation implied) 

where (-) holds if * t/2 and (+) if x^«-t/2 . 
c c 

The analog of (4.48) for three-dimensional solids derived by Hutchinson (1973a) 

can be specialized directly to (4.48) when the assumptions of D-M-V theory are 

invoked. An example will be given in the next subsection in which neutral loading 

at bifurcation occurs along a line of points. In such cases two coordinates 

rather than three are stretched and one finds an expression similar to (4.48) but 

with ß ■ 2/5 . 

When + 0 the unloading region is a thin sliver whose penetration in the 
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g 
*3 direction nomel to the shell surface Is 0(€ ) and whose extent along the 

6/2 
surface Is 0(Ç ) . Thus, as will be seen sore clearly in examples which 

follow, the lateral extent of the unloading region will In general be on the 

order of the lateral dimensions of the plate or shell before the normal penetration 

1* more than a email fraction of the thickness. It is therefore not unreasonable 

to retain the asatasptlon of approximate plane stress even after elastic unloading 

sets in. For an unusual problem in which 0 one cannot necessarily still 

this claim since a different choice of stretched coordinates will have to be made. 

Such cases aust be examined Individually. 

B. TWO COLUMN PROBLEMS 

1. Simply-Supported Column with a Solid Circular Cross-Section 

Although the theory given above was derived for plates and shells it can be 

converted by inspection to apply to one-dimensional column theory. Tensor 

quantities become their counterpart scalars. For a column under axial compression 

Œil , m=-l , g =E-Et and dL/dr = dE^/dx . It is well known that the 

approximate strain-displacement relations of D-M-V theory are not adequate for an 

accurate analysis of the post-buckling behavior of linearly elastic colrans. In 

the plastic range, however, the nonlinearity associated with the material behavior 

dominates the initial post-bifurcation behavior and more accurate strain-displacement 

relations are not needed. 

The tangent modulus load for a solid cylindrical column of radius R and 

length L is 

Pc - it2e£i/L2 (4.50) 

4 
where I - nR /4 . The eigenmode and Its associated stress and strain fields 

are 
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(1) (D , . CD 2 2 CD cO-) 
Ua - O , W - R cos(nx^/L) , H ■ (ïï Rx^/L )co8(ïïx^/L) and T » n , 

(4.51) 

where the Cartesian coordinates x^ are orientated as shown In Fig. 13a. With 

CD 
this normalization an eigenmodal contribution £ W corresponds to a one radius 

lateral deflection when Ç m 1 . 

Let 

X - P/Pc . (4.52) 

Then n® »-(irR/2L)^ and with m ■-1 
c 

5c(V0+ n>) " C1tR/l)2Í^1/4 - (Xj/RjcosiïïXj/L)] . (4.53) 

The requirement that be the smallest value such that (4.53) is non-negative 

gives 

A1 « 4 (4.54) 

and xj = (0,0,R) . From (4.11) 

C3 - -(itR/L)2R~1 , Cn - |(irR/L)2 (tt/L)2 , C22 " C12 - 0 , 

so that from (4.21) 

1(^) - (itR/L)2[1/4+(Î3/R)-j^/L)2] . (4.55) 

The term ,<■/ of (4.44) is zero by symmetry as can easily be verified; and 

for the one-dimensional column theory 

\rtf- x1|{2t°íw)2+(dEt/dT)c(T0(n)2+<T)n0(n))}dV (4.56a) 

V 

- -E^(TTR/L)4irR2L(l+q) (4.56b) 

2 
where q ■(ïïR/2L) (dEt/dT>c . In the stretched coordinates the lowest order 

* *2. 
equation for the surface of the column is 2z3+z2/R*0 ; and using the general 
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formula (4.49) one obtains 

f^JdV - -(4X2/3)3(E-E^)(irR/L)4R2L/192 . (4.57) 

Combining (4.56) and (4.57) according to (4.48) gives 

(4.58) 

Thus the Initial post-bifurcation expansion Is 

X = P/P - 1 + 4Ç + XJ-4'3 
c ¿ ^ e o • § (4.59) 

where €*1 corresponds tc a lateral deflection of one radius at the center of 

the column. From (4.24b) the lowest order equation for the Instantaneous neutral 

loading surface Is 

(x3- R)/R - ^(TOj/L)2 - y X2Ç1/3 (4.60) 

An alternative expression for X2 was obtained by Hutchinson (1973a) within 

the context of the full three-dimensional theory by using the Euler-Bernoulll 

approximations to obtain approximate eigenmode fields. That expression agrees 

exactly with (4.58) when Poisson's ratio is 1/2 • 

If the truncated three term expansion (4.59) is used to estímate the 

wrHwmm support load one finds 

dX/dÇ - 0 -> ç1/3 - -3/X2 

and 

(E-E®) 
X“* - 1 + 

SirE^d+q) 
- 1 + 0.106 -=- . 

E®(l+q) 
(4.61) 

From (4.60) the elastic unloading region has penetrated to the middle of the 
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column and .long th. length of the coin«, to t/ÎL/n . Figure 13b ehou. the 

approximate .apport load (4.61) a, a function of e'/e for sever«: „1„„ of , . 

Included in this figure Is tba Kírmán (1910) reduced modulus load calculated for 

a circular cross-aectlonal column with constant tangent modulus e' . If the 

tangent modulus Is constant the load should approach the reduced modulus load 

(neglecting nonlinear geanetry effects) and (4.61) Is not accurate for this case. 

However, q is typically of order unity or larger for relatively slender columns 

w-th a c-esr stralr. curve representative of cotnon structural metals mid thus 

enters into (4.61) in a significant way. 

A further comparison of these approximate results with predictions based on 

full numerical calculations will be made in Section V, A. The main point to be 

made here is that the initial slope in (4.59) is reduced after extremely small 

lateral deflections due to the term x//3 which gives rise to an infinite 

curvature to the X - Ç relation at bifurcation. 

2. Simply-Supported Column with a Solid Rectangular Cross-Section 

Let b and c be the half widths of the cross-section of the column as in 

Fig. 13a. The targent modulus load (4.50) still applies with I - 4c3b/3 . Now 

we choose the following normalization for the eigenmode: 

(1) 
W - c cos(ïïx^/L) . (A>62) 

Proceeding as in the previous example one finds: 

X1 " 3 * (4.63) 

f(zt) . (nc/L)2vÛj/O-^/L)2! , (4.64) 

and 

Xj/W- -4E^(TTc/L)4cbL(l+q) , (4.65) 
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vhere here 

ÍOrc/L)2(dE /dx) . q - y-- ,—t. (4.66) 

Th* **in difference between this example and the previous one is that neutral 

loading occurs along a line (viz. x1»0 , *3-c as depicted in Pig. 13a) rather 

than at an Isolated point. To evaluate the lowest order boundary-layer 

contribution to the principle of virtual work one now introduces only two 

stretched coordinates ^ and defined as before in (4.19). Instead of 

(4.46), 

^Jí^ÓK^+N^ó^pIdA - -C5ß/2(-(l+B)X2]5/2 
S"cl£>apl i * |fC*i)dî1‘i*2d*3 * 

Jxc * 

By the same argument made when the neutral loading surface is Isolated, it follows 

that 6 ■ 2/5 . The equation for Xj becomes 

k5/2r—1 L * * * 
8c mc naB i • 

(-7X2/5) (4.67) 

Evaluating the left—hand—side for the present case gives 

-(-7X2/5)5/2[16/2/(135Tr/3)](E-E®)(Trc/L)4bcL 

Combining the above and (4.65) according to (4,67) gives 

15 j 15tte£(14m) I 
2/5 

2 7 j 4/3(E - e£) ) 

Thus the Initial post-bifurcation expansion for the column with the 

rectangular cross-section is 

1 + 3Ç + X/'5 + ... (4.68) 

The maximum value of X as predicted by the truncated series is 
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,max A ■ 

which is almost identical 

q is defined by (4.66). 

C. CIRCULAR PLATE UNDER RADIAL COMPRESSION 

Bifurcation of a clamped circular plate of thickness t and radius R and 

subject to compressive loading by a uniform radial stress a was discussed in 

Section III, C. The formula (3.56) for the lowest bifurcation stress 

involves the instantaneous modulus E and contraction ratio v in (3.55); 

i. e., 

8/2(E-E^) (E - E^) 

1 +-— - 1 + 0.103 -£- , (4.69) 
35itE^(l+q) E^l+q) 

to the cylindrical column result (4.61) except that 

o - -k2Ë t2/[12(l-vW] . 
c c c 

(4.70) 

The difference between the predictions of J, flow theory and deformation theory 

is illustrated by Fig. 10. In this section the coefficients in the initial 

post-bifurcation expansion will be evaluated using ^ flow theory which, of 

course, is a special case of the plasticity theory employed in the general 

development of Section IV, A. Ue have already remarked that numerical results 

will be presented only for the range of parameters where the flow theory 

predictions for the bifurcation load are very close to the deformation theory 

predictions. 

The fundamental solution is characterized by the uniform state of stress and 

strain (in Cartesian coordinates x^ with normal to the undeformed plate): 

TaS ' o6aB and V ' Eio6 ' 

It is convenient to Introduce the moduli T and T^ for equal biaxial 

(4.71) 

compression where o « Te for an elastic response and o * Tte for a plastic 

response where from (3.55) ^ 
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T - E/(l-v) and Tt - E/(l-v) . (4.72) 

In the notation of Section IV, A 

;aB--{ae “d ■ Î(T-Tt> ' «•«) 

The elgenmode associated with the lowest bifurcation stress Is 

(1) (1) 
UQ - 0 and W - at[J0(kr/R)-J0(k)] , (4.74) 

where 

a”1 • 1 - J0(k) = 1.4027 , (4.75) 

