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I.     IfTTRDDUCTION 

* are using aut^ated syrtolic ^palatxon to generate approxtote 

solutions to the pnognostio options of ^teorology.    Wese equations are 

treated in the ta. that «uM .^ ,. „_ of m)dll ^^ ^ ^^^ 

Oonse^tly the actions take ^ fa. of copied non-linear first^er 

ordinary differential eguations; the n^r of such e^tions rav be very 

large if .any »des are included in the analysis.    » have been principally 

«ncemed with the foliation of a general «tw in *. mrk reported „„_ 

^is report officially covers the period ft» De:.  20,  1971 ^^ 

«arch 31, «73.    ^ of the „.* re^r« hero „ached its na^a! in- 

clusion in the ninths follc^lng and „as influenced by o^nts mde after 

a talk on th.se otters by the auttor at tte Rand Cdrporaüon in ^h 1973 

at an ÄPPA meeting on oli^tol^.    m th. co^se of this first fifteen 

nonths ,. teve rade s^e false starts as w attested to orient ourselves 

-thlev.rk.    * do rot report on these here,    ^us is the sole bitten 

«port on this TOrk, TOrk along these lines continues under AKPA Grant I 

nA-AR>D-31-124. 

IMS »rk has been perfo^ in ronjunctioil ^ „, ext(sns.ve ^^ 

to investigata cltote prediction a^ «1««^ ^ oonS3:^ntlv „ m 

intarestad in the long t« heavier of «. aörosphere mäer ^ inf ^ 

of the driving .force' of the s„.   ft. existence of e* yearlv cycle of 

saasons »uld indicate that th. ensphere is acting as a staadv state 

syst^ u^er the influence of the yearly heating cycle.    * „^ ^ 

envisage that cltaate ^fication «Ol occur if the heattog effect on the 

a^osphere shc^s a long ter. cl^e, naturally if w also took into account 
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the hydrological cycle other forms of climate modification could be anticipated. 

Ihe principal acccmplishmente during the period of this grant have been 

1. Prograris useful for the analytic solution of coupled node equations 

were developed and tested. These programs were written in PL1/T0WVC.(1) 

Sane have been tra elated into MACSYMA. 

2. Several analytic methods were investigated for their possible bear- 

ing upon the problem. 

During the term of this grant the principal investigator was the only 

senior participant in this work; two graduate students, Michael Polcari 

(Feb. '72 - Jan "73) and Theodore J. Rovcraft (Feb. '73 - ) were supported by 

this grant. 

The mathematical problon that we face is the solution of coupled non- 

linear equations containing explicrr driving temis whose diurnal frequency 

is large ccrpared to that of natural oscillations of the driven system. The 

envelope of the amplitude of the driving terms have a slow time seasonal 

oscillation and perhaps a longer time scale variation because of variations 

in the sun's output. In particular the natural nudes, i.e. the cyclones and 

anticyclones of the middle latitude disturbances, hc>ve frequencies corres- 

ponding to the period of about a week. Inagrtuch as the large scale turbulence 

acoounts for the bulk of the energy transport to the poles we cannot ignore 

the presence of the high frequency modes in the solution of the differenUal 

equations. As is well known it is possible because of the non-linear nature 

of the physics and the equations that high frequencv terms can have a low 

frequency effect. Before we can attempt to solve the steady state problem we 
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must in seme way account for effects of the high frequency nodefl - that is, 

the baroclinic irstabilities. Barring our ability to solve the equations 

exactly the averse effects of the high frequency nudes must be calculated 

by sane approximation technique. One basic difficulty is that the satura- 

tion level of the excitation of these natural modes is not given. In the 

approach taken here we will replace the non-linear effects of the oscillating 

modes by constant and linear terms in the differential equation. This 

approach is closely related to the introduction of 'eddy1 viscosity and of 

course the physical ideas are similar. 

Ihere are two interconnected problems that are of interest: 

a) study of instabilities to determine the level of saturation; 

b) study of steady state behavior under driving forces. 

The values of the dynamic variables about which we linearize the equations 

is not chosen arbitrarily to be zero but rather by inspection of the results 

of nimerical integration of the equations or by inspection of the equations 

themselves. 

The analytical ;vork to be done by cemputer is hedged by a number of 

inheient restrictions beyond the obvious ones that the results equal or 

approximate the correct solution. Among these restrictions are the following: 

a) It must be possible to specify the steps to be performed in 

algorithnic fashion so that the procedure can be mechanized. 

b) The number of terms that are generated should not be so large that 

no conclusion could be drawn fron an inspection of the analytical results. 

c) The calculation should not be a numerical evaluation in disguise. 

The results of a high order perturbation-theoretic calculation, for example. 
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involving many coupled modes will not satisfy conditions  (h)  and  (c).    Vfe 

expect that a conbination of numerical and analytic methods mav prove nest 

useful; the numerical evaluation of various analytic terms will serve to 

delineate those parts of the multi-termed analytic answer which are mmt 

important. 

The method we enploy is a variant of the well-kna-m Bogoliubov-Krylov- 

Mitropolsky  (BKM)   schone. (3)    This method is used to generate the so-called 

sla.-time-scale equations for the amplitude and the frequency of a non-linear 

oscillation.    The starting point of the entire procedure that we often follow 

is numerical calculations from which we can dete^ine a reasonable beginning 

approximation. 

In the next section we stell discuss the mathanatics of the method we 

atploy and its ünplonentation to date. In Section III we discuss a nodel 

for the saturation of the baroclinic instability which illustrates some of 

the ideas worked out in the previous section. In Section IV we discuss the 

application to a system of three couolcd modes whose free oscillations are 

described by elliptic functions and some preliminary results on the theory 

of rotating basin phenomena as formulated by E. N. lorenz.(3) 
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II.    Mathanatics and Implementation 

A.    Kfathenatics 

Our basic goal is to use the information obtained by linearization of 

the equations and by ^rturbative expansion of the solutions to determine a 

replacement for the non-linear terms in the differential equations in the 

foi.T\ of constants md of terns linear in the node amplitudes.    This is the 

gist of the BKM method of equivalent linearization.    Once this step has 

been made the resulting equations should be quite easv to solve by use of 

standard techniques used in the analysis of linear svstems.    The eauations 

that we consider are of the form 

dB 

dt --2.J MiJ
B

J 
+ ^ V ^ Bj+ Di(t) »-« 

where the Bi are the mode amplitudes, the M. . and tha r. ..  are 

constants, and the Di arc the driving terms which are explicit functions 

of time. 

In general we will be looking for periodic solutions of the coupled 

mode equations III-l by perturbational analvsis. Often the results of 

linearization will lead to growing or decaying solutions rather than oscil- 

lating ones. In such cases we mav have to change the values of the B 
i 

about which one linearizes.  (For an alternate approach see the next section, 

(Eq. 171-6) ). For example let us consider one of the most famous nonlinear 

coupled mode equations,the so called predator-prey equations. ^ Let x 

and y denote the values of two populations, namely a prey population x 

and a predator population y . The prey x will increase exponentially 
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except that the predators eat it up at a rate proportional to the produce of 

the two populations. 

In symbols 

g^r = ax - Byx 

Similarly the predators vrould decrease exponentially if there were no prey 

but increases in proportion to the number of prey encountered. So 

dv      ( . 
^ = - yy + 6xy 

1 2 
we can make the identifications [K., = a , M^ = - y  ,    r-? =-ß, r„, ' = 5] 

If we were to linearize these equations about the point of equilibrium 

x = y = 0 , we would find that the prey increases as exp-At and the predators 

decrease as exp-Bt. Carrying out perturbation theory will not ]oad us away 

from real exponentials whereas the actual populations oscillate.  We can 

obtain this behavior by linearizing about a second point of equilibrium 

y "0/9, X = Y/<5 . Writing Y ■= ßy - a , X = 6x - y » 

we get 

i--^-« 
dY 
dt=aY+XY 
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If one linearizes this pair of equations about the point X = Y = 0 the 

resulting set has an oscillatory .olution at the frerr.ency 2irf = S^ 

In any event, based upon tho results of the numerical integration arrJ/or 

sane analytical study of the set of Equations III-1 we introduce node ampli- 

tudes u. by Bi = ^ + B   we then have: 

dUi  y M!       T 
(II-2) 

v^iere: 

M.. =M. . + 7{r..iB  +r *■ n     \ 
13   13  ^Uijk \,o + rk,j Bk,o) 

Di = D-! + 2LM-1 B. + / r. i B  R T j ^  fc  jk  jo ^0 

We have introduced a purely formal ordering parameter t   ^lich is 

considered small for the purposes of carrying out a perturbation expansion 

but which in actuality is equal to 1. 

In order to make the analysis sean less abstract we carry out the steps 

Indicated syrbolically on a specific exanple, viz. a driven harronic oscil- 

lator on which a fictional force of the form cvlv|acts (v is the velocity) . 

The equations governing the notion of this oscillator are 

dx 
dt = v 

dv -   2     1 , — _ - u X _ gyjyj + D Slnfit 
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Ihe next step is to find the eigenmodes of the linear part of (II-2) 

and then nahe a linear transformation so that the coupled node equations 

read: 

dp. 
= y.ß. + D,  + ET.,1 R. at     ^ipiTiJi   Teijkpj,,k (n-3) 

in which the ß's , the D'^S and the r'^s are linear combinations of the 

vi 's, the D 's and the r's . In the case of our example the equations are 

at (x + ^ = i. (x + h -1^ vlvl+ h5inüt 

and its ocrnplex conjugate. 

We denr'-e the solution of: 

ar = hh + Di »M 

by LCW (I) v^here: 

U^t       t u. ft - f)   „ 
ICM{1)  = ßi(o)e       + / e •L D.   (t^df (11-5) 

o 1 

once again our example would give 

v      .   .        iut     t 
107 = (Xo + I?)e       + ET- ^   D sinfife-lut,df 

o 

Fran this we write the next term in the forrtel perturbation expansion of the 

solution of  (II-4)  in the next order as: 

■  —■     ~-^-—-■- i-^--. ..--.-—^....  .. .^^ .-.. . -...-—.-.■>..-^—^_. _MLJkaMfiaiaa^flutt 



(2) = / e 1     Z r1 
jk 3k 

l£M(J)>lCM{K)dt' {11-6) 

Inserting the lowest order results into this equation we have: 

(2)        t V 
^     =f   expfyCt-f)]    Z. exp[{y, + n)t']   . 

o J- j,k ^       K 

rjk Bj(o) + fo        
e yjT Dj^) * ' k(0) + S e~VI^(T)dT 

(II-7) 

Next we can substitute the expansion 

iQ 
D. =   D. 
i   p ipe 

Pt 

into (II-7) anä then carry out the integrations straight-fort-rardLyaut if we were 

to do so a classic difficulty Tiight be encountered;namely that the frequency 

of one or more of the terms on the right-hand side of (II-6) is equal top.. 

