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Preface 

The subject of this thesis was prompted by a desire to learn 

more about trajectory optimization and thoughts about possible rescue 

missions to future manned space stations. My goal was to contribute 

something to the area of space rescue and other similar missions where 

time equates with lives or national security. I find it a bit ironic that 

while I was in the midst of this study, NASA was seriously considering 

a rescue mission to the Skylab workshop. 

I must thank my advisor, Major Gerald M. Anderson, for help¬ 

ing me settle on a way of working towards the goal I set and for making 

that journey much smoother than it might have been. And I could not 

have completed this study without the constant support and understand¬ 

ing of my wife, Rochelle, who continually reminded rae "It's later than 

you think I" 

Steven H. Edelman 
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i 

Minimum time trajectories between the surface of the Earth and 

a 270 statute mile circular orbit, generated with the assumption of 

impulsive thrusting, are used to determine minimum time-to-rendez- 

vous with a target in the specified orbit. The amount of impulse is 

fixed by specifying the ratio of the launch vehicle's final to initial 

masses. The study is divided into two principal phases. In the orbit 

injection portion of the study, a set of minimum time orbit injection 

trajectories, subject to certain launch constraints, is generated by the 

solution of a fourth order polynomial for various range angles. The 

effect on the number of admissible trajectories of changing the mass 

ratio is also investigated. During the rendezvous phase of the study, 

the generated set of trajectories is used to determine a window for 

direct launch to rendezvous. The trajectory resulting in minimum 

rendezvous time is then chosen as a function of the initial target posi¬ 

tion relative io the launch window. The* dynamics of the launch window 

as the mass ratio changes are also investigated. Results indicate that 

for the baseline mass ratio of . 05, the launch window is only 4. 7% of 

the target's period; when the target is within the window, rendezvous 

will take from 96 to 413 seconds depending on initial target position. 

The study of various mass ratios indicates that a sizable tradeoff is 

available to the mission planner in terms of mass placed in orbit, time 

to rendezvous and rendezvous opportunities. 
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AN INVESTIGATION OF MINIMUM TIME, 

LAUNCH-TO-RENDEZVOUS TRAJECTORIES 

I. Introduction 

Problem Statement 

Emergency resupply of an orbiting space station; immediate 

inspection of an unidentified, and perhaps threatening, satellite; 

return of a planetary exploration vehicle to an orbiting cr^mand 

module after loss of life support equipment--these are all missions 

requiring trajectories with a minimum time span between launch and 

rendezvous. In general, the determination of such time-optimal tra¬ 

jectories, flown by vehicles with limited thrust capabilities, requires 

extensive and often difficult numerical procedures. Handelsman (Ref 9) 

has shown that a very good estimate of these trajectories can be 

generated with the use of the impulsive approximation, in which finite- 

thrust, finite-duration powered phases of flights are replaced by 

instantaneous changes of velocity (Ref 6:827). Under the proper con¬ 

ditions, the zero thrust trajectory arcs between impulses can then be 

described by orbital equations which are algebraic in nature. It is, 

therefore, the purpose of this study to investigate launch vehicle 

trajectories for minimum time between launch from a planet's surface 

and rendezvous with an orbiting target, using solutions generated with 
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the impulsive approximation, in order to gain a better understanding 

of their characteristics, limitations, and associated systems (e. g., 

launch vehicle) requirements. 

Background 

There are three principal categories into which all planet-to- 

orbit and orbit-to-orbit problems fall. These are orbit injection, in 

which the transferring vehicle muot achieve a predetermined radius 

and velocity vector relationship; interception, in which the vehicle 

must reach a specified point at the proper time; and rendezvous, in 

which the vehicle must attain the proper radius and velocity vectors at 

the proper time. To date, the vast majority of the work in all of these 

categories, using either finite thrust or the impulsive approximation, 

has dealt with the orbit-to-orbit, minimum time/fuel problem; this is 

evidenced by Gobetz and Doll's survey (Ref 6), NASA and DDC litera¬ 

ture searches, and several theses accomplished at the Air Force 

Institute of Technology (Ref 1,3-5,8, 11,12). The planet-to-orbit 

injection problem with a constant thrust rocket, under various condi¬ 

tions, is illustrated in Bryson and Ho (Ref 2:83-86). Direct launch 

from a planet's surface to rendezvous with an orbiting spacecraft, 

which usually encompasses a variety of logistics and operational con¬ 

siderations, is not generally thought of in terms of time-optimal 

trajectories, since preparation for the launch generally requires con¬ 

siderably more time than the flight itself; the preparations for a 
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possible rescue mission to Skylab illustrate this. Consequently, 

relatively little work has been done specifically in this area. How¬ 

ever, one can assume, particularly in the inspection and emergency 

return missions described earlier, that the vehicle is ready for launch 

and needs only target information to determine its proper trajectory. 

One investigation of planet-to-orbit rendezvous trajectories 

was done by Wolaver (Ref 15); in it, he graphically determined admis¬ 

sible trajectories for various objectives and constraints. The analyti¬ 

cal methods used in this study to generate orbit injection trajectories 

•are extensions of work done by Tubbs (Ref 13), who investigated trans¬ 

fers between general coplanar orbits. 

Study Outline 

This study effort is divided into two major areas. First, a set 

of minimum time orbit injection trajectories are generated. Then, 

relationships are developed which determine the proper launch time 

and trajectory for any given initial target position (the position of the 

target when the decision to rendezvous is made). The study results 

are presented as follows. 

Chapter II contains the development of the general, minimum 

time, finite-thrust orbit injection problem, using the calculus of vari¬ 

ations. No attempt to solve this problem is made. Rather, Chapter 

HI describes the substitution of impulses for the powered portions of 

the flight. The methods used for generating injection trajectories are 

3 
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described in Chapter IV, alo ig with an interpretation of some early 

data, a graphical presentation of the desired trajectories and an 

analysis of treating parametrically the amount of impulse available. 

Chapter V poses the general rendezvous problem, as seen for this 

study, then describes the methods used for its solution and their 

results. The conclusions and recommendations resulting from this 

study are presented in Chapter VI 



lí 

II. The General Minimum Time, 

Orbit Injection Problem 

In this chapter, the general minimum time, orbit injection 

problem is developed using the calculus of variations and the 

Pontryagin Minimum Principle (PMP). This particular method of 

development closely follows that used by Tubbs (Ref 13:5-11); other 

approaches can be found in Lawden (Ref 10) and Bryner (Ref 1). 

Assumptions 

1. All analyses are done in two dimensions, i. e. , the initial 

launch vehicle (hereafter referred to as the vehicle) velocity, the orbit 

injection trajectory, and the target orbit are all coplanar. 

2. The vehicle is treated throughout as a point of variable 

mass. The Earth as the central attracting body in the system is also 

considered a point mass. However, at launch, the vehicle is assumed 

to be located at a point on the equator of a spherical Earth of radius 

Rjj,, thus having a linear velocity of Rjr(JE, where is the angular 

speed of Earth's rotation. 

3. The only forces acting on the vehicle are the thrust of its 

motor and the force due to a time-invariant, inverse square gravita¬ 

tional field. Atmospheric drag and other aerodynamic forces are 

neglected. 
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4. The rocket motor operates only at maximum thrust or zero 

thrust; intermediate thrust levels are not considered. 