. 2 2 2 
and r . Here Jn Is the Bessel function of the first kind of nth 

order and k ■ 3.8317 is the first root of J^(k)-0 . The normalization In 

(4.74) Implies that the maximum elgenmodal deflection occurs at ra0 and is 

equal to the thickness t . Define the load parameter according to 

X - a/oc . (4.76) 

The function for determining X^ is found to be 

“aß^lnaß+ nae^ ' ~2*~ ^2(x3t/R2)JQ(kr/R) 

where ()= [d( )/dX] as previously defined and e«0 /T^ . The minimum of 
c c t 

this function occurs at x. « (0,0,t/2) and choosing X^ such that its value 

is zero at this point gives 

X = 3(1 +V )a , 
l c (4.77) 

and thus 

:Wi<Yl“e+^e) * (-2ocxi/Tt)ll-2<x3/t)Jo<kr/R)l (4.78) 

Using the definitions (4.11) and (4.21) one obtains 

. 2o 
f (z. ) -- 

i „C 

* 
fZ. 

14-2X, kXiiîi2 
(4.79) 
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ff A? 1/2 "“ß/i f 1 /2 
where r ■ (x^ + Xj) ■ Ç r/{-(1+8^2} • The boundary-layer contribution 

to (4.48) can be evaluated using the general formula (4.49) for jfdV and is 

found to be 

rS}3r--i-c a) i i * 2 r4A2i3iT‘Tt) 
1 3 J [*c "otß naßjxc JfdV - - 27(-] Çr] 

4X_^ 3rT - tS (l+v)r 

(l-v)T^ 
TR t . (4.80) 

The term ,<■/ in (4.48) is zero as a consequence of the symmetry properties of 

the eigenmode. Using the facts ^g-x^ß and ^-(12¾^3)¾^..¾ 

defined by (4.44b) can be written as 

, fr« '0 (1) (1) t3 0 ^aßiCY -/? - M2tT W W 0+tt T 
J 1 aß ,a ,ß 12 pv 3t 

uv 
(k) (i) f (m) 

aß K<y+ V 
yv 

•0 (1) , 
naß K<Y}dA * (4-81) 

A fairly lengthy calculation using flow theory gives the derivatives of the 

instantaneous moduli evaluated at the state of stress x o 6 „ : 
aß c aß 

3L 
'aßtqr 

3x 
pv 

where 

*l4a6{KY{Uv + X + • (4-82) 

«■l - 2 12MlT„TcJ d” 

and 

\¡)2 - -3(T-T^)(l-v)/[(l+v)Oc] . 

Here didder denotes the derivative of the biaxial tangent modulus (4.72) with 

respect to the biaxial stress 0 introduced in (4.71). 

Using standard identities for Bessel functions, ,/} can be evaluated without 

approximation. The result is 

,cr_, 2. „ ,,2,^ ,^4..,2. 
TMak Jn(k)r(t/RriTirt l 3(l-v) (1- V ) » _ __t_U_ ) , _c_ 

6(1+V ) I 4(l+v) 

T -t; 

-f1! 24 W 

2 dTt 

dõ" . (4.83) 
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Thus (4.48) gives 

2 dTt 3(1-V)(l-Vc) 

do + 4(l+v) 
c 

where 

const. - I |l2[a2kJ0(k)]2 11/3 2 4.3808 . (4.85) 
* 

The Initial post-bifurcation expansion for the clamped circular plate is 

X ■ 1 + X^Ç + + ••• (4.86) 

where is given by (4.77) and recall that £*1 corresponds to a deflection 

at the center of the plate of one thickness. As an illustration. Fig. 14 shows 

a plot of X as a function of Ç as given by (4.86) for an example for which 

a full numerical analysis will be reported in Section V, B. The stress-strain 

curve (3.59) for uniaxial tension^ is used in this analysis with a strain 

hardening exponent n ■ 12 so that the bifurcation results of Fig. 10 for flow 

theory apply. The abscissa in Fig. 10 was chosen to have the value 

k2(t/R)2/[12e^(l - V2) ] ■ 2 and Poisson's ratio V was taken to be 1/3 . The 

associated values of the quantities which enter into the evaluation of X^ and 

X2 are 

V - -0.191 , I /E - 0.607 a /0 - 1.12 
c y c c 

(4.87) 

T^/E ■ 0.510 and e (dT /do) - 4.58 . 
y t c 

* 
I am indebted to A. Needleman of M.I.T. who independently derived theae 

results and made them available to me to provide a check on my own analysis. 

In (3.59) o denotes a uniaxial stress while in this section O has been 

reserved for the applied radial stress and the pre-bifurcation biaxial 

stress (4.71). 
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All the terns in and X2 can be expressed in terms of these nondimensional 

values and one finds 

A1 - 1.730 and X2 - -5.14 , (4.88) 

and these were the values used in (4.86) to plot Fig. 14. Also shown there is 

the neutral loading surface at two values of Ç , where the larger value 

corresponds to the maximum load point. According to these results the slope 

has been reduced substantially from its initial value at Ç-0.01 corresponding 

to a normal deflection at the center of the plate of only one hundredth of its 

thickness. The three term asymptotic expansion indicates the maximum load is 

less than one percent higher than the bifurcation load and is attained when the 

normal deflection is approximately 1/50 the plate thickness. We will see in 

Section V, B that these values are underestimated by the truncated initial 

post-bifurcation expansion, although not by much. The rapid transition from 

stable to unstable behavior under dead load (i.e., the transition from increasing 

to decreasing load) in the plastic range as typified by this example can be 

contrasted with the highly stable post-bifurcation of the plate in the elastic 

range. 

