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ABSTRACT 

'nle problem in pattern recognition is to find a classification er 
description of the data patterns that matches or suits the data. New 
methods in pattern recognition are studied in relation to classical 
approaches using techniques of multivariate statistical analysis. The 
application of these techniques to specific problems in physical, engi­
neering, behavioral, and other sciences is reviewed. The problems of 
improved data description and dimensionality reduction are tackled by means 
of clustering approaches. Several improved clustering methods are devel­
oped for general pattern recognition: a new app~oximate procedure for 
computing the minimal-spanning tree, a new application of the Kolmogorov­
Smirnov test for cluster validity, and a new application of relativistic 
principles in measures of relationship. Experiments using interactive 
graphic displays to illustrate these new methods are described, and appli­
cation of computer programs to meteorological problems is demonstrated. / 
New methodology for research in developing new pattern-recognition methods 
is illustrated by the development of a closed-loop generation and de­
scription language. The same language as that used by the clustering 
system to describe data is used to generate data. Thus, comparisons of 
performance of successive research versions of pattern-recognition systems 
can be easily made, which will facilitate their adaptation from research 
to application versions. 
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SECTION I 

INTRODUCTION 

Thi s introduction will acquaint the r eader with t he obj ec t ives of 

t his stud y and will show how the work carri ed ou t in l he s tudy r elat es 

to these obj ective s and to t he overall obj ective s of t he Air Force. The 

pa ttern-recogni t ion ob jec t iv es of the surveillanc e mi s s i on of the Air 

Force wer e stated in th eir r equest for proposal. Jn thi s section, we 

di s cu ss t he scope o f each it em in th e work s tatement r e l a t ed to th e over­

all needs and to each s ection of the study. We also consider the general 

obj ective s of t he field of patt e rn-recognition research, and we explain 

our motivations in pursuing th e particular r esearch directions we have 

followed. We b elieve tha t consideration of these topic s in th e introduc­

tion will contribute t o th e understanding of the technical sections of 

this report. 

A. The Work Statement and Objectives of This Study 

The objectives of this study, as established in the SRI proposal 

prepared in response to the Air Force request for proposal, are defined 

in the following tasks: 

• Task A--Study the applications of known techniques of multi­
variate statistical analysis to problems of pattern r ecognition. 

• Task B--Discu ss the application of statistical patte rn-recognition 
methodology to specifi c problems in physical, engineering, 
behavioral, and other sciences. 

• Task c--Develop and study new methods for pattern r ecognition 
that provide a bett er match to the structure of the data. This 
represents a fundamental attack on the problems of dimensionality 
in pattern classification. 

• Task D--Demonstrate t he properties of these new methods by t esting 
them on a specific problem in pattern recognition. This includes 
the development of computer programs and their use in an experi­
mental verification of the new methods. 
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Task A is covered in Section II, Task Bin Section III, and Tasks C and 
Din Sections IV to VII. Before making these relationships expli r, it and 
describing the extra sections of the report, we expand the discussion of 
the work statement. 

Two key items in the ~ork statement provided by th~ Air Force are : 
"The proposed research consists of developing methodology of patt e rn 
recognition and investigating the merits of variou s methods," and "The 
work to be pe rformed by the contractor involves developing new methodolog-
1 cal techniques and discussing the ir applications," This stress on 
methodology has led u s to attempt a broad view--encompassing many methods-­
of the discipline of pattern recognition. 

B. The Obj ectives of Pattern-Recognition Research 

Research in pattern recognition (hereafter abbreviated p.r,) must b e 
related to the objective s of the practical applications of thi s r esearch 
in "real world" st tuations. These "real world" situations require that 
reliable p.r. systems be produced that can automatically aid or replace 
human p. r. functi ons in a useful way (Task B). Al though obvious recogni­
tion capabilities, such as r eading numbers on bank checks, were already 
mechanized 10 years ago, these· capabilities are extremely inadequate for 
the subtle human ~~•~-~~u~ l functions that are employed in real situations, 
We believe that advances in p.r. will require a deep understanding of 
human perception psychology. A wide range of modes of human perception 
exists, ranging from robot-like perception--such as that studied in 
artificial intelligence--to th e vivid perceptions of an lntelligent, 
mature human. It is these latter abilities we must understand, rather 
than those ~echanical attempts at vision that are not yet very successful. 
Some of our attempts to achieve a deep understanding of human perception 
psychology may border upon speculation (some parts of Task C), but we 
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believe that th ey are worthy of furth er investigation and develo?Jle nt . 

Our experimental inve st:! gations (Ta s k D) are a s t ep toward t he deepe r 

understanding of human perce ption tha t is t he focu s of our s peculat i ons . 

Our purpose in p.r. r es earch fo r !. hi s study i s to build upon the 

bes t method s of the pas t , bu t al so t o take a fresh appr oach and to 

r eexamine critically all t he known f undament al s of thi s subj ect. We 

have att empt ed t o achi eve t hese diametri cally opposed aims; t ha t is , t o 

be compl e t ely aware of th e late st research r csul t s and t o r emain unbia sed 

by any preconceived opinions contained in pa st r esear ch r esult s r eport ed 

to dat •~ . 

The problem of dimens ionality in p.r. or classification (Task C) 

arises wh en it is not known which measurements may be important for th e 

application--that is, wh en there is inadequat e knowl edge abou t the struc­

ture of th e data that may arise i n an application. Our main attack on 

this problem of dimensionality is to study and improve cluste ring methods, 

s ince the objective in clustering is to provide a description that is 

well matched to the structure of the data, Clustering method s (which are 

relatively new compared to statistics) provide a description of the data 

being r ecognized, so that data classification for recogni t ion purposes 

may be easily made by simply attaching the appropriate recognition labels 

to the clusters. These labels come, ultimately, from thos e special appli­

cations mentioned in Task B. We have also emphasized a s tatistical 

approach to p.r. (see Tasks A and B), since in mechanizing any measure­

ment s on data for recognition purposes, this approach is highly promising 

and attractive. 

It is well accepted that computers must be used for p. r. research, 

and it is becoming increasingly well accepted that man/machi ne interaction 

with high performance graphic display is useful for p.r. research (Tasks 

C and D). We have devised a computer language for clustering, which we 
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demonstrate in the appropriate section of this report. Of particular 

significance in this report are the validation of clustering by means of 

a nonparametric statistic and the developnent of an approximat e method 

of calculating a "minimal spanning tree," which is useful for purpo ses 

of data description. 

In the extra section (not specifically mentioned as a task in the 

work s tatement), we discuss our computer faciliti e s for p.r. research and 

the comput e r programs t hat have been developed on this project. Finally, 

we provide an overall summary of our work, drawing conclusions from our 

labors and making recommendations for future r esearch. 

4 



SECTION II 

APPLICATIONS OF STATISTICS TO PATTERN RECffiNITION 

A. Introduction 

Broadly speaking, p.r. is concerned with detecting regula rities in 
a complex and/or noisy environment. When random disturbances are a major 
factor in a p.r. problem, statistical methods provide an appropriate and 
powerful tool. In fact, since the publication of a seminal paper by Chow 
1n 1957 [1], 1 the theoretical engineering literature on p.r. has been 
dominated by statistically oriented papers. The influence of statistics 
on the design of practical systems has been less pervasive but by no 
means negligible (Kanal and Chandrasekaran [2]). Thus, statistical 
theory and practice have had a major influence on research and develop­
ment efforts in the field of p.r. 

This section examines the ways in which various t opics in statistics 
relate to p.r. problems, with particular emphasis on statistical approaches 
to clustering problems. Our purpose is to provide an overview, not a 
comprehensive literature survey or a tutorial exposition, Many excellent 

:a literature surveys and several fine textbooks are available, and there 
is no need for another long compilation of references. Rather, our in­
tention is to place thi s work in perspective, to mention some of the key 
contributions, to point out some of the limitations, and to suggest pos­
sibly fruitful areas for future work. 

1 References are listed at the end of th~ report. 

:a Among the more than 40 surveys of which we are aware, the general survey by Nagy [3] is particularly valuable. The survey of classification al­gorithms by Ho and Agrawala [4], the statistically oriented survey of clustering by Bolshev [5], and the computer-oriented survey of cluster­ing by Ball [6] are also highly recommended. 
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B. Statistical Decision Theory 

Many p.r. problems are classification problems, An object or event 

is sensed by an appropriate transducer; a vector x of characterizing fea­

tures (properties, n~asurements, variables, characteristics, items, and 

attributes) is computed; and on the basis of this information, the object 

or event i s assigned to one of a predetermined number c of classes, Prob­

lems in character recognition, target detection, blood cell classifica­

tion, spoken word recognition, and radar signal detection, among others, 

all fit this description. As was pointed out by Chow [1], such problems 

of decision making under uncertainty fall in the domain of statistical 

decision theory. In the Bayesian formulation, if the class-conditional 

probability...density functions p _(x) and the class a priori probabilities 
l 

P . , i = l, ... ,c, are known, then the (Bayes) optimal classification rule l 

for minimum probability of error is merely to choose that class for which 

P . (x)P . is maximum. Other formulations of the decision problem are some-1 l 

times more appropriate, but the majority of pattern classification prob-

lems can be posed in Bayesian terms. 

A virtually universal characteristic of interesting pattern classi­

fication problems is that the dimensionality d of the feature vector is 

quite large, In character recognition applications, for example, measure­

ments of 50 or 100 different features for each character are typical. 

Thus, p.r. problems are fundamentally problems in multivariate statistics. 

The great difficulties encountered in working with general multivariate 

densities have tempted many workers to assume statistical independence, 

thereby reducing a multivariate density to a product of univariate den­

sities. However, independence assumptions are rarely justified in prac­

tice and must always be considered suspect. 

Another common assumption is that the densities are multivariate 

normal (Marill and Green [7]). This assumption has the virtue of allow­

ing for correlated features while maintaining considerable analytical 
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simplicity. The optimal decision rule merely requires evaluating c 

linear (or, .at worst, quadratic) discriminant functions that are simply 
related to the parameters of the densities, the mean vectors µi, and the 
covariance matrices E. In the special case of equal a priori probabili-i 
ties and equal covariance matrices, the rule reduces to assigning x to 
the class for which the squared Mahalanobis distance. (x - µ . ) t E-\x - µ_) 

1 1 
is minimum. This is equivalent 

ear discriminant function g_(x) 
1 

to choosing 
t -1 

=XE µ _ 
1 

the class for which the lin-
1 t -1 
- µ E µ is maximum. 2 i i 

The multivariate normal assumption is reasonable, at least as a 
first approximation, if the values of each feature for objects in a given 
cl4ss can be described as noisy versions of some ideal or prototype value. 
Stated geometrically, a random sam9le of points drawn from one of the c 
populations must fall into a single, ellipsoidally shaped cloud centered 
about the mean vector. Some designers take the viewpoint that part of 
the task of designing a feature set is to transform or normalize the 
features so that they satisfy this requirement. However, this is not 
always easily achieved, and in some applications (particularly those 
arising in the biological and sociological sciences), one has little or 
no control over the nature of the features. Much of the recent interest 
in clustering stems from a desire to represent the actual density as a 
mixture of normal densities, i.e., to find normal subclasses that can be 

• separately treated by the relatively simple, multivariate normal !::~"lel. 
Section II-F discusses this topic further. 

In many applications, the features are binary valued, and the multi­
variate normal model provides a crude approximation at best. Simple, ex­
act solutions are available for the independent (or "multivariate Ber­
noulli") case, which again leads to linear discriminant functions (Minsky 
[8]). The Bahadur-Lazarsfeld expansion [9] provides a sequence of succes­
sively more accurate approximations that take various orders of dependence 
into account. However, when the dimensionality is high, it is difficult 
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to account for all possible second-order correlations, to say nothing of 

aigher order correlations, A promising approach to treating this problem 

stems from the notion of tree dependence introduced by Chow in 1966 [10] 

and explored by Chow and Liu in 1968 [11]. This idea for finding the 

basic relations bet.ween variables can also be applied to the multivari­

ate normal case, and it deserves greater attention from the designers 

of p,r, systems, 

C, Parameter Estimation 

The most difficult problems encountered in applying multivariate 

statistics to p.r. involve the class-~ondition4l densities p, (x), Even 
l 

when it is possible to assume tha t these densities have simple parametric 

forms, the estimation of parameter values 1s not trivial. Consider, for 
exan,ple, the multivariate normal case where p(x) ~ N(µ.,E). Since neither 
the mean vectorµ. nor the covariance matrix E are usually known, it is 

customary to estimate these ~alues from a so-called design sample or 

training aaaple l of n independently drawn insta~ces x , ... ,x. The 
1 n 

obvious approach is to use the maximum likelihood estimates 

1 
n ,. 
E µ - X 

n k 
k=l 

and 

1 
n ,. 
E ,. ,. t 

E - - (x - µ)(x - µ) n k k 
k=l 

as if they were the true parameter values in designing the classifier, 

There are both theoretical and practical objections to the approach, 

One theoretical objection is that consistency can only be demonstrated 

in the large-sample case, Although this procedure is a reasonable ap­

proach in the finite-sample case, it has no demonstrably optimal proper­

ties. In a classic paper, Abranson and Braverman [12] showed how the 
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sample could be used optimally in a Bayesian sense for the case where 

only the mean vector is unknown. The basic idea involves the recursive 

computation 

p( x n Iµ.) P (µI x1 , ••• , x n-l ) 

P( µ I xl' ••• 'xn ) = --------------­

JP( xnlµ. )P (µlx 1 , ••• ,xn-l) dµ 

whir.h starts with an (assumed known) a priori density p(µ) for the unknown 

mean vector. The convergence of the sequence of functions p(µ), p(µ.lx
1
), 

p(µlx
1

,x
2
), ... , is called Bayesian learning, and the basic approach has 

been extended to cover parametric learning in general (see, for example, 

Geisser [13]). 

One practical objection is that a ct-dimensional covariance matrix 

contains d(d+l)/i independent elements, which leads to considerable stor­

age requirements when dis large. Even more important, it imposes a great 

demand for data to obtain a useful estimate. If the sample size does not 

exceed the dimensionality, the maximum likelihood estimate f is singular 
,. 

and useless for classifier design. Even if Eis not singular, chance 

correlations due to small sample size can degrade the performance of the 

classifier below that provided by a simpler classifier that uses only a 

subset of the d features. Stated another way, the performance of a clas­

sifier designed for a sample of fixed size will not improve indefinitely 

as the number of features is increased; it will reach a peak and then de­

cline (Kanal and Chandrasekaran [14]}. This has been one of the major 

reasons for interest in methods of dimensionality reduction, such as 

those discussed by Meisel [1s]. Although the basic mechanisms behind 

this phenomenon are at least partially understood, no useful solutions 

are known, and there is a real need for further understanding of these 

topics. 
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D. Nonparametric Methods 

Because classical models, such as the multivariate normal model, 

frequently fail to provide adequate approximations to the unknown den­

sities, various investigations of nonparametric methods have been pur­

sued. Some of these are basically theoretical and are more concerned 

with what is possible in principle than in practice (see Fix and Hodges 

[16]). Thus, while very general nonparametric methods for estimating 

probability densities are of fundamental theoretical importance, they 

are rarely used in practice because of their enormous requirements for 

data storage and computation time. To alleviate these problems, various 

approximate procedureb have been advanced. The well-known heuristic his­

togram metl\.od of Sebestyen and Edie [17] is one of the few procedures of 

this type that has actually been used. It is interesting to note in 

passing that this procedure was not originally developed as an approxi­

mation to an exact estimation procedure, but rather as an extension of 

a mode-seeking clustering procedure. The goal of finding the modes of 

an unknown density is common to many nonparametric estimation and clus­

tering procedures. 

Nearest-neighbor classification methods provide alternative nonpara­

metric procedures for using the samples for pattern classification. The 

simplest of these is the single-nearest-neighbor method, in which an un­

known vector xis assigned to the class of the nearest instance xi. Cover 

and Hart [18] showed that the large-sample error rate for this procedure 

could not exceed twice the Bayes error rate, which may be quite satisfac­

tory performance when the Bayes rate is small. Unfortunately, no similar 

theoretical properties are known for the finite-sample case, and once 

again the data storage and computation time requirements are severe. 

A natural approach is to look for ways to discard instances that are no 

more or less redundant, thereby reducing the sample size to manageable 
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proportions. Some attempts along this line have been made (see Wilson 

[19]), but the practical value of such methods has yet to be established. 

An even less explored area is the use of nonparametric tests of good­

ness of fit for p,r. applications. Considering the controversy that has 

often attended the employment of normality, it may seem surprising that 

so few attempts have been made to test the validity 0f these assumptions, 

The main reason that more has not been done is that the classical measures 

of goodness of fit (as described, for example, in Gibbons [20]) are ill 

suited for multivariate distributions. One can, of course, test the uni­

variate marginal distributions, but meaningful multivariate tests again 

impose severe requirements for data and computation, and it is often sim­

pler to lP.t classification performance justify the assumptions. 

E. Discriminant Analysis 

While the use of linear discriminant functions for classification 

can be traced to a cl ~ssic paper by Fisher [21], much of the enthusiasm 

for linear discriminants for p.r. applications came from other sources, 

including neural-net brain models, switching theory, and the mathematics 

of linear inequalities, The Perceptron work of Rosenblatt [22] stimulated 

interest in the adaptive or learning aspects of linear discriminants, with 

error-free performance being the goal, and the influential paper by High­

leyman [23] emphasized the nonparametric aspects and the advantages of 

computational simplicity. 

Indeed, simplicity is probably the chief virtue of this approach. 

It leads naturally to special purpose hardware implementation, and sev­

eral such systems have been built (see Brain et al, [24]). It also leads 

to tractable analytical problems; consequently, the literature on this 

topic is vast. Duda and Hart [25] treat the major topics (the Perceptron 

and relaxation procedures, minimum-squared-error methods, stochastic 
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approximation, the method of potential functions, and linear programming 

techniques) and provide many references to the literature, Although 

there is considerable theoretical interest in the different properties 

of these various methods, in practice these methods usually provide es­

sentially the same performance, with the limitations due more to the in­

herent limitations of hyperplane decision surfaces than to the ways in 

which the coefficients are computed, 

In theory, increased separating power can be obtained by using 

quadratic or pvlynomial discriminant functions, However, the number of 

undetermined coefficients in a multivariate polynomial of degree mis of 
d 

the order m, This imposes comparable requirements for sample size to 

determine these coefficients and for computation to evaluate the discrim­

inant functions, Thus, it is rare to find even quadratic discriminant 

functions in practice. An attractive alternative is the use of piecewise 

linear discriminant functions. Piecewise linear decision surfaces can 

provide good approximations to more complicated decision surfaces with 

far fewer variable coefficients, However, despite some interesting at­

tempts, there are no solutions comparable to the solutions for linear 

discriminants, At present, the best procedure for obtaining piecewise 

linear discriminants is to use a clustering procedure to split the data 

into subclasses and to obtain linear discriminants for each subclass, 

F. Clustering 

1, General Remarks 

As we have observed, a major reason for interest in clustering 

for p,r, has been the desire to f ind a compromise between parametric tech­
niques using the multivariate normal model, which often fails to provide 

an acceptable description of the data, and general nonparametric tech­

niques, which may impose impossible demands for storage and computation 

12 



time. A natural approach is to try to represent the population as a mix­
ture of normal subpopulations. Although the analytical simplicity of the 
normal model is lost, the mixture model is much more flexible and is still 
computationally acceptable, However, this is far from the only approach 
to clustering. A great variety of techniques, based on different orien­
tations and user goals, have been proposed and investigated, Users con­
cerned with computational efficiency have favored minimum-squared-error 
partitions, users concerned wi t h constructing taxonomies have favored 
hierarchical procedures, and users concerned with nonmetric data have 
favored graph-theoretic methods, 

This section considers all of these approaches. Although the 
treatment here is somewhat more detailed than the preceding discussion, 
it is still an overview rather than a survey. Earlier reference was made 
to the statistically oriented survey by Bolshev [5] and the computer­
oriented survey by Ball [6]. Other useful general surveys are given by 
Nagy [3] (1968--43 references), Ball [26] (1970--135 references), Ling 
[21] (1971--140 references), and Dorofeyuk [28] (1971--204 reference s , 
including many Russian papers). More specialized surveys by Spragins 
[29] and Cooper [30,31] cover topics related to communication theory, 
and t~ose by Williams and Dale [32), Sneath [33], and Wishart (34] cover 
topics related to numerical taxonomy. 

Tutorial presentations of clustering for p,r. applications are 
given by Meisel [15) and Duda and Hart [25], The books by Sokal and 
Sneath [35] and Jardine and Sibson [36] treat techniques for numerical 
taxonomy, and the book by Tryon and Bailey [37] primarily treats the 
clustering of features. Philosophical foundations of clustering are 
examined by Watanabe [38]. Finally, several papers have included inter­
esting critiques of clustering, including those by Fleiss and Zubin [39], 
Wishart [34], Jardine and Sibson [36], and Ling [21]. Dissatisfaction 
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with present methods will no doubt continue to provide strong motivation 

for further developments in clustering. 

2. Mixture Decomposition 

In the normal mixture model, it is assumed that the sample 

I= [x , ... ,x} is drawn from the mixture density 
1 n 

C 

p(x) = E 
1=1 

p (x)P 
1 i 

where the component densities p (x) are normal with mean vectorsµ and 
1 1 

covariance matrices E. The problem is to use the sample to determine 
i 

these parameters, the so-called mixing parameters P, and possibly the 
i 

number c of components, The simple, univariate, two component case was 

investigated by Karl Pearson [40) as early as 1894. Pearson used moment 

estimators, a robust approach that has been extended by several researchers 

(see Cooper [31]). Unfortunately, this approach is very complicated when 

there are more than two components in the mixture. 

Other standard approaches for estimating the unknown parameters, 

2 
such as minimum X, Bayesian, and maximum likelihood methods, also encoun-

t er severe problems. The maximum likelihood approach actually leads to 

degenerate, singular solutions when the covariance matrices are not re­

stricted in some way (Day [41]). Despite this defect, it provides the 

most effective, exact procedure for decomposing multicomponent, multi­

variate nornal mixtures, A clear derivation of the maximum likelihood 

equations is given by Wolfe [42-44], whose NORMIX program can accommodate 

as many as 20 components, 10 features, and 1000 individuals (Wolfe [45]). 

Many heuristic procedures for clustering can be thought of as 

approximate procedures for mixture decomposition. When the components 

of the mixture are well separated--i.e., when the squared Mahalanobis 
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t -1 
distances (µ. - µ. ) E (µ. - µ. ) are large--the mean vectors locate the 

i j i j 

modes of the mixture density. Thus, many mode-seeking procedures (Se-

bestyen [46], Ball and Hall [47]) can be viewed as ways to estimate the 

component means. Such procedures can be used to partition the sample on 

a minimum-distance basis into subclasses corresponding to the various 

components, and then the parameters for each component can be estimated 

separately. Of course, such procedures are biased and generally do not 

have optimal large-sample properties. In practice, however, most argu­

ments about the relative merits of "exact" and "approximate" procedures 

are rather academic. More important problems remain largely unsolved, 

such as determining the number of components, the validity of a cluster 

description, er the appropriateness of the normal mixture model. Some 

of these issues are discussed in Section IV-B. The validity of cluster 

descriptions is also treated by means of the closed-loop recognition 

methodology and experiments covered in Section VI-A-3. 

3. Minimum-Squared-Error Partitions 

When not enough is known about the problem to specify the forms 

of the distributions of subpopulations, an alternative approach is to 

specify a criterion function that measures how well a given partition 

of the sample divides it into coherent groups. Then the problem is to 

find the partition that optimizes the criterion function. The most widely 

used (and hence most frequently criticized) criterion is the sum of squared 

errors. With this criterion, the individuals in the 1th cluster 1
1 

are 

represented by the sample mean m
1 

for that subset, and the criterion func­

tion is merely 

C 

J = E E 
i=l X t: 1 

1 
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Although this criterion function has a simple form and some 
convenient analytical properties, its minimization is far from trivial. 
The only procedures that are guaranteed to yield the optimal partition 
are exhaustive and impossibly time consuming (see Fortier and Solomon 
[48]). Thus, approximate procedures, such as the ISODATA procedure of 
Ball and Hall [47] must be used. Wishart [34] provides a good, brief 
survey of 13 of the better known methods. 

The minimum-squared-error approach has been generalized in 
various ways, most notably with the introduction of invariant criteria 
by Friedman and Rubin [49], The approach has also been criticized, pri­
marily on the ground that the resulting, implicitly defined clusters may 
bear little relationship to the true structure of the data. Nevertheless, 
this approach remains one of the most popular ones for p.r. applications. 

4. Hierarchical Clustering 

Clustering in the biological sciences is dominated by hierar­
chical groupings, where individuals are grouped to form species, species 
are grouped to form genera, genera are grouped to form families, and so 
on. Works on numerical taxonomy, such as the well-known book by Sokal 
and Sneath [35], devote virtually exclusive attention to this kind of 
clustering. One of the best known procedures for hierarchical cluster­
ing is the single-linkage algorithm, which can be described as follows. 
Initially, the sample I= {x

1
, ... ,xn} is partitioned into n clusters, 

the ith cluster Ii containing the ith individual xi. Next, the closest 
pair of individuals is found, and the number of clusters is reduced by 
one by merging those two clusters. In general, such mergers will cause 
the clusters to contain more than one individual. In the single-linkage 
algorithm, the di6tance between two clusters Ii and lj is defined as the 
distance between the nearest individuals, one in Ii and the other in lj. 
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Then, the general procedure is to reduce successively the number of clus­

ters by repeatedly merging the nearest pair of clusters. 

There are numerous variations of this procedure, but all of 

them possess the following characteristics: (1) The clusterings are 
2 hierarchical, and (2) the computation time grows as n. The hierarchi-

cal structure implies a tree r e presentation of the data, which may or 

may not accurately describe the ac tual structure pre sent. The very in­

teresting paper by Hartigan [5cj is one of the few that addresses this 

impor t ant question about cluster validity, The computational problem 

is serious only when the sample size n is large (say, greater than 500). 

The work reported in Section IV-C is relevant to solving this problem. 

5, Graph-Theoretic Methods 

It can be shown that the single-linkage algorithm is actually 

an algorithm for generating a minimal spanning tree--a tree whose edges 

join the individuals and whose sum of edge l e ngths is as small as pos­

sible (Gower and Ross [51]). Zahn [52] presents several properties of 

minimal spanning tree s that make their use in clustering appear quite 

attractive, particularly for situations in which the normal mixture 

model is clearly inappropriate. 

Graph-theoretic concepts, such as the concept of maximal, com­

plete subgraphs, provide new ways of viewing clustering problems and have 

been exploited in such areas as information retrieval, where structural 

complexity rather than randomness seems to present the clustering problem. 

In general, combining statistica l and graph-theoretic methodologies has 

appeared so difficult that little work in this area has been attempted. 

A noteworthy exception is the thesis by Ling [21], in which a graph­

theoretic procedure is proposed and its distributional properties are 

studied. More work of this sort may bring us closer to a clear under­

standing of the process of using clustering to find and describe the 

structure in a set of data. 
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SECTION III 

APPLICATIONS OF PA l TERN-RECOGNITION TECHNIQUES 

A. Introduction 

Statistical techniques for p.r. have been applied to a great many 

problems o1 commercial, social, military, and scientific interest. Some 

of these applications have been major engineering projects, where the 

classification problems have been only one aspect of larger systems con­

side rations. Others have been small studies, often aimed as much at 

illustrating a particular technique as at solving a specific problem. 

One of the unfortunate consequences of all of this work has been the 

accumulation of a vast collection of reports and papers for a relatively 

few effective and working p.r. systems. 

One of the most comprehensive surveys of p.r. applications is that 

of Stevens (53]. In addition to surveying the regular literature, her 

valuable report contains brief descriptions of commercial systems--such 

as the Kartrak system widely used to identify and monitor railroad cars-­

that are hard to find in any other source. An exceptionally clear descrip­

tion of the state of the art in eight specific application areas is given 

by Nagy (3]. Although some advances have occurred in each of these areas 

since Nagy's paper was written (in 1968), the descriptions remain sound, 

and they convey well the nature of the problems in each area. A survey 

of techniques for recognizing hand-printed characters was conducted by 

Chodrow, Bivona, and Walsh (54] and a survey of techniques for recognizing 

cursive script and speech was performed by Lindgren (55]. Beyond these 

surveys, there is little informntion available to aid in the evaluation 

of the true state of the art in p.r. 
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Our purpose in this section is to provide an ove rview of the major 

application areas to which statistical p,r, techniques have been applied. 

Although we cite a number of references , they represent only a small frac­

tion of the published lite rature; for more detailed information, the surveys 

mentioned in the preceding paragrapl1 should be consulted, The overview 

is divided into three parts: first, pictorial applications; second, 

waveform applications; and third, applica t ions to more abstra~t kinds of 

data, such as questionnaire s . Althou~h not complete, these areas cover 

the major applicntions of statistical p.r. methodology. 

B. Pictorial Data Analysis 

By far the most important commercial application area is that of 

optical character recognition. An excellent capsule survey of the various 

kinds of available document r eaders , journal tape readers, and page readers 

is given by Andersson [56]. The most common of these are single-font 

readers that rely on statistically primitive template matching procedures, 

augmented by various ingenious engineering techniques. The more complicated 

multifont readers have benefited from more sophisticated classification 

methods, but these rarely play a central role in the overall design 

(Andrews et al., [57]). However, several very well-performed research 

studies at the IBM Watson Research Center have exploited many statistical 

techniques, including some very interesting applications of clustering 

(see Casey and Nagy [58]). 

More challenging problems are presented by the recognition of hand­

printing and cursive script. Although several commercial readers are 

capable of reading constrained hand-printing, this remains a difficult 

task, and the problem of reading cursive script is virtually unsolved. 

However, both of these problem areas are relatively well documented, as 

can be appreciated from the survey by Chodrow, Bivona, and Walsh [51], the 

state-of-the-art paper by Munson [59], and the survey by Lindgren [55 ]. 
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Several technically successful attempts have been made to recognize 

hand-printed characters drawn on-line with an input device, such as a 

light pen or graphics tablet (see Groner [60]). These techniques promise 

to be particularly valuable as a part of systems for analy z ing line-drawing 

data, but such systems have been held back by economic considerations and 

less than perfect perfor1nance. A good overview of the problems encountered 

in processing line-drawing data is given by Freeman [61]. 

Considerable effort has been devoted to automatic methods for per­

sonnel identification, although much of this work has been kept secret 

and unreported. A partial exception is fingerprint identification (or 

fingerprint ve rification), which has received the attention of several 

laboratories (see Wegstein et al. [62]). A major effort to automate this 

process is currently being carried out at the Calspan Corporation. 

Some related but even more difficult problems are those of face verifi­

cation and voice-print verification. Although some progress has been 

made in these areas, these problems are far from completely solved. 

Another area that has received considerable attention is the auto­

matic screening and detection of targets in aerial photographs. The design 

of such systems as L.i.tton's Automatic Target Recognition Device (ATRD) 

exploited a number of statistical procedures (Swoboda and Gerdes [63]). 

However, the tyranny of numbers (speed and accuracy requirements) severely 

constrains the approaches that can be used. A lucid, convincing discussion 

of how systems requirements dictate the techniques that are feasible is 

given by Harley et al. [64]. Hawkins [65] presents supporting data on the 

hardware requirements for practical, automatic image processing. 

Work in biomedical image processing has been carried out at a large 

number of laboratories, but many of these efforts have been relativc i y 

small, pilot study projects. Typical problems studied have included 

leukocyte classification (Mendelsohn and Prewitt [66]), chromosome analysis 
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(Ledley and Ruddle [67]), and the analysis of radiographic images, such 
as chest X-rays (Dwyer et al. [68]). Some of this work, such as the studies 
of leukocyte classification, has made extensive use of statistical tech­
niques. Those image-processing problems that had description as the primary 
goal have made little or no use of statistics. This is also true of a 
number of other interesting fields in scene analysis, including the analysis 
of bubble chamber photographs and the development of visual systems for 
robots. As the problems of complexity in these fields are solved, however, 
greater attention may well be paid to the problems of randomness that are 
now solved by ad hoc techniques. 

c. Wavefom Data Analysis 

The communication theory use of statistical techniques to detect 
signals in noise antedated the development of p.r. as an established 
discipline. However, since signal detection problems can be viewed as 
a special class of p.r. problems, there is an obvious overlap between 
communication theory and p.r. In addition to standard communications 
problems, decision theory has been widely applied to the detection of 
radar and sonar echoes. Of the many books that have been written on 
the theory of signal detection, we can cite the vol\Dlle by Middleton [69], 
the text by Helstrom [70], the monograph by Selin [71], and the series 
of books by Van Trees [72-74]. 

Among the applications that fall strictly within the province of 
p.r., the most work has been done in the area of speaker and speech 
recognition. Work on identifying or verifying the identity of a speaker 
from a sample of his speech is reviewed in an excellent survey by 
Hecker [75]. The most fashionable procedure in current use is the voice­
print method, but the reliability of the method is still disputed, and 
much work ranains to be done. 
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Work on speech recognition is surveyed by Lindgren [55], Hyde (76], 

Young and Hecker (77], Hill (78], and Otten (79]. Most of this work has 

been restricted to the recognition of relatively small vocabularies of 

isolated words, without the benefit of linguistic or semantic constraints. 

Typical approaches include the format-based system of Hemdal and Hughe 

[so], the spectral analysis approach of Martin et al, (81], and the only 

partially implemented analysis-by-synthesis approach of Halle and Stevens 

(82]. The system of Vicens and Reddy [83] was one of the first serious 

attempts to deal with connected speech. The study report by Newell et al. 

[84], stresses the importance of incorporating syntactic and linguistic 

constraints for the recognition of connected speech, and it outlines the 

major components of a speech und~rstanding system. Research on such a 

system is currently being performed at SRI. 

Other work on waveform analysis has been scattered over a variety 

of specialized fields. In the biomedical area, computerized methods have 

been devised for analyzing both electrocardiograms and electroencephalograms. 

