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five experiments permits some strong conclusions:

1. Presence of additional feedback about the implica®

tions of cstimates is
probably the most powerful variable controlling the extremeness of these estimat
feedback makes estimates le

S8 cxtreme. VWhether the less extremc estimates are
closer to or further from correct Bayesian values depends on stimulus conditions.

SR

e

4 2. Agpregated responses are consistently les

8 extreme than nonaggrepated
responses.

3. Linear scales produce less extreme responses than logarithmic scales.

4. Likelihood ratio estimates are sometimes less extreme than odds estimates.

Other conclusions are also reviewed. Implications of these conclusions for
the design of probabilistic information processing systems and Fop further research
on response modes for information brocessing are discusaed.
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INTRODUCT I ON

Within the domain of Bayesian researcn on Propabilistic Information Pro-
cessing, only a few published studies have had t:.e purpose of comparing dif-
ferent direct estimetion response procedures (Kaplan & Newman, 1966; Phillips
& kdwards, 1966; Fujii, 1967). Knowledge in this area becomes more important
as the Bayesian techniques become more widely used in reul world applications.
Some of those using this technology have had access to the results of unpub-
lisned experiments conducted in University laboratorics or have done their own
research on this topic; others not.

This study analyzes the data from f'ive separate research projects, only
one previously published, in order to examine what we know and some of what
we don't know about different direct estimation procedures for eliciting judg~
ments about uncertainty.

Since all of these studles were done in the Engineering Psychology labo-
ratory, [ have in each case been able to reanalyze the raw data., [ am grate-

tul Lo my colleapues tor help and access.
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THE FRAMEWORK

Four orthogonal independent variables have been manipulated in direct es- 1
timetion response studies. These are the particular kinds of response mode in
which 8§ is asked to express his uncertainty judgment, the cumulative or non-
cumulative nature of the response, the particular nature of the scale belnygs
used to record the response, and the rarticular nature of the additional feed-
back given to S while § is in the process of deciding upon his assessment.

The different response modes that have been examined include likelihood ratios
(LR), odds (ODDS), and probabilities (PROB). Some experiments have systemat-
ically varied whether or not os aggregate their uncertainty assessments over
more than one datum. The type of scale on which Ss record their estimates has
also been investigated. Two types of scale need to be distinguished, predrawn
logarithmically spaced scales and an everything else category. The variable
Additional Feedback can itself be classified on the basis of three orthogonal
considerations. These are whether the additional feedback is in graphic form
or not, whether it is current system opinion based on just the one datum being
evaluated or based on all‘£he reie;aut data to date, and whether this addi-
tional feedback is in the form of ODDS or PROB.

These four variables form a four dimensional framework or taxonomy to
classilly all the response conditions in all of the experiments that will be
discussed. This structure is presented in Table 1. The last dimension, Addi-
tional Feedback, in order to be orthogonal with the other three dimensions,
specitically excludes Lhogse l'eatures ot Lle response already contuined in o

description of the other three dimensions. Consider two examples. In the
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TABLF 1
TAXONOMY
Category Definition
i LI LN L SO I B§§EO@SE MODE
obbS Ss express their uncertainty in odds
1 Judgments
LR Ss express tueir uncertainty in 1ikeli-
hood ratio judgments
PROB 85 express tuelir uncertainty in proba-
bility judgments
: DLIASTONE - LRI S NS, QQQQEGATION
CUM Ss' uncertainty juigments are aggregated
: over a sct of data
.
NONCUM Ss' uncertainty judgments are for s
j single datum only
DLISTONS JR S N ey, SCALER S wbe, ESSCac NN | i
LOG Ss record their uncertainty judgments on
& predawn logarithmieally spaced scale
VERBAL Ss verbally state their u.rertainty judg-
ments, or write them down in a blank on
a form, or use a nonlogarithmic scale
DIMENSION ke ‘QDDITIONAL FEEDBACK
NONE No additional feedback
G-C-P The additional feedback is a bar graph
(Graphic-Cumulative- display cf the probabilities of the hy -
Probability) pothescs under consideration impliec by
the uncertainty judgments both for the
current datum and for all previous data
3 G-N-P The additional reeuback is a bar graph
(Graphie-Noneumulative- display of the probabilities of the hy-
Probability) potheses under consideration implied by
the uncertainty judgments for the ecur-
rent datum only
v-C-p The additional feedback is a nongraphic
(Verbal-cumulative- representation of the probabilities or
Probubility) the hypotheses under consideration ip-
plied by the uncertainty Judgments both
for the current datum and for all previ-
ous data
L
V-C-0 The additional feedback :s a nongraphic

(Verbal-Cumulative-odds)

representation of the odds implied by
the uncertainty judgments both for the
current datum and for all previous data
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first, S marks his ODDS assvssments on a logarithmically spaced scale and he
receives no additional feedback. In the second, § tells his LR assessments to
E who first records them and then gives back to S the current odds based on

§'s assessments for all data. These two situations would be classified in the

following way:

DIMENSION ODDS ASSESSMENT LR ASSESSMENT
1: Response Mode ODDS LR
2: Aggregation CuM NONCUM
58+ BefilE LOG VERBAJ,
L: Additional Feedback NONE V-C-0

The dimensions in this taxonomy, in addition to providing a framework for
the classification of different response situations, capture the essence of &
comparison of the Bayesian information processing approach with other ap-
proaches. Thus the distinctive features of the Bayesian approach provide the
pattern which has guided the experiments on different direct estimation proce-
dures, as well as the pattern that has guided other experimentation in this
area.

The Bayesian approach to informetion processing has two distinctive fea-
tures. [first, this approach assumes that information processing is a 'divide
and conquer' process. In other words, it assumes that the total assessment
Job snould be broken down into smaller subtasks whereby the impact of each
datum is assessed separately and the individual assessments are aggregated to-
gether mechanically. The prcponents of the Bayesian viewpoint believe that
this division of the whole inference task into smaller units not only makes

the inference task easier, but also that il makes the final inference more

vccurate because S can make better assessments of the subunits. Thusg the

B o
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“divide and conquer' label. The second feature ot a Bayesian intormation pro-
cessing approuch is Lhat change of opinion is additive on & lopgarithmic scale.
This featlure is in a sense the heart of Bayes's Thecrem. The implication of
this feature is that revision of opinion can be graphically represented by re-
cording the series of likelihvod assessments ol a set of data on a logariti-
mically spaced scale of odds or probability. In fact by giving Boa running
record ol the impact of his assessments on a logaritimically spuaced owds or
probability scale, one displays Bayes's Theorem to him.