D. EFFECT OF INITIAL IMPERFECTIONS 

No general treatment, analogous to Koiter's (1945, 1963) theory for 

conservative elastic systems, is available for the eifect of initial imperfections 

on the maximum support load of a structure compressed into the plastic range. The 

importance of accounting for the interaction of imperfections and plastic 

deformation has long been recognized in the design of columns against buckling 

where approximate ways for estimating the effect of imperfections, such as the 

Perry first-yield formula, are used (see, for example, the monograph by Johnson (1966) 
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and the recent paper by Calladlne (1973)). In addition to the resulta already 

presented for the models of Section II, some selected numerical results for 

columns, plates and shells will be given in the next section. In this section 

two theoretical points will be made which have a bearing on laperfectlon- 

sensltivity in the plastic range. 

1. Effect of an Imperfection on the Behavior in the Plastic Range 

Prior to the Onset of Elastic Unloading 

Assume the imperfection is an initial stress-free deflection of the middle 

surface from the perfect configuration in the form £w(xa) where Ç is the 

amplitude of the imperfection. For simplicity we will restrict consideration to 

problems in which the stress histories are proportional at every point (as in the 

column problem) or in which a deformation theory is used. In either case the 

constitutive relation can be regarded as being nonlinear elastic prior to elastic 

unloading and Kolter's general theory for elastic systems can be applied. The 

general case where the loading is not proportional is somewhat more complicated 

than what will be presented below but may still be worked out along the lines 

given by Hutchinson (1973b) for the three-dimensional theory. 

The result of applying the Kolter approach is an asymptotically exact relation 

involving the load parameter X , the amplitude Ç of the eigenmodal contribution 

to the deflection and the lowest order contribution of the Imperfection Z t 

(Ac-X)Ç + A®£;2 + A*Ç3 + ... - ApÇ , (4.89) 

where 

p . tt¿*/2)-lj{N^(Í¡aHtS+ . (4.90) 

A 

The superscript e is used to emphasize that this result holds for nonlinear 
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elastic solids but not for hypo-elastic solids; A® ■ where and ;48 are 

still given by (4.44). Associated expansions for other quantities such as the 

strains are of the form 

aß 
0 (D 2(2) 

naß(X) + Ç naß + Ç naß + 

10c 
'aß 

•0 (1) 2(2) 
+ (A + K n„ft + ç nrtft + ... , 

aß 'aß 

(4.91) 

(4.92) 

where terms of order (A-Ac) and higher order terms involving Ç aie not 

neeued in che subsequent analysis and are not shown. 

The above results apply to the elastic-plastic structure (under the 

restrictions mentioned) prior to the onset of elastic unloading. Reversal in sign 

—• 

of the strain-rate occurs for the first time when ■ 0 . Using (4.17), 

(4.92) and (*) E d( )/d£ , 

- \8(t v] •> OCX- Xc>£,0 . (4.93) 

The Initial slope Aj^ of the perfect structure, required for bifurcation to occur 

at Ac , is the smallest value consistent with (4.9). From (4.93) it follows that 

in the slightly imperfect structure the onset of elastic unloading occurs when 

dA/dÇ is reduced to the value A^ , i.e., 

A 

Ax + 0(A-Ac,£,S) , (4.94) 

where ( ) Identifies quantities evaluated at the onset of strain-rate reversal. 

Using (4.89) and the condition (4.94) one finds 

1/2 XCPÎ 1 

(4.95) 

c 

ÍV2AÍ| 
xcpi I 

A 
l c 

1/2 
(4.96) 

u, MUMM 
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generalizlng the simple model results (2.54) and (2.55). 

The maximum load occurs following the onset of elastic unloading when 

dX/dÇ • 0 . If the destabilising nonlinearitles are large the maximum load will 

be attained shortly after the onset oí. elastic unloading; and (4,96) is 

suggestive of the effect of very small imperfections on the maximw load, as 

discussed in conjunction with the simple model. In general, however, it is not 

possible to predict the effect of an imperfection on the maximum support load by 

developing a perturbation expansion about the bifurcation point, as in the elastic 

range. For the discrete model of Section II, A it was possible to obtain a dosed 

form formula, (2.19) or (2.20), for the effect of an imperfection. The reduction 

¿0 the maximum load was proportional to the square root of the imperfection. 

Although no explicit formula could be obtained for the continuous model, the 

expansion (2.57) as well as the approximate formula (2.58) suggest that the 

imperfection enters through the square root of its amplitude in this case too. 