5. The target is in a circular orbit at an altitude of 270 statute 

miles, which is comparable to the orbit of the Skylab space station. 

Since this information completely describes the motim of the target, 

the analyses preceding rendezvous can ignore the target. 

6. The amount of fuel available for orbit injection and rendez¬ 

vous, i. e. , the initial and final vehicle masses, is known a priori. 

Problem Set-up 

First, a suitable coordinate system in which to represent the 

vehicle dynamics must be chosen. The Earth-centered coordinate frame 

and the variables used to describe the motion of the vehicle in this 

development are shown in Fig. 1. 
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The state vector, comprised of the variables describing the vehicle's 

motion, and the control vector, comprised of tne control variables, are 

defined by 

(1) (2) 

where u is the radial velocity of the vehicle, v is the tangential 

velocity, r is the radial position, 6 is the angular position, m is the 

vehicle's mass, F is the thrust magnitude and ^ is the thrust direction. 

The vehicle dynamics are described by the following state differential 

equations and known boundary conditions: 

or 

X = G (X- U) 

u = - + + sin if/ 
r2 r m 

v = - HX. + _ÍL cos if/ 
r m 

r = u 

¿.ï 
r 

• F ma - — 
C 

u(t = 0) = 0 u(t = tj) = 0 

v(0) = Re"e v(tf) 

r(0) = Re r(tf) = Rt 

0(0) = 0 0(tf) = 0f 

m(0) a 1 m(t£) = m£ 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

where H - gravitational constant of Earth 

C = constant motor exhaust velocity 
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Rt = final, or target, orbit radius 

The range angle, 0(tf), may be free for a global minimum time solution 

or fixed for a particular transfer. In this study, 0(tf) is initially speci¬ 

fied and the corresponding minimum time trajectory is determined;^ 

is then varied to examine all possible range angles. 

The objective of the problem is to determine F(t) and <A(t), sub¬ 

ject to the constraint 0< F<Fmax, so as to minimize the time from 

launch (t=0) to injection and rendezvous (t = tf). The problem cost is 

therefore 

J = tf (9) 

The next step in applying the calculus of variations is to intro¬ 

duce the costate vector X and the Hamiltonian Hs 

(10) 

-T - 
H = X G + L 

F8in<M + X I + F cos ^ 
ml Mr m 

(ID 

The costate differential equations are then formed: 



<9 

... ...-. ,. 

or 

X - -Æ 
dx 

\ = X [i|-X 
U V \r j r 

Xr = “ 

X0= ° 

r3 ? 
- X uv 

~2 + X0 T" 

Xm = -^7 (Xusin^+Xvco8^) 
m 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

If 0f is free, then Xg(tf) = 0; otherwise, the transversality conditions 

provide no useful information about X (t£). 

The transversality condition for free final time applied to the 

Hamiltonian gives 

Since the Hamiltonian is not an explicit fuction of time, H is constant 

(18) 

H(t) = - 1 (19) 

The necessary conditions for the optimal thrust direction, if/ 

are = 0 and > 0. Applying these to Eq. (11), 
d\¡i d[fj^ 



(20) = — (X cos -X sin if/ ) — 0 
dtjj m VL V 

= F ( -X sin l/r - X cos iJ/)> 0 

O*1 m 

(21) 

To satisfy both Eq. (20) and Eq. (21), ^ * must be determined by 

sin i/,* = - K 
X2 +x2 

(22) 

cos i/r * = 
-X (23) 

assuming F ¿ 0; «/r is undefined when F = 0. 

Since F appears linearly in H, the PMP must be used to 

determine the optimal thrust magnitude, F*. From Eq. (11), the 

switching function, K, is defined as 

X sin \¡j + A cos »A At 
K = 

m 
_ 

C 

(24) 

Then H is minimized if 

F* = 0 when K > 0 (25) 

F* = F when K< 0 (26) 
max 

If K = 0 for a finite period of time, Fv must be some intermediate 
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thrust level; however, assumption 4 does not allow such a situation. 

Therefore K = 0 only at a finite number of points, called switching 

points. 

This concludes the set-up of the general minimum time prob¬ 

lem. The solution of this problem requires complicated numerical 

techniques and will not be attempted in this study. Rather, an approxi¬ 

mation to the solution will be found, using the simplifying assumptions 

discussed in the next chapter. 
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III. The Impulsive Approximation 

The difficulties associated with the solution of the problem 

described in Chapter II may be circumvented and the solution made 

analytical by the use of impulsive approximation? to the thrust arcs. 

A typical thrusting sequence for the orbit injection problem is 

^Fmax, 0, Fmax|. The two-impulse approximation to this sequence, 

illustrated in Fig. 2, is used for this study. The zero thrust trajec¬ 

tory between impulses is a portion of an orbit, since the vehicle is then 

moving through an inverse-square gravitational field with no other 

external forces acting on it. This orbit is defined by the radius and 

velocity vectors at the terminal points (launch and injection). The 

velocity vectors are determined, in turn, by the AV, or impulse, 

applied at each terminal and the given initial or required final velocity. 

Since the direction of impulse application is generally unconstrained, 

the amount of total AV or impulse available to the vehicle determines 

the orbits which will connect the desired terminals. This amount, 

often called the characteristic velocity, depends on the ratio of the 

i 

initial to final mass, where m^ represents the mass placed in orbit 

and (m^ - rr^) the fuel, and is determined by 

+AV2 = I = C.&1 (27) 

mf 

The problem of Chapter II may now be restated as follows: 

12 





Determine all possible distributions of the total available ÀV between 

launch and injection and thereby the orbit or orbits that ,vill put the 

vehicle into the target orbit in minimum time for either a fixed or free 

range angle. The solution of this problem is the subject of the next 

chapter. 

% 



IV. Impulsive Orbit Injection Trajectories 

This chapter contains a description of the procedures used to 

generate the trajectories called for at the end of Chapter III and an 

analysis and discussion of those trajectories. 

The Governing Polynomial 

For the general two-impulse transfer problem, Tubbs devel¬ 

oped a procedure to determine the minimum time trajectory for a 

given mass ratio and range angle. Through a geometrical analysis, he 

derived expressions for and in terms of the semi-latus 

rectum ^of the transfer orbit and, from these, reduced the problem 

to a fourth-order polynomial inyfT, which he called the governing 

polynomial. The general procedure is to solve this polynomial and 

calculate the time of flight corresponding to each real root. The mini¬ 

mum time trajectory is selected and the associated root is used to 

calculate the other elements required to describe the orbit. A com¬ 

plete description of the derivation of the governing polynomial can be 

found in Appendix A of Reference 1 3; a listing of the polynomial is 

contained in Appendix A of this study. 

Program RDVZ1 

Program RDVZ1, listed in Appendix B, was written to perform 

the calculations of the procedure described above. It is basically 

15 



Tubbs' program for orbit-to-orbit transfers extended to include a 

variety of checks and constraints. The main program sets up the 

problem for an initial range angle, calculates the coefficients of the 

governing polynomial and then solves the polynomial using the library 

subroutine DMULR, a standard root-finding algorithm operating with 

complex algebra. 

