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SUMMARY

4 computational model ha: been developed for t.e turbulent waze
¢ a2 submarine moving at 2 constant velocity through a stratifled
cocean., Details of the wake growth, collapse and generaticn of
internal gravity waves wers examined by an applilcation or the

seccni-order closure approich to turbulent flow developed 2t

apt
~-sa

s

47 ]

,&?E.Q.P. over the past few years. The empirical model coeffic

iy

pequired for basic imcompressible flow werc determined by examining

‘@:g disteibutions of turbulence in free jets and wall shear layers:
dditional coefficients involving the influence of densitly

4

ad
stratification were found by comparison wlth observatlons 1n the

_unospheric shear layer.

The mcdel nredicetions agree with iaberaztory observationt In

e 1imlt of vonishing stratificatior and the opposite liimlt of

strongly stratified fiuild with vanishing turbulence. Alse in Lhsz
1imit of & small perturbation to the amb
4ad vanishing turbulence, the model resulis ag (ith analytice
~wedictions of the internal gravity waves,
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The influence of scme of the major paramet been demo:ns el
v runnitie a few typical cases, Increasing the lnitial potential
:epgy in the wake lncreas the strength of collapse unlesse the i
sroeduct of the Brunt-Viisdl %
naracteristic dimension of L

o ¢ umpilent weloelty (., RT << 1), in which case there ls

D’.\

by

requency of the fluld tlimes

=

e Wake 1s much less tharn tne character-

i,
éffect. Inereasling tne Initia: Kinetic energy increases lat Stred; .a
ot collapse unless Ric S+ 3 , 18 Whleh case there 1s no effec

iwereasing the Brunt-Vaisdla frequency of the fluld zlwsys appeads
to advance the time and lncrease the strength of collapse
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NOMENCLATURE

model constants

drag coefflicient of genera ting body
dlameter of generating body

wake Froude number = riN/U

gravitafional acceleration

Brunt-Vidisald frequency = [-(g/p) Bpo/Bz]%

pressure

square root of twice the turbulent kinetic energy

wake radius

initial wake radius

Reynolds number = Uri/v

Richardson number of turbulence = rfNe/qﬁ
model constant

velocity departure in free stream direction
normalized by U

Cartesian velocity components

free stream uniform velocity
horizontal velocity normalized by U
model constant

vertical velocity normalized by U
Cartesian coordinates

coordinate in free stream direction

coordinate in horizontal, vertical direction
normalized by initial wake radius

normalized plotting cocrdinate = cy, cz
(c = 1.45 in all figures except Fig., 3 and 6
where ¢ = 2.75)

iii
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= K coefl .clent of laminar diffusion for density
i perturbation
+

A microscale of turbulent dissipation

nacroscale of turbulent model

—
>

v kinematilc viscosity
T perturbation pressure = p *ﬂ/ gpodz

density
B normalized perturbition density = (p - po)/(ribpo/Bz)
Po ambient fluid density

4 N Al

/] stream function =j vdz = -j wdy
supertcripts
== denotes time average

! denotes fluctuation about the mean value«

subscript

m denotes maximum value
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1. INTRODUCTION

A submarine moving at constant speed through a stratified oce~rn
leaves behind a turbulent wake containing potential and kinetic
energy. The build-up of potential energy 1is caused by tihie co-mixing
of heavier density fluid above the lighter density fluid. The
kinetic energy is <omposed principally of the turbulent contributiorn.
In the initial stages of the wake,the turbulent kinetic energy
dominates the potential energy and the wake spreads. This spreading
in turn 'ncreases the potential energy, until at sowe point gravita-
tional forces are able to overcome the turbulence and ™ rce a collapse

of the vertical spread of tne wake.

The wake collapse has been studied both experimentally (Rer's. i--
and theoretically (Refs, 4-10) to gain a qualitative understanding of
the phenomenon. The theoretical studies have dealt primarily with
ideaiized, inviscid collapse of an initially mixed region, the excey -
tion being Ko's analysis (Ref., 9) which attempts to include full
coupling between the dynamics of the turbuleice and the collapse,
albeit in a simplified, integra. approach.