If no differences result when Ss respond in LRs rather than odds, or when
Ss respond by using nonaggregated assessments rather than aggregated assess-
ments, or when Ss record their assessments on & log scale rather than a non-
logarithmic device, or when Ss do not receive Bayes's Theorem transformations
of their assessments into some measure of the current likelihood of the hy-
potheses rather than receiving this feedback, then the formal intrcduction of
Bayes's Theorem would serve no purpose for these S5s. These $s would already
by responding as Bayes's Theorem would predict. If, however, any of these ex-
perimental manipulatious do result in assessment dilterences, then the formal

introduction ol Bayes's Theorem into the system would make a difference.
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THE EXPERIMENLS

All five experiments that will be considerea in Lhis investipation had
the common purpose of studying the ef'tects of dirterent direct estimation pro-
cedures for eliciting uncertainty judgments. ©Two of' tne studies were part ot
the large scale simulated strategic war setting experiments conducted by Ward
Lawards and his colleagues at The University of Micalgan to test the Buyesian
information processing ideas. The similation environment ror tihese two studies
was & simplified world ten years into the future. In this world only six ne-
tions played signifjcant political and military roles. '[hese were China,
Japan, North America, Russia, United Arab Republic (a territory reaching trom
the Atlantic to India dominated by u prophet wno sparked a Moslem revival),
and the United Confederation of Luropean States (& loose economic and military
confederation). A 27-page summary of the history of the world gave és the
baclkground information they needed in order to become information processors
in this future world. The history was desigtied to make different strategic
war hypotheses, e.g., 'Russia and China are about to attack North America,’
as well as & 'Peace will continue to prevail' hypothesis plausible. The list
of hypotheses included four specitic possible wars, "some other major contlict
is about to break out,'" and the peace hypothesis. The Ss assumed the role ol
duty operators ror the April Sth, *“PM to OPM shift. These duty operators were
part of the information processing system that served the Joint Chiefs of
Staff. These processors were to assume that they were located in the basement
of the Pentagon.

Three sensors delivered data to this information processing system. These
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were the Ballistic Missile Karly Warning System (BMEWS), tiie intelligence sys-

tem, and a photo-reconnaissance gatellite system. BMEWS, a large computerized

radar system with three sites, was a degraded version of the present opera-

tional BMIWS system. The intelligence system was assumed to consist of spies,

military attaches in U.S. embassies abroad, readers of foreign newspapers, and

experts on foreign atranirs. wach intelligence datum was & report ot ar event

usually accompanied by brief qualitative statement about the degree to wanich

the event was surprising and what it meent. The photo-reconnaissance satel-

lite system was assumed Lo consist ot 20 satellites. The intformation proces-

sors received satellite system data that cousisted ol reports of particular

events along with backgrouid information ot the kind that might be obtained by

comparing recent photographs with previous ones. A typical satellite system

report was the following:

"At 0630 this morning, two squadrons of conventional sub-

marines sailed from Vladivostok. They steamed in a south-
erly direction until they were clear of the harbor, aud
then submerged. Lvaluation: probably a routine exercise

althoupgh this is an unusually large torce. W

AL eaclh session Ss ussessed a set of five independent LRs tor each @f T

00 data comprising a scenario. Altogether there were nine scenarios.

The results of one of these experiments was published in 19068 (Zdwards,

Mhillips, tlays % Goodman ). This experiment, called PIPID. compared the ef-

fects of two kinds ot additional teedback, G-N-P and 4-C-P, on the pertormance

of" 8s mak ingy LR assessments on & log scale. Subjects recorded thelr assess-

cach havimgr a lever mechanism that slid along

ments on a set ol rive scales,
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the scale. A set of scales consisted of six dirferent ranges of logarith-
mically marked divisions. The S could turn a knob to select any one ot the
six different ranges. The rirst range extended from 1:1 to 10:1, the secoud
extended rrom 10:1 to 100:1, and so oun to 1,000,000:1. [ tfront ot Ss in both
groups was & cathode ray tube (CRT) placed above the levers. The S8 in Lhe
group receiving the J-N-1' additlional feedback saw displaved on the CRT & bar
graph representation of the posterior probabilities ot the hypotheses based
upon their current assessments only and equal prior probabilities. This trans-
formation of the current set orf LR judgments changed dynamically as an S either
moved the levers, or reset a switch that indicated under which hypothesis the
datum was more likely, ov turned the knob that changed the scale range. The
Ss in the group receiving the G-C-P additional feedback saw on the CRT a dis-
play ot the posterior probabilities of the hyvpothesis based o their current
LR assessments, all assessments for the previous datu in that scenario, and a
prior probability distribution of .10 tor each of the war hypotheses and .50
for the peace hypothesis. This transformation of the current set of judgaents,
of all previous judgments, and of the unequal prior distribution also changed
dynamically &as § either moved the levers, or reset the switch, or turned the
knob changing the scale range.

This experiment used a between-§ design. Iach of the 11 Ss, five in the
i=N-1'" group and six in the -C~T group, was trained, wis run individually,
completed one scenario per session, and had no more than ote session per day.

According to the framework of this investigation, the two groups of Ss

in this particular experiment are classit'ied in the following way:




5
]
{3

DIMENSTON 58 RECETVING GeN=-D o8 RECKIVING G-~C-P

[: Response Mode [ LR
BT HTAE Tt ey NONC UM NONCTIM
SIS G [ LOG LOG
i Additional Feedback j=N=-P G-C-P

In the other strategic war simulation experiment, called CORNOC, three
dift'erent response situations were compared in a between-5 design, One group
of 8s, the DIS (display) group, had exactly the same response task as the
group of 5s in the PIPID experiment that received the (-N-P additional teci-
back. lFach § in this group assessed tive LRs per datum for ecach of o0 uata
in the same nine scenarios. An § recorded his assessments on tiie same five
sets of logarithmically marked scales. The display on the CRT fed back to S
the posterior probabilities of the hypotheses under consideration based upon
the LR assessments for the current datum and upon an equal prior distribution.
Moreover, this display also changed dynamically as an S5 moved any one of the
levers, or reset any of the switches, or turned &ily of the knobs to change a
scale range. A second group of S5, called the LEV (Lever) group, had the same
task as the DIS group except that there was 1o display on the CRl'. Conse-
quently, th.s group of §s had no additional feedback. Each SRReC onRdetEhas i
LRs per datum on the logarithmically spaced scales ani then went on to assess
the next datum in the scenario. The third group of Ss, called the NOC (rno
computer) group, did not have any aids. kach § in this group recorded tie
LR assessments per datum on & single sheet of paper, in appropriately labeled,
LLlank spaces, and then began & new sheet ror the next datum. The sane nine
scenarios used tor the other groups of §s were used also tor this group.