The reax roots ere isolated; an absence of real roots indicates 

that the vehicle has insufficient &V for orbit injection over the specified 

range angle. They are then passed to subroutine ELIM, which, for 

each root, calculates A. and checks its validity; the check is made by 

reconstructing the total AV corresponding to the root in question using 

terms from the building blocks of the development of the governing 

polynomial, and comparing it to the AV available as computed in the 

main program to insure their equality. This procedure eliminates any 

spurious roots that may appear. 

Next, ELIM determinos whether the orbit violates the con¬ 

straint imposed by launching the vehicle from the surface of the Earth. 

The original version of this program contained no restriction on the 

minimum altitude of the vehicle; hence, a trajectory could conceivably 

pass through perigee prior to termination. In this study, all orbits 

have a perigee radius less than and therefore any trajectory which 

passes through perigee cannot be considered. This check is per¬ 

formed by examining the radial velocity at the launch point, which is 

determined in the course of forming the governing polynomial. If thia 

16 



quantity is negative, the trajectory passes through perigee and cannot 

be considered further; the number of such trajectories is passed back 

to the main program for later use. ELIM then computes the orbit's 

eccentricity, which dictates the proper equation for computing the time 

of flight; it should be noted here that ELIM can handle both elliptical 

and hyperbolic orbits. The elliptical time of flight equations used 

cos E = e + c?8. (28) 
1 + e cos f 

(E - e sin E) (29) 

may be found in any standard text on astrodynamics; the hyperbolic 

time of flight equations, 

tan -=-. / e - 1 tan L (30) 

2 V e +1 2 

t = 

where h is an artificial variable, are taken from Greenwood (Ref 7; 

207). 

After these steps are repeated for all real roots, control is 

passed back to the main program. If all of the trajectories go under 

ground, i. e. pass through perigee, the program prints out the data 

generated to that point and terminates. Otherwise, pertinent 

17 



information from ELIM is stored, the range angle is increased and the 

procedure starts again; in this manner, orbit injection over all possi¬ 

ble range angles is examined. 

Initial Results 

A mass ratio of . 05, which is representative of the ratios for 

various U. S. launch vehicles (Ref 15:120), was chosen as the baseline 

ratio for this study; the effect of varying this ratio is examined later. 

Preliminary examination of early program output indicated that, for 

elliptical injection orbits (which characterized all orbits for mf = . 05), 

there are two possible routes to satisfy 0f, the specified range angle-- 

the direct route and the apogee route, illustrated in Fig. 3. The 

partial apogee route pictured in Fig. 4, which seemed to be a third 

possibility even though it did not cover 0f, was found to be merely a 

direct route with 6A the specified range angle. The partial apogee 

route range angles and times of flight were calculated by ELIM for 

each apogee route which appeared and provided more data about the 

direct routes. 

The Minimum Injection Time Curve 

Minimum orbit injection time as a function of range angle, for 

the baseline mass ratio, is shown in Figs. 5 and 6. Fig. 5 contains 

the entire set of admissible trajectories. Direct route tr ijectories 

result in minimum time for d{ < 35°; beyond this range ang'.e, the 

apogee routes must be used for orbit injection. The reasor for the 
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Fig. 3. Direct and Apogee Routes 
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t':iscontinuity is the launch constraint built into ELIM. For d¡ > 35°, 

the direct route trajectory begins prior to perigee and takes the 

vehicle underground. The apogee route is then the only trajectory 

which is allowable. The upper limit on achievable range angle may be 

determined by any of several factors. In Tubbs' orbit-to-orbit study, 

the amount of AV available fixed the limit (Ref 13:22). In this study, it 

is the physical launch constraint that sets the maximum 0{ at ^24°. 

i. e., the apogee route initially goes below ground beyond this point. 

The direct route portion of the minimum time curve is expanded 

into Fig. 6. In general, there is a minimum achievable range ^ule 

which the curve approaches asymptotically; this limit is fixed by the 

impulse available. For the baseline mass ratio, trajectories with 

range angles as low as . 09° were observed, indicating that the limit 

is very close to the rectilinear orbit (0f = 0°). The curve exhibits an 

absolute, or global, minimum which does not correspond to the mini¬ 

mum range angle. The distribution of the total impulse between 

launch and injection offers at least a partial explanation. For very 

small range angles (0f < 1.0°), the injection orbits are nearly 

parabolic (e > . 999), resulting in crossing angles at injection of nearly 

90°. Therefore, a significantly large portion of the total AV (e. g. 65% 

for 0£ = . 5°) must be reserved for injection, giving the vehicle a lower 

initial speed and resulting in a higher time of flight. For O°<0f < 3. 43° 

the increase in range angle is more than offset by a decrease in the 

AV required at injection (47. 6% at 0f * 3. 43°); thus the flight time 

22 
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decreases. Beyond = 3.43°, the decreasing crossing angle has less 

effect than the increasing range angle and the flight time begins to 

increase. 

In Chapter V, which describes actual rendezvous, it will be 

shown that the direct route always provides a shorter rendezvous time 

over a smaller range angle, regardless of the initial position of the 

target in its orbit. In this light, the remaining discussions of injec¬ 

tion trajectories will deal only with direct routes. 

Parameterization of Mass Ratio 

The launch envelope, which comprises all admissible injection 

trajectories, plays a very important part in the rendezvous mission. 

Knowledge of the effect on the launch envelope of varying the vehicle's 

mass ratio would be useful to a mission planner, as it provides infor¬ 

mation regarding the tradeoff between time of flight and mass which 

can be placed in orbit. It is natural to expect that the injection time 

varies directly with the mass ratio, or inversely with the available 

impulse, for a given 0f. The dynamics of the launch envelope are not 

as readily apparent. 

Launch Envelope Dynamics. Figs. 7 and 8 illustrate changes 

in the launch envelope as the mass ratio is changed. Minimum injec¬ 

tion time curves, similar to Fig. 6, for various mass ratios are 

shown in Fig. 7. As expected, the flight times increase as the mass 

ratio does. For mass ratios above . 12, the curves lose their 

23 
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diatonic feature and eventually become linear. The curves for 

. 1457 < mf < . 149 are all colinear and no admissible trajectories are 

generated for mf > . 149, indicating that this is the maximum allowable 

mass ratio for injection into the target orbit. Flight times range from 

56 sec for mf = . 01 to 2670 sec for mf = . 1458; this maximum value 

remains constant for higher mass ratios. The changes in the minimum 

and maximum range angles are pictured in Fig. 8. The minimum 0f 

remains near 0° below mf = . 08 and then begins to increase because of 

insufficient AV to provide the high energy required for small range 

angle injection. It grows rapidly beyond mf = . 14 and reaches 179. 5° 

for mf = . 149. The maximum range angle increases steadily with 

mass ratio, approaching and remaining near 180° for mf > . 1458. (It 

should be noted that trajectory data for d{ = 180° cannot be calculated 

because of singularities in several governing polynomial terms, e. g., 

(sinôf)’1. ) 

The launch envelope reaches a maximum width of 11C. 5° at 

mf = . 142. This then is the mass ratio which provides the maximum 

number of admissible injection trajectories. However, as will be 

shown in Chapter V, this is not the mass ratio which allows the 

greatest number of rendezvous opportunities. 