The present analysis uses the techniques of second-order clos.rc
for turbulence modeling (Ref. 11) to treat the dynamic coupliing
between the turbulence and the stratification in some detail. We
are concerned here with the growth and decay of the turbulence and
the generatinn of internal waves, but not with the propagation of
these waves to distances far outside the turbulent wake.

The turbulence model is discussed in Section 2, The computaticral
scheme for dividing the wake into regions governed by different physi-
cal phenomena is discussed in Section 3. Numerical results are

presented in Section 4,




2. 'THE TURBULENCE MODEL

The time-averaged equations of motion for a Boussinesq fluid
‘ whose motion consists of a mean and a ['luctuating part may be
| written as

- Bui
| Wi=0 (1)
]7 Puy 1 3 dulu! du g P

e . Lde. Sl 3 3 -

DE~ =~ b, dx; 9%y S SXJ (V 3?3 ) Po (2)

Whether the density variation is caused by a temperaturc variation

or a variation in composition, when the ambient density gradient

is constant the diffusion equation for the perturbation density p- P
may be written as

D(p-p,) 3 9p 3p
£ Q“=3'5c‘j‘( )3x '“13'2 (3)
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Starting from the equations of motion for the fluctuating compon-
ent3 of velocity and density, it 1is possible to derive exact equa-
tions for the Reynolds stress ccrrelation ﬁ?ﬁ} and the correla-
tions involving the p' density fluctuation, These may be
written as
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Second-order turbulence modeling involves deriving (or scae-
times assuming) relationships between the third-order correlaz’lons
appearing in Egs. (4) - (6) and the derivatives of lower-order
correlations, We choose to model the third-order correlations as
(Ref. 11)

Dissipation terms:

ny ou! i 2 2
- 1 - a T ¥ (a7
3 2v &;Wé = Bvléij :SSF + F (uiuJ = 61J %— )] 4

(9}
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Pressure strain terms:
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Reasonable values for the coefflcients a, b , and v, < were

determined in Refs, 11 and 12 as 2.5, 0.125 and 0.3, respectively,
by examining the turbulent distributions in free jets and wall shear
layers. The coefficients A and s which influence the effect of
stratification were assigned the values of 0.75 and 1.8,respectively,
in Ref, 13 to obtain good agreement with the turbulence distributions
observed in the atmospheric surface layer, With this choice of modei
coefficients, model predictions tor the mean velocity gradient, mean
temperature gradient, Rlchardson number, rms vertical velocity
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fluctuations, rms temperature fluctuations and horizontal heat flux
agreed favorably with surface layer experimental observations over
the complete range of stability conditions. The values cited above
for the coefficient, a , b, VC », A and s will be used in the
present analysis,

Equations (1) through (6) represent a formidable set for the
general three-dimensional wake, To keep the problem manageable
for our relatively small computer (a Digital Scientific Corp., META-4),
we have simplified the equations in certain regions of the downstream
development of the wake, Our approximation consists of neglecting the
convective and diffusion terms in the equationa obtained by substitutirg
Egs. (7) through (16) into (4) through (6) to form a set of algebraic
relationships between the turbulent correlations and the mean flow
derivatives, but recaining'convection and diffusion of the turbulence

by ecarrying the equation for q2 = uyu Equations (4) through (6)

e
are replaced by

2 3T g 2 2
1! i & ! 3 5 A
%—-: -2 uiuJ E}G et -p'; uip' + s}q [(QA + V) ﬁ;] = —X%—
- G ' (17}
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Note that the function f has been added to Eq. (18) te allow Fq. (!
to be added without making the system overdetcrmined. The term is

added in such a way that the influence of the cuiivectlve and diffusio:
terms in Eq. (17) are distributed equally between the three components
of q2 . Also, the diffusion term in Eq, (17) is somewhat simplified

from that which would be obtained for u{u{ from Eq, (4).