Twenty one male Unlversity of' Michigan students served as Ss. There were

Y 8s in the DIS group, © §s in the LRV group, and 8 Ss in the NOC group. Each

T LR T R RTINSl neogg (DI prr gy




& was trained Ior approximately eight hours on the 'future world's' history
and political environment aud eight hours on how to do LR assessment. lkach 8
was run individually, completed one scenario per session and had one session
per day. All 21 Ss repeated at least one scenario and 19 of these B repeatod
four scenarios.

According to the taxonomy introduced, the three grroups ol 5 in this ex-

periment are classitied as f'ollows:

DIMENSTION DIS Ss LIV Ss NOC Ss
L: Response Mode LR LR LR
23 Ageregation NONCUM NONCUM NONCUM
5+ Scale LOG LOG VERBAT,
+:  Additional Fecdback +-N-P NONT NONL

The third experiment in this investigation, labeled W&li, was doune by
iloria Wheeler and Ward bdwards (in preparation). This cxperiment used a
within-5 design to investigate the effects of four diflerent response situa-

tions. These situations were NONCUM LR, CUM LK, NONCUM ODDS, and CUM ODDS.

e

e 8s in this experiment were assigned to one ot tour groups. lkach group
made the four dirferent types of assessment in a ditferent sequential order.

The stimuli in this experiment were 7" sticks painted with a blue part
and a yellow part. The blue and yellow occurred in various proportions in
different sticks. Two populations were defined. The populations were piles
of' sticks with the amount of blue and yellow paint as the random variable.
Fach of the populations had Gaussian (normal) distributions. One population
had a mean length of blue of 4.5", the other had a mean length of blue of
2.5".  lach population had a standard deviation of 1.25" of blue.

Let d' be defined as uﬁ_-mg/s, where 0% ls the mean of one population,

ey B LR




m,, is the mean of the second population, and s is the standard deviation of

both popuiations. For this experiment ' b.0, which yields n veridicnl R
at Lhe mean o!f either popuiation of® 4.00.

Light sequences of ten sticks each were determined by drawings from a
table of random normal deviates. Some of these sequences were then slipntly
modified so that there was a fairly large range in veridical final posterior
odds and so that they looked random. From these eight 'random rormal qeviate'
sequences, 16 physically different seguences were constructed, eight from the
predominantly blue population and eight from the predominantly yvellow poptila-
tion. livery S saw every sequence twice, for a total ol 52 sequences. kach S
for each difterent respouse situation saw eight sequences. The 52 sequences
were ordered randomly and that same order was used throughout the whole exper-
iment for every §, regardless of the order in which he made the different re-
sponse assessments.

The popuiation characteristics were displayed to the 8s by two charts.

To prepare the charts, the cumulative normal distribution for each population
was divided into 100 equally likely parts. The mean lengths of blue at 97 of
the boundary points, randomly arranged, comprised the charts.

Responses were made i 10-page booklels, one responsc per page. On each
pae was printed, :1 L1 tavor of hypothesis ." The §s were briefly
instructed in each new response situation prior to bepinning that type ol’ re-
sponse. Thirty-six male University students, run individually or in pairs,
served as §s for this experiment.

The four dilterenl response situations in this experiment are classifieu

in Lthe trollowing way:
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DIMENSION
Ll: Response Mode LR LR 0bLS obns
2: Aggregation NONCUM ClM NONCUM CUM
Sramccale VERBAL VaRBAT VIERBAL VERBAL
L: Additional Feedback NONE NONE NONE NONE
The W& experiment is the ouly experiment that I kuow about that studied i

& CUM LR response. Part of the instruction to each § was a written specificu-

b s, Lk

tion of the task on & '"Cumulative LR Instruction Sheet." To illustrate the

nature ot the inference being asked for, I quote the t lLlowing from this sheet:

W ——y

"...We will proceed as follows. First I will show you a

Bl g

single stick, and you wi.l estimate a likelihood ratio for
that stick. Then I will show you another stick, and [

want you to evaluate the likelihood ratio of both sticks.

Formally, I am asking what is the likelilt-od ratio for two
sticks. Forget that you saw the first stick by itself,
and forget the estimate you made. Pretend that 1 drew the

two sticks simultaneously from somewhere...Which pile of

sticks is more likely to produce those two sticks?..."

The fourth experiment in this investigation (Domas, Goodman & Peterson,
1972), examined the effects of six different response sibuations. This exper-
iment, called D,G&P, used a between-g design with each S making only one type ;
of response for all data. The six response conditions, classified according
to the introductory framework, are as follows:

DIMENSION

1+ Response Mode LR LR LR 0DDS 0DDS 0ODDS
2: Aggregation NONCUM  NONCUM  NONCUM CUM CUM CUM
%: BScale VERBAL  VERBAL LOG VERBAL LOG LOG
s Additional Feedtack NONE, V-C-0 NONE NONE NONE  V-C-P




The stimulus environment simulated a commercial shipping problem. Iach

S was asked Lo assume the role of an analyst employed by a U.3. commercial
shipping tirm. The S's task was to predict whether competitor ships were des-
tived for Port A or Port B. Port A was more distant than Port B and involved
a loug open-water voyage.

Date concerning the competitor ships reil into onz of four categories:
age of ship, gross tonnage, vrarcent of capacity cargo load on boara, ana ruel
taken on at the port of departure. Data samples were jrenerated by drawing
from pairs of Gaussian (normal) populations, each characterized by a specitied
d' level. For example, data about the agze of competitor ships were drawn trom
two normal distributions with a d' ot 0.ho. The other d' levels, 0.80, l.01,
and 1.14, were associated with gross tonnage, percent of capacity cargo, and
fuel taken on, respectively.