2. Effect of an Imperfection on First-Yielding when Bifurcation 

of the Perfect Structure Occurs in the Elastic Range 

We turn now to the complementary situation where the bifurcation load of the 

perfect plate or shell occurs in the elastic range at stress levels only slightly 

below the initial yield stress. Using the asymptotic initial post-bifurcation 

expansions for the response prior to plastic yielding, we examine the condition 

for the first occurrence of plastic yielding when imperfections are present. It 

oß 
is assuned that there is a smooth inicial yield surface .>(T )-0 such that 

for stresses within the surface (i.e.,•>< 0) the material response is linearly 

elastic. If at any point the bifurcation stress of the perfect structure la Just 

within or on the yield surface then the first-yield condition c»u be approximated 

by 

ÉHma rnmm 
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(Tae-Tf)(a,73To6)<; - 0 . (4.97) 

where =.*r(T“ß) < O . 
c c — 

Prior to first-yielding the expansion (4.89) to (4.92) applies with the 

moduli taken to be the constant elastic moduli. The solid line curves in Fig. 15 

depict the elastic load-deflection response; the slash indicates first-yield 

and thereafter the curve is dashed to indicate further yielding. Using the 

expansion for the stresses which is similar to (4.92) the first-yield condition 

can be rewritten as 

*c + t^-Xc)T“B + Ç(í)a6+Ç2(?)a6+ ...]0.>73Taß)c - 0 . (4.98) 

Multiply (4.98) by £ and use (4.89) to eliminate (A-X^) thereby obtaining the 

first-yield condition in terms of Ç and £ : 

2 (1) p » 
+ ç ( •> +...-0 (4.99) 

where 

.> = T “p(aw8T ), and .¿g - T“ß(3.>79Taß)c (4.100) 

Equation (4.99),together with (4.89), provides a set of equations for obtaining 

the values of A and Ç at which yielding will first occur. 

To simplify the discussion assume that the fundamental solution is a uniform 

state of stress and that for Ç = 0 bifurcation occurs on the verge of yield so 

that .^-0 . Thus the fundamental solution has the property that .Jfn is a 

(1) 
positive constant; in general, .> will be positive over part of the structure 

and negative over the rest. Let 

(1) c. 
ui - maximum value of (./ +1^-/-) • (4.101) 

If w > 0 , then from (4.99) first-yield occurs at the point (or points) in the 
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structure where the maximum In (4.101) Is attained and 

^first-yield ’ + - • 

Here X has been substituted for X by neglecting terms of order ^(X - X ) . 
c c 

Note also from (4.89) that £p > 0 Implies Ç > 0 ; the opposite-signed 

deflection In the eigenmode corresponding to £p < 0 can be treated similarly. 

Equation (4.102) is asymptotically exact for small Imperfections. If the 

bifurcation point is symmetric so that X^ - 0 , it is readily verified from ‘ 

(4.89) that a maximum load for the elastic structure occurs in the neighborhood 

of Xc only if X2 < 0 . It is attained at a value of Ç - , which is 
inherently larger than (4.102) for sufficiently small Imperfections. Thus if a 

perfect structure has a symmetric bifurcation point and undergoes bifurcation Just 

on the verge of yield, the maximum load of a slightly imperfect version of the 

structure will always be attained after plastic yielding has occurred, whether or 

not the bifurcation point of the elastic structure Is stable or unstable. Using 

(4.89) and (4.102), the asymptotic equation for the effect of small Imperfections 

on the first-yield of a structure with a symmetric bifurcation point is 

^first-yield ' Xc ’ + ' ' • ' <4-103> 

Thus when ^ s ^ the Imperfection reduces the first-yield load in proportion 

to the square root of the imperfection as has been noted for columns on the basis 

of the Perry first-yield formula by Thompson and Hunt (1973) and Calladlne (1973). 

If the bifurcation point is asynmetric it can be possible for the maximum 

load to be attained before first-yielding occurs in the imperfect structure even 

when the perfect structure buckles just at initial yield. If X* < 0 the 

maximum load of the elastic structure calculated from (4.89) occurs when 

■ Xp£/(-X*) . Substituting this value into (4.99) (still with JT ■ 0) gives 
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for the point where the stress is nearest the yield surface 

p^X[u) + X*>0] . 

If this quantity decreases with increasing £ , then the maximum load will occur 

before first-yield for sufficiently small Imperfections. The significance of 

this, of course, is that the maximum load can be obtained from the elastic analysis. 

Using (4.101), the condition that yielding occur following attainment of the 

maximum load in the slightly imperfect structure, when the perfect structure 

bifurcates just at the yield stress, is that X® be sufficiently negative such 

that 

(1) e'- 
maximum value of ( .•> + 2Xj.^j) <_ 0 . (4.104) 

The long cylindrical shell under axial compression is one of the best known 

examples of a structure with a highly asynmetric bifurcation point. This problem 

has a multiplicity of eigenmodes associated with its bifurcation stress and is not 

described by the one mode expansion (4.89). However the generalization of (4.104) 

for the multiple mode case can easily be obtained. Using Koiter's (1945, 1963) 

solution to this problem we have found that for the case of an axlsynmetric 

i iperfection in the shape of the axisymmetric eigenmode the condition analogous 

to (4.104) is not satisfied. In other words, if the perfect shell buckles just at 

the initial yield stress, the buckling load of the slightly Imperfect shell will 

not be given by the elastic analysis but undoubtedly will be somewhat lower. 