The set of equations (1), (2), (3), (17), (18), (19) and (20) maxe
up what we will call the quasi-equilibrium (QE) approximation for
second-order closure. 1t is closely related to what Mellor and Herrlng
(Ref, i4) refer to as meal: turbulent snergy closure. It reduces to ‘i
same number of cdifferential equations but retains more of the coupli:iyz
between the components of the Reynolds stress through the algebraic
relations, Eqs. (18) - (20).

Figure 1 gives a comparison of the QE results with that for the
full set for the case of an unstratified, axisymmetric wake. Resuits
for the full set are taken from Ref, 12 frcm an axisymmetric calcula-
tion while the QF results are taken from a 3-D, stratified calculation
in the 1limit of negligible stratification., The q2 distributions agr--
quite closely while the mean veloclity departure from free stream shows
about a 10% difference when it has been allowed to decay an order ol
magnitude from the initial conditions. The great simplification wade
pessible by the QE approximation appears to be ample justification for
t'11s slight loss in accuracy. Comparisons of the two methods have
1180 been made in calculaticns of the planetary boundary layer which
show relatively little dilfference between the two, but these results
vill not be shown here.,

The scale lengtn A 1In Egs, {(17) - (20) should in fact be solved
by its own difterential equation, enabling us to determine the A
sariation across the wake as the solution proceeds downstream, The
p , Ea. (17).
We choose not to du this, nowever, since the scale equation has no!
yet become an integral pafl of the second-order turbulence model we

cquation for A would e similar to the equation for gq

i b 4 i
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are using. lnstead, we choose to use a A geared to the breadun
the q2 turoulent wake region. For our analysis here and in tnc
free jet examination (Ref, 12), we assume that A 1is proportionasl
to the distance from the radius of the maximum q2 (typically

r = 0) out to the radius where the vaiue of q2 has dropped tc /4
1ts maximum value. Comparison with the axisymmetric flows in the
near-wake region yield a proportionality factor of 0.2.

The A that results from this algebraic relationship now
expands or collapses depending upon the turbulence within the wake ,
Since,when collapse occurs, the scale in the vertical z direcvion
can be greatly distorted r'rom the horizontal Y scale; we have
chosen to compute separate scales along the y and 2z axes. These
resulting Ay's and Az'

7]

then go directly into their appropriate
diffusion terms in the q° equation. The QE approximation and
the dissipation tern —thj/A use only one scale length. Since we
anticipate that the collapse will yield an ellipse-like wake region,
we have chosen the cquation for A as

AW

Tnus, when Ay S AZ for complete collapse, A ~»2AZ and enables

A

£ to track the details of the vertical collapse, Following Ref.
we Llso impose an upper 1imit on the vertical scale

R q; 3
o = { =F%
énax - '5— B‘E)
0, 92

* :
where Ri 1s a critical Richardson number found from the atmosphei
‘,
surface layer to be Ri Pty
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3 COMPUTATIONAL SCHEME

A typical turbulent wake .n a stratified medium can be divideg
into regions governed by different physical phenomeni, Al the ol
end of the body, the flow is dominated by the details or the body
shape and mode of propulsion (this problem will not be discussecd
here). A short distance downstrcem of the body in the near wake.
the kinetic energy of the mean flow is converted into turbulent
kinetic energy. As long as the potential energy in the near wag
is much smaller than the kinetic energy, which should be true as

long as 3
L “to sy .
- I_i B—Z— << \JD r'ip U < a
c
T e -2 :
g T -y Gy 3

it showld be pcssible to ig.cre the effect of stratification in th
reglilon. Thus 1f there are¢ no asymmetrics introduced by the bedy,
near wake may bte lreated as an axlsymmetric fiow. Equations (2)
%) were Integrated for unstratified, axisymmetric flow in Ref. 1
The model demonstrated the strong influence of net mean momentun o
the development of the wake, with the model predictions verified '
comparisons with exlisting data for a wake behind a self-propelle’

and for a wake with significant mean momentum,

The nmear-wake region should remain valld as leng as the turuvule

1s Strefiy enough o cdominate the stpatificatlen, 1.e, as long a:

1'18 J"(.) 3 ;
= T- r. i ndl <K 1 Vel
e '