Attempts have been made to distinguish automatically between nuclear ex­

plosions and earthquakes from seismograms. Various proprietary studies 

have been made of seismogram analysis for oil exploration. Techniques have 

been developed for distinguishing between normal and various classes of 

faulty engines on the basis of records of engine noise. Studies have been 

made of the identification of airplanes and other military vehicles from 

data from sonic sensors. The variety of these problems make it difficult 

to summarize them, other than to say that statistical decision procedures 

have been applied to virtually every problem. 
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D. Mathematical Data Analysis 

Pattern recognition problems arise in many scientific fi elds, including 

chemistry, geology, mineralogy, meteorology, paleontology, biology, 

medicine, demography, sociology, library science, and economics. Many of 

these problems have been s tudied for years and are just as well described 

less pretentiously as statistical classification problems (Rao (85]), 

Probably the chief contribution of p.r. research to these traditional 

fields of learning has come through developments in clustering. In biology, 

this has primarily meant the special techniques of numerical taxonomy 

(Sokal and Sneath [35]). In psychology, the primary emphasis has been 

on multidimensional scaling (Shepard and Carroll [86]). Other applications 

of clustering have been quite diverse, ranging from determining subclasses 

of kidney diseases to designing feedback control algorithms for industrial 

plants. The 83 references given by Dorofeyuk [28] contain illustrations 

of most of the published applications of clustering techniques to scienti­

fic and technical problems. 
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A. Introduction 

SECTION IV 

OEVELOPMENT OF NEW METHODS 

The research described in this report has addressed several fun­

damental problems in p.r. In one way or another, all of them involve 

tl1e development of new methods and techniques for clustering multivariate 

data. 

One basic question is how to determine th e number of clusters that 

exist in a given set of data. A r e lated question is measurement of how 

well a givec cluster description describes a given set of data. We ad­

dress both of these questions in Section IV-B, where the ~se of a multi­

variate extension of the Kolmogorov-Smirnov test is proposed and studied. 

Another fundamental problem is computaticnal cost. lndeed, the 

search for computationally feasible alternatives to theoretically optimal, 

exhaustive methods has dominated much of the work directed at optimizing 

criterion functions. To date, little attention has been given to the 

computational cost of the attractive graph-theoretic approaches. Sec-

tion IV-C discusses the computational requirements of standard methods 

for finding minimal spanning trees, and it presents and evaluates a new, 

much more efficient, approximate procedure. 

B. Cluster Validity 

1. Background 

For many years, techniques for summarizing and describing data 

formed a major topic in statistics. Descriptive statistics is now usually 

considered as a means to the end goal of decision making, rather than an 

end in itself. However, to use decision-theoretic methods, one must 
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hypothesize or estimate underlying distributions. The failure of such 

familiar models as the multivariate normal model to describe adequately 

the data for many p.r. applications stimulated much of the interest in 

clustering, which promised to provide better models for multivariate data. 

Thus, the study of clustering reflects a rebirth of interest in descriptive 

statistics. 

When a representation in terms of clusters is proposed as a 

way to describe a data set, it is natural to ask in what way the resulting 

description is better than simpler alternatives, and how well it describes 

the data set. Unfortunately, even such a simple-sounding question as, 

How many clusters are actually present? cannot be answered without making 

rather strong assumptions about the nature of the data. In general, the 

best one can do is hypothesize something about the structure of the data , 

and then perform a test to accept or reject the hypothesis. 

The probable reason that so few attempts have been made to 

devise tests for the validity of clusters is that tests that are meaning­

ful, computationally feasible, and analyzable are difficult to find. 

Most of the tests that have been suggested possess no known distributional 

properties. For clustering procedures based on minimizing a criterion 

function, it is natural to observe how the criterion function decreases 

as the number of clusters increases, and to look for a "knee" in the curve 

that might reveal the number of clusters present (Ball [26]). In using 

a criterion function J to evaluate a clustering, one would like to know 

the sampling distribution of J under the null hypothesis that no cluster 

structure is present. Hall, Tepping, and Ball [87] provided a partial 

answer to this question by deriving the large-sample expected value of 

J using a unifonn distribution for the null hypothesis. 
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Bonner [88] proposed testing the validity of a cluster 
i 

of size n extracted from a larger sample I of size n by comparing t he 
i 2 

mean mi for li to the mean m for l. His test statistic has a I distri-

bution under t he null hypothesis t ha t the ni objects in Ii were drawn 

randomly from l. Of course, almost any clustering procedure will produce 

a more homogeneous grouping than will a random selection. Thus, Bonner 

suggested an interesting (but not necessarily tight) worst-case bound to 

obtain a critical value for accepting or rejecting the null hypothesis. 

A quite different approach was advocated by Hartigan [50] who used a 

weighted sum-of-squared-error criterion to measure how well a given 

hierarchical clustering represented the interpoint distances (or dis­

similarities) of a set of data. Hartigan made some speculations concern­

ing the sampling distribution of this statistic but observed that there 

was little hope for obtaining exact answers for other than the simplest 

cases. 

Among the most rigorous attempts to obtain tests with known 

distributional properties were those of Ling [27], Bargmann and Garney [89], 

and Wolfe [44]. Ling proposed a graph-theoretic clustering procedure that 

produces a variety of alternative clusterings of a data set. Some of 

these are subsets of others, with all of them being a subset of the entire 

data set. Ling defines an "isolation index" based on the depth of nesting 

of these subsets that is a plausible measure of the "reality" of each 

cluster. Using analysis based on the theory of random graphs and using 

Monte Carlo simulations, he obtained a variety of results on the sampling 

distribution of the isolation index. 

Bargmann and Garney use the more specialized normal mixture 

model. By projecting the data from a hypothesized single cluster onto 

the surface of a surrounding hypersphere, they obtain a uniform distri­

bution of data points. Any clusters found here are called virtual clusters, 
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since they may not correspond to clus ters in the original space. Bargmann 

and Garney develop a simple t est nf the null hypo t hesis that t he sample 

comes from a normal population, and t hey provide tables for their angular 

test s tat istic [90]. 

Wo lfe's approach, which i s a lso based on t he normal mix t ure 

mode l, is considerably simpler. H observes that the maximum value of 

the likelihood function L(c) will increase as t he number c of clusters 

I 
is increased to c, but perhaps not enough to be statistically significant. 

Appealing to a general asymptotic prcperty o f likelihood functions, he 

asserts that the dis t ribution of x2 
= -2 log(L(c) / L(c 1)) is x2 

with m 

degrees of freedom, where mis the difference in t he number of parameters 

estimated for each case. Thus, Wolfe keeps increasi ng the number of 

2 
clusters until X is less then, say a !-percent or 5-percent critical 

value. 

The approach proposed in this section is to use a multivariate 

version of the Kolmogorov-Smirnov (KS) test to decide whether a given 

data set is adequately described as a sample from a normal population. 

If the null hypothesis is accepted, no further clustering is considered 

justified. If it is rejected, any of a variety of clustering procedures 

can be used to cluster the dat a further, and the KS test can be applied 

separately to each resulting cluster. 

This approach is similar to Wolfe's in two ways: It is based 

on an assumed normal mixture model, and it is directed at sequentially 

finding the smallest number of clusters adequate to describe the data. 

It differs in that it provides a direct measure of goodness of fit, and 

it provides separate measures for each cluster, rather than a combined 

measure for all of the clusters. Thus, it is less likely to accept a 

cluster description that fits a subset of the data poorly merely because 

that subset is small. 
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2. The Kolmogorov-Smirnov Tes t 

Th e Kolmo gorov-Smirnov (KS) test is a well-known nonpa rametric 

procedure for measuring goodness of fit. The pruperties of this and 

related tests are well descr ibed in t he survey by Darling [91 ] and t he 

t ext by Gibbons [20]. Thu s , t he following summary is given primarily 

to establish no tat io n. 

Let l = {x , ... ,x} be a sampl e of size n from a ur.ivariate 
1 n 

population, t he observa tions x be ing independent r a ndom vari abl es sharing 
i 

a known con ti nuous dis t ribu t ion function F(x). Let 

X ~ 0 

X < 0 

and define the empirical dis t ribution function F (x) by 
n 

F (x) 
n 

n 
-- 1 ~ ) '- u(x - x . 

n 1 
i=l 

Since, by the Glivenko-Cantelli theorem, F (x) converges uniformly to 
n 

F(x) as n goes to infinity, the Kolmogorov-Smirnov one-sample statistic 

converges to zero (in probability) as n goes to infinity. Moreover, if 

Fis continuous, the supremum or maximum is achieved at one of the sample 

points. A fundamental property of this statistic for finite n is that 

its distribution is independent of F(x), provided only that Fis continuous. 
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Since the asymptotic distribution of Fn(x) is NI F(x), nF(x) [1 - F(x)Jf, 
one might expec t J;. D to have a well-behaved limiting distribution. n 
Indeed, Kolmogorov showed tha t for any continuous F(x), 

0Q 
lim 

P( fo D > z) = 2 E n 
i=l 

(-l)i-1 e 

2 2 
-2i z 

This asymptotic distribution is shown graphic ally in Figure 1, and is 
a good approximation to P(J;i D > z) for all n greater than about 25. n 
Exac t values for small values of n are tabulated by Birnbaum [92]. 

The use of the KS statistic to test the null hypothesis that 

F(x) is the distribution function for the sample l is straightforward. 

One selects an acceptable value for the Type I probability of error a 
and determines a corresponding critical value z such that (Pj;"i D > z) a n a 
= a. Then the null hypothesis is rejected at the Q' level if the observed 

KS statistic satifies fi Dn > z
0

• For large n, z
0

_
05 

= 1.35 and z
0

_
01 

= 1.63. 

3. Problems in Using the KS Test 

In extending the KS test to test the validity of a cluster, 

three problems arise: The distribution function F(x) is not known exactly, 
the observation x is a d-dimensional vector rather than a scalar, and the 
test is no longer distribution-free. All of these facts cause serious 

problems, some theoretical and some computational. 

Consider first the fact that F(x) is not known exactly. If we 
assume that the distribution is multivariate normal with unknown meanµ 
and unknown covariance matrix E, we can use the sample to obtain, say, 

maximum likelihood estimates forµ and E: 
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n 

" 1 
µ = [ X 

I\ i 
i = l 

I\ " " t " 1 
L = [ (x . ~L ) ( X ~L) 

II 1 1 
i = l 

" Unfortunately, the es timate F(x) obtained from using th ese 

estimates as if' they were the true paramet er valu es 

icantly small f' r values of I~ = s up IF (x) - ~(x) I , 
n n 

resul ts in signif­

invalidating th e 

use of th e sampling di s tribution Jar D to d e termine critical values of 
11 

D . Moreover, th l ' di sc repancy docs nut become negligible in th e large ­
n 

sample case, basically bec au se U and the error in es timating µ and L 
n 

(and henc e F) both approach zero as 11/;. Since analysis of t h is prob-

lem is very difficult, one must r esort to Monte C~rlo simulation s to 
II 

obtain the di st ribution f o r U wh en paramet ers of F(x) are est imated 
n 

from t h e sample. Lilli efor s L9:.J] gives r esults of such simulations for 

t he univariate nonnal ca se , and we give multivariate normal r esul ts in 

Section IV-D-5. 

Consider next the new probl ems that arise in the mul ti varia te 

1 d t 
case. Let x be t he ct-dimensional vector x = (x , ... ,x) , and defi ne 

i 

-- l o
1 

u(x) 

X ~ O,i=l, ... d 

otherwise 

Then t h e formal definition of he empirical distribution function is 

the same as before: 

F (x) = 
n 

11 
1 L u(x 
n 

i=l 
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Co n si der, howev er, the probl em of computing the KS statistic 

D = sup I F ( x) - F( x) I 
11 X ll 

In the univariate case, a well-known consequence of the assumed <'.: n tinu­

ity of F(x) is that the supremum is achieved at o ne of th e n observation 

points. Thu s , t.o comput e D , one need only eva luat e IF (x) - F(x)I 
11 11 

at eac h of the n point s x = x . , :ind, since the computation of F (x) 
l n 

grows linearly with n, the overall computation grows only quadratically 

wit hn. 3 

Unfortunately, in th e multivariate case it is no longer t rue 

t h a t th e supremum is always achieved at one of th e n observation point s . 

Consider, for example, the empirical distribution function F (x) shown 
n 

in Ftgurc 2. In addition to being discontim1ou i; at the five da ta points, 

F (x) is discontinuous along all of the straight line segments shown. 
11 

1 'J 
Of course, if F(x) is continuous in both x and x-, one can r estrict the 

search for the supremum of D to those points where F (x) i s di scontinuous 
n n 

1 2 
in both x and x. However, th ese points include the circled intersection 

point s in addition to the data points. Moreov er, the supremum is actually 

quite likely to be achieved at one of these intersection points rather 

than at a data point. There arc three r easo ns for this. First, ind 

dimensions, F (x) jumps by 1/ n at a data point but by as much as d / n at 
11 

an intersec t ion point. Second, when tight clusters arc present, large 

changes in F (x) occur around the intersection poin ts for the cluster 
n 

centers (see Figure 3). Third, in high dimensional spaces, there are 

3 In fact, if one sorts the observations first (an n log n operation), 

F(xi) = i/n, and the computation is limited by t hen log n sorting 

time. 
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x2 

Figure 2. 

0.0 

x1 

A Two-Dimensional, Empirical Distribution Function 

for Sample Size= 5 
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Q5 1~ 

x2 -

Q5 

0~ 

x, 

Figure 3. An Empirical Distribution Function for Clustered Data 

many more intersection points than data points, which in itself increases 

the likelihood that the supremum will be found there. In general, the 

d 
number of intersection points grows as n, an exponential growth that 

effectively prohibits exact computational solutions for any but very 

small d. 

Finally, there is the fact that the multivariate KS test is 

not distribution-free. This fact was pointed out by Simpson [94], who 
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suggested the use of one-dimensional projections for which the distribution­

free characteristics hold. The KS test is distribution-free for the in­

dependent case; in that situation, 

F(x) = 

d 
TT F ( Xj) 

j=l j 

and, for any continuous, univariate distribution functions F . , the random 
J 

variables u. = F(x) have the probability density function 
1 i 

p(u) = 

1 

(d - l)! 

0 otherwise 

Note that this distribution varies with dimensionality. For one dimension, 

the values of F(x) are uniformly distributed. As dimensionality increases, 
i 

it becomes more and more likely that only small values will be observed 

for F(x.), since a large value arises only in the unlikely event that 
1 

F(x~) is large for all j, j = 1, ... ,d. This is basically why the KS 
1 

test fails to be distribution-free in general; if there is strong depen-

dence between the variates, the distribution for F(x.) will not be the 
1 

same as that for independent distributions of the same dimensionality, 

but it will resemble the distribution for a lower dimensional distribution. 

Actually, the failure of the KS test to be distribution-free 

is not a serious defect for our applieation. We are merely trying to test 

the null hypothesis that the sample came from a normal population. In 

principle, we can always rotate the coordinates so that they are aligned 

with the eigenvectors of the covariance matrix, thereby obtaining inde­

pendent variates if the null hypothesis is true. Alternatively, we can 



test the more restrictive hypothesis that the sample came from an inde­
pendent, nonnal population. The only truly serious obstacle to using 
the KS test to detennine cluster validity is the exponential growth of 
computation time with dimensionality. We shall discuss some approximate 
ways to overcome this problem in Section IV-B-9. 

4. The Distribution of Dn(d) 

This section considers the effect of dimensionality and sample 
size on the distribution of Dn = sup I Fn(x) - F(x)I when Fis known 
exactly and the variates are statistically independent. In this and 
in subsequent sections, we obtain our results by Monte Carlo procedures, 
fonning the empirical distribu t ion of D for a large number m of samples n 
of the same size n and dimensionality d. The resulting empirical dis-
tributions are, of course, only approximations to the true distributions; 
however, confidence intervals can be derived easily by standard methods, 

/I We estimate the probability P( Jn D > z) by the fraction P of n 
/I the number of samples for which j;; D exceeds z; clearly 1 - P is the n 

empirical distribution function for Ju D . Figure 4 shows the results n 
ford= 1 and n = 4, 25, and 100 using m = 1000 samples. Note that the 
curve for n = 100 is almost identical to the large-sample theoretical 
curve shown in Figure 1, The convergence to this limiting curve is 
quite rapid. The use of the asymptotic results for the finite-sample 
case is conservative (i.e., leads to less frequent rejection of the null 
hypothesis), but it would probably be acceptable in most p.r. applications. 

In the multi variate case, D n was computed by evaluating I F n (x) 
- F(x)I at all nd points that can be fonned by exhaustively selecting 
components of then d-dimensional sample points. Since evaluation of 
F (x) required n computations, the computation form samples grew as n 

d+l 
mn For large dimensionality, we were computationally limited to 
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small sample sizes and small numbers of samples. Although we would have 

preferred to use more samples, m = 100 was the largest practical value 

for large d, and, for the sake of uniformity, was used throughout. 

The empirical distribution functions for J;; D for d ranging 
n 

from 1 to 5 and for n = 4, 9, 16, and 25 are shown in Figures 5, 6, 7, 

and 8. In general, these curves show that as the dimensionality increases, 

one encounters larger values for rn D . For small n and large d (a few 
n 

points in a high dimensional space), it is not unusual to observe values 

close to the maximum value,/;:. Thus, in this case, almost any sample 

will pass the KS test, and the test fails to reject nonnormal clusters. 

For large n, the distribution functions presumably approach limiting 

functions that depend only on dimensionality, but convergence is not as 

rapid as in the univariate case. 

The effects of dimensionality and sample size on z0.05' the 

5 percent critical value for j;; D , are 
n 

shown in Figure 9, These curves 

show that z
0

_
05 

increases monotonically with both d and n, We conjecture 

that if n is fixed and dis allowed to approach infinity, then these 

curves approachJn. The more interesting problem of finding the large 

sample critical value is unsolved ford> 1, 

A 

5. The Distribution of Dn(d) 

In applying the KS test to determine cluster validity, the 

distribution function F(x) for the null hypothesis is not known exactly 
A 

but must be estimated from the sample. If we let F(x) be the estimate 

of F(x) and ;n = sup IF n (x) - ;(x) I be the resul tin~ test statistic, 

then we want to know the sampling distribution for D. This section 
n A 

presents empirical distributions for D 

assumptions: 
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DIMENSIONALITY, d SA-13'0-31 

Effect of Dimensionality and Sample Size 

on 5 Percent Critical Value 

• The null hypothesis is that the sample is from an inde­

pendent normal population with unknown mean and covar­

iance matrix. 

• Maximum likelihood estimates are used to estimate the 

mean and covariance matrix. 

The assumption of independence is a strong one that is not 

likely to be satisfied in practice and thus deserves some comment. As 

we observed in Section IV-B-3, ·.11th this assumption, the KS test remains 

distribution-free, the distribution of D depending only on t he sample 
n 

size n and the dimensionality d. Monte Carlo experiments for determining 

this distribu t ion then have only these two variables with which to contend. 

If the distribution function F(x) were multivariate normal and completely 

known, one could always rotate the coordinate axes to coincide with the 
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eigenvectors of the covariance matrix, thereby obtaining independent 

variates. In the large-sample case, jt is plausible that the sample 

covariance matrix can be substituted for the true covariance matrix 

with equivalent results. In the small-sample case, sampling variations 

undoubtedly effect the change in coordinates and modify the distribution 

of the KS statistic. However, it should be remembered that we are pri­

marily interested in detecting fairly gross departures from multivariate 

nonnality, and this procedure should be generally useful for this purpose. 
,. 

Figure 10 shows the empirical distribution for Jn D for d = 1 
n 

and n = 4, 9, 16, 25, and 100 using m = 1000 samples. For large n, these 

curves agree closely with the results given by Lilliefors [93]. The 

relatively small, though statistically significant, differences that 

occur for n = 4 and n = 9 are probably due to the fact that Lilliefors 

divided by n-1 rather than n in estimating the variance. If the curves 

in Figure 10 are compared with the corresponding curves in Figure 4, one 
,. 

sees that critical values for D are roughly two-thirds to three-quarters 
n 

of the critical values for D. 
n 

Thus, when the sample is used to establish 
,. 

the unknown parameters, the estimate F(x) always provides a significantly 

better approximation to the empirical distribution function F (x) than 
n 

does the true distribution function F(x). 

A similar set of curves for the bivariate independent case is ,. 
shown in Figure 11. For d = 2, the 5 percent critical values for J; D 

are approximately 0,73 ± 0.02 times the corresponding critical values 

for J; D . The curves for d from 1 to 5, n = 4, and m = 100 shown in 
n 

Figure 12 also yield this relation. Thus, a suggested rule of thumb 
II 

for obtaining 5 percent critical values for rn D is to multiply the 
n 

values for Jn D given in Figure 9 by 0. 73. 
n 
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6. Application to Ceiling Height Data 

To illustrate the use of these results, we applied them to two 

sets of real data. The first data set consisted of a series of measure­

ments of cloud base heigtls obtained from a single rotating-beam ceilom­

eter. These data were collected by the U.S. Department of Commerce Na­

tional Weather Service and were used in an earlier SRI study of automatic 

measurement of cloud height and amount at airports (Duda et al., [95]). 

Whe~ several layers of clouds are present, successive base­

height measurements can experience large changes as different layers are 

detected. Smaller changes are usually due to the normal irregularity of 

the cloud base. To process such data, the readings must be separated 

or clustered according to cloud layer, so that statistics such as the 

average ceiling height will be meaningful. In an automated instrumen­

tation system, a clustering algorithm must replace the human observer who 

normally interprets the instrument readings. 

The data plotted in Figure 13 show a portion of a ceilometer 

record during which two or more cloud layers were being detected. A 

high layer around 1500 feet was intermittently detected through breaks 

in lower clouds ranging from about 100 to 400 feet. The histogram shows 

that the upper layer was quite well defined, but it is not clear whether 

the lower clouds exist in several distinct layers or one erratic, undu­

lating layer. Thus, an important problem is to determine how many layers 

are present. 

There are many ways in which one can use the KS test to solve 

this problem. For simplicity, we applied an elementary hierarchical 

clustering procedure to the collection of n = 67 ceiling height readings, 

taking no account of their temporal sequence. The clustering procedure 

started with all 67 readings in one cluster. Clusters were successively 

split into two parts until they passed the KS test at the 5 percent level. 
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Splitting was done by an elementary ISODATA algorithm. For each cluster 

to be split, two initial cluster centers, m
1 

and m
2

, were selected, m
1 

starting as the sample mean for the cluster and m
2 

starting as the point 

at which the maximum value for I Fn(x) - ;(x)I was achieved. The cluster 

was split into two parts, 1
1 

and I
2

, by assigning a point x to 1
1 

if 

\Ix - m
1

\\ < \Ix - m
2

1\ and to 1
2 

otherwise. The cluster centers at iteration 

k+l were then computed as the sample means for 1
1 

and 1
2 

at i terat:lon k, 

and the process was repeated until no further chan~es occurred. 

The effect of this procedure is summarized in the dendrogram 

in Figure 13. For the initial cluster of all 67 data points, the value 

of 3,02 for /ii ;
67 

was far above the 0.87 critical value (obtained 

directly from Figure 10), and the cluster was split. One part consisted 

of the 15 readings around 1500 feet. This cluster passed the KS test 
A 

with /ls 0
15 

= 0.44, and was not subdivided further. The other part 

consisted of the low altitude readings, plus a sprinkli ng of higher 

readings going up to 760 feet. These 52 readings failed the KS test 

with /52 ~
52 

= 1,22, and this cluster was also split. The part consisting 
I\ 

of the 34 readings up to 240 feet passed the KS test with/34 0
34 

= 0.49. 

The ranaining 18 readings from 240 to 760 feet were further subdivided, 

leading eventually to three small clusters of doubtful meteorological 

significance. However, all of them at least passed the KS test for nor­

mality. Moreover, by removing these clusters, much more meaningful values 

were obtained for the sample mean and variance for the important lowest 

layer. 

7. Application to Iris Data 

The second experiment used a set of physical measurements of 

the flowers of fifty cases each of three species of iris collected by 

E. Anderson and listed in a classical paper by R. A. Fisher [21]. 
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This data set i s important chiefly because it has been used as a test 

example in many papers on clustering. In our experiments, we used only 

the petal length and petal width measurements, which produced a sample 

of size n = 150 and dimensionality d = 2. 

The data listed by Fisher are limited to two-significant-digit 

accuracy, and when only the length and width measurements are used, many 

of the data points coincide. These ties cause large jumps in the empir­

ical cumulative distribution function, leading to needless rejection of 

the normal null hypothesis. To prevent this from happening, we added 

to the original data zero-mean random noise, uniformly distributed over 

the 0.1 cm quantization interval. The resulting data points are shown 

in Figure 14. The species Iris Setosa is clearly separated from the other 

two species, Virginica and Versicolor, and the distributions for all 

three species appear roughly normal. 

The same elementary hierarchical clustering procedure described 

in Section IV-B-6 was used to cluster these data. The only changed needed 

was to increase the 5 percent critical value for the two-dimensional case 

to 1.23, a value obtained d i rectly from Figure 11. The resulting hier-

archical partitioning of the data 

entire set of 150 data points, we 

set is shown in Figure 14. 

obtained /15o ~ = 3.69, 
150 

For the 

which was 

well above the 5 percent critical value. Splitting produced two sets, 

indicated as Gland G2 in Figure 14. Gl contained all but one of the 

100 Virginica and Versicolor points, and G2 contained all 50 Setosa 

points plus the stray Versicolor point. This one point caused G2 to 
A 

t a il the KS test with /st D
51 

= 2.24. Its subsequent subdivision into 

G5 and G6 was not done very well, and another splitting of G6 into G9 

and Gl0 was required to produce three subsets that passed the KS test. 

The values of the KS statistic for G5, G9, and Gl0 were 1.10, 0.79, and 

0.75, respectively. 
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The value of the KS statistic for Gl--the mixture of Virginica 

and Versicolor--was 2,76, and Gl was split into G3 and G4. This ct1vision 

appears to yield a very good separation of the two species, and the 46 

" points in G3 did pass the KS test with /46 046 = 1.00. However, the 

53 points in G4 just failed to pass with;;; ~
53 

= 1. 37. When G4 was 

split into G7 and GS, both of these sets passed with values 1.16 and 

0,98, respectively. 

These examples illustrate how the KS test can be used to estab­

lish cluster validity. We do not claim that the partitionings obtained 

are optimal, or even necessarily good. The hierarchical procedure for 

splitting clusters was very rudimentary, and the partitions formed were 

not always proper. However, the KS test did appear to provide a proper 

evaluation of the partitionings; i.e., when an alleged cluster failed the 

test, there were always good reasons to suspect that it was not a single, 

normal cluster, and when it passed, a normal cluster description always 

appeared to be reasonable. Used in conjunction with more sophisticated 

clustering procedures, the KS test provides a valuable way to test cluster 

validity. 

8. Type II Error for Univariate Normal Mixtures 

So far we have considered only the Type I error rate, the 

probability of rejecting the normal hypothesis when the sample is drwan 

from a normal population. This section briefly considers the Type II 

error rate, the probability of accepting the normal hypothesis when the 

sample is not drawn from a normal population. Of course, this error rate 

depends on the probability law for the population and how much it differs 

from the normal law. The nonnormal distribution we consider is the simple 

univariate mixture density 
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px(x) = -
1
- exp [- ½[x ~ µl )

2

] + -
1

- exp 
2..Ji; cr \ 2Ji; cr 

By introducing the normalized variable 

u = 

and the normalized separation 

µ = 

we can just as well work with t he simpler density 

This density, which is sketched in Figure 15, has mean O and variance 
2 

1 + µ, • Ifµ is less than 1, i t is unimodal and close ly resembles a 

normal density. Ifµ is greater than 1, it is bimodal, and forµ 

greater than about 3, i t corresponds to a population exhibiting two 

distinct, well-separated clusters. 

The ability of the KS t est to discriminate between this den-

sity and a normal desnity depends on the sample si ze and on the difference 

D(µ) = 
sup 

u 
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where F(u;µ) is the distribution function for p (u), and F (u;µ) is the 
u N 

distribution function for the nonnal distribution N(0,1+µ
2

). If we 

write 

then 

and 

Hu) = J 2.. e 
_,$J ,J21T 

1 2 
X 

2 dx 

F(u; µ ) = ½ [ H u - µ ) + <t u µ)] 

The function D(µ) is shown i.n Figure 16. If µ is less than 

one, D(µ) is quite small, implying that it is quite difficult to tell 

the difference between the mixture and a single, "best-fitting" nonnal 

density. D(µ) increases monotonically with µ, approaching the asymp­

totic value of Hl) - ip(O) = 0.3113 as µ approaches infinity. 

In theory, if D(p.) is not zero and if the sample size is 

sufficiently large, one can always discriminate between the mixture 

and the single density. A rough estimate of the required sample size 
I\ 

can be obtained by assuming that the KS statistic D is related to the 
n 

difference D by 

I\ 

D == D + e 
n 
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where the distribution of the erro:i· e is assumed to be N[O,F{l-F) / n], 

F(u;µ) being evaluated at the u that leads to the maximum D; i.e., we 

are assuming that the maximum difference of the empirical distribu t ion 

function and the "best-fitting" normal distribution function occurs where 

the population distributions are most distant, using the asymptotic nor­

mal approximation to account for sampling error in estimating F(u; f,L) and 

neglecting sampling error in estimating FN(u;µ). It follows that the 
" distribution of /; D under the mixture hypothesis is approximate ly nor­n 

mal, with mean/; D(µ) and variance F(l - F). 

If the Type I error probability is set by the critical value 
" zO' for j;; D n, then the Type II error probability P II is given approx-

imately by 

p 
II 

This equation can be used either to determine P II or to 

determine the sample size needed to achieve a specified Type II error 

rate. Figure 16 shows the required sample size for z = 0.87 (obtained a 
from Figure 10 for a 5 percent Type I error rate) for 1 percent and 15 per­

cent Type II error rates. As expected, the required sample size is ex­

tremely large forµ ~ 1, where the mixture distribution closely resembles 

a normal distribution. In fact, because of the approximate nature of the 

analysis, the sample size requirements generally exceed what is actually 

necessary, but the variation of n withµ is at least qualitatively correct. 

To determine the Type II error rate more exactly, a series of 

Monte Carlo experiments were performed using m = 1000 univariate samples 

of size n = 4, 10, 16, 25, and 100. The resulting empirical distributions ,. 
for D are shown in Figures 17 to 21 forµ= 1 to 5, respectively. For n 
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µ = 1, the results are very similar to those shown in Figure 10 for the 

normal case. Unless the sample size is very large, it is quite difficult 

to distinguish between the resulting mixture and a single, normal distri­

bution. Even for n = 100, the Type II error rate for a 5 percent Type I 

error rate (z = 0,87) is 87 percent. 
0.05 

Asµ increases, the Type II error rate decreases. For example, 

for n = 100, it drops below 1 percent for µ = 2. Interestingly enough, 

even if µ is quite large, the Type II error rate may remain large if the 

sample size is small. Basically, this is because there is an appreciable 

probability with a small sample that most of the individuals will come 

fr~ ;-" .. 11 c-·.., ,,,-::. ')f ... ~e two components. This phenomenon is also reflected 

in the shapes of the curves for n = 4, which exhibit noticeable slope 

changes corresponding to the 2/ 2, 3/1, and 4/ 0 possible splits between 

the two components. 

These curves can be used to obtain the Type II error rate once 

the sample si ze n, the normalized separationµ, and the critical value 

z are known. Figure 22 gives P as a function of n andµ for the 5 per-
a II 

cent critical value z
0 

= 0,87. The alternative curves of n as a func-
,05 

tion of P andµ are shown in Figure 16. The general conclusion is that 
II 

the KS test can effectively separate a bimodal mixture from a unimodal 

cluster with a relatively small sample size, provided that the components 

of the mixture are far enough apart to give two well-defined clusters. 

9. Remarks 

The Kolmogorov-Smirnov test provides a means for evaluating 

the results of any clustering procedure intended more or less for a mix­

ture of normal distributions. It is a test for _validity that measures 

directly how well a description given in terms of normal clusters actually 

fits the data at hand. 
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The results presented in this report allow the user to detennine 
critical values for the KS statistic for a wide range of values of Type I 
error rate and sample size n, and for values of dimensionality d from 

dtl 1 to 5, Unfortunately, the required computation grows as n This 
exponential growth is a very serious drawback, limiting the use of the 
KS test to low dimensional data. 

As mentioned in Section IV-B-3, the basic reason for this 
exponential growth is that the maximum value of IF (x) - F(x)I usually n 
does not occur at one of then sample points. To get the true maximum, 

d one must exhaustively consider all n points that can be fonned by se-
lecting from the components of then sample points. Hoping that we could 

d find something quite close to the maximum by randomly sampling these n 
points (with replacement, for simplicity), we ran a series of experiments 
that userl that strategy, However, the results were not encouraging. In 

d most cases, the number of points sampled had to be essentially all n 
before the results were at all close to the exact results. 

There are severnl possible unexplored ways in which the com­
putational problem might be attacked. One is to partition the data into 
a moderate number n of clusters, find the data points nearest these c d cluster centers, and restrict the search to the resulting n points. 

C 
Another is to reduce the dimensionality by any of several procedures 
for dimensionality reduction and to apply the KS test in this reduced 
space, An extreme of this approach would be to used separate univariate 
tests, one for each coordinate. 

Finally, other tests of goodness of fit are available and deserve 
investigation, The CramJr-von Mieses test is particularly attractive, 
since it is an integrated comparison of F and F that might be less sen-n 
sitive to approximate evaluation, In addition, some theoretical results 
are available for the case where some parameters of F must be estimated 
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from the sample (Darling [96]). 
2 

The X test suffers from the need to 

partition the observation space into cells, but it is possible that a 

clustering procedure could be used to produce an effective partitioning. 

If so, it has the advantage that the effect of parameter estimation can 

be accounted for merely by reducing the number of degrees of freedom. 

Finally, with some sacrifice in power, it may be possible to devise 

computationally simpler test statistics (such as multivariate analogs 

of skewness and kurtosis) that discriminate between single and multiple 

clusters. Bonner's test [88] and the test suggested by Duda and Hart [25] 

fall in this category and may represent the only computationally feasible 

alternatives for high dimensional data. 

C. Approximate Calculation of Minimal Spanning Trees 

1, Exact Algorithms 

Several algorithms have been proposed for computing minimal 

spanning trees, including those of Kruskal [97], Prim [98], and Dijkstra 

[99]. The following procedure, described as a FORTRAN program by Whitney 

[100], is typical. It constructs the tree for a set X = (x , ... ,x} of 
1 n 

n points in n-1 iterations, the kth iteration requiring the computation 

of n-k distances. If we let d (i) be an array for storing the shortest 
min 

distance from x. to the partial tree at the kth iteration, and i {i) 
1 min 

be an array indicating the index for the point in that tree nearest xi, 

then we can describe the algorithm as follows: 

(1) Set X ... X - ( X } • 
n ' 

set d 
min 

( i) ... very large number, i = 1, ... ,n-1; 

set p ... 1. 

Loop: (2) For all X e X, if llx. - X II <d . (i), 
i 1 p min 

then set d (i) ... \l xi - X II 
min p 

and i (1) ... p. 
min 
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This suggests doing calculations to reject large groups of 
points without looking at th e individual members of each group. Suppose, 
for example, that then points had been partitioned into g groups, 
X,,,•···,Xg, where Group x

1 
contains n

1 
points. Suppose further that we 

represent th e points in Xi by a single group "center" mi. Then we might 
attempt to find the point nearest a given point x by measuring the g 
distances \\ x - m

1 
\\ , finding the nearest center (say mp), and measuring 

then distances from x to points in X . 4 If we assume for simplicity p p 
that n

1 
= n

2 
= ... = ng = n/ g, this requires the computation of g + (n/ g) 

distances. Ignoring the requirements for integral solutions, we obtain 
1/ ~ 1/ 2 a minimum of 2n ( !stance calculations if we use g = n groups of 

1/ 2 
n points each. Thus, even if we repeat this process n times, the 

1/ 2 2 computation grows as 2nn rather than as n, which is an appreciable 
saving for lar~e n, 

Even greater savings can be obtained by forming groups within 
t he groups. For example, suppose that each of the g groups of n/ g points 
is itself divided into h groups of (n/g) / h points. Then finding the point 
nearest x would require the computation of g + h + (n/ gh) distances, 

• 1/ 3 1/ 3 which has a minimum value of 3n when g = h = n . Thus, this two-
level hierarchical grouping reduces the computation growth for n points 1/ 3 
to 3nn . A similar analysis shows that for (k-1)-level hierarchical 

1/k grouping, the computation grows as knn , which has a minimum level of 
en log n with the op t imal choice k = log n. 

Table I gives numerical values of the number of distance cal­
culations for typical values of n and k. Clearly, the greatest percentage 

4 If the centers are not good representatives of all of the points in their groups, the nearest point may not be in the group having the 
nearest center. The price for greater computational efficiency is 
often loss of optimality. 
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TABLE I. THE knn l / k DISTANCE C LCULATIONS FOR A (k-1)-LEVEL 
PROCEDURE TO FIND THE NEAREST OF n POINTS n TIMES 

n 

10 

100 

1,000 

10,000 

1 

100 

10,000 

1,000,000 

100,000,000 

2 

63 

2,000 

63,000 

2,000,000 

3 

65 

1,400 

30,000 

650,000 

4 

71 

1,260 

23,000 

400,000 

log n 

63 

1,250 

18,000 

250,000 

improvement is achieved by going from no grouping (k = 1) to one-level 

grouping (k = 2), Fo r the values of n normally encountered in cluster 

analysis, the payoff for using higher level groupings is relatively 

small. Thus, in investigating approximate procedures for finding minimal 

spanning trees, we restricted our attention to one-level groupings. 

3, The Approximate Procedure 

After considering several ways of using grouping to obtain a 

more efficient, approximate algorithm for generating minimal spanning 

trees, we finally implemented the procedure described in this section. 
1/ 2 

The basic idea is to form g R: n groups sequentially during one pass 

through then data points. Each group is a (hopefully) compact cluster 
1/ 2 

containing roughly n points, although this is subject to variation, 

After the groups are formed, exact minimal spanning trees are computed 

for each group, and the trees for the groups are linked together. 

Consider first the formation of the groups. The points are 

considered one at a time in the sequence x, x , ... , xk 1 ••• x. Initially, 
1 2 n 

x
1 

and x
2 

are used as the group centers m and m , respectively, and at 
1 1/~ 

the time that xk is considered approximately k group centers have 

been defined, These are updated by assigning xk to the group with the 

nearest center, and by adjusting that center so that it remains the mean 

of the group. 
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1/ 2 
When k exceeds the number of groups, a new group is fonned 

by splitting the largest of the old groups. The split is made by passing 
a hyperplane through the group center. The nonnal vector for this hyper­
plane points from the group center to the point in the group furthest 
from the center. Although more elaborate procedures were investigated, 
this simple procedure was usually found to produce two reasonable groups 
of roughly equal size. 

After all n points are considered, an exact minimal spanning 
tree is found for each group, 6 In addition, an exact minimal spanning 
tree is found for the g centers. This latter tree is used to determine 
which groups should be linked. Suppose that groups Xi and xj are to be 
joined, and that the number ni of points in Xi equals or exceeds the 
number nj of points in xj. Then the groups are joined by finding the 
point xp in Xi nearest to the center for xj, and then finding the point 
x in xj nearest to x; an edge from x to x is used to join the trees q p p q 
for these two groups. The reason for starting with the larger group is 
that it is often less well represented by its center; if desired, an 
exhaustive computation could be used to find the shortest edge from Xi 

1/2 to X without losing the nn computational growth. j 

A more precise statement of this approximate procedure is 
given below. 

6 If the number of points in a group is large, it might pay to use the same procedure recursively to find an apprm:imate minimal tree for each group. However, since the time required for the preceding group formation process already grows as nn112 , greater efficiency at this point cannot improve the nn112 growth ratu. 
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Assign: 

Split: 

MST: 

m - X I = 1,2•, i i , 

n ·- 1 , I = l , '..!; 
i 

k •- 2. 

(2) Solk - k + l; 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

if k > n, go to MST. 

Measure \\ xk - mi \\ for i = 

be the nearest center. 

1, ... ,g, and let m 
p 

Set X +- X U ( x } ; 
p p k 

n +- n +1; 
p p 

m +- m + (x - m ) / n. 
p p k p p 

If k S 
2 to Assign. g ' go 

Let n 
p 

let x 
q 

= max (n
1

, ... ,ng); 

be the point in X 
p 

for which \\ x - m I\ is 
q p 

maximum; 

let w = x - m; 
q p 

set g - g+l. 

For all x £ X, set X - [x lw·(x i p p i i 
X ... [x lw·(x . - m) s; o}. 

g i 1 p 

Set n - number of points in x: p p 
n ... number of points in Xi g g 
go to Assign. 

Find MSTs for \• i ;;: 1, •••I g. 

Find MST for { m , ... , m } ; 
1 g 

-m) >O}; 
p 

let the k th edge in this tree join mi(k) tom 
j(k)' 

Set k ,_ 1. 
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Link: (12) Seti - i(k); j - j(k); 

if ni < nj, interchange i and j. 

(13) Let x be the point in X nearest tom , and let 
p i j 

x be the point in~- nearest to x; 
q J p 

link the MSTs for xi and Xjby an edge from x to x . 
p q 

(14) Set k - k+l; 

if k < g, go to Link . 

4, Computational Requirements 

An exact analysis of the computational requirements of this 

procedure is difficult, since t he results depend on the detailed na ture 

of the set X of n points. A rough analysis can be made by dividing the 

procedure into five parts: 

• Assignment of points to groups [Steps (2) through (5)] 

• Splitting of groups [Steps (6) through (8)] 

• Computation of the MSTs for the groups [Step (9)] 

• Computation of the MST for the group centers [Step (10)] 

• Linking of the groups [Steps (11) through (14)]. 

1/ 2 
During point ass i gnment, approximately k distances must be computed 

for each k, requiring 

n L kl/ 2 ~ nnl / 2 

k=3 

2 
computations. Splitting occurs when k = j +1 for j from 2 to approximately 

1/ 2 
n Since approximately j distances must be computed each time, this 

computation grows only linearly with n: 
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1/ 2 
n 

L j ~ n 
j=2 

1/ 2 Si nee an exact procedure is used to compute the MSTs for the n groups, 
1/ 2 and since each group contains roughly n points, the computation for 

this part grows as 

1/ 2 
nn 

1/ 2 The computation of the MST for the group centers involves only n 

poi.nts and thus grows only linearly with 
1/ 2 

the groups requires n -1 computations of 

n. Finally, the linking of 
1/ 2 

roughly 2n distances, 
1/ 2 

n from points in X to the center m, 
i j 

1/ 2 
and n from the point x 

p 
to points in X. • Thus, this computation also grows only linearly with 

J 
n. It follows that the assignment of points to groups and the computation 

of MSTs for the groups dominate the computational requirements for large n, 
1/ 2 

leading to a nn growth rate. 

These conclusions were checked experimentally by repeatedly 

executing the subroutine for the approximate minimal spanning tree for 

various values of n from 10 to 1000. When points in one dimension 6 were 

used and the program was executed on a PDP 10 computer, the results shown 

in Figure 23 were obtained. These results show that the execution time 

T is given (in milliseconds) by 
a 

T 
a 

1.33 
= 1.31 n 

6 Since the time required for distance calculations is proportional to 
dimensionality , the computation times ford-dimensional problems can 
be estimated by multiplying the one-dimensional results by d. 
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l. 5 
Tints, the experimentally determined growth rate was even less t han n 

at least for the values of n investigated. For co1•.parison, the exact 

proc edure used as par t of the approximate proc edure was tested in th e 

same way. Th e r esults, also shown in Figure 23, confirm a quadratic 

growth rate: 

T = 0.137 
e 

2.00 
n 

The crossover occurs for n = 32 points ; for fewer than 32 points, the 

exact proc edure is faster, whereas for more t han 32 points, t he approx­

imate proc edure i s fa ster. For n = 1000 points, the approximate procedure 

is more t han 100 times as fast ai:- the exact procedure , and the r at io con­

t inues to increase as n increases. 

5. Evaluation of Result s 

Since t he approximate procedure is not guaranteed to produce 

a minimal spanning tree, an important question concerns how well t he 

resulting spanning tree approximates a minimal spanning tree. This 

sect ion describes several experiments that were performed to provide 

bo t h quantitive and qualitative answers to th is questi on, 

Th e first series of experiment s used samples from a bivariate 

normal population, p(x) ~ N(0,I). Figures 24, 25, and 26 show typical 

resul ts for samples of size 50, 200, and 500, respectiv e ly. From v isual 

appearance, the minimal and the a pproximate minimal spanninv. tree appear 

to be generally similar, although closer examina t .ion di sclo ses numerous 

minor diff er ences. Thi s i s particularly no ti ceable in Figure 25, where 

t he conv ex hulls of two groups overlap, and t he approximate tree appears 

to con tai n a closed loop. If desired, this def ec t could be eliminated 

hy reforming the groups just prior to finding their MSTs so that points 

closest lo m. are pl ac ed in X. • 
l l 
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To obtain a quantitative measure of how well the approximate 

tree approximates the minimal tre~, the sum of edge lengths S was cal­

culated for 25 bivariate normal samples of size 100, The results, which 

are summarized in Table II, show that the sum S for the approximate tree 
a 

is on the average about 11 percent higher than the minimal sum S , the 
-e 

2 cr range being from 5 to 17 percent. Less systematic observations con­

firmed these percentage results for other sample sizes. 

TABLE II. STATISTICS FOR THE SUM OF EDGE LENGntS 

FOR 25 SAMPLES OF SIZE 100. Se is for the exact MST, 

and Sa for the approximate MST. 

Measure s s SIS 
e a a e 

Maximum 31.22 34.68 1.161 

Minimum 24,98 27.57 1,038 

Mean 27.62 30.62 1.109 

Standard deviation 1.57 1,89 0,030 

Finally, the following examples illustrate the behavior of 

the approximate procedure on distinctly nonnormal data. The data in 

Figure 27 came from a mixture of three normal populations. The spanning 

trees for each component are what one would have expected for isolated 

normal samples, and Zahn's method [52] for detecting the connecting edges 

seems equally applicable to either the exact or the approximate tree. 

The data in Figure 28 were an artificial combination of a nor­

mal cluster and line-like elements. The approximate tree is an unusually 

close approximation to the exact tree in the case shown. In contrast, 

Figure 29 shows a total failure of the approximate tree to reveal the 

interlocking spirals that are so evident to the eye, The reason for 
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this failure is that the grouping procedure is completely isotropic, 

fanning groups without regard to special directiona ·: structure in the 

data. It is possible that this defect could be remedied by a simple 

post-processing of the groups at the time the groups are joined--for 

example, by removing the longest edge in a group if it is much longer 

than the edge joining the groups. However, such ideas are only conjectural 

at th is time, 
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SECTION V 

MEASURES OF lll-:LATIONSHIP 

This section discusses fundamental conce pts of c!istance, space , and 

relationship, which arc the basis for clus tering algorithms . We a l so 

discuss the general concept of representing many par t icul a r exampl es by 

means of a representative center, and we give several pnrti c ul a r c 1·ite ri a 

for determining cluste r centers, 

A. Inadequate Measures 

All clustering procedure s involve , a t some stagr. , a mea s ure of 

relationship between two data points , [ 26 ] , o r more us ually, be tween many 
data points taken in turn and a se t of clus t e r cente rs. Th is measure 

(sometimes called the clustering criterion) i s necessary t o answe r the 

basic question of cluster members hip for each data point in the dnta set, 

This topic is also related to the problems of s caling [ 101-10~ ] . W• 

assume that each point belongs to only one cluste r at a time . We now 

use the term "relationship," rather than "simil a rity," used in pre vious 

discussions [104 ] . (Later we consider some of the ideas of Ein s t e in' s 

relativity and show how they haw~ influenced our measures of r e l a tions hi p.) 

In the following discussion, we argue that simple Euclidean di s tance 

is not a suitable measure of relationship in general, and we give e xam­

ples of its inadequacies for some simple clusterings. The need to asso­

ciate each data point with an uncertainty region (or cluster domain) i s 

also argued from basic principles of both physics and clustering . We 

discuss the basic notions of data description, in t e rms of data el eme nt s 

that are circular or linear. The circular or spherica l mod e l was used i n 

our ISODATA algorithm, and the linear, s tring, or chai n mode l of nodes 
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and links was the basis of the MST, discussed previously. We then con­

sider the nature of the influence that points in various configurations 

have on each other. These questions are all fundamentally concerned 

with the detennination of relationship between points, and with the way 

in which the effects of separate points can be combined to provide an 

overall gestalt or clustered effect. We consider some specific measures 

for various kinds of centers and their properties. The intent of our 

discussions is to show that our broad investigation of this field vali­

dates our choice of the unifying measure of relationship that we incor­

porate in our clustering algorithm. 

1. The Inadequacies of Euclidean Distance Measures in Clusterin~ 

It is apparent from many examples that we have tested in our 

clustering programs [105] that the Euclidean distance measure of rela­

tionship is effective for many clustering problems [104]; however, it is 

easy to show by some very simple examples that Euclidean distance is 

inadequate except as an approximation that needs refinement. 

Consider sample points for clustering as material objects in 

a gravitational system. For two identical clusters or points and a third 

point located very far from the initial two points, we can duplicate the 

gravitational or influential effect of the two points upon the third by 

replacing them with a single point that has twice the mass of the two 

initial points. This replacement point is centered between the original 

two points. 

When the two initial points are not identical, the location of 

their combined influence shifts toward the point having the larger mass. 

In the extreme case where one of the points disappears, all of the 

influence must obviously be transferred to the remaining point. Thus, 
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the influence of two bodies of arbitrary mass appears to emanate from a 

point somewhere between the two bodies, commonly known as the center of 

gravity. 

However, it may not be useful to consider two budies separated 

in space as having a common source of influence on a third point in 

space because we can visually perceive two separate clusters rather than 

one body having a combined influence. As long as our human visual judg­

ment perceives the clear separation of two clusters, we must accept the 

fact that it is not consistent with the simple concept of center of 

gravity. 

An example of this kind of confusion of gravitational effects 

is that the combined center of gravity of the earth and moon, i.e., the 

point that has an elliptic orbit about the sun, is a point approximately 

one-third of the way inside the crust of the earth. Thus, the earth-moon 

combination exerts a gravitational influence on the sun from a point much 

closer to the center of the earth than to th~ center of the moon. Yet, 

an observer in space, such as an astronaut relatively close to earth 

compared to the sun, can clearly visually distinguish between the earth 

and moon. A similar effect is observed with the current clustering 

algorithms using Euclidean distance when experimenting with a large 

cluster and a small one close to it. The human views the clusters as 

separate; yet, Euclidean distance concepts do not separate them in the 

algorithm. 

2. Examples of Inadequate Clusterings 

Some simple data types cannot be adequately clustered or repre­

sented using the Euclidean distance relationship in our clustering 
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algorithm. 7 A useful presentation of such data types is given in a 

paper by Zahn, [52], who has brought our attention to the need adequately 

to cluster all types of two-dimensional data. 

Figure 30 shows the results of clustering some two-dimensional 

da t a . 

In Figure 30, each cluster or collection of sample points is 

r epresented by the center of gravity of those points. (This is a swn­

marization or approximation procedure that gains brevity through reduced 

detail--the essence of clustering.) We partition the data samples or 

assi~n them to certain clusters according to their distances from the 

clus te r centers. A sample is assigned to its closest cluster center, 

t hu s de 'ining the partition boundaries between clusters as the perpen • 

d icula1· bisectors of the lines joini.ng the cluster centers. Note that 

in each case we are considering the clustering at the two-cluster level. 

In Figure 30(a), the perpendicular bisector between the cluster 

centers cuts off part of the larger cluster, and the center of th~ small 

cluster is pulled over toward the larger cluster. We would intuitively 

visually prefer the partition boundary between the clusters to be in the 

sparse r eg ion; but then it would not be a perpendicular bisector of the 

line joining the two cluster centers. (The perpendicular bisector is the 

7 "0ne is ordinarily accustomed to study geometry divorced from any rela­

tion betw~en its concepts and experience. There are advantages in iso­

lating that which is purely logical and independent of what is, in 

principle, incomplete empiricis.n. This is satisfactory to the pure 

mathematician. He is satisfied if he can deduce his theorems from 

axioms correctly, that is, without errors of logic. The questions as 

to whether Euclidean geometry i ~ true or not does not concern him. But 

for our purpose it is necessary to associate the fundamental concepts of 

geometry with natural objects; without such an association geometry is 

worthless for the physicist. The physicist is concerned with the ques­

tion as to whether the theorems of geometry are true or not." (Einstein 
[ 106]~, 
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Figure 30. Three Simple Data Types That are Difficult 
to Cluster Adequately 

partition boundary between clusters as consequence of using Euclidean 

distance, in the ISODATA clustering algorithm, as the cluster membership 

rtilationship measure, as sketched later in Figure 34. In Figure 30(b), 

we would a~ain intuitively prefer to have the partition boundary in the 

sparse regi~n between the elongated clusters. 
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For the annular data shown in Figure JO(c), we w~uld intuitively 

prefer a circular boundary dividing the membership of the inner points 

from those !n the outer ring. Note that in this case the cluster centers 

may be close to each other, but their domains of interest are different. 

In the cases of Figures JO(a) and JO(b), clustering is not difficult, 

except when the distance between the two clusters drops below a crucial 

range. Also, if several clusters are used, the resulting boundaries 

using Euclidean distance can be quite satisfactory, even for the data of 

Figure JO(c). We discuss these data and problems more fully later in 

connection with the computer experiments. 

3. The Inadequacies of Dimensionless Points 

The simplest data element is a single point. Each point has a 

position (usually in a multivariate space) and an extent. We do not 

acc~pt the concept of a dimensionless point, except sometimes as a conven­

ient fiction for some special theoretical purposes. Here we are more 

interested in practical and realistic applications in wl1~ch each data 

point has a size or standard deviation. 0 Thus, we make no essential dis­

tinction between a point and a cluster or between a sample and its parent 

distribution becnuse we need a unified treatment that does not make unnec­

essary distinctions between various levels of data types. In this way, 

we can iteratively apply the output (conceptual results) from one cluster­

ing (usually cluster centers) as input (usually data points) to another 

stage of the basic clustering process. 

8 For example, in our cloud clustering applications, each point in the 
satellite picute data represents an extent of approximately 2.5 miles 
on the earth. 

92 



Th.is brings up both the awkward question of the standard devia­

tion of on~ point, and the estim4tes of pr~cision of measurements for the 

initial data or measurement points. Note also the physical absurdity of 

infinite preci8ion implied by dimensionless points or elementary 

particles. 

We treat the problem of dimensionless points by referring to 

the original measurement process that provided the rtata coordinates. We 

know that this measurement was not infinitely preciEe [107], and there­

fore, the position of each point is associated with an uncertainty 

region [108]. We loosely refer to this region as the standard deviation 

of each data point, 

B. General Concepts for Determination of 4 Center 

An important topic in the visual formation of clusters, and nlso in 

the formation of other psychological concepts [109], is the notion of 

the determination of a center. (We are using this terminology in a very 

broad sense.) In statistical ten1s we are discussing measures of central 

tendency, The very concept of a center implies the existence of a boun­

dary that is most simply circular. The contents, quantities, data points, 

or essence of the matter •vi thin the bound:iry, modifies or contributes to 

the center concept, For example, in the case where the boundary is cir­

cular, the contents within the circle must support the circularity of 

the boundary; i.e., the gestalt or synthesis of parts or particles that 

contribute to the unifying principle (i,e., cluster center), must not 

contradict the hypothesis of circularity. 

When the circularity is a weak hypothesis, and the distribution of 

particles within the body does not lead to a strictly circular boundary, 

we still retain the loose concept of a center. An alternative concept, 

perhaps the next most simple, is that the body is linear, This implies 
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that the cluster is extended in space without significant substance or 

breadth compared to its extension. A typical example of this is the 

fitting of a regression line or least-squares fit to approximately 

correlated data. 

Thus, two simple and useful models for describing data structure are: 

(1) circularity and (2) linearity. They both have a similar order of 

complexity, since the circular model implies a center and a boundary, 

giving the concept of size or body; and the linear model gives no con­

cept of body but does imply a length or extent. Note also that in the 

plane, each model requires two parameters to specify the model. For the 

circle, these parameters are the location of the center and the diameter 

or radius of the circle. For the line, they are the location of the two 

end points of the line. 

We have made extensive use of the circular model (hyperspherical in 

multivariate space) in our ISODATA program for clustering; in regression 

methods, the linear model is used, The MST method also uses a basically 

linear model. In complex data sets, the choice can be made to resort 

either (1) to combinations or unifications of the simpler models to des­

cribe the data or (2) to construction of a less simple model (e.g., 

triangles, ellipses, or more transcendental functions) that more ade­

quately describes the data. The trade-offs and cost/benefit considera­

tions depend upon the problem, i.e., th~ data and the environment of 

application [110]. 

c. A Unifying Viewpoint for Clustering Problems 

Certain general questions about the treatment of data points in a 

feature space recur which are independent of the application. For 

instance, into what number of subsets do the data points most naturally 

seem to fall? What are the extents of and boundaries between these 
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subsets? How compact or complex are the iubsets? How is the complexity 

or compactness of one subset influenced by other subsets? This section 

attempts to find a unifying viewpoint for these questions. 

In a number of different problems related to clustering a critical 

issue is how to compute relatedness or relationship among points within 

clusters and among clusters as functions of distances between the various 

point pairs. Different functions lead to different styles of solutions 

for these problems. 

Whenever we attempt to put a number of data points, objects, or 

patterns into a smaller number of classes or categories, we must ulti­

mately rely on being able to measure one or more of their features or 

characteristics. Each characteristic can be thought of as corresponding 

to a coordinate of a multidimensional space in which points (or vectors) 

correspond to objects. Two points that are in some sense close to each 

other should likely be put into the same category, and those pairs 

separated by greater distance should likely be put into different cate­

gories. 

There are many different spaces in which objects can be thought to 

exist because there are always many different measurements and combina­

tions of measurements that can be made. Whether or not two categories 

of objects are easily separated in a space is directly related to what 

we call the appropriateness of that space. For a given set of objects, 

the appropriateness of the space depends upon the purposes of the cate­

gorization. For instance, separation of positive and negative integers 

into positive and nonpositive categories (by comparing each with a thres­

hold of one-half) is simple when those integers are thought of as vectors 

that correspond to the integers in the ordinary way. On the other hand, 

separation of these integers into even and odd categories by a single 

threshold is impossible for that space but Pasy in a space in which the 
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single coordinate is the value of the least significant digit in a base­
two representation. 

In the latter example, all objects in a given category are mapped 
into a single point of the space. This is what we might consider an 
ideal situation. There are exactly as many occupied points in the space 
as there are categories. More generally, however, objects in a given 
category are mapped into a cluster of points that is either compact or 
loose, depending on both the appropriateness of the space and the extent 
to which the accuracy of the measurements was affected by noise. It is 
convenient for us to assume in much of the discussion that follows that 
the clusters of points exist in an appropriate space and that the measure­
ments are accurate enough that a cluster of points representing a given 
category can be surrounded by and separated from other clusters by rela­
tively simple boundaries. (An abstract boundary that is the union of a 
multiplicity of subboundaries, one surrounding each point of the set, 
always exists.) In fact, the appropriateness of a space in which objects 
are represented corresponds to the simplicity of the boundaries that are 
then possible. 

A variety of interrelated problems have clustering as their central 
theme. Some of these are mentioned below to put the specific results of 
this report into better perspective. 

For a single cluster (with no attempt being made to delineate two 
or more categories), probably the single most important problem is that 
of finding the center (or the most centrally located member or the most 
typical point) of the cluster. Usually an acceptable solution to this 
problem gives us insight into the complementary problem of determining 
the least typical (or most peripheral or most extraneous) points of the 
set. 
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For two or more categories, the corresponding problems exist for the 

individual component clusters. In addition, there exists the problem of 

detennining "natural" boundaries between pairs of clusters based on some 

measure of simplicity for those boundaries. Furthennore, if we are told 

to assume that a certain number of categories exist, then the identities 

of the best boundaries depend upon that assumed number. The partitioning 

of a point set into two categories may possibly suggest to us quite dif­

ferent boundaries from those that are "natural" if we are told to parti­

tion the points into three categories. 

Probably the simplest fonn for a cluster is one with circular 

symmetry.• Even when clusters do not overlap, however, they may have 

forms other than circular symmetry. In that case, it is often useful to 

imagine that the ideal or prototypical objects are represented by some 

sort of curve in the space and that the points of a given cluster occur 

as perturbations away from those ideals. In such a case, we refer to the 

cluster as structured (rather than simple, a term that we apply only to 

clusters having a single center). For structured clusters, the problem 

of determining the underlying skeleton of prototyp£ :, is the generaliza­

tion of the problem of determining the center of a simple cluster. 

Finally, when centers or skeletons of boundaries between clusters 

are detennined, there exists the problem of establishing some sort of 

compactness (or, inversely, complexity) measure for the cluster. If w~ 

assume that a cluster has a center (or skeleton) corresponding to the 

idealized member(s) of the cluster, complexity or compactness measures 

would be, respectively, positively or negatively correlated with the 

amount of noise associated with the measurements of the underlying 

1 More generally, it would have spherical symmetry. Here we use terminology 
appropriate to the two-dimensional situation even when it is clear that 
the concepts are valid for a space of arbitrary finite dimension. 
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objects or with the inherent variability among the objects that have 
been placed in that category. Those measures could, in turn, be useful 
in determinin~ which boundaries between clusters are the best ones. 

1. Parti cular Criteria for Detennining Cluster Centers 

Undoubtedly, the simplest criterion for finding the center of 
a cluster is that it be placed at the center of gravity of the point set. 
The center thus determined has the property that from it the (scalar) 
sum of the squares of the (Euclidean) di stance s lo the othor points of 
the set is minimum. This concept is valid even when the points of the 
set have differin~ weights. In that cnsc, the s quares of the distances 
should be multiplied by the weights of the respective points. Alterna­
tively, the vector sum of the vectors (having magnitudes that are the 
products of the weights of the elements and their distances from the 
center) from this center to the various points is then zero. 

Another simple definition of center is one that results in 
minimizing the (scalar) sum of the distances to the points of the set, 
multiplied by the weights of those points if all points do not have the 
same weight. The (vector) sum of the vectors, each of which is directed 
from that center to a point of the set and which has a magnitude equal to 
the weight of that point, is zero. Such a center can be thought of as 
requiring the least work in carrying the weighted points of the set from 
that center to their locations in the space [111]. 

The above two definitions may be thought of as special cases 
of a more inclusive definition of center for an n-element set of points 
of different weights in ad-dimensional space. This more general center 
is defined as the minimum of a function of d variables obtained by 
adding together n different components, each having the same shape, each 
centered on a point of the set, and each having an amplitude proportional 
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to the weight at that point. 1 0 (The co1M1on shape of the components can 

be chosen to be one that increases monotonically with distance, as in 

the preceding two examples, although that is not a necessary restriction.) 

Thus, the function, the minimum of which is to be chosen as the desired 

center, can be thought of as resulting from the d-dimensional convolution 

of the point set with the chosen characteri s tic distance function. 

Alternatively, we can think of the function as the output of a 

d-dimensional line3r filter that has as its input the point set. Choo­

sing different filter (or characteristic) responses results in different 

definitions of center. The impulse response function reflects how the 

influence of one point on another depends on the distance that separates 

them. 

It is also possible, of course, t o consider the center to be at 

the maximum (rather than minimum) of the function resulting from the 

convolution. In this case, a characteristic function that decreases 

(rather than increases) with distance is most convenient. 

The convolution/filter viewpoint is perhaps most natural when 

the characteristic function is one that is symmetric in all d variables; 

i.e., one in which the relatedness of two points is a function only of 

the distance that separates them, rather than of the direction from one 

to the other. There is, however, no need to limit the function in this 

way or even to insist that it be monotone. A spatial filter having a 

characteristic response matched to some particular type of pattern can 

be utilized to give an output that is especially high at those locations 

in the space where that kind of pattern exists. 

10 This is essentially the Parzen window procedure [112]. 
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2. Special Cases of Interest 

The two earlier examples, center of gravity and minimum work, 

correspond to filters that have characteristic functions that increase 

as the square of distance or linearly with distance, respectively. 

Other special cases show the power of the convolution/filter viewpoint. 

For instance, a characteristic response that increases arbitrarily 

rapidly with distance was found in the limit to yield a minimum--and 

therefore to identify a center for the cluster--at the center of the 

smallest circle within which the point set can be contained. An example 

of such a center is shown in Figure 31. 

If, at the other extreme, the characteristic function is one 

that decreases arbitrarily rapidly with distance, then in the limit the 

function resulting from the convolution has its maximum--and thus defines 

a cluster center--at one of the points of the set having the minimum 

possible distance to its nearest neighbor. Except for pathological cases, 

this limits the candidates to some pair of points of the set. To deter­

mine which of the candidate points is the center, we next consider the 

second-nearest neighbors of the candidate points, eliminating those 

candidates that do not have the minimum possible distance to these 

second-nearest neighbors. If more than one candidate remains, the dis­

tances to the third-nearest neighbors are considered, and so forth. When 

all distances between pairs of points are different, as in the example 

shown in Figure 32, the center i , the point of the pair of points separated 

by the l east distance, which has the lesser distance to its next-nearest 

neighbor. In our example, the distances have been labeled so that 

d < d < d < ... < d . Therefore, the center is at the point labeled 1 2 3 10 
E. 

There are an infinite number of possible characteristic func­

tions and, consequently, an infinite number of definitions of center. 
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For any of those characteristic functions, we might define a corres­

ponding centt,r, either at the maximum or minimum of the function resul­

ting from the convolution. The most atypical or peripheral point could 

then be considered to be that point at which the function was a minimum 

or maximum, respectively. 

Alternatively, we might consider the cent~r(s) of a cluster of 

points to be the last point (or pair of points) to survive after the 

most peripheral point of the set has been deleted, the most peripheral 

point of the reduced set deleted, and so forth. 

This latter method suggests another method (not so directly 

related to the convolution/filter viewpoint). The convex hull of a 

point set certainly contains the least central points of the set, as 

shown in Figure 33. When the points of the set that are on this convex 

hull are removed, a smaller set results. It also has a convex hull, 

which can also be removed. When the sequence of convex hulls is 

Figure 33. Blcenter Determined by Convex Hull Removal 
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removed, the end result is either a single point (the center) or a pair 

of points (the bicenter) or three or more points that constitute the 

inner shell of the point set. 

3. Boundaries Between Clusters and Skeletons for Complex Clusters 

The convolution/filter viewpoint also provides a unifying view­

point for problems of partitioning points sets into subsets (i.e., into 

categories) and problems of detennining boundaries for and between these 

subsets. As we commented earlier, the choice of a characteristic function 

corresponds to a decision about how the influence of one point on another 

is assumed to depend on the distance between them. The function that 

results from convolving the point set with this characteristic function 

(or impulse response, if we are thinking in tenns of linear filtering) 

has a value that depends upon where we are in the d-dimensional space 

containing the point set. The contours that result from setting this 

function to constant values can be useful in detennining natural bound­

aries between subsets of those points. 

In the two-dimensional case, we can think of the function as 

hilly terrain and the contours as the shorelines that occur when we 

flood this terrain with water to fixed levels. (Here wo assume that the 

characteristic function decreases with distance.) When the water level 

is sufficiently low, all of the terrain of interest will fonn a single 

island. As the water level is raised, an increased number of •maller 

islands result. When the water level is high and when the characteristic 

function decreases with distance with sufficient rapidity, there can be 

as many small islands as there are points of the set. Finding a natural 
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partitioning into a fixed number of subsets then corresponds to lowering 

the water level until the number of islands is reduced to the required 

number. 

Fining natural boundarie& between the subsets can also be 

related to viewing the function as hilly terrain. The bottoms of valleys 

are acceptable candidates for boundaries between hills or subsets of 

hills. (More fomally, a point is at the bottom of a valley when it is 

at a minimum in the direction of one of the principal directions of 

curvature.) 

Assume now that the characteristic function with which the 

point set is convolved is one that decreases very rapidly with distance. 