Further results on this problem will be given in Section V, C. There it will be 

shown that, if the yield stress is just five percent above the bifurcation stress of 

the perfect cylinder, buckling of the imperfect shell will be elastic over the entire 

range of imperfection levels of interest, at least for this particular imperfection. 
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V. Numerical Examples 

A. COLUMN UNDER AXIAL COMPRESSION 

Consider a simply supported column of length L with a solid circular cross- 

section of radius R . The elastic-plastic material comprising the column Is 

taken to have a Ramberg-Osgood uniaxial stress-strain curve » as in Section IV, B, 

l.e., 

-L ■ JL + 2ÍJL]n 
e o + 7tcj » 

(5.1) 

where e is the effective yield strain and o = Ec Is the effective yield 
y y y 

stress. The tangent modulus load ?c Is given by (4.50) and the bifurcation 

2 -1 
stress 0c is given in terms of the single geometric parameter, (1TR/2L) , 

by 

OtR^dV1 - (o^/o ) + (3n/7)(o /0 )n 
y c y c y 

(5.2) 

This relation Is plotted In the form most often used for displaying column 

2 
buckling results as a solid line curve in Fig. 16 for n • 10 where P ■ ifR o 

c c 
2 

and P ■ irR 0 . 
y y 

Included in Fig. 16 are the results of an accurate numerical analysis for 

the maximum support load (noraalized by P^) of the column with two levels of 

imperfection, where the imperfection is in the shape of the buckling mode 

W^P* ■ £r cos(ttx/L) . (5.3) 

The results are based on a column theory which is a one-dimensional version of 

the plate and shell theory used in Sections III and IV; details of the 

numerical calculations ar& similar to those reported for the axlsy.inetric 

deformation of shells by Hutchinson (1972) and to those employed in a recent 

paper on column buckling by Huari¿ (1973). The influence of imperfections is 
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most marked in the region where the elastic predictions b^ak down. Results such 

as these are well known and have been Incorporated into coxurnn design procedures. 

The monograph by Johnson (1966) reviews many of the column buckling studies, both 

theoretical and experimental, and discusses design criteria. A recent contribution 

by Calladine (1973) considers the application of a Perry first-yield type formula 

for imperfect colv-nns comprised of strain hardening metals. The papers by 

Malvick and Lee (1965) and Huang (1973) discuss additional aspects of plastic 

column buckling. 

Figure 17 displays these same results replotted in the manner of Duberg (1962) 

and the simple model results of Fig. 8. Here the maximum support load is 

normalized by the tangent modulus load ?c of the perfect column and is plotted 

as a function of the bifurcation stress of perfect column O normalized bv 0 
c J y 

These curves bring out the fact that even when the bifurcation stress is 

substantially below the effective yield stress the effect of a small imperfection 

can be appreciable due to plastic deformation. These curves are quantitatively 

similar to Duberg's (1962) curves for a two-flanged column model, as well as to 

those for the continuous model of Fig. 8. Also shown in Fig. 17 ar*. the 

predictions of P /P^ for the perfect column calculated using the approximate 

formula (4.61) of the initial post-bifurcation analysis. The values of E^/E 

and q needed in this evaluation can be expressed in terms of the tangent modulus 

and its derivative evaluated at together with the geometric parameter of 

(5.2). The approximate predictions appear to underestimate the maximum support 

of the perfect column slightly as would be expected from the discussion given 

previously in connection with Fig. 13. Recall that the asymptotic equation (4.60) 

for the neutral loading surface predicts that the elastic unloading region 

penetrates to the middle of the column at its midpoint at maximum load and along 
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Che column to a distance on either side of Its midpoint. The numerical 

analysis Indicates that asymptotic results at maximum load somewhat overestimate 

the penetration on the mid-plane and underestimate the distance attained along 

the column. 

B. CIRCULAR PLATE UNDER RADIAL COMPRESSION 

Bifurcation results for a clamped circular plate 'der radial compression 

were discussed In Section III( C and the Initial post-bifurcation expansion was 

given In Section IV, C. Needleman (1973) has carried out a full numerical analysis 

of the post-bifurcation behavior and imperfection-sensitivity of clamped and 

simply supported circular plates using a finite element method. A few of his 

examples will be presented here. 

Needleman (1973) used flow theory together with the tensile stress-strain 

relation (3.59) which has a distinct yield stress and a continuous tangent modulus. 