Although the stratification does not influence the turbulence

significantly in the near-wake region, the density distribullon i

Le7]

determined by the turbulence, Thus, for stiratified flow it is
necessary to carry the aaditional Egs., (3), (5) and (o). However,
as long as the initial conditions contaln only the sireaming
velocity, it 1s possible to reduce Eq. (2) to a scalar equation
for u , Assuming that diffusion in the free stream direction 1s

R LU, T L — .

negligible compared with tnat normal to the free stream, lhat the
pressure gradient in the free stream direction 1is zero, &4nd that
the mean flow departure from the free stream is small, we can reduce
Egs. (2) and (3) to:

2 Ju'w’ _ du'y! =
oz oy e

2~  Quw'p' Qv'p! P
B - g

where 82

e
|
2
<3
=
|

Q/
B2
7Y
e

v

I€ we accept the quasi-equilibrium approximation for the turbuiencs
discussed in the last sectlon, then the set is completed by lakig
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together with the algebraic relatlions given in Egs. (8) - (20). in

these equations,lengths have been normallzed with respect to the
initial wake radius ry s velocitles with the free stream velocity.

U ; and the perturbation density with - ry dp /0z . The dimension-

-
less parameters are deflngd ?s e = U rl/v 3 aoReynolds rumber;

Fr = [( - gr? Bpo/Bz)/, U“}72 , & Froude number; and Pr =« /v , the
Prandtl number. The algebraic relatlons between the second-crder
correlations bring in no additional parameters so the variables are
a function only of Re, Pr and Fr plus the initlal conditions on g

u , and 6 . The diffusion temms 1i;: the turbulent enevrgy equation

b

have been permitted to be more anisztiropic in Eq. (27) than the form
in Eq. (17). This form permits a larger influence of the stratifica-
tion, but we have not teen able to firmly establish which form is

more accurate yet,

Equations (25) to (27) cease to be a valld approximation for
the wake when the poten'lal energy due to the perturbed density
Increases to the point whcere it is the same order of magnitude as
the kinetic energy of the Lurbulence,i.e., wher: R > 0.1 , Then
the effect of the induced vertical veloeity on the c;nvection terms
can no longer be neglected. To continue tne wake calculations into
the collapse region, it is then necessary to include the two transverse
momentum equations from Eq. (2).

In the case of a momentumless wake, the mean veloclity departure
from free stream decays wucn more rapldly then the rms turbulent
velocity so that with density stratification typical of lhe ocean
(Brunt-Vaisalé period of tne order of one-hall hour) the mean velocity
departure becomes negligible Lefore Rl reaches 0.1. Therefore, for
many cases of 1lnterest we can set u = Q and drop lthe axlial momentum
equation 1n the collapse region, The set of equations to be solved

in this reglon within the quasi-equilibrium approximatllon now becomes




OW

-QKEW-H[%,».A_E (32)

The set is completed with the algebraic relationships for the correla-

tions, Eqgs. (18) to (=20}, Note that rather than work directly with

the cantinuity equations, Ea. (1), we have taken the divergence of

,the mamentum eguation to obtA n & Polsson equation for the perturba- §
.‘ : : = p o+ ._;,'de, The last term 1n Eg. (32) has been :
fﬁa&nnghgcause previous researchers found 't desirable tc correct
"~t§s,£act that, numerically, Ea. (1) cannot be satisfled exactly,

In summarizing the division of the stratifieca wake development é
iato a growth Phase (1) governsd by Eqs. (25) - (27) and a collapse . g

_ﬂﬁage {i1) governed by Egs. (u85) - {32), we can say that (I) should
hold as long a8 Ri < 0.1 while (11} should nold when |um[/qm <01
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In the overlap region, which should occur as long as Rl immediately
behind the body is sufficiently sm2ll, either set of equationg may

be usea, If there is no overlap, such as may occur in the wake
behind a low drag vody nmuving slowly through a steep stratification,
then our present computational scheume 1s nct valid., Future modifica-
tions to our computer model will provide for the simultaneous solution
of all three momentum eguzations so that this mnre general case can be
analyzed. Figure 2 gives a comparison between the results of a Phase
(I) and (II) computation for a case with a large overlap region. No
significant differeiices are observed in the two solutions until after
Ri = 0.07 at .04 B.V. (Brunt-vaisidli periods) after wake generation.
Of course, Phase (I) represents a much more efficient computational
scheme 1n the overlap region.

