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ABSTRACT

The feasibiiity of simulating a simple-Lorentz plasma with an
artificial dielectric constructed from a random distribution of in-
ductively loaded dipoles is investigated. Both the differences and
similarities -between the macroscopic electromagnetic properties of the
artificial -dielectric and a Lorentz plasma are discussed.
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FOREWORD

The work reported herein was sponsored:'by the Defense Nuclear Agency
under Subtask EB-088 and by the In-House Laboratory Independeiit Research
Program. We wish to thank Mr. Edward-Greisch for obtaining the experi-
mental data discussed in this report. We would also like to thank
Mr, John Dietz for his many helpful suggestions.,
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1. INTRODUCTION

The complete simulation of the electromagnetic pulse, EMP, associated
with a nuclear burst involves a number of interrelated parameters. The
most obvious parameters are the waveform and the magnitude of the EMP.
However, if the system being subjected to the nuclear EMP is in a pre-
ionized region such as the ionosphere, we would also have to simulate
the ionozation or dielectric constant of the medium surrounding the sys-
tem such as a missile or satellite. Imn this work we investigate the
feasibility of using an artificial dielectric consisting of a random
distribution of inductively loaded short dipoles to simulate the macro-
scopic electromagnetic properties of a simple Lorentz plasma.ls2

e

During the past twenty-five years a number of so-called artificial
dielectrics consisting of regularly spaced rods, parallel plates, metal
spheres, etc. have been devised to reproduce the essential macroscopic
properties of a dielectric. The ordinary artificial dielectric consiste
of discrete metallic or dielectric particles or lattices of macroscopic
size.3"7 These artificial dielectrics were first actually conceived as
large-scale macroscopic models of microscopic crystal lattices. The
practical motivation for the development of the first artificial die-
lectrics was the desire to obtain relatively inexpensive lightweight
materials that cculd be used for microwave and radar lenses. Several of
the artificial dielectrics proposed for microwave lenses have the macro-
scopic electromagnetic properties of a plasma.z’“’a’g’io

A review of the literature reveals a2 number of papers on the plasma
simulation properties of artificial dielectrics consisting of a rigid
cubic lattice of three-dimensional grids.z’”’e Experimental work, re-
ported in the literature, has been done only on two-dimensional grid.
lattice structures.z’s’lb That a periodic grid structure would produce
band structure resonances analogous to Bragg scattering has been dis-
cussed from a theoretical viewpoint, but has not been experimentally
investigated.11'12’13’1“

The rigid cubic grid lattice structure has the disadvantage of
being somewhat unwieldy and difficult to support and fit around an ob-
Jject with curved surfaces. In general, the cubic lattice grid structure
lends itself conveniently to simulation of flat, slab-like plasma
sheaths.

In this paper we describe another approach to the simulation of a R
Lorentzian plasma. We propose a granular pellet-like artificial die-
lectric consisting of a random distribution of styrofoam spheres con-
tain.ng inductively loaded dipoles which can yield macroscopic electro-
magnetic constitutive relationships similar to those of a plasma.

A Lorentz plasma can be represent.d from the viewpoint of macro-~ »
scopic electromagnetic theor¥, as a lossy dielectric with a complex )
dielectric constant given by »2
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e, = co[L- w2 )+ §20M/02 + 6], (1)

where g is the dielectric constant of free space, w is the frequency of {
the electromagnetic field, wp is the plasma frequency, and v is the '
collision frequency between electrons and the gas molecules. We propose
to simulate this macroscopic dielectric constant with an artificial
dielectric consisting of a random distribution of inductively locaded
dipoles encased in styrofoam pellets. A schematic drawing of such a '
dipole is shown in figure 1. The quantities 2%, L, and R are the length, '
induccance, and resistance of the loaded dipole respectively. As we

will shew, using simple quasi-static arguments, if the effective in-

ductance wL is much greater than the effective capacitance of the dipole,

the permittivity of a random distribution of inductively loaded dipoles
is

422N 422N R L
3egglL 3eglL LV w
€. = € 1 - + j—— 2)
’ 0 &% 4 w2 j & + w2 |
L T

where N is the number density of the dipole pellets. One can see by
comparing equation (1) with equation (2), that we can simulate a plasma
with plasma frequency Wp and collision frequency v by setting

492 N
gL " % *)
and
% = v, (4)
R R
2 L 2
O———rm—iv—0)
ll‘ 24 =!

Figure 1. Inductively loaded dipole.
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2. THEORETICAI DISCUSSION ] .

2.1 Quasi-Static Approach ]

We will first approach the problem of our proposed srtificial die-
lectