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Preface

This thesis represents my attempts to determine the differ-
ential game barrier for two spacecraft in near-earth orbit. The
vehicle parameters are in general viewed in two dimensions while the
barrier, due to the dimensionality cf the linear state equations, is
constructed in four dimensions. Once determined, the barrier is
analyzed to determine whether it divides the playing space into two
separate zones: an €scape zone and a capture zone,

I would like to express my sincere appreciation to the faculty
of the Air Force Institute of Tec.’tmol:)gy for their assistance in the
research and preparation of this thesis, I would especially like to
thank my advisor, Major Gerald M. Anderson, for his guidance and
suggestions toward the completion of this study and also Professor
Edstrom of the Mathematics Department for devoting his time to help-
ing solve many differential equation problems. I also want to express
my heartfelt gratitude to my wife, Marsha, for her undying devotion,
unfailing enthusiasm, and unceasing encouragement. Also, I want to
thank the Lord for this opportunity He has provided and for His inval-
uable guidance, insight, and motivation without which this study would

not have been completed.

Victor W. Grazier
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\&p - 1. Introduction

Background

The advent of the space age has thrust man into orbital space-
craft and outward to the mocen. This intense activity in space has
mede it seem inevitable that man would arm his space vehicles in an
effort to gain power or influence on earth. In an effort to preclude
such acticns, many nations joined together in signing the Treaty of
1967, an agreement to keep space neutral. Although nian's intentions
were comrnendable. the past has shown dramatically that dreams of
power can overcome any barriers, and unfortunately, the barrier ¢o
arms in space must be viewed in this light. While vigorously support-
ing the efforts to keep space neutral, the United States must continue
its research in the area of orbital defenses in the eventuality that some
aggressive government attempts to gain control of the space around the

earth.

Problem
This study investigates the region surrounding two orbital
spacecraft engaged in a pursuit-evasion game. In this game, the

pursuer desires capture while the evader desires to escape. Termi-

nation, then, if it is possible, results when the pursuer forces the
evader to come within a specified distance of him. This distance is
~ the radius of the terminal surface which is centered on the pursuer.

From this suriace, trajectories are generated backward in time in




( order to provide information concerning another surface known as

| g Ca
the "barrier. '

AT SR

The barrier is a surface which results from the applicaticn of
differential game theory. This surface generally divides the playing

space of interest into two zones: a capture zone and an escape zone.

AR TR, S R R PR TR T e R e T e

Starting points from which capture -an not occur lie in the escape
zene. Those from which escape is not possible lie in the capture
Zone. Starting points on the barrier itself will remain on the barrier
for a neutral outcome as long as both players use their optimal strat-

1 egies.

Current Knowledge

TN

The use of differential game theory in numerous fields of

endeavor began in earnest in the late 1950's. A major contributor to

this theory was Rufus Isaacs (Ref 1). Although differential game

thecry has been investigated extensively over the past decade for
applications to air-to-air engarements, relatively little work has been

done on the use of this theory for orbiting spacecraft. R. E. Weng

(Ref 2) used differential game techniques to investigate fixed time,

minimum final separaticn, assuming that the encounter took piace in a

constant gravity field. In his master's thesis, R. H. Woodward (Ref 3)

investigated the freec time, minimum final distance problem in an
inverse square gravity field. To date, no one has invesiigated differ-

ential game barriers for two spacecraft in orbit.
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The construction of the barrier requires numerous assumptions
(some of which are listed in the next section) along with many approxi-
mations. These are necessary to reduce the dimensionality of the
problem to something that can be handled, while also removing com-
plexities that do not greatly affect the outcome of the problem. In this
manner, the closed-form solutions may be found which ultirnately
will allow analysis of the barrirv itself . Once the barrier has been
constructed, the objective is to analyze this barrier to define the
conditions necessary for establishing whe.e each starting point is
located. In other words, by applying these conditions, it should be
possible to determine whether given starting points are in the escape
or the capture zone. Surely other objectives could be sought; however,
due to time limitatioas, this study will concentrate only on the above

search,

Assumptions

1. Both vehicles thrust continucusly. If the evader stopped
thrusting, capture couiu readily vecur. If ihe pursuer quit thrusting,
the evader could rapidly escape.

2. This pursuit-evasion game takes place in an inverse-
square gravity field,

3. Both vehicles have constant mass. This entails the further

assumptions that the time period for the pursuit-evasion game is

SR g G F
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o sufficiently short and that the thrust is very low, Variable mass,
i h-owever, would ke an area for further investigation in future studies.
4. Control is provided by varying the thrust vc=tor direction.
The control angle itself is measured from each vehicle's local hori-
zontal.
5. Each player has perfect knowledge of the position and capa-

bilities of his opponent. Otherwise, the game would degenerate with

one player holding an obvious advantage.

AEEroach

1. Linearize the equations of motion about a circular reference
erbit.

,\:: 2. Normalize both the linear and non-linear equations of motion
about the same circular reference orbit. Use normalized time to
develop the linear and non-linear state equations.

3. Apply necessary conditions to establish boundary conditions
for both the linear and non-linear equations.

4. Compare linear trajectories with corresponding non-linear
trajectories in order to determine the validity of the linear approxi-
mation.

5. Vary parameters around the terminal surface and out the
trajectories in order to gain information on the barrier.

6. Develop a method to determine whether each given starting

‘O point lies in the escape zone, in the capture zone, or on the barrier

itself,
4
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1. General Equation Development

The objectives of this chapter are first to develcp the general
equations of motion for a spacecraft in orbit, then to linearize these
eguations about a circular reterence orbit, and finally to normalize

them about this same reference orbit.

Nonlinear Equations cf Motion

Assuming that the earth is spherical and then using a polar
coordinate system, the eqnations of motion for a spacecraft in orbit,

as found in any basic dynamics texthook, are as follows:

.s ‘2 :

r - rd = -._'f?: +_T___§_ZI._I}_9_ (]_)
T m

6 + z}é::l“_ﬂ)n.i_g_- (2)

where @ is the angle between the thrust vector and the local aorizontal
as in Fig. 1.

In order to work with these equations, it is desirable to trans-
form them into expressions concerning the tangential and radial
velocities, Vg and Vr respectively. This can be accomplished by using

the following relationships.
Vg = r6 (3a)

V.=r (3b)
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Spacecraft

Local
Horizontal

Earth's Center

Fig. 1. Orbital Geometry

i

Through differentiation, eypressions for 'r., é, Vr and \'."6 may be
obtained which, when substituted into Eqs. (1) and (2), yield these

equations of motion.

. v 2

v - 6 _._mr . Tsina (4a)
r r e m

. VrVB

Vgt —— = L8 G (4b)

Linearized Equations of Motion

Linearizing Eqs. {(3) and (4) about a circular reference oruit

yields

(W) Ai = AV, (5a)
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. AV V, Ar
rg=—L. -8, (5b)
¥ r
as well as
. 2
AV s _ZVGAVG . Vg Ar _ 2puAr _ Tsind )
T 1_2 r3 m
. AVrVB VI‘AVG .\frVGAI‘ T cos o
AVE + T + T - 2 = m (7)

r

In these equations the terms Vr, Vo, and r now refer to the

reference orbit. The delta terms refer to deviations from the refer-

ence orbit for these given parameters.

Assuming that the reference orbit for linearization is circular,

‘. (8a)

or

VO2 -8 (8b)

Substituting these expressions into Eqs. (6) and (7) gives the following

linearized equations of motion.

. > 2 -
Avr - LVGAVO +Ve Ar + T sin a (9)
r 2 m
A\}e - _ AVrVG + Tcosa (10)
T m
7
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Normalizing the Variables

At this point it is desirable to normalize the parameters about
a circular orbit, with radius ry and velocity Vq, so that significant
figures are not lost due to large differences in magnitude between
these parameters. The velocity magnitude wnay be several miles per
second while the radii may be thousands of miles.

In order to work with the non-dimensional parameters, espac-
ially regarding the state equation development, it is necessary to

introduce a non-dimensional time parameter T defined by

t . (11)

r
d() . d0) dt . 10 d() (12)
dT 4t 4T V(, dt
] dav : . . cas
In this manner, d‘Tr = VI‘_, where the prime represents differentiation

with respect to T.

Non-linear Normalization

Define the following normalized state variables.

X, = X (13a)
17 75

. V' - "

xz = _\.r_‘ (13D)
0
\

Xy =0 (13¢)
Vo
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G - Xy=0 (13d)

By use of Eq. (12), the following normalized, non-linear equa-

tions of motion are determined.

1 4 ' =
X} =X, (14a)
v v
dXy) _To | r).lo [L-L+1f.i.n_9_
T A% T 2
d o Vo VQ2 L T m

For the normalizing orbit, p = VO2 Tgs 8O that

2
1, Xx;=2 -1 +Usina (14b)
2 X %2

1

b o
where U = , a constant with thrust T and mass m. Differenti-

v 2
gm

adion cf Egs. (13c¢) and (13d) with respect to T yield the remaining

non-linear state equations.