Such a term is called secular and when integrated leads to a term that goes 

linearly with tim and hence is unbounded. 

We discuss this situation in seme detail in Appendix A and show how such 

secular terms can be treated by appropriately shifting the eigenvalues. 

After this has been done one can carry out the integrations indicated in (II-7) 

Returning to the example of the nonlinoarly danped oscillator that was 

introduced above we shall apply the procedures (the BKM method) given in 

Appendix A. First, consider the case of the undriven oscillator. Wfe have 

then, with A = x + v/Ciu) 

&& - <  *      e  ii -nr = lüiA - T— v v 
dt       no  ' ' 

-9- 

- - —^ -    



The lowest order solution is then   A = e1^, ^ = „t .    Assuning that 

A = ae     + eu{af i>)  + ... and that 

dfat 
2^ * « ^ c B^U) + 

j^- ■ c C. (a) -f ... 

one finds that ^ - 0, (^ - - J«2« . Here we have used the BKM irethod. 

The implied change in the decay rate of the lowest order solution is the 

device used to counter the tenns proportional to e1* would arise upon 

inserting A = ae1* and its canplex conjugate into the term -ev|v|. 

Ihis procedure can be carried one step further by means of the so^alled 

method of equivalent linearization. The results that have just been obtained 

indicate that the amplitude damps at a rate given by 

1 da   4 
a dt   3 

Let a denote the average amplitude corresponding to sorre given initial 

condition. Then we write the equation for a linear oscillator that is in 

some sense equivalent to the nonlinear one as: 

dv . 8 -    2 
g^- + j cawv + u) x = 0 

Ihe solution of this equation is, to first order in 

x = x(0)e"4/3 eatcos(ut + $)/cos ($) 

with * to be determined by initial conditions. 
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In the case of the driven oscillator we see that the effective damping 

rate will depend on th; driving forces since these determine the average 

amplitude. If we were to ignore the nonlinear term and look for the steady 

state of the oscillation under the driving force we would find that 

_ D sin^t 
""2  ^2 

ü)  - Si 

Taking a = D/i 2 _ 2| we could write the complete equation for the oscil- 

lator as 

or + j eaQ v + a) x = D sin^t-ev]v| + ^- eän v 

The method of equivalent linearization chooses the coefficient of v on the 

UK of the above equation just so that the effects of the last two terms on 

the right hand side of the equation cancel out when averaged over a cycle. 

Then, in fact, if one were interested only in the response at the frequency 

n one would write 

dv . ,8 eDO   ,     2   ^ . ^ 
dt + (j -■ j) v + w x = D sinftt . 

0)  - fi 

The principle result from the analysis has been the determination of an 

effective linear damping coefficient, one that is dependent on the amplitude 

and the frequency of the driving forces. 
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B. Inplanentation 

Almost all of the analytical processes mentioned in Section A have been 

iinplanented by programs written in PL/1 POFMAC. This includes the processes 

of calculation of the secular determinant of the linear part of the system, 

linearization, diagonalization, perturbation expansion, and substitution of 

the second order results back into the differential equations. In essence 

only the last steps involved in eigenvalue re-ovaluation have not been con- 

pletely implemented. 

The liscings of these programs is given in Appendix B. The program 

names and their functions are 

FIRST 

SECOND 

TFURD 

shifts the points of linearization. 

Finds eigenvalues and left-and-right 
eigenvectors. 

Carries out diagonalization formation 
of lowest _ order solution and parts of 
perturbation expansion. 

Of these three programs FIRST and nilRD have been translated into MACSYm. 

It is probably tetter to perform the function of SECOND by a numerical 

program since the eigenvalues cannot be found analytically very readily even 

for a system with five modes. The programs nan as listed; they are not 

ccmplete in the sense that our ideas are still developing. 

We have also "boiler-plated" a program together which numerically inte- 

grates ordinary differential equations, plots the solutions, and also Fourier 

analyzes these solutions. We have used this program to invesügate the 

qualitative nature of the solutions so that we can begin the analytical 

approximation of the solutions. 

-12- 
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111 • Model for Saturation of the Baroclirdc Instability. 

In this section a pair of coupled nonlinear equations describing the 

time evolution of a baroclimc instability. This model is ccropletely solvable 

and v^ can illuscrate how our pcrturbative approach w -Id succeed in approxi- 

mating the correct solution. We use the same model as Saltzman and Tang(5) do 

in their pcrturbative calculation of this instability including these features: 

1) a two level model on a beta plane of finite width (a beta- 

strip) is employed, with x in the east-west direction 

and y measured north-south. 

2) the thermal wind relation is taken to be f ^ = $ . 

3) we look for a wave solution of the form 

♦. } ikx . 
•V« e   sin ay 

which vanishes at the two edges of the beta-strip, 

4) the base flow has a thermal wind given by U = (U - U )/2 

and a mean flew given by UM = (^ + U3)/2 both of which are 

in the east-west direction. 

The equations governing the first order eddy fields (the stream function) 

can be written as 

dtW     V2^»^ -«jjki Ill-l 

-13- 
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whexe ^ = (^ + ^/2  ; ^ = (^ - ^)/2 t    1^ and 1^ are the speeds 

of the two Rossby waves which are the solutions of these equations when 

1^ = 0. The quantity r is given by [1 + (k2 + l2)/^2]"1 where X is 

the characteristic reciprical length f/V^Zp . 

It is convenient to introduce new amplitudes by means of the substitution 

^ ■ ^'a  ^M   I     ^d tjjgj, dropping the primes. One gets 

iklL 

where 

"]1 R 
-1)   - a 

a _   df/dy    r 
2        2 2 

iT + k2 2 

(III-2) 

Tnc eigenvalues of the matrix on the right hand side of equation III-2 

given by 

X = ± iA_ ~   2 (2r-l) - a 

Denoting by P the quantity - iv'(2r_1) _ ^2    (so that ikP UT is the 

positive grov/th rate of this boroclinic instcibiiity in the limit of vanishing 

amplitude) we introduce the linear combinations *+ = iK. - ^/(a 1 P) for 

which 

at n = * ^v 

Na^ the results of the S-T calculation in second-order show that there 

is a mean zonal flow which varies as sin(21y) and which has egaal and opposite 

-14- 

  



values on the first and third levels. If we denote the amplitude of this 

zonal flow, (call it the 2nd harmonic flcw)by-2T on level 1 and +2* on level 

3 then we find that (ignoring a corpared to P )'. 

ar= ^V {1 + T *+r) (iii-3) 

The second harmonic flew in turn is fed by the nonlinear terms in the vorticity 

equation; its rate of increase is determined by the product * ^ . within 

the context of the perturbation calculation then wo have 

d(f> 

(III-4) 

dt" = (v - ^ 

dT   : 
dt " K*+ 

where K is a positive constant and depends on the other parameters (k, y, 

f, etc.) of the system, v = kUT|p| and A = kU^/P2 . m this last 

equation v;e should include terms proportional to $_2 and to >, | ; 

ha^ever, during the growth of the instability these terms will be relatively 

small in comparison with ^ 2 

One finds the solution to this set of equations to be given by 

4i+(0) cosh (/C T) 

cosh (iC (T - t)) 

where v^i v and e"2^ T 2 XK^o
2/8C « 1 . T is the time for saturation. 

-15- 
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Since e     is large we can vnrite the solution given ahove as 

vt 

♦-! -2vT 2vt  ^(0) (e  -e   e   + •') (II1-6) 
1 + e   e 

for t << T . Ihe second term ^ e x  would be the perturbation result. 

Presumably one might be able to work backwards fron perturbation thcory 

applied to a growing mcde. We also find that 

» - f {1 4 tanh [v^C (t - T)]) (III-7) 

and ^ = growth rate ■ - v tanh [v'c  (t - T) ] (III-8) 

The results indicate that at saturation, i.e. when cty/dt -» 0 one has 

<{>   - 2/2" max   -v 

*   = 2v/X max   ' 
} (III-9) 

It is seldom possible to find an exact solution; in most cases one must 

use perturbation theory. Perturbation of a graving mode yields terms that 

increase faster than the lowest order solution (see Equation III-6 above for 

an interpretation of such terms). In terms of the formalism discussed in 

the previous section which we intend to use for perturbation calculations 

one rev/rites equations (III-4) in terms of the variable 

*+" *max/2 + ♦' 

A 

(III-10) 
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to obtain 

(III-ll) 

dt ZK ^T * + K* + K —4- 

If we linearize these equations with respect to <f)' = t|;' = 0 the lowest 

order solution would be an oscillation at the frequency given by 
2 - oxe\     max     -> 2 oj _ ^A ~j-       - 2v . At this point one could then apply the BKM 

method.   In Figure 1 v/e sketch the relationship between the exact solution 

and the appropriate solution of the linearized version of (III-ll) . 

-17- 
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IV. Further Exanples 

Vfe illustrate the method outlined in Section II by means of a relatively 

simple but non-trivial problem. Consider three nodes that are coupled to- 

gether and which are driven by a external driver in the following fashion: 

dA 
g^= BC + D sintot); 

dB 
dt = ~ ^ ; (iv-i) 

g| = - k2A B ; k2 < 1 ; 

In the absence of the driver the solution of these equations (v/ith 

A(0) - 0, B(0) = 1, C(0) - 1) vrauld be: 

A = sn(t, k) 

B = cn(t, k) 

C = dn(t, k) 

where sn, en, and dn are the usual Jacobi elliptic functions. We consider 

the driven case here. As a first step we integrated this set of equations 

numerically using the initial values: A=0,B=1,C = 1. The mmerical 

solutions indicated that the mode airplitude C had a non-zero average value 

close to 1 while the anplitudcs A and B averaged to zero. Therefore, 

we linearized the equations about the "point" A=0, B^0,C = 1 using 

the program FIRST (See Section II). The matrix of the linear part of the 

new equations is 

-18- 



Next we solved the secular determinant and fonted the left and right 

eigenvectors using program SECOND. The crank was turned further ard in 

Figure 2 we show sane of the results of substituting the perturbation 

solution back into the differential equation. 

Even in this relatively sinrole example we find that very many terms 

could result from these simple calculations. 