We have all cf tiue infcrpation needed to solve the equations of
interest for our Pnuse (I) or 7.V reglons. We begin our calcula-
tions in the near-wake reglieon by assuming initial conditions for the
turbulence, the perturbation Jdensity and mean u profile. The
Phase (I) region 1s permittcd to oulld to the overlap region, at which
time we 1introduce the @ srmel velocities v and w and the pressure
m to proceed through tie collapse Phase (I1). To reduce redundant
calculations, we consider only « quarter-plane of the wake cross-
section, thus requiring us fto impose arpropriate syumetry conditions
along both axes,

Since our primary purpose is to calculate the wake dynamics rather
than the full wave pattern bLetween the wake and the surface, we impose
an artificial porous liner a tew radil from the turbulent wake; this
liner serves to absort any waves =2mitted from the wake wlthout reflect-
ing them back to the wake, Tn this way we zre justified in requiring
all the variables = C as » =+« , This absorption of the waves is
implemented by addi:ng tho damping terms - kw and - kv to the right-
hand sides of Egs. (28) .nd i), respectively, and the term - v dk/dy
- w dk/9dz } : 32). The damping factor k 1s zero




Comparison of Phase (I) and (II) calculations.

(Initial conditions - Fr = 228., 92 = ,00456,

u, = .00286, p. = 1., v=w = 0.) .
Y Lo + 400

P.E. =,

1o AW
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out to a few waki radii and then increases smoothly to absorb any waves. A
A the wake dimension grows, the posiion of the liner also nioves out
at a proporticnal rate,

Figure 3 is a plot of density contours for twec different positions
of the ahsorbing liner, Although the contours are quite different
outside the inner liner, there is little difference in the region of
interest ¢round the turbulent portion of the wake itself., A detailed
comparison of ﬁhese Lwo cases shows that the average numerical differ-
ence at the points inside the inner liner is less than 5% of the

maximum local value.

The differential equations discussed above are solved numerically
by replacing them wit: 'orward-time-centered-space finite difference
equations (Ref. 1/). Since the equations involve twoc space directions
Y and z and a time-like direction x » We choose to solve them by
the Alternating Cirection Implicit (ADI) method (Ref, 18). The
implicit techniqus ¢ermits stable solution developiment with a
contrellec ircreasc ir. Ax per step., The mesh in the y and =z
directions is variztle, with mesh spacing Ay ana Az minimizing
curvature chunges from point to point.

When needed, the Foisscu equation (Eq. (32)) for the perturbation
pressure w 1is solved by adding a time-like term - dn/dt to the
left-hand side of Eg. (32) and iterating by the ADI method to a steady
state solutlon (sc that dm/dL = 0) for every step in q2 * P @
and w , For the tirst two iteration steps, At 1is given a value
proportional to the arca of tne wake (At = Y max zmax/ho) and allowed
to increase or decreuse thercal'ler at a rate determined internally in
such a way as to Lry to maintain a change of = 10% with each iteration,

In praétise our solution scheme takes a step Ax in the main
variables (q2 s ¥ »and U, orv and w as the case dictates),

then the pressure is itercoted f'or these new values, We find that

our procedure works ve:ry w-ll for Phase (I) (where no pressure
iteration is required), but the Phase (II) pressure solution has
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Figure 3. Comparison of density contours at one B.V. after wake
generation for two positions of the porous liner, Out-
side the indicatec¢ dashed line the liner resistance
increases from zero exponentially., --- contours for
the case of the larger liner. (Initial conditions -