X! = ¥2X3 + U co
< - - 3 a (14‘(:)
Xl
X
X' = e (14d)
4 x‘

To this point the general equation dev>lopment has followed

closely the work of R. H. Woodward (Ref 3). In order to avoid

9
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é 7 repetition and since the normalized, linear equations involve terms
for both the pursuer and the evader, this development will be included

in the next chapter along with the differential game barrier theory.

10




IO. Differential Game Barrier Formulation

This chapter presents the theory and equations of the differ-
ential game barrier formulation for a pursuer and evader engaged in

2 pursuit-evasion game in orbit.

Theory

This section must, of necessity, follow closely the work of
others. The nomenclature and theory of both Isaacs (Ref 1) and
Bryson and Ho (Ref 4) are combined, with the resulting development
being very similar to that used by P. H. Cawdery (Ref 5).

The objective of this developm=nt is to find the minimax solu-

tion, if one exists, to the expression

J=¢(X(tp] (15)

with n-dimensional state vector cf the tvpe

X=£[X, u v, thh X (to = X, (16)

and terminal constraints

v{X t)]=0 (17)

In Eq. (16) u and v represent the controls associated with the
pursuer, P, and the evader, E, respectively. The aim is to determine

the pair, u* and v™, such that

11
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.
<)
2.

J (0¥, v) < J (u*, v*)g J {u, v¥} {18)

According to Isaacs, the saddle point solution, J (u*, v¥), is the Value
of the game. The necessary conditions for this solution, called the

solution in the small, are

H(X, A u,v,t) = ATE (19)
T
A7 =-Hy X, Auwvit) (20)

where H is defined as the Hamiltonian and A is the costate vector.
The n-dimensional costate vector A is subject to the following

transversality conditions.
A (tg) = qsx (tg) + v '/’X (tg) (21)
H(tg) = @, (tg) + v ¥ (tg) (22)

where v is a Lagrange multiplier.

In order to determine the optimal controls, H, of Eq. (20),
must be minimized with respect to control u and maximized with
respect to v so that

H® = max min H (X, A, u, v, t) (23)
v u

In order for the solution to exist, H must be assurmed to be

separable. In this case

12
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max min {1 = min max H {24}
- v u © v
For this problem H is assumed to be separable. This ineans that H
does not have terms containing both u and v together. This insures
2 saddle point solution as stated in Eq. (18) with u” minimizing and v*
maximizing, In addition, if t does not explicitly appecar in Eq. {19),
then H, ¢, and ¥ are not dependent on time thereby yielding the follow-

ing important result from Eq. (22).

H(t) = H{ty) = 0 (25)

Games of Kind

Isaacs (Ref 1) introduces two types of differential games:
games of degree and games of kind, In the former, which may be con-
tained within a game of kind, the players aiternpt to maximize or mini-
mize the final payoff as a {unction of the variables of the game, In this
type of game the payoff is not determined until termination, thus pre-
surning that the game dces actually end. In games of kind the essential
problem is the achievement of termination .txelf where one player
desires termination while the other does nwot.

Termination in Isaacs' game of kind is taken to mean either
that the evader is forced to comme withir a certain proximity of the pur-
suer or a long time period eiapse¢s without capture occurring. The
proximity has been formalized in the playing space into a surface C

which is defined as the terminal surface. For capture to occur, then,

13
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the evader must be forced not only to this surface but also to penetrate
1t Capture, escape, and a third result, that of a neutral outcome, are
explained more fully below,

In this thesis the pursuer P desires termination or capture
whereas the evader E desires to avoid termination, thus to escape, or
at least to delay capture as long as possible, The outcomes of the
game of kind then fall into three general categories:

a. P can capture for all starting positions in the playing space.

b. E can escape for all starting positions.

c. Neither P can capture nor E can escape for all starting
positions: a neutral outccme, "

Category c is the one of interest in this thesis since the result
demands that both P and E play optimally. If P were to momentarily
play nonoptimally, F, could force P out of a neutral outcome and escape.
1 ikewise, if E were to play nonopiimally, capture would result., There-
fore, the playing space is divided into two zones, capture and escape,

by a surface which contains all starting points for which the outcome

is neutral. This surface, then, is defined as the barrier.

The Barrier Development

The condition that must be met for a barrier to exist is 23

follows:

{4

min max

vV e

vifi (X,u,v) =0 {26)

I

14
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where v represents a vector normal fo the terminal surface. This
relationship will be called the Barrier Hamiltonian, a term borrowed
from P, H. Cawdery {(Ref 5), and is represented by HB. Since the v
vector dotted into f equals zero, where { equals the velocity _}._{_. the two
vectors must be orthogonal. Therefore, at that point on the terminal
surface, the component of the velocity in the direction of v is zero,
thus penetration can not occur. Points which meet this criteria have
been classified by Isaacs as the boundary of the usable part (BUP). The
usable part, where Eq. (26) is less than zero, defines the portion of the
terminal surface where the pursuer P czn force termination, Obvi-
ously, then, the nonusable part is th‘at portion of the terminal surface
where Eq. (26) is greater than zero. At these points, the evader E can
frustrate termination and thus escape; therefore, this portion is non-
usable.

The construction of the barrier involves starting with the initial
conditions at the terminal surface and integrating the state and costate

equations backwards in time. The resulting trajectories provide points

required for constructing the barrier.

Non-linear Equation Development

The non-linear equations, presented earlier as Egs. (14), are
repeated below in the differential game format for the evader. The
equations are identical for both players with only the (E) or (P) sub-

scripts to dilrerentiate betweeun the two.

15
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) g% *op (272)
2
. Xa
Xy =B .1 upeinag (27b)
IE XE
, XKoo X
Xop = - .__Z.E‘__%_I‘_:«f- U cos & {(27¢)
X .
. _"3E
X4E-§T;_ 27d)

A like set of equations exists {or the pursuer with the subscript (E)

replaced by (P).

The Hamiltonian, then, is formed by adjoining the costates to

the state equations,

2 7
X3E
N 1 v o3
1E Ky
1E
[ ¥ Xae X
F Agp. |- _ZET3E +U--cosa-! + A 2B
3E 3 E E 4E 3
1E J X11
3
[
+ Ay 5X + A *3p -1 F U_ sin o
Fhiptp T 2P = T Vp S Tp
1P X1p
+ A [ T2ptap | Pa, L ap (28)
- A - o) cos O _! - —_—_— &
51 P P 4P
I XIP | klp

From this eguation the barrier costate equations may ve determined by

applying the necessary conditions from Eags. {(20).
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A -
, __ dH _ AapX3pf A MEpXE¥aE  MeX3E 29

A_IE X (29a)

9%, g 2 2 2 2

X1E X1E X1E X1E
’ ApX N
AZE=-A1E+_.§§__-°’_F_3 (29b)

X1E
N = 2aeXsp  MpXop My (29¢}
3E X TR X
1E 1IE X1E

wp =0 yielding A4E = a constant (294)

Again, a like set of equations exists for the pursuer with the subscript
(E) replaced by (P). )

The optimurn barrier control angles for the pursuer's and the
evader's thrust can be determ :ed, as mentioned previously, by mini-
mizing H with respect to u and maximizing it with respect to v, where
Op represents u and O [ represents v. After minimaxing H, the

proper signs are determined by applying the following second partial

derivative necessary conditions.

2 21
d“H 5> 0 d“EH < 0 (30)
duz dvz

The maximizing and minimizing of H, then, results in the following

tan GE::Z_E {(31)
3E

17
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and

A
tan ap = 2zp (32)
A
3P

By applying the conditions in Eqgs. (30), the optimum barrier control
angles are determined to be

+ Mg + A3E

sin ap = cos O~ = [ (33)
2 2 E 2 2
\/’\zz + A3E VAZE +M5g

and

- rp -Mp

sin dp = ,A%P + Agp cos UP = dkgp + Agp (34)

These conditions may now be substituted into the state and costate
equations to yield the TPBVDP as functions of only the states and the

costates themselves.

Linear Equation Development

As mentioned in Chapter II, the linear equation development
involves both the pursuer and the evader almost from the beginning so
the entire development was delayed until this time. Again there is the
requirement to define state variables, re being the linearized, nor-

malized state variables listed below.

Ar

AXIE = rf (353.)
AV‘rE

Mg =~ (35b)

18
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v
. vo
AXyp = A6 (35d)

A like set of terms exists for the pursuer with the subscript (E)

replaced by (P).
In order to reduce the number of dimensions in this problem,

it was necessary to combine the pursuer's and the evader's state vari-

ables into one difference relationship, now represented by the Y
vector, Fig. 2 depicts the linearized parameters which have been

combined into Y 1 and Y4.