The BKM method permits selection of thDse terms that lead to changes 

in the growth rate and frequency of the oscillations (waves). 

In order to test "expcrirrcntally" if there was any validity to the 

methods we have proposed in Section III we integrated the equations IV-1 

numerically. 

At the same time we also integrated the following linearized equations 

numberically. 

K = 1/,/l + k2/4 B + DsinQt 

dt = - ^l + k2/4 A 

In both cases D = .5, k2 - 0.5, and n = 0.2 . 

The point of this calculation MM to determine if the solution of 

linearized equations approxiirates the exact solution.  (The frequency cor- 

rection, given by the reciprocal square root, is the standard first order 

result for elliptic funcrions). Figures 3 and 4 show the results for A and 

B ; the correspondence is sufficient to indicate that there is merit in the 

approach. 
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We have also just begun an application of the methods discussed in 

previous sections to the nodal equations derived by E. N. Lorenz^ ' to 

model the rotating basin experiments. We have integrated 'dese  equations 

n^pr-rcally for certain values of his frictional ard heaving parameters as 

well as for initial conditions. On the basis of these numerical results 

we carried out seme of the analytic processes described in Section 3 by 

means of the programs tliat have been developed. Figure 5 shows the results 

sane typical numerical results. This work is continuing. 
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Appendb!A-    Slow Time Scale Biuatlons 

in this appera- «, sha]1 glve „ brlef descripUon of ^ ^^^ 

Krylcv-Mtropdslcy  (BM)  schc^ for deriving sic« tta scale equations 

v*ose solutions are "as^toüo" to th. solution of a nonlinear Cifferc^Ual 

nation.    After discussing the E^ for an oscillator with one degree of 

freoto 1* the conventional «nner « int^uc th. concepts connected «tth 

the rethod of e^ivale.t lineariZatlon.    ^e use of cenplex notation is 

then introduced as this is .ore natural for the equations we consider. 

Finally we discuss the ease of many degrees of freedan. 

tte nonlinear orations that we look at first are of the sort that arise 

in the mechanical oscillations of a systan, viz 

.2 
m —f + kx = mtlx, x); x = ~ ■ 

at" dt ' (A-i) 

vte.in v. are ronsidering a systen v.uth one degree of froedc» and where   f 

is a (non-linear) function of   x   a^i   .   ^^ ls , ^^^ ^^ 

xs to he considered s.,11.   ft. B^ sch^e yields solutions in powers of   . 

which are as^totic to the .olution of (A-l, m the »th^tical sense, i e 

a finite n^ter of the to», in the expansion well app.oxtates the true 
solution. 

First consider a shnple perturbation solution in the case so that (A-l) 
becomes 

2 d x x     2 3        2     t 
ät*       0 o       m A-2 
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If we assume that we can write the solution as 

x = I en x{n) (t) »r« 
n^^o 

we obtain, upon inserting Equation  (3)   into   (21   and eqv^ting tttM of equal 

order in    c 

A<^+tt2x(0)  =0 (A-4-a) 
dt2 

A^L+taV" =-ex(0)3 ^-V 
dt2 

This is the so-called Rnsson method and it leads to iimdiat« difficulties. 

The general solution of (A-4-a)  is 

x(0) = B oosCa^t + ti 

where   B   and    |    are constants.    New then 

3 3 

x(0)3 = i^2_cos(a3 t ♦♦)  +-^-005(3^ + 3*) 
4       o 

This means that the right hand side of the equation for x    has a tern 

(3B ^ 4 • cosU t + ») ) which is a solution of hoirogeneous equation. As 
o        0 

is well known the particular integral will then have a term that behaves as 

t sin(u)t) . Ihis is the so-called secular behavior which is unbounded in 

time. 

The physics of the problem illuminates the uathejnatical solution. Ihe 

-linear restoring forces much change the frequency of the oscillation non 

-23- 

   - -    . 



giww^wii     ii u i .,■.„....,■.■.^.■,.   '.•■■■■■■■iBiiiPMBiiviOT^^mpnf^^^Hrw M^Mi^wi^^v^^MmMMn^n-PMiw.i iiiiiiauiR i in       i     JM^I . IIIII i in     ■■■II."-III        i  »MI wo^^nvw^av^n^fW 

because the potential energy is not siirple kx2/2 here but rather is 

PE = kx2/2 + £inx4/4 

Consequently the solution is approximately given by 

B oos(Wot + ««t + 0)  = B cos(Wot + «)  - ««.t. B sinCo. t + *) 
o 

with 6U   arising from the non-linearity. VvMle the names of Lindstedt 

and Poiiicare- are assooiated with mettods for obtaining period solutions of 

A-l we shall describe here the method due to Bogoliubov, Krylov and Mitropolsky; 

the method is sonowhat heuristic and intuitive but powerful and direct. 

One starts fron the fact that the solution to A-l with c = 0 is 

a cos ^ with |U 0 , (a = constant) and ^ - «0 , ♦ - «0t + ♦ . 

We recognize tfaftt the nonlinear tea« my cause a change in the amplitude, 

a , on a slow time scale and in the frequency, d^/dt . We write then 

(A-5-a) 

(A-5-b) 

x = a cos tj» + e u
(1) (a, ^ + ... 

« 
x = - (D a sin ^ + ... 

where Cftl aM A(1' are to be determned so that U(1) „in oontain no 

secular terms. One finds then 
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/2TT 

1 
^o '   " Z^i" I     f  (a C30s i/;, - a CJO/ sin ^)  cos i,'1 

o 

'2v 

d^ 

da 
dt ■ ^ r f (cos ty, - a u)o sin v)  sin ^ d^ 

(A-6-a) 

(A-6-b) 

Returning to the exanple we started from in which 

f(x, x) =nix3 = im3 ms3 ma oos \p 

we find 

cty 
dt 

= ü)  - 
ema 
2vut f cos tl)  d'^ = 0)  - 

cma 
o  2nü) 

dt  u 

We can physically interpret the results 

that the integral in (A-6-b) is the work done 

involves the so-called reactive power. 

given by A-6 by recognizing 

per cycle while that in (A-6-b) 
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B. The Method of Equivalent Linearization 

•niere is another way of interpreting the results given above using a 

scnewhat cruder approximation. Recall that we started by looking at 

d x j  2      ^/  v —2 + " x = - mcf(x, x) 
dt   0 

The lowest order BKM solution  (the    eUa)    term can be ignored hero)  is: 

x = a oos ^ 

with 

We approximate these last two equations as 

Ida Ti 
a dt  I' 

.A(1) (a) 

'a = a 
o 

k-^-C] 
'a = a 

o 

where ao is the anplitudc for t = o . One observes that the corresponding 

solution for x could have been obtained from the solution of the differential 

equation 

^4 + 2Xx + H- x 
dt7      m 
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if to the first order m G we had chosen 

a 

k    2 
-= ^ + 2uo  cC'{a) 

Wo note this use of perturbation theory to ntxlify 

ty linasrliatiai. 
the eigenvalues obtained 
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C.    Ccrplex Formulation. 

The previous results can also be viewed fro. the results on first ordc* 

matrix equations. The second order differentia] Equation A-2 can be written 

in matrix form as  (use P = x/m) 

d_ 
dt &j       ^       oj    (pj   +   [ef(X| ^J 

Introducing a . x + P/^ and its oonplex conjugate a 

we obtain 
as new variables 

da  .      c       * 
dt    o   USü  J- VJ, et ; 

and its complex conjugate.     More    u>    ■ AM 
o 

00 

Writing    a ■ ae1 >** 2'n« 
0 

(n) 

along with 

at-o+ I  ^n^(n) (a) 
n-1 

da 
dt -T.»» (n) 

(a) 

one obtains 

--o^C^V^). 

-  (A(n)  +i/
n)a)  +e-^ ^ "  V    (An"S i- + Yn-S 1-)   a (S) 
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F" 
is the coefficient of e

n in f-w. A      I 
in the development of mcf (x, x)/iw . 

In order to avoid secularities one must have 

-277 
(n) 
^W/  e-i'V-y (An-sa_+¥n-s^)R(s) 
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D.    Several Degrees of Freedom 

In abstract form we must solve 

dB.      —- 

Take   S    to be the matrix that diagonalizos   M , i.e.    s'Hfi ■ A   vdiere 

is diagonal.    Take   U    = S   . B.   .    Then 
e       ej    j 

d^=lXk u + y s.-1 F. 
k     ^  ki    i 

Again, assuming   Ü.  ■ a e1^ + cß(1) (a,  }]   , 

i-^ + ^Ca) , 
and 

da 
dt=e V^ 

one obtains 

.2n 

h^\--^ Jp1* ^ F, Cty 

0   ft 

for the eigenvalue corrections to the   k-th node. 
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Appendix B.    Program Listings 
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INPUT   m0   FOI^MAC   itilrTOCT^^O^ 
PI8S?:PFOCEDUEE   CPTICüS(MAIN) ;        FORMAC_r?TlOKS; 

/•   DA5ED   PA2TLT  USOU   D.CK   POF   PfHTORB   ROO^IKE 
/*   STARTED  JtiNE   27   1972 ♦/ 
/*   CORPtc:   PEHTÜRB   DECK   */ 
/V1.V    CALL II.FUT; 
/*2.,,/    CALL LINiAhlZL; 
/♦3.*/   CALL PORH DETERHINA8TJ 
/**»*/ CALL OU3PUa_ALL; 

/* SUBROUTINES V 

OPTSST (PHIHTJ ; 
IRPOT:PROCEDUREj 
/♦I.*/  GET   PILE (CON1F.OL) DATA    (KCDES- 

NOTHING); 

LW<P;C(SIIiE).-#I/2*EXPüN. (iI*|(1))*tI/2*EXPOII.(.iI*$(1)). 