This is equivalent to saying that the value of the resulting function 

essentially depends only upon the distance(s) to the nearest point(s) of 

the set. In that case (and when all points of the set have equal weight), 

the bottoms of the valleys occur on lines that are the loci of points that 

are equidistant from the nearest pair of points in the set. These loci, 

shown in the example of Figure 34, correspond exactly to the boundaries 

between ISODATA cluster centers, if we regard each point here to repre­

sent a cluster center and assume Euclidean distance as the measure. 

Note that certain pairs of points do not generate a corres­

ponding line. This occurs when still another point of the set exists 

somewhere between this pair. More precisely, a pair of points of the set 

will generate a line only when it is pos~ible to place these two points 

on the circumference of at least one circle that does not contain any 

other points of the set. The lines (in higher dimensional spaces, planes, 

or hyperplanes) partition the space into cells, one for each point of the 

set. 

Note also that when we join pairs of points in tho set that 

generate a line, there results a natural partitioning of the area inside 
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Figure :M. Decomposition of Space into Cells Associated 
with the Points of a Set 

the convex hull of the set into triangles. Each triangle corresponds 

in the dual cell structure toe point at which three lines are incident. 

Each of these triangles corresponds to a triple of points of the ~et 

that can be placed on the periphery of a circle that contains no other 

points of the set. 

Now associate with euch line of this cell structure a value 

that is the distance between the pair of points that generated that line. 

The line having the largest value represents the valley that would be 

the first to flood completely as the water level is raised. That valley 

having the least value would be the last to be flooded, and consequently, 

it is associated with the pair of points closest to each other. 
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The concept of a minimum spanning tree may now be examined 

from the vantage point of this terrain model. With the water level 

initially high enough that it completely fills all the valleys, we then 

lower the level until a portion of some valley is above this level. 

When this occurs, an island is created that contains the two points 

associated with this valley. These two points are exactly those that 

would be the first to be joi1ed in the procedure by which the minimum 

spanning tree is determined. As the water level is lowered, other val­

leys become evident and the corresponding points are joined by an edge 

111 the growing tree. (When a valley becomes uncovered and the two 

associated hills are already on the same island, the corresponding edge 

is not to be added to the tree.) 

When other characteristic functions are used or when the points 

in the set have unequal weights, the valley lines will not necessarily 

be straight. For each characteristic function, however, the preceding 

analogy can be thought of as providing a general viewpoint that leads to 

a satisfying definition of center (the highest point of the terrain) and 

a natural partitioning of the points of the set into clusters corres­

ponding to islands. 

1be skeleton for a subset of points that is structured (corres­

ponding to an island with more than one maximum) can be related to a 

concept compl•entary to that of the valley lines. We define the ridge 

lines for the function resulting from the convolution as the locus of 

points for which there is a maximum in one of the principal directions 

of curvature. 1be network of ridge lines on a given island that are 

entirely above a given threshold may be considered as the skeleton of the 

associated subset of points. •'or simple (unstructured) subsets, the 

ridge lines dqenerate into single maxima and the skeleton into a single 

center. 
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4, A Natural Definition for Complexity Measure 

We think of the complexity and the compactness (or simplicity) 

of a given subset of points (corresponding to a category of the objects 

associated with those points) as complementary concepts; i,e,, we think 

of either one as some monotonically decreasing function of the other, 

It is most convenient to speak here of complexity measures, 

For the sake of argument, assume that the cluster of points 

results from perturbations away from a single ideal (representing a 

prototype object) and that the points are represented in some appropriate 

space so that a cluster center can most reasonably be associated with 

monotonically increasing (or decreasing) characteristic functions for the 

filtering. Recall our earlier pair of examples: the center of gravity 

and least work examples, The center for the fonner minimized the 

(weighted) sums of the squares of the distances to the points; the center 

for the latter minimized the (weighted) sum of the distances th•selves. 

The most natural complexity measures for these examples are obviously 

those same minimum sums (which could be normalized, for example, by 

dividing by the sum of the weights of the points). 

As in these last two examples, when the characteristic function 

depends upon some power of the distance, the complexity measure is simply 

the corresponding moment of the point set about the center that minimizes 

that mment. By extension, for characteristic functions that are zero 

at the origin and that increase monotonically with distance, the com­

plexity measure is again the minim\Dft value of the result of convolving 

that function with the point set, More generally, we can think of that 

measure as the difference between the minimum for the actual point set 

and the minimum that would result if all the points bad been at the 

location of a sincle prototype, 
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Similarly, for characteristic functions that decrease with 

distance (and for which the center is defined to be at the maximum of 

the function resulting from the convolution), the complexity can be taken 

to be that maximum subtracted from the maximum that would rr.sult if all 

points were at the same location. 

When there is more than one prototype for & category of objects, 

the corresponding points, when plotted in some spaces, can constitute a 

structured cluster that may lead to a function with more than one maxi­

mum when it is convolved with a specified characteristic function. By 

transforming from such a space into a more appropriate space, the several 

original prototypes could be mapped into a single prototype. Note that 

it is possible to choose, for an arbitrary set of pointe (impulses), a 

characteristic function that yields a single impulse when convolved with 

that set of points. However, such a function would not be monotonic 

and, in general, would not be bounded or symmetric (depend on distance 

alone). 

If we could detennine such a prefiltering with acceptable 

properties, it could be applied to the original structured cluster, and 

the complexity measures defined earlier could be applied to the result. 

An ideal preprocessing would lead to a complexity measure proportional 

to the effects of perturbations on the original measurements on the 

objects to be classified. Indeed, perhaps the central problem of pattern 

recognition and classification is the search for representational spaces 

that in specific contexts of interest will require a complexity of mea­

surements proportional to the perturbations on the original prototypes. 

If we lack such a prefiltering (an ideal preprocessing of the 

data points may not be possible with a linear filter), or if for any 

reason we are forced to deal with some specified inappropriate space in 

which to represent the objects, we can either assume that a single center 
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is present or we can derive a skeleton for the cluster. In the latter 

case, we can assume in computing the complexity that the distance to be 

associated with a given point of the set is its distance to the (nearest 

point of the) skeleton. Using this procedure, we can reduce the case of 

a structured cluster to the case of a simpler structure. 

The next section briefly develops an alternative view of com­

plexity related to some issues that arise in communication theory. 

D. A Graph-Theoretic Measure of Compactness 

1. A Problem in Information Theory 

An issue of structural complexity arises in connection with a 

problem in communication theory. Consider the description of an infor­

mation source by a state diagram, such as the illustrative one in 

Figure 35(a). The sourc~ is one for which an a or g symbol (both lead 

to State s
1

) can be followed only by one of the symbols a, c, or~. 

Figure 35 . 

d 

I 

s3 

lal STATE DIAGRAM 

M • [: ! ! ] 
lbl INCIDENCE MATRIX 

Representations of a Source of Symbols by State Diagram 
and Incidence Matrix 
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The diagram also shows that b, d, and f can be preceded only by corf 

and that the only symbol that can follow either bore is g. An impor­

tant question for such a source is what maximum average rate of infor­

mation (in bits per symbol) can be achieved. The answer to this question 

for a strongly connected graph is the same as that for the graph that is 

obtained by reversing the directions of the directed edges. 

Since the maximum number of options (outward-directed edges) 

available at any state is three, the maximum rate can be no higher than 

log
2
3. Since the minimum number of inward-directed edges (outward, if 

we consider the reversed graph) is two, the maximum rate can be no lower 

than log
2

2 = l; i.e., the (maximum) rate that can be achieved is at 

least as high as the logarithm of the minimum number of outward-directed 

edges at a node or the logarithm of the minimum number of inward-directed 

edges--whichever is larger. Furthennore the (maximum) rate can be no 

higher than the logarithm of the maximum number of outward-direct~rt edges 

at a node or the logarithm of the maximum number of inward-directed 

edges--whichever is smaller 

These upper and lower bounds on the maximum rate can perhaps 

be seen most directly by examining the rows and columns of the incidence 

matrix that describes the graph. In that matrix, shown in Figure 35(b), 

there is either a one or a zero in the ,!th row and ith column if there 

is or is not, respectively, a transition from State Si to State SJ in 

the graph. Alternatively, the entry corresponds to the number of tran­

sitions from Si to SJ. 

The rate associated with a source that is deFcribed by a state 

diagram (which we assume is strongly connected) is a ,1 ,c tion of the 

conditional probabilities that are associated with the transitions. The 

maximwn rate could be found by differl,ntiating with respect to these 

probabilities (taking into account that each must have a value between 
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zero and one). However, the maximum rate can also be found in a much 

more direct way by an analysis of the graph itself or of the incidence 

matrix for the graph. The logarithm (base two) of the largest eigen­

value of this matrix is the desired maximum rate (also called maximum 

source entropy). This largest eigenvalue, 

procedure described above. 

X ' 0 
can be bounded by the 

The eigenvalues can be found by setting the detenninant of the 

matrix M - xi (where xis a scalar and I is the identity matrix) equal 

to zero and solving for x. In our example, 

IM - xii = 
1-x 

1 

1 

1-x 

1 
2 

1 = -x(x - 2x -1) 

1 0 -x 

This polynomial in x has zeros at x = 0 and at x = 1 ±..ji:. Consequently, 

the largest eigenvalue, x, is 1 + J2:!! 2.414. The maximum source 
0 

entropy or maximum rate is, therefore, log
2

2.414 ':!! 1.25 bits per symbol. 

2. A Correspondence to the Clustering Problem 

The pairs of elements of a point set bear certain relationships 

to each other, and a directed graph is one way of expressing those 

relationships. Let each point of the set correspond to a node of a 

graph. In that graph let there be a directed edge from the 1th node to 

the Jth node, and assign to that edge some value that in some way expres­

ses the influence the !th point has on the Jth point. The value that we 

choose is the product of the weight of the 1th point and the value of 

the characteristic function (of distance) for the distance between 

those two points. 

Since therP. are a~ infinite number of characteristic functions, 

an infinite number of graphs can be associated with a given point set. 
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-d 
The one we have studied most is f(d) = 2 which seemed attractive both 

The property f(O) = 1 implies that the graph has self-loops at 

each node with values equal to one. In turn, this leads to a single 

eigenvalue, x = 1, for an isolated point or for a set of widely separ-
o 

ated points and a corresponding entropy for the graph equal to log
2
1 ~ o. 

In addition, this property leads to an eigenvalue x = n for n tightly 
0 

clustered points (separated from each other by distances that may be 

considered to be zero) and a corresponding entropy of log
2
n. 

-d 
Because f(d) = 2 , the influence that one point has on another 

can be thought of as resulting from a kind of attenuation that reduces 

that influence by a factor of two for every unit of distance. The choice 

of tha constant two is arbitrary; a different choice is equivalent to 

measuring distance in different units or to a change in the overall size 

of a cluster. The property f(d
1 

+ d
2

) = f(d
1

) • f(d
2

) tells us u ~at the 

influence of one point on another can be considered to be the same as the 

influence of the first on a third (imaginary) point anywhere on the line 

between the first and second points, multiplied by the influence that 

that imaginary point would have on the second point. 

An example of a point set, the corresponding directed graph, 

and the matrix are given in Figure 36. The physical positions of the 

nodes of the graph are not significant because the relevant infonnation 

about distance is contained in the values associated with the edges. 

Because the entropy measure tends to be large for point sets 

with elements that are close together, and smaller when those points 

constitute a looser cluster, we can take that measure to be a reasonable 

measure of compactness. Figure 37 shows four point sets, the detenninants 

IM - xi I , and the values of the largest eigenvalues. In each of these 

point sets, the weights of all three elements are one and the distance 
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Figure 36. Sample Graph and Matrix Derived from a Point Set 

separating elements is an integer (usually one). For the third and 

fourth clusters, the closely spaced points are assumed to have zero 

separation; the resulting eigenvalues are the same as if those sets were 

assumed to have two points of weights two and one and one point of 

weight three, respectively. 
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Figure 37. Four Related Point Sets with Different 
Measures of Compactness 

Upper and lower bounds on x (derived by the methods described 
0 

earlier) for the four examples of Figure 37 are tabulated below: 

Set Bounds 

First 1-3/4 < X < 2 
0 

Second 2 < X < 2 
o-

Third 2 < X < 2-1/2 o-
Fourth 3 < X < 3 - o-

Using these bounding methods, the entropy measure of compactness can 

often be estimated accurately enough (or even calculated exactly when 

the upper and lower bounds are the same) without having to derive the 

polynomial in x resulting from the detenninant of the matrix M - xi. 

For instance, imagine an infinite set of points, each of unit weight 

with unit spacing between adjacent members on a straight line. A 

typical point has a set of distances to itself and to the other points 
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that is [0,1,1,2,2,3,3,4, ... }. Therefore, in the (infinite) graph that 

corresponds to that point set, the values associated with the edges 

directed out of (or into) a typical node are {1, 1/ 2, 1/ 2, 1/4, 1/ 4, 

1/8, 1/8, 1/16, ... }. Thus, the largest eigenvalue l.s both upper and 

lower bounded by the swn of these values: 3. The corresponding entropy 

is log 3 ='!! 1.585. 
2 

Much additional work needs to be done to exploit this new 

measure; nevertheless, the start summarized here seems to be promising. 

E. The Relevance of the Generalized Distance Relatiunship 

We have discussed several alternative ways to detennine centers and 

boundaries for various point set configurations, and we have noted how 

points influence one another in these perceptual data fields [11:1]. We 

have also noted the inadequacies of Euclidean distance measures [114] for 

individual perceptual phenomena in clustering. In addition, we postulate 

that we cannot regard data points as dimensionless and without extent 

because of the inevitable pl'esence of measurement errors and uncertainty 

in measurement space that results. These fundamental considerations are 

analogous to the general state of affairs in physics when we compare our 
11 data points to particles having mass in a gravitational field. 

We maintain that it is unnecessary to apply all tho mathematical 

details of relativistic physics to perception and clustering, and even 

11 " Since the gravitational field is determined by the configuration of 
masses and changes with it, the geometric structure of this space is 
also dependent on physical factors. Thus according to this theory 
space is--exactly as Riemann guessed--no longer absolute; its structure 
depends on physical influences. Physical geometry is no longer an 
isolated self-contained science like the geometry of Euclid" 
(Einstein) [115]. 
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if we knew how, it may be inappropriate to do so. We suggest that the 

usefulness of relativity as a guide to p.r. research be tested in future 

experiments. 

Before describing our experimental work, we consider the experimental 

facility. This consideration involves us in a discussion of modern 

experimental tools, in the form of man/machine interaction with com­

puters. Then we discuss the particular system and language we have 

developed for this project for generation and description of perceptual 

data. 

At present, the most reasonable approach to refinement of the dis­

tance measure seems to be a measurement of distance relative to the com­

pactness of the clustP.r , This is the well-known concept of Mahalanobis 

[116], or generalized, distance, whi 1 1 takes the standard deviation or, 

more generally, the covariance matrix into accouut. Mahalanobis refers 

to Einstein's relativity as the basis for his formulation. The general­

ized distance from a point to a compact cluster is greater than the 

generalized distance from the same point to a loose or less dense cluster 

that is the same Euclidean distance away [117]. In Einstein gravita­

tional terms, this means that the geometry of perceptual sp~ce is warped 

according to the masses in that space [115]. It seems necessary to intro­

duce these relativistic concepts into clustering to explain the effects 

that we observe. 

The introduction of the concept of warped space, im,lied by the 

generalized distance, also has significant consequences for individual 

perception psychology [106]. In engineering terms, we have noted the 

inadequacy of Euclidean distance to explain factually the perceived 

separation between simple cluster configurations. We do not lightly 

abandon the attractive and familiar notion of Euclidean distance, which 

has considerable social and objective value [102]. However, when it 
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fails to explain these simple clusterings, we must question its objective 

nature and see if it can be reconciled with our own individual visual 

experience. The use of a generalized distance relationship may be an 

essential refinement when we are dealing with real individual human 

perception. The widespread use of Euclidean distance is a valuable 

social agreement and is thus essential for technology in general, but 

Euclidean distance is inadequate for explaining human perception in 

clustering. 
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SECTION VI 

EVOLUTIONARY DEVELOPMENT OF NEW MEntODS 

BY MAN/MACHINE FACILITIES 

In previous research we have benefited from using an interactive 
comp•,ter facility to perfonn specific p.r. application tasks. We also 
used the facility to diagnose its own operation. In this section, we 
discuss these bootstrapping ideas as a natural extension and fonnulation 
of our earlier work, and as a means to continued progress in p.r. research. 
This leads to our concept of a complete system for p.r. research and to 
the methodology for the experiments we describe later. 

For both generation and recognition of data, we devised a simple 
clusterlng language that we explain and give examples of in Section VI-B. 
We also describe how the human recognition tasks are "programmed" for the 
visual experiments. 

A. Development of New Methodology 

One of the most advanced fonns of technology we have today is the 
man/machine partnership, if both the man and the machine are advanced. 
The man must be highly intelligent and sensitive, and the machine must 
be equipped with high performance interactive graphics, and it must rep­
resent the best that we know in machine computation. Also, the interface 
between man and machine must be natural and responsive in both directions. 
In a well-designed man/machine system, the machine complements man and 
converses with him. It explicitly mirrors for him his own subtle actions, 
so that he becomes more aware of the details and processes by which he 
performs his human recognition functions (118]. Only when man can under­
stand his own subconscious or intuitive processes can he describe the 
unknown (subconscious recognition processes) in tenns of the known (119]. 

Preceding page blank 
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Specifically, if he can describe these recognition processes in FORTRAN 
or in some other computer language, then he can relinquish the task (i,e,, 
proces3) that formerly only a human could perform and can program his 
thought proce~ses into the machine [ 120], 

One of the main contributions of Zahn ( 52] has been his introduction 
into the formal p, r, Ii terature of the word "gestalt," although he did 
not explain his motivation in depth, even in personal discussion with him. 
The importance of this concept in p,r, has been almost neglected, The 
originator of gestalt therapy, nr. Fritz Perls, has deeply studied per­
ception psychology and has considerably influenced the trend of modern 
therapeutic practice by means of conversational interaction between con­
flicting aspects of the patient's personality ~121]. This type of con­
versa tional interaction is a valuable model when considering man/machine conversational interaction, 

At SRI, we have been studying not only the psychology and engineering 
of the man/ machine partnership [122], but also, we have been applying this 
to such practical problems as the development of better algorithms for 
machine p,r, The explicit statement of this research methodology is one 
of the most significant contributions we feel we can make to new methods in p.r. 

One of the reasons we discuss the man/ machine facility at such length 
here is that we observe that its importance to the development of, and 
benefits for, p.r. systems is not generally realized. We hope to show 
here that suitable interactive computing software ls essential for ad­
vanced development in this unfortunately sophisticated, software field. 
We rely on suitable advanced interactive graphic fficilltles, as we explain here. 
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The general benefits of man/machine interaction have been pointed 

out by many writers in such diverse fields as architecture, management 

information systems, strategic planning, and many other applications [123]. 

In previous research, we have explored and benefited from man/machine 

interaction in developing p.r. and clustering algorithms [124]. 

There are several ways to view the man/mach ·Lne interaction process. 

We can consider the machine algorithm or p.r. s ystem as being trained by 

the man; i.e., the system "learns" from a human teacher. The teacher 

observes the performance uf the p.r. system a t each detailed step of the 

algorithm, using a CRT window into the algorithmic process. Note th a t 

in this overall process the system teaches or trains the man to under­

stand in depth how the algorithm works. 

It is essential to see and know the difference between what the man 

can recognize and what the algorithm can recognize. It is necessary to 

be on-line with a CRT window because without a window we cannot "see" in-

to the details of the algorithm, and without being on-line, we cannot con­

veniently and fea s ibly try out tentative minihypothe~es [125]. Each mini­

hypothesis may involve only a few seconds of turnaround time. On the 

other hand, us ing batch mode computing, we can try out only a few major 

hypotheses because if the turnnround time from question to answer is long 

and complex (i.e., interrupted by other irrelevant activities, as is always 

the case in batch processing), the sig~ificance and subtle fitting of the 

hypothesis and the logical thread of the argument of the man/ machine 

conversation may be lost [ 126]. 

The whole process of man/machine interaction is similar to human 

conversation on topics that are difficult and complex to understand. The 

evolutionary process in m<1n / machine research can allow the development 

of complex procedures or algorithms for recognition that would otherwise 

take a much greater time or perhaps would never evolve [127]. 

121 



1. The Concept of a Complete Pattern Generation 

and Recognition System 

In a typical p.r. application problem, the data comes from some 

remote application measurement system [128), Thus, we usually have little 

or no control over the data. To fully understand the workings of a p.r. 

system, it is necessary to understand the data generation process, the 

configuration of the measuring equipment, and the viewpoint of the data 

collection equipment at the time that the patterns are collected. A 

very effective way to achieve this type of system overview is to generate 

artificial data and to recognize these patterns in a kind of closed-loop 

system, in which we have full control of all the data-generating parameters. 

In this way, we can work from a mathematical model of the p.r. system, 

write computer algorithms that implement this model, and control the data 

sampling process. We can then feed through to the p.r. algorithm as much 

or as little of this model information as we wish. The more a priori 

knowledge of the model we supply to the recognition algorithm, the easier 

it is for it to achieve error-free performance. Conversely, if we only 

supply a small amount of information to the recognition algorithm, it will 

have to "learn" a lot, make many guesses, try tentative hypotheses, and 

experience high error rates--at least in the initial stages of the "learn­

ing" process. Therefore, in our experiments on p, r. using the PDP 11 

computer and display, we generate data from a model and use this data to 

exercise the p.r. algorithm. 

In a typical p.r. application, the choice of data observation 

instruments or transducers will affect the nature of the recognition. 

For example, if the source of patterns is generating wide-band signals, 

and if the measuring instrument is a narrow-band one, the source of signals 

will appear to be narrow-band because that is the only manner in which 

the transducer can respond. For accurate observations, therefore, a 

"wide-open" measuring system is required, In psychological terms, the 
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observer must b~ free of preconceived notions and biases to perceive the 

reality of his environment. Any form of observer bias will distort his 

perception of the environment so that he will not be able to see the en­

vironment as it is [129]. This same argument applies to any recognition 

algorithm when it gives undue weight to an irrelevant factor in the data. 

To measure and test recognition performanc~, and to discover the relative 

importance of various factors in the data, we developed the approach of 

a closed-loop recognition and generation system and the following exper­

imental methodology. 

2. Experimental Methodology 

In our experiments, we test the hypothesis that the current 

computer p.r. algorithm (Version A) works well on the current test data 

set (Set A). The meaning of "works well" is that the machine algorithm 

performs at a certain level of error compared to a human pattern recog­

nizer. Thus, to measure the performance of the computer algorithm, we 

must ultimately compare the results from a human. To compare man and 

machine, we must have them perform similar tasks and give outputs in a 

comparable format. The input data to man and machine must also be sim­

ilar. Our experiments start at a simple level, using easily described 

data to begin with, but we carefully investiga te the accuracy of the 

responses and the detailed nature of the judgment criteria. 

If any discrepancies arise between man and machine recognition 

performance, then we may modify the algorithm or the experimental pro­

cedure used for the human task. Once satisfactory closure or cross­

comparison of results has been obtained with data Set A, we may proceed 

to data Set B, which has more complex characteristics, to see whether the 

algorithm can keep pace with human performance. If it cannot, we may try 

to improve the algorithm, using our insight into the human recognition 

t ask as a guide to the required modification . 
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To make the human performance measures independent of personal 

idiosyncrasies, we have to include many human observers in the perceptual 

experiments. 

We tested the human and machine recognition only on samples of 

data drawn from an environment or model of a general data-generating sit­

uation. Initially, we controlled the data generation closely, so that 

we could absolutely verify the accuracy of performance of the recognition 

systems. Later, we may use data from an uncontrolled source, such as 

cloud measurements from satellites, for testing the algorithms in an area 

of practical application. 

The purpose of the first experiment was to test the concept of 

a cluster center. The data-generating model for this experiment was a 

single point on a plane. Samples were generated from this point by adding 

noise to the horizontal and vertical components of the data coordinates. 

This simulated the measurement process in which errors of observation are 

always present in the classical sense of the theory of observations [130]. 

The task of the p,r. systems (both human and machine) was to describe the 

data generated and presented from this single representative point, i.e., 

cluster center. The situation is represented in Figure 38. 

The FORTRAN computer programs for performing this on the PDP 11 

are described briefly as follows. A random number generator provides 

(floating point) random nt1mbers, uniform in the range from zero to one. 

From these a Gaussian random number can be generated. 

The program can be controlled to generate a desired number of 

points and to display these, both on the CRT and, less accurately, on the 

printer. The program will accept the cluster center at the location in­

dicated by an observer using the di.splay cursor. The machine p.r. algo­

rithm, in this case, is the one-cluster mean value. 
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A suitable null hypothesis in this experiment is that there is 

no essential difference--over a large number of trials and for wide vari­

ations in the nature of the error--between the mean value found by the 

chosen p.r. algorithm and the human observer's select ion of a center. 

If there is no essential difference , then the method of computation of 

the cluster center by the algorithm is validated, If there Js a differ­

ence, we have to discover what the difference is and then modify the p.r. 

algorithm to perform according to the human visual gestalt formation (131]. 
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B. The Clustering Language for Generation 
and Description of Data 

In applying the above principles in practice, we implemented a par­

ticular computer language [132] to allow convenient generation and recog­

nition of data. By recognition, in this context, we mean the recovery 

of a data description that corresponds to a data generation language. 

Thus, recognition performance can be evaluated by comparing the generating 

language with the description language. 

The development of this clustering language is n~cessary for two 

main reasons: 

• To allow the comparison between recognition and generation, 
both by human and by machine, and to allow evolutionary de­
velopment of algorithms in a closed-loop bootstrap process. 

• To provide a practical and convenient way to generate data 
and to provide a means of interface between the CDC 6400 and 
the PDP 11, since no other hardware or software interface 
exists. (The interface is necessary because each aachine 
has different features that we wish to use.) 

The commands shown in Table Ill are implemented in the system and 

can be input either from the on-line Teletype on the PDP 11 or fr011 the 

card reader on the PDP 11. In addition, the same cards may be fed into 

the CDC 6400, which operates only in a batch mode. Each coamand starts 

with a single character and may be followed by nu■erical para■eters. We 

can express such syntax generally by means of the syntax equations: 

COMMAND= alpha/alpha parameters 

ALPHA = any alphabetic c.haracter 

PARAMETERS= nuaerical values, 

This is a very simple language, but it is sufficient to illustrate 

the methodoloey and to allow great conveniences in practical use, We 

later discuss extensions of this approach that we feel are valuable topics 

for further research. 
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Number 

1 A 
2 B 

3 C 
4 D 
5 E 
6 F 

7 G 
8 H 

9 I 
10 J 

11 K 

12 L 
13 M 

14 N 
15 0 

16 p 

17 ? 
18 R 
19 s 
20 T 
21 u 
22 V 

23 w 
24 X 

25 y 

28 z 

TABLE II I. COMPUTER COMMANDS FOR TIIE CLUSTERING LANGUAGE 

Commands 
(operator options) 

Cluster center for Cluster I 
Standard deviation for Cluster I 
Exit to monitor 

Go-start execution--generate new cluster centers 
Use old cluster centers (assumes no changes to specs) 

Default values 

(0,0) 

(300,300) 

Cluster center index 1 

List value of parameters of Cluster I on Teletype 

Number of cluster centers 
List the commands on line printer (LP) 
Number of points in Cluster I 
Debug print if Q ~ 0 
Initial random number value--two-integer values 
Switch from card reader to Teletype; or vice versa 

Rewind data file 

Zero summary statistics 

127 

l 

100 

0 

Teletype input 

Start of file 



1. Excerpts from Typical Printouts 

a. Example 1 

Table IV shows a Teletype print of the status of the cluster 

specifications obtained by typing "L." In this example, Cluster 3 is 

listed first because that cluster's specifications had just been amended. 

TABLE IV. TELETYPE PRINTOUT SUMMARIZING CLUSTERS DISPLAYED 

I, 

CLUSTER 3 cc 0.-1000. DEV 50. 50. 

11 L 

CLUSTER l cc -1000. 0. DEV 200. 100. 
12 L 

€LUSTER 2 cc 1000. 0. DEV 100. 200. 

b. Example 2 

Figure 39 shows a line printer plot for four clusters, 

each having the same number of points and deviations. Due to the low 

resolution of this plot, some points on the printout may represent several 

data points because they fall into the same print position. An actual 

photograph from the display screen would illustrate the full detail pos­

sible with the CRT display. The PDP 11 printout also shows the theoretical 

specifications in the user language and the viewer's response in placing 

cluster centers, as shown in Table v. 

2. Procedure for Conditioning Human Subjects in Visual 

Judgment Experiments 

It is necessary to in~truct or otherwise condition the subjects 

taking part in the visual Judgment experiments on the PDP 11 and to be 

consistent in giving these instructions so that sub,jecti; are not biased 

128 



I• C. L I , t 1.; 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• 
• 
• 

• 
• 

• 

• 
• 
• 
• 
• 
• 

• 

• 
• 
• 
• 
• 

• 
• 
• 
• 

• 
• 
• 
• 
• 
• 

• 
• 

. . 

. . . .. .. 

. . . . . 
. . . ... 

• C .. 
. . . . . . . . . . . . . . 

• • • 

. . 
• • 
•• 

.. 
. 

. . . 
• • 

. . 
• •• 
. . . • . 

• •• . . • .. 
. . ➔• . . 
• • . • . . . • . . . . • 

• . 
• 

• • 

• • 
• 

•• 
• • • • 

•• 
• ..... . . • • 

• •• • • 
• • • • • • • • 

•• • ••• •• 
• • • • • 
• • 

• • • 

FigurE: 39. Print Plot of Data from PDP 11 Line Printer 
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differently by means of the task descriptions [133]. Therefore, we pre­

pared our instructions carefully and provided a clear and consistent input 

to each of the subjects. Since reading is ana]ogous to compiling, and 

since instructing for the performance 1>f a task is itself an algorithmic 

task, we call our formal instructions to the subjects, a computer program 

for human experimental subjects. It is well known in the field of experi­

mental psychology [134] that these precautions and this consistency are 

necessary [135]. Although instructions to the subjects may not be crucial 

in these particular experiments, they would definitely be crucial in some 

experiments, and we wish to establish our methodology beyond reproach so 

that it can be uniformly extended to more crucial experiments. 

Table VI gives an example of one of these programs. It would 

be interesting to show how two different programs such as this can give 

rise to a significant bimodal response in experimental results, using a 

large number of subjects viewing identical data. However, such a demon­

stration is beyond the scope of the present project, except to note that 

the phenomena of visual illusions also have this bimodal quality [136, 137]. 

3, An Example of the Use of the Clustering Language 

To illustrate the use of the clustering language, the following 

simple example uses the methodology of closed-loop generation and recog­

nition of data. For illustrative purposes, the data in this exanple are 

simple to generate and recognize. 

The first step is the generation of the data by means of the 

input language specifications. We wish to generate a large cluster on 

the left-hand side of the screen and a small cluster on the right-hand 

side. Both clusters will be on the same horizontal axis through the 

middle of the screen. 
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TABLE VI. 

COMPUTER PROGHAM FOR HUMAN EXPERIMENTAL SUBJECTS 

24 April 1972 Versi on 1 P1·0R.-amme r : D, J . llall 

Int roduct I o n 

This i s a hiRh-l ove l lanRtHIRe pro l(ram , whi c h yo u , as an e xpe rlmontul subj ect "ma­

c hine, mus t comp i l e t ,, pa rti c ipat e in a patt ern-recol(nlt ion expe rlm '1nt . Pl eas e r oad i t 

c are full y , and I ndi c at e whe th e r you ha ve comp i l ed (I .e. , und erst ood) It . If you have 

ques ti ons, pl e as e writ e your output (s yntax e rror messaR os) o n a shee t o f pape r . Ve rbal 

discussions will be avoided bec ausf' we wish t o r ecord all trans ac tions be tween the e x ­

pe r i mental subjec t and the h iRh-leve 1 so ftware monitor s yst em ( i . e. , the o xpe r· t mental 

mo thodo l o Ry ) . Your i mpressions, r e ac tions, and r emarks will be we l comed as val i d output 

c omments . llowevl'r, th e e r\ t e rlon for eva luat in.: your c omp\ lat ion pe rf o rmanc e wt 11 be 

task ac compli s hment ; so the purpo s e o f this proRram is to prepa re (i . e . , program) you 

f o r th e f o llowing task . 

Task Description 

You wt 11 be asked t o st t i n front of a CRT display screen, and you wt 11 be shown how 

to use th e display c ursor ( 'mouse") to I ndi c at e points on th e sc r een . 

Various s e ts of data will be displayed on the sc r een In front of you You are t o 

view the data and place c luster c ent e rs in the data with the mons e . Once yon press the 

110use button, it Is pref erabl e not to change your selection . Howeve r, If you misplace a 

cluster, you can correct It, usinR one of tho other mouse buttons . Each data iic t will be 

presented several t Imes . Your first response should place the best sinRle clust e r in the 

data, your Stc!cond re11pon11 e should place two clust e rs In the data, and so forth . At the 

end of the sixth presentation, you may be asked to name the number of clusters that give 

the best flt . 

Discussions between the experimenter and subject should be avoided, but an essent lal 

co■municatlon con be r ecorded as a formal message on pape r . 

Your Output 

Have you comp i l ed these Instruct lone (Yes /No) ? If not, pl eal!l e wrl t e your queries 

down as clearly and simpl y as you ran . TI1es o syntax e rror mcssal(es wl~l be ueed to debug 

this program or vour compilation of It . 
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This natural language rlescriptinn of t.he data we wish to generate 

is not specific enough in either deta il or furmat to input to the computer 

system to generate suitable rlata. llnweve r, it. is int e r es t in~ to speculate 

thnt if we make some reasonable assumptions about. the me aning of "lar~e 

cluster," "small cluster, ' ' and other terms, such as " l ef t-h :rnd side of 

the screen," then it might he possibl e in future resea ,·ch work to con­

struct a compiler for producing appropriate data from such a fuzzy input 

language s pecification. 

For our e xample, we can eas ily choose s ome spcci fie numbers to 

r eprese nt the sizes of clusters and posi tions on t.he scree n. The state­

ments in Table VII cause the ~eneratinn of two clusters, s hown in Fig­

ure 40. (Refer to the li st of comm~nds in Table 111 for the detail ed 

interpretation of each item.) 