Additional Observations. Hyperbolic injection orbitr appear 

for mf < . 02 and 4° £ $f ^ 28° as a result of the large impulse available. 

All other injection orbits are elliptical. Apogee routes are no longer 

generated for mf > . 1457; this occurrence is related to the behavior 



of the program, as discussed in the next paragraph. 

Method Limitations. That both the minimum and maximum 

range angles tend towards 180° suggests a comparison with the 

Hohmann transfer, which is the minimum fuel, maximum time, two 

impulse transfer for 0£ = 180°. Calculation of the relevant Hohmann 

parameters indicated a maximum mass ratio (corresponding to mini¬ 

mum fuel) of . 1457 and an injection time of 2670 sec. RDVZ1 gene¬ 

rates a set of admissible trajectories for this mass ratio and contin¬ 

ues to do so until mf = . 149, indicating that this method of generating 

trajectories gives poor results for mass ratios approaching the theo¬ 

retical maximum. This can best be attributed to a loss of numerical 

accuracy near the maximum :n£. 

This concludes the orbit injection phase of the study. The results 

of this phase serve as the basis for the rendezvous phase. 



V. Rendezvous 

The second major portion of this study deals with the rendez¬ 

vous of the vehicle and a target whose motion is completely specified. 

This chapter describes the rendezvous problem, the solution method 

which resulted from the analysis and some results. 

The General Problem 

In this study, rendezvous is considered a point occurrence in 

terms of the total mission and is treated as the matching of the target's 

and the vehicle's inertial positions and velocities; that is to say, it is 

treated as occurring instantaneously at injection, rather than over a 

finite period of time. Since the previous portions of this study have 

determined minimum time trajectories for placing the vehicle into the 

target's orbit, the problem becomes one of proper phasing of the 

launch. The objective of this analysis may then be described as the 

determination, as a function of initial target position, of the launch 

time and injection trajectory resulting in minimum total time to 

rendezvous. The general procedure, for a given mass ratio, is to 

establish a launch window and use the target's initial position relative 

to this window to determine this functional relation. The variables 

used in this analysis are depicted in Fig. 9 and are described in the 

text that follows. 

All angles are measured relative to the launch point, which is 
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0° for any given set of circumstances and is located at the intersection 

of the reference line and the earth's surface. It remains fixed in 

inertial space once launch has occurred. Angles measured counter¬ 

clockwise (the direction of motion) are 0° to 180°; those measured 

clockwise are 0° to -180°. Since rendezvous occurs at injection, the 

rendezvous position, 6-^, (or final vehicle/target position) is numeri¬ 

cally equivalent to the range angle 6( traversed by the vehicle; there¬ 

fore, all of these terms are used interchangeably in the text. 

Data for all examples used to complement the discussion are 

for the baseline mass ratio. 
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The Launch Window 

The launch window is generally thought of as the (clock) times 

during which launch must occur to insure mission success. The term 

is used here in a slightly different way. 

The lower window boundary ß is an angle representing the 
Lj 

initial position of the target for the first rendezvous opportunity. 

This opportunity corresponds to the use of the minimum range angle 

injection trajectory. Similarly, the upper boundary ßu represents the 

last target position for which immediate launch and rendezvr is can 

occur and corresponds to the use of the maximum range angle tra¬ 

jectory. The lower (upper) boundary is calculated by subtracting from 

the minimum (maximum) range angle the angular distance covered by 

the target during the vehicle's time of flight W-pt; e. g., 

. - min A 
(32) 

= .ngo - 180 V ° X 136.35 sec rr 
sec 

= - 8.65° 

ßu= 8.48° 

Thus, the launch window comprises all target position» for which 

immediate launch on the proper trajectory will result in rendezvous. 



Determination of Launch Time 

Once the launch window is established, initial target positions 

from -180° to 180° are examined to establish the proper launch time. 

If a target is within the launch window when the decision to rendezvous 

is made, launch can occur immediately and the scheme described 

below is used to find the proper trajectory. If the target is outside the 

window, the procedure established for this study is to wait until the 

target arrives at the lower boundary and then launch the vehicle on the 

minimum range angle trajectory. 

The reason for considering only the direct route trajectories 

can now be explained. The majority of the apogee route times, for 

mass ratios less than . 1, equal or exceed the orbital period of the 

target, thereby being incompatible with the minimum rendezvous time 

objective. Furthermore, initial target positions required for immedi¬ 

ate launch into the apogee routes put the target in positions where 

rendezvous can take place in a shorter time by delaying launch until 

the target is at /3^ and flying the minimum range angle trajectory. 

For example, the maximum direct route range angle for mf = . 05 is 

35. 00°. The time of flight, and therefore rendezvous time, for an 

apogee route covering 60° (i. e. , rendezvous occurs at 60°) is 2210.27 

sec. Using a general form of Eq. (32), i. e. 

0TO = 6l " 
(33) 

launch must occur when the target is located at - 75. 81°. But if 
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launch is postponed until the target travels from this position to /3^ 

and the minimum range angle trajectory is used, the total time for 

rendezvous (waiting time plus the minimum range angle time of flight) 

is only 1183. 90 sec. It is obvious that the direct route always pro¬ 

vides the minimum rendezvous time, assuming the absence of a 

requirement (e. g., the location of a tracking station) to rendezvous 

outside the positions defined by the direct route. 

Program RDVZ2 

Program RDVZ2 was written to perform the steps described 

above and determine the proper trajectory for an initial target position 

inside the launch window. It is listed in Appendix B and described 

below. 

Q) 

The trajectories comprising the direct route minimum injec¬ 

tion time curve are input to the program in terms of range angles and 

corresponding times; these trajectories are irregularly spaced 

throughout the launch envelope. For each trajectory, the initial target 

position which will result in rendezvous at injection is determined by 

Eq. (33); the minimum and maximum define /3^ and /3 . The func- 

tional relationship of Eq. (33) is then reversed in order to select the 

proper trajectory as a function of 

All target positions between -180° and 180° are examined. If 

the 0T in question is outside the window, the program calculates the 
0 

waiting time, adds it to the flight time for the minimum range angle 
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trajectory and records the sum as the time to rendezvous; is the 

minimum 0^. If the target is inside the window, first is determined 

by interpolating within the curve of versus 0f (or 0^) with the 

library function subprogram ATKN: since this curve is monotonie, 0-,, 
A0 

may be treated as the independent variable even though the curve was 

first generated with 0£ in that role. This selects the proper trajectory. 

The corresponding time to rendezvous is found by interpolating within 

the range angle-time curve originally input to the program. 

Results 

A sample of the output of RDVZ2 is included in Appendix B and 

the results of the program for mf = . 05 are displayed graphically in 

Fig. 10, which shows the overall curve, and Fig. 11, which shows only 

the portion within the launch window. The shape of the curve within the 

launch window follows that of the injection time curve, as expected. 

Outside the window, the curve is linear since it represents the waiting 

time from <>T0 0L plus the minimum range angle flight time. The 

discontinuity occurs as 0T moves downrange of /9U, at which point the 

target must complete a major portion of its orbit before another 

rendezvous opportunity arises. 