The linearized, normalized state variables then become

Y, = AX g - 8X 5 _ Ary -Arg (36a)
To
Y, = AV.g - AV, p (36b)
v
0
Y3 = AVer - AVOP (36¢)
Vo

Eq. (12) and replacing the dotted terms by use of Eqgs. (3) and (4) result

in the following linearized state equations.
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r Are - Ar ] AV -Av
Y] = ?.9._ K3 E-TPI.2E P -y, (37a)
o o | Ve
270 | Vo9  Vor e | To
Yo = 2 Vr v * 2
Vo 0 0 VO
A ZAr Vo 2 Ar Tpsina Tpsin &
OE E_GPE+°fE‘E-P P (37b)
2 2 l m m
i rE I'P Vo E P
oo fo Vor AV & ) Vyp AV, p ) i
:’ > v 2 'E - Tp v 2
3 0 0
Trcos & T cos O
E E P P (37¢)
Mg S
v T [8%e  2Vepl 1o [Ye2e Venlrp
4 - v T = T = V- i 2 = 2 (37d)
0 E P o re rp
With the reference orbit identical to the normalizing orbit,
r=r,
and
V,=V_,
v v
rOT
Using these expressicns and by once again letting U = > the above
Vo m
0

21
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equations reduce to the following state cquations.

Yi =Y, (38a)
Y, =2Yy+ Y, + Ugsin@g - Up sindp (38b)
Yé T - YZ + UE cOs aE - UPCOS Qtw (38C)
Yy =Y; - ¥, (28d)

These equations are ncw linear in state only, still being non-linear in
ibe control angle @, They will, however, continue to be referred to as
linear equations. -

This development for the linear state equations again is similar
to the work of R. H. Woodward (Ref. 3).

The Hamiltonian for the above equations is again formed by

adjoining the costates to these state equations.

H = Al\l YZ + AAZ {2V3 + Yl + 'UE sin aE - U}'\Sin ap]
+ AA?’ [- Y, + Upcos g - Upcos ap]+ A)\4 [Y3 - Yl] (39)

By once again applying the necessary conditions of Eq. (20), the follow-

ing costate equations are formed,

iw

A= -G8 - AN s A 40
AA"Z z . Axl + AA3 (40b)
22
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ANy = - 28) -AA, (40c)
AA; = 0 yielding AA, = a constant (40d)

The optimum thrust angles are found in the same manner as in

the nor.~linear development yielding
tan a_, = . &, (41)
and

tan o, = & (42)

By applying the second partial derivative relationships of Eqs. (30), the

following optimum barrier control angles are determined.

sin @ = + AX; = sin ap (43)
. /A)\% + AAZ3

caos C!E = 7 AA3 = cos Op (44)
AXS + AN

These equations demonstrate that when both the pursuer and
the evader play their optimal strategies, their thrust angles will be
the same. On substituting these expressions into the state and costate
equations, these equations reduce to a TPBVP _aga.in as functions of

only the states and costates themselves.

23
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Terminal Conditions

Non-linear Development. A circular terminal suxface is

assumed, lying in the plane containing the pursuer, the evader, and
the center of the earth. This surface, then, provides the end condi-
tions for certain state and costate equations. These conditions are
determined from the following relationship representing the assumed

terminal surface.

2 [(Xm - le)z + [ X4g - Xz:tp)Z - RZ] =0 (45)
where
Xig- X;P = R sin ¢ {(46a)
and
X4p - X4p = R cos & (46b)

In this expression ¢ is defined as the angle around the terminal sur-
face measured counterclockwise from the pursuer's local horizontal.
The terminal sucface and parameters are depicted in Fig. 3.

The vector v mentioned previously as normal to the terminal
surface is found by taking the gradient of Eq. (45). This operation

yields the following terminal state and costate relationships.
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- d -—— k
X1E - X1p |
V {Eq. (45)] = —-—-——-'F-:-—-—--—- = AIE =1 sin ¢
X, = X4p \
R 4E cos ¢
. Xip - Xig A ,
R 1P - sin ¢
Xap - X
....‘-’i’__ﬁ___ﬁ L - cos ¢
L 4 a 4 L -
£ f
as well as AZE’ )‘3Er AZP’ A3P = 0 (47)
Here, vector v is represented by AMEse-es A4E Aipsee-sAgpr
C The remainder of the terminal conditions may be found by using the
‘ condition for the boundary of the usable part, Eq. (26).
2
H =y X = A Xop + A rx3E 1 +U\sina
FYXTRATMERE TRE B E E
B LXIE X152
N ¥2£%3E U 1 aeXag N
+ - ———— + Up cos O + +
3E X1k E_] Xig 1pPX2p
X3 g X, pX
3P 1 . 2pi3p
— + -
+ Azp " — Up sin d;\ + ‘\3p[- X +Up cosapl
L*1P MpP J L s o4
z»}s + Mp%3p
A ' X1p (48)
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This equation is identical to the Hamiltonjan of q. {28). Therefore,

¢

HB(tf) = 0 as in Eq. (25), and using the terminal conditions in Eq. (47),

this reduces to

i sdh R G e AL

] X X
[XZE - xzp} sing +] 2B . 3P s =0 (49)
XIE XIP

FA AT A

To determine the thrust angle values at the terminal surface,

tan ¢ is evaluated,

Mg

tan &
E ME

t

f f

This indeterminate form is solved by applying L'Hospital's Rule to

yield

AL X X, ..sin ¢

3 tan o = _.I_E:_EE_ = __!'._PP______ =X tan ¢ (50)

1 E -Mp cos ¢

o t t

: £ £

{ or

' sinag| =-X psing (51a)
cos Op = - cos ¢ (51b)

Since sin 0 and cos ap are just the negative of the ag terms, the ap

P

terminal conditions are as fellows.

27




.
;
E
.

Bl iR

sindp| =X sin ¢ {52a)

cos Q@ = cos ¢ (52b)

Linear Development. Once again the terminal surface about

the pursuer, P, is assumed to be circular, and the following relation-

ship represents this surface.

1 2 2 _ n2l
> [Y1+Y4 R] =0 (53)
where
Y, = R sin ¢ (54a)
and
Y, = R cos ¢ (54b)

with the angle ¢ representing the angle around the terminal surface
measured counterclockwise from the pursuer's local horizontal.
Taking the gradient of Eq. (53) yields the following {erminal

relationships for the linear states and costates,

v, T ]
V[Eg. (33)] = —1;\-' = AAI = | sin ¢
0 AX, 0
0o A, 0
Yq
. AX
4 cOSs (55)
- R _.tf . _]tf - ¢-..a i
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The remaining conditions are determined by using Eq. (26) for

the boundary of the usable part.

y ’ 4 ’ I
Hy=y: X+ AN Y] +AXY, +8AY3 +ANY,

"

+

AA3 [— Y2 + Ug cos Q. - Upcos GP] + A)\4 [Y3 - Y1] (56)

This equation is identical to Eq. (39). From Eq. (25), then, HB(tf) = Q,

and using the conditions in Eq. (55), this relationship reduces to

Y, sin¢ + Y, cos ¢ ~Rsin¢ cosd =0
or

Y; = R sind - Y, tan ¢ (57)

tg ty

To evaluate the thrust angle @ at the termina. rface, where

UE is equal to C!P, it can be seen that

AX
tan C!E = —-_AA =

)
0
3

te te

By applying L'Hospital's Rule, the value of @ at the terminal surface

is determined.

tan O = tan ¢ {(58a)

29
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or

= ap = é at i (58b)
Both the pursuer's thrust angle and the angle around the terminal
surface @ are measured from the pursuer's local horizontal. When
the terminal surface has been reaclhied, theu, ine pursuer would desire
to have maximum velocity outward in order to force penetration by the
evader, thus his thrust angle would equal ®. The evader, still
attempting to avoid penetration, would obviously point his thrust in the
same direction as the pursuer's thrust to neutralize the outward

velocity of the pursuer.
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% 6} " IV. Methods of Solving the Linear Equations

In order to use the linear equations developed in the foregoing
chapters ‘o determine the barrier, it is necessary to find closed-form

solutions to the state and costate equations. This chapter, then,

presents the methods to use in finding these solutions,

The Costate Equations

These equations are to be used in backward integration, as
menticned previously in Chapter III. In order to do this, however,
another time variable must be introduced which curresponds to te the
final time at the terminal surface. Define this backwards time as

b T, = 0at tf., In order to integrate backwards, the signs in the costate
equations are reversed so that proper values may be obtained as the
trajectory proceeds outward from the terminal surface. The linear-
ized costate equalions are repeated below with initial conditions at

T} = 0 and with signs reversed for backward integration,

' Y)

AAI = A4\2 - At\4 AAI (T1=0) = = = sin ¢ (59a)
‘ A= A - Ady AX; (0)=0 (59b)
AAB':: ZAAZ +AA4 AA3 (0)=0 (59¢)

Arg= 0 yielding AA4 (T} = a coustant = AA (0) = cos ¢ (59d)

The solution to these equations is approached through AI\Z' by taking
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another derivative with respect to T in order to eliminate terms other
than A A, and constants. This yields the following homogeneous

solution.

Alyp;=AsinTp +Beos Ty + C (60)

By differentiating this expression twice and substituting back into the
differential equation for A,\;_:', the constant C may be found. By apply-
irg the initial conditions, ccnstants A and B can also be found yielding
the closed-form equation for AA; as a function of Ty.

AX, (T]) =sing sin T) + 2 cos P cos T) - 2 cos ¢ (61a)

By applying Eq. (61a) to Eqgs. (59a) and (59¢), the remainder of the

closed-form AA equaticns may be found.