The first example Is the one considered in Section IV, C. The strain hardening 

exponent is taken to be n - 12 with v * 1/3 , and the bifurcation curves of 

Fig. 10 apply. The geometric parameter is chosen to be 

k2(t/R)2/[12(l-v2)ey] - 2 , (5.4) 

At this value the flow theory and deformation theory predictions are essentially 

identical; Oc/Oy - 1.12 and other parameters are given in (4.87). In Fig. 18 

curves of the applied edge stress a normalized by the bifurcation stress of the 

perfect plate are plotted as a function of Ç S W(0)/t , where W(0) is the 

additional deflection at the center of the plate. The Imperfection is taken as 

an initial stress-free normal deflection in the shape of the buckling mode and 

its amplitude at the center of the plate is denoted by W(0) . Responses for two 

slightly Imperfect plates are shown; the curve for the "perfect” plate was 
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«a, ,,.11 

calculated for a plate with an extremely small imperfection, Ç - W(0)/t ■ 10 . 

The maximum support load of the "perfect" plate is only about 1.5 percent 

higher than the bifurcation load and the maximum load is attained at a lateral 

deflection of about .065t . Comparing these values with the corresponding 

values from the initial post-bifurcation analysis shown in Fig. 14 Indicates 

that the initial post-bifurcation analysis in this case underestimates both the 

increase above the bifurcation load and the value of the deflection at which the 

maximum load is attained. At deflections beyond the maximum load the Initial 

post-bifurcation curve turns down rapidly while the actual curve remains quite 

flat. This is characteristic of the behavior of a truncated (asymptotic) series 

beyond its range of validity. The importance of the initial post-bifurcation 

expansion is that it explains how the stable region (for dead loading) can be 

as extremely small as it is in spite of the substantial initial slope of the 

load-deflection curve. Coupled with this is a definite imperfection-sensitivity 

which is completely absent in the elastic range. The size of the elastic 

unloading region at maximum load predicted by the asymptotic analysis of 

Section IV, C is in reasonably good agreement with the numerical predictions 

(Needleman, 1973), although the penetration of the region into the plate at its 

center falls slightly short of the asymptotic prediction. 

Figure 19a shows load-deflection curves for a simply supported plate which 

bifurcates just outside the elastic range (o /o «1.02 , n « 12 ; the stress-strain 
c y 

curve (3.59) is still used). As the first-yield analysis of Section IV, D would 

suggest, the imperfection-sensitivity is about as pronounced as for a compressed 

column. The significant difference between the column and the plate shows up 

when the bifurcation stress of the perfect plate is somewhat below the yield 

stress. Then, as can be seen from the curves of Fig. 19b, the imperfection has 
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relatlvely less effect in reducing the maxlmm load below the bifurcation load. 

This is related to the fact that in the elastic range the plate has a highly 

stable post-bifurcation behavior and undergoes much smaller lateral deflections 

at loads above the bifurcation load than does the column. Consequently it Is 

subject to far smaller bending stresses. 

Graves Smith (1971) has studied the effect of imperfections on the buckling 

of thin walled box columns which are built up of flat plates. He also has shown 

that the effect of imperfections on plate buckling can be significant when the 

yield stress is not sufficiently in excess of the bifurcation stress. Tests and 

calculations of Dwight and Moxham (1969) and Dwight (1971) definitely show that 

imperfections of various kinds can have an important influence on the buckling 

of flat plates in the plastic range. 

C. SPHERICAL AND CYLINDRICAL SHELLS 

The two shell structures discussed below are characterized by a highly 

imperfection-sensitive behavior in the elastic range as opposed to the coluans 

and plates discussed above which are relatively insensitive to small imperfections 

in the elastic range. 

The bifurcation stress tor a thin, perfect spherical shell under external 

pressure is given by (3.60), and predictions for a shell whose material is 

characterized by a Ramberg-Osgood-type tensile stress-strain relation (2.50) with 

a - 1/10 and n 6 are shown in Fig. 11. Full numerical calculations for the 

axisymmetrlc post-buckling behavior of the sphere were reported by Hutchinson (1972) 

for J2 flow theory and a deformation theory with elastic unloading incorporated. 

In Fig. 20a curves of applied pressure are shown as a function of the amplitude of 

the buckling deflection £ (corresponding to the inward dimpling at the poles of 
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the sphere normalized by the shell thickness t). The geometric parameter of 

the sphere is 

[3(l-v2)]"1/2 ^ - 3 , (5.5) 

y 

and J2 flow theory was used for the calculations of Fig. 20a. From Fig. 11 it 

is seen that the bifurcation stress of the perfect shell is 1.5 times the 

effective yield stress and is about seven percent above the prediction of 

J2 deformation theory. The imperfection was taken in the shape of the 

eigenmode and its amplitude is denoted by % , corresponding to the inward 

initial deflection of the dimples at the poles of the sphere normalized by t . 

Additional details are given in the above-mentioned reference. 

Imperfection-sensitivity curves are shown in Fig. 20b in the form of the 

maximum pressure normalized by the maximum pressure of the perfect sphere. Results 

for flow theory and deformation theory are shown; the maximum load of perfect shell 

calculated using J2 flow theory was used for the normalization in both cases. 