OP.SET(EXpi;D)ri/2"X'JN*(#Ii${1))+1/2'FXPO>:'(''^$^ 

/*2.V  /•   ZLi-0   Tilt   ARRAYS  OP  COBPPICIBRTS   •/ 
/♦A*/  CALL  P06HAC.EEASI(*D(I) ^nODES.I) « 
/♦B*/  CALL   POüMAC.HRÄSE{»B{IrJ) »^MODES.i) • 
/♦C*/  CALL   FORMAC_ERASE(«GAHMA(I-J.KJ «.MODES   3» • 
/♦D*/ CALL  PORMAC.IEASE<»B0(I)«#HODES#1); 

PORBAC^ERASEtPECCEDUli! (A,H,RAMK) ; 
DCL A  CHAR(*)# (B#RAMK#BT((t)   )    FIXIDBINAFY; 

DO 1-1 TO Hj IF I<«RAIiK THE« :rr(i)=>;: FLS^ BT(II«1< VKU- 
ZERO: DÜ 1=1 to B5(1)aCET(I), DO jil TO KT(2);CETM). * 
DO   K=1   TO   KT(3);   CET{K)J   DO   1 = 1   TQ   VTIUM    CsVlLI. 
RET(A»0);   END 

/*3.V    /*   iiipui   a HE  ARRAYS*/ 

(<t) •    C."ri (L) * 
ZFiO;   ATOMIZE (l5J;K;l)j   END   PCPHAC.ERASE} 

/*AV CALL EQUATIONS («DPIVER*) ; 
/♦B*/ CALL EQUATIOKsitMA^RAT»)j 
/♦CV  CALL   EQÜA1I0NS(»CA«MAS») J 

EQUATIONS}PROCEDURE (A)J   DCL  A   CRAB (*)« 

DCL  PORMAC.ERASE   ENTRY <CRAR (15) PAR#PIXE0   BI^FIXED   BIN) 
EQUATIONS   EliTRY   (CHAR (6) VAR) : "»^xxfiD  BIN), 

EOSR!   END   INPUTJ 

LINEARIZE   :   PROCECUBEj 
IHODES:   DO   1 = 1   TC   MODLS;   CF"-(I)- 

LET(SUH(1)-0j   SI H (2) =0) ; 
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JMODES: DO .1 = 1 TO HODFS; CFT(J); 
LEI (sun (1) «0) ; 
DO K=l 10 .%1CD^^: CET{K) | 
LEI (S0a(1J«S0H(1) ♦GA«?1A(1#J,K)*BC (K) fGAH«A (I,Kf J) «80 (K) : 

SUM(2)=SUM(2) fGA»NA(IrJ#K) *B0(J) ' E<0 (K) ) ; 
END; 

LET(SOn (2) =ru^ (2) ♦M(I,J)*B0(J) ) : 
LET(H(IfJ)«H(I,J) +Süw(1)) ;    ATOMIZE (SÖM (1)) ; 
END JMODES; 

LET (D (I) =D(I) i-SUH (2) ) ; ATOMIZE (SUM (2) ) ; 
END IMODES; 
BOSS: RETORBj END LIBEARIZE; 

0ÖTP0T ALLJPEOCEOOHEJ 
/♦A^/ CALL DISKC^U) «#BO0ESf1# •DRIVE1) S 
/*D*/ CALL DISK('GAr.HA(I#J(K) •  rHODBSt 3f » GAB

1) J 
NOT5ST= ' 1 • B * 
/*CV CALL DISK (• ROB (IJ *rBODES,1f »ROBS») J 
RETOBB; 
END  OUTPÖT_ALL; 

DCL   DISK   EBTRtCCrtAa(iO)VAR,FIXED   DIN.^Y,FIXrD   BIBABY,CHAR (20) BAR) J 
DISK:PBOCEDÜKE(A#Ji,»,B);        0PÄB   FILE (PüBCH) OUTPUT  TITLE(B){ 
DCL   (A#6)   CHAÄ(*)#(B#ö#BT(l»))   FIXED BINARY; 

DO   1 = 1   TO   4;   If   I<«H   TBEH   HT<I)«Bs   ELSE  NT (I) =1 ;   END; 
CARDS: 

DO  1 = 1   TO  HI (1) ;   Cf'j (1) ;   DO  J-     70  HT (2) :   CET (J) ; 
DO   K=1   TO   1.x (3) ;CL'i(K) ;   DO  L»1   TU   »T (B) {   CET (L) ; 

IF   KOTEST   THEN   G01Ü   PONCHERj 
IF  ■»DEBPKCG(*Z9999997»»llA#,Z9999998«0l)   THEN     TUNCHEHrDO; 

CALL   D£BFNCH(fÜRBULA#Ai ; 
PUT   FILE (PU'ICii) Li.Sa (f OKBOLA) SKIP ; 
END; 
END  CARDS; 
CLOSE   FILE(PUNCH) ; 
END   DISK; 
FORri   DBTERHIBAB1 :EBOC£DORE; 
DO   1=1   TO   KOD£S;C£T(I) J   LLT (POK (I) =M (I, I)-MU) ; 
DO  .1 = 1   riO   M0DL3;   CE1 (J) ; 
IF   J<I   THEN 
LET (ROW (I) = (« (I,.)) ,iC/J (I) )) ; 
IF   J>I   THE»   LET (EOW (i) = (i 0W(1) #M (IrJ))) ; 
END; 
END; 
END  FORM   DETEBHIBART; 

DCL 
FORMULA CBAR 1800) VAR, 
ITEBAXEi   FIXED   BIBART« 
BOTEST  Bia(1)   l!;:r IAL ccn) r 

MODES FIXLD BIBA?.Y| 
DENFHC3 EN'iLY (FIXED BIB (31#0) »FIXED PI N (31 ,0) ) EXTERNAL, 
VALUE CHAR (100) BAB, 
RANK FIXED BINARY, 
NOTHIBG FIXED; 
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(CHECK (tIGENViC.ORS,£CLVE/sEGFEGAl?.,LEFT_KIG£NVECX0RS)) : 
SECCNC:   PtiÜCEDÜHE   OPTIONS (fl&IS) i    FOR «.\C_GPTIO N-l ; 

/*   JUNE   27,1972   DIAGONALIZATICN   CF   LINEARIZED   COUPLED   MODE   EQUATIONS 
ADAPTED   PBCa   FOKTIÜNS   OF   THE   CARLMAN   PBOGBAH */ 

/*1 ♦/ CAII   INPUT; 
/*2 */        CAIL   EtTERKINAN'i (DIHENFIGN) ; 
/♦2A#li**iiitfiilf##•/ CAIL   SEGREGATE; 
/*2ü. J;!.'NNNN:INNNNNNNN*/ CALL BüHEHICAL EVALOATIOMJ 

/*3.>>>»»»>>»»>»/ CALL       RIGHT  SICEMVECTCRS; 
/*«.<<«<<<<<<<«<<<*/  CALL  LIFT.EIGENVECTORSJ 
/*5 V     CALL   EIGENVALUES; 

IHPÜTlPBOCEDüREj   OB   EBDFILE(SYSIB)   GO  TO   EOF; 
GET   DA:A(NPOU);   Dli'ihN? ION, £01,1=KFO W ; 
DCL   PAIR   CHAR (200)VAR; 

GET   PILE (PAIBS) LIST (PAIB) GOBI J   CKT(PAIR);      CLOSE   FILE(PAIRS)- 
LET (d)'rirti:S = 0) ; \ i > 
CET(aCIM;llBOH) ;   LEI (U (0) = 0; TYFE-C) ; 
LET (PROD(1) =1) ; 

LET(Q$(-1)«0:   TIPE«-1J ; 
HDIH« 8Dlfl,NBOM«Dll!EBSIOB; 
CFT(a)EIM   {BDIHJ ; 
LET(i («DIH) »1) ; 
DO  J=1    TO   »OIH;   NUMELF (1,J) ■--.);   END; 
DO  1 = 0  TO  IBOH|CET(I) ;LET(B(I)«0) ;EMO; 

CLOSE   rlLE(SYSIN);   OPEN   FILE (SYS11!) TITLE ('ROWS •) ; 
DO   1=1    'O   BB0«;CEI{I)J   GET   LIST (RESULTS)COPY;   POB» (BESOITS)! 
DO   J«1   TO   NHOW;   C£T(J);   LET (TERU {I, J) «ARG (J#BOH (I) ) ) ! 
LET (TEBfl (I, J) »AVAL (ItBft (If J) , f AIB)) j 
END;   END; 
PUT   PILE (SISCP) EDIT (•      SECULAR   CETERMIK/.NT •) (SKIP, A) ; 
GO   TO   EOF; 
OUTPUT lEH'IRY;      CHABEX (RESULTS = X (TYPE, Qi (r.'YPE) )) ! 
GO  TO   PDNCUEB; 
OÖTPöTI:BBTRY(BAHE) J   DCL   NAME   CHAI t*) J   CALL   DENFflCH (RESULTS,NAHE) • 
PUNCHER: ' I * 
PUT  PILE(SYSCP)LiSl (BESOLVS)SKIP} 
RETUBH; 
PUT   FILE(LYSCP)    i EI'x (RESU LTS)  (SK IP, X (1) , A) ; 
EOF: RETURN; £.ND INl-UT; 

DETBBHIBABT:PROC£CÜBE (N'DI.'I) RECURSIVE; 
DECLARE (NUir.,I) I1XEE DINARY; 

LET(a")TlKES^a)TIKhS+1)    ,   ; 
DCL laiHES FIXED LINARY; BTIHBS "IHTBGEB(dTIHBS)i 

ONE_D: 
IF   ND7M=1   THEN   DO; 
' BT(HUNBEB*«NUHB£II (aDIM, 1) ••) ; 

♦ 1 
1- 2 
* 3 
♦ q 
4- 5 
♦ 6 
+ 7 
♦ B 
♦• 9 
+ 10 
♦ 11 
♦ 12 
♦ 13 
f 14 
+ ^'J 

+ 16 
+ 17 
♦ 18 
4- 19 
♦ 20 
f 21 
< 22 
+ 23 
* 24 
4 25 
f 25 
♦ 27 
f 28 
+ 29 
♦ 30 
♦ 3 1 
♦• 32 
+ 33 
♦ 3') 
+ 35 
♦ 36 
*■ 37 
•f 38 
4 39 
4- MO 
4- 41 
♦ '♦2 
+ U3 
4- un 
+ 45 
♦ ae 
4- «»7 
4- 4 8 
4- 49 
4- 50 
4- 51 
4- 52 
+ 53 
4 54 
4- 55 
4- 56 
4- 57 
4- 53 
4- 59 
4- 60 
4- 61 
4- 62 

r 

fy 



'«""AM?"!0";"?!"}'1" C,C!"T'M'""'=IJ' ««■ •««»«. 