Twenty-six sequences, each cousisting ot four data, were generated rai-
domly from the distributions associated with the four categoriss of data.
kvery sequence contained a datum from each ot the Ffour categories. Thirteen
of the 206 sequences were drawn trom distributions favoriung Port A, the re-
maiuing L3 from distributions favoring Vort B.

The population characteristics were displayed to the Ss by four sets of
two charts. lach chart was a randomly arranged representative sample or the
appropriate population. On a chart, each datum wias a 7" vertical line l/H"
wide, partly black and partly white. The random variable had two interpreta-
Lions. It was a specit'ic scale value, e.g., 00, capacity cargo, or a lengta

i [l Eoignta W

The charts, eight in all, were arranged on a display board as tollows:
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all Jdata about ships going Lo Port A were arrainged trom top to bottom on tihe
lett side. Similarlyv, all data about ships destined ror Port B were arranged
il a corresponding rashion, opposite PFort A. There was a sliding seale between
each of the four pairs or charts. The Eocould vary the length of a random sam-
ple rrom zero to 7" simply by moving the slider. To the 5 the datum conld be
interpreted as a length, relative to the other lengths ot black on the charts,
Or as a number, representing the value of the data item in question.
There were three different sets ot response sheets. For Ss making LR as-

sessments on a verbal scale, each response sheel read as tollows:

Hitn sl times more likly that Lhis datum would occur

ir the ship were going to Port rather than to the

other Port."
The 8s recorded their assessments for each ditum on a separate page. kach re-
sponse sheet for Ss making odds assessments read as follows:

"Port is tavored. The odds Favoring this Port are

QL ™
Here again Ss made written assessments, one per page. The log scale response
sheet was a 17" by 22" sheet of paper with three logarithmically spaced scales
from 1:1 to 1000:1 on the top hall and symmetric values from 1:1 to 1:1000 on
the botvom half. This sheet was turther divided by %0 vertical lines with
each line having the same logarithmic spacing. The 5s used one sheet for each
sequence of' four data, allowing one vertical line per datum.
Forty, University of Michigan, male students served as Ss. Ten S5s were

run in each of two conditions, NONCUM LOG LR with no additional feedback and

CUM LOG ODDS with V-C-P additional feedback. Five 8s took part in each of the

L




remaining four conditions. lach 5 was ruu individualiy.

The last experiment in this investipation, called 5,PM, was pertormed
by Kurt Snapper, Cameron Peterson & Allan Murphy. 7The two 5s in this experi-
ment were University of Michigan faculty members wlho had been weatiier fore-
casters. Their task was to assess the precipitation prolability rorecast for
each of 25 sequences of historical data. FKach sequence eontained one sample
of each of nine dilferent sources of intormation, presentea in chart rovnm.
The sources selected were the wost important itews ol intormation Luat wonld
be received in a torecast period. Moreover, these data appeared in bhe order
that they would be recelved at a U.S. Weather Bureau Station. These sources
ineluded such items as isoprobability curves, upper and lower atmospheric
charts, .d barometric charts. Because these sources of information are con-
ditionally dependent sources given the precipitation, no precipitation hypoth-
eses each §'s task was to estimate conditionally dependent probabilities.
Their task, the task of assessing the precipitation probability forecast more
strictly delined, was the task ol' assessing the probability of iy Al e
ol precipitation within ihe lorecast period.

This experiment used a within-5 design. The two Ss assessed the precip-
itation probability forecast in two different ways. lowever, each time they
were priven Llie same 29 sequences of nine data.

I one situation § was asked for & cumulative conditional probabilit;
Judgment. In other words, e was asked tor his present asséssment @it 1HNE
probability of precipitation given his previous probability assessment and
the new information just presented in the current datum. At the begimning of

0 new sequence, S was to assume that the precipitation probability was .D50.
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"The precipitation probability forecast, based on

Chart #102 is ;

The revised probability forecast, based on Chart #'s

S and 9 is 9
The revised probability forecast, based on Chart 12

is g
3 .

(and finally)

PP e TP T L R R — T TR

s

The revised probability forecast, based on Chart /fil

|
ﬁ
is s w

In the other response situation § wus asked for a noncumulative condi- ]
tional probability assessment. In this situation, fcr each assessment S was
E; to assume that all the previous data had led him to a probability assessment o
g ]
3 of .50. His task was to revise this probability on the basis of the new in=- |
] formation presented to him in the current datum., In this condition 1 ekl ke 3
3 . 1
' out nine sheets of paper for each sequeice. The first sheet read as tollows:
!ll " LY » a : :
The forecast, based only on the information in Chart
#102 is N '
. B %
E The second sheet read in the following way: i
? "Assume that the previous precipitotion probability
f forecast, based on all previous information was .50.
4
The revised forecast, based on only the new informa-

"

tion in Chart #'s 8 and 9 is

The ninth sheet read as follows:




"Assume that the previous precipitation probability
torecast, based on all previous intormation was .50.
The revised torecast, based on only the new informa-
tion in Chart #41 is M
The 8 received no additional feedback in either resporse condition. kach
S was run individually.
According to the tramework of this investigation, the two response situsa-

tions in this experiment are classitied in the rollowing way:

DIMENSION
1l: Response Mode PROB PROB
2: Aggregation CUM NONCUM
3: Scale VERBAL VERBAL
4: Additional Feedback NONE NONE
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RESULT'S

The following discussion uses two conventions; both are typically also
embodied in the experiments being reanalyzed and in the original reports of
them. One, only & cenventiorn. is that odds are expressed as numbers of the
form X:1, where X > 1. This can always be accomplished by apwropriate clioice
of which hypothesis enters into the numerator and which into the denominator
of' the odds ratio. A similar convention applies to likelihood retios, except
in contexts in which consistency with the Preceding convention for odds re-
quires expressing the likelihood ratio as & number less than 1. The second
convention is that the conclusions are expressed as though the prior odds be-
forc the first datum in each sequelnce were l:1. In most of the experiments
here reanalyzed, that was true. Where it was not, appropriate attention was
paid to the question during the data analysis.

