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A SPECTRAL TRANSFER MODEL OF OCEAN WAVE SPECTRA

I. INTRODUCTION

In this report we develcp a dynamical description of
ocean weve spectra that can be applied to both equilibrium and
developing seas. Our principal objective is to develop a
model that can be applied to fairly general situations so that
it will be possible to correlate data taken under a variety of
condit'ons.

Although the most casial observation of ocean waves
shows that the normal ocean is cloeser to being isotropic
than one-dimensional, we will develop here a strictly one-
dimensional! model. The extension to two dimensicns will be
treated in a later report.

To discuss any model of the general characteristics
of the ocean surface as we do in the following sections, one
must have a clear picture in mind of the variety of wrve
structures to be found there. For the sake c<f clarity of pre-
sentation, the ocean waves are separated into four regions of
interest. These regions are determined by wavelength and have
quite different characteristics. The longest waves are the
tides and tsunamis ("tidal waves") which have a wave period
of from 103 to 10% seconds and have a phase velocity on the

order of 500 mph. The extremely long wavelengths makes chese
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waves uninteresting in the present di-cussior in which we

are concerned with rather localized wave interactions. The
longest waves of interest to us are called swells and have
periods on the order of 10 seconds and wavelengths between

60 and 400 meters. These waves are sinusoidal and can travel,
without loss of encrgy, for thousands of miles in deep water.
It is through these long wave length gravity waves that the
effect of storms are found at great distances from storm
centers.

The surface gravity waves of intermediate size ride on
these much longer waves and can interact strongly with them.
These Qaves are seen to be sharply peaked and in large number.
They are generated by the wind and can be seen to grow, in-
crease in slope and eventually break under the wind's influence.
The generation of surface waves by wind is an incompletely
understood phenomenon, but the mechanism for the waves breaking
seems to be clear. A wave becomes unstable when its steepness,
i.e., the ratio of its height to its length, exceeds one to seven
(Stokes 1847). Therefore a wave which is seven meters long
will break when its height exceeds one meter. The quantity
H/) , where H is the wave height and A the wave length,
measures how close a given wave is to breaking. A quan-
tity we will use frequently is the wave slope (0) defined
as O = ka, where k is the wavenumber and a the wave

amplituae.




The smallest waves present on the ocean surface are

ripples or capillaries, which are fractions of a centimeter
long. These waves can interact strongly with the surface grav-
ity waves in the neighboring regime. The waves in this region
are strongly damped by molecular viscosity and are generated

both by the wind and by the gravity waves.

To round out our present classification of the ocean
curface effects, we must introduce the notion of a variable
surface current which can arise from various sources: large
scale ocean current systems, tides, river outlets, wind-driven
currents, and internal wa.:s. An internal wave is unique in
that it gives rise to a travelling current pattern. The effect
of this wave at the ocean's surface is to increase the flow of
water above the internal.wave crest and decreas< the flow above
the internal wave trough, thereby giving rise to a position de-
pendent translating current system at the ocean's surface. Weak
small wavelength surface gravity waves can interact quite strongly

with such current patterns (see Thomson and West, 1972).

To capture the sequence in which the preceding wave
types enter a region of the ocean, let us consider a glassy
ocean surface in which there are no currents and no swells from
distant regions. If a uniform wind is slowly turned on, one
observes the generation of ripples on the water. 1In prirnciple,

it is the shearing stress between the wind and the water which




produces this initial growth of the waves. 1In a fairly short

time interval, these ripples grow in amplitude and become in-
termediate size gravity waves. This time is dependent on the

velocity of the wind. Waves of many sizes are generated; those

with sma'l wavelength are, however, quickly damped by viscosity.

Those with longer wavelength, as they grow, become more effi-
cient in extracting energy from the wind since their amplitude
acts as a sail on which the wind can push. The waves which
are the most efficient in extracting energy from the wind are

those which have a phase comparable to the wind speed.