AMj(T}) = ~sinpcosT| +2cospsinT) -3T; cos
+2 sin ¢ (61b)

AXy (7)) = - 2 sin ¢ cos T, +4 cos ¢ sin Ty - 3T, cos ¢
+ 2 sin ¢ (61c)
A/\4 (T]) = constant = cos ¢ (61d)

The State Equations

The state equations are solved in the same manner as were the

costate equations. The state equations with initial conditions at T =0
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and with signs reversed for backward integration are repeated below.
In these equations ¢ again represents the angle around the terminal
surface measured counterclockwise from the pursuer's local hori-

zontal.
Yll ==Y Y(Ty =0) =R sing (62a)
Y, =-2Y,- Y - (Ug - Up) sine (62b)
Y; =Y, - (Ug - Up)cos @  ¥,(0) =R sin ¢ - Y,(0) t ne (62¢)

Y =-Y3+7, Y4(0) =R cos ¢ (62d)

The closed-form solution to these linearized state equations is
appreached through YZ'; however, to handle these equations, approxi-
mations for both sin @ and cos & are required. The development of

these approximations is presented in Appeandix A with the following

Taylor Series expressions in T; for sin & and cos a resulting,

. sina =+ [A - TZEA‘ T + (% _ sz)T;Z +‘3B3C - 3BZ) %3 ©3)
2A 8A
where
J A = sin ¢
. B =2sin¢ cos ¢
C= -« -z- + 2 cosz¢ + sin2¢ coszclb
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cos@ = + D+ E_ ‘Tl+(§_—E ) 1 +(3E _3EF\T1 (64)
2D D 4p3] 2 \sp® 2p3

where
D-c2s5¢
E=2sin¢ cos¢

F = % - 2 cos® - sin®g cosle

The approximations for sin &4 and cos & are checked for
accuracy in the equivalence section as part of the linear to non-linear
comparison. There, when the nega.t-ive sign is applied to both approx-
imations, the resulting trajectories are found to be equivalent out to
five decimal places up to a value comparable to twenty seconds off the
terminal surface. In Appendix A these approximations are presented
in a different form in order to more easily determine the solution to
the state eqnations. By taking another derivative of Yé with respect

to T, the homogeneous solution is found to be

YZH =Psin T +Qcos T, (65)

Choosing a particular solution,

Y;_ =K, +K, 1-1+1<3-r]2 +1<41'13 (66)

e
The total solution for Y5 is then
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Allowing the difference in thrust constants to equal 8 (B= Ug - UP)

and applying the initial conditions, the constants may be evaluated.

Rather than list these constants here, however, the entire solution

is included in Appendix A,

. By using the solution for Y5, the remainder of the state equa-
tions can be solved in closed-form with the constants again evaluated
by applying the initial conditions at the terminal surface. The closed-

form solutions to the state equations, then, are as follows.

2 4
Kim“ K;Ty3 Ry
Z 3 g

o
i

+ MM (68)

Pcos Tl - Qsi.n"!"1 - Kl‘l'1 -

v
w
i

2
= -PcosT) + Qsin T + (K} +BA;)T) + (K +BBz)Iél—
1-13 714
+ (Kq + BCZ)T + (Ky +BD2)_‘_1_ + N (69)

T13
6

7'12
2

<
.
f

=2 Psin T| + 2Qcos Ty - 2K; + BA;) - (2K, +BB;)

T4 T.5
- (2K3 + BC,) - - (K4 + BD,) 1 + (MM-N)T; +S
12 20

(710)
Once again the constants are evalua.ed in Appendix A along with the

3 [ . . :
entire solution to these equations.
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V. Analvsis of the Barrieg.

To analyze the barrier, trajectories must be generated out-
ward from the terminal surface to provide points necessary for
constructing the barrier itself. The method used in this thesis to
generate these trajectories is that of backward integration. This
method is easy to apply and results in numerous trajecteries from the
terminal surface. Although the analysis of these many trajectories
may be tedious, backward integration avoids the difficuities of iteration
methods while providing ample information on the barrier,

In applying the backward inte‘gration method, two computer
programs are required, one for the linear and one for the non-linear
equations. In order to use the closed-form solutions to the linear
equations in analyzing the barrier, the linear trajectories must be
equivalent to those generated by the non-linear computer program.
[The area of equivalence will be discussed in a later section of this
chapter.] After these trajectories are compared, linear to non-linear,
the points on either side of the barrier, using the linear trajectories,
must be analyzed to determine, where possible, whether they lie in
the escape zone or the capture zone. This chapter, then, presents
the linear and non-linear computer programs, the equivalence analysis,
and the methods of delernining whether escape or capture occurs from

any given starting point.
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The Linear Program

In developing the computer program to nandie the linear state

i
f
,

i
&
¢
i
13

equations in closed form, a primary concern was the data to be used.

In Chapter II the equations of motion of a satellite in orbit around the

earth were linearized and normalized about a circular reference orbit,

A PSR g

For this thesis the altitude of this reference orbit above the earth's
surface was selected as 200 nautical miles, a height used in many

manned orbital flights., On converting to the earth's canonical units,

the radius ry of this orbit is 1. 0581 distance units (DU) with a refer-

3
;

4
v

ence velocity Vo of 0.97216 DU/TU, wheie TU is the earth's canonical

s A

time unit.
Since the initially specified variable Y, is the difference
between the pursuer's and evader's radial velocities, which have been

linearized and normalized about the 200 nautica’ mile reference orbit,

T

the given value of Y,(0) at the terminal surface will have to be quite
small. In orde: to gain equivalence between the linear and non-linear
programs, an arbitrary value of Y;(0) was taken as 0. 005. This value
is equivalent in size to a relative velocity difference of approximately
130 feet per second. The value of Y,{0), however, could actually be
varied while holding the other variables constant as an alternative in
seeking more information about the shape of the barrier,

In conjunction with the arbitrary selection of Y,(0) is the selec-

tion of the value for the difference in normalized thrusts, Ug - Up,

labeled BT in the computer program. The numerical value of BT was
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selected to give the pursuer a slight advantage since equal values of
Ug and Up would make BT = 0, thus removing the control from the
solution. BT, then, was given the value - 0. 04 reflecting the fact that
the pursuer's thrust is greater than the evader's thrust, This value

of normalized thrust difference resulted from applying thrusts of a
magnitude equivalent to providing just over cne-tenth-g of acccleration.
With the value of BT specified, only the radius of the terminal sur-
face R and the angle ¢ on that surface remain unspecified.

Since the value of ¢ will obviously vary around the terminal
surface in establishing the boundary of the usable part, this term will
remain as a variable to be changed ;eadily in both programs. Since
the radius of the torminal surface R is a non-dimensional quantity,
its value must ¢ selected in reference to the siz. - ‘0’ the reference
orbit radius. !¢ tiie radius of the terminal surface are equivalent to
1000 ft, the vaine of the non-dimensional R would be 4. 78 x 1075,

With these vi‘ues of ¢ and R, the initial conditions for the linear pro-
gram. were corujintely specified. These initial conditions were then
applied to the closed-form solutions to the linear equations presented
in Chapter IV to generate the required trajectories backward in time

from the terminal surface. A sample of this computer program is

inciuded in Appendix B.

The Non-linear Program

For equivalence between the linear and non-linear programs,
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data values comparable to those in the linear program must be
selected. Here, however, eight iritial values are necessary in order
to completely specify the initial conditions due to the dimensionality of
the non-linsar program, whereas only four initial conditions were
required in the linear program. The values for r, and V, are not con-
sidered as initial values since these are only used as references and
are not specifically used in the programs. In determining these initial
values, first of all consider the values that are common to both pro-
grams.

The values of R, ¢, and BT would be the same as in the linear
program with BT split into individuahl values of Uy = 6.11 and Uy = 0. 15
giving the same difference, BT. The other common value is that of
Y;(0), here representing again the difference between the players'
radial velocities, assuming that the non-linear relative difference is
approximately equal to the linear relative difference. The other values
for this program are selected mostly from considering the previously
given values.

The remaining values at termination to be specified are the
pursuer's state variable initial conditions. Since the evader's initial
conditions may be determined from these values, the pursuer's values
are the only ones required, Egs.{47) and (49) for the relationship of

these initial conditions are repeated below for easy reierence.
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XIE - le = R sin ¢ (47)

X4E - X4P= R cos ¢

X
. 3E 3P
(X2 - Xop) sin ¢ JX - cos ¢ =0 (49)
E 2P \XIE le

Since these values are to be determined at termination, the pursuer's
values are arbitrarily assumed to approach the values of the reference
orbit for easier handling. Therefore, the values of the normalized
radius and tangential velocity will be one, and the value of the normal-
ized radial velocity will be zero. This leaves the angle 0, as the only
unspecified value, N

In selecting 6p, the value of Y, = AOE - AGP from the linear
program was considered since it is presumed that Y4(0) will be equiva-

lent to the difference between 6y and ep from the non-linear program.

Referring to Eqs. (47) and remembering that the magnitude of R is

4,78 x 10'5, the value of R cos ¢ and hence the difference in OE and

0p will be quite small. The value of p is then arbitrarily chosen to
E be 4 x 1072, This, then, completely specifies the data values for the
non-linear program. Once again a sample of this program is pre-

sented in Appendix B for reference or future work.

Equivalence

Once the data vulues for both computer programs were estab-

lished as of comparable magnitude, the trajectories produced by each

40




o8 N e e s

sy
e

MC/GA/73A-3

program were compared for equivalence. The search for equivalence
started with attaining the proper values specified previously and with
finding the proper step size for the non-dimensional time,Tl. This

quantity's numerical size was determined from the relationship,

Vit e e s . . . . .
T = -8, where t is in time units, Since the canonical time unit is

Yo

so large, the value of T} was successively reduced by a factor of one-
tenth in searching for equivalence. At a step size of 0.001 the tra-
jectory values from bhoth the linear and non-linear programs came to
within 2% of each other out to an equivalent of two hundred seconds off
the terminal surface. Some of the values that were compared for the
angle ¢ of 355 degrees are listed in Table I.

Both the linear prograrns, one for integration of the linear state
and costate equations and one for the closed-form solution equations,
were found to be equivalent out to a comparable value of at least two
hundred seconds off the terminal surface, The importance of gaining
equivalence for the closed-form equation trajectories lay in the desire
to use these closed-form equations for analyzing the starting point
locations. This analysis provides the final section in this chapter on

analyzing the barrier.

Starting Point Locations

The analysis of the barrier was concluded by a search for a
method of determining whether a given starting point lay in the escape
zone or in the capture zone. This problem had to be approached
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Table I

Equivalence Values, ¢ = 355 Degrees

Non-iinear Integration Values

Y1) Y(2) Y(3) Y (4) T}'-’LU1
~4.16626E-06 | 5.00000E-03 | 4,33303E-04| 4,76181E-051{ 0,
-G.160400E-06 | 4.99549E-03 | 4, 78149E-04 | 4.71557E-05{ 0.001
-5,39272E-05 | 4.95020E-03 | 8.81359E-04} 4.07532E-05} 0.01
~1,27482E-04 | 4.85243E-03 1.55153E-03 | 2.11428E-051{ 0.025
-2.46146E-04 | 4.62799E-03 | 2.66208E-03 | -3.62128E-05| 0.05
-3.58246E-04 | 4.32742E-03 | 3.76253E-03 | -1.24075E-05| 0,075
-4, 61890E-04 | 2.95161E-03 | 4.85054E-03 | -2.41966E-05}] 0.1
-5.55208E-04 | 3.50148E-03 | 5.92382E-03 | -3.89311E-04 | 0,125
-6,36353E-04 | 2.97796E-03 | 6.98012E-03 | -5,65437E-04 | 0. 15
-7.03502E-04 | 2.38203E-03 | 8.01727E-03 | -7.69576E~04 ] 0.175
-7.54898E-04 | 1.71466E-03 | -9,03313E-03 | -1. 00087E~-03{ 0.2

Linear Closed-Form Equation Values

Y1) Y(2) Y (3) Y (4) TAU;
-4,16629E-06 | 5,00000E-03 | 4,33303E-04| 4.76181E-05] 0.
-9.16410E-06 | 4.99559E-03 | 4.78147E-04 | 4.71557E-05} 0.001
-5.39281E-05 | 4.95027E-03 | 8.81361E-04| 4.07532E-05} 0,01
-1.27482E-04 | 4,85223E-03 1.55160E-03 | 2.11405E-05] 0,025
«2.46126E-04 | 4.62626E-03 | 2,66231E-031-3.62340E-05| 0.05
-3.58148E-04 | 4.32272E-03 | 3.76275E-03} -1.24141E-05| 0.075
-4, 61630E-04 | 3,94338E-03 | 4.85025E-03 | -2, 42100E-05{ 0.1
-5.54709E-04 | 3.49109E-03 | 5.92221E-03 | -3,89519E-04| 0.125
-6.35609E-04 | 2.96983E-03 | 6.97608E-03 | -5.65694E-04} 0.15
-7.02668E-04 | 2,38468E-03 | 8.00946FE-03 | -7.69817E-04 | 0.175
-7.54362E-04 | 1.74182E-03 9, 02005E-03 { -1, 00098E-03{ 0.2
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through the linear, closed-form solution equations as mentioned
previously. Since the barrier is defined in terms of four dimensions

in three parameters, the method of specifying starting point locations
had to be cocmpletely analytical through use of the linear equations.
Also, since time limitations precluded any extensive examination of
this methed, this development really results in 2 theoretical method
for considering given starting points near the barrier.

The approach to discovering a method to locate given stazcing
points in relation to the barrier wars to find a normal to the barrier
surface which would pass through the given point. In three-dimensional
surfaces the normal is based on the —orthogonality of the coordinate sys-
tem in which the surface is presented. Since the four coordinates of
this thesis are also orthogonal, the three-dimensional normal theory
was extended to handle the four-dimensional barrier surface that was
found in this study.

The nermal to a four-dimensional surface was formulated from
the three-dimensional development of R. C. Buck (Ref 6:335). In this

reference the normal to a three-dimensional surface as a function of

two parameters, u and v, was found as follows.

Jd(x,¥)
d (u, v)

To extend this equation {rom three dimensions in two parametcrs to

four dimensions with three parameters: ¢, YZ{O), and T'l, the follow~

ing normal equation was proposed.
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N = [9(¥2,Y3,Ys)  d(Y3, Y4, Y1)  g(Y4, Y], Y2) ,d-.l'_r_.-Yz.Ya)}

In this equation the Y-terms refer to Eqs. (67) through (70), the linear,
closed-form solution equations. By evaluating the four, three-by-
three determinants in Kq. (71), the normal at any point on ti.e barrier
may be determined. Due to the complexity of these determinants, it
was not deemed beneficial to list the final equation form f{or this four-
dimensional barrier. The easiest method of dealing with the normal
would he to take the partial derivatives of the Y-~-equations with respect
te the three parameters arnd evaiuate these at 2 point along the barrier.
Once all the partial derivatives for a: given point have been evaluated,
thc determinants, and thus tlie normal ifself, could be determined.

Once he normal has F-en determined, the obvious question
deals with wnere the given point o'l the barrier i u relation to the
barrier. On generating normals all along the barrier, one will surely
pass through the giver. starting point or point exactly opposite to the
direction through the given pcint. By taking the dot product between
any normal vector and the vecto: from the base of that normal to the
given point, the angle between the vwo vectors "nay be found. By
searching in the four coordinate directions, it should be poussible to
find the point on the barrier where the normal passes through the given
starting poiat or 180 degrees away {rom the point. Knowing this would
tell whether the point was on the positive or negative side of the barrier
and, therefore, in the capture or escape zone respectively.
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VI. Conclusions and Recommendations

Couclasions

The objective of this study was to determine a differential game
barrier for a pursuit-evasion game between two spacecraft in orbit.
Throughout the chapters of this the=ie, this general area of concern
was broken down into smaller sections dealing with the search for this
barrier. These sections dealt with the development of the linear and
non-linear state and costate equations, the theory of differantial game
barriers, and finally an analysis of the barrier itself,

The state and costate equatiox;s were used to generate trajec-
tories backward in time from the terminal surface. These trajectories
were then compared, linear to non-linear, and once equivalence had
been verified, the barrier for this problem was determined. However,
this barrier was a four-dimensional surface that depended on three
parameters: ¢, Y(0), and 7. With 7, = 0 at the termiral surface,
one specified set of values for ¢ and V5(0) established a unique bound-
ary or the usable part in four s.ace. This is obviously difficult to
demonstrate graphically; however, ‘by making a ratio of the relative
velocities, Yp/Y3, 2 three-dimensional presentation of the barrier is
possible. Figures 4 through 7, ther, portray the boundary of the
usable part in the four quadrants of a cylindrical terminal surface.
Along with the boundary of the usable part in Fig. 4 is a portion of the

barriei itself out to a value equivalent to one and one-half seconds off
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the terminal surface. To better present this barrier, two planes were
ﬁ-at.ssed through the cylinder parallel to the plane containing Y, and Yy

at values of Y/Y3 equal to plus and minus one hundred in the scale of
Fig. 4. These two-dimensional barrier segments out to an equivalent
of twenty seconds off the terminal surface are shown in Figures 8

and 9.

Once the barrier was determined, then, meeting the main
objective of this study, the barrier itself was analyzed to determine
the location of various starting points lying just off the barrier. A
theoretical presentation of a method to determine these locations was
presented in the last chapter. Time limitations, however, precluded

a complete evaluation of this method, as mentioned previously; there-

fore, this portion of the objective was only partially completed.

Recommueaendations

The first and most obvious recommendation would be to extend
the analysis of the barrier to determine the location of starting points
in the playing space lying just off the barrier. Since the linear,
closed-form equations have been checked for accuracy with the non-
linear equations, these linear equations provide a ready starting point
for this further analysis. Once the technique for determining the
normal to a four-dimensional barrier surfece has been evaluated, the
location of the given starting points could be determined.