Fr = 1389, Pp=Uy, =V=w=0,p =1,) Py = -280

with contour for p/p = +.5 denoted by -1-; -.5 by
=2-; +.1 by -3=; -.1 by -4-; +.01 by =5-; and -.01 by
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caused the bulk of cur rnumerical problems. It seems that our ADI
method 1s not an extremely viable one when steady state is sought

for 7w at eyery step Ax . Rather, we found that stabllity and
convergence were better controlled by 1:miting the number of pressure
iterations at each step; a maximum of five iterations were permitted.
This serves to keep the pressure close to an accurate value. and in
turn keep v and w , tnus B , accurate also., We monitour our
accuracy by trying to keep the relative error

p= =y

i &
] (ar)“ady dz

ETT = E:— [\ - < 0.001
/ F~dy dz

L -

where Ar 1s the change in 7 1in the step At , and F 1is the

value of the right-hand side of Eq. (32). F has also been slightly
modified by realizing that the term of most importance - l/’Fr Bg/bz
can be estimated for the next step size Ax and the pressure estimated
ahead accordingly. Since the numerical technique is not exactly
divergence free, the extra term on the right side of Eq. (32) in the
form 9V:v/dx 1s retained to make V-V = O at the future Ax main
step.

N

A typical run in Phase (I) takes about 3 hours on the Digital
Scientific META-4 (12 min. on CDC 6600), while Phase (II) takes
about 12 hours on the META-4 (50 min,on CDC 6600) of which about
50% of the time is involved in the pressure iteration loop.
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4, NUMERICAL RESULTS

Considerable confidence in our turbulence model was gained by
the comparisons ith che unstratified wakes in Ref. 12 and witn
the stratified atmosrheric shear layer in Ref. 13, To gain some
confidence in our computer model's capability to predict the
generation of internal waves, we made a check with Hartman and
Lewis's linear, inviscid solution (Rkef, 5). Within our self-
imposed limit of 40 x 40 mesh points, we were unavle to maintaln
good agreement in the iumediate neighborhood of the discontinuity
at the edge of the homogeneously mixed region. However, results
within the center of the mixed region agree with the exact solution
to times greater than one B,V. Figure L is a comparison of the model
results with the linear analytical predictions for radii less than
80% of the radius at which the discontinuity occurs. The bars on
the model results give the r.m.s. deviation of the vulue at
individual points about their mean,

Another check on the model is given in Fig., 5 by couparing with
the experimental results »>f Wu (Ref. 3). Wu used a uwechanical mixer
to produce a cylindrical region of homogeneously mixed iluid
surfounded by a strongly stratified fluid. His observations of
the width of the mixed region as a function of time after release
are plotted as given in Ref, 10, The model prediction for growth
of the wake width for a case with laree initial R1 and an initial
nomogeneously mixedi wake is given as the solid curve., The agreement
1s similar to that obtained by the numerical models of Refs., 5 and 10,
The streamline patterns predicted for this two-dimenslional f'low at
times of 0.5, 1.0 and 1.5 B.V. after release are presented in Fig. 6.
At earlier times there is only one vortex in the quadrant but other
modes appear as time progresses, At t = 1,0 B.V. there are three
distinct vortices, while at 1.5 B.V. two of these of the same sign
have joined and a fourth is forming along the vertical axis,
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Figure 4, FPerturbation density

and velocity variations as a
function of time for an inviscid,,
small amplitude linear perturbation
in densily within a cylinder of
fluid, e(= 1075) defined by
initial condition on p . — ana-
lytic solution given by Hartman and
Lewis (Ref, 5), & numerical model
predictions with"r.m,s., scatter in
the inner 80% of the radius of the
cylinder as indicated.
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Figure 5. Horizontal wake Spread as a function of time after
generation, (InitialAconditions =9, 2l
Qp =Y, =V =W = O, Py = l.) —— model predic-

tlons, %°* experimental observations of Wu (Ref. 3),




Figure 6. Streamline patterns for the same conditions as
Fig. 5. Contours for ¥/¥, as denoted in Fig. Z.