The continued growth of these primary gravity waves

is of course limited by the stability criteria mention earlier,
i.e., H/A = 1/7. The energy being supplied by the wind must,
therefore, be redistributed to other wavenumbers. The inter-
action between gravity waves is weak, however, so energy can

be fed in by the wincd more rapidly than it can be redistributed
by the interaction between waves. This excess en2rgy is
dissipated in two ways: (i) the formation of "wﬂ}te caps" in
which the gravity wave becomes unstable and breake and (ii) the
generation of "parasitic capillaries", i.e., short waves which

are radiated from the crest of a shgrply-peaked gravity wave

and' are subsequently viscously damped.
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If the wind speed is insufficient to cause the sharp
cresting of the gravity waves which lead to (i) and (ii) above,
these effects may still be induced by means of a number of
differrent mechanisms. The "capping" or breaking of waves
can be caused by two fully-develop2d waves sunning together
so that their superposition forms a sharply-crested peak which
is unstable. Breaking can also occur by relatively short gravity
waves passing over the crest of a swell so that, again, the
crest of the combined waves is unstable. It should be pointed
out that breaking and the formation of "parasitic capillaries"
are competitive mechanisms and where one is found so generally
is the other. It is probably the case, however, that the latter
mechanism is operative when one exceeds the stability limit by
only a small amount.

As one increases the wind speed, longer wavelength waves
are generated. Those waves already present become saturated
and begin breaking. The energy pumped into the waves is rapidly
dissipated by "capping" and the fraction of those waves which
are breaking increases rapidly.

There have been a number of attempts to develop a sta-
tistical description of the air-sea interface. The most ex-
tensive modeling of this type has been carried out in a series

of papers by Hasselman (1962, 1963).

.




The basic concept behind Hasselman's approach stems !

from the fact that, although the equations describing the

wave motion at the sea surface are non-linear, these inter-
actions are remarkably weak except under extreme circumstances.
Perturbation theory is then applicable. Under these conditions
transfer of energy occurs most rapidly between various modes

that satisfy a resonance condition. Hasselman's model has been
applied successfully to the description of wave spectra at
relatively long waveiengths where the;very strong non-linearities
that result in breaking waves and white caps have only an
indirect effect.

" However, in the normal sea, a significant fraction of the
wave spectrum is usually assumed to be "saturated". In this
region the continued energy input froﬁ the wind is balanced by
highly non-linear effects eventually resulting in dissipation
of the energy. These breaking waves br white caps are not
described by the Hasselman model (or any model based on per-
turbation theory.)

The approach we use here is .o construct a "transfer"
equation in which different interaction effects are identified
and models constructed for each of these effects. This transfer

equation and tlie derivation of the individual tenis are des-

cribed in detail in the next section. ' y
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2. THE TRANSFFR EQUATION

We wish to develop a phenomenological equation which
describes how energy is fed into ocean waves, how it gets re-
distributed among these waves and how it is dissipated. To
realize this goal, it is necessary to summarize in a single
equation all the effects discussed qualitatively in the
preceding section. In general, we need to construct an equation
for the rate of change of wave energy at a given poirt in
space (;)} time (t), and wavenumber (;). Since we are particu-
larly interested in constructing a model that allows for spatial
gradients resulting from a travelling current field, we think
of a transfer equation that will allow waves to be born at
some point, to convect to a different point in space, and to
decay or dissipate. To this end we have divided the present
section in*o a number of subsections, each one dealing with a
single term in our equation. Figure 1 gives a pictoral summary
of the effects we include.

In Figure 1 we divide the waves on the ocean surface
into three regimes as mentioned previously. The arrows in the
figure indicate the direction of energy flow between different
wavenumbers; the labels on the arrows indicate the mechanism by
which the energy is transferred. The solid arrows indicate
that the mechanism is jimportant in the wavenumber region con-

sidered; a dashed arrow indicates a relatively unimportant
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mechanism. For example, viscosity is an important dissipative
mechanism for high wavenumber (kH) waves but not for low wave-

).

number waves (kL
We define the quantity F(§,§,t), [sometimes written simply

as F(ﬁ) for brevity], as the spectral density of the wave ampli- ‘

tude at the position X at time t for waves with wavenumber k.