Another area for further study would be to extend the analysis
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of the barrier in three dimensions. By making more cuts along the
Y,/Y3 axis, the barrier could be completely defined allowing graphi-
cal analysis along with the obove mentioned analytic analysis. In
addition to this recommendation would be one to vary the value of Y,(0),
the relative velocity difference in the radial direction at the terminal
surface. This would generate a changing barrier surface which could

provide information concerning the velocity requirements fo- either

capture or escape.
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- AEEendix f._

Sine and Cosine Approximations

In order to use the state equations effectively, it is necessary
to get the sin @ and cos & terms into expressions that can be solved.
This requires expanding the expressions for sin & and cos @ in Taylor
Series expansions about the point T, = 0, where T, is the non-
dimensional, backward integrating time. In the linear equations, as
stated in Chapter 1II, the optimal control angles for the pursuer and the
evader were found to be equal; therefore, only two approximations, one

for the sine and one for the cosine, are necessary. Since

A2
sind = Az > (72)
\/A)\Z + AAS
it was necessary to first square this expression before expanding. This
results in an equation of the form

ANZ _ (¢

sinz a =
AAE + ANE g(¢,Ty)

This is readily expanded in the following manner, assuming that T, is

small.
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df ¢ dg o* 29df dg
smle = f@&T) | L 1dT1 . dTy T o+ L dnT 9T 9Ty
g(.T)) T P g°
T = 1
2

£ Lo 2 1&\ >

2 T
9T N ‘d’rll 1

gZ g3 T =0

where &

f(pTy) = sin2¢sin2'i'l + 4cosz¢c052‘rl + 4cosz¢
+ 4sin¢cosgsinTcesTy - 4sinpcos¢g sinT) - 8 cosz¢cosTl

and

(74)

(75a)

g (qS,Tl) =4 4 4cosz1'1 +12 sin¢cos¢si.n‘rl - 12 sin¢g cos ¢>si.n'7'1cos7'i

+ sinqusinz’rl - 8cos7i + 16c052¢;sina‘l‘l + 97izcosz¢

+ 127, sinp cos¢ cosT; - 24‘Tlcosngsin'r1 - 12T;sin¢ cos¢

{750)

At T} = 0, these terms reduce to zero. By taking derivatives of f and g

with respect toT; and then evaluating a.t’; = 0, the following expres-

sions result.
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a3t

— = -12 sin Ppcos ¢
dary3

1=0

d
£ = -8 4+ 32 cosch

L& = 16 - 24 cos® ¢

fl=0
The first term in Eq. (74) is then

£(9, 7))

BN S -9
g(e, 1) 0

f1=0

{75e)

(755)7

(75g)

{75h)

(751)

Applying L'Hospital's Rule twice to this indeterminate expression

yields the following relationship.

Q.
[

|

Qla Q

o] ot
|
[
o
o}
(4%
-

57

(75)



i . 1
R

R AT

TP

TR BRI,

G i I ATIOR

P IR

"

13 RS T T

LS Y

This then is the first coefficient of Eq. (74). The second coefficient is
é:pproached in the same manner after putting the expression over a

cominon denominator.

gdf - fadg’
dr dr
{ — -3 (77)
g - -
71=0
Applying L'Hospital's Rule four times finally results in
-
4 2 3
d g df fdg| . 2d°g d°f
- - = T2 (78a)
ar? L ory ary dgr,2 dry>
and )
2
4 2
d : [gz} =698 . (78b)

At 1, =0, Eq.(782) ecquals - 48 sin¢ cos ¢ and Eq. (78b) equals 24 to
yield the second coefficient for Eq. (74).
Jf - d_L.

g .
cr] d
s WL = - 2 sin¢ cos (79)

Tl:O

The third coefficient of Eq. (74) is also put over a common denominator

giving this expressiorn,

2
] 2df L 40 gy . (2P, u_ldr_{ \ 1
VS anT s a gz e 0 50)
2 o3 =
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By applying L'Hospital's Rule six times as before and evaluating at

T = 0, the third coefficient of Eq. (74) is determined to be

,
d%t 29tdg tde 21dg |2

1 dTi2 } d‘lid:‘l ) d?'éz . d;rl -
2L ¢ 8 g g
: 1‘1‘:0
-2 +2 cosz¢ + sin2¢cosz¢ (81)
6

Substituting the results of Eqs. (76), (79), and (81) into Eq. (74) yields

the following expression for sin Q.

B 1/2
sina = + [sin2¢ - (2 singcosg)T} + (- % + 2cosz¢+sin2¢cosz¢)'ﬁz]
(82)

Since this expression is actually the square root of the function,
another approximation is required. The above expression, then, is
expanded in a Taylor Series expansion about Tl = 0 as follows, the

coefficients of T} being lumped into constants for ease of handling.
1/2
F(T}) = (A% - BT} + CT) 2 Foy=a

F (1)) = -:1;_- a2 . By + cTP) V2 B+ 2¢T)) F(0) = é‘i‘
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F'(T)) = - £ (A% - BTy + e ?)3/2 (B 4+ 20m)? 4 c (82 - BT,

’" - 2

-1/2 . C
-+ <
4A A

2
+CT1)

P () =2 a% - BT+ cN?3/2 By 2cm)’ - 4% - BT

2)-3/2

+ CT (-B + 2CTy1)(C)

-5 % - BT, + cTy?)7¥2 (B 4 2¢T))

S N R R R e ey

: 3BCc  3B3
P (0) = - 2B
2AS  8AD

Y ﬁ"':q‘

Therefore,

2 3 3
- B c B2 \T1" [3BCc _3B3\Th
ud [ A 11 +(X 4A5) 2= * (2A3 .SAS) (83a)

U sin &

where
A =sin ¢ (83b)
B =2 sin ¢ ccs ¢ (83c)
i
| C=- 2. +2 cosztp + sinngcosng (83d)
' y In & similar manner as abcve, the cos O approximation is

determined; however, in this case the identity cosza =1 - sin?d is
used. From this, an expansion of the square root is accomplished as

bhefore vielding the following cos @ anproximation.

’ 2 3 3
, E Fr EZ\T (3L- 3ErF| T
coOs a - D + ——— ’ + - " — r—— ._.r.__' 843
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v
% _ 6; w_%)ere

% D =cos ¢ (84b)
ﬁ E=2sin¢ cos ¢ (84c)
§ F = % - 2 cos? ¢ - sin® pcosl (84d)

Linear State Equation Solution

The linear state equations from Chapter [II are repeated below

for easy reference with the signs reversed for backward integration

aud with the determined initial counditions.

SRk hadiat ik y. fooch o d ksl e e

Y,)/=-Y; Y, (T; = 0) = R sin¢ (85a)

:

Y= -2Y3 - Y, -fsinC (85b)
Yy =¥, -Bcosa Y5{0) = Rsin¢ - Y,(0) tan ¢ (85¢)
Y4'=-Y3+Y, Y4(0) = Rcos¢ (85d)

In these equations, B = Ug - Up, the difference in normalized thrusts,
T is the non-dimensional time for backward integration, and ¢ is the
angle around the terminal surface measured counterclockwise from
the pursuer's local horizontal. Rather than immediately use the
approximations for sin & and cos @ from the first section of this
appendix, a new set of constants is selected. In making this sele ction
the proper sign of Eqs. (83a) and (84a) had to be chcsen. Only after the
equivalence analysis was completed were the proper signs known;

therefore, the following expressions are negative in order for
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equivalence to occur between the non-linear and linear, closed-form

computer programs.

sina =- (A; + B{T; + C1T}2 + D{Ti°) (86a)
whete
A=A (86Db)
By = =B (86¢)
2A
2
C1=3 (% - ) (86d)
443
p, =1 [3BC . 38> (86e)
1~ Z 3 5 -
2A 8A
and
cos @ = - (Ay + BTy + C2T% + D2Ti3) (87a)
. where
A, =D (87b)
E
By = o 87
27 2D (87c)
-
. _1lr E .
c2=-(-—-—-—— (87d)
2 \D~ 3

Dy =1 3E3  3EF
6 \8D>  2D3

(87e)

The constants A through £ come from the first section of this appendix

where they are evaluated,
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By differentiating Y,' again with respect to T and substituting
in from the other state equations, an equation relating Y, terms and

constants results,
Yo# + Y, = -2B1Ay + BTy + C;T1% + DZT13) +8 (B +2¢N
+ 3D1T12) (88)

or

YZH =P sin'rl +Q cos'rl (89)

Chossing now a particuiar solution {o the above equation,

Yz, = Ky + KTy + K3Ty2 + KTy (90)

P

and differentiating with respect to T} the constants K; through K4 may

be evaluated.
2K3 + 6K4Ty + Ky + K0 + KaTy 2 + K4Tl3 = -B[(2A, - B})

+ (2B, - 2C| Ty + (2C5 - 3Dy % + 2D,T3]  (91)

Ky = - B2A, + 6D, - B - 4C;) (92a)
K, = - B(2B, - 2C; - 12D,) (92b)
Ky =-BR2C; «3D;) (92c)
Ky = - 28D, (92d)
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This yields the following total solution for YZ'
- - . 2 3
Y, = YzH + sz =P sm'!'1 +Q cos‘T'1 + Ky + KZ'Tl + KaTp + KyT (93)

By use of the initial co.ditions in Eqs. (85) the constants P and Q may

be determined.