TABLE VI I. TELETYPE PRINTOUT SPECI F'ICATIONS FOR 

CLUSTERS SHOWN IN FIGURE 40 

N2 11 r -1000 0 D 300 300 P 300 L 

CLUSTER l OF 2 NPT 300 re -1000. o. DEV 300. 300. 

12 C 1000 0 D 60 60 P 60 LG S 

CLUSTER 2 OF 2 NPT 60 cc 1000. o. DEV 60. 60. 

Note: The second and fourth lines are caused by the command "L" 

to list the statement after compiling it. 

The data shown in Figure 40 may be gene,·ated either on the COC 

6400 or on the PDP 11; identical numbers will be produced by the random 

number generators on each of these machines. The actual generated values 

will differ from the theoretical values specified in the input language 

because of the small-sample restrictions. The program prints these va ues 

as shown in Table VIII. (The number in the external right column is the 

correlation coefficient between X and Y.) 
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TABLE VII I. TELETYPE PRINTOUT OF THEORETICAL AND 
GENERATED CLUSTERS 

'IllEORETICAL 
NUMBER CLUSTERS 2 BEGINNING RANDOM NUMBER 5103 2187 

0 P E R A TO R S P E C S A S G E N E R A T E D 
CENTER STAN DEV CENTER STAN DEV 

CLUST NPTS X y X y NPTS X y X y 

1 300 -1000. 0, 300. 300. 300 -1006. 6. 296. 298. 
2 60 1000. o. 60. 60. 60 1015. -8. 59. 66. 

-.1006 

-.0350 

The display shown in Figure 40 is a line printer plot with the 

usual spacings of ten characters per inch along a line and six lines per 

inch measured vertically. Th~refore, the resolution of this display is 

severely restricted, since all points are normalized to the position of 

the period character, and multiple points in the same character space 

are represent ~ct by only one period. These printer plots conveniently 

illustrate the general shape of the clusters but do not accurately portray 

the density of points if it is greater than one point per print position. 

For general visual interpretation, this crude display is usually preferable 

to a corresponding table of numbers. From the PDP 11, the actual values 

can be displayed on the CRT with high precision. 

Clustering of the data generated may be done either on the 

CDC 6400, by means of the ISODATA algorithm, or else on the PDP 11, using 

human visual judgments to place cluster centers in the data by means of 

the display cursor device, or mouse. The ISODATA output gives various 

statistics in addition to the cluster center positions and their standard 

deviations. This form of outout has been described in previous reports 

[138, 125). The additional output now generated by the algorithm is in 

the same form as the input data-generating language, and for this example 

we obtain the output language from the printout shown in Table IX. 
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TABLE IX. ALGORITHMIC OUTPUT FROM CDC 6400 

N 2 

1 P300 

2 P 60 

C-1006. 

C 1015, 

6. 

-8. 

D 

D 

296. 

58. 
298. 

66. 

A comparison may now be made between the input language and output lan­

guage, and it can be seen that the ISODATA algorithm with desc riptive 

output gives an accurate clustering language description 1>f the i nput. 

The output can also be compared to the actual data generated rather than 

to the ideal (theoretical) specification of the parent populati o n clusters. 

From this second comparison, we can see that the two data descriptions 

are identical (except for hardware differences between the two machines), 

The above example illustrates the closed-loop generation and 

recognition process for a simple example. In dealing with more complex 

data sets, the output language description may not match the input speci­

fication so well. To illustr&te the discrepancy of the recogniti on in 

these cases, it is helpful to generate and display a second data set from 

the clustering output. This second display can then be compared with the 

first display of the generated data to see in what ways the two data sets 

differ. 
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SECTION VII 

APPLICATION OF THE GENERALIZED DISTANCE OF MAHALANOBIS 

This section defines and discusses the generalized distance of 

Mahalanobis, together with a new lumping algorithm that mu st take into 

account the fact that the distance from A to Bi s not equal to the distnnce 

from B to A in an anisotropi c (perceptual) space. We then give experi­

mental result s (Secti on VII-8), which apply this new lumping algorithm 

using generalized distance, the clustering language , and the experimental 

methodology to both human nncl machine clustering problems. 

The r elevance of our research experiments using clouds or clusters 

of data generated artificially is to meteorological applications in which 

we study satellite data from clouds. In Section VII-E, we discuss other 

properties of satellite cloud data that make it a suitable application 

problem for testing clustering algorithms. In Section VII-F, we consider 

cluster characteristics other than position that contribut e to the distance 

criterion for lumping clusters or points together. 

The idea of a generalized distance in a statistical field was intro­

duced by Mahalanobis for a multivariate normal population. In general, 

for an n-dimensional normal population, the density function is given by 

= 
1 

d / 2 1 
<2n > ltl 2 

t -1 exp[-½<~ - ~) E (x - ~)] 

where xis an n-dtmenslonal column vector,~ is the n-dimenstonal mean 

vector, tis the n-by-n dimensional covariance matrix, and IEI is the 

determinant oft. Samples drawn from a tightly structured population of 

this description cluster around the mean values~- The shape of th e 

distribution around the mean is gt ven by the covariance matrix. The 

Mahalanobis distance, m between~ and~ in this field ts given by 

2 t -1 
m = (x - ~) t (~ - ~) 
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The contours of constant density are hyperellipsoids, such that any dimen­
sionless point on a contour has the same Mahalanobis distance to the local 

mean. In general, this statistical field can be considered anisotropic, 

and it represents a warped space that has nonunifonn properties that vary, 

depending upon the location being considered in the field. The shape of 

the field or warping of the space depends on the data in the field. 

Although we cannot program these matrix fonnulations directly in a 

computer language such as FORTRAN, we can translate the mathematical 

fonnulations into an algorithm to canpute such quantities as the covariance 

matrix t. However, fo1· multivariate data, this requires storage of a la~ge 
array of floating-point values and significant associated computation time. 
Other objections to the estimation oft were discussed in Section II-C. 

In ISODATA, the covariance matrix is not available, and we choose to 

approximate this distance computation as shown below, considering the two­

dimensional case. (The computer program will handle up to 50 dimensions.) 
The distance of a dimensionless point (x, y) to a cluster center at (x, y) 

with coordinate sample deviations (S, S) is given by 
X y 

2 m a 

The sample deviations, s, are already available in the ISODATA program. 

For a point that is not dimensionless, we must take its own devia­

tion into account. This deviation is related to the precision of the 
measurement that establishes the position of the point. If the measure­

ment is highly precise, the deviation is very small. If the point is 

remote from other points, it is not likely to be part of another cluster 
since its isolation will be reliable and significant because of the low 

error in the meaauranents. We next consider how to use the anisotropic 

generalized distance in the lumping al1orithm of ISODATA. 
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A. Lumping Algorithms 

If ISODATA is used with the generalized distance, m, as the measure 

of relationship, the distance between two clusters is not the same in 

each direction. This confuses the question of which pairs of Llusters 

to lump. 

A more fundamental consideration is whether the clusters should be 

lumped. However, this question can be viewed as the inverse of the 

question: Should one cluster be split into two? This question can be 

handled by the Kolmogorov-Smirnov test, as applied in Section IV-B. We 

assume that the same test can be applied to decide the question of whether 

or not to lump or to split clusters. 

Assuming that this fundamental question is settled, we then ask, 

which cluster pair should be lumped? Before answering this question, 

we first review the algorithm we have used for several years. 

1. The Euclidean Distance Lumping Algorithm 

This algorithm uses the Euclidean distance table (EDT) and 

finds the closest pair of clusters to lump. This is evidently simple 

but we now need a refinement based on the generalized distance table 

(GDT). The EDT has symmetry about 

distance from Cluster i to Cluster 

the diagonal because if d is the 
ij 

j, then d = d , and finding the 
ij ji 

closest distance is a simple ranking procedure. 

2. Generalized Distance Lumping Algorithm 

First, consider the simple case in which there is clearly one 

pair of clusters much closer to each other (using generalized distance) 

than all the rest, as illustrated in Figure 41. For this figure, bear 

in mind that c0111pact, dense clusters are associated with a larp,r 
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generalized distance, m, than are large, sparse clusters. 

Consider the GOO' for this case, as shown in Table X. 

Thus, m , m 
ij ji. 

TABLE X. GENERALIZED DISTANCE TABLE 
FOR FIGURE 41 DATA 

i j k i 

i m m mii m 
ji ki 

j mij m mij m 
kj 

k m m 
ik mik m 

jk 

n 

ni 

nj 

nk 

i mil mji mki mni 

m m mkn mi n in jn 
n 

If we rank all the values in this table from the minimum to the maximum, 

then, because the need to lump Clusters i and j is evident from Figure 41, 

the ranking of distances (m), by construction, will begin with mij' 

mji'•·•• or mji' mij'••• • 

Thus, we can see that the simplest form, or outer loop, of the 

generalized distance lumping algorithm must be: 

• Rank the GOT values. 

• If the first two (lowest) distances involve the same 
two clusters, then 

• Lump these clusters, else 

• ? 

Note that this is consistent with the Euclidean lumping algorithm as a 

special case. We now have to determine what to do if the case is not 

so simple. There are several alternatives. 
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The first is to find the first matching pair in the rank list. 

For example, if the rank list ism , m , m , m , m , ... the lowest 
jk kl no lk jp 

matching pair in the rank is mkl and m
1
k. 

The second alternative is to use an average or pooled value 

or, in general, some function derived from the two measures, essentially 
I 

converting the bilateral distance (m) into a unilateral one (m ); i.e., 

Then we would use these values in an EIYI', as with the Euclidean lumping 

algorithm. The simple average value, as a possibl~ example function, is 

given by 

The third alternative is to use the minimum of the maximum of 

the distances in the GIYI' to implement the same pair selection procedure 

as in the first alternative. The third alternative requires less storage 

for the computation than the first alternative because the evaluating 

function, i.e., 

can be computed "on the fly," whereas the procedure in the first alter­

native requires storage of the values prior to a ranking. This procedure 

essentially accomplishes the ranking at the time that the distances mij 

are computed. 

142 



Note that the GDT represents about twice the computation required 

for the EDT because the distances are bilateral instead of unilateral. 

This GDT algorithm has been programmed in FORTRAN, and it provided the 

experimental results shown below, 

B. Experimental Results Using Generalized Distance 

We now consider two data types and some experimental clustering 

results typical of many results with these data types. In Section V-A-2, 

we gave examples of inadequate clustering results using Euclidean dis­

tance. We discussed the cases illustrated there in Figures 30(a) and 

30(b). 

1. Clustering the Unbalanced Dumbbell Data 

We first consider the unbalanced dumbbell data, a large cluster 

and a small one close to it. The large cluster, shown in Figure 42, has 

100 samples, and the smaller one has 20. The circular deviations spec­

ified in the clustering language are 300 and 60, respectively. The al­

gorithm partitions the clusters well, except for one outlying point of 

the large cluster. This point is quite close to the small cluster and 

might be considered as a wild shot. Whether or not it should belong to 

the larger or smaller cluster is, in fact, a matter for human judgment, 

but the error of the algorithm is not significant. We have sketched an 

approximate boundary between the two clusters. It is interesting to note 

that the distance from the larger cluster to the smaller is computed as 

3.4 (relative units), and from the smaller to the larger, it is 15.2. 

If we consider the linguistic specifications given automatically 

by the program output, we can make a more quantitative comparison. Clus­

ter 11 is the larger one. Table XI gives the input specif i cations or 

display language for generating the data first, then the actual data 

generated, and finally, the clustering result. 
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TABLE XI, SUMMARY OF EXPERIMENT ILWSTRATED IN FIGURE 42 

INPUT N2 11 P 100 C -500 0 D 300 300 

GENERATED N2 11 P 100 C -476 14 D 297 287 

12 P 20 C 500 0 D 60 60 

12 P 20 C 493 -11 D 58 56 

CLUSTERED N2 11 P 99 C -485 D D 285 287 12 P 21 C 485 -6 D 64 57 

The diffel'ences among these three data descriptions are within .several 

percent only; so the perfonnance of the algorithm is not in conflict with 

human gestalt clustering and description of this data. In this case, the 

clustering produced a remarkably good description of the input data. 

We now consider another example of the same type of data that 

has a larger number of points, namely, 300 in the larger cluster and 60 

in the smaller. The separation between the centers is, however, the 

same 1000 screen units. The printout of this data is given in Figure 43. 

As explained earlier in Section I, we cannot display the full resolution 

of the data in the printer plots we give. Table XII gives the Euclidean 

distance results to show that they arc in error, and the generalized dis­

tance results, which are in perfect agreement with the generated data. 

In this example, no wild shot appeared. 

From those 1 inguistic statements and the positions ot' the cluster 

centers in Figure 43, we sec that the ISODATA algorithm has been signif­

icantly improved by the use of generalized distance. 

This method can even provide reasonable results for overlapping 

data, as in the case when the smaller cluster moves partly inside the 

larger one. Consider the example shown in Figure 44, in which the spe­

cified separation between cluster centers of only 400 uni ts is almost as 

small as the 300-uni t deviation of the larger cluster. The input, gener­

ated, and output linguistic specifications are given in Table XIII. 
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TABLE XII, SUMMARY OF EXPERIMENT ILWSTRATED IN FIGURE 43 

INPUT 

GENERATED 

N2 11 P300 C -1000 0 D 300 300 

N2 11 P300 C -993 -3 D 310 311 

EUCLIDEAN N2 11 P258 C -1070 4,2 D 258 315 

GENERALIZED N2 11 P300 C -993 -3 D 310 311 

12 P 60 C 

12 P 60 C 

0 

-3 

0 D 62 60 

-1 D 62 55 

12 P 102 C -213 -19,9 D 262 181 

12 P 60 C -3 -1 D 62 55 

We have previously used a statistic known as total squared 

error as an indicator of both the relative "clusteredness" of data and 

the convergence of the settling process. (We assume that the reader has 

some background in these topics [125, 105],) We notice that this statistic 

often increases after each settling partition, rather than decreasing as 

it does with Euclidean distance, As the clusters become more compact, 

the relative distance increases because the deviation gets smaller. Thus, 

the error, composed of the sums of squares of distances, gets larger. 

However, during some iteration of the algorithm, the increase in error 

is offset by the fact that the center is the closest possible point to 

all the sample points; the center becomes more central, which decreases 

the distances from the new center to each of the sample points, However, 

all the factors involved in this settling process are not sufficiently 

well understood and will require further reses rch, 

2. Clustering of Cigar Data 

In this experiment, we clustered the so-called cigar data shown 

previously in Figure 30(b). No problem is encountered using Euclidean 

distance in clustering the two clusters represented by this data at the 

two-cluster level, if the clusters are far apart, We have verified ex­

perimentally that at a separation of 1000 units between the cluster centers, 

perfect clustering results using Euclidean distance, However, when the 

clusters are closer, the maximum variance is in the vertical direction, 
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TABLE XIII, SUMMARY OF EXPERIMENT ILLUSTRATED IN FIGURE 44 

INPUT N2 11 P 100 C -500 0 D 300 300 12 P 40 C -100 0 D 60 60 

GENERATED N2 11 P 100 C -451 7 D 295 288 12 P 40 C -105 0 D 68 61 

CWSTERED 
(OUTPUT) N2 11 P 97 C -465 3 D 287 289 12 P 43 C -95 8 D 58 70 

and splitting occurs as shown in Figure 30(b) because the algorithm 

splits perpendicular to the axis of maximum variance, which is vertical 

when the clusters are close. The program shows that this is a stable 

partition, with the cluster centers situated on the boundary between 

the visual clusters. 

An example of such an unsatisfactory clustering is given in 

Figure 45, There are 300 points in each cluster, and the separation 

between specified centers is only 500 units in the horizontal direction. 

Visually, there are clearly two clusters, but the program using Euclidean 

distance does not find them, although it converges to a stable value, 

If we introduce generalized distance, the performance of the 

p1·ogram is improved, as illustrated in Figure 46, Note that these two 

data sets have different samples, but their clustering language or sta­

tistical specifications are identical. The visual cluster centers are 

found by the program, and this clustering is also stable. However, during 

iteration of the algorithm, in splitting up into a greater number (six) 

of clusters, some of the cluster centers locate either (1) some relatively 

isolated points, each of which remains as a stable single-point cluster, 

or (2) a small number of closely packed points relatively isolated from 

the rest of the data, Since the random number generator is not constrained 

from producing such data, as verified by the data on the CRT, the detection 

of such closely packed clusters must be accepted as valid. 
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In the particular experiment being discussed, input and output 

statements in the clustering language are given in Table XIV. 

INPUT 

GENERATED 

TABLE XIV, SUMMARY OF EXPERIMENT ILUJSTRA'l'ED IN FIGURE 46 

N2 11 P 300 C -1000 0 D 100 500 12 P 300 C -500 0 D 100 500 

(Different data samples were generated, al though they have the 
same generating specifications.) 

EUCLIDEAN N2 11 P 361 C -745 -340 D 266 310 12 P 239 C -736 449 D 271 280 

GENERALIZED N6 11 P 290 C -1002 10 D 93 505 12 P 300 C -498 -22 D 104 530 

13 P 

15 P 

6 C -1171 93 D 39 22 14 P 

1 C -560 -8 D a a 16 P 

2 C -836 -122 D 

1 C -720 -102 D a 

•only one point; so the deviation is not defined in the usual way. 

2 5 

• 

Note that the input and generalized statements agree quite closely, except 

for the minor Clusters 13, 14, 15, and 16, These minor clusters contain 

only ten points altogether and represent a small error. We can thus say 

that (1) the input language did not specify the actual data generated 

because it did not specify these minor clusters , (2) the data generation 

procedure is in error because it did generate minor clusters, and it should 

have been constrained from doing this, or (3) the clustering algorithm for 

the program is in error because it detected these minor clusters with too 

high a resolution. 

Our current solution to this dilemma is to increase the size of 

the deviation for one point in the clustering algorithm. This corresponds 

to decreasing the precision of the data measurements, consistent with the 

hypothesis that the minor clusters are an artifact and do not truly rep­

resent real subclusters in the data. Alternatively, we might require the 
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user to specify the data precision to be used with the generation as part 

of the clustering language. If the precision makes the deviation of each 

point larger, then the generalized distances between clusters will all 

typically decrease, and such minor clusters will therefore no longer remain 

isolated. Another way to measure the perfonnance of the clusteripg program 

is to compare it with a perfect clustering of each and every point by means 

of the clustering similarity measure (CSMJ as defined by Rand [139]. We 

have programmed this measure and used the pattern-cluster membership table 

of ISODATA as the input data for the CSM. For this particular clustering 

of the cigar data in Figure 46, the value we obtain for CSM is 0.979, A 

perfect clustering results in a CSM of unity. 

C. A Liberal Interpretation for an Example of the 

Rudimentary Clustering Language 

To show that the experiments are useful, we ask the reader to imagine 

a liberal interpretation of the presently used, rudimentary clustering 

language. For example, below we give an output result with its liberal 

interpretation alongPide. (This is a decompiling function in computer 

science terminology--i.e., a description derived from machine-like numbers.) 

Rudimentary 
clustering language 

11. .. 

. , .P 100,,. 

. . . c 500 o ... 

... D 300 300 

Liberal interpretation 

There is a cluster, .. . 

. .. having 100 points, .. . 

. .. situated at coordinate 500,0,, .. 

. .. which has a circular shape extending 

about 300 coordinate units in each 

direction. 
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Compare this output description (liberal interpretation) with a very 

loose input description (in high-level language), as given before in 

Section VI-B-3. If these descriptions match, we have closed-loop rec­

ognition and generation of high-level (natural or realistic) data. By 

matching, we mean that the input and output descriptions must match in 

syntax and semantics, including vocabulary and quantitative values. In 

this way, we can check the accuracy of recognition by the degree of match. 

However, the degree of match may not have to be exact for the establishment 

of acceptable performance in a particular application. The term "closed­

loop'' is derived from the simple system block diagram shown in Figure 47, 

in which the presence of the closed loop is evident, and the implication 

of circular completeness is intended by traveling one turn around the 

loop. Going one turn around the loop is a universal process (uni= one, 

vertere = to turn). By this process, we imply that all things in this 

system have been considered and the system is complete, closed, or veri­

fied, when the beginning and the end states are in sufficiently close 

agreement. 

Description 

LlntU891 

Figure 47. 

GENERATION 
OF DATA 

BY 
RECOGNITION 

OF LANGUAGE 

RECOGNITION 
OF DATA 

BY 
GENERATION 

OF LANGUAGE 

-

Daw 
Display 

SA- t:M0-60 

The Closed-Loop Generatlon and 
Recognition Methodology 
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The closed loop has advantages over the open loop in the research 

context because the beginning and end states are at the same place or 

state. This allows us to attribute any differences in the beginning and 

end states to the looping process. We can compare either the data displays 

or the description language at beginning and end states. In contrast, the 

open loop has different starting and ending places; i.e., the termination 

or goal is removed from the beginning, and differences may be due to either 

the process of getting from beginning to end or to the different states or 

places at the beginning and end. This does not provide a common basis for 

comparing results, but it is the usual mode of operation in working appli­

cations after the system has been designed and calibrated. The methodology 

is verified by starting at any part of the loop, traveling around the loop 

for one turn to reach the starting place, and comparing the starting state 

with the result of the process around the loop. 

D. Experimental Determination of a Cluster 
Center by Human Judgment 

The PDP 11 interactive display facility was programmed for experi­

ments in the visual location of cluster centers by human judgments. In 

understanding human p.r. capability, it is important to measure parameters 

of human pattern perception [133]. Our clustering algorithms have gener­

ally used the center of gravity value of a set of data points as the clus­

ter center. This is a mechanical, physical, or gravitational measure of 

a center. In statistics, the most common measure of central tendency is 

th average value, which corresponds both mathematically and conceptually 

to the c enter of gravity. (More specifically, th e center of gravity is 

a weighted average,) However, it haR been assumed that a human facod with 

tbe task of actually placing a clust,H· c enter in a set of pointi. would 

choose tho center of gravity or moan value. While thiR is probably a 

valid assumption for normal data, it may be very inaccurate for other 
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distributions [140]. Thus, the experiment we conducted and describe here 

tests the hypothesis that human judgments of cluster centers are not dif­

ferent from the center of gravity or mean value determination. We also 

determine what the accuracy of placement of cluster centers is, both for 

various individual humans and for a normal population of human viewers. 

1. Experimental Procedure 

The experiments began with a task d~scription given to each 

viewer in the manner shown by Table VI, Computer Progrwn for Human Experi­

mental Subjects. The task was simply for the human to place a central 

point into the cloud of data such that this point was the best cluster 

center according to his judgment. Fifty clusters were generated using 

the clustering language, and they were presented on the CRT in succession 

to the viewer. The clusters all had the same size or deviation and were 

circular in the sense that deviations along the horizontal and vertical 

axes were specified as identical. The centers of the clusters varied 

about the middle of the screen; so the viewer was forced to adjust his 

judgment to a different position on the screen for each new presentation. 

The size of the cluster was small enough that the cluster could be moved 

around the center of the screen without coming near to the edge. Numer­

ically, the deviation of the clusters was 300 units, and the screen size, 

measured in the same deviation units, was approximately 4000. 

The rosul ts s how that tho accuracy of placement of a clus ter 

cen ter is typically 40 screen units (th o average value for several sub­

jects). These Judgment s seem surpri Ringly accurate when one cons iders 

that the number of point s acroRs the screen is 4096 over a phy s ical dis­

tance of approximate ly 10 inches . Thus , 40 screen unitR repruse nts an 

accuracy of 40/ 4096 X 10 inchm, = 0.1 inch. In other words, for a 

cluster s ize having a standard clevlntinn of 300 unltR, tho Rtundard dc­

\'iatton of cluster c ontor placement lfl 40 units , giving an accuracy of' 
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40/300 x 100 = 13.3 percent. We expect the accuracy to improve as the 

number of points is increased, until eventually, with an infinite number 

of points, the accuracy of the placement of the cluster center by human 

observers should equal their accuracy of placement of the center in a 

perfect circle, 

2. An Experiment to Discriminate Between One or Two Clusters 

In Section IV-B, the important question of determining the number 

of clusters in a set of data was discussed, To investigate this question, 

we devised an experiment involving the presentation of either one or two 

clusters to the human viewer and the record of his judgment. The main 

9arameter of interest is how large the separation between two clusters 

must be before the human can reliably judge that there are two clusters 

in the data. 

The two extremes of the situation are easy to understand: 

• The clusters are widely separated, so that there is a 

definite low density space between them. In this case , 

the viewer's judgment will reliably place two cluster 

centers in the data. 

• The clusters are highly overlapping, and the mixture of 

two Gaussian clusters having the same mean and standard 

deviation values is theoretically and actually indis­

tinguishable from one cluster having twice the number 

of samples as each of the individual clusters. 

In this case, the viewer must decide whether to place one cluster center 

or two in the data. No other choice is allowed, and following well­

established psychometric prac t ice, a rosponse must be given. The purpose 

of this experiment was to measure the region of uncertainty between two 

extremes. 
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After the human judgments were obtained, the same data were 

submitted to the ISODATA clustering algorithm to get its corresponding 

"judgments" and to compare human and machine algorithm results. 

The experimental results of the human judgments are plotted in 

Figures 48 and 49. The curves are for three subjects who each partici­

pated in a one-hour experimental session. Each data point shows the 

pooled subjects' responses. Figure 48 shows that when the separation 

between cluster centers for these circular clusters of equal size was 

greater than 800 units, the viewer could separate the clusters correctly. 

As the clusters got closer, the viewer became confused and gave a ... 11er 

percentage of correct judgments. At zero distance between centers, the 

viewer must have been guessing (because there was no real separation); the 

large-saaple value would theoretically be 50 percent correct. Theoretical 

large-sample values in the figure are indicated by a dashed curve . 

• 

• 
TWO CLUITHI 

ACTIVE UHfUMENTAL flEGION II 
FflOM OTO D 

"•··-. 1,-0 10 14001 

0.__ _ __ .__ _ __ ..._ ___ .__ ___ ..._ ___ ..._ ___ ..._ ___ ..._ ___ ..._ __ ~ 

0 - - - ·- ·-OIITANCI NTWIIN CINTIM tc: 1 - C11 
u ., ... , 

Flgure 48. Experlaental Reaulta of H\lllan Judpenta or -r-o Cluatera 
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1''or the experimental results shown in Figure 49, the judgments 

were made only on one cluster, but the horizontal deviation was larger 

than the vertical deviation by a value we call the horizontal deviation 

excess. At zero deviation excess, the cluster is circular, and there is 

no physical clue suggesting the increased horizontal spread that accom­

panies two separated clusters. Therefore, the 50-percent correct judg­

ment level is guesswork when the deviation excess is zero. At a deviation 

excess of 300 units, the viewer could reliably judge the presence of one 

elongated cluster, but below this value, the viewer was cc>nfused and 

sometimes judged a slightly elongated cluster as two separate ones, 

The clustering algorithm is generally programmed to explore a 

range of clusterings, starting with one cluster and then splitting by 

stages up to eight clusters, and then lumping back down to one cluster 

again. This range of clusterings enables the choice of the most suitable 

clustering for the data. In this case, howeve~, we were interested only 

in deciding between one or two clusters. We made use of the total squared 

error (TSE) statistic for this purpose [87]. 

The TSE for one cluster was normalized to be 100 percent, and 

we inspected the value for two clusters to test the validity of the two­

cluster clustering. Whether there were actually two clusters or one in 

the data, the TSE was apprnximately G8 percent at zero cluster spacing 

or zero excess deviation, If the clus ter spacing for two clusters or 

the excess deviation for one cluster was larger, the TSE dropped. However, 

there was more difference hetwoen those two sets of TSE values as the 

cluster spacing and excei:;s deviation hecame larger. At a cluster spacing 

of 1800 units, a perf ec t clustering for two clusters was ohtained, but 

at cloi,,or spacinJ!s, some data pointi- always overlapped. J\t this lKOO 

spacin1,t, I.h e TSE was 17,9, with zo1·11 c lust urin1,t •J'J'nr; so the s pacin1,t 

distanc e found hy tho p1·01,t1•11m was th o tru e P-pacin1,t. J\t closer spncln1,ts 

lhnn this, tho pro1,tr11m 1,tav • n i,, 1rnc i111,t that wa,-; l oss than tho true spacing 
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because of the overlap. However, the two clusters in this experimen . were 

also sometimes very close together, and at some critical spacing, the pro­

gram's spacing became greater than the actual spacing because the clusters 

were overlapping considerably. 

We propose the value of' TSE n this crossover point as the 

threshold below which the program can confidently give a two-cluster 

judgment. In our experiments, this critical value was TSE = 38. 9 per­

cent. Above this value, there was a no-decision region in which even 

a human viewer could not judge correctly, as shown by Figures 48 and 49. 

At very high values of the statistic TSE, we can be confident that 

the two-cluster TSE is invalid for two distinct clusters, thus giving 

clear validation of one cluster in the data. From our experiments, we 

chose a value of TSE= 50,0 percent for this threshold. Note that this 

is also the theoretical value of the TSE derived mathematically for two 

clusters in uniform random data [87]. We are thus conservative in se­

lecting a threshold at a value that makes any TSE above 50.0 percent 

indicate one cluster. For a TSE between 50.0 and 38.9 percent, no confi­

dent judgment can be given. This quite accurately simulates the human 

viewing situation. 

E. The Suitability of Cloud Data for Clustering Research 

1. Introduction 

During the course of this project, we wore concurrently studying 

the meteorological problem of determining wind motions from sutol 11 to 

cloud photographs [ 141, 142]. Since cloud motl.ons nro often produc ed hy 

winds, we were interes ted in determining tho motions of cloucli- as approx­

imations t.o tho winds. llowovor, a cloud ii- ofte n oph om rat and unstuhlo, 

and it may change its shape or disnpponr complet e ly. Th •a·ufnl' o , tho 

idontiJ'icnt.lon and t.rackint,t of clouds Ii- n pl'nhl om lhat l'P<tlllros a do­

script.lvo approach suhtle unnugh to match tho OJ>lwm•rul chuructt•a· nf' th o 
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data. Thus, the a priori specification of cloud types and labels for 
them is not a viable approach. However, temporary recognition of par­
ticular clouds is necessary to track them in successive pictures. This 
tracking is usually done by displaying successive picture frames in quick 
succession to a human. Remarkable visual abilities, not easily specified 
so that they can be programmed, allow the human to track cloud motions 
on a cloud console [143] or film loop. 

In the computer processing of successive satellite pictures, we 
seek machine descriptions of clouds for which no prior labels exist. How­
ever, some cloud features do persist, and we are able to generate statis­
tical descriptors or labels for these in the clustering program. This is 
an ideal statement of the descriptive clustering problem, and it is one 
reason why we chose to investigate these cloud data. These data also have 
an interesting relationship to the data we have generated artificially; 
clouds of data were generated artificially and data from clouds were ob­
tained from satellite measurements. Furthennore, the meteorological prob­
lem is of direct interest to the Air Force, as specified in the Statement 
of Work in this contract. 

We have processed satellite cloud data both with and without 
using generalized distance, and the results are different, to some extent. 
However, the significance of these differences in this application is dif­
ficult to evaluate because of the richness of the real data. The results 
obtained in both cases are meteorologically acceptable, and because there 
is no independent crosscheck, such as rawinsonde wind readings available 
for the same area at the same time, an evaluation of the algorithm is 
almost impossible. The best evaluation might be obtained through use 
of tho SRI cloud console in viewing tho satellite pictures in time-lapse 
motion. In this case, tho correlation between (1) the clustering results 
and tho wind-motton program and (2) tho very complicated photographic 
scene in dynamic motion on the console must be done by a human ■aking 
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subjective judgments. These judgments are not easy to make because the 

comparison is between data of different fonnats. Thus, fine differences 

between a method that works well (Euclidean distance ISODATA) and a method 

that probably works better (generalized distance ISODATA) are not easy to 

evaluate with real data from a complex application process. This empha­

sizes the importance of using artificial data whose characteristics are 

known for validating a clustering or recognition algorithm. Our aim is 

to work continually with artificial data that is increasingly realistic. 

This also implies that our descriptions or clusterings of realistic data 

must be increasingly realistic and meteorologically accurate. 

We next discuss the more realistic boundaries produced by using 

generalized distance rather than Euclidean distance in our clustering al­

gorithms, 

2. Generalized Distance Applied to Clustering 
Clouds fr011 Satellite Photographs 

The generalized distance produces a clustering result that is 

physically feasible from a meteorological point of view, whereas Euclidean 

distance produces contours of the cluster regions that are linear and dis­

continuous and that meet at sharp angles, The visual impression of bound­

aries from a satellite photograph or weather map is not compatible with 

Euclidean boundaries, whereas generalized distance clustering results in 

a set of contours that might have actual meteorological significance, 

In the studies so far, we have considered these boundaries only as iso­

brightness contours, but we conjecture that there may be an interesting 

relationship between brightness and some related atmospheric quantity 

that could be displayed by generalized distance boundaries, It is, how­

ever, safely beyond conjecture to say that Euclidean, perpendicular­

bisector boundaries are not natural for clouds or meteorological contours 

in general. 
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F. The Use of Secondary Criteria in Lumping Clusters 

Our current ISODATA lumping algorithm is based upon the distance 

between the two cluster centers being considered for lumping together. 

However, distance, or difference in spatial position, is not the only 

measure of relationship we could apply in assigning clusters (i.e., lumping) 

or data points to the same cluster membership. 

This raises the basic question of whether we can have two different 

cluster centers existing at almost the same point in space without lumping 

them. The answer is that if distance (even generalized distance) is the 

only criterion for lumping, then two cluster points cannot simultaneously 

exist at one position in space. 

However, it is useful to be able to represent two different types 

of clusters that have, by chance or design, their centers at similar 

positions in space. We are referring to annular data in which a large 

ring of data circumscribes a smaller cluster inside, as sketched in 

Figure 3O(c). (Zahn [52] has given examples of these.) To avoid lumping 

dissimilar clusters that are close together in space, some secondary 

characteristic must be used, such as their standard deviations or sizes 

along each axis. Because we need to consider multivariate clusters, we 

may also use a more general size descriptor, such as therms distance 

within a cluster, which is routinely calculated in the ISODATA program. 

Other secondary characteristics are number of points in the cluster, and 

third and fourth moments of the distribution (skewness and kurtosis). 

We already use this principle in our cloud clustering work [142]. 