This is the gquantity that describes the processes represented in

Figure 1. The total rate of change in F(E,z,t) is dependent on

the five processes labeled in Figure 1: (1) wind, (2) resonant

interactions between gravity waves, (3) the radiation stress of

a wave from one i-regime passing over a wave of another regime,

(4) viscous damping, (5) formation of parasitic capillaries

and wave breaking. The overall form of the one-dimensional

equation which we will arrive at is shown below:

F _ AF _ 3k dU JF

5t (g *U) 3% - 30 ax 3%
du P oF
+G-d—xF+-a—k(Dk -SE)

=
Q

Q

- (55),,..7
wind

The first four terms on the right hand side comprise, respec-

)orenting ™ (FF)
breaking "/dissipation

tively, the effects of convection, refraction, radiation stress
and wave-wave interaction. In the remainder of this section

we discuss each of the terms of this equation in detail.




2.1 Model of the Total Time Derivative

We will restrict our attention in the following discus-
sions to tha one-dimensional case. We write the energy den-
sity at a point on our one-dimensional ocean surface, where
there exaists a current [U(x)], as a fuunction of the wavenumber
(k) , position (x), and time (t). To determine the total rate
of change in the energy density at a point in space one must
consider how the energy density changes with respect to all its

arguments in an increment of time At.

The quantity F(k,x,t) is the probable value of the
power spectrum of the wave amplitude at the phase poiat k,x,t
and is proportional to the energy density. 1Its rate of
change with time dF/dt combines several effects. 1In the
following, we will derive models for the rate at which this
energy density will change as viewed by an observer who is
being convected along with the individual wave packets. The
trajectory of a packet in our two-dimensional phase space is
specified in terms of the local dispersion relation w(k,x)
(we only consider here the special case of a time independent
dispersion relation). The generﬁlization to the time depend-
ent case [w=w(k,x,t)] will be made subsequently. The t;aje:-

tory along which energy naturally prcopagates is then given by

10
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dk
dt

=V, w or inone dimension @k
= dt X

ES

When w is explicitly a function of a local surface current

3c = V., w or in one dimension

k

4 i

and (2.1.1)
(U(x)] this latter equation becomes

dk W

it - " 0 %% in one dimension. (2:2:2)
} For the sake of maintaining a consistent convention with other
| writers, we express dx/dt in the form
dx _
3t - Cg + U (2.1.3)
where Cg is the group velocity relative to the local water sur-
face (Cg==3wo/ak where, for gravity waves, wo==/gk ). Also
h for a steady current
l

w = Uk+wo(k) = constant (2.1.4)

and using Equation (2.1.2) we have

-(E - -k a‘ (2.1.5)

and from Equation (2.1.4),

k(C+4U) = w = constant

where C is the phase velocity in the ocean coordinate system

(C= wo/k) s
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The total rate of change of F(k,x,t) following individual
wave packets is related to the local space-time gradients
according to

dF _ JF ., dx 9F . dk OF

g - 3t t3t x " 3 X T Fgain Fioss

or, using Equations (2.1.3) and (2.1.5), (2.1.6)
o _ oF F AU oF _ i _;
at - 3’ (Cg-+U) 3% ~ X 3@ 3K gain Floss °

The first two terms on the left-hand side of Equation (2.1.6)
are familiar, being the variation in F with time and that due

to convection at a point in physical space. The third term is

a little more interesting, since it results from the variation
in wave number due to the gradient of the ocean current (refrac-
tion). This term is analogous to the action of an external
force on a group of particles undergoing collisions (F would be
the number of particles). Equation (2.1.6) is the wave analog
of the Boltzmann equation.

In problems connected to the surface currents produced
by propagating internal waves, the coordinate system in which
the wave pattern is steady is that moving with the internal wave
at its phase velocity (CI). It will be convenient in these
cases tc write the total current seen in this coordinate system
in the form

U = AU - CI

where AU is the flnw perturbation produced by the internal wave.

12
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2.2 Model for Wave Breaking

As discussed previously, there are three types of l
non-resonant interactions that can give rise to wave breaking: l

(1) the superposition of two fully-developed waves, (i) the

passage of a packet of short waves over a fully-developed wave
of low wavenumber and (iii), the continued action of the wind
on a wave. The first two of these interactions occurs rapidly,
typically on a time scale of the order of the wave period or

less. The action of the wind occurs over a longer time period.