In general, the following data analyses were done on final log odds, re-
gardless of the response mode actually used by SSs. (An exception is noted in
the text.) "Final" means that the response is the last odds estimate or other
estimate of a cumulative quantity associated with & sequence of data that led
to successive revisions of that quantity, if a cumulative response mode was
used, or was the appropriate corresponding number calculated from a sequence
of noncumvlative estimates, if a noncwnulative response mode was used. So a
statement such as "hwoncumulative LR responses are larger than cunulative odds
responses’ translates into "final log odds calculated i'rom noncumulative LR
responses are more extreme, in the appropriate direction, than the logarithms

of {inal cumulative odds responses."

18




For this investipation one proup ol responses is considered signifitcantly
larger than another group of responses when the following two couditions are
met: (1) the correlation coefficient between the two sets of assessments is
high enough so that it can be assumed that the two groups of responses are
linearly related (high enough is arbitrarily defined as preater than .900);
and (2) anu 92, confidence intervul ror é, detined as Lhe estimated slope of
the linear structural relation between these Lwo random variables, does not
contain the point 1.000.

There is a basic difference between a linear structural relation analysis
and a linear regression analysis (see Isaac, 1970, and Kendall & Stuart, 1961).
The purpose of & linear regression analysis 1s to find the parameters, a and 3,
of the line that best predicts the values of the dependent variable given the
values of the independent variable. It is assumed that the dependent variable
is a random variable and that the independent variable is fixed and measured
without error. The purpose of a linear structural relation analysis, however,
is to determine the interrelationship between two variables when both are ran-
dom and when either or both of them are measured with error. The interrela-
tionship is measured by the slope, f, of the straight line relating one depen-
dent variable to the other.

The model for a linear structural relation is given by the following for-

mula:

r

v a +B(x-c )+ € (1)

where o is the random error in measuring x and ¢ is the random error in mea-
Y

suring y.
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When A = variance of ev/variance ol ¢ is known, the formula for neasnuring:

é, as given by Isaac (1970) is as follows:

3 . WD
ARSE VLB A var x + [(var y -\ vay x)7 ¢ b Covd(x,y)]L/L
2 “’OV(X;.V>

(2)

The confidence limits for 8 are given by the tollowing tormula taken trom

Kendall & Stuart (1961):

2 ) \l/a
: ar cvar y - Cov (x
tan ore arc sinj2t AL &y (3,
:’) r 2 2 {:
(n=2)| (var x ~var y)~ + I Cov (x,y)] {
(3) :
where O = are tan é and t is the appropriate "Student 's'" deviate for (n-2) 5

degrees of freedom and the confidence level chosetl,

In order co calculate é and the confidence interval for é, A, the ratio

of the error variances, must be determined. The error variances we:e estimated

differently in the different experiments. In the first experiment, PIPID, no
scenarios were repated. Therefore, the slope é for the two groups in this

study was estimated for two values of A\, A =1 and X = O. These values of A

are extreme values given the A\ values estimated in the other experiments where
reliability information was available. (Here and in the Snapper, Peterson &
Murpiy experiment discussed below, the clioice of whicl: dimension to call x and

which %o call y was made to keep A < 1.)

Tk b

In the second experiment, CORNOC, the error variances were estimated from
repeated data values. All of the 2L 8s in CORNOC repeated’ at least one of the

nine scenarios and 19 of these Ss repeated four scenarios. Since there were

five final odds per scenario and four scenarios with repeat data, there were

20 points for which I calculated both the first round average group final log




odds asg ssments and the second round average group final log odds assessments.
The error variances were Lhen estimated to be the variances of the difference
bLetween the average first round and second round fiunal log odds assessments.
The necessary A values were then calculated by taking the appropriate ratios
of these errvor variance estimates.

All Ss in the Wheeler & Bdwards experiment repeated eight ot the lo sce-
narios. dach § repeated two scenarios in etch of' the l'our Jdiff'erent response
conditions. "The experimental design is such that for each scenario under vacn
response condition, there are from 7 to 1O persous withh repeat data. The es-
timated error variance for each response condition is the variance of the dif-
ference between the first and second round average final log odds measurements
for the eight repeated scenario:.

In the Domas, Goodman & Peterson experiment, no scenarios were repeated.
However, of the 104 stimuli, 15 pairs (20 stimuli) were such that the true LR
of one member of the pair was within .0l of the true walue ot the other member.
These 26 data or 13 pairs were used to estimate error variances for each proup
of S8s. The first occurrence of one of the pair was considered the first round
estimate, while the occurrence of the second member of this pair was consldered
the second round estimate. kach of the first and second round assessments was
then averaged across the 8s within a group. The error variance for each of the
six groups of Ss was estimatea to be the variance of the difference between
what is considered the tirst and second round average log LR assessments for
the 1% pairs of data.

There were no repeat data in the Snapper, Peterson & Murphy experiment.

; A ) 7 7
Consequently, B was estimated twice, using Lhe two A values of one and zero.

21,
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The summary of the linear structural relation analysis statistics tor t.ie
different groups of Ss in the ditferent experiments, wien only a siiyrle dime:-
sion was varied in the response conditions belweern the proups beir: compared,
is contained in Table 2. The dependent variable ror all comparisons is Uhe
averagze rinal log odds for each group.  The tinal odds in each cugse wias eoibner
estimated directiy or caleculated by means of Bay-=2s's Theorem.

On Che basis of tlie evaluation criteria initially established, i.e.,

> .300 and the 9Hy), contidence interval for 9 not containing L.000, several

conclusious can be drawn from this analysis. Pirst, odds assessments are
sometimes significantly larger tnan LR assessments. Verbal, cumulative odds
estimates were siguificantly larger than verbal, cumulative LR estimates, when
there was no additional feedback to either group. However, odds were not sipg-
niricantly larger than LRs when both were verbal, noncumulative estimates wit:.
no additional feedback.