The size and location of the launch window and the correspond¬ 

ing rendezvous times were investigated for various mass ratios and 

are illustrated in Fig. 12. Following the pattern of the injection tra¬ 

jectories, increasing mass ratios lead to increasing rendezvous time. 
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However, the dynamics of the launch window are quite different. The 

boundaries move uprange and the size of the window goes up, thereby 

increasing the time span during which the vehicle must be launched, 

as mf increases to . 08. This is the mf of maximum uprange move¬ 

ment, /3. =-16. 37°, and maximum window width, 23. 73° or 370. 1 sec; 

it should be noted that the launch envelope is 43. 33° wide for this mass 

ratio. As the mass ratio increases further, the window moves back 

downrange and its size diminishes. At m£ = • 142, the mass ratio with 

the widest launch envelope, the window is only 12. 92° wide. Beyond 

this value, the window decreases rapidly, approaching a point as the 

mass ratio approaches its theoretical limit. The movement of 3L can 

be explained by Eq. (32) and Fig. 8. As m£ increases initially, the 

second term in that equation dominates, since 0fm£n remains very 

close to 0°, and ßL becomes more negative, i. e. , moves uprange; for 

m* > .08, de increases more rapidly than OfTt and thus dominates, 
“ - imin -1 

making /3L less negative. A similar explanation holds for 0U, although 

the minimum occurs at mf = . 10. Since ßL decreases and increases 

sharply around rri£ = . 08, while the change in ß^ is much more gentle, 

the maximum window then occurs at m£ = . 08. 

An analysis of permitting a choice of mass ratio at launch in 

hopes of further reducing the rendezvous time was performed using the 

data presented in Fig. 12. For example, the time to rendezvous result¬ 

ing from launching at the ßL for m£ = . 08 was compared with that 

resulting from waiting until the target moved from the . 08 to the 
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/3^ for m£ = . 05 and then launching. All comparisons of using less fuel 

versus waiting and using more fuel resulted in shorter rendezvous time 

for the latter procedure. Therefore, from the standpoint of achieving 

minimum rendezvous time without regard to the mass placed in orbit or 

the location of rendezvous, the smallest mass ratio possible is the most 

desirable. On the other hand, if these other two factors are considered 

equally important, there are significant tradeoffs available. For 

example, the mass in orbit can be doubled, the maximum increased 

60%, and the size of the launch window increased 15% by using the 

trajectories for m£ = . 10 rather than .05 and accepting increases in 

rendezvous time ranging from 112. 5% at = 4° to only 18. 3% at 

0R s 34° (these values of 0^ being the limits within which both sets of 

trajectories can achieve rendezvous). 
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VI. Conclusions and Recommendations 

Conclusions 

This study has analyzed the use of two-impulse, fixed fuel 

trajectories to achieve minimum time rendezvous with an orbiting 

spacecraft. There are several important conclusions as a result of 

this analysis. 

1. This study established a technique for generating and 

analyzing the desired rendezvous trajectories. Although this technique 

was applied only to a target in a circular, low altitude orbit, its 

extension to other situations should be straightforward. Results for 

mass ratios near that of the limiting Hohmann transfer were not com¬ 

pletely reliable and operation with these values is not recommended. 

2. The imposition of physical launch constraints, i. e., the 

restriction that the traversed portion of the injection orbit may not go 

below the surface of the earth, severely limited the number of admis¬ 

sible trajectories that the governing polynomial could generate. That 

the number of direct routes was thus limited, coupled with the, in 

general, unacceptably high flight times of the apogee routes, resulted 

in a relatively small opportunity (e.g., 4. 7% of the target's period for 

mf = . 05) for direct launch to rendezvous. 

3. Minimum time to rendezvous at a given position for a given 

mass ratio can be reduced only be decreasing the mass ratio, i. e., 

Ô 
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using more fuel. However, substantial tradeoffs exist among the mass 

placed in orbit, the location of rendezvous, the time during which 

launch may occur, and the time to rendezvous. 

0 

Recommendations 

The results of this study may be extended in several ways: 

1. A numerical solution of the general problem, as described 

in Chapter II, could be attempted using the impulsive solutions as 

initial estimates (c.f., Handelsman (Ref 9) ). 

2. The use of more than two impulses could be studied, includ¬ 

ing the use of intermediate parking orbits. 

3. The methods used in this study could be extended to targets 

in other than circular orbits and at other than low altitudes. 

4. The use of selected apogee injection routes to extend the 

launch windows, particularly for those mass ratios where the time 

difference between the direct and apogee routes is not great, is a 

possible area of investigation. 

5. The application of constraints on rendezvous position, such 

as the requirement to rendezvous over selected ground stations, could 

be studied. 

6. A verification that the generated trajectories are indeed 

minimum time trajectories could be done using Lawden's primer 

vector (Ref 10). 
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Appendix A 

Development of the Governing Polynomial 

The governing polynomial is 

Ay^ + By-* + Cy^ + Dy + E = 0 where y = ~ (Al) 

The coefficients are developed for the general case in the following 

manner. 

2 - u / 2 _ 1 V,4- = M 

lRi ai 

i = 1,2 (A2, A3) 

L-ii= *l8infl l=1'2 (A4, A5) 

_ VT(1 - cos 0) 

PIT (R2cos 0-Rj) 

(A6,A7) 

(A8) 

RjR2 sin $ 
(A9) 

(A 10) 

...- 



U. 
"\f\L (Hz - Ri COS B ) 

R1R2 sin d 

w5 = 
■Æ 

R, 

Oij = + tj2 = + w2 

- 2W2Vj.vi 

OI3 = -261^. ûj 

(X4 = û>.2 

«5 = + 2WJW2 

a6 = -2V2'Û2 ' 2Û>5V2-02 

“7 = 2 co 

^ =a2-^ 

3,=03-07 

(AU) 

(A12) 

(A13) 

(A14) 

(A15) 

(A 16) 

(A17) 

(a18) 

(A19) 

(A 20) 

(A21) 

(A22) 
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^ = «5 - «8 

/34 = 2ai 

^=^+«6 

*6=a3+a7 

^7=20¾ 

= a5+«8 

A = ß] - 2I2 ß4 

B = 20J03 - 212^ 

C = 2^1^2 +/S3 ' 2l2^8 + l4 

D = 2ß2ß3 - 2l2/36 

E = /32 - 2l2/37 

(A23) 

(A24) 

(A25) 

(A26) 

(A27) 

(A28) 

(A 29) 

(A30) 

(A31) 

(A32) 

(A33) 

where I is the total impulse, as defined by Eq. (27), and the other 

variables are described by Fig. 13. 
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Appendix B 

Computer Program Listings and Sample Outputs 

The following listings, with output, are located in this appendix: 

Program RDVZ1 

Main program 

Subroutine ELIM 

Subroutine QUAD 

Sample output 

Program RDVZ2 

Main program 

Sample output 
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FFOGPf r- FCV7KTNDUT ,ClTFlT,TAPc5::TNPUT ,7me = CUFl"l ,FLCT,FUK»-) 
C 
C 
C 
c 
c 
c 
c 
c 
c 
c 

99e. 