In the MOTION program, pairs of cluster centers are not linked or joined 

by a wind motion vector unless the (Euclidean) distance between the two 

centers is reasonably small and the secondary characteristics or descrip­

tions of each of the clusters are nearly compatible (i.e., the cloud in 

the second picture must be recognized as corresponding to a certain cloud 
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in the first picture). This linking of cluster centers is a type of 

lumping in the time domain for successive cloud pictures that are taken 

25 minutes apart. 

To cluster annular data sets (which are usually cited as difficult 

to handle) correctly, or to cluster even more difficult data, we must 

introduce the secondary characteristics into the lumping criteria. The 

pairing associa t ion criterion used in the MOTION program is similar to 

the lumping criterion and provides a practical illustration for the 

usefulness of secondary characteristics in providing a more meaningful 

d1 :scription [144]. 

Note that the ultimate description in terms of accuracy, if we rely 

on measurement (rather than on an interpretation or meaning of the measure­

ment), is the restatement of the input data themselves. This is usually 

most compactly done in the form of a table. However, such a table is 

not a suitable means of input to a human; some form of graphical display 

is usually a more meaningful interpretation to a human. In other words, 

we might say that the measurements are suited to or relevant for input 

to the computer and not to the human. The function of the computer in 

this clustering application is to transform the raw measurement data into 

a suitable description. This description may be in verbal form with sum­

mary statistics, as in the output from the improved ISODATA program, or 

it may be in graphical form, such as that obtained by feeding the output 

language into the data displaying programs to give a visual or graphical 

[145] description. In computer science terms, the clustering program 

transforms measurements, examples, or instances of data and produces a 

suitable general data structure [146] as the result of the computation. 

This data structure can then be used to structure a file, or it can itself 

be a compressed version of the full file of data, from which a directory 

or retrieval scheme may be derived. 
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The combination of these secondary descriptive characteristics of 

clusters into a more suitable measure of relationship is crucial to achiev­

ing a correct clustering in practical, nontrivial applications. We believe 

that the complex perceptual problems of tracking clouds of digital data 

representing real clouds can best be approached by using these new measures 

of relationship and a more general concept of distance, in accordance with 

the physical principles of relativity, and the application of these ideas 

to problems of influence and relationship in pattern recognition. 
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SECTION VIII 

DESCRIPTION OF COMPUTER PROGRAMS AND FACILITIES 

We feel that the reader will be interested in the computer environ­

ment for this work. Three different computers having various advantages 

and disadvantages were used. 

A. 'Ille PDP 10 Facility 

The computing work on the minimal spanning tree and the Kolmogorov­

Smirnov test used a PIP 10 computer. The PDP 10 is maintained and operated 

by the Artificial Intelligence Center at SRI, and it provides extensive 

time-sharing facilities to many users. An ADAGE CRT display was used for 

some of this work. These computations were programmed in FORTRAN. 

8. The CDC 6400 and PIP 11 Facilities 

The computing experiments for the development of a methodology for 

closed-loop generation and recognition were performed on a CDC 6400 and 

a PIP 11. The CDC 6400 is the central computing facility at SRI, and the 

PDP 11 is administered by the Information Science Laboratory. Table XV 

summarizes some of the features of these facilities. Note that the 

magnetic tape units are not compatible. The interface and common features 

are the: 

• Clustering language 

• Random and Gaussian generators 

• FORTRAN compilers. 
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TABLE XV. SUMMARY OF THE FEATURES OF THE CDC 6400 AND THE PDP 11 

CDC 6400 

ISODATA algorithm 

Printer plots 

Batch operation 

Input media 

Cards 

Ma~netic tape 
(seven track for 
cloud data) 

Output media 

Cards 

Printout 

Magnetic tape 
(seven track) 

PDP 11 

Human judgments 

CRT display and printer plots 

Interactive operation 

Input media 

Cards 

Teletype 

l\louse 

Keyboard on display console 

Magnetic tape (nine track 
and DECTAPE) 

Output media 

CRT 

Teletype 

Printout 

Magnetic tape (nine track 
and DECTAPE) 
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The ISODATA clustering program has been improved as a result of 

this contract in the following ways: 

• Introduction of Mahalanobis, or generalized, distance . 

• Addition of a descriptive output language suitable for both 
man and machine. 

• Addition of line printe r plot outputs and improved tabular 
output arrangements that aid in program diagnosis and data 
interpretation. 

• Acceptance of a descriptive input language (tlw same as that 
for output) that generates data for clustering and di splay. 
This display is e ither in CRT form (on the PUP 11) or line 
printer form (on both CDC 6400 and PDP 11). 

Other computer programs that were needed to support the main line 

of investigation are: 

• Random number generators. Identical versions had to be 
derived for both the CDC 6400 and the PUP 11 because no 
suitable common data transfer medium was available that 
Nas compatible with the mode of interactive operation. 

• A character code converter to convert from the keypunch 
code of the PDP 11 to the different keypunch code on the 
CDC 6400. This allowed us to compile FORTRAN programs 
writ ten for the PDP 11 on the CDC 6400 which was a con­
siderable convenience due to the superior service and 
incidental access afforded to the FORTRAN compiler by 
the batch operation of the CDC 6400 service. 
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SECTION IX 

SUMMARY AND CONCLUSIONS 

This section summarizes the results of each section, draws conclu­

sions or makes deductions from these results, and makes recommendations 

based on these results. 

A. Section I 

Section I declares the objectives of the study and the scope of each 

section of the report. Each section is related to the set of study ob­

jectives. The field of p.r. is defined very broadly and is related to 

clustering, statistics, artificial intelligence, perception psychology, 

and interactive graphic computation. The importance of a linguistic or 

descriptive approach is stressed, based on the nature of programming 

languages and the need to program recognition algorithms. 

e. Sections II and III 

Section II provides an overview of the application of statistics to 

p.r. Of the many varied applications, one common characteristic is the 

difficulty of working with multidimensional, nonnormal, poorly understood 

distribution functions. The frequent failure of methods based on a multi­

variate normal model, and the computational hopelessness of completely 

general nonparametric techniques, have spurred the development of clus­

tering techniques. These techniques, surveyed in some detail, represent 

an attempt to find data models that are more realistic than the multi­

variate normal model while retaining reasonable computational requirements. 

From a practical viewpoint, more experimental work with both real 

and artificial data is needed to establish the eMpirical validity of 

these models and to shape them to better fit tho structure of real data. 

Section IV illustrates the advantages of interactive systems for such 
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work. From a theoretical viewpoint, a number of topics deserve attention. 

To study optimality, alternative formulations of the clustering problem 

should be considered to see if they lead to more tractable analytical 

problems. The question of the validity of cluster descriptions needs 

more attention, as do some basic questions on the decomposition of mix­

ture densities. However, such work faces the danger of becoming arid 

if it loses contact with its source in practical applications. 

Section Ill provides an overview of some of the applications that 

have been made of p.r. methodologies. While a great many applications 

have been reported in the literature, most of these have been study ef­

forts that merely illustrated the potential applicabili t , of some tech­

nique. Relatively few have led to useful commercial or military systems. 

In some cases, technical solutions are available, but the cost of a system 

that meets technical requirements is excessive. More often, not enough 

is known about the various aspects of a particular application to allow 

a system to be designed with adequate confidence of successful results. 

Finally, there are situations in which none of the known techniques have 

produced satisfactory results, and further progress awaits the develop­

ment of new methods for p.r. 

c. Section IV 

Section IV discusses the development of new methods. Several diverse 

topics are treated as new methods, but all have to deal with improved 

clustering or description of data. 

Some basic questions concerning a data set to be clustered are: 

• How many cluster centers should be used to describe it? 

• What is the quality or effectiveness of this description? 

• How valid or unique is it? 
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The well-documented Kolmogorov-Smirnov test has been applied to the 

question of cluster validity or quality, In this study, a multivariate 

extension of the test was developed, and Monte Carlo experiments were 

run to determine critical values , s a function of sample size and dimen­

sionality. 

The graph-theoretic or link-node approaches to clustering, also 

called minimal spanning tree methods, are often costly to apply because 

of their extensive computation time. Section IV presents a new approxi­

mate method of computing these trees. If n is the number of nodes in 

the tree, the required computation time for the new method grows as nfri" 

2 
rather than as n, and empirical tests showed the approximate method to 

be computationally advantageous for n ~ 32, 

D. Section V 

Traditionally, Euclidean distance has been used as the measure of 

relationship between data points in clustering programs. Section V gives 

reasons why this measure is not adequate for some significant problems 

of simple gestalt perception and description of clusters. Because a re­

finement in the geometric concept of relationship is required, it is 

natural to consider relativity in a manner analogous to the considerations 

of Einstein in the realm of physics. 

The basic notion of clustering is to find a center rept·esentative 

of several other points. This representative center has a greater domain 

or region of coverage of the space than does each of the data points. 

However, each data sample (i.e., point) itself represents a region of 

the data space, and it is not dimensionless. These fundamental concepts 

bear upon the basic issues of clustering and lead to a concept of general­

ized (or relativistic) distance that is a more suitable measure of rela­

tionship than Euclidean dist ance for perceptual problems of gestalt 

recognition. 
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Before reporting how generalized distance was used in a series of 
software experiments, Section V discusses various methods of determining 
centers and boundaries and provides also a unifying viewpoint for cluster­
ing problems. 

Since compactness is an essential property of a well-clustered data 
set, and since graph-theoretic techniques for clustering are promising, 
a derivation of a graph-theoretic measure of compactness is presented. 

E. Section VI 

To experiment effectively with the generalized distance measure, and 
for several other reasons discussed more fully in Section VI, we devised 
an interactive display program to gain some of the advantages of man/ 
machine computation. We feel that the benefits of this interactive 
graphic computation are not generally appreciated in the field of p.r. 
and clustering research. Therefore, Section VI expounds this view. 

The above considerations lead logically to the recognition facility 
that we have developed for the closed-loop generation and recognition of 
data, and to the development of a computer language for clustering. This 
language is only rudimentary because we wish primarily to establish the 
methodology or principles underlying its development and because develop­
ment of a more extensive language is beyond the resources of this project. 

Basically, two sets of experiments were carried out in the closed­
loop methodology, although they are related. In the machine algorithm 
experiments, we used batch processing on the CDC 6400 computer. In the 
analogous experiments on human clustering of data on a CRT display, we 
used the PDP 11 computer. Because the same clustering language facilities 
were developed for both computers, we were able to generate and to perform 
recognition of identical data on both machines, despite the lack of a 
hardware connection between them. The main purposes of our experiments 
were as follows: 



• To demonstrate the methodology of model building and 
iterative evolution (as discussed on page 6 of the pro­
posal). See Section VI-A-1. 

• To demonstrate the use of a computer language for the 
quantitative description of clusters and for their genera­
tion. See Section VI-B. 

• To use the demonstration facilities to attack some of the 
basic problems in clustering, particularly the following 
questions. 

- How many clusters should be used to describe the data? 

- What type of center do humans use visually, how accurate 
is it, and how does it compare to the algorithmic com­
putations of the clustering program? 

- What improvements can be made to the clustering algorithm 
by using the generalized distance measure of relationship? 

Section VI-A discusses the evolutionary development of new methods 

through the use of a man/machine facility. Basically, our contention is 

that the interactive process is more sensitive because of the increased 

number of turnarounds, the user's greater control over the program, and 

the incremental nature of the computing activity. This is especially 

evident when there is good graphic information displayed to the user by 

means of a CRT display. We were able to put this methodology into practice 

using the Vector General display of the PDP 11 computer. The scope of the 

project did not allow us to progress to the use of very complex data models, 

but we were able to generate a wide variety of Gaussian clusters by means 

of a simple clustering language specification. Several examples of the 

use of the clustering language are given in Section VI-B. 

F. Section VII 

Section VII illustrates the use of generalized distance on some data 

that are difficult to cluster using Euclidean distance. A new lumping 

algorithm, necessitated by the different way in which generalized distance 

operates, was developed. 
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In an experiment using human visual judgments, we determined the 

accuracy of location of cluster centers compared to the computed average 

values for those centers. In another visual experiment, the viewer was 

required to judge whether the data consisted of one or two clusters as 

the separation between clusters was increased in random sequential 

presentations. Some of these presentations actually consisted of only 

one cluster; so the correct answer had to be based on the evidence, 

according to established psychometric testing methods. The one-cluster 

presentations in this experiment were of clusters elongated in a manner 

similar to the two-cluster presentations along the same axis of separa­

tion as that for the two-cluster presentations. We thus measured the 

region of uncertainty, or the probability of error in human judgment, 

related to the number of clusters. This attacked the basic problem of 

the number of clusters to use, and it is related to the discussion of 

the Kolmogonov-Smirnov test given in Section IV-B-2. 

The same data used in the human experiments was clustered by the 

ISODATA program, and a test statistic, discussed more fully in Section IV, 

was provided by the program to decide on the number of clusters. This 

test statistic approximately agreed with the human judgments. 

G. Section VIII 

Section VlII briefly mentions some of the computing facilities used 

and lists some of the computing features used and some of the computer 

software developed. 

H. Recommendations 

In general, we recommend that this work be continued and oxtencled, 

particularly in the use of more complex data, leading from the a1•tificial 

to real situations in a complete and continuous evolutionary process. 
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Basic research on recognition methods, such as the research conducted on 
this project, is contributing generally to the needs of the government 
and to the technological services of the nation. We also recommend that 
the Air Force be more specific about its recognition problems if specific 
solutions are desired. We feel that thesL' problems can be related to the 
overall purposes of the Air Force in a specific and logical way. 

We recommend a linguistic or descriptive approach to data analysi s 
that includes p.r. and clustering. Contextual factors play such an im­
portant role in the recognition function that to ignore them makes the 
task of recognition much more difficult. This leads us to recommend the 
fur•her develo~1ent of computer languages for recognition and clustering 
that we began on this project. In addition, the development of a language 
for the specification of recognition tasks or systems would be valuable. 
We speculate that a particular p.r. task specified in this language might 
eventually be compiled by a general p.r. problem-solving system to pro­
vide a solution for the p.r. task semiautomatically (with human assistance 
in man/machine interaction). 

f'urther work needs to be clone in developing and testing simpler sta­
tistics for cluster validity and in relating these to human judgments. 
The MST methods could be niore widely applied and further investigated 
as to their r-ombination with other clustering methods. 
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Appendix 

LISTING OF FORTRAN PROGRAMS 
FOR RECOGNITION EXPERIMENTS 

The listings for the following programs are presented in this appendix: 

• Subroutine KS--referred to in Section IV-8, 

• Subroutines MSTREE and APMST--referred to in Section IV-C, 
• Program ISODATA and Subroutines CLUST and LUMP--referred to 

in Section VII-A-2. These subroutines are part of the ISODATA 
program, which is too lengthy to list here. A copy of it can 
be obtained from the Defense Documentation Center under the number AD694114, 

• Program PLACE for the PDP 11--referred to in Section VI-8, 
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Section 1 

Listing for Subroutine KS 

SUBROUTINE KS(N,~ U,X,DN,XN) 
C 
C•THE KOL~OGOROV-SMIR ~OV n~E-SAMPLE STATISTIC• 
C•NULL HYPOTHESIS: J'1.1DEPE i-J LJl ,~T t~ORMAL OJSTRISUTlON• 
C•EXHAUSTIVE VERSION• 

N • SAMPLE SliE 
C 
C 
C 
C 
C 
C 
C 

ND: Dl~ENSJONALIT~, ,LE, 100 
X • DATA MATRIX, ~0 BY N 
ON: K-S STAT[STJC 
XN • ND•ELEM£NT ARkAY fOR POINT WHERE MAXIMUM IS ACHIEVED 

DIMENSION X( ~D,N),XN(N0),XMEAN(100),XSlGMA<10~),XK(100), 
1 KNT(1~0> 
RECIPsl,/1' 

C 
C•COMPUTE SAMPLE MEANS ANU STANDARD OEVIATIO~S• 
C 

00 14 10•1,NLl 
XM:0, 
UO 12 K:1,N 

12 XMaXM•X<IO,K) 
14 XMEAN(ID>=REClP•XM 
C 

DO 18 10•1,ND 
XSJGs0, 
00 16 K•1,N 
E•X( lu,K)-XM(A iH ll,;) 

XSIG•XSIG•E•E 16 
18 
C 

XS I GM A ( I ·n •SQRT ( REC 1 P •XS l G ) 

C•INIT IALliE• 
C 

ON:0, 
00 19 10•1,ND 

19 KNT( ID >•1 
KNT<1>•0 

C 
C•UPOATE COU~TERS• 

10•1 
C 
25 
26 KNT< lOhi<NT( ID>•1 

If<KNT<IO>,LE,N)GO TO 28 
IF' (IO' GE I NU) Rt TUR '•1 

28 
29 

KNT( 10>=1 
10•10•1 
GO TO 26 
00 l9 10•1, NO 
XK(lU>•X(IO,KNT(ID)) 

C 
C•COMPUTE 
C 
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KOUNh0 
KTJE•il 
IJO 3~ l<K•1,N 
JTIE•,F'ALSE, 
00 33 10•1,NO 
E•XC 10,KK>•XK( Ii>) 
IF'<E,GT,l,)GO TO 35 
lF'CE,EQ,0,>lTlE•,TRUE, 

33 CONTINUE 
KOUNhi<OUNT+l 
lF'ClTlE>KTlE:KTIE•l 

35 CONTINUE 
lF'CKTIE,LE,0>GO TO 2S 

COF'=1, 
00 42 10•1,ND 
E•XK<lD>•XMEA~ClD> 
1F'(XS1CHACIO>,GT,0,1•ABSCE>>GO 
IF' CE ,GT,"• >E•1, 
IF'<E,E0,0,>E•~,5 

41 
42 
C 

lF'CE,LT ,0, >E•0, 
GO TO ◄ 2 
E•ERF'CE/XSIGMACIO>> 
COF'aCOF'•E 

C•UPOATE DEVIATION• 
C 

ECOF'MaRECIP•CKOU~T•KTIE> 
ECOF'P•HECIP•KOUNT 
EH IN US cC OF' •E CDF'M 
IF'CON,CE,EMINUS)GO TO 45 
ON•EMINUS 
00 4 ◄ 10•1,ND 

44 XNClO)•XKCIO> 
45 EPLUS•ECDF'P•COF' 

IF'<ON,CE,EPLUS)GO TO 25 
DN•EPLUS 
00 ◄ 6 10•1,ND 

46 XNClO)aXK(JO> 
GO TO 25 
ENO 
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Section 2 

Li1ting1 tor Subroutine, MSTREE and APNST 
SUBHOUTlNE MSTREE(NX,~D,X,N,NJT,"sT1,MST2,u1,J1) C•SUBROUTINE F'OR F'INOING THE MINIMAL SPANNl~G TREE• C ~x • NUMBEM OF' POI .~Ts C NO• DIMENSIONALITY C X • DATA MATRIX, NO BY ~X C ~•~UMBER ~F' NODES, N,Ll,NX C NIT: N-ELEME ~T ARRAY or NODES TO BE lN T~E TREE C MST1 ANO MST21 N•ELE tiE,_T MATRICES C UI • N•ELEME NT SCRATC~ ARMAY C JI • N-ELE~E NT SCRATCH ARRAY C 

C 
C•INITIALliE NCO£ LAUEL Ak~AYS• C 

l11Sh21 
KPaN IT (N) 
~ITP• N•l 
00 1 " ~; 1=1, :~ITP 
l'll•NIT<IJ 
02•ii:i, 
DO 5"1 ID•l,~D 

50 02•D2•<X<ID,~1)-X(IC,KP>)••2 UI < 1 laD2 ue JI (I hKP 
C 

GO TO 3!>0 

C•UPDATE LAdELS ~F ~DOES ~~T YET IN TREE• C 
200 

250 

300 
C 
C•F'l~C 
C 
350 

00 30~ 1•1, NITP 
NJ•NIT<J) 
0280, 
00 25t 1 il•1, ND 
D 2 • D 2 + < X < I D, ~JI ) - X < ILJ , I( Pl > • • 2 IF' CU 1 < I> ,LE, 02 )GO HJ 30~ UJ ( J hD2 
Jl(lhKP 
CONT·J.'JLJ£ 

NOOE ~OT IN Tij (C NEAREST TO TREE• 
UK•ul (1) 
K•l 
DO ◄ 0 ~ l•l, \I TP 
1rcu1c1>,GE,v~>GO 
UK •U It l) 
K•I 

Tv 400 

400 
C 

CONTl ~UE 

C•SAV( NOOLS or ~EW EDGE• C 

C 

J11ShlMST+1 
MST1<1 MST) ■ ~ IT(K) 
MS Tl ( J HST> •JI ( K) 
KP• :~ IT ( K) 

C•OEL£Tf NE~ ~OU( F'RO ~ AR~AY• C 



C 

UI CK> ■ UI CNITP> 
NITCK)•NITCNITP) 
JI CK>•JI C~ITP> 
N ITP•'i ITP•1 

C•WHEN ALL NODES ARE IN TREl, UUIT• 
C 

Ir<~ITP,GT,0>CO TO 200 
RETURN 
ENO 
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SU~IWUTI:~E APMST(l'J,N'.J,NGMAX,X,KX,XCG,MST1,MST2l 
C 
C•RGWT!~E TJ F!~O APP~OXJMATE ~!~!MAL SPANNING TREE• 
C N = \JM8ER OF PUI\T~ 
C '.10 = D1"1E-"4~10 JALITY 
C NGMAX : ~,x, ~J. GijQUPS, TYPICALLY SQRT(N) 
C X: DATA ~ATrl!X, ✓~ dY N 
C r<X : ✓ -ELC::1...,[IJT PO!i'.T( :~ MATRIX 
C XCC : CL~TE~ JF GRAVITY MATRIX, NO BY NG'1AX 
C MST1 A~ □ ~ST2: TH[ ~-lLEMENT ANSWER MATRICES 
C 
C 
C 
C 
C 
C 

NCG (I(;) = 
KIX( !Gl : 

\ U~dER 0F POl~TS IN GROUP lG 
Fli~~T f'Oll,T 11\i GROUP IG 

LIX1!Gl = 
R[MA! 'Jl :~c; 

LA S T P Cl I i~ T h GR OU P I G 
EU .. 11[ :~r::; ACCESSED THROUGH KX 

0 I ~, E. ;~ S I U N X ( ,~ J , 1'1 l , K X ( •i l , X C G ( i¼ 0 , N G ;'1 AX ) , MS T 1 ( N ) , MS T 2 ( N ) 
[J I ME ·JS I CJ ~- .JC C < 1 vl -:l ) , K I X < 1 r e ) , L I X ( 1" 0) , fl C 1 IJ ;1 l , 
1 KPT h' (HV.:), ·1ST!(lh,),MST.;<1~0),UI(lJ0l,.Jl(10(c:ll 
'.JATA HUGE/1.E..58/ 

C 
C 
C•FO~M NG GR OUPS• 
C 
C 
C•HJ!T!ALIH• 
C 

1~G = 2 
DO 15 IG=l, ·~ G 
i'JCG(!G):1 
KIX<!Gl=lG 
LIX<ICl=lG 
DO 1 5 I D = t , ,•J ~1 

15 XCG<ID,JG):X(!U,Jr;) 
NGSWRD:NG-~:~G 
K:2 

C 
C•MAll\i LOOP• 
C 
20 K:l\+l 

IF<K,GT,NlGO TO 15, 
C 
C•FIND NEAREST MEA ~• 
C 

OM!Nc=HUGE. 
DO 35 IG=l,% 
02:0, 

32 
D CJ 3 2 I D : 1 , 'jC) 
02=iJ2+CX<IJ,t<l-XCG(l0,IG))ct02 
IF(O?,GE,DMl ~2lGO TO 35 
OM!f\2=02 
IGMtr,:IG 

35 CO t-JT p ; U[ 
C 
C•UPCATE.11 
C 

IG:IG -'1!N 
KX(LIX( JG) ):K. 
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'f LlX< lGl:K 
NCGllG):NCG<IGl+1 

FACT OR =l,/ ~C G( lG> 

00 4? l l' =l , :' IJ 
XCL< I D, IG>:XCG( 10, lGl+FACTOR•(X( 10,K)•XCG< 1D, lei) l 

F"O R SPL!TTING• 

!F(K,L[. ~GS QR O)GO TC 2 ~ 

C 
C•F! ~8 LARGE S T CL US TE~• 

C 
NM AX: C 
lJ Q 55 IG =l , \IG 
!F( NCG( [G) ,LE, "lM AXlG O 

:'-JM AX: '~ CG ( l G l 

!G MAX:IG 
55 CO NT I I\J IJ( 

l G= l G1'1AX 

C 
C•F! ~O POl ~ T FA RTHEST FH OM MEA ~• 

C 

61 
62 

0MAX 2 : k1 , 
KK:K! X(!Gl 
KL=LIX(!Gl 
GO T J o2 
i< K: KX(K K ) 

02= .1 , 

64 

DO 64 10 =1, ', IJ 
D2: 0 2 + ( X ( I :1, K~ > - X CG< ID , I G l > u2 

tf(02,LE,O MA,"2)G O TO 66 

Oi-lAX2:D 2 
KKMA X=KK 

66 !F( KK., i\lE,KL) f; Q TO ol 

C 
C•Flt\C 
C 

WEIGHT VECTOR• 

72 

74 
C 
C•SPLl T 
C 

80 

81 

'.J O 72 ID=l , 1'.O 
t-1( llJl:X( l O,r<K 1'1 AXl-XCG( I D, lGl 

w0 : i;;, , 
00 74 lD=l, .,JO 
-. 0 :w J • W< !Ol•K CG( ! J , l G> 

NG: NG +l 
l~G SCj rt l.1 : NG • % 

KK:K!X<!Gl 
KL=LIX(lGl 
NGl = ~l 
\i G2= j'I 
lFt:,TRUE, 
lf"2:,lRUE, 
DO !.:!J 10=1, NO 
XCG< l D,lG):0 , 
XCG( 10 , NG): J , 

GO TO B? 
KK: KX( KKl 
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' l 
I 

j 

' 
' i 

'.1 

. I 

82 QOT:l,HJ 
DO 8'1 10=1,ND 

84 DOT=nOT+ld lfJ>•x( IU,KK) 
IF CO OT ,LE. 0 . >GO TO Uhl 

C 
C•ASSIGN TO GLASS IG• 
C 

N G 1 : 1·1 G 1 + l 
FAClOR:1,/NGl 
DO 9c ID =l, .\10 

92 XCG<ID, IGl:XCG( ID, lt,l+FACTOR•<x<ID,KKl•XCG<IO, IGl l 

IF<JFllGO TO 9S 

95 

C 

t<X(K1J:KK 
Kl=K~ 
GO TO 11'-l 
IF'l:,FALSE., 
Kl X( It, )::i\K 

Kl=KK 
GO TO 1H1 

C•ASSIGN TO CLASS 
C 
H?0 

H'5 

C 
C•E ND 
C 
11 0 

NG2= NG2•1 
FACTuR::l,/ NG2 
DO 10 2 Iu=l, N0 
XCG( ID,NG):XCG(IO,~~l+FACTOR•(XCID,KK)•XCG(IO,NG)) 
IF<IF2lGO TO 1~5 
KX(K 2 l=KK 
K2: i\K 
GO Tl) 11~ 
!F2=,F .ALSE. 
K I X ( ', G l = -< K 

OF SPLIT LOOP• 

!F(KK,NE,KL)GO 

LIX< 1Gl=K1 
LIXU~Gl=K2 
,'JCGI IG>=%1 
NCG( 'J G):: NG2 
GO TO 2?-

TO bl 

1R6 

J 

;I 

I 
,! 



• ,I 

i, 
i 

C 
C 
C•FINO 
C 
C 
C•FINO 
C 
150 

152 

155 

158 

C 

NODE:l 
DD 158 IG=l, .~G 
IF<~CG<!Gl,L[,l)GO fa 159 

1=1 
KPT~(ll=KIX( 1G) 

KL=LIX<!G) 
I= I+ 1 
KPTR( ll=KX(KPTR( 1-1)) 
!F(KPTR( ll ,\JE,KllG G 1J 152 

CALL ~ST~EE<~,NO,X,~CGIIGl,KPTR,MSll(NOOEl,MST2(~00El, 
1 U I, JI l 
NOO[:\O Cl(+NCG( IGl-1 
UST ,\JOQ[: .\JOOE-1 

CoFJND MST FUR MEANS• 
C 

DO 16~ l=l,NG 
162 KPTR(ll=l 

CA LL 11 ST REE( '';l, ,,HJ, M .. G, NG ,K PT R, MS Tl ,MST J, iJl ,JI l 

C 
C•LOOP THROU(,H Mt.AN t•ST f'.H;t. :; o 

C 

181 
18 2 

184 

186 

C 

00 2 11'1 K=l,t11i,;-l 
IG=M:ill!Kl 
JG:MSTJ(l\l 
IFCNGG(IC,l,GE,NCG(Jl,l)l,C TO 18? 

KG=IG 
I G =JG 
JG:KL 

POINT I~ G~OUP I N[A~EST TO M[AN J• 

OHIN2: ►Hi(;! 

KK:KIX(!C,) 
KL=L!X<IC.l 
GO TO le2 
KK:KX(KI\) 

D2 :I{), 
U O 1 B 4 I U : l , 'W 
02=02+ (X( 10,KKl-XCG( 10,JGl l••2 
lF(U2,C.E,DMlN2lGO TG 186 
DMIN2:02 
KKMJ ~•;K~; 
JFOO,,tif,I\L)GJ TO 181 
Kl :KK"' IN 

C•FI NO NEAREST PQ[Nr I~ GROUP Jo 
C 

IJ '1 I N 2 : H\.J GE 
KK:KIX(,IGl 
KL=LIX(J:;l 
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I 
1, 

I 

GO TO 192 
191 KK:KX(KK) 
192 02 =~, 

DO 194 ID=l, NO 
194 02::02+ (X( l!J,Kq-X( lU,,<J > l••2 

IF<02,GE,DMIN2)GO 

OMIN2=02 
~KMJ\J:KK 

196 lF(KK,NE,KL>GO 
KJ=KKMIN 

C 
C•LI NK ~ST-I AN~ MST-Jo 
C 

HSf1(;,,iQQ[):;c.I 

HST2( i'JODE):KJ 
NQ[l[: NOOE+l 
KX(l)=LASPJOJE 
~E TUR I\J 
E 'I l) 

TO 

TO 196 

1~1 

i ,, 
l 
f, 

t 
I 

l 
t 



:... : ~ • . .:.. LQ :·u 1· Prob•"~ 

and Sub r out i nes CLU"T and LUMP 

PROGRAM 1S0QATA!l NPUT,OUTPUT,P UNCH•l30 
• ,TAPES=lNPUT,TAPEb•OUTPUT,TAPE7•PUNCHtfAPE20•1JOI 

1 FORMAT (•}PROGRAM ISOUATA, VERSIOr, zO NOV 7l•I 

CuMMON /NOV20/ XXXXXA 
C CONTMOL ROUTINE FOR T~E ISOOATA r LUSTEHING ~RU~RAM 

C ••• uIMECTS THE REAUl~ti OF INPU uF DATA MATRIX 
C ••• OI~E:Ts THE COMPUTATIONS FOR THE CURRENT ITEHATIO~ 
C IPRINToNEoo: PRINT I~PUT IOEFAULT•nl 
C NPRINToGT•lO • PRINT PCM ANO LIST OF PiS IN CLUSTS !DEFAULT=~> 
C SPECIAL OUTPUT FOR PATTERN RECOGNITION EXPERIMENTS GOES ON TAPE2 1J • 

C IT CAN ~E coPIEO TO uUTPUT IF UESIREu. 

c------·--·-------------------------------------------~-----------------
C•••••CUMMON STORAGE FOR ISUOATA WITH THESE 11-0WNUSoo• D 150 

C•••••MAXIMUM NUMBER OF PATTERNS• lOUU 
C•••••MAXIMUM DIMENSIONS= 4 

C•••••MAXlMUM NUMBER OF CLUSTERS• 50 0 180 

LOGICAL VERBOSE,WEiuHT 
COMMON /LUNS/ LCARUtLPRINT,LPUNCH 
COMMON /STATS/ NOSCAL,SCALE(4l,XAV,(4l,XSQV(4ltX~IN(4l,XMA~(4I 
COMMON /DATA/ UATAPT14tl000ltl~CMl1000I 
COMMON /PARA~S/ NRUWS ,NCOLS tNPARTStNTHlTA,THETAC,NCLST tNRWOSD 

l ,TSEONE,NPATMX,NOSCRD,TSQEMR,lTERAT,SPHRFC,RMSAVO,AVGA 

2 ,AVG tNRWSMX,NPRlNT,PCTEMR,RANE~~,VEMBOSEtWEIGHT,NEXP 
• ,NEXTCL 
3 tCLAVGUl50!tHATI0(50ltCLOSE (50l,USTMTX(50ltNPTSCL(5~l 
4 ,RATMIN(SOltuSTNDVISOltAVDST(501tLABCLU(501 
5 ,CENTEH(So,41,STNDEVISU,4),SUMPAT(50,41,SUMJISOl,SUM4150I 

OlMENSlON lFOH(8),HEAUERl16ltSUMSYl4,so>•SOVONE(4) 
DIMENSION PERROHlzOI 
INTEGER DEVICE 
D~TA MASKS177777777770000000000B1, STAHUK1~1 c•~soJ1Joooooooooo~, 

c---------------------------------------------------·-------------------C FORMATS 
2 FORMAT (tH•t45Xt•JOB •A7• OATE •A1n,Ab•TIME•13•••I2•1•I2,sx 

• ••START cP•F7.3• PP•F7,J) 
3 FORMAT (BAlOI 
4 FORMAT 1SOFloO) 
5 FORMAT 1•0INITIAL CLUSTER CENTER~ AS RE~O FMOM CA~JS•> 
6 FORMAT (lXtI5,4Xtl{lFl0.2t/t llOXtlOFl0,21 I 
7 FORMAT (lX,13,• INITIAL CC•S GENEwATEO USING A SPHERE FACTOR• 

• ,•OF• Gl~,61 
B FORMAT qx,BA;.o> 
9 FORMAT (4IStFlO•O> 

10 FORMAT (lHOtlSx,•ToTAL SQUA~Eo ERR0R•2sx•LUMP• / 
• • JTER CLUSTERS PER CENT RANUOM• 
• 3X•THETAN THETAC NCLST SPLIT PATTERNS DISGAROS•> 

11 FORMAT <1X,IJ,3X,l5t2XtF9.JtFJ2•3•I7tF9o}tIS,3X,A7,I7,3X,Ibl 

12 FORMAT (l}tF7.0tI2t2At01 
13 FORMAf tAlOtZIS,FlO,O,AlOI 
14 FORMAT 1IS,Fs.2, 
15 FORMAT lloX•2ISI 
16 FORMAT (2H ••7AlO•A81 
17 FORMAT <•OPRlNTOUT OF DATA MATRIX, UNSCALED VALUES•! 