CALL OUTPUT; 
NULL: LETraTlBES=aTIHEs-1) ; 
RETURN; 
END; 

lli^lCiTlH^S),*0    (   lNTEGER(iDIH'-INTEGE«(aTIHES)»1):   LET(I=-I-); 
LEr(K="Kü«BKR(äTIMES,I) ") ; 

LET (PROD (ä)TIMES*1)=PhüD((iTIMES)*TERnOTIHES,N)) I 
IP   IDENT(PROD(<m«ESO);0)    THEN   GOTO   £KD_QP_C ALCDLATIOH ; 

L=0;   PC  J=l   TO   NDIH;   IF  J-^=l   IHEN   DO; 

L = Ln;NüMD£R(<I)TlHES*1,L)=KUnDER(aTIMES,J) ; END; END; 

CALL   CETERMINANT(hDlM-l); 
LIT(X>Z(ai:ZBIS}] ; 
END_OP_CALCULATICN: 
END  CALCULATE; 

LET(d)TlHES = (i>TIHES-1) ; 
RETURN;   END   DETERMINANT; 

SIGN.-PROC        RETURNS (CtiAR (4) ) ;   IEI(SIGN=»1)- 
DCL   N$ (7)    PIXEL   EINARY; 
»OM.1   TO   NHOW;CEX(Lt);    N# = INT£GER (I(LI) ) ;    N$ (Lf ) DUMBER (Lt, Nl) ; END; 

PUT   I0ZTC(M(U}    LO   K$=l   TC   NROW)    )    (   10   P(3,0)    ); 

DO   L» = 1   TO   NROW;   IF   H$(LI)-,= L#   THEN   DO   J# = L#0   TO   NROW 
IP      N$(J|)=L#   IlllU   DO; U", 

It(JI) •■<(!#] ;LET(SIGN = -SIGH) ;   END; 
END; 

END; 
BETURNCSIGK«) ;   EKD   SIGN; 

EIGENVECTCRSiPRCCEDURE; 
RIGHT_EIGEN VECTORS:ENTRY; 
PUT   FILK(SYSCP)EDIT('    BIGHT   EIGENVECTORS')  (SKIP   A^ • 

EIGENVECIORSIIENTRY; l»»»r#»|J 
CET(LEFT) ; 
LEI (X00=1) ; 
DO   J=2   TO   DIflENSICN;   CET (J) • 
LET{D(J-1).-XG0»TiRM(j,1)): /t   USüALLy   M0..>fj   nAy   _.>0   ^ 

!<AFTiTE!Jn-!:1
DnI^J0

T
DIH:CET(I); D0 J-2 T0 DIM: CBf(JJ, 

^^ol^^1'^^   ***''   ^ "AKE.S^ALLER; 

•DXlMROK>OXRIISZCK] 
csT(aci«); LiT(Z(aozii)«ii| 
IP ON THEN DO; 

mlmU7cS,iUs»cS«fSi;.S?f,5i?w ro""—I0»s'' •»».»I 
CALL SOLVE; '* ':WU' 

♦ 
♦ 
* 

♦ 

♦ 

♦ 
♦ 

♦ 
♦ 
♦ 
♦ 

♦ 
♦ 
♦ 
♦ 

♦ 

♦ 
4 

♦ 

♦ 
f 

t 

♦ 

♦ 

♦ 

♦ 
♦ 

♦ 
♦ 
♦ 

♦ 

♦ 

♦ 
♦ 

63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
93 
99 

100 
101 
102 
103 
104 
105 
106 
107 
103 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 

^ 



•*80Hf JDIN/DinmiCN^NhOM*!; 
END   E1GLNVECTOHS; I 

LEFT   EIGENVECTOBSiPKOCEDURE; 
LEPT=100; 
POT   FIL2(SYSCP)£DIT('    LEFT   EIGENVECTORS•) (SKIP,A) : 
CET(aDIN) ; 
/• FORH THE TRANSEOSEC «ATRIX */ 
DO   1=1   TO   NROM;Ci,T(I) ;DO  J= 1   TO   HPOW:CET(J); 
LET(TERfl(I,J)=EVAL(AhG(I/POM(J)) »PAIR)) ;   END:    END; 
CALL   EIGENVECTOHSI; 
END LIFT_EIGENVEC10HS: 

SOLVE: 

DCL(I# 

OPTSE1 
OPTSE: 
VARIAE 
REPLAC 
CET (I) 
LET(TS 
LET(TE 
LET{TY 
BESTOR 
DO 1=1 
END VA 
EOSR:i 

PROCEDURE (DlflLNSION) ;      /•   INTERFACE   FOR   CALLING   THE   DETERMINANT 
FOR   SOLVING   SIMÜTLANEOUS   EQUATIONS*/ 

J)    FIXED   BINARY; 
(PRINT); 
(NOPPINT); 
LE_SOLUTICN: DO J=1 TO DIN; CET(J); 
E_A_COLUHN:DO 1=1 TO DIM; 

AVE(I)=TERf1 {1,0))  ; 
RM(I,J)=C(I));  END REPLACE A_COLUHN; 
PE^LEFT) ; LET (ü$ (TYPE) = C) ; CALL DETERNINA NT (dDIH) ; 
K_PREVIOUS_CÜLU«N: 
TO DIM;C£T(I); LKT (TERH (I, J) =TSA VE (I) ) ; END; 
RIADLE_SCLUTION; 
ND SOLVE; 

OPTSET(PRINT) ; 

NUMERICAL_EVALUATIÜN:PROCEDUHE; CCL PAIR CHAR(200)VAR• 
NRAM=NROW»1; 
EOF: DO 1 = 0 TO NKCH; C£T(I); PS (I♦ 1)=ARITH(P$(I)) ; END; 
PUT LIST((PS(I) DC 1=1 TO NRAW)); 
EOSB: RETURN; END NÜMtRICAL_EVALUATION; 

END; 

EIGENVALUES :PROCEEUliL; 
P$=P$/P$(NRAW) ; 
DO   1-1   TO   HIOII]   0l(l)=COHPLBX(PI (NROW-I*1),0.) 
DO   1=1   TO   NROW;   PUT   DATA(Q#(1));   END; 
CALL   FRTC(U»,HßüH); 
IF   ERROR=   OK   THEN   PUT   LIST((pf{I)    DO   1=1   TO   NI!OW))SKIP- 
IF   ERIOB»OR   THEN   PUT   FILE(SYSCP)    CATA((Q«(I)    DO   1=1   TO'NROW))SKIP• 
/•   FOR   EACH   EIGENVALUE*/ //      ^«. 

DO   1=1   TO   NR0W;CE1 (I) ; 
FLOATA (EIGKH (I) =KEAL (CMI)) ) :   FLOATA (D=IflAG (Ql (I) ) ) 
LET(EIGEN(I)-EIGi,N(I) ♦»I*D) ; 
LET(«Ü(I)=EIGE[I(I)) ;   CHAnrX(S7PlHG = HU(I)) ; 
CALL   OUTPUT»; ATOHIZF (flU (I) ) ; 
LET(DET(I)=0) ;   DO   J=l   TO   IHTEGFH(0$(   0));   CET(J); 
LET(Dr.T(I)=EV.lL(X ( 0, J) , RU, EIGEN (I) ) ♦DET (I) ) ; 
END: 

129 
130 
131 
132 
133 
130 
135 
136 
137 
138 
'139 
1U0 
UM 
1t»2 
H»3 
1«I4 
U»5 

U7 
1H9 
149 
150 
151 
152 
153 
154 
15r. 
156 
157 
159 
159 
160 
161 
162 
1G3 
1614 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
19a 
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IP   IDEJIT(DE1 (I);«)   THEN   DO; 
PUT   LIST(»    EIGENVtCTOH    «,1,    • SCT   POOHD'); 
GOTO   ElGENflODES;   IHL; 

LEPT_RIGUT:   DO   L=0   TO   1;   CET (L) ;   /•  L=0-->HIGHT/   L=1-->LEPT*/ 

CONPONENTS:DO  J=1   TO   NROW-I;   CET(J):   LET{JL=J»L*100) ; 
LET(COHI,üN(I, J/L)=0) ;   NTOTAl = INTEGEB {Q$ (JI)    ); 

DO  K=1   TO  NTOTAL;   CET (K) ; 
LET(CCflPCN{I#J,L)^COnPCN(I#J,L)*EVAL(X(JL,K) # HU, EIGEN (I) ) ) ; 

END; 

LET (COHPON (I,J,L) =CünPON (I, J , L)/DET (I) ) ; 
LET(COMP(I,J,L)^EVAL (COnPOK (I, J r L) , »I, - #1) ) ; 

E>.D   COHPONENTS; 

AGAIN:   DO  J=   NROH   10   2   BY   "1;   CET(J):   LET{ 
COMPON(lf J,L)=C0MPÜH (I.#J-1,L) ;   COIIP(It JrL)«COIP (Iv J-1#I.) ) ;   END; 
LET(COKFON(I/ 1,L)=1:   COHP (I, 1 ,1) = 1) ; 

LET(SC = 0) ; 
DO J^l TO NROH-I; CtT (J) ;LET (SC = SQ*COHPON(I, J,1) *COHP (I,J,L)) ; END; 
DO .1=1 TO NROW-1;CET(J) ;Li:T(CCMPGN(I/J/L)=COHPON(Ir J,L)/SQBT(Sg)) ; END; 

END   L£FT_R1GHT; 

PUT   FILE   (SYSCP)    SKIP; 
DO   J=1   TO   NHÜW-1;   Ci.1 (J) ; 
LET(S (I/J)=C0MPUN (I,J,0) {SI (I,J)=COHPON(I,J#1) ) ; 
CHAREX (STRING^SI (^J) ) ;    PUT   EILE (SYSCP) LIST (ST RI KG) ; 
CHAREX {STH1KG = S   (I,J));    PUT   FILE(SVSCp)LIST(SIR ING) ; 
END; 
ElGESMODES: 
END; 

END   EIGENVALUES; 

SEGREGATEiPROCEDURE; 
DO   1=0   TO   NROW*1;CLT (I) ;    LET(P$ (I)=0) ;   END; 
NTERnS = INTEGER(QJ (-1) ) ;    DO   N$=1   10   NTERFIS;   CET (N$) ; 
IF   LOP(X (-1,N$))=2i*   THEN   DO;    NSTARTM;   NSTOP=NARr,S (X ( 

ELSE   NSTART,NS70P=0; 
DO   N«=NSTART  TC   HSTOP;   CET(NI);   LET(DUHP^ARG(Nt,X(-1 

IF   1DENT(BIJKF;C)    THEN   GOTC   NO  CONTRIBUTION; 
LET(HP = HlGHi'OW(   BUMP, MM) ;    P$ (HP) =P$ (IIP) ♦EVAL (fiUKP, HU, 1) ) ; 

NO_CÜNTRIBUTI0N:ESD; 
END  SEGREGATE; 

1»N$)); 

rN$))) 

END; 