Y, (T} = 0) = Q +K, (94)
Therefore,

Q = Y,(0) + B (2A, + 6D - B, - 4C,) (95)
and -

Y,'(0) = P + K, = - 3R sing + 2Y,(0) tan ¢ - Bsing (96)
or

P=(-3R-B)sing +2Y,(0) tan¢+8 (2B, - 2C, - 12D,;)  (97)

where YZ(O) is a specified initial condition for this thesis.
By using Eq. (93), the remainder of the closed-form solutions

to the linear state equations may be found.

Y/ =- PsinTy - QcosT) - K, - KaTj - K3Tiz R K4{.'..13 98)

2
KT _K3T13 ) K4714

Y] =PcosTy - QsinT) - KIT_I - + MM (99)

2 3 4

where MM is determined by use of the initial conditions tc be
MM = (4R +B) sin¢ - 2Y3 (0) tan ¢ - B (2B, - 2C| - 12D,)  (100)
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K,T;2 K., 3 K, %4
Y3 =-PcosT; +QsinT] + KT} + 21 431 441

2 3 4

+B| AT+ (101)

2 3
BT\~ SN, D2T14) + N
2 3 4

where

N = (-2R -B) sin¢ + Y,(0)tan ¢ + 8 (2B, - 2C} - 12D;) (102)

T 2 3
Y, = 2P sinT} + 2Q cos T} - (2K, +8A,) _;_ - (2K, + BBZ) 36:1_
4 5
- (2K +Bcz)'£_1_ - (2Kg4 + an)tl_ + (MM - N)T, +S (103)
3 12 20 1

¢ where -

S =R cos ¢ - 2Y,(0) - 2B(2A, + 6D, - B - 4C,) (104)
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Appendix B

Non-linear Integration Program

] FRCOGRANM NCNLINCINPUT,,GUTFLT4TAFES=INPUT, TAFEE=O0UTFUT) '
! CINMSHNSICN XE (L) 4XP(4),OXZ () 4IXP(4) LDAZ (L) ,LDAP(4),0L0AZ(2),
: 1 CLOAP (3] ¢XTAVG(4) ) LEAVC (3D 3 XFAVG(4) 4 LPAVELT) ,Y(4) 4SXE(L),

2 SXO(4) ,SIXE (L) ,SOXF (L) ySCLLE(3),SOLOP(I)HSLEL(3)HSLF(I)

] REBL LDAE LCAF,LEAVG,LFAVC

‘ FEAN(5,11) FES,RyXP (1) g XF (2) 9 XP(3) 4 XP (L)
1 17 FCRMAT(E£11.5)

¢ REBIC5,11) V7 4RJ,Y27,TAU,LE,LF

i1 FCIMAT{EZ11.5)
REAI(5,12) LOAE(2)sLEAE(2)HZLEAF(2) ,L0AR (3)
12 FCEMAT (4E11.5)
WRLITE (A45C0)
517 FCRMAT (*T%)
13 FFrl = (FEE*3.,141F9) /180,
TANPHI = SIN(FAI)/CCS(PHI)

PN i A AR

LLCAZ (1) = SIN(PHI) .
, LCAZ(4) = COS(PHI)
: LCAP(1) = =SIN(PHI)
: LCAP(4) = =COS(PHI)
I WRITZ(€,20)
0O 2} FCRYAT(* PHI R XP (1) XP(2)
1 XP(2) YF(L) TAL %)
! WRITS (€421) FEE,Ry XF (1) 9XF(Z)yXP(3) 4 XP (L), TAY
i 21 FCRMAT (1P7E15.5)
CT=7.2)o001
] v=(
3 =1
¥E(1) = R¥SIN(PHI)+XF(1)

XE(2)=YZ4XP (2)

XE(3) =R*SIN(PFI)=(XZ(2)=XF (2))*TANPHI+XF (2)
XE (4) = DFCOS(PHI)+XF(4)
Y1) =XE (1)=XP (1)
Y(2)=XE(2)=XP(2)

Y()=XE (2)=XP(3)

YW = (XE(U)=XF (4))
FTS=SQRTIY(1)**2+Y(4)**2)
VICT=SORT(Y(2)*¥2+Y {2)**2)
VRAT=Y (2) /Y (3)

BRITE (€4y110)

119 FCRMAT (* Y (1) Y(2) Y(3) Y (4)
1 QTS YEZY YLD vTeT TAU®)
WELITE (€,25) Y(L),Y(2),Y(3),Y(4) ,RTS,VRAT,VICT,TAU

25 FCRMAT(1PRELE. 5)
17 IF (TAULGTWes) GC TC 1021
CXE(2)ym= (XTI *22/X S (1) =1a/XE (L) **2-UF* Y2 (1)2SINC(PHI))
{nj CXE(3)=-(=XF(2V®XT(I)/XF(1)+LEX¥COS(PHT))
CXF(2) == (XP ()22 2/XF (1) =1u/XF (1) #*2+UP*XF (1) = (+SIN(PHI)))
CXF(3)=-(=XP(ZY*XP(2)/XF(1)+LF*(+CIS(PHI))}
¢C 1o 1.2
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471 CXE(2)==(XE{3)**2/XE(L) -1, /YE(L) **24UF*LLAF (2) /(SGFT(LDAC(2) **2

1 +L0AZ(2)*%2)))

CXE(S) == (~XE () *XE(2)/XE(IIHLEPLDAE (F) / (SORTY(LOAS (2)**2+LDAE(Y)
1 **2)))

CXE(2) 2= (XP (VX2 /X E (1) =1, FYC 1) #¥2«P* | CAR(2)/(SORTILDARP(C)**Z
1 +LOAR(Z)**2)))

CXE(2)=={~XP(2)*XP(2)/XF(§)=LF*LOAP () /{SORT(LDAR(2)*¥2+LDAF{2)
1 %¥*2)))

112 CXxF(1) ==X2(2)

CXE(L) ==X2 (2}/XE(L)

CXF{L} ==xP(2)

CXP(L4) ==xP(2)/XF (1)

CLEAZ (1) =« ((LCAE(2) *XF (2)*® ) /XE{1) **2=C ¥ LCAE(2) /XE(1) ¥*3
1 ~WLDAZ ()*XC (2 XS (D) )/ XE(I)**24LDAT(L) *XE(2)/XZ (1) *%2)

CLOAS(2)=<(~LCAE(L) +LCAE () ¥ XE(I)I/XE(L))

CLCAT (3)=~(=(2e*LDAT(2)*XE(I))/XE(L) +L DAL (2I*XE(2) /XE(1)=LDAE (4
L #xE(1n)

CLEAF(1)=«((LCAP(2) *XP{2)**2)/XP(1) **2=Z *LLAF(2)/XP(1) **3
1 ={lDaP (3I*XC(2)*XP (2} )/ XF(1)FRZ+LIAP (L) ¥ XF (3)/XFE(1)%*2)

CLCAP(2)==(=LTAP(1) +LDAF(2) ¥ XF(3}/XP (1))

CLOAR(3)==(~(Z *LDAF(2)*XFLI)I/YP(L)+LDAF (3)*XP(2) /XP(1)~LCAF (4
1 /7XP(1))

IF (44ECe1) GC TO 4

LC 37 I=1,4 -

SXE(I) =XE(T)

SXE(T) =Xe (1)

SCXZ(I) =0XE(D)

(»; 37 SCXP(I)=CxP(T)

€C 31 TIi=1,3
SLE(I1)=LCAE(I1)
SLE(IL)Y=LCAP(IY)
SCL3Z(I1)=D0LDAE(TIL)
Rl SCLTP(I1) =0LNAP(I1)
fC 32 IZ2=1,4
XE(I2) =XE(I2)+0X2(I2)*0T
32 XF(I2)=XF(IZ2)+OXF(Ic)*CT
CC 33 I7=1,3
LCAZ(IZ)=L0AS (I +ILLAE(TI)*CT
33 LCAP(IZ)=LOAF(IZ)I+DLCAF(IIYCT
V=1
CC TO 101
Ln LC 4l J=1,4
XEAVG (N = (SOXE(JY+IXFCI)) /2,
41 YFAVGUJ)=(SOXF(JIYSDXF(J))I/ZE
[C 42 Jt=1,3
LEAVG(J1)=(SCLDS(UL)»+OLTRAE (L1 ) /2,
L2 LFAVG{JL) =(SSLOP(J1X+CLTAF (1)) /2,
£C 50 K=t,4
XE(K)=SXE (K} +XZAVG(K)*DT
51 XELK)-SXD (k) +XPAYL{K)*CT
CC 51 Ki=1,3
LCAE(KL)=SLE(KL)+LEAVG(K]) *7 ]
51 LCAP(KL)=SLP (K1) +LPAVG(KL)* [

W IF (NoEG.18C) GO TO €4

N=n+g
="
GC TO0 1(1
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6) Y)Y =(XE (1) =-XP (1))
- ¥Y(2)= (X7 (2)=XF(?))