20 FoRMAT (•OTHE ~uM~Ep oF ITERATIONS HAs HEAC.HEO•IJ• -· THAT Is• 
• ,• THE MAXIMUM SET AT THIS TIME•> 

?I FORMAT <1H0•1z0!1 H•)tlt• CONVERGED AFT~~•13• ITERATIONS•> 

c---------------------------~-------------------------------------------C INITIALizE 
C LOGICAL UNIT NUMBERS 

LCARD ■ 5 
LPRINT ■ 6 
LPUNCH • "I' 

l L() 



C 

C 

LDATA • LCARO 
MAXIMUM ARRAY SIZES 
NRWSMX • SO 
MXROWS • So 
MXCOLS • ♦ 
MXPATS • 1000 
MISCELANEOUS 
NPRINT • 5 
DEVICE • 1 
VERBOSE• •FALSE. 
WEIGHT • •FALSE. 
NROWS • NEXTCL • O 
CCCPIH • O•O 
CALL MEMSETXCo.o•CLAVGDtMXROWS) 

c-----------------------------------------------------------------------C 

C 

C 

C 

C 

C 
C 

C 

C 

C 

loo 
READ IN INFORMATION WHICH IS USED FOR ALL ITERATIONS 

!PRINT • ICARO•NCCOLO•MODE • O 

200 

210 

MXITER • 10 
READ CLCARD,Jl IFOH 
IF CEOFCLCARD> .NE. o.o 
IF C IFoR I l> .EQ• JHEND 
IF clFOR(l) •EQ• SHPRINT 
IF ClFORll> •EQ• 7HVERBOSE 
IF CIFOR(l) •Erh 9H01ST/SOV 
IF (IFOR(l) •EJ• 9HOIST/OEV 
IF (l!'='OR(l) •Ea• 3HCCC 
CHECK FO~ UPDATE INPUT •DECK 
IF ( IIFOR(1> •At-.1O.MASKS> •EQ• 
ICARD ■ ICARD• 1 

GO TO !000 
Go To ,oo 
GO TO 210 
GO To 221, 
Go To 2Jo 
GO TO 2Jo 

) GO TO 24u 
DECLARATION 
ST AADK > GO TO 

IF cICARO .GT. 2) GO TO 300 
FIRST TWO CARDS ARE FOR LABELING PRINTOUT 
CALL MEMVEXCIFOH,HEADERC&•ICARD•7lt8) 
GO TO 200 

SPECIFY AMOUNT OF PRINTOUT 
OECODE 120•15,IFOR) IPRJNT,NPRINT 
IF ( lf'OR (2> •E~h lH I I PRINT • NPRINT • 1 
GO TO 200 

200 

SET FLAG TO GET MUCH PRINTOuT ON EACH ITERATION 
220 VERBOSE • eTRUE. S GO TO ~00 

USE DISTANCE DIVIDED BY CLUSTER STANDARD DEVIATION AS MEASURE OF 
CLO~ENESS FOR DETERMINING CLUSTER MEMBERSHIPS. 

230 

SET 
240 

CARD 
300 

WEIGHT • .TRUE• 
DECODE 110•1 ♦ ,IFOR(z)) NEXP,PCTONE 
IF CNEXP eEQ. 01 NEXP • 2 
IF CPCTO~E eLEe O•Ol PCTONE • 0•10 
GO TO 200 

FLAG SO CLUSTER CHARACTERISTIC CURVE IS ~RINTED 
CCCPRT • l•O S GO TO 200 
WITH INITIAL P~RAMATERS 
DECODE 130t9,IFOR) NCOLS,NPARTS,NPATM ~tNRWOSD,SPHRFC 
CALL CCCININULL) 
CALL CLOCKXCIHRtIMlN•ISECJ 
CALL DATEXC01,D2I 
JOBID • MYCPX(l7l 
CPZERO • SECONOINULL> 
PPZERO • PPTJMECNULL) 
PAINT 1 S PRINT 2tJOBID•Dl•D2tIHR,1MINtlSEC,CPZERO,PPZERO 
PAINT 8• HEADER 
WAITE 120.:> 
WRITE 120,16) HEADER 
IF cNPATMX eLEe 0) NPATMX • MXPATS 
RUN TI ME FOijMAf 
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C 

C 

C 
310 

READ 

READ CLCARD,31 IFOR 
SCALE FACTORS 
READ CLCARD, 41 CSCALECl>,I•l•NCOLSI 
INITIALIZE DATA SET STATtSTICS 
NOSCAL • 1 
DO 310 I•l•NCOLS 

XAVECII • XSDVCII • O•O 
XMUCII • •l,OE20 
XMINCII • l,OE20 
IF CSCALECII ,EQ, 0,0> SCALECI> • 1,0 
IF CSCALECI) ,NE, 1,01 NOSCAL • 0 

CONTINUE 
THE DATA MATRIX 
IF CIPAINT,NE,ol WAITE (LPAINTtl11 
DO 320 I•l•NPATMX 

READ (LDATA, If'OR) CDATAPT CJ, I), J■ l tNCOLSI 
IF cEOFcLOAU) ,NE, o,o, GO TO 330 
IF (OAUPT(1,I>•DATAPTC2,I> ,EQ, o,ol GO TO J3n 
IPCM CI> • 1 
IF (IPIHNT,NE•o> WRITE CLPRINTt6l It(DATAPTCJ•Il•J•1•NCOLSI 

3t5 
320 

330 

00 315 J•1,~COLS 
X • DATAPT(JtII 
XAVE(J) • XAVE(Jl • X 
XSDV(JI • XSDV(JI • x•x 
IF (X ,GT, XMAX(JI) XMAXCJI • X 
IF CX ,LT, XMINCJII XMINCJ) • X 

DATAPTCJ,I> • X/SCALECJI 
CONTINUE 
I • NPATMX • 1 
~PATMX • I• l 
TSEONF. • o,o 
00 340 I•ltNCOLS 

XAVECII ~ XAVECI)/NPATMX 
X • XSDVCII • XAVECil••2•NPATMX 
TSEONE • TSEONE • X 
XSDV(I) • SQRTC,'CNPATMX•t>> 
SOVONE •• THE SIZt OF A CLUSTER CONTAINING ONE POINT C 

C SET TO PCTONE CPAOPOATIONI OF THE DIRECTIONAL 
• XSOVCil•PcTONE 

STAN, DEV, 

C 

C 

C 

340 

360 
400 

PLOT 

SOVONE(ll 
CONTINUE 
IF CIPAINT,NE,o> PRINT 1 
IF (IPAINT,NE,o> PAINT a, HfADfA 
THESE DATA 
IF (XMIN(ll,GE,O,O ,AND, XMINCll,LE,120•0> GO TO 3bO 
SET BOUNDS OF PAINT PLOT FDA PATTERN AE~OGNITION EXPERIMENTS 

XMINCi> • XMINC2) • •2047 
XMAXCi> • XHAX(2) • 2047 
GO TO 400 

SET BOUNDS FOR CLOUD DATA 
XMIN(JI • XMIN(21 • 0•0 S XHAX(ll•12o,o S XMAX(21•7o,o 

CALL PLTPTCDATAPTtNPATMX) 

DATA 

c------·-------------------------------------------------·--------------c LOOP FOR EACH ITERATION BEGINS HERE 
ITERAT • l 
NDSCAD • 0 

C READ IN DATA THAT CAN BE CHANGED FOR EACH NEW ITERATION 
500 READ CLCAAD,31 IFOA 

IF CEOFCLCAADI ,EQ, 0,01 GO TO 510 
C END•OF•FILE AT ITERATION 1 IS MEANINGLESS 

IF CITEAAT ,LE, 11 GO TO 500 
GO TO (100•9101• MODE•l 

Sto IF CIFOAC1I ,EQ, lOH •••••••••> GO TO Soo 
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C 
C 
C 

C 

C 
C 

C 

520 

S30 

550 

IF (IFOR(l) .EQ. SHUSECC GO TO sso 
IF < JFOR < ll •EQ• 6HINITCC GO ~o 520 
IF < JFOR ( 11 •EQ• SHPUNCH GO ro SJu 
IF (IFOR(ll •EQ• SHSPI.I T GO TO 540 
IF (IFOR(l) •EQ• 4HL.UMP (;0 TO 5\0 
IF ( IF OR< 1 > .~Q. 3t1ENO Go To I l O lh 911) I , 1.1 ODE• 1 
GO TO 600 

--------------------------------------------------READ INITIAL. CLUSTER CENTERS 
DECODE !2CitlStlFORI NROw S 
READ <L.CARU,31 lFOR 
wRITE <LPRINTtSI 
DO s22 I•1,~ROwS 

REAO (L.CARDtIFOPI <CENTER<l,Jl•J=l•NCOLSI 
WRITE (L.PRINT,61 ldC.ENTER<I,Jl•J•l,NCOL.SI 
LABCL.U(l) • I 
DO 522 J•1•NCOLS 

CENTER<I,J) • CENTER(I,Jl / SC4LE<JI 
CONTINUE 

NTHETA • LSPARM • NCL.ST • THETlC • UeO 
NCCOLD • NEXTCL • NROWS • ~INu 1MX~owS,NMOWS) 

GO TO 700 
PUNCH CC•S 

CALL OUTPUT12,~EAOER,SDVONEI i GO TO 500 
SPLIT OR LUMP UNTIL. Two co~SEcUTIV( lTE~ATIO~S HAVE THE 
SAME NUMBER OF CLUSTERS 

DECODE <•0•13,IFORI LSPARM,NCLSTtNTHETA,THETACtLCCPUN 
MOOE • l 
GO TO 610 

USE CCS FROM FIRST DAiA SET AS INITIAL ON~S ON SECOND•• PUNCH 
GO TO 700 

C ................................................. . 
C 
C INTERPRET INFORMATION rOR THIS ITERATION 

600 DECODE 130•12,IFORI NCLST,THETAC,NTHET~,LSPARM,LCCPUN 
610 NCCOLD • NROwS 

IF <•NOTeVERBOSEI GO TO 6~5 
PRINT 1 
PRINT 8• HEADER 

61 S IF ( ITERAT .GT, l I GO TO ~20 
C COMPUTE INITIAL CLUSTER CE~TERS USING SpHERf FACTOR 

CALL PHTCC 
NCCOLD • :> 
WRITE (LPRINT,71 NRUWS,SPHRFC 
GO TO 700 

C DELETE SMALL CLUSTER CENTERS ON ALL BUT THE ~IRST ITERATION• 
620 CALL REMOVE(NTHETAJ 

C UECIDE WHETHER TO SPLlT OR LUMP (OR NEITHER> • • • • • • • • • • • 
C USER CAN UECIDE TO SPLIT, LUMP OR SETTLE 0~ LE PROGRAM DECIDE••• 
C IF NROWS ! 2•NRWDSD THEN LUMP. 'F NROWS S NRWOSD/2 THEN S?LIT 
C IF NEJTHER CONDITION HOLDS, THEN LUMP ON EVEN NUMBERED ITERATIONS 
C ~Nu SPLIT ON ODD ITERATIONS 

IF (LSPARM eEQ. 4HL~MP I GO TO 640 
IF <LSPARM eEQ. 5rlSPL.IT I GO TO 630 
Jr <LSPARt,1, eEQ. 61'iSETTLEI GO TO 700 
IF (NROWS eGEe 2•NRWDSDI GO TO 640 
If (NROWS •LE• NRWDS~/21 GO TO 630 
IF (AND<ITERAT,11 •NE. OI GO TO 640 

C SPLIT CLUSTERS WHICH SATISFY SPLITTING C~ITERIA• 
630 CALL SPLIT(SUMSYI 

GO TO 700 



C 
C 

C 

C 

C 

C 

C 

C 

C 

C 

LUMP PAIRS OF CLUSTERS WHICH SATISFY LUMPING CRITERIA• AT 
MOST NCLST PAIRS OF CLUSTERS wlLL BE LUMPED IN THIS ITERATION. 

640 CALL LUMP(SDVONE> 
SETTLE 

700 CONTINUE 
CALL MEMSETX(99,99tPERROR,20I 
DO 800 IPARTa1,NPARTS 

PARTITION THE DATA SET 
CALL CLUST(SOVONE,SU~SQI 
COMPUTE NEW CLUSTER CENTERS 
DO 730 Jal,NRO•S 

IF (NPTSCL(JI ,EQ• 01 GO TO 730 
D ■ 1.0 / N~TsCLcJ> 
00 720 K ■ l,NCOLS 

IF C,NOT,WEIGHTI GO TO 720 
STNOEV(J,KI • SQRTC(SUMSQIKtJl•U•SUMPATiJ,Kl••2>•DI 

7?.o CENTERIJ•KI • SU"1PATCJ,Kl•O 
7~0 CONTINUE 

REMOVE EMPTY CLUSTERS 
CALL REMOVE<OI 
IF C,NOT,VER80SE> GO TO 790 
PERROR(IPARTl • TSQERR/TSEONE•100,u 
PERROR(IPART•lo> • PCTERR 
PRINT 740 , ITEHATtlPART,NROWStPERRONIIPANTl,PCTERR 

740 rORMAT <•OITERATION,PARTITION*2Is • NROwS•I3 
• •• ERRORS•ZG20.b> 

DO 750 Ial,~ROWS 
CALL WRCC<I•7tl> 

750 CONTINUE 
751 FORMAT (1Xt4QIJl 

PRINT 751' IIPCM(Jl,I•l'NPATMXl 
790 IF' CNROWS •EQ• 1> GO TO 810 
Boo CONTINUE 

COMPUTE STATISTICS 
BJO CALL STATS 

NN ~ NPATMX • NUSCRD 
IF' !VERBOSE> PRINT lo 
IF' <•NOT.VER~OSE .ANOe ITERAT.EQ,l) PRlNT 10 
PRINT 11• ITERAT,NROwS ,PCTERR,RANERR 

• tNTHETAtTHETACtNCLST tLSPARM,NN tNOSCRD 
IF' (eNOT,VERBOSE> GO TO 820 

PRINT STATISTICS 
DEVICEal S IF' <LCCPUN.EQ,5HPUNCHl UEVICE ■ 3 

CALL OUTPUT(DEVICE,HEADER,SDVONE> 
PRINT 821• (IPA~TtIPARTa1,NPARTSl 
PRINT 822• (PERROR<IPARTl,IPART ■ l,NPARTSl 

8?1 F'ORMAT c•oERROR FuR EACH SETTLING pARTITioN•l(lX,18,91121) 
822 FORMAT (1X,F8,2,9Fl2J2) 

PRINT 823t <PERROR(I•lol•I•l•NPARTS) 
8~3 F'ORMAT <1X•loG1z,4l 

CALL PLTCC(CENTERtNROWS) 
8?.0 ITERAT • ITERAT • 1 

IF ("400E ,GT• o> GO TO 90l' 
IF (ITERAT.GT,3 •ANO, NROWS.EY•1> STOP11,l 
IF' <ITERAT •LE, MXITER) 500•910 

SPLIT ILUMP) UNTIL THE NUMBER OF' CLUSTERS CUNVEHGES 
900 IF (NROWS ,EQ. ~CCOLD) 5oO•blO 

CHECK IF' OPTION TO PRINT (PUNCH) ON LAST ITERATION IS USED 
910 IF' l•NOT,VERBOSEl CALL OUTPUTlltHEADEHtSOVUNEl 

IF' 1.NOT.VERBOSEI CALL PLTCC<CENTERtNRUWSl 
ITERAT s ITERAT • 1 
IF (MODE .GT. o> PRirH 21' ITERAT 



IF tMOO[ .EQ. 01 PRINT 20t ITERAT 
IF (CCCPRT aNEe 0aOI CALL CCCPRCDATAPTI 
GO TO 100 

c-----------------------------------------------------------------------1000 CONTINUE 
PRINT i 

ENO 



SUBROUTINE CLUSTcs,vONE,SUMSQ) 
COMMON /0CT26/ XXXXXX 

C•••••PARTITION THE SET OF PATTERNS 
C••••• G 110 

LOGICAL VERBOSE,WEIGHT,NOTWGT 
COMMON /DATA/ DATAPTl ♦ ,looo>,IPCM(looo> 

COMMON /PARAMS/ NROWS ,NCOLS tNPARTS,NTHETA,THETAC,NCLST ,NRWOSO 
l ,TSEONEtNPATMX,NOSCRO,TSYERR,tTERAT,SPHRFC,RMSAVO,AVGA 
2 ,AVG tNRWS~X,NPRINT,PCTERR,RANER~tVERBOSEtWEIGHTtNEXp 
• ,NEXTCL 
3 tCLAVGD<so>,RATIO(SOltCLOSE cso>,DSTMTX(SOltNPTSCL(SOI 
• tRATMIN(50ltOSTNDVISOltAVOST(50ltLABCLUC50) 
5 ,CENTER(S0,41,STNDEvcso,.,,SuMPAT(S0,4ltSUMl(50l,SUM4(50I 

REAL MINDST,OATA(4)tSUMSQ(4tSO)tSOVONE141 
C INITIALIZE 

TSQERR • PCTERR • 0•0 
CALL MEMSETX<o,NPTScL,NROWS) 
IF (WEIGHT) CALL MEMSETX<o•o•SUMSQ•••N~OWS) 
CALL MEMSETX<o•o•SUMPAT,so••> 
NOTWGT • eNOTeWEIGHT 

c--------•-••••••••••--••••·•••••••••••••••·•••••••-·•••••••••••••••••N• 

C ASSIGN EACH POINT TO A CLUSTER 
00 10 K•ltNPATMX 

IF IIPCM(Kl .EQe(II GO TO 10 
CALL MEMVEXIOATAPTl1,Kl,OATA1NCOLSI 
MINOST • l•O E • 300 
ICLNO • 0 

C FIND THE CLUSTER CENTER CLOSEST TO PATTERN 
00 5 I• 1, NROWS 

DSTNC • 0 • o.o 
DO 4 J■ l,~COLS 

X • cCENTER1I,J1 • DATA (Jll••i 
0 • 0 • X 
IF INOTWGTl GO TO 4 
S • AMAXllSTNOEVCI,Jl,SDVONECJII 
X • X / S•*NEXP 

• DSTNC • OSTNC • X 
IF IDSTNC .GE. MINOSTI GO TO 5 
ICLNO • I 
DMIN • 0 
MINOST • OSTNC 

5 CONTINUE 
C STORE THE CL~STER NUMBER FOR THIS PATTERN 

IPCMCKI • ICLNO 
TSQERR • TSQERR • DMIN 
PCTERR • PCTERR • MINDST 

C ACCUMULATE SUMS FOR FINDING CLUSTER MEANS 
00 6 J • l• ~COLS 

SUMPATCICLNO,Jl • SUMPATIICLNO,JI • DAhCJI 
IF (WEIGHT) SUMSQ(JtICLNOI • SUMSYIJtlCLNOI • DATAIJI*•? 

6 CONTINUE 
C COUNT THE PATTE~NS IN THE CLUSTER 

NPTSCLCICLNOl • NPTSCLCICLNO) • l 
10 CONTINUE 

c-----------------------------------------------------------------------c TO HERE WHEN ALL PATTERNS HAVE BEEN READ 
RETURN 

END 
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SUBROUTINE LuMP(SDvONE) 
COMMON /0CTZ6I XXXXXX 

C COMBINE CLUSTER CENTERS WHICH ARE CLOSER THA I~ T~ETAC UNITS APART, 
C COMBINE AT MOST MINC19tNCLST) PAIRS OF CLUSTER CENTERS IN ONE ITERATION 
C IF •EIGHT JS THUE, USE MAHALANOBIS DISTANCE 1N PLACE ON EUCLIOIAN, 
C SOVONE IS THE STANDARD DEVIATION OF A CLUSTEK CONTAINING ONE POINT 

c-------------~-----------------------------------------------------------------

C 

COMMON 
l 
z 
• 
3 
it 
5 

/PARA~S/ NRO•S ,NCOLS tNPARTS,NTHETAeTHETAC,NCLST eNRWDSD 
,TSEONE,NPATMX,NOSCRO,TSQERR,ITERAT,SPHRFC,RMSAVD,AVOA 
,AVG tNRWSMX,NPRINT,PCTERR,RAN[HR,vEMBOS[,wEIGHT,NEXP 
, NEX TCL 
,CLAVGO(SOl ,RATlO(SOl ,CLOSE (501 ,DSTMTX(SOl tNPTSCL(SOI 
,RATMIN(50l tUST NDV(SOl tAVOSTlSOl eLABCLU(SOl 
,CENTER(SOt4leSTNOEV1SO,itl ,SUMPAT(50t4l,SUM3(50l,SUMit(50l 

COMMON PUL(20l ,IPUL12t20l tlUSEDl (Sol ,CEN(4l ,DEV(4) 
• ,L>UMMY 12321 

DIMENSION SDVONEl1tl 

c---------------------------------------------------··--------------------·--·--C 
C 
C 
C 
C l r\ l 

C 

C 

C 

C 

C 

C 

110 

120 

125 

130 

135 

140 

ARHANGE THE CLUSTERS IN PAIRS, ORDERED FRUM CLOSEST THG[THER, PUL IS 
THE DISTANCE BETWEE~ THE CLUSTERS GIVEN BY l~ULlll AND IPUL(2>, 
1F wEIOHT Is TRUE, JSE MAHALANoBis DISTANCE, oTHERwisE EuCLIDIA~, 

PRINT lOl, NRo•S,NTHETA,NCLST,NCOLS,THETAC 
FORMAT 1•1LUMP•4I5•Flo,21 
"'ITBL • 0 
CALL MEMSETX( O tlPULt40l 
CALL MEMSETXl•5,0tPUL,20l 
TSQ a THETAC•THETAC 
"'IMJ a NROwS • 1 
DO 190 II•l•N"'l 

IP • II• l 
DO 180 JJ•IPtNMOwS 

CALCULATE DISTANCE BETWEEN CLUSTERS II ANO JJ 
IF (WEIGHT) GO TO 120 
EUCLIOIAN DISTANCE 
DIST • 0,0 
DO 110 I•ltNCOLS 

I( • (I•ll•NRwSMX 
DIST • DIST• ICENTERCK•II> • CENTERIK•JJ>>••2 
IF COIST • TSwl 180tl80tl30 
MAHALAN08IS DISTANCE•• BILATERAL•• KEEP M4XIMUM OF TWO 
DIST • DlST2 • 0•0 
DO 125 I•1•NCOLS 

K • II•1>•NRWSMX 
DV1 • AMAX1ISTNOEVCK•IIleSDVONE(Ill 
ov2 • AMAX1(STNOEV(l( ♦ JJ),SOVONE(I)) 
X • ICENTER(K•III • CENTER(K•JJll••2 
DTST • DIST • X / 1ov1••NEXP) 
OIST2 • OIST2 • X / covz••NEXP) 

CONTINUE 
DIST • A~AX11DIST,OIST2l 
STORE THE 20 SMALLEST VALUE~ OF 01ST 
Do 135 L•ltZO 

IF (PUL(l.l .LT, 0,0 l GO TO l~O 
IF (PULi!.) ,GT, DIST) GO TO l ♦ O 

CONTINl:E 
TABLE USED UP •ITH S~ALLER VALUES 
GO TO 11:tO 
MOVE ALL PAIRS I~ IPUL DOWN 
IF IL ,GT, 191 GO TO 150 
DO 145 I•L•l'-' 



J • 1'1 • L • 
lPULll,J•l) • 
IPULl2•J•ll • 
PUL ( J•ll • 

CONTINUE 

l 
lPUL(l,J) 
IPULl2tJl 

PUL I Jl 

NTBL • MINo(20tNTBL•ll 
!PUL( pLl = l I 
JPUL(z,Ll = JJ 
PUL ( Ll = DIST 

lAu CONTINUE 
190 CONTINUE 

C PRJNT 191• NHILtlllPUL!ltJltJ•l•2ultl=l•2l 
C lQl F'ORMAT ,1ox•NTaL•151• IPUL*20iblSX,20ibl* µ ,L*zOF[).0) 

c-------------------------------------------------------------------------------C 

C 
C 

C 
C 
C 
C 

C 

210 

215 
220 

230 

U~lNG THE LIST OF POSSI~LE PAIR~ OF CLUSTERS TO LUMP, IPUL, LUMP 
CALL MEMSETXlo,IUSEDl,NROWSl 
NLUMP • O 
IF (WEIGHT l GD TO 230 

LUMP AT MOST NCLST PAI~S WHICH ARE CLOSER THAN TrlETAC UNITS APART 
IN EUCLIDIA~ DISTANCE• 

• 

00 220 L•l,NTBL 
I • IPUL ( pL l S IF II .E!Jo Ill 
J • IPUL(2tLI S IF IJ 0 EY0 UI 
IF 1IUSEDl1Ii•EliloJ .ORo IUSEDl(J)oEY.l) 
PJ • NPTSCLIIl 
Pz a NPTSCL,(Jl 
NPTSCLIIl = P • Pl • P2 
NPTSCLIJl ,. 0 
DO 210 K=1,~COLS 

IK = (K•1l*NR~SMX • I 
JK • IK•1 l*NRwSMX • J 

GO TO JOO 
(jo To JOO 
l10 TO , 20 

CENTERIIKI • ICE\JTERllKl*Pl • CENTEMIJKl*P2)/P 
STNOEVIIKI = SYRTl(ST~DEVIIK>**2*IP1•1.l 

• STNOEVIJK>••2•1P2-1.>ll(P•1•ol) 
CONTINUE 
NLUMP ■ NLUMP • 1 
CLAVGD!Il • ICLAVGDIIl*Pl • CLAVGDIJl•Pcl / P 
IUSED1III • IUSEDl(JI • l 
IF leNOTeVERBOSE> GO TO 215 
IF (NLUMP eEQ• 11 PRINT 10111• ITEMAT,THETAC,NCLST 
PRINT 1002• ItJ 
IF tNLUMP eGE• NCLSTl GO TO 300 

CONTINUE 
GO TO 300 

WHEN USING MAHALANOalS DISTANCE• APPLY K0LMUGORO~•SMIRNOV TEST TO 
SEE IF CLUSTERS SHOULD RE JOINED• 
IREF. GIBBONS• JEA~ O•• NONPARAMETRIC STATISTl~AL INFERENCE• 

MCGRAW•HILL, PP 75•881 
CONTINUE 
00 2sn L•l•NTBL 

I • lPULll'Ll 
J ■ IPULl2•Ll 
IF 1IUSEDl1I1eElil•l 
Pi • NPTSCL<ll 
Pz • NPTSCLIJl 
P • Pl • Pz 

S IF 11 eEYe ul 
S IF (J .EYe UI 

.OR. IUSEOl1J1eEQ•l1 

GO TO 300 
Go To 300 
GO TO 280 

FORM ESTI~ATES UF POOLED CENTER ANU DEVIATIONS 
DO 240 K" 1,NCOLS 

IK • (K•ll*NRWSMX • I 
JK ■ (K•ll•NRWSMX • J 
CENIKI • tCENTERIIKl•Pl •CENTER(Jl\l•Pz>IP 
DEV(KI • SYRT(ISTNDEVIIK)H2•1Pl•lel 
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C 
C 

240 

250 

270 
280 

• 
CONTINUE 
FOR PRESENT VERSION 1JULY 18, 19721, LUMP AT MOST NCL~T 
PAIRS CLOSER THAN THETAC UNITS, THETAC IS A MAHALANOUIS DIST 
IF IPUL<Ll ,3E, THETAC•THETACl GO TO lUO 
NLUMP • NLUMP • l 
DO 250 K•1,~COLS 

CENTERIItKl • CEN(Kl 
STNOEVIItKl • OEV(Kl 

CONTINUE 
NPTSCL<II • P 
NPTSCL(Jl • 0 
CLAVGO(Il • <CLAVGO<I>•P1 • CLAVGO(Jl•Pz> / P 
lUSED1<II • IUSE01<JI • 1 
IF <,NOT,VERBOSEI GO TO Z7 o 
IF (NLUMP ,EQ, 11 PRINT 1001• ITEAATtTHETACtNCLST 
PRINT 10oz, ItJ 
IF INLUMP ,GE, NCLSTI GO TO 300 

CONTINUE 

c-----------------------------------------------------------------------C ~OVE CLUSTERS UP IN ARRAYS 
Joo CONTINUE 

CALL REMOVE(OI 
RETURN 

c-----------------------------------------------------------------------1001 

1002 
• 
• 

FORMAT (l ♦HoIN ITERATION ,Iltl ♦H WITH THETA• ,F1 ; .2 
tlJH AND ~CLST • ,I2,1H,I 

FORMAT 11ox,10H CLUSTERS ,12,SH ANO •IZ 
•22H ~ERE LUMPED TOGETHERel 

c-----------------------------------------------------------------------ENO 
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Listi ng f or Pr ogram PL.A E 

C PLACE CLUSTER CENTERS lN A SET OF GENERATED DATA 
C JULr 21, 1972 
C MAXCC MAXJMUM NUMBER OF CLUSTERS 
C LP LOGICAL UNIT NUMBER FOR LINE PRINTER 
C KB LOGICAL UNIT NUMBER ,oR TELETYPE 
C KR LOGICAL UNIT NUMBER ,oR INPUT 'ILE 
C NEWCCS 'LAG oNEo O 1, NE• CLUST SPECS ENTERED SINCE GENERATING PICT 
C CLUSTER SPECIFICATIONS•• 3 FIELDS IN NAME••••• 
C X,Y DENOTE HORIZONTAL OR VERTICAL COMPONENT, RESP. 
C CCtDV CLUSTER CENTER OR STANDARD DEVIATION 
C O,G,S SPECI,IEO BY OPERATOR (ORDAINED>, GENERATED (CALCULATED) 
C 0~ S ,oR SUBJECT•s RESPONSE 
C NPT NUMBE~ OF POINTS IN CLUSTER 
C LPRINT BUFFER FOR PRINT PLOT OF SCREEN IMAGE 
C NCCS NUMBER OF CLUSTER CENTERS DETECTED HY sveJECT 

c-----------------------------------------------------------------------COMMON /DEBUG/ LDEBUG 
COMMON /RANOS/ IRAND11IRANOZ 
COMMON /LUNS/ KB1LP1KR 
COMMON /TXTeUF/ LUNTXT1MAXTXT1ICRtITXTBFl8UI 
COMMON /INOPLT/ INDPLT151) 
COMMON /SUBJ/ Nccs,xccs1so>,YCCSISO) 
COMMON /BOUNQS/ MINH1MAXH1MINV1MAXV1HLEN1VLEN•lOOT 
COMMON /STATS/ NCCO 

1 tNPTO(So>,XCCO(So>,YCCO(so>,xovo1so1,YDVO(SO) 
2 1NPfGISOl1XCCGISOl1YCCGISOl,XDVG(SOl,YDVGISOl1CORCSOl 

DIMENSION IOATEC3!,PRTPLTl120011lPLACECl6ltMOUSEPC7l 
DATA IPLACE/2H P,2HLA,2HCE,2H B,2HUG,2HMA,2HRK,2H A12HT ,2HCL 

• ,2HUSt2HTE,2HR 1ZHCE12HNT,2HER / 
DATA MOUSEP/2H •ZH •2H ,zH t2H t2H ,zH / 

C••••••••••••-•••••••••••••-•-•••••-••••••••••••••--••--••••••••-••••••• 
1 FORMU C lHl I 
Z FORMAT (6H DATE tA2tlH•,A21lH•1A2l 
J FORMAT c, COMMANOSI c,o,E,GtH1I,LtNtO,P,R,Z,,/1 
4 FORMAT CJ8H1LIST OF COMMANDS FOR PLACE, 16 OEC 71 

1 ,SX,JJHC •• CLUSTER CENTER FOR CLUSTER I 
2 1SX,37HO •• STANDARD DEVIATION FOR CLUSTER I 
3 ,5X,zOHE •• EXIT TO MONITOR 

S FORMAT CSX,24HG •• GO, START EXECUTION 
1 1SX,4HI •• 

6 FORMAT CSX, 4HL •• 
1 tSX, 4HN •• 
2 tSX, 4HO •• 
J tSX, 4HP •• 
4 t5X1 4HR •• 

1 FORMAT (~X, 4HZ •• 
it FOR"'AT 180Al I 
12 FORMAT ,, CLUSTER,,IJ,, OF,,IJ,SX,,NPT,,I• • •$••• cc i,2F6.o,sx,•DEv•,2Fs.o,11 

1/ ,, 
,I 

l 
,I 

) 
,1 
,I 
1/ 
,I 

I 
II 

i ♦ FORMAT (lH0180Al) 
20 FORMAT (SSHOSUMMARY OF DIFFERENCES BETWEEN suBJECT•s CENTEns ANO G 

1 ,,ENERATEO CENTERS,,/ 
z ,2ax,,A VER AGES STANDARD DEVIATION,,/ 
J ,9x,,REPL!CATIONS-,1x, 2clHX16XtlHV,5X,4HOIST18X)) 

11 FORMAT 11ox,1s,ex,2F1.o,Fe.o,Jx,2,1.o,F8.01 
1.2 FORMAT 1, FINAL RANDOM NUMBERS,,2171 
10 FORMAT 1•0THEORETICAL,,/ 

1 ,sx,,NUMBER CLUSTEAs,,13,1x,,eEGINNING RANDO~ NUMBER,,211 
Z ,1,iJx,,o PER ATOR SPEC s,9x 
2 ,,AS GENER ATE 0,,1 
3 ,1x,21i4x,,CENTER STAN DEV-I,/ 
• ,sx,,CLUST NPTs•,2<6X1lHX16XtlHYl,4X14HNPTStzl6XtlHX16XtlHY) 