DCL DENFHC3   ENTRY (FIXED   BIN (31,0),FIXED   BIN(31,0))    EXTERNAL, 
(INPU^OUIPUT)    ENTRY, 
DIHENS1CN   FIXED   BINARY, 
(ALPHA,BETA)    FIXED   EINABY, 

SIGN   ENTRY   RETURNS(CHAß (U)) , 
RESULTS   CI1AR(8C0) VAR, 
NÜMBER(9/9)FIXED   EINARY, 
aDin   FIXED   BINARY, 
NROW   FIXED   BINARY, 

DI"   FIXED   BIN   DEFINED   ClflENSION, 

♦ 195 
♦ 195 
♦ 197 
♦ 198 
♦ 199 
♦ 200 
♦ 201 
♦ 202 
♦ 203 
♦ 204 
♦ 205 
♦ 206 
♦ 207 
♦ 203 
♦ 209 
♦ 210 
♦ 211 
♦ 212 
♦ 213 
♦ 21ft 
♦ 215 
* 216 
♦ 217 
♦ 213 
♦ 219 
♦ 220 
♦ 221 
♦ 222 
♦ 223 
♦ 22ft 
♦ 225 
♦ 226 
♦ 227 
♦ 228 
♦ 229 
♦ 230 
♦ 231 
♦ 232 
♦ 233 
♦ 23ft 
♦ 235 
♦ 236 
♦ 237 
♦ 230 
f 239 
♦ 2U0 
♦ 2ft1 
♦ 2ft?- 
♦ 2ft 3 
♦l 2ftft 
♦ 2ft5 
♦ 2ft6 
♦ 2ft7 
♦ 2ft8 
♦ 2ft9 
♦ 250 
♦ 251 
♦ 252 
♦ 253 
♦ 25ft 
♦ 255 
♦ 256 
♦ 257 
♦ 258 
♦ 259 
♦ 260 
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VALUE CHAE(IOO) VAR, 
LEPT EIXEE EINABY 
NOTHING FIXED, 
PS(20), 

INII(O) , 

DETERHINANT ENTRY (FIXED BIHAR')- 
DCL ON BIT(l) INITC 1' B) ; 
DCL 
DCL 

END 

STRING CHÄR(ICOO)VAR; 
ERROR CHAR (1) EXTERNAL,Qt(20) 
OK   CHAB(1) 1N1T («O«)- 
SECOND; 

COflPLEX BINARY FLOAT, 

♦ 261 
♦ 262 
♦ 263 
♦ 264 
♦ 265 

, ♦ 266 
/ ♦ 267 

♦ 268 
♦ 269 
♦ 270 
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// "Ec   BIPOITfriOaiM.|DXTI        '-^"»•«"•«»«•■   SPÄET090.71600 
//STEpLIB  DD DSI«0.fPL.llBiUf#DXSP.SM 
//OUT   DO   DSN = U.BOStN.A8PA(THPEF)#VOI. = S£R=RES103, 

// DISP=(OLD,Ki:EP) 
//SISPRINT   DD   SyS0Ul=A 
//SYSlh   DD   * 
.NEW     THIRD 

(CHECK(FORn_NKW_CRIVEH/CHANGE   NON   LINEAR. 
IrÜ^0RDLR-S0LUrI0N'KVALUA"   «ON   LIKLAft   TERNS. PII!ST_ORDER_ITKRAiiÜN,sü0STIfUTE;INTF      I^

Kf,S' 
EIGENVALUE_CORRLCIIÜN)): »f^lTBeHÄTB, 
Tf!IRD:PROCEüüRE   OPTIONS (MAIH) ;    PORNAC.OPTIONS ; 

/♦   NEW   VERSION      9-22-72   INCLUDiS   FIRST   ORDER   ITE 

BB   28E   BOJ 

/♦I*/     CALL   INPUT      ; 
/♦2V     CALL     POBfl   RBN   DRIVER; 
/♦2.5VCALL      LOWEST   ORDER   SO 

CALL   SAVER; .SOLUTION; 

BATIOK   */ 

CALL   CHANGE_NON_LINEAR; 

/♦3   */  CALL   FIRST_ORDER_ITERATION- 
/•«♦/     CALL      EVALUATt_NON_LlNEAR_TERMS; 

FORH_NEW_DRIVER:rKOcEDURE- 
DO 1 = 1 TO MODES;CEl (I) ; LET(SC«=C)- 

^,11   T0   fi0DtS:C2:r<J):LBT(S'Jt1=SU«*S(I.J)*D(J)).END- 
EN D; 

DO   1=1   TO   «ODE3;CET(l);ATC«IZF(C(I));LET(D(I)=NEHD(I)). 
ATÜMIZE(NEWD(I)) .-END- "^Ul 

END   FORH_NEW_DRIV£R; ' ' 

LOWL'ST_ORD£R_SOLÜTION: PROCEDURE • 
MODE:DO   1=1   TO   KCDE3;   CET(I);       * 

LI-LOP (D(l,);if   Lp.2,   ,„|   D0   ;NSTAnT=1;NSTOP=NÄRGS(D(I)).FND. 

LET(K$ = 0); USE   NSTAF!T'NSTOP^O; LET (SUn=0) j 

TERMSIDO   NMNS1ART   TO   NSTOP; CET (N«) ' 
LET   (TERB=AWG(M»,D(I))) ; 

IF  UENT(TEf<fl;0)    THEN GO   TO   NODRIVE- 
LBT(BXm>OiaZf (LOG(TERPI) »TinE))'; 

LET(TEBM = TtHM/(EXPOX*fI*fiU.(I));[,oMOGEN=EVAL(TERfl,TinE,0); 

LET(K$ = K$M   ;   LOW(I,K$)=HCnOGEN*EXP(II*BU.(I)«TI«E)) V 
IET(K$ = K$f1    ;   I.ÜH{I/K$)=HOnOGEN): 

CALL   TRANSROGRIFy(,LOW(I,K$)•)• 

St^J/^uÜJ' ""(LKS))!   ATOniZE(LOW(I#K$)). 
PUT   FILE(HOMOGEN) LIST('    •| ISTEING)SKIP- l*»»»'ll 

SAVEIDCO^I.KJ) :ExroNK«!T(0,i,K$)) •   \'x'**'   ,I*MU-(1)): 
ATOMIZE('1ERM;HOHOGEN) ; 

NOLRIVE: 
END TEBBS; 

LET(K$(1).-K$); 
TOTAL(0,1)= ZltmiCMl ; 

EN'; BODE: 

) : 

K 

1 
2 
3 
ti 
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6 
7 
8 
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10 
11 
12 
13 
1(4 
15 
16 
17 
18 
19 
20 
21 
22 
2s 
-.a 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
10 
U1 

Hi 
4(4 
<«5 
as 
47 
as 
a? 
5C 
51 
s; 
5? 
54 
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/•     CHANGL   9-26-72 
1 COT   DOWN   NUrttER   OF   TERflS   IN   THE   FINAL   ANSWER 
2 PERMIT   LOW   SOLUTION   TO   APPEAR   EVRR   IF   DRIVER   is   ZERO   IN   THAT   10DK*/ 
DO   1=1   TO   nüDES;CtT(I) ;    LET(KS-1;   B (0,1, 1) =LOW (I) ; LOW (1, 1)-LOW (I) ; 
K$(I)=1;);   TOTAL (0/1)-1 ; fND; 

END   LOrfEST_ORDER_SOLUTION; 

EVALUAT£_NON_LlNEAR   ISBHStPIOCIDOBB; 
OPTSET(MOEDxi); 
OPEN   FILE (POUCH) T1TL?. {• ULTERHÜ •) OUTPUT; 
OPTSETOJOPRIHT) ; '   ' 

KODE:   DO   1^   TG   KODES;    CET{I): 
L£T(RANif-0) ; ... 

DO   J=1   TO     KODES;    GET (.1) ; ,      . 
DO K=1 TO HOOBSi GET (K) ; 

IF J=K THEN GOTO NOSWEAT; 
IP NOD-0 S ( IDENT (J;SPl;GIAL) | IEENT (K ;SPECI AL)) THEN 60 TO WOSWEAT; 
NEST=J*K; 
HASTY = NEST/2     ;       IF 2*,KAS';Y = NEST THEN GOTO NOSWEAT; 

IF   -.IDEIIT (GAHUA (I,J,K) ;0)    THEN   CO; 
LET (GATING AH MA {1, J,K) ) J   ATCKIZ E (GAMt! A (I., J, K) ) ; 
IF   LOP(GAH)=2'l   THEN   DO;   NSTART= 1 ; HSTOI^ NA UGS (G AM) ;    END; 

ELSE   RSTABTfBSXOP«0] 
DO NS= KSTART TO HSTOP; CET(NS); 

LET(GAMHEK=AHG(NS,C;AH) ) 5 
DO L$-1 TO XBXE6BB(K$(J)) ] CST(L$): 
DO N$ = 1 TO INTEGER (K$ (K)) ; GET{N$) ; 

LET{HANy-MANY*1: 
NONLIIIE {I,flANY) "GBHBEB^LOV (J/L?) »LOW (K# N$) ) ; 

PRINT_OUT(HOHLINt(I, MANY)) ; 
CBBBBI(STBIBG«BOKLlBB(I#HiRT))] GALL OUTPUT; 
SAVE{HONLlt.,E(I/MANy) ) ; 

END; END; 
ATOMIZE(GABMEB) : 

END; ATOMIZE (GAM) ; 

END; 
NOSWEAT: 
END ; END; , ''" • t 

LET( ♦! (I) =MANY) ; 
END MODE; 

■ ■ •:> 

ITER=2; 
PRIHT_OU 
CLOSE~FI 
IHODES:D 
DO IB=1 
JMODE5: 
KMODES: 

CET(lTEh) ; LET(KAPPA = ITER;KAPPA1 = KAPPA-1) ; KAPPA 1 = ITER-1; 
T(KAPPA;KAPPA1) ; PUT C Al A { (Tom. (2,1 S) DO IS=1 TO MODES)) 
LE (PUNCH); OPEN FILE (PUNCH) TITLE (• Tli'f ELS •) oUTpUT ; 
0 1-1 TO MCDES; CET (I) ; 
TO MODES; GEI(IU): LET (IJ (ID) =0) ; END; 
DO J=1 TC MODES; CET (J) ; 
DO K^-l TC MODES; GET (K) ; 
IF IDEMT(GAMMA(I,JyK);C) 
LOWEB_ORDERS: DO SIGHA=C 