For our case of a momentumless wake %hc principal parameters are
the Froude number Fr = [-(g/p) Bpo/az]_§U/U , hié imitial Jeweld @f
turbulence qm/U , The initial density profile in the wake, and the
Reynolds number of tne turbulence (g A/V)init‘ For a submarine wake
the most important single parameter is a combination of the first two,
a Richardson number for the stratified turbulent wake (Eq. (23)). As
seen in the previous section when Rl << 1 right behind the body, the
wake will grow for some distance behind the body before the wake
«ollapses, Then the initial density distribution is relatively
unimportant since the turbulent entrainment of fluid in the growth

region will lead to a density distribution at the point where collapse
vegins which 1s independent of the initial distribution. The Reynolds
number 1is not influentiul as long as it 1is large enough so that qA/v
remains much larger than one through the initial collapse. The only
parameter we will consider in detail herein is Ri.

If Naudascher's (Ref. 15) values for turbulent intensities behind
a self-propelled body are used as a starting point (although Gran (Retf. 16)
indicates that his values are about a factor of two higher than would be
obtained behind a streamlined body driven by an efficient propeller), then
a tody with a radius of five meters moving through a stratified fluid
with N° = 1072/sec™?
Rl = 10_2 at a station 20 diameters downstream of the body. Figure 7
is a4 plot of some of the wake varliables as a function of distance down-

at a velocity of five meters/sec would have

stream of the body or,equivalently,time after generation for a run in
winich we start with a homogenecusly mixed density and Naudascher's

values of turbulence at x/D = 20 , Up to x/D = 200 where R1 = 1
the results for q are the same as obtained in Ref, 12 for an unstrati-

s

fied wake; the denslty perturbztion is being reduced as the wake entrains
more fluld; and v and w are much less than q ., At larger distances
downstream there 1s a significant difference in the shape of the wake
although the maximum ¢ shows little difference, Although v and w
bulld to maxilnum velocitles at approximately 0.5 B.V., they remain

smaller than q . Figures 8, 9 and 10 show the contours of p and qd
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Maximum values of q , B s V and w as a function of
time after generation, &Initial conditions - Fr = 228,

Qg = .00456, v = w = 0 = 1.) Equivalent distance
behind a Naudascher body 1s also indicated.
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Figure 10,

Normslized streamline patterns at different times after
generation for the same conditions as Fig. 7. Contour
notation for w/wm as in Fig. 3.
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and the streamline patterns of the radlating waves at 0.0, 0,5, 1.0
and 1,5 B,V, perilods after the wake generation.

When the stratification is increased the plcture changes as seen
in Figs., 11 to 14, Stratificaticn necomes lmportant a shorter
distance behind the body, before tie wake has grown to as large a
radius as previously, and the strength of the streamline patterns
produced by the collapse is increased. As a function of x/D , q
and p are the same for both runs until x/D = 67 (s 0.1 B,V. on
Fig. 11) atv which point the stronger stratification forces ; and
q to be decreased at & faster rate as v and w lncrease, In the
reglon of the princlpal cellapse (0.1 to 1 B.V.) v &and u scale
faiply cleosely with N , Bz sesef ‘nh Pigs, 7 and ll, &nd thé strEam-

line patterns are guite similar as scen in Pigs. 10 and 14,

When the Initial Richardson number is decreased by inepneasing
the intensity of the turbulence, the results shown in Figs. 15 to 18
are obtaingd. 'The 1nfluence ofFf @Pratification ie delayed until the
patential smergy ¢an bulld te a larger whlwe. Consequelitly, &
stronger streamline pattern is generated by the collapse although
Ite occuprencee is delayved further dewnstream,

The maximum potential encrgy per unit length of the wake occurs
when the local Richardson numbter is of order one, Figure 19 shows
how this maximum value varles as a function of the 1initial Richardson
number over the ramge of initlal Richamdson numbers exprcted to be of
interest for a submarine (107 < Ri < 1) when the initial distribu-
tiouns of density and turbulence are held constant, Sensitivity to
varlations in the distribution of the initial turbulemcc have not
been computed Lk It is aipscited that these would have little inpflu-
ence on the gepemdence shown i Fig. 19 as leong 48 the initlal
sinetic energy was lsisd., ‘Ihe reésulis are sensitive to variatiomns
inoEhe Inlelel retic of golential Lo Kimetic enérgy. Twe cikvwes

obtalned by starting witn alir =G dagitial demsiiny prol'Ll€Es ke
included o this curve ¢ m ' ¢ Lnis variation, As long as