A second conclusions is that aggregation makes a difference for verbal
responses with no additional teedback. Nonaggregated judgments, wiether LRs
or odds, resulted in significantly larger final pbosterior odds thar did apgre-
gated judgments. There is evidence tiat this same conclusion may hold for
conaitional probabilities. I the Suapper, Peterson & Murpny experiment, tue
data f'or each forecasbter were analvzed separately. The é values were estimated
for cumulative probability plotted on the y-axis and noncumulative probability
plotted on the x-axis. For one forecaster 9 is .292 and A = 1, and .639 when
A = 0. The 95, coafiaence interval for the larger value is (.460, .85). The

slope for the other forecaster is .21¢ when A = L, and .596 when A = Q. The

99 confidence interval around .5906 is (.502, .501). These values were 1ot
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put into Table 2 because the correlation coetficients, .029 and .72, fror these
two sets of assessment: were considerably lower than the correla’.ions tor tie
other functions. How:ver, this correlational analysis was done in probabili-
ties and not log odds, thereby constraining the range ot thie scaies Moreover,

e

each of these two analyses was based on individual data, not averypred data.

] 4 o A 3 A
sSince the upper bound of the 99 contidence interval ror B is less than one

for both forecasters, the data strongly sugpest that aggreguation reduces the
size of probability assessments. This issue needs Lo be tested in controlled
experiments with many Ss, usiny data that would lead to rinal cumulative prob-
abilities that span the range from .» to at leust «999.  Covering this range
densely enough to permit separate analyses ct more and less extreme regions is
important because many researchers believe that Ss don't know how to use the
extreme regions of the probability scale correctly. Therefore, experimental
tests that are based solely on responses appropriate to the ends of the scale
may be susceptible to scale errors in addition to whatever assessment errors
may exist. To pguard against very nonhomogeneous 'random response error' in
different parts of the probability scale, stimuli should be selected from all
parts, and data analyses pertormed on subsets of the data.

A third conclusion is that the scale makes a siymiificant difference when
there is no additional feedback. Log scale responses were significantly larger
than verbal scale responses for both NONCUM LRs and CUM ODDS, when there was
no additional feedback.

A fourth conclusion from Table 2 is that additional feedback of the pos-
terior probabilities of the hypotheses under cousideration makes a significant

difference regardless of whether that reedback is Just for the current datum

2l
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or for all previous data. There is also some evidence that cumulative odds
feedback may make a sipnificant difference for NONCUM LR responses on a verbal
scale, even though the 9% confidence interval for é contains 1.000. 1In the
Domas, uoodman & Peterson experiment, in addition to doing thie linear struc-
tural relation analyses on the 20 average final log odds for each group, I
also did these same analyses using the 10L average log LRs as points. The
conclusions to be drawn in Table 2 from the average log LR analyses were tue
same as from the average final log odds analyses except for the comparison of
NONCUM LR assessment on & verbal scale with and without V-C-0 additional feed-
back. 1In this case, the log LR analysis resulted in a significant difference
between the two groups. The group without the additional feedback made larger
estimates than che group with the V-C-0 additional feedback. Here is another
hypothesis that can be put to experimental test. But this hypothesis warrants
further testing not only because the different dependent variables resulted in
different levels of significance, but also because the slopes were so very
close to one, .94l for the final log odds analysis and .907 for the log LR
analysis.

The previous conclusions were based on comparisons between group estimates
without considering optimality. Ior all the data in both tlie W&t and D, &P
experiments, the true value of each LR was kiown. By applying Bayes's Theoren,
the tinal odids was calculated for each sequence of data in both experiments.
Linear repression analyses were performed whereby the average group rinal log
odds for all sequences of data were compared with the Bayesian final log odds.

iiven high correlation coefficients and intercepts close to zero, the closer

a particular regression slope is to one, the more cptimal is the group's




estimates. The summary of thiese linear regression analyses is tound in Table
5. However, since no statistical tests were performed on the differences pe-

tween these slopes, we cannot conclude that any one slope is siguificantly

nore accurate than any other slope.

In the W&E experiment all four groups used verbal scales and had o addi-
tional feedback. Under these conditions, the cumulative odds assessments were
signitricantly larger than the cumulative 1R assessments, and the slope tor tle
cunulative odds versus Bayesian odds regression was OHY as contrasted with a
slope of .28% for tihe cumulative LR group. Therefore, we don't know whether
there is a tendency for cumulative oddé to be larger or more accurate than
cunulative LRs. The hypothesis that needs to be tested is that cumulative
odds assessments are more accurate than cumuletive LR assessments. A test of
this kind requires an experimental situatior where truth is known, where tne
veridical cumulative odds judgments run the range of values from 1:1 to very
large numbers ot at least L000:]1. Furthermore, separate data analyses should
be done over different intervals of the range.

In this same experiment the noncumulative odds Judgments were larger, but
not significantly larger, than the noncumulative LR Judgments. However, the
slope for the noncumulative odds group in the Bayesian regression was farther
from one, 1.166, than the slope, 1.041, for the noncumulative LR group. Con-
sequently, for the nonagpgregated condition, the data suggest that while odds
assessments may Lo larger than IR assessments, they may also be less accurate.
This hypothesis needs to be Lested usiiyr situations where truth is knowi, where
the veridical noncumulative likelihiood judgments run over a larpe range of

values and where separate data analyses are doune over different portions of

tie range.
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LINEAR REGRESSION STATISTICS FOR GROUP FINAL LOG 0DDS,

TABLE 5

AS DEPENDENT VARIABLE,

COMPARED WITH BAYESIAN FINAL IOG ODDS

Dimensicn Information

Exper iment — Corre}a?ion Regression
Response Aggre- Scale Additional Coefficient Slope
Mode gation Feedback
W&E IR NONCUM  VERBAL NONE . 980 1.041
IR CUM VERBAL NONE .910 ERY)
ODDS NONCUM  VERBAL NONE .991 1.1o0
ODDS CcuM VERBAL NONE .957 558
D,G&P IR NONCUM 10G NONE .980 1.463
LR NONCUM  VERBAL NONE .98% LA11s
ODDS CUM LOG NONE .980 1.30k
0ODDS CUM VERBAL NONE . 960 <845
IR NONCUM  VERBAL V-C-0 .986 11056
ODDS CUM LOG v-C-P 985 876




In the D,G&P experiment Accuracy and size comparisons can be made for the

scale dimension. Assessments made on & log scale were significantly larger
than assessments made on a verbal scale for both the noncumulative LR and cu-
mulative odds response groups that received no additional feedback. Moreover,
these log scale assessments resulted in slopes further away from 1.000 in the
Bayesian regression. These results suggest that assessments made on a log
scale may be larger than assessments made on verbal scale, irrespective of ac-
curacy, when there is no additional feedback. This hypothesis needs further
testing in situations where truth is known, where the true values extend over
8 wide range, and where separate data analyses are done over different parts
of this range.