CET(SIGnA;KSIG); 
JTFRMS: DO JN-1 TO TCTAL(S1GMA ,J); CET (JH) ; 
RtBBHSl DO KH-1 TO TO'fAL(KSIG  ,K); CET(KN); 

THBB  GOTO   K_EKD; 
TOKAPPA1;    KSIG=KAPPA1-SIGMA; 

0PT8BX(BXPBO); 
LRT(EXPüNA;;    KXPühENT(SIGnA#.T,JH) ♦EXP0NEKT(KSIG,K#KN) ) ; 

56 
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tiU 
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5pTSF^0N:RfPLACt(£"0NA'',ULis'1 .«.Dj! UPlbEK      PHINT) ; 

E2JE=V0   flüDES:   CET(IB):    "    ICENT(EXrON:flU(IB))    THEM   GOTO   ME«   DEAL • END: GOTO   NO_ACCOUNT;    Hi.U   DEAL- ■•■.»■llj 
LBT|II(IB)»IS(XBM<!: 

NE«TERn(l/iB,iS(Ib))^AnNA(I,J,K)*B(SianAfJ,JN)*B(KSlG,K#KN) 
•    EXF(EXI>'JNA)) ; 

OPISET(NOPRINT) ; 
ATO«IZE(EXPONA:EXPON) ; 

C8»»ix|sm»ciiEiitBaa(i,iB,iiciB)))j CUL OUTPUT, 

NO_ACCOUNT: 
END KTEHUG; 
END JTLRHS; 

END LOWEE OHCERS; 
K_END: 
END KHODES; 
END JIIOOES; 
NEW_TOTAL{I) -INTfcGtR(1$) ; 
END IMODES; 
END BVALUATS «0« LlNi.AR TERHs- 
0PT3ET(PRINT) ; 

EIGKNVALUE_CÜRRECTIUN:PROCEDURE- 
OPISET(ERSNP) ; 
DO 1 = 1 TO nODES; Ctl (1) ; 
DO J=1 TO lNTE6£S(f| (1) ) ; 
CET (J) - 

s^M»Äi;^:A^riiKfi(i,j)'"u-(t,',"iii/,in: 
0P7SH (PRINT) ; 
DO J«1 10 NEW TOTAL (I); CET(J)- 
SAVE(NKWTER.1 (1^)) ; 
END; 
END; 
OPTSET(NOPRINr) ; 
END   EIGENVALUE_C0RRECTION; 

TRANSMüGRIFY:PllOCECURt(A) ;   DCL   A   CRAB f «1 1 
OPI'lTi   NOEXPND) ; ' ' 

ATOBIIBIJU  !'ET(10P=NUf1($$J):E0TT0M^ENün($$f)); 

IF   LOP(bOTTOH)=26   THEN   DO ; MST A ST= 1; flSTOP = N ARGS (BOTTOH) -    MBi 
BISB  BSTABT,8SIOP-0j   LET (NEWBCT-1) ; ■»■" HOTTOBH    END. 
DO   MS^nSTART   TO   BSTOPjCBTfNf1i 
LET(PACTOR^ARG(n$/mJTIU«)) ; 
LET    (FAX = EVAL(FACTOR/«I,-II)) ; 
REALS: LET (NEWBÜT=£XPAND (PACTOR^PM, »SBBBOTlTCP-TOPtVASI . 
END; '    r"*». 
OPTSET(PRINT) ; 
LET ("A"=TOP/NKirbCl) ; 
ATOMIZE(NtWBOT;bünc«;TOP;   FAX;f ACiOR) : 
EOSR:    END   TRANSBCJRIFY; 

OPTSIT(NOPRINT) ; 
CHANGE_NCN_LINtAri; PROCEDURE; 

«ODE: 
DO 1=1 TO BODES; CET (I) ; 
DO J=1 TO MODES; CET (J) ; 
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121 
122 
123 
1214 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
lUO 
mi 
1142 
1143 
laa 
m 
1146 
1<47 
1U0 
149 
ISO 
15 1 
152 
153 
15 «4 
155 
15T 

157 
15P 
159 
160 
161 
162 
16 J 
16(4 
165 
166 
167 
16H 
169 
170 
171 
172 
173 
17a 
175 
176 
177 
176 
179 
180 
191 
1H2 
1H3 
Iftii 
185 
186 
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CO K=l TO nOD£S; C£T (K) ; 

DO HO =       1 TO nOCES; CET(nö): 
DO LAMBDA ■ 1 TO nODES; CE7(LAIBOI)S 
DO   NU=1   TU   HOÜES;   CET (NU) ; 

Li:T(SUH=S'JM*(;AnnA (lltlflAilBDA(HO) »SI (LAHbDA^J) *S1    (NU,K) • 
s(i,nu)) : 

END; END; END; ATOHIZE (MU) ; 
LET{NEWGAn(I#J,K)=SUI1) ; ATOrtlZE (SOU) ! 

END BODE; 

FANDANGO: 

DO  1=1   TO   J10DES;CET(I) :DO   J=1   TC   MODES ;CET (J) ; DO   K=1   TO   MODES;CET (K) ; 

LF.T(GA?1MA(I,J/K)=NtWi;AM(I,J,K)) ;   ATOfllZE (NEWGAM (I, J, K) ) : 
END   FANDANGO; 
CALL   ATOMICCGAHKA (I,J,K) ' ,3) ; 
END  CHANGE_NGN   LINEAR; 

DCL A 
AT 

DCL ST 
TB=1ND 

OUTP 
DCL NT 
ALL:DO 
DO K = l 
IF -»t« 
CALL D 
PUT FI 
END; 
END AL 
CLOSE 
RETURN 
END   AT 

TOM 
GMI 
RIN 
EX ( 
UT; 

CO 
1 = 
TO 

U?f. 
LNF 
I.E( 

IC   ENTRY(CiiAIi (25) VAR,FIXED   BINARY); 
C:PHOCELURt (A#NC) ;    DCL   A   CHAR(*),ND   FIXED   BIN; 
G   CHAR(2000) VAR,C   CHAR (20)    VAR,IB   FIXED   BIN; 

O-i;  c «» >SUBSTR(Ar 1,28)11*1*;    OPEN   FILE (SYSCP) TITL2 (C) 

;   NT=1;DC   NJ=1   TO   liC;B7 (RJ)«HOD£S:EIIO; 
1   TO   NT(1):UO   -1=1   TC   NT(2);   CET(I;J)i 

NT (3) ;   CIT(K):    DO   L=1   TO   NT (U) ; CF.T (L) ; 
CG(,z9>J9J997=, i i A,'zsggsgst^O')   THEN DO; 

HCU(SlfiIHG#Jl) J   CALL   DBKFNCS (ft 11 *«0*) ] 
SYSCP)LIST(STRING)SKIP; 

L; 
FILE (i;YSCP) ; 

• 
CMIC; 

1 
TNPUT:PROCEDÜRE; 
/*1.«/   GET   FILE(CCNTHOL)DATA 
SECORD.ORDCB, 

NOTHING); 
RO0ftl«HODES/2]   IE   2»MüDAL=MODES 
TOTftl«0]    NEtf_lOTAL=0; 
OPTSET(t;XPNÜ) 

/•2. 

(MCDES, 

THEN NOD=1; ELSE NOD^O, 

FORMAC_ERASL:PROCEDURE (A,N,HANK) ; 
DCL A CHAR (•), (N#RANK,NT (14) ) FIXED BINARY; 

1B7 
188 
18 J 
190 
191 
192 
193 
19« 
195 
196 
197 
198 
199 
200 
201 
202 
203 
20U 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 
219 
220 
221 
22^ 
223 
22U 
225 
226 
227 
228 
22P 
230 
231 
232 
233 
234 
235 
2 36 
237 
2 38 
239 
210 
2U1 
2U2 
203 
20Ü 
245 
2U6 
?U7 
24 8 
249 
250 
2>1 
252 

V3 



0 1=1 TO t; IF i^RANK THtN NT(I)=N: ELSS NT (I) = 1 : END« 
HO: DO 1=1 ic N1(1):CET(I): to J = 1 10 NT(2) :CET(J) ; 
K-1 TO NT(J); CET(K); DO 1=1 TO NT(U); CET(L); 

DO 
ZE 
DO 
RE1(A = 0) ;   END ZIIOj    ATCniZE (x:J;K;L) ;    END   POIRAC.ItASB; 

/•3.*/      /♦   INPU1   THE   ARRAYS»/ 

/•*♦/   CALL   EQUATIONSCCRIVER») : 
/♦B*/  CALL   E^-JATIONS ('S') : 
/♦C»/   CALL   EUUATIONS (•GAnnAS«) ; 

EQUATIONS:PROCEDURE(A) ;    DCL   A   CHAR(*)- 
OPEN   FILE{SYSIN)    TITLE (A)    INPUT; 

?in!?DJJiEi??!^l    b.tC'liii   Cl0S?   FILE(SYSIN):   GOTO   EOF;    END; 
InS     p^?.^1^^^1^    LIST(VAL^)C0PY;   FOHHCVALUE);   GOTOtOOPj EOF:    RFTURN;    END   EQUATIONS; i-wwr, 

DO   IB-1   iO   MODES ;CET (IB) ;   LEX (HO (IB)-CXPAMO (-11*80 (IB))) 3   BID« 
LET(f1ULlST=(nU.{1)#MU(1))) ; BUUBJIM   MÖ. 
DO   IS=2   TO   MODES;   CEI(IF); 

LET(MULJ.ST= (MULIST,nU. (IS),BU(IS) ))■    BBO: 
PFIN7_üUT(HULIST) ; i // . . 