Rio is small enough the | 1l density distrivution is unimportant
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Figure 11. Maximum values of q , B » V and w as a function

of time after generation., 1Initial conditions are
the same as Fig, 7 except Fr is decreased by v10.
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Normalized streamline patterns at different times

after generation for the same conditions as Fig. 11.
Contour notation ver Fig. 3.
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Figure 18. Normal.zed streamline patterns at different times

after iseneration for the same conditions as k. 25.
Contour notation per Fig. 3.
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since the wezke will continue teo grow and develop its appropriate
density distribution prier to cellapse. When Rio‘? 1, collapse

is imminent and the initial density distribution is a dominant
facter. Since in this case the initial potential energy is the
maximum value of potential ensrgy it is independent of Rio g

The limiting asymptote for zero initial potential energy varies
approximately with the -0,0 power of the initial Richardson number,

A summary curve showing the distortion of the wake as a function
of time after generaticn is presented in Fig. 20 ror several of the
points on Fig. 19. The experimental varlation as reported by
Schooley and Stewar

ot

(Ref. 1) iz alse included. A detalled mateh

of Schooley - Stewart's run has not been made yet since their initial

Ri1 =~ 0.1 , where 1t 1s necessary fo also Know the initial density
istribution in the wake. It appears that a reasonable match could

be made since thelr results fall between tae Ri = 00,0465 and 0,465

model results.
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N .. 1 A) Ri :.00465
U B) Ri =.0465
C) Ri =.000465
i D) Ri=0.465
N 8 4 x) Schooley - Stewart data
Bt il (Ref. 1)
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Figure 20, Wake distortion as a function of time for the four
different points indicated on Fig. 19.




 CONCLUSIONS AND FUTURE PLANS

We have created a cﬁﬁﬁutér model for the calculatlion of the
development of a turbulent wake behind a submarineuin a stratified
ocear, The model results nave been shown to be valld in several
1imiting cases. In the limit of vanishing stratification,it agrees
‘with Eaudascher's wake data in 2 homogeneous fluld; in the limit of \
starting with a uniformly mixed reglon in a strongly stratified
fluid 1t agrees with the observations of Wu; and in the 1limit of
a small perturbation to the amblent lLinear density gradient and
vanishing turbulence, 1t agrees with the analytical soiutian of
Hartman and Lewis,

=

A éetailed sensitivity study has no' been made but the influences
neme of the major parameters have been demconstrated by running a
typica1 cases, The influence of increasing the Initial potential
'gy by increasing the degree of mixling i3 to advance the time of
lapse and increase the strengtn of collapse unless the initlal
ﬁi v;;gjan number is very mucn smaller than one, in whilch case there
‘iﬁ*né effect Increasing the Initial kinetlc energy delays the time
of eell&pae and increases the strength of colizpse unless the initia!
_f number 1s much iarger than ore, in which case there 1s nc

* Increasing the Brunt -Vaisali frequency of the fluld always

:aQWﬁaées and strenginens the collapse.

We are currently in the process of conducting a much more complete
~ investigation of the sensitivity or the wzke-generated Internal weves
‘1eﬁ £n%t&a1 conditions, 7This should inciude the Influence of initlal
. tufbﬁleﬁée jevel, scale and distribution; of Initial velocity distribu-
_.fiéh fncluding asymmetrical swirl distributlons; arid of vertilecal,
‘hﬂfiéental, or angular womentum as well as axlal momentum. The
: “e§ﬁ§&9tion:of such 4n investigatiorn will require that our model be
l : @ﬁéﬁli&*ﬁd to include 2 turtulent sczle equation and to compute all
three momentum equations simultanecusiv.
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We also recommerd that experimental laboratory data be chosen

by the contract monitor so that detuiled comparisons between our

model predicticns and observations can b made for a stratified

wake similar to that expected behind

2 submarine.,

A0)
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