- Y3 = (xE (35)y=-XP ()}
YL} = (XT {4) XD (L))
RIS=SORTIY(1)*¥*2+Y (L) **)
VEFAT=Y (2)7Y (D)
VIQT=3CRT(Y()Y*#2+Y (3)**2)
TAU=TAL+G, 0D
RRITE (£4526) Y1), Y{2) 9YU(T) Y (L) RTSyVRAET,VTCT,TAL

256 FCIMAT (LFBE15453)
If (TALLCET.de32) GC TC 7C
M=)
N=1
CC To {0¢
73 IF (FLEWLTWa2E0bs) GC TO 8C
FcE=FEF=-8,
Tay=g,
XF(1)r=1.
XF(2)=(.
XP(3) =1,
XP{4)y=C. N7 74
GCC T0 12
332 CONTIHNLE
WRITE (R,501) -
521 FCIMAT (*sS*)
END

AR AR R A S b
-
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Linear Integration Program

FROGSAN MATK {(INFUTZCLTFLT, TEFEG=INAUT 3 TAFEE=OUTPLT)
CIASHSION YUY, PY(U)ySY(L),SCY (L) ,LDACL)Y,CLCA(3),YAVG (L),
3 LIAVG (34 SLEAa(2), SCLCA L)

Focat LTA,LDAVG

Redd (S 130)F_ Y20 ,R,ET,TAL

1J8  FC2MAT (5912.5)

) WEITT (6,50 )
507  FCMAT (¥T*)
L=t
IF (L.Z0.73) 6O TO 66
Fr=1

-~
[o))
(4N

Fri=s(FEc*2.1q159)/71E0.
TAIPHI=SIN(CHT)/COS(EHI)

3 LCA(L1) = SIN(FHI)
% LCA(2) = Co
3 LCA(3): O,
] LCA(L) = COS(FHI)
WRITE (6,10)
: 1 FCRMAT (* EHI - Y28 R ET
3 1 TAU*)

T T

WFITZ (6411)FZE,Y2C,R,ET 1L
i1 FCRMAT (iPF215,5)
C'=l.33701
;=0
N=1
Y(1)=R*SIN(FLI)
Y(2)=Y20
Y(3)=R*SIN(FHI)~Y2 1"TANFFI
Y(3)=R*CLS{FHI)
WEITE (6,11.))
110 FCRMAT (* Y (1) Y(2) Y(?) Y(L)
i rRTS Y(2)/Y(3) AN TAL®)
RTS=SORT(YLLI*%2+Y (L) %%2)
VFAT=Y(2)/7Y(3)
VICT=SERTIY(Z)**2+Y(3)**2)
WEITZ (he20) YCLY3Y(2)aY(3) Y (L)yRTSyVRATHVICT,TAU
24 FCRAAT (1iPBLiF.5)
131 TF (TALWCY, 6} CO TC 1€C¢
CY(2)=2 =Co*Y(3)-YL1)+ET*STN(FHI)
CY(3)= Y(2)+ET*N0S (FRT)
GC YO 1.3
112 Cy(2) “Ce¥V () =Y( 1) «RTH*(LLA(2)/{SART(LTA(Z)*224LCA(3)**2)))
£Y(3) ET®*(LC2(I) 7 (SCFT(LCA(2I**Z4LLP(3)**2)))
103 CY(Li):

™ 6N
[

P iouwn
<
B -
~n
A
]

L e BN
LIS B B Y

LDA(C)=LOA(G)
DALY ~LDALT)
LOA(Z) +LOA L)
cno 10 4(

-
-

CLIACL)
CLIAC2)
CLIACD)
IF (M.2
CC 2y I
SY(I)= Y(I)

30 SCY(I)=0Y(I)

O H o Wonb

I
[
- g

£~ e
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CC 31 T1=4,2
CLOA(IY) = LRACIN)
31 - SCLOACILY= 2JLDA(I1)
EC 22 12=144
32 Y(I2Y=: Y{Ic)+Y (I2)*0T
£CC 32 I3=1,7
13 LCACIS)= LDA(IY+DLEACIR)*( Y
r=1
¢C TO 13c¢
L] CC 41 J=1.4
+1 YAVG (U= (SOY(JY+DY (UIY/Ce
- CC 42 J1=1,2
42 LCAVGUJL)Y = (SOLJAC(J1)Y+CLEACL1))Y 22,
£C 531 Ju2=1,4
4 53 Y(J2)Y= SY(J2)Y+YAVG (J2Y*(T
CC 51 J3=1,2
LCA(J2)= SLTA(JIN)+LTAVG(L3)*LT
IF (NJENWAD. GO TN €0
hzN+1
L]
GC TN 193¢
37 RT3= SCRTIY(1)**2+Y (L4)*¥*2)
VFAT=Y (2)Y/Y (23)
VYTOT= SQRT(Y(2)#*2+Y (2)%%2) -
ToU=TAL+ L Cull
PRITE (6490) Y1) 4V {2) gY(3) gV (L)Y yRTSHVRETHZVICT,TAU
g1 FCRMAT (1PE=15,5)
IF (MM.2Ce27) GC TO 70
¥=0
A=l
MM=MM+ 1
CC TO 101
) FLo=FEE-E,
TAY=:j,
L=L+1
CC T0 63
0b CCNTINLE
WRITE (56,5C1)
571 FCIMAT (*S*)
ENY

i R b e R R b e e B e A L g A I S M s Sy RGeS b e
N1
-
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. Linear Closed-Form Equation Program %

i

FRO5AF MAIN (INPUT,CUTFLT 4 TRFESSTINPUT yTAFEE=CUTFLT) i

i REAL K1,K2,X3,Ku M¥ 4N i
] READ (541790) FET W20 yRyFT)RC,TAU 3
" 130 FCRMAT (€E11.5) ?
L=1 i
‘ 53 IF (L.E042) 60 TO EF ’

FEI= (Flc¥Z.14159)/715¢L .

* TANFHI=SIN(FFI)ZCOS(FFT)
BA = SIN(PHI)
: EE = 24*STH(FHT)*OCS(FRT)
CC = =84 /b, +2.*COS(FRT) ¥ ZASIN(PHI)#* 2¥[CS(FHI)**2
1 CC = GCS(FHI)
3 Al ==Ab
1 £1 = +C0
C1 =~ (CC/AA=C%22/ (L, *hp¥*3)) /2,
; [1 ==((2,#RAXCT) /(2 ,PADRBT )= (T,%33%87) /1 (ELPAN®RS) ) /6,
. Az =-DC .
g2 ==3E/(2,*CN)
C2 == (=0C/NC=R0%%2 /(4 (*{T*¥3)) /2
[2 =~((2.,*C03%23) /(6 20T a%E)4(2,%032%C0) 2 Z.*CC**2) /¢,
Kl ==(C4FA2wE1~4,*CCtEa*C1)7ET
K2 == (Z4¥02-2,%04~12,%0Z2)%E 1
(M/ K2 ==(2,%C2-3,%C1) *ET
Kb == (Z.¥02)*ART
Y2 =K1
= (T VR4 FAAL S FTANERTRY 20K

Moz (L4%R+0T) *AA=-2 ,*YZ.YTENFHI+K?
= = (reP*R+TIVELAALTONFET®*YZ I -K2

S = R¥*[0=2.7Y2 J+24 ¥K1
rEITZ (A,e109)

1239 FCRAAT (* "HI Y21 2 ET
1 %)
WFITZ (64,1147) FIE,YZGyF,ET

11¢ FCIMAT (1FLT15,5)
h=ITZ (64129)

129 FCRHAT (* Yi Y2 Y3 Y4
1 RI< Ye/NiE TAL®)
M=y

64 IF (M,20.21) GO TO f6S
1=TAlU
Ti=TAU
Yis PRCOS(TL)=0%*SIN(TI) =K1 TaK2¥T222/2 ,-KI*TH¥T/ 3 ~KL4*T*24 /0,
1 +MM

YIzwPPCUS(TAI+N*STN(TI) A {KIADTRA2) 3T (N ZAETHE2)RTH*2/2,

1 +(K3+TTICOI¥TH*2/ 5+ (KLAFT»[21%T¥ 0 /L, N

YL22 ¥ E® ST (T3 42 P020CS(TL)=(E <1+ 0T222)*T**2/2,«(2,4%K2
1 $ATR27) ¥T2 37, m (W ¥KIAETICO)*T* 4/ 20~ (2 *KEHAT *02)

T RTEEL /2 e+ (MM~H) R THS

FIS=SQETAYLRY2+YL* ")

RATYZ23:=Yc/Y12

VIOT =S T (Y2*= Y322 2)
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WRITI (H4137) Y1,3Y 2, Y2, YLU,RTE,RATY 23, TAL,VICT
135 FCRMAT (1PEL45, 5D

FrMEg
TAU=TAL+Ceun1
GC TO el

o CONTINLE
T8U = (.
FEZ=FIc=-5,
L=L+1
{C YO €3

b6 CONTINLE
ENN
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