Significant imperfection-sensitivity is indicated. Very small imperfections reduce 

the discrepancy between the two sets of predictions. Similar behavior has been 

noted for the cruciform column by Cicala (1950) and Onat and Drucker (1953) where, 

as discussed in Section III, C, the disparity between simple flow and deformation 

theories for the perfect structure is considerably larger. 

Highly unstable post-buckling behavior in the plastic range was observed 

by Leckie (1969) in a series of tests on hemispherical shells subject to 

concentrated loads applied through rigid bosses of various diameters. A large 

variation in the maximum support load as a function of the boss size was found 

and was correlated approximately with a rigid-plastic post-bifurcation analysis. 

The thin monocoque cylindrical shell under axial compression provides an 

aaiMMiiila 
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interestlng Illustration of the phenomena brought out by the simple model In 

Fig. A where, due to high Imperfection-sensitivity, the buckling of an Imperfect 

version of a structure may be less Influenced by plasticity than Is the perfect 

structure. Recall from Section IV, D, 2 that when the perfect cylindrical shell 

bifurcates Just at initial yield, the asymptotic analysis indicates that a 

slightly Imperfect shell will start to yield plastically before the maximum load 

Is attained. A closer look at this problem shows that for even larger 

Imperfections the opposite will happen. We make use of Kolter's (1963a) special 

solution for the effect of an axisymmetric imperfection on the elastic buckling 

of a long cylindrical shell under axial compression. The Imperfection is In the 

shape of the axisymmetric eigenmode associated with the bifurcation stress, and 

an exact, relatively simple nonlinear solution for the axisymmetric pre-buckllng 

deformation is available. Kolter's (1963a) upper bound to the buckling load of 

* * m 
the imperfect shell P is plotted in Fig. 21a as P /?c as a function of Ç , 

«diere Çt is the amplitude of the imperfection and t is the shell thickness.^ 

Using the axisymmetric pre-buckling solution for the elastic shell the 

3 1/2 
maximum value of the effective stress, Q fe ” (ã » occurring in the 

err. 2 1J 

shell can be calculated. With P denoting the axial load and \ = P/Pc , this 

value is given by 

(Oeff /Oc)2 - >2 + (1-1)^(6+ c-3.J) + Ç2X2(1-X)"2[9(1-v + v2) + c2+3c-6cvl , 

(5.6) 

2 1/2 
where c * [3(1-v )] and is the bifurcation stress of the perfect 

+ * 
The buckling load P in this context is defined to be the load at which 

bifurcation from the axisymmetric state occurs. Budlansky and Hutchinson 

(1972) have shovm that this bifurcation load is actually the maximum support 

load of the elastic shell for all values of P /T^ greater than about 1/A . 



cylinder. Furthermore, the maximum value of (5.6) to be attained prior to 

buckling does occur at P* . Figure 21b shows a plot of (°eff /°c) as a 

_ * * 
function of C calculated using a - P I?^ from Kolter s upper bound with 

V - 1/3 . For small t one can use the asymptotically exact result 

X* - 1-(3c£/2)1/2 + ... In (5.6) to obtain (with v - 1/3) 

(O ., /0 )* « 1 + 0.55 f}/2 + ... , (5.7) 
etc. c 

consistent with the result mentioned In Section IV, D, 2. However (5.7) holds 

only for very small f, ; and in an intermediate range of £ t ^°eff 

drops below unity as seen in Fig. 21b. 

If the perfect shell bifurcates just at yield (i.e., , then for 

P*/Pc greater than about 0.5 the maximum load is attained after plastic 

yield occurs, assuming the Mises yield condition applies. But in the 

intermediate range 0.2 < P*/Pc <0.5 the buckling load is attained before 

plastic yielding sets in and thus the elastic analysis is strictly valid in this 

range. For thin cylindrical shells with typical imperfection levels this is the 

range in which many shells buckle. Since the elastic analysis is valid for the 

perfect shell and in the intermediate range, presumably it cannot be far off for 

0.5 < P*/Pc < 1 . In fact if °yfac 1. le05 » the elastic analysis holds over 

essentially the entire range of Interest as Indicated in Fig. 21a. 

Although some experimentalists have drawn attention to the possibility of 

interaction of plastic deformation and imperfections in their buckling tests on 

thin cylindrical shells, most thin monocoque cylinders of structural metals are 

reported as having buckled elastically. The present observations suggest that 

this is not to be unexpected as long as the yield stress is somewhat above the 

bifurcation stress of the perfect shell, but other imperfection shapes and 
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boundary effects may alter this conclusion to a certain extent. Mayers and 

Nesenberg (1969) and Wesenberg and Mayers (1969), have carried out detailed 

numerical calculations for the Interaction of Imperfections and plastic 

deformation in stiffened and unstiffened cylindrical shells under axial 

compression. They have delineated the range of thlckness-to-radlus in which 

this interaction will be important for several stress-strain curves of metals 

used in cylindrical shell construction which have rather ill defined yield 

stresses. 
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Fig. 11. Stress-strain curve and bifuxcatlon predictions for a complete spherical 
shell under external pressure, 

rim 
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