C 
C 
C 

C 
C 
C 

c 
r 
c 

VfFUrU 
* Vtr'urir 
V^IAftr 
VCpTF.~ir 
tVAf'FL' ♦ 

IN 1 ISIHIY itUTtO TO INITIAI C-^IT C^î T SF N N i L 
c*iHNG IN T USUÍLLV ’t. LATiO TO FTMl r°E IT Cí TE^MNiL 
r►DIM» IN X LEtiLLY 3{ LÛTCO TO IN^ECTICN CFEIT 
EFLIfr, IN P IFUALtY OEPüTZS niM¿»;«lCNtC OUAN'TTTY 
SlNFXl-SIHt CF TCU' AtC^ALY „T L F l N C H FC1M CN IN^EC T 1 CK 

OFnTT 
Sti TK5I? FIG. U F C ï t XFLAN5T ION OF VARIABLES 
AIL tMTS IN H<i 3Y*T'N LNLFS3 CThE^MISí. EF'CIFIEO 

CCUclr FFEflciJN CGiil1:) 0COT’(4),pooTT(4) 
CCHMPh F u),tlt A2,A3, A4,A*j,MJf A-,A8,Wl,N2,N!.,V13fJi/?',C1,0T »TCFMN 

1 IXKIN,M. ,FI,F.A PUNIT, TUNIT,VUNIT ,TIC,THtTAPC,TOFAO,TCFCC » 
*» TOFFC,TCFFFtECnN,IFLer- 

R; AL LI * l T * HP, I X*IN, MM IJ'O), ANGL" (350 ) ,L ANTNC , ANGLPP (35 0) 
3£Al LCNCT (350)» OIFECt (3E0)*SAPTIAL(350) 
FfAC (5,1) C,»ATIO,EC1 ,LT,FT,AT,RT 
NcITE (F ,ÇÇf) 
FCPMAT (MM 
hFITf (k,H) CfR4TIP,S:T,LT,FT, AT,PT 

CCNbTAME 

ciC = 57.2557793131 
Mt * 3.5 S f f32¿5 
Kp = t27t. 165 
NE X 7,25 21152w-5 
PI » 2.1-.159265359 
FINIT X FE 
UM! * SCCT (Ri*#7/Mk' 
VLNIT X FLMT/TUNIT 
PlxRE 
ICI X c. 
L 1 = P 1 
Fl X 0. 
AAI X LI 
SFML X frRT(wU) 

NLN-D1NENSI0NALI?ATTCN 

y L * 1. 
S=MU X 1, 
Pfc * RE/hLMT 
WF X NFMLMT 
Ml * Al/FLNTT 
9T X HT/RLMT 
LI * t 1 
LT X LT/FLNIT 
AAI X LI 
AT X AT/FLMT 
C X C/VLMT 

CALCULATICN CF TOTAL IMPLLSc. (TI) AVAILABLE 
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di TI = C*/itCC(1 ./^ft’-IO) 
TIO = TJ’VtNIT 
K s 0 

IMTlÄLI2fTlON OF FANGF AK’GLS 

»•niE (6 ,Jtt) 
TKETA * 1. 

19 ThcTACsTf-ciA/PAi 

CAlCCLMICh CF OOEFFTGItMS FQF GOrfEQNIKG FCLYhCI'Ifll 

9T 

C 
c 
c 

rfV2 = 5FM«S05T(LT)/RT 
VH2 = SFM.,rCT*SÍ‘J(FT>/5CRT(LT) 
V2S * MM(2./Rn-(1./AT)) 
VV1 = Rfc«FF 

VL1 r SFK*Fri*STN(Fl )/«CRT(Ll) 
VIS = <F c * VF) ■**? 
W£ * SFM./FT 

V2 * ^H^^RT-Rl’CCS (ThFTAR) ) / (Rl*pr*SIMThFTAR) ) 

W? = SFM * (FT*COS(THcTAP)-R1) / ( P1*RT*SIN (THITA?) ) 
H = SRVC* <1.-:09(TV-TAC))/SIK (THE!AR) 
Af s V2S-2.*W1*4.» 
A7 s £.*V1«VU2 
Af = “2.#V‘-,,VU?-2t*WT*VV2 
A5 = Vlf<2.*Vl*W2 
A*. = VI**? 
ÛÂ = -2.*U“VUt 
A? = -¿.’VÍ^VUl-a.^WI’VVl 
Al = V2**24N?**? 
°f = AÇ 4Í d 
E7 * 2.*AC 
?e * A ? A 7 
ef. * ti*tí 
Ft = 2•* A 1 
33 * AF-ff 
52 * A2-A7 
C1 * A2-AF 
TIS = T I* *2 
CCE(F) r F2**2-2.*TIS*C7 
CCE (t ) s 2 .*°2* TJ-2. •Tissue 

CF£(3) s 2 .#F1*^2♦'^T,'•»¿-j. »TIS* °84-TIS** 2 
CCtí?) z 2»*51*11-2.*1IS*P5 
CCl(1) = El**2-?#*TIE’,0t 

SCLUTICV CF G0VE9MING FCIVKO-IIAL ANO ISCLMICN CF PÇAL ROOTS 

CALL CFLlMCCEf4| ÍOO í“t°COTI) 
J = 0 

. CC 20 V * I ,t 
IFÍFAC^CCCCTRíM)) ,LC. 0,00) r, Ü tq 20 
IF (CATS (FCCTï(M)).GT* l.r-4) GC TO 20 
J-J+l 

49 

... y „y.,.. .. 
. 



„.tu S.,„.Uli.I...¿.mllll 

?0 

?00 

:n 

210 
ici 

c 
c 
c 

?t 
•5 0 0 

501 
>0 2 

S1 3 
1 00 

1 
9 
10 

11 
12 
1 3 
14 

15 
16 

17 
19 
100 

30 

p u)*;m (cftpsc<ootp <n>> 
CCNTIMF 
IF(J.rf.t) 200,201 
4F 1TF (c ,1e.) IH^TA 

ir(T6fl7,G1.250..ANO.J.CC.O) GO TO 22 
GC TC ?1 
Cf U "lîf IJ) 
TF(IFlAC.GE.2) 210,211 
KF-ITt. (t ,1 Cl) THETA 
FC°MAT ( * All T°A JECT C c 1£S FO* T HETA = * ,F 6.2 , • ANC GREATER AFF iNfO 

1IfSIFLt *) 
GC TC ci 

«TOFAGE CF RFLE7AHT CATA 

TCFFUC * TCFNIN’TUNIT 
LXMlSr = L>NIN**UNIT 
K =N+ 1 
MINT(F)«TCFNINO 
ÛNGLC <)• ) * TFFT A 
A F Gif F ( F ) = TMÇTAPP 
LCNGT(F) = TCFAT 
CIRECTO) î T OF 00 
TF ( CCM F .GE * 1 •) QIPEC T (N) = TCFmq 
PARTIAL CF) = TOFPO 
4FITE (t ,3 C)ANGLE(N),CTRrCT(N),LONGT(N),cAF TI AL(N),AFGLEP(N),MNT ( 