99 

l 
2 
3 
4 
5 
6 
1 
8 

9 
10 

11 

12 
13 
14 
15 

16 

11 

18 
19 
20 

21 
22 

23 
24 
25 



~l FORMAT 15X,I4tI6tlXtZF7,0, 2F7,o,JXtI4t1Xt2F7,o, 2F7,0) 26 
Jl FORMAT (SX,I4•I6•1X•2F7,o,1x,2F6,o•JXtI4•1X•2F7,o,1x,2F6,o) 
40 FO~~AT1iOTRIAL-•I3,/,-0SUBJECT RESPONSE-•/•- NUMBER CLUSTERS-•IJ,/ 27 

1 ,1sx,-CENTERi1ox,-CLOSEST To-,ax,_DlFFERENCE_,, 
2 ,sx,,CLUST X Y-,sx,iNO X Y-,7X 
2 •-X Y DIST-I 

41 FORMAT 15X,I4,lX,2F7,0, It,,2F7,0t2X,2Ft,,O,F7,0) 28 
~l FORMAT It NOT ENOUGH VALUES IN INPUT TEXT-ti) 29 

c-----------------------------------------------------------------------C 

C 

C 

INITIALIZE 
IBELL • 03407 
LBNORY • 0 
CALL INIT(INDBOXtlDATE) 
IIIRlTE <LP,zl IDATE 
WRITE (t<B,JI 
I CR • lHS 

SET DEFAULT VALUES 
eno NCCO = 1 

ICC • l 
NE.ices ■ 1 

810 
ZERO 

9no 

NCCG • 0 
MAXCC IS so 
DO B10 I•ltMAXCC 

vcco < ! l • o • o 
XCCO I I l • 0 • 0 
xovo,1, • 300. 
YOVOIIl • 300• 
NPTO(Il • 100 

CONTINUE 
SUMMARY STATISTICS 
SUMOX • O•O 
SUMOY • O•O 
SSQOX • O•O 
SSQOY • 0•0 
SU"100 • O•O 
SSQOD • O•O 
NTIME • 0 
LASTJJ • 0 

c-----------------------------------------------------------------------c OPERATOR CAN DEFINE CLUSTERS, N IS A COUNTER OF CHARACTERS IN 
C INPUT TEXT BUFFER ITXTBF 

1000 CONTINUE 

1005 

1C06 

1007 

CALL ROTXT<Nl 
IF <LASTJJ ,LE, OI GO TO 1006 

JJ • LASTJJ 
GO To 1007 

N • N • 1 
IF <N ,GT, MAXTXTI GO TO 1000 
JJ • ITXTBF(~l 
LASTJJ • 0 
IF IJJ ,p;Q, lH I 
IF IJJ ,p;Q, lHBl 
IF <JJ ,EQ, lHCl 
IF 1JJ ,EQ, lHOl 
IF <JJ ,EY, lHEl 
IF IJJ ,EQ, 1H3l 
IF (JJ ,EQ, lHo◄ l 
IF' <JJ ,EQ, lHII 
IF <JJ ,EQ, lHLI 
IF <JJ ,EQ, lH~I 
IF IJJ ,EQ, lHOI 
IF (JJ ,EQ, lHPI 

GO TO 
GO TO 
GO TO 
Go ro 
GO TO 
GO TO 
GO TO 
Go TO 
Go To 
GO TO 
GO TO 
GO TO 

1005 
1020 
1030 
1040 
9000 
2000 
1080 
1090 
1120 
1140 
1150 
1160 

'00 

• 

• 
• 

30 
31 
32 
33 
34 
35 

36 
37 
38 
3Q 

40 
41 
42 
43 
44 
45 
46 
47 

48 
49 
so 
51 
52 
53 
54 
55 

56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 



IF (JJ .EQ. lHQI GO TO 1170 77 
IF <JJ .EQ, lHQ) GO TO 1180 78 
IF <JJ .EQ, lHSI Go TO 1190 • 79 
IF (JJ .EQ, lHIIII GO TO 1230 • 80 
IF (JJ .EQ, lHZ) Go To 1260 81 

C THE FOLLOWING CHARACTERS ASSUME THr REST OF THE LINE IS A COMMENT 
IF IJJ .EQ, lH.I GO TO 1000 • 82 
IF (JJ .EQ, lHtl GO TO 1000 ft 83 
IF (JJ .EQ. lHII Go To 1000 • 84 
IF (JJ .EQ. lH/1 GO TO 1000 • 85 

C CHECK FOR END OF TEXT 
IF IJJ .EQ. lH•I GO TO 1000 • 86 
IF IJJ .EQ• ICQI GO TO 1000 87 

C ILLEGAL CHARACTER 
1008 NP} • N • 1 88 

ITXTBFINPl) • 11'4: H•• 89 
WRITE IKBtlitl IITXTBF<Il,l ■ l,NPll 90 
WRITE IKB,31 91 
GO TO 1000 92 

C NOT ENOUr,H VALUES I~ INPUT TEXT 
1009 N a INOTXT(ITXTBF,MAXTXTI 93 

WRITE IKBtlltl IITXTBF<I>t1•1,Nl 94 
WRITE IKB,611 95 
GO TO 1000 96 

C MODIFY SWITCH WHICH ALLows SUBJECT TO SpECIFY BOUNDARY 
1020 LBNORY • 1 • L~NORY 97 

GO TO JOOS 98 
C CLUSTER CENTER 

1030 xcco<ICC I • GETVAL (ITXTBll',N,XCCO(ICCltICRtIERR) 99 
NEWCCS • ! 100 
IF !IERR.GT,Ol Go TO ll009,l008,1310),IERR 101 
YCC01Icc, • GETVAL1ITHBF,N,YCC01ICC1,ICR,IERR) 102 
IF (IERR ,EQ, o> Go TO loos lol 
GO TO ltOOO•looe,1009>,IERR lo• 

C CLUSTER STANOAPD DEVIATIONS 
1040 XDVOIICCl • GETVALIITXTBF,N,XOVOCICCltICRtIERRl loS 

NEWCCS • 1 106 
IF 1IERR,GT.Ol Go TO ll009,l008tl310ltlERR 107 
YDV01ICC> a 3ETVAL11TXTBF,N,YOV01ICC1,ICR,IERR1 108 
Ill' IIERR ,EQ, OI GO TO 1005 109 
GO TO <lOOO•l008tlOo91,IERR 110 

C USE OLD CLUST SPECS IF THEY HAVENIT BEEN CHANGED SINCE MAKING PICT 
10~0 IF (NEwccs ,NE, 01 GO TO 2000 111 

IF (NCCG ,EQ, O) Go TO 2000 llc 
GO TO 3000 113 

C CLUSTER INDEX 
1090 OLD • ICC 114 

ICC • GETVALIITXTBF,N,OLDtICR,IERRl 115 
IF tIERR ,GT, 11 GO TO 11000,1ooe,13101,1ERR 116 
IF cicc.GE,1,A~O.lCC,LE,NCCOI IF clERR) 1000,1oos,1000 117 
IC • OLD 118 
WRITE ll<Btl09\l ICC,NCCO,IC 119 
ICC • IC 120 

1091 FoRMAT ,_ TOO LARGE VALUE-,I6,SX,IMAX l~II3,SX,ISET To-,13) 121 
IF <IERR) l000,1005,1000 122 

C LIST PARAMETERS OF CLUSTER ICC 
1120 WRITE ll<Bt12l ICC,NCCO,NPTOIICCl 123 

• ,XCCOIICCl ,YCCOIICCl tXDVOIICCl tYDVOIICCl 
GO TO 1005 124 

C NUMBER OF CLUSTERS 
1140 OLD • NCCO 125 

NCCO • GETVAL I ITXTBF,N,OLOt ICR, IERRI 126 



~Ewccs • 1 121 IF !IERR .GT. 1l GO TO dOOOtl008,lllOltIERR 128 IF (NCCO.GE-1.AND.NCCO.LE.MAXCCI IF IIERRI 1000,1oOSt1000 12q 
IC • OLD lJO WRITE CKB,10911 NCCO,MAXCC,IC 131 
NCCO • IC l 32 IF (IERR) 1000,1oos,1000 133 C LIST OPTiONS ON LINE PRINTER 

1150 WRITF. ILPt4l 134 
WRITE (LPtSl 135 WRITE (LP,6) 136 WRITE !LP,71 137 
GO TO 1005 138 C NUMBER OF POINTS IN CLUSTER ICC 

1160 OLD • ~PTOIICCI 13q N[Wr.CS ■ 1 140 NPTOIICCl ■ 3ETVALIITXTBFtNtOLO•ICR,IERRI 141 
IERR • IERR • 1 142 
Go TO (l005,lOOO,l008,1310lt IERR 143 C DEBUGGING PRINTOUT SWITCH 

1170 OLD w LDEBUG 144 LDEBUG • GETVAL!ITXTBF,NtOLOtlCR,IERRI 145 
IERR • IERR • 1 146 oo TO 11oos,1000,1ooa,13101, IERR 147 C INITIAL RANDOM NUMBER 

1180 OLD ■ IRA~Dl 148 IRANDl ■ GETVAL(lTXTBF,NtOLDtICR,IERRI 149 
!F (IERR.GT.01 GO TO (1009,1008,lJlOl, IERR 150 OLD ■ IRAN02 151 JRAND2 • GETVAL!ITXTBF,N,OLO,ICR,IEARI 152 !ERR • IER~ • 1 153 oo To 11oos,1000,1ooa,1ooq1,IERR 154 C SWITCH T~XT INPUT U~ITS 

11qo r, tLUNTXT .Ea. KB) GO To 11q1 155 
LUNTXT ■ KB 156 
00 TO 1000 157 1191 LUNTXT ■ KR 158 
GO To 1000 159 C REWIND DISK FILE 

1230 REWTNO ~R 160 
00 TO 1005 161 C ZERO CUMULAT?VE STATISTICS•• AFTER PRINTING 

1260 IF (NTIME .LE. 1 l 00 TO 900 162 
~ • t.OINTIME 163 S • J ,Ol(NTiME•ll 164 SSQOX ■ SQRT((SSQOX • SUMOX•SUMDX•A>•Sl 165 
SSQOY ■ SQRT((SSQOY • SUMDY•su~ov•R>•S> 166 SSQOD ■ SQRT((SSQOD • SUMOO•SUMDD•A>•S> 167 
SUMDX ■ SUMOX • A 168 SUMDY ■ SUMOY • A 169 SUMOD ■ SUMOO • R ,10 
WAITE <LPt201 171 WRITE <LP,21) NTlMEtSUMDX,SUMOY,SUMDO,SSQDX,SSQDY,SSQOO 172 
WAITE CLP, 1 > 173 WAITE (LP,2> IOATE 174 GO TO 000 175 C AEfAIN PREVIOUS CHARACTER FROM INPUT STREAM 

lltO LASTJJ ■ JJ 176 
00 TO 1000 117 

c•--------------------------------------------------·-----·--------"··--c GENERATE CLUSTER($) 
zono CONTINUE 178 

202 



• 
21no 

IF IIRANOl,EQ,O ,ANO, IRAND2,EQ,Ol CALL NOAMALISTAATl 
CALL SETINO(INOBOX) 
CAL~ PP1 OTl~ATPLT,NULL,NULL•ll 
WAITE ILP,30l NCCO,IRAN01,IAAN02 
DO 2100 1•1,NCCO 

CALL GENCC1I,PRTPLT) 
WAITE ILP•31) l,NPTOII l ,XCCOII) ,YCCOII) ,xovo,11,YOVOIII 

tNPTOII . ,XCCGlll ,YCCGlll tXOVG(ll ,YOVGIIl 
CONTINUE 
CALL GETINO(INOCCSl 
~Ewccs • o 
NCCG • NCCO 

c--------------------------~----------------------------------------·---c PLACE BUGMAAKS AT CLUSTER CENTERS 

C 

C 

C 

C 

3000 CONTINUF. 

3010 

3100 

WAITE (KB,111 IBELL 
CAL~ MOVBMl•lzOOt•2000l 
CALL CHARS(IPLACE,16t21 
CALL O[TINO(INDPLT<1>1 
CALL TAKCHRllH•tll 
CLE&R DISPLAY KEYBO&RO euF,ER 
00 3010 I•lt80 
NULL • LCHAA(ICHI 
NCC$ • 0 
THIS LOOP TO TRACK MOUSE 

CALL MOUSEIIHtlVl 
IF <LCHAA(ICHI ,NE, Ol GO TO 3300 
IF <IBUTTN(IVALl,EQ,01 GO TO 3100 
1, <IVAL ,EQ, 21 80 TO 3320 
TALLY THIS POINT ,oR TH[ SUBJECT 
NCCS • NCCS • 1 
XCCS lNCCSI • IH 
YCCS(NCCSI ■ IV 
LEAVE• AT THE POINT 
CALL SETINO(INOPLT(NCCSII 
CALL ~OVBM (IHtlYl 
CALL CHARS (lH•,1,11 
CALL GETINOCINOPLTCNCCS•lll 
CALL PPLOTCPRTPLTtlHtlYtlH•I 

C LOOP U~TIL SUBJECT TA~[S HIS FINGER ,ROM T~E BUG BUTTON 
3200 1, CI8UTTNCJVALII 3200t3lOOt3200 

C CHECK CHARACTER ,Ro~ DISPLAY K[Y80AAD 

C 
C 

C 

3300 1, CltH ,EQ, 1H I GO TO •ooo 
1, IICH ,EQ, 1HA I GO TO 3310 
IF cICH ,EQ, lHB > Go TO 3320 
1, tlCH,EQ,0201411 GO TO 3310 
1, (ICH,!Q,02014ZI GO TO 3320 
IF (ICH ,EQ, 1HS I GO TO 3330 
GO TO 3100 

3310 

3320 

ABORT THIS TRIAL 
CALL TAKCHA(lH tll 
CALL SETINO(JNDCCSI 
Go To lOOS 

EAA$E PREVIOUS SUBJECT CENTER 
IF (NCCS ,EQ, O) ao TO 3100 
JH • xccsc~ccs, 
IV • YCCS(~CCS> 
CALL PPLOTCPATPLT,IH,JV,lH 
CALL S!TINDCINDPLTCNCCS>> 
NCCS • NCCS • 1 
80 TO 3200 

203 

• 

• 

• • • 

• 

• 
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180 
181 
182 
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18• 
185 

186 
187 
188 
189 

190 
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194 
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197 
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199 
200 
201 
202 
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204 
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207 
208 
209 
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211 

212 
213 
214 
21s 
216 
217 
218 

219 
220 
221 

222 
223 
224 
225 
226 
227 
228 



C 
3330 

SWITCH T[XT INPUT UNITS 
I • 1<8 
IF (1..UNTXT .r;Q. KB) I • KB 
1..UNTXT • I 
GO TO 3200 

c-----------------------------------------------------------------------C COMPUTE ~ND PRINT STATISTICS 
4000 CONTINUE 

IF CI..BNORY eGTe OI GO TO 5000 
4loo CAL.I.. SETINOCINOCCS) 

CAL.I.. TRKCHR(lH ,Jl 
WRITE (1..Pt40) NTIME,NCCS 
IF CNCCS ,1,.E, 01 Go TO 000 
SOX ■ 0,0 
SOY • O,O 
SOD • O,O 
DO 430n IC•l,NCCS 

C CALCULATE CLOSEST CLUSTER 
OMIN • 1,0ElO 
IMIN • 0 
00 4200 I ■ 1,NCCG 

DIST • CXCCGCil•XCCS(IC1l**2 • CYCCGIIl•YCCSCICll••2 
IF (DIST ,GE, OMINI GO TO 4200 
DMIN • DIST 
IMIN • I 

4200 CONTINUE 
DX • XCCGCIMINl • XCCSCICl 
DY ■ YCCGCIMIN) • CCSCICl 
ntST • SQRTCOMINI 
WRITE (LDt4ll IC,XCCSCICl,YCCSCICl 

• ,IMIN,XCCG(IMINl,YCCG(lMINl,ox,ov,olST 
SOX • SOX• OX 
SOY • SOY• DY 
SOD • SOD• DIST 

4lno CONTINUE 
A • 1,0 I FLOAT(NCCSI 
SOX ■ SOX• A 
SOY • SOY• R 
SOD • SOD• R 
SUMOX ■ SUMOX • SOX 
SUMOY • SUMOY • SOY 
$UM00 • SUMOO • SOD 
SSQOX • SSQOX. sox•sox 
SSQOY • SSQOY. soY•SDY 
SSQOD • SSQOO. soo•soo 
NTIME • NTIME • 1 

••no CONTINUE 
CALL PPLOTCPRTPLT,0,0,21 

C S[T SU&JECT cc,s IN PAINT PLOT TO BLANKS 
oo 4500 Ic■ i,~ccs 

IH ■ xccsc1c, 
IV • YCCScIC) 

4500 CALL PPLOT(PRTPLT,IHtlV•lH 
WAITE CLP, 11 
GO TO 1005 

• 

• 
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234 
235 
236 
237 
238 
239 
240 
241 
242 

243 
244 
245 
246 
247 
248 
24q 
2So 
251 
252 
253 
254 

255 
256 
257 
258 
251 
260 
261 
262 
263 
264 
265 
l66 
267 
268 
l69 
270 
271 

272 
273 
274 
275 
276 
271 

:------------------------------------------------------------------------------C FORCE SUBJECT TO DRAW BOUNOtRY 
~OJO CALI.. BNORY(PATPLTI 

GO TO 4100 

c------···-·--··--·····--····-·---------·------------·--·--~------·-···· 
C EXIT TO MONITOR 

9000 CONTINUE 2eo 



C 
C 

C 

C 

C 
C 

IF cNTlME ,LE, 1> GO TO 9100 
R • l,Q/FLOAT(NTIME > 
S • 1,0IFLOATCNTIME•l> 
SSQOX • 3QAT(CSSQOX • SUMOX•SUMOX•R>•S> 
SSQoY • SQATCCSSQOY • SUMOY•SUMOY*R)*SI 
SSQoo • SQAT(CSSQoO - SUMOO•SUMOo•Ri•S) 
SUMoX • SUMOX • A 
SUMoY • SUMoY. R 
SUMnD • SUMOO • R 
WRITE CLP,20> 
WRITE CLP,21> NTIMEtSUMOX,SUMOYtSUMOOtSSQOX,SSQOY,SSQoo 

9100 CONTINUE 

ENO 

WRITE (KB,221 IRA~D1,IRAND2 
WRITE tLP,221 1RA~Ol,IRAN~2 

SUBROUTINE BNORYCPRTPLT> 
OI~ENS:oN PRTPLTl21 

RETURN 
END 
SUBROUTINE ROTXTCNI 

MAY 18, 1972 
READ A LINE OF TEXT 

1 
2 

COMMON /TXTBUF/ ~UNTXT,MAXTXT,ICRtlTXTBFC80> 
COMMON /LUNS/ KB,LP,KR 

READ 

,,RMAT C80A1) 
,oAMAT C1X,80A1) 
A LINE 
REAO CLUNTXT,1,EN0•101 CJTXTBFCil,l•ltMAXTXTI 
WRITE !LP •21 CITXTBFIIl,I ■ 1,MAXTXTI 
N ■ 0 
RETURN 

EOF ON DISK FILE•• FORCE SWITCH BACK TO TTY 
10 N • 0 

ENO 

ITllTtff'Cll • 1HS 
RETURN 

SUBROUTINE !~ITCINOBOX,IDATEI 
IUITIALIZE KEY PARAMETERS FOR PROGRAM PLACE 

APRIL 26• 1972 

c---------------------------------------------·-----------·-------------coMMON /BOUNDS/ MINHtMAXH,MINV,MAXVtHLEN,VLEN•IOOT 
COMMON /DEBUG/ LDEBUG 
COMMON /LUNS/ KB,LPtKR 
COMMON /RANOS/ IRAN01,IRAND2 
COMMON /TXTBUF/ LUNTXT,~AXTXT,ICR,ITXTBF(8UI 
COMMON /VGOl/ INDISP,MAXDIS,OISBUFC3000I 

c-----------------------------------------------------------------------c LOGICAL UNIT NUMBERS 
LP • 5 
1(8 • 6 
ICR ■ \ 

C INITIAL TEXT WILL B! FROM TELETYPE 
LUNTXT ■ KB 
MUTXT • 72 
CALL SETFILIKRt4HOATA) 

C RANDOM NUMBER GENERATOR 
JRANDl • 0 
JAAND2 • 0 

C DISPLAY 
IDOT • lH, 
MINH • •2047 
MJNV • •2047 

0,­
, ) 

281 
282 
283 
284 
285 
286 
281 
288 
289 
290 
291 
292 
293 
29• 
2~5 

1 
2 
3 

• 1 

2 
3 
• 
5 

6 
7 
8 
9 

10 
• 11 

12 
13 

1 

2 
3 
4 
5 
6 
7 

8 
9 

10 

11 
12 • 13 

14 
15 

16 
17 
18 



MAXH • 2047 
MAXV • 2047 
HLEN • MAXH • MtNH 
VLFN • MAXY• MtNV 
MAXOIS • 6000 
CALL DPON 

C A LARGE BLANK BUGMARK 
CALL TRKCHR(lH ,31 

C BOX AROUND SCREEN 
CAIL MOVBM(MINHtMINVl 
CALL IVECTIMINHtMAXVtOl 
CALL IyECT(MAXH,MAXVtO) 
CALL IVECT(MAXH,MlNV,O) 
CALL IVECT(MINHtMINV•ol 
CALL GETINOIINOBOX) 

C MISCELLANEOUS 

ENO 

CALL DATEllDATE) 
LDEBUG • 103 
LDEAUG • O 
RETURN 

SUBROUTINE DATEIN) 
C MARCH 3, 1972 

DIMENSION P>H3l 
C OUMMY DATE ROUTINE AS IT IS NOT IN LIBRARY 16 FEB 72 

C 

DATA l 00/2HOO/ 
Nil) • Ioo 
N(Z) • Ioo 
N13, • Ioo 
RETURN 

ENO 
FUNCTION GETVALIIBUF,N,OL~.ICA,IERRl 

C MARCH 7, 1972 
C COMPUTE A VALUE FROM THE INPUT TEXT CONTAINED IN BUFFER IBUF C tCR ENO OF LINE INDICATOR 
C N COUNTER•• NUMBER OF CHARACTERS USED IN INPUT TEXT C OLD CURRENT VALUE OF THE PARAMETER 
C I[RR ERROR RETURN•• o•NO ERROR l•END OF LINE (AFTER VALUE> 
C z•ILLEGAL CHARACTER 3•END OF TEXT BEFORE VALUE C•••-•••••••••••-••••••••••••-•••-•••••••••••••••••-•••••••••••••••••••• 

19 
20 
21 
22 
23 
24 

• ~5 

26 
27 
28 
29 
30 
31 

32 
33 
34 
35 
36 

1 

2 

3 
4 
!5 
6 
7 
8 
1 

DIMENSION IBUFC2l 2 DATA IBCOo/lHo/, ~AXN/72/ 3 C 
C INITIALIZE 

NDAO • 0 
SIGN • !,o 
100+ • 0 
NCH • 0 
IERR • 9 
VALUE • o,o 
GETVAL • OLD 

lno N • N • l 
IF (N ,GT, MAX~) GO TO 140 
JJ • IBUFIN) 
IF (JJ ,EQ, ICRl GO TO 140 
IF (JJ ,EQ, lH ) IF (NCH) 100,100,200 IF (JJ ,EQ, lHtl IF ( NCH) 100,100,200 IF (JJ ,GE, lHO ,ANO, JJ ,LE, 1H9) Go To IF (JJ ,EQ, lH• l Go ro 100 
IF lJJ .EQ, lH•l GO TO 120 
IF (JJ ,EQ, lH,) GO TO 130 

110 

.. 
5 
6 
1 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 



C ILLEGAL CHARACTER 
IERR • 2 21 

RETURN 
22 

C NUMBER 
110 VALUE • lo.o•VALUE • (JJ•IBCDOI 23 

IF CIDOT .GTe ol NOAO • NOAO • 1 24 

NCH • NCH• 1 25 

GO TO 100 26 

C MINUS SIGN 
120 SIGN • •l•O 27 

GO TO 100 28 

C DECIMAL POINT 
130 !DOT • N 29 

GO TO 100 Jo 

C ENO OF TEXT 
140 IERR • 3 31 

IF (NCH .EQe OI RETURN 32 

IERR • 1 33 

C £ND OF ROUTINE 
Zoo GETVAL • SlGN•VALUE/(lO•O••NCAO) 34 

RETURN 
35 

[NO 
36 

SUBROUTINE GENCCIICCtPRTPLTI 1 

C MAY 18t 1972 
C ~ENEAATE A CLUSTER WITH CENTER CXCCGCICCl,YCCG<ICCII ANO DEVIATIONS 

C fXOVGCICCl,YOVG<ICCII CONTAINING NPTGClCCI POINTS• RANDOM NORMAL 

C ABOUT THE CENTER• 
C 

C 

2 

3 

DIMENSION PRTPLT(2) 2 

COMMON /DEBUG/ LOEBUG 3 

COMMON /BOUNDS/ MINHtMAXHtMlNVtMAXVtHLENtVLENtlOOT 4 

COMMON /S~ATS/ NCCO 5 

1 tNPTO(SOltXCCO<Sol,YCCO(SOltXOVO(Sol,YOVOCSo> 
2 tNPTGCSO)tXCCGCSO>,YCCGC501tXOVGC501,YDVG(S0ltCORCSOI 

DATA ICHA / lHA / 6 

sx • o.o 
SY • OeO 
SXX • O•O 
SXY • O•O 
SYY • 0•0 
N ■ 0 
NPT • NPTOIICCI 
XCC • XCCOIICC> 
YCC • YCCOCICC> 
XOV ■ XOVOIICC) 
YOV ■ YOVOCICCI 
IF ,~oteUG,NE,O) PRINT 2• ICCtNPT,XCCtYCCtXOVtYOV 
FORMAT c,oGENCC•eI3,14,2F7,0,2X,2F6,0) 
00 10 1 ■ 1,NPT 

CALL NORMALCXI 
xx ■ x•xov • xcc 
IH ■ XX 
IF C~OEHUG ,GT, 11 PRINT 3,1,IH,XX,~ 
FORMAT csx,,GENCC • x••I3tl6tF8,ltF10,6) 
IF IIH,LE,MlNH ,OR .IH,GE,MAXH) GO TO 10 
CALL NORMALCY) 
YY ■ Y•YOV • YCC 
IV • YY 
IF CLOEBUG ,GT, 11 PRINT 4,1,IV,YY,Y 
FORMAT 113x,,v,,13,I6,F8,1,F10,61 
IF <IV,LE,MINV ,OR• IV,GE,MAXVI GO TO 10 

207 
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C DISPLAY THE POINT 
N • N • 1 J3 
CALL IVECT(IH,%V,3l 34 

C CALL MOVBM(IH•IVl 
C CALL CHARS(IOOT,1,0l 
C COM~UTE SUMS FOR STATISTICS 

sx • sx • xx 35 

SY • SY• YY 36 

sxx • sxx • xx•xx 37 

SYY • SYY • YY*YY 38 
SXY • SXY • xx•vY 39 

IF ILOEBUG .GE. l> PRINT 5, ItN,SX,SYtSXXtSYYtSXY 40 

5 FORMAT (20X,2I4,5F~o.o> 41 

CALL PPLOT(P~TPLT,IH,IV,IDOT) 42 

10 CONTINUE 43 

IF (N .LE• 11 RETURN 44 

S • N • l 45 
R • t.OIFLOATIN) 46 

NPTG<ICCl • ~ 47 
XDVGIICC) • SQRT((SXX • sx•sx•RJ/S) 48 

YDVG(ICCI • SQRT(ISYY • SY•sv•R)/SI 49 

XCCGllCC) • sx•R 50 

YCCG I ICC) • SY•R 51 
COR 1ICC) • 1SXY•R•XCCG1ICC1•YCCG1ICC))/(XDVG(ICC1•YDVG1ICC)) 52 

IH = XCCGIICC) • C,S 53 

IV • YCCGIICCl • 0•5 54 

ICH • ICHA • ICC• 1 55 
CALL PPLOT(PRTPLTtIH,IV,ICH) 56 

RETURN 57 

ENO 58 

FUNCTIO~ INOTXTIITXTBF,NN) l 

C MARCH 3, 1972 
C FINO THE LAST NON•BLA~K CHARACTER IN THE TEXT ~UFFER ITXTBF 

DIMENSION ITXTRFl2l 2 

DATA IBL/lH / 3 

DO 10 I•ltNN 4 

N • 11,!N • 1 • I 5 

IF IITXTBFINl • '"E• IBL) GO TO 20 6 

10 CONTINUE 7 

20 INOTXT • N 8 
RETURN 9 

ENO 10 
~UBROUTJNE NORMAL(R) 1 

C APRIL 8, 1972 
C THIS METHOD OF GENERATI NG PSEUOO•RANOOM NORMAL(Otll VARIATES CAME 

C FROM MARTIN• FRANCIS F., CoMPUTER MODELING AND SIMULATION• WILEY AND 

C SONS, 1968, PAGE 80• 
COMMON /RA~D~/ I1,I2 2 

R • OeO 3 
Do 10 Ial,7 4 

CALL RANOU(It,12,RANO) 5 

10 R • R • RAND 6 

C 1•3Q93o7 • l•o/SQRT( 1112> 
R • IR•Je5l•t•309J07 7 

RETURN 8 

C 00 10 I ■ l,10 

C R • IR•S,01•1•0954452 
C 1,0954452 • 1,0/SQRT(lO/lZl 

END 
SUBROUTINE PPLOT(BUF,IH,IV,ICHI 

C APRIL 26• 1972 
C PUT CHARACTER •ICH• I~ PRINT PLOT BUFFER •BUF• AT IJH,IVI 

9 
1 



C tCH•l IMPLIES INITIALIZE BUFFER ICH■ 2 IMPLIES PRINT THE BUFFER 
DIMENSION BUF(1200l 2 

3 
4 
5 

COMMON /LUNS/ KB,LPtKR 
COMMON /BOUNDS/ MINH,MAXH,MINVtMAXVtHLEN,VLENtlOOT 
DATA IBLl1H It IASl2H••lt ASTER/4H••••I• 8LANK/4H / • 

C 
IF ( ICH .EQ• ll GO TO 10 6 
IF <ICH eEQ• 2> GO TO 20 7 

C STORE ICH IN THE PROPER POSITION 
JH • FLOAT(IH•MlNHl•eo.o/HLEN 8 
JV • •FL0AT(IV•MINvl•60•0/VLEN • 60•0 9 
JJ • JH • Jv•eo •79 10 
CALL SETCH(BUF,JJ,ICH) 11 
RETURN 12 

C INITIALIZE THE BUFFER 
10 00 11 1•81,4720 13 
11 CALL SETCHIBUF,I,IBLl 14 

DO 12 I•lt80 15 
CALL SETCH(BUF,I ,IASl 16 

12 CALL SETCH(BUF,1+47 20,IASI 17 

00 13 I•lt60 18 
CALL SETCH(BUFt80•I ,IASl 19 

13 CALL SETCH(BUF, 80•1•79,IAS) 20 
RETURN 21 

C PAINT THE BUFFER 
20 WRITE <LPt2ll 22 

WR1TE (LPt22l BUF ~3 
WAITE ILPt22l 24 

11 ,oRMAT C-lPRINT PLOT OF DATA, ••DATA l•CClt ETC- 25 
l tl7H ••SUBJECT CC-s l 

22 FORMAT I 1X,20A4) 26 
RETURN 27 

ENO 28 
SUBROUTINE INTGR(IVALtIBUFI 1 

C APRIL 12• 1972 
C ~NCODE 4 DIGITS OF INTEGER VALUE, IVALt WITH SIGN INTO 6 CHAAACTEijS 
~ OF THE BUFFER IBUF. 

DIMENSION IBUF(3>,NUMBEA<100>,IUNIT(lO)tNUMB1<Sol,NUMB2<Sol 2 
EQUIVALENCE (NUMBER(1l,NUMBtle(NUM8EA(51>,NUMB2l 3 

DATA IUNIT / 2H 0,2H 1•2H 2,2H 3t2H 4t2H 5,2H 6t2H 7t2H e,2H 9 / 4 
DATA NUMBl / 5 

• 2H00,2H01,2H02,2H03,2H04,2HOS,2H06,2H07,2H08,2H09 
• t2HlOt2Hllt2Hl2t2H13,2Hl4t2Hl5,2Hlb,2Hl7,2H18,2Hl9 
• t2H20t2H21•2~22t2H23,2H24t2H25t2H2bt2H27,2H28t2H2~ 
• t2H30,2H3lt2H32t2H33,2H34e2H3S,2Hlb,2H37,2H38,2H39 
• t2H40,2H4lt2H42,2H43,2H44,2H45,2H46,2H47,2H48,2H49 / 

DATA NUMB2 / 6 
• 2H50t2HSlt2H52t2HS3,2HS4t2HS5t2HSbt2H57,2HS8,2H59 
• t2H60t2H61t2H62t2H63t2H67t2H4St2H66t2H67t2H68t2H69 
• t2H7D,2H71t2H72tZH73,2H74,2H75,2H76,2H77,2H78,2H79 
• ,2H80,2H81,2H82,2H83,2H84,2H85,2H8b,2H07,2H88,2H89 
• ,zH90t2H91t2H9z,zH93t2H94t2H95t2H96t2H97,zH98t2H99 / 

C INITIALIZE 
N99 • l 7 
NUMB • IABS<IVAL> 8 

IBUF 11 > • 2H • 9 
IBUF<2> • 2H • 10 
IBUF(JI • 2H•• 11 
IF 1IVAL ,LT, 0) IBUF(l) • 2H • 12 
IF (NUMB ,LE• 991 GO TO 10 13 

C VALUE HAS MORE THAN 2 DIGITS 
N99 • NUMB/100 • 1 14 

:~ 09 



C 

1, (N99 eGTe 100) R[TUAN 
Jau,cz, • NU~~E~CN99) 
r, CN99 eLEe 10) lau,cz, • IUNITIN99) RJGHT•MOST TWO DIGITS 

io N99 • NUMB• (N99•1)•loo • 1 1eu,c3, • NU~BEAIN99) 

[NO 
1, CNU~B eLEe 10) IBU,CJJ • IUNITCN99) R[TURN 

210 
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