In this section we develop a model for the breaking of fully- ‘
developed waves. f
The basic model we will use is dependent on there being 5

some critical value for the ratio of wave height to wave
length. The ainialysis of Stokes established that for gravity
waves this value was approximately 1/7 after which gravita-
tional instability would set in. Referring to this ratio as
the wave slope, we assume that if the wave slope exceeds
some critical value (Go), strong interactions occur which

radically alter the energy distribution in wavenumber space.

These mechanisms could be wave kreaking or the generation of

parasitic capillaries at the wave crest. Exactly how these

effects occur is irrelevant here; we simply assume that when- <
ever the slope (0) attempts to exceed Oo, some strongly

dissipative process occurs to keep 0 at Oo. The problem which

remains is to estimate the proper statistics of the wave slope.

13 b




We assume that the wave field of the ocean is a random
superposition of modes; further, that thece waves have random
phases and are distributed over a broad range of wavenumbers. [
If we write the slope of the surface © as the sum of the

centributions from each mode, then

0 = };:Ok . (2.2.1)

By assumption each of the Gk is a random variable, so that if

L no non-linear process existed in the interaction between the

surface waves, the law of large numbers would result in a
Gaussian distribution for the surface slope. In that case it Q
would be possible to write for the probability that the sur- |

face has a slope greater than the critical value (00) as

2 ® A
b P(|0| > Go) = 4‘ dé exp {- 02/6-2-} . (2.2.2)
\ o 2 ;

0 (9]

u In the asymptotic region [Gg >> 02 ], we may write the

approximate expression

2 e
(a2 ® /77 exp {-0 // 2}
~ V0 = .8 o/ ©
| P(|o] >00) ~—m‘/; _z_dxexp{-x} \I“—- — eo
0 //6
) o
(2.2.3) "

I to replace Eq. (2.2.2). Eq. (2.2.3) is the fraction of the

ocean surface in the wave field whose slope excerds the critical

{ value Oo and would form white caps according to this model.

14 -




The coherence :ime or duration of the breaking pro-
cess is of the order of the reciprocal of the wave period,
i.e., the wave formed by the superposition of the surface
modes. If a fraction € of the wave energy is lost in one
such breaking, then tiie mean rate cf loss of the energy

density is of the order

)

('a"‘) = -we P(|O] >0) F (2.2.4)
“/ breaking 8

Equation (2.2.4) is the probable fraction of energy lost per

unit time interval due to wave breaking. Using (2.2.3), we

——— . S —r e

may rewrite (2.2.4) as

15
[
|
Al N

2 2/2
( ) T ¢ exp{-@o/e } (2.2.5)
ot breaking %
in terms of the mean square slope of the surface 57.

' The mean square slope Ef may be expressed in terms of

the energy density by recalling that

9 |
i f F(k)dk = al (2.2.6) i I

-0

-
&L . .
r where a4 is the mean square elevation of the ocean surface. We

may use this to write the mean square slope as,

- 00 E

| 0% = EF:] k2 F(k)dk . (2.2.7)




In order to develop the concept of a spectral model for non-
linearly interacting waves, it is necessary to invoke the con-
cept of a correlation interval in wavenumber space. We assume
that waves within the interval k t Ak/2 are completely (phase)
correlated and act as a single non-linear wave. Waves separ-
ated by a wavenumber interval jreater than Ak are assumed to
be uncorrelated with no consistent rhase relationships. Since
for a well-developed sea we expect Ak to be proportional to

k, we take the mean sgquare slope of waves having wavenumber

kX to be

0%(k) = constant ¢ k°F(k) . (2.2.8)

The constant can be absorbed into the factor eg and we can

write the order of magnitude expression,
2

3.3 5 o
oF kP (k) 0
'5"' X =€ m(k) -—-1— exp {_ }
( t)breaklng m 90 k"F(k) J . (2.2.9)