1F) 
IF(TFrTA.LT.40.) 500,501 

THETfsTFEIA+l. 
GC TO ICC 
TF (TFET f . Cl. 75. .ANO. T F ET A. LT . 300. ) 50 2,503 
TFETA=TFcTC4lO. 
o C TC 1CC 
Th£TA=TFETA+l, 

: (TFLTA.EC.lbO.) GO TC 21 
(TFETA.tC.360.) GO TC 22 

: TC 1Ç 

FIMFLF TIFE CF Fil 
7 r M r 4 a h l. ^ m \ 

rAT (/ 
FAT (1> 
FAT(// 
CGÜE r 

oi«. 'ru i’-c u v> i" ^ v.i’« u i rv j i; ',rj'>.3,'r f r ^ j 
* T FL ROOKET C A F - T A' TA T N TGI ALTIHCw F CF TFfTA = ^,FE.2 
MIFFOT PARAMETERS« r, R A TIO, CCT, L T . F T , AT , R T » ,/4 ( ix , F 12 6, 

/MTI = *,F12.6,* KM/S£C») 
1>,F e.2,dix,Fie.A) 

“* TMrTA ,* ,4X j^CIRîICT RCUT£* ,TX , */>FCGCC R'4,'"‘“ -'•**' 
CLTt*,5X,*AC UAL T*-'£T A , 1 2X ,♦ MF TML^ * 
/* PFG*,7X,*TCF, S C*,7X,*T0F, S£C*,7X,t 
le, Dr3*,7X,MCF, SCCM 

_ ce. 9 _ i. V . r 4 5 ’iv c 4 r> f. t V con t. ev C4ü 

ROUTE*,3X,*FAfT1AL 

TO F , SEC*,17>,«FA 
c, U">»T,rF.,’iLr, i wl' ’ » 
,FG.2»4X,F12.4,3X,F12.4,3X,F20.4,5X,F1£.4,3X,C10 

\ 
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Sl"RCimf rLIH ( N) 
center PU)tûlf42»/i3>ai.,Î3,ft6,fi7tABtWl,k.2,hM,V!S,V2S|Rl»!îT,TCF^lN, 

t IXim ,H fFI,PAlt3PMU,=UMT|TUMTfVUNIT , TIC.lHc TâPw*TCFAn,TCFeC, 
9 TCFFC ,HFl-r,cC.1I I, IFlAG 

KrAL t> »KU »LXHIN» LXC 
i>TFrf. AL Cl An 

ISOLATE A 5rMI-LATl'i RECTUM 

IFLAG » C 
TCFUl.f? 
CC 90 ws1,K 
IF (R (J) .EC.O.) GO TO FC 
LX =Mv),»‘» 
HX = SC F T (^U»LX ) 

CALCLLÍTKK OF VZLOCITIES AM) AIGLES AT ¿ACh TERMINAL 

VX1S s < A 1*LX ) ♦ ( A •« /L X ) * < 2. ^ W1 *W2 ) 
\/Xl = SCRT ( VXl^ ) 
rfXlO = V X 1 *VL'HIT 
VI = SCCT (VIS) 
VIO = V 1 * VLK'TT 
CV1S = A1*LX +A2*‘Í(J) *A3/D(J) + A 4/LX + bb 
CV1=SCFT (TVIS) 
OVIO = rVl^VUNIT 
VX2S=A1*LX ♦A4/LX -2.*W1»W4 
VX2=SCRT(V>?S) 
V X20 = V> 2*VUNIT 
V? = SCR T (V2S) 
V 20 = V 2’VLhTT 
CV2S = A1*LX +A6*^(J)+A7/D(J)-*-A4/LX +A3 
CV2 = SCRT (CV2S) 
rv2ü = C V 2*VUNIT 
irvc = me ♦ 0V2J 
CIF = A PS(TCVO-T10) 
IF(0TF.Cl .tl) G) TO ÇC 
FSIlsFI“ACCS{(3V13+V1S-VX1S )/(2. ♦OV1 * VI)) 
F S12= -ACCS( OV2S + V2'-VX2S ) / (2. * 072* V2 ) ) 
FSI1C=FSI 1*PA0 
FSI2r=F5I2*PA0 

CHECK TC SEE IF T^AJcCTCFY VIOLATES LAUNC^ CCNT ÍRAIKT 

VXRAflsVl/F(J)+W2*R(J) 
IF(VXRArl.LT.O.) 40,41 
IFLAC = IFLAG ♦ 1 
Gf TC SC 

CCMFITE SeM-HAJOR AXIS ANO ECCENRICITY 

AX si./( (2./Rl)-(VXlS /MU)) 
ECX =SCRT(1.-(LX /AX )) 

CCMFIU T RANSFb-l TIME 



O
 

O
 

O
 <

“* 
O
 o

 
c 

.10 

31 

SINFX1 =(1./£CX )*( M*K?*LX )/'SRr'C 
CCSFX1 = (IX /Rl-l.J/ECX 
-CÍLL nifCíSTKFXl ,CCSF>1,FX1) 
STMFX? =(l./£nx ) r (-W1 + K4*LX )/SRMJ 
CCSFX? = (IX /3T-1.'/ECX 
CALL Cl/C ($IFFX? ,Cr'F>2.FX?) 
IF(?r> .CT.l.) 30,31 
‘•le? = Í1 «h (SOaT ( (FCX -1 • ) / ( ECX ♦!. ) ) *7flN( FX1/2.) ) 
F<0? = nniSO'i'r ULC% -l.)/(rcx ♦!. > )*TÍS(F X2/2.)> 
*CF = 5CPT(((-AX ))/iU)*(£CX ♦(1ÛN(H¿C2*2.)-TAN(H 1C 2♦ 2.) 

D-AICG (TfK(Pl/4•♦H202)/TfN(DI/^.+^102)) » 
TfFFC = KF *rU*HT 
Nantie,20 T0FH!3,FO> 
IF (TCFFC.n.O.) GO TC FO 
GC TO 33 
? INF A 1 =<R1*SINFX1 ) / ( AX *SQRT(1.-£C> **2)) 
CCSFA 1 = (?C>*C03eXl) / (1. +FCX"CnSFXl) 
CALL CIAT (STNEAlfürSEAl,EAl) 
SINÉA2 = (RT*ST NFX2 )/(AX *SCPT(1.-ECX ^*2)) 
CCSLA2 = (cCX*r0SFX2)/ (l.+ECX»C0SFX2) 
CALI CLAC(SINrA2,COFEA 2,FA2) 
CElSE =S3NFA2 -SIKFA1 
EA1C=FA1 ^PAO 
cA2D=EA? *FAO 
CatA =EA2 -E Al 
TCF =5CFT(AX **3/vL)*(OELEA -ECX ’CELSE ) 
IF(FA2C.IT.160.) rOFC: = TCF *TUNIT 

TF AFCCFc F 01 TE, CAL CU. ATF PA-iTIAL APOGFc FCUT" FANGE ANGLE ANC UNE 
CF FLIGM 

IF(tA2C.GT.lôO.) 50,33 
50 FX2F = *FI - eX2 

SINEA2F = (FT*SIN(FX2F))/(AX *SQe>T < 1.-ECX *♦?)) 
EA2P = AÍIMSINEA2P) 
IF (FT.GT. A> ) Ea2P = FI - “A 2F 
TFETAFC s (FX2°-FX1),CAC 
TCFAC= 7C F *T U N T T 
TCF = SCPT (AX ** Vf'L)*((EA2P-EAl )-ECX * (SINt.A2P-SIN -Al)) 
TCFFC = KF * TUMI T 