Data from the D,G&P experiment also suggest that while cumulative odds
assessments on & log scale with no additional feedback are significantly larger
than this same kind of assessment with V-C-P additional feedback, they may also
be less accurate. Thus cumulative posterior probability additional feedback
may increase accuracy, at least for an aggregated odds response made on a log
scale. This hypothesis needs to be tested.

While linear structural relation analyses comparing just those groups
where & single dimensior in the response conaition is varied at any one time
ldentifies those dimensions that affect the size of assessments, such analyses
do not give any information about the relative strengths of the effects of re-
sponse conditions on response magnitudes. To determine an exact ordering of
the different response conditions based either on the size or accuracy of the
assessments would require a very large factorial experiment—which has not

been done. However, it is possible to yet some intormation about an ordering

2
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B of the different response conditions based on size of assessments by doing 1
linear structural relation analyses on groups in which two or more response
dimensions vary simultaneously. The statistics summarizing certain of tiiese

. 3 . ) }

linear structural relation analyses are presented in Table 4. 3

An order relation, >, is defined as follows over two sets of assessments, 3

A and B, where the A values are plotted on the y-axis and the B values on the
x-axis. First, A > B, if é in the structural relation analysis is greater
tnan one and if the 9%} confidence interval for é does not span 1.000. Second,
A > B, if several different structural analyses compare A and B, A > B by as-

sumption 1 for at least one comparison, and not B > A for any of tne others.

If not A > B and not B > A, then A 7 B. ’

The simultuneous varying of response mode and aggregation in the W&E ex-

periment provides much information. From the single dimensional analyses of
these data we know that ODDS > LRs and that NONCUM resporises > CUM responses. i

These inequalities suggest one of the two following orderings:

NONCUM ODDS > NONCUM LR > CUM ODDS > CUM LR 4
or

NONCUM ODDS > CUM ODDS > NONCUM LR > CUM LR . 3

To determine the exact ordering of these four groups, the following six com-
parisous are necessary: NONCUM ODDS & NONCUM LR, NONCUM ODDS & CUM ODDS,

NONCUM ODDS & CUM LR, NONCUM LR & CUM ODBS, NONCUM LR & CUM LR, ani CUM ODDS &

CUM LR. The single dimensional analyses show that NONCUM ODDS ? NONCUM IR,
] NONCUM ODDS > CUM ODDS, NONCUM LR > CUM LR and CUM ODDS > CUM LR. Varying

these two dimensions simultaneously results in NONCUM LR > CUM ODDS and

29
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NONCUM ODDS > ¢ M LR. Therefore, the ordering that emerges from the W&l exper-
iment is NONCUM ODDS > NONCUM LR; NONCUM ODDS,NONCUM LR > CUM 0ODDS > CUM LR.
This ordering implies that the aggregation dimension is more important than
the response mode dimension in determining the size of assessments.

In the D,G&P experiment these same two dimensions were simultaneously
varied. When the scale and additional feedback conditions were tne same as
in the W&E experiment, i.e., verbal scale and no additional feedback, tue same
interactive orcdering emerged, NONCUM LR > CUM ODDS. Whep thie log scale was
used as a recording mechanism instead of the verbal scale, tlie ordering was
NONCUM LR ? CUM ODDS with final log odds as the dependent variable in the
structural analysis and NONCUM LR > CUM ODDS with log LRs as the dependent
variable. Thus both experiments confirm the finding that aggregation is more
important than response mode in determining the size of assessments.

The scale and additional feedback dimensions were simultaneously varied
in both the CORNOC and D,G&P experiments. The single dimensional structural
analyses of the CORNOC experiment yielded these inequalities: LOG > VERBAL
and NONE > G-N-P for NONCUM LR responses. These two inequalities imply one

of the two following orderings:

LOG,NONE > LOu,G=-N=P > VERBAL,NONE > VERBAL,G-N-P
or

LOG, NONE > VERBAL,NONE > LOG,G-N-P > VERBAL,G-N-P .

To completely determine the correct ordering six comparisons are necessary.
The single dimensional analyses yielded LOG,NONE > VERBAL,NONE and LOG,NONE >

LOG,G=N-P. The analysis in Table 4 showed that VERBAL,NONE > LOG,G-N-P.

Bl
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Without all six comparisons the ordering cannot be completely determined.

However, the ordering suggested by the data is as rollows:
LOG,NONE > VERBAL,NONE > LOG,G=N-}" > VERBAL,-N-F .

This ordering implies that the additional feedback of the posterior probabili-
ties over the hypotheses, even for a single datum assessment, may be more im-
portant than the log scale in determining the size of noncumulative LR esti-
mates. This hypothesis needs testing.

The single dimensional analyses of the b,G&P experiment resulted in the
following inequalities: LOG,NONI > VERBAL,NONE for both CUM ODDS and NONCUM
LR; LOG,NONIk > LOG,V-C-P tor CUM ODDS; and VERBAL,NONE > VFRBAL,V-C-0 for
NONCUM LR. The analyses in which two response dimensions were varied simul-
taneously yielded LOG,NONE > VERBAL,V-C-0 for NONCUM LRs and ambiguous results
for the LOG,V-C-P and VERBAL,NONE comparison for CUM ODDS. The structural re-
lation analysis of average final log odds yielded a é of 1.020 with a 957, con-
fidence interval of (.9lo, 1.158) when LOG,V-C-P is plotted on tie y-axis and
VERBAL,NONE on the x-axis. The structural relation analysis of average log
LR yielded a 6 of .882 with a 95, confidence interval of (.790, .93%) for this
same comparison. These findings for the D,G&P experiment show that the L0G,
NONE condition yielded the largest estimates of all and that the lug scale is
more important than V-C-0 additional feedback in determining the size of
NONCUM LR responses.

The CORNOC and b,G&P experiments together imply that when considering

Just the log scale and additional feedback dimensions, one is not more impor-

tant than the other. The order of these two dimensions depends upon the type

oy Lday T PR T P R TN NP e Sy Ty X 5 s b i e . N S | S P 0 SRR . (RIS e L L -




] of feedback given. The results were that odds additional feedback is not more

important than the log scale in determining the size of LR estimates, but that
probability feedback may be more important than the log scale in determining
1 the size of CUM ODDS estimates. This latter assertion is a hypothesis in need
of a test.

Simultaneously varying all four dimensions in the D,G&P experiment
yielded some interesting information. The ODDS,CUM,LOG,NONE respoiise condi-
tion resulted in larger estimates than the LR,NONCUM,VERBAL,V-C-O respornse
condition. The LR,NONCUM,VERBAL,V-C-O response condition resulted in larger
1 estimates than the ODDS,CUM,LOG,V-C-P response condition. If we are willing
to assume transitivity, then these two results together, ODDS,CUM,LOG,NONE >
LR,NONCUM, VERBAL, V-C-O > ODDS,CUM, LOG,V-C-F, imply that prolebility feedback
is more important than the combined effects of the response mode, aggregation,
and scale dimensious.

Reliability information was used in the linear structural relation anal-

yses to estimate error variances. However, the reliability of LR and ODDS es-

timates is a topic worthy of independent consideration. Some researcliers have

collected repeat data on Ss who performed in Bayesian information processing

i
ji
i
1
o

experiments. No one, to my knowledge, has reported any of it, however. The

data in Table 9 fill this void somewhat.

R e LT g

[ analyzed the repeat data tor Ss in Lhe CORNOC, W&E, and D,G&P experi-
ments., PFrom each experiment the particular data points that are used tror these
! analyses are tiie same data points that were used to determine the error vari-

i ances for the linear structural analyses. The different statistics incorpo-

rated into Table ) are the rollowinsg: (1) the dirference between the first

o ki i - g
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round and second round assessments averaged over the number of points in the
function; (2) the percentage of the absolute value of this average difference
divided by the average range of assessments in the first round; (3) tie per-
centage of the absolute value of the average difference divided by the average
range of assessments in the second rcund; (k) the variance of the difference
between the first and second round assessments averaged over the number of
points in each function; and (5) the correlation coefficient of the function
relating the first round assessments to the second round assessments.

By any critericn, most of the groups of Ss in all three experiments were

very reliable.
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DISCUSSION AND CONCLUSIONS

This study Las attempted to organize the information available ot dirter-
ent direct estimation procedures investigated in experiments on Bavesian in-
formation processing. A taxonomy classified different responrse situations on
tie basis of four independent dimensions—respouse node, yyprrepation, scale,
and additional reedback.

Linear structural analyses were performed in wiich the Jdiflerent respolse
situations were compared. Two criteria were establislied, a correlation coef-
r.oient of greater than .900 and a 99 confidence interval about the slope not
containing the point 1.000. When these criteria were me“. the set of estimates
made under oue response condition was considered significantly larger than the
set of estimates made ‘n the other respunse condition.

On the basis of these criteria and the regression analyses performed when
truth was known, the following results liave been demonstrated:

1. The response mode sometimes makes a difference. CUM ODDS assessments
WGroﬂsignificantly larger than CUM LR assessments when both sets of
estimates were recorvded on verbal scules and there was no additional
T'eeaback.

2. Aggregation makes a difterence. Nonaggregated LRs or ODDS were sig-
nificantly larger than the judgments made in the corresponding aggre-
gated conditions when the respoinses were made on verbal scales and
there was no additional feedbuck. There is data to suggest the hy-

pothiesis that this finding may hold true for PROBs.
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The scale used makes a difference. Log scale recording devices re-
sulted in significantly larger assessments than verbal scale record-
ing devices for both the NONCUM LR and CUM ODDS groups when thiere was
no additional feedback.

Additional feedback of the posterior probabilities of the hypotheses
does make a significant difference in the size of NONCUM LR ana CULM
ODDS judgments. There is some evidence to suggest the hypotiiesis
that V-C-0 additional feedback may make a dirference for NONCUM LRs
on & verbal scale.

The use of log recording scales results in significantly larger as-
sessments than the use of other methods of recording estimates. It
may be that this result holds regardless of accuracy. This hypothe-
sis needs to be tested.

Cumulative posterior probability additional feedback may increase the
accuracy for CUM ODDS assessments made on & log scale. This is one
more hypothesis to be investigated.

Aggregation is more important than response mode in determining the
size of assessments.

The log scale is more important than v-C-0 additional teedback in de-
termining the size of NONCUM LR responses.

The hypothesis that cumulative probability additional feedback may be
more important than the combined effects of the response mode, aggre-
ration and scale dimensions is the most exciting hypothesis that these

data suggest for me. But this issue needs very careful examination.




The findings of this investigation are supported by previous reseuarcii.

Kaplan and Newman (1966) found that the computer-aggregated posterior proba-

bilities for Ss making nonaggregated T(DIH) Judgments were signiticantly larger

than posterior probabilities directly assessed by Ss muking aggrepated P(HID)
Judgments. The data from one of' the three experiments reported in rhillips &
Edwards (1906) suggest that log scales increase the size of probability judg-
ments. Tsuneko Fujii, who ran parts of this experimenls, reanalyzed the data
and round that groups that estimated o log scales, odds or probabilities,
made larger and more aeceurate estimates bLhan groups using non-log scales.
These results are reported in Fujii (1907).

Since the experimental manipulations in the studies reported in this in-
vestigation resulted in significant differences in the size of assessments,
all Ss who served &s information processors did not perform as Bayes's Theorem
would predict. Thus the particular dimensions suggested by the Bayesian ap-
proach and incorporated into the texonomy do make a difference.

The rinding that both LR and ODDS assessments are extremely reliable was
most encouraging. lHowever, these analyses were performed on averaged data,
not individual data.

The results of this investigation suggest some advice tor persons applying
the Bayesian approach in real world applications. Don't have Ss give their
wicertainty judgments on LOG scales if no feedback is given to them about the
implications of their assessments, at least until there is further testing of
the hypothesis that LOG scales result in larger assessments regardless of ac-
curacy. Be cautious about feeding back the posterior probabilities of the hy -

potheses under consideration. Phis reedback may be Lhe most potent variable
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studied. Use either the LR or ODDS response mode, whichever is more conve-

nient, when you ask for noncumulative responses. Verbally aggregated responses
with no additional rteedback result in very conservative assessments, and should

consequently be avoided. i
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