/*4.*/ /•   FORM   THE   SLCÜHD   ORDER   EQUATIONS   FOR   REFERENCE   ♦/ 
DC1 SECOND_CRDLR   BIT(1)    XMIT(<1,B)i 
DCL   SECOBD.OBCEB.EQOmollS   FNTRY; IF   SECOND   ORDER   THEN   CAI L 

SECCNC   ORDER   EQUniONS; 
ELSE   GOTO   EOSBj 

SECCND_ORDER_EQUAlIüNS:PftOC;      DO   1=1   TO   MODES-   CETm- 
LET(CRIVE(I)=LERiV(C(I),TIHE)) ; '' 

DO   IS-1   TO   «ODES;   CET (1S) ;LET (DRIVE(I)=DRIVE (1) +M (I,    is   )*D(   TS   ))• 
DO   J-1   TO   HODLS;   CLr(J); UT (LINEAR (I, J) =0   )       DO   1^1   TO   HODES 

(IS);I.ET(Ll»IiAB(I,J).LUIBAB(I,J)^(ll   is   ) ** (   IS   #J));MD- 
^DO   K = 1   TO   BC0BS{   CET(K):      «T (BWHIBO (I, J, K) .6*8«* (I, J,») ♦0»ME(I# K„ 

LET(QU;.D(I/J,K)=0   );   DO   IS«1   To   MOPES;   CB? (IS) {LBT (OOAD12    1   tim 

»J/L) ♦GAMMA(i,J,iS) »GAMMA (1S,K,L)) ;    END; 
END; END;        END; 
END   3ECCND_üRD£R_EQUATIOHS; 

/♦O.V   /♦   PRINT   OUT   THE   TERMS   OF   SECOND   ORDER   ♦/ 
CALL   FORMAC_PRINT('DRIVE(I) • ,1) ; 
CALL   FCRMAC_PRINT ('LINEAR (1^) ',2) ; 
CA'-L   POBBEC.PBIBI(*aUBD(IfJfE)<f3)    • 
CALL   FORHAC_PHINT('MATIlIEU(I,t ,K) «,3) • 
CALL   FORMAC.PKINTCTRIPLEd^^.L) •,«)'; 

pS?'1ApA5Ef:INT:PR0C(/l/BANK,:   DCL  A   C,,AR(*)'(PANK'NT(^))FTXED   EZB] 
NT=1;    DO   1=1   TO   RANK;    NT (l)=flOCES;END- 
PRINT_ALL: 
DO   X-1   TO   NT(1);CLT(I);    DO   J= 1   TO   NT(2);   CET (J) • 
DO   K«1   TO   NT (3);   CET (K) ;    DO   1=1   TO   iT(»l,   CBT (U I 
IF '•DBIP8CO(*Z99S9997«*|U«*Z$999998«0<   )   THEN 
CALL   DENFi1C2 (A) ;   CALL   DE NFHC3 (A | | ' =0 •) • 
END;    END;    END;   END   PRINT   AM- 
END   POmc_PRINT; 

DCL   POB8EC.PB1BS   ENTRY(CHAR (20)VAR,FIXED   BINARY) 
DCL   iOBBEC.BBBSB   ENTRY(CHAR (15)VAR,FIXED   DIN#FIXED   BIN), 

CE'l 

253 
2514 
255 
25o 
257 
258 
259 
250 
2f1 
2()2 
26 3 
26« 
26 5 
266 
267 
268 
269 
270 
27 1 
27 2 
27 3 
274 
27 5 
276 
277 
278 
279 
280 
-:81 
282 
20 3 
214 
285 
?36 
>81 
;• 11 
?B9 
290 
2 11 
2 ».' 
2 * t 
2»'( 
2',r 

2Vu 
?<n 
291 
? ft 
330 
J01 
302 
30 < 
30 it 
105 
30«- 
307 
308 
309 
310 
311 
312 
313 
31« 
.315 
316 
317 
31B 
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EQUATIONS   EN'iBI    (CH A R (6) V AP) ; 

GOTO   E05B:      OUTPUT:ENTRY; 
PUT   FIL£(PUNCH)LISI(STRING)    SKIP; 

EOSR:   END   INPUT; 

ITEHATt:    PROCRDUEE; 
riRr,I_ORDER_ITLRArlCN:ENTRY;   ZIiRATEI>1; 
ITERATIONS:    DO Zlift«1   TO   ITEHATti;   GET (KAPPA=ITER) ;      GET (ITEH) • 
LET(KAPPA1 = KAPPA-1) ; KAPPA 1 = ITER-1 ; 
«ODE:    DO   1=1   1C   MODES;   CET{I); 
/*1.V   GALL   SUBSTITUTE; 
/•2.*/  CALL   INTEGRATE; 
END   IICDK; 
END ITERATIONS; 
EOSR: RETURN; ENC ITERATE; 

SUDSTIT 
LZT(ZS> 
JMODES: 
KMODES: 

UTE:PROCEDURE; 
0) : 
DO J^l TO 
DO K«1 IC 
DO J^l TO «ODES; GET (J) ; 
DO K^1 IC MODLJ; GET (K) ; 
IF IDENT (GArtl'.A (I, J,K) ;0) THEN GOTO R END; 
1.0WER_OKDERS: DO SIGHA«0 TO KAPPA 1; RSZG«KAPPA 1-SI3Nhi 

GEI(biGnA:K?iG); 
JTERMS:    DO   JH«1   TO   TOTAL(SIOH»   ,J);   CET(JN); 

RTSRHS:   DO   KII«1   TO   TOTAL(KSZG      ,K);   GET(KN)- 
LET(Ii^I$*1; 

RTSRHSi   DO ,    (  ,      , 
LET(I*^I$+1; 

HSHfEBil (ll)«GAflRI (I, J, K) «D (SIGMA, J# JN) * D (KSIG, K, KN) ; 
£XPCNENT(iS) -EXPCKLNT(r,IGHA,J,>]tJ)+EXPCNENT(KSir.,K,KS) ; 
) ; 

SAVE(   EXPONENT (IX) ; E X PON E NT (SI GM A , J , .IN 
NEWTERM (IS) ; b (SIGMA,J#JN) ;B(KSIG,K,KN) 

END   KlSRSai 
ENC JTLRMS; 

END LOWER CBD&RS; 
K_END: 
END KMODES; 
ENC JMODES; 
NEH_TOTAL (I) =INTEGER (li) ; 
EOSR: RETURN; END SÜL3TITUTE; 

RArJtJK) ;EXPONENT(KSIG/K,KN) ; 
G - K. K M    t • 

XHTE 
LET( 
IMOC 
LE; ( 
IF -. 
LET 

GRATE 
EIGEN 
IS:D0 
EXPCN 
I DENT 
(Jt = J 

ATOM 
END; 

t(lTE 
IF ID 
11B (I 

: PROC 
«HO. ( 

I$=1 
A ^ £. X E 
(EXPO 
$♦2; 
LXPON 
EX PON 
R, I, J 
ENT (B 
EWTEK 

ICEDURE; 
(1) ♦!!;   J^=-1) ; 
1   TO   NEy_TOTAL(I) ;   CET(I$); 
füNENT (Ü) -EIGEN) ; 

'CNA;0)    THEN   DO; 

INENT(ITER,I, JJ) = EX f ONEi.'T (1$) ; 
INENT (1TER, I,J$*1) ZEIGEN; 
Jf.)-Nhr,TEHM(lS)/E:(IO»A:    B (ITF.R, I, J J ♦ 1) =-B (I TER, I, J$)    ) 
:B(IIE^I,J$) ;0)    THEN   LET (J$ = j$-2) ; 
,KM(ii) ;EXPONA:TEEFCW(I$) ;BXFORCRT(Xt| ;) ; 

2^'^ 
320 
321 
322 
323 
32U 
325 
326 
327 
328 
329 
330 
331 
332 
33 3 
3314 
3 35 
336 
337 
330 
3 39 
340 
3«1 
314 2 
34 3 
3144 
345 
346 
347 
34 ft 
349 
350 
351 
35 2 
353 
354 
355 
356 
357 
358 
359 
36 0 
361 
362 
363 
364 
36 5 
36f. 
367 
36 H 
369 
370 
37 1 
17 2 
373 
374 
375 
37t 
177 
378 
370 
lOO 
381 
3-3 2 
38 3 
384 
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BISE   PUf     i T 
END   IflODiS; 

■ x (I, 1$,   '  ^  t'C'II   «UTf V. I ' • 
-•■■'    » au wft9 ; 
T0TAL{1TEH,I)-INTLG£&(J$) *1j 
DO   11-1    Tri   TnTlI   IITIO    Ti   .    /~i 
TOTAL (ZTeRfZ}«XilTE6Et |J$) ♦! 
DO Il«1 TO TOTAL (ITLß,!) ; C 
Ö(mR,I,Ii) ;TEL{Ori(lTEK,Ir 

EOSR:   RBTURN] 

CET(ll) ; 3>.VE( 

EOSR: HETURN, 
END iHTIGIA'fi; 

II) :EXrONENT(ITtn#I,II)    ); END; 

SAVER;PROC 
DO   J=1   TO 

DO   R$=1   TO 
CFT(K$) ; 
PR1K1_0LIT(B(CHDLR/J#K$) ) j 
CHAREX(STRlHG*B(OBDBBfJ, KS) ) 

; CO ORDtK=0 TO 
flOCES; CLT (J) ; 
i'OTAL (J,ÜRDi;!() ; 

1;   CET(ORDKR) 

Uli   FILE (SAVtD) LIST (STHINT,) ;   END     SAVER: 

DCL    (FORH_NEW_CniVEH,CHANGE   NGN   UMEAR,IOBBS1   OHDLR   SOLUTION, 
PIBSt_OBOER_Il£RAIIO«#SÜBSTH0TE,IJITBGRATE,SA»ER,     ' 
EVAL()ATI'_NUN_LINtA(,_Tr.RnS, El G L N V ALU r_CORH ECTIC N)     ENTPY • 
DCL TRABSBOGRIFJ   BNtRX    (CHAR (20)VARt 1 
DECLARE 

VALUE  CHAR    (ÜöO)    VAR, 
NEW_TOTAL(100)    FIXED   BINARY, 
(SIGMA,OüDr.I;) FIXED   HIN, 

OUTIUT   EB1RY, 
INPUT   LtilhY, 
IOTAL(«0,20)    FIXED 
STRING  CRAB(10000) 
DENFflCJ   ENTRY    (FIXED 
NOTHING   FIXED; 

END_CF_PI<OGRA«:   ENS   IHIROi 
//  LXEC   BirORT,PB0GBA8»E0ITl 
//STEPLIB  DO  Ds«»ü.fPL.LIBRARY,IISP»'? 
//SYSPRIBT   Du   SlfSO0T»A 

//IN   DO  DSN-Ü.ROSEN. ARPA (THREE) ,DISP-SBR,0RIT«SYSDA#YOt«SBR»RBS 103 
//Oih   DI)  5YSO0T«A 
//SYSZN   DD   ♦ 

BIN, 
VARYING, 

EIN (31,0) ,FIXI D 

Hfi 

BIN (51,0)) 

385 
336 
387 
36P 
3S9 
3T0 
39 1 
392 
393 
39Ü 
39 S 
39f. 
39 7 
39« 
399 
MOO 
Ü01 
U02 
H01 
U0U 
a 0 c. 
MOt- 
Ü07 
(4 OH 
aos 
it 10 
ai i 
• 12 
^13 
H \H 
ai1"- 
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