33 L X J = LX »PUNÎT 
AXO = AX * R UNI T 

SELECT AN F STORE NINIMP TIME OPPIT 

IFiVXFAri.LT.il.) TOF = l.EO 
TF (TCF • CT «TOr1) GC TC SO 
TlFi=TCF 
TCFNIN=TCF1 
LXNIN=LXC 
FCMIN=EC> 

90 CCNTINLF 
20 FORMAT ( !; > ,F15. , ArX ,F 10.L ,2X, F 10.f>) 
21 F CDN A T (?CX,F15.,,5X,FlF.4,lflX,F10.4,3lX,FlC.A, 2X,FlC.e> 
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22 FCQMTt/« XFr1? ÛRSIT F YF EK ^OLTC *) 
CEH!PK 
ÇKO 

SLBPCllIFc QU/iO(SAkG,Cû-C, ANGLE) 

INPUTS t SINE AND COSINE CF A’G U PENT * OUTFLI« AK GLl^E NT IN FFCF 

PI = 2. 15926^^^9 
IP(SAFC.C = .n..A-n.CAhC-.Gf.O.) 
IF(SAFC.Ct.0..AN3.CAKÇ.L5.0 ) 
IF(SA = f ,LE.P..A*IJ.CAñG.LE.O ) 
IF(Sf4G.L5.n..ANQ.CAKG.Gt.O.) 
PfTUPN 
END 

ANGLE = ASIN (SARG) 
ANGLE = t CC* ( C A R G ) 
ANGLE = AT AN (SARG/CARG) PI 
ANGLE = AoIMSARG) ♦ ¿.»PI 

CLÍCKANT 
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PFOGGAh' FCV72 ( T NPUT , C IT FUT , TA FF.5 = INPÜT , T A F tP= C t T FL 1, PLOT ) 
C 
C THIS FAFTICULAP \/^RSICN WPITFEN TO COMPARc RENCL2VOLS TIMFä FCR HASS 
C RA-TICS CF .0? ANO .1C 
C 

OIMFNSm THFTA" ( 2T0 ) , THIN (250 ) ,TT0 ( 2rC ) ,T T0C'M 25 0) ,TH^T fto ( f ) 
CIWNSICF 1TF (23 0) 
P f A L IT F ,MU 

C CCNSTCFTS 
= 3.56 f 032E5 ! P 0 = ^7.2^5775^131 

PT = CP2Î.16Ç $ V»T = SORT(NU/7T**3) *RAC 
997 PEAT (5 » 1 )FATIO»N 

RFI'T (C ,10) RATIO 
C 
C RLAC U 1 cA JtCTOPIf S AS TAPLS OF PANGS ANGLES ANC UHES 
C 

r 
c 
c 
c 

100 

c 
c 
c 

200 
c 
c 
c 

-on 

401 
*02 

407 

RlAC(5,2) (THrT AF (I ) ,THIN ( I),T = 1,N) 

GENERATE TAPLE OP INITIAL TARGET °03ITICN AS FLNCTICN CP RANGE ANGLE 
(CR Rc N CE 7VOUS LOCATION ) AND OcTSRNINrJ WINCCN CCLNOARIFS 

CO 10C Ts1,N 
ITP(I) = 1FETAF (D-WT^Tf'INd) 
PETAL = ITF(1) $ T E rT A L= TNIN(1) 
QFTAL = ITF(N) $ IPtTAUsTMTNlN) 
WRITE (6,15) "ETAl,TP¿TAL»THETA P(1), BETA U,TPETAL ,I Hi TAF(N ) 

EXAMINE ALL TARGET POSITIONS FPCM -100 CEG TC 100 OEG 

THETATC=*ien. 
CC 300 1=1,500 
IFtPLTAL.LF.THETATO .ANC. THETATO.LE.PETAL) GO TC 2C1 

CLTSICF UNCCW 

CTHETAsP. 
IF (THETA! G.LT.9£TAL) <<00,401 
IF(PATIC. LT..07) T T fi C V(I) 
IF(CATIC.GT..07) TTR (I) 
TF(THF!ATC.GT.BETAU) 4C2,403 
IF(RAT1C.LT..07) TTFCV(I) 
IF(RAT1C .GT..07) TTR (I) 
TH^TA- (I) = ’thpiapî 1) 

((BtTAL-lFETAT C)/WT)tTMlN(l) 
((SETAL-THlTAT0)/WT)+THIN(1) 

((360. +6.1 AL-THE TAT 0)/WT)4THIMl) 
((360.+GLTAL-rHETflTC)/WT)+TMN(l) 

TTO(T) = THETATO 
TF (PFTAL.LT.(THETATO + CTHCTA) .ANC. (THLTATC+CTFCTA) .LT.BETAU) C TH E 

1TA r ,Ç 

THLTATCsTKTATO+OTHtTA 
TFtmUU.GT.HO.) GC TC 999 
GC t0 3 C C 

C 
C INSIDE VI N COW 
C 

201 THSTAP(I) = ATK‘I(ITP,THlTAF,N, 1,THETATO) 
TF(PATIG.tT..07) TTPDV (I) = A TKt. (TH“T AF, T H IN ,N, 3 , TH= T AR (T ) ) 
IF(RATIC.GT..07) TIR (I) = AfKN (THETAF,T HI N ,N,3 ,THETAR(I)) 
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TT (H I > = 11- L U T O 
TKTA7r=nETM<HTrHfc TA 
IFdt-wTMU.GT.lün.î CC TC 919 

3J0 CCfTlM«- 
I FC^MAT(F5 .E,T5) 
? FC^MATíPFÍt.í«) 
10 FCwKAl (*1F1^AL iAS5: = *,^5.2) 
II FTP^AT( ’OTH^TA-T-C’,T15* TTi-TV ♦ , T25 , *Th" T A - R* , T 2 Ç ,*T H'iT A-T - C» , 

ITfct,,* TT FÍA *,T60,*ThETA-o*/lX» *nEG)*, T15,*(Sc.C)*tT25,*(0EG) *, 
?T?5»*(CtG)*»TAqf*(StC),»TFOf*(OFG)* ) 

12 FCHMA1(1> ,2(F3.2» 4y,FB.2,AX,PG.2,AX)) 
l* F C°MAT(* C EETA-L = *,F3.A,* ÜiGî TIME OF FLIGHT FC* LAUNCH AT F£TA- 

1L = »»Ff.A,* SEC? THcTî-R = *,Fg.*,* OFG*/* qETA-U = %c3.t.,* CEGJ 
2 TIME CF FLIGHT FOR LALKCF AT PETA-U = S£C} THETA-F = «, 
T Fs.i-,« CFG*) 
FFITE(e,ll) 
KPITEte ,12) (TTO(J),TTRCV(J),THETA*(J),J = 1,I) 

993 STOF î EN! 
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