We may extend this result to the case where we treat
the right and left traveling waves separately. This separation
occurs when we view the ocean in a coordinate system in which
the local current is steady. In this coordinate system, the
probability of the net slope exceeding 90 in the wave should

depend on the total energy density F = F(+) + F(-), Thus,

we have the set of coupled equations,

TR A
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o (+) o) '/;3(F(+) ) o2
5t = w(k)eP exp1{- o

breaking /T8, K(e 4p )
and (2.2.10)
[aF(')] _ ri) [ar*”’]
T = == I (2.2.11)
breaking F K breaking

2.3 Non-Linear Wave-Wave Interaction

In one sense the non-linear interaction between sur-
face gravity waves is the most clearly defined problem
discussed in this report in that there exists a well-defined
system of equations which describes the interaction process.
These equations are the kinematic boundary condition at the
ocean surface and Bernoullis' equation. Solving these
equations for a surface profile, for any but the simplest
situation, is a notoriously difficult task. One must, there-
fore turn to suitable approximation techniques to solve
these equations. The approach which is the most compatible
with the spectral modeling developed in this report is a
modal description of the interaction process.

The mode oriented models treat the ocean surface as
a superposition of waves (in the unperturbed ocean this

would be a superpositon of sine waves). The non-linear terms

in the interaction equations for the surface waves will
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allow coupling of the different

development of such a theory is
and (1966). A similar approach

and Thomson (1973) to construct

in terms of the slope of a wave

(s) :E::

modes. The first systematic
that due to Hasselmann (1962)

has been used by West, Watson

an interaction equation
qkl

(sl)(sz) 1(sl 1755w, ka)t

" 9y e
1 2 2 1 2
j;, iQ t
: "k 4tk kiky “ky TRy kg
(2.3.1)
where 1
Q = S,Ww + S,W + S.W - Sw (2.3.2)
klkzhk3 1 k1 2 k2 3 k3 k g

and s=t+ corresponds to a right

wave and
Si = +]1 1if si = +
Si = -1 if 5y * -

‘+) or left (-) travelling

_.L; *.‘_‘ ".‘_"'A'"-:'tl:;—::‘ T Py —

in the exponentials. In the language of Hasselmann (1966),
Eq. (2.3.1) includes three and four wave scatterings in

a perturbation expansion of the wave amplitudes.

R e e

The structure of the interaction terms in Eq. (2.3.1)

indicate that strong interactions and enerJy transfers occur

P——

between modes which together form a resonance, i.e.,

18




wl + w2 = w
2nd order
kl + k2 = k
or
Wy tw, = Wyt ow 1
j 3rd order .
kl + k2 = k3 + k
For gravity waves (wi = /gki), it is well known that the only

resonant solutions at 2nd order are the uninteresting ones
kl or k2 = 0. At third order, however, non-zero solutions
are possible. 1In order to have a perfect frequency match,
the only solutions permissible are

kl = k3 and k2 = k
or

where k (=k4) is the fourth member of this interacting set of
4 waves. The near resonance condition is depicted in Figure (2)

where a four wave interaction is represented schematically in

(2a) and the location of the waves on the linear dispersion

‘ curve is indicated in (2b).

i ' We see in Figure (2b) tihat a slight detuning has been allowed
to occur. Fortunately, for finite energy transfer times it is
r not necessary to demand a perfect frequency match, and modes

| which couple together to give a frequency mismatch 8w <1/T
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(where T is the effective lifetime for the energy transfer)
will form effectively a resonant group. The magnitude of the
mismatch frequency may be expressed in terms of the devia-

tion of the wavenumbers kl and x, from our reference wavenum-

2
ber k:

kl = k(l-+61)
(2.3.3)

k2 = k(l-+62) 5
The wavenumber k3 is a function of kl and k2:

k3 = kl + k2 -k . (2.3.4) r
Then, to second order in 61 or 62, we have for the mismatch #

Sw = wl + Wy = Wy - w
- 5152 _u kl-k)(kz-k . s
4 .3 k k =

The region of wavenumber space that contributes to the resonance
(w <1/T) is sketched in Figure 3 for wT ~250 (this value of wT
is of the order expected in a near saturated sea). Thus, for

the small values of Sw that contribute to the integral, the

strongly-interacting modes _ie clouse together. This fact can |
be used to derive a relatively simple description of the wave-

2
wave interaction. To show this we start with the non-linear

mode interaction formalism of Hasselman (1962). He uses per-

turbation theory to describe the resonant energy transf~-r be-
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FIGURE 3. The Region of Wavenumber Space that
Contributes to the Resonance (éw < 1/T)
is Sketched for wT ~ 250
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tween different modes of the ocean spectrum. By assuming the
statistical distribution of wave amplitudes on the ocean sur-
face tc¢ be Gaussian, he was able to derive an expression for
the rate of increase of energy of a particular mode (k4) in
terms of the product of the energy density in three other

modes

oF
4 _ _ N 2 2
T - [A(m4F1F2F3 +u)3F1F2F4 mZFlF3F4 m1F2F3F4>d kld k2

where (2.3.6)

91rg2 D2m

_ 4 e
A 3 6(m1-+m2 Wy m4)

402(m1m2m3m4)

and we have required that

> > > >
k3 = k1 + k2 = k4

In Eq. (2.3.6) Fi represents the power spectrum of the

wave height at the wavenumber Ki [Fi = F(ﬁi)]. According to
; our earlier discussion, the major contribution to the integral

will come from wavenumber El and ﬁz that are close to ﬁ4

(see Figure 3). If this interval is small enough, we

-

> >
are able to expand F(ki) in a Taylor series about ki==k and

4
express the integral in terms of the derivatives of F (k) at
| §==i4. To do this explicitly, we would need to proceec beyond

| the limits of perturbation theory to derive specific procedures

.
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for allowing for the frequency mismatch. However, the form
of the result can be obtained without requiring knowledge

of such methcds.

In general, we will have

2
F  _ 3F  5°F
= = G(k,F, 3K ;’Tz, > . (2.3.7)

We include only terms up to the second derivative and note that
this interaction can only rearrange the energy distribution,

leaving the total energy constant. Thus

/-3-— dk = t /de = 0 . (2.3.8)

Since this relation must hold for arbitrary distributions,

F(k), %% must be a derivative of the form

3F _ 3 3F 2.3,

3E " 5% [g(k,F, Tk)] . (2853
Using the general structure of Eq. (2.3.6) we have that the
right-hand side of Eg. (2.3.9) must be cubic in F, so that

Eq. (2.2.9) must be of the general form

oF _ ) 2 3 (Fx®
3% = (constant) 2 [ka mf——)] (2.3.10)

Dimensional analysis can be used to further limit the parameters
for gravity waves. Since the acceleration of gravity is the only

available parameter and since F has dimensions of (1ength)3, we
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can only have

where C1 is a dimensionless number.

Finally we argue that, since there is no characteristic
scale to the problem, an equilibrium condition must correspond

to one in which the wave slopes are independent of scale,

i.e., that

(Fk3) > constant . (2.3.12)

equilibrium

Thus, we choose s = 3 and write

oF

(3 t )wave =wave

3z52
(k"F)~ 9 3
= C11T ,/E %T(- [_'/-E__W(k F)] + (2.3.13)

The value of C1 can only be determined from a more de-

tailed theory or from experiment, such as to that carried out

by Benjamin and Feir (1967). Here a finite amplitude traveling

*
as a function of distance from the wave maker. In the transfer

model, the wave height should obey in this case

.
g_fc‘ - %E[clwksf‘zﬁ%? (Fk3)J _ (2.3.14)

* The Benjamin-Feir study consisted of the observation of the
brgakup of a single coherent non-linear wave. The appro-
priate experiment to test a diffusion model should be some-
what different and would observe the decay of a coherent
wave in the presence of an already fully developed sea.
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wave was set up in a wave tank and its decay or break up observed
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¥
It is convenient for calculational purposes to define a
(dimensionless) quantity y = Fk3
- |
3y . .39 23
at k3% Cln'\/%y ) - (2.3.15) |
This equation can be interpreted as a diffusion equation (in
wavenumber space) having a non-linear diffusion coefficient
defined by
= O 3.2
L D, = Lln,lﬁ KTy . (2.3.16)
An effective measure nf the time (T) for energy to spread r
out of a wavenumber interval Ak (i.e., a lifetime) is ?
i
T ~ k% [D (2.3.17)
-r o k . * .
b We argue that the permissible mismatch of frequency Sw must
t be of order T Y. Thus we may write
ORI e ki s O L. (2.3.18)
| 9 2 oT = ax? o
4 k4 o
] ¢
l . Since both kl-k4 and k3-k4 are each of order Ako,
: we find that the width of the wavenumber regime into which
the mode decays is of order
g
sk o (4Dk)l/4
. ok (2.3.19) ;
\)
3 o5 (4Cl1r)l/4 Yl/2 5 S ‘l




The lifetime is giver by

W = —2 g (2.3.20)
VCl'rrY
For a saturated sea, the value of Yy (= Ysat) is known from
experiment:
Yiawe & 0.00585 + 10% . (2.3.21)

Thus th- lifetime (N, measured in wave periods) of a mono-
chromatic wave in a near saturated ocean is expected to be
given by

= 4. g 2og?
Vﬂacl (.00585) Ty

. (2.3.22)

Thus, experiments of this type could be used to determine the

coefficient Cy . as well as simrly tc test the diffusion nodel.
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2.4 Linear Interaction Theory

2.4A Model of the Surface Wave-Current Interaction

In this section we will be concerned with constructing
a model to describe the effect of long waves on short waves;
i.e., the interaction between widely separated regions of
wavenumber space. These interactions may be separated into
a number of distinct physical situations, such as swells
passing through a region of developing ocean, surface currents
produced by iaternal waves interacting with surface waves, etc.
To establish a model of these phenomena, we will review some
aspects of the linear theory for these processes. We consider
the short waves to be infinitesimal surtace waves in the
development of the linear theory and the lcng waves to be
describable in terms of a surface current. The analysis centers
on how energy is transferred between the two wave length regimes.

The model is an outgrowth of a series of studies made by Longuet-
Higgins and Stewart (1961) and (1964) and more recently by

Phillips (1966, pages 50 and 136).

The model ocean used in this section is both homogeneous
and irrotational. This allows us to use a potential description

of the velocity field, i.e.
Vx 4 = 0  which implies u = V¢ : (2.4.1)
The velocity potential also satisfies Laplace's equation

V"¢ = 0 (2.4.2)
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since the fluid is assumed to be incompressible (Veu=0).

Using the integral of the momentum equation, we may write

Bernoulli's equation at the ocean surface as

1
<I>t + 5 Vo:V¢ + gz = 0 at z =g (2.4.3)

with the condition that hydrostatic equilibrium must prevail
at infinity, and z = { is the free surface of the ocean. The
rate >f increase in the wave height following a fluid element

is the vertical component of the fluid velocity:

%% 2 %i:l at z = ¢ (2.4.4)
where
%E - g_t+vq>‘v (2.4.5)

is the Eulerian derivative.
We intend to deal with the linearized forms of Equations
(2.4.3) and (2.4.4) and so we separate the velocity potential

and surface displacement into a long and short wave component;

b = Y+9¢ (2.4.6)
and

r = X+h .

The terms ¥ and X satisfy the free surface equations independently

of the surface wave height (h) and velocity potential (¢),
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that is

Y+ 3T T +gX = 0 at z = (2.4.7a)
and
3Y 8
Xe + IY-9X = 2 at z = X , (2.4.7b)

These equations refer to the wnperturbed ocean surface; that is,
unperturbed by the short surface waves and may be identified

with swells, surface currents produced by internal waves or the

effect of other generating mechanisms of interest.

Equations (2.4.7a) and (2.4.7b) are valid at the unperturbed

it T—— —

surface z = X, but the more general expression given by Equations

(2.4.3) and (2.4.4) are valid at the free surface z = X + h., To

determine the interaction between the surface waves and current*,

we substibute Equations (2.4.6) into (2.4.3) obtaining,

b + 3 VO-To+ VoeU¥ + gh = - [¥_ + 1 oveuy + gy)
t 2 t " 2

at z = y+h . (2.4.8)

To simplify this equation, we could implement (2.4.7a); however,
Equation (2.4.7a) is applicable only at z = x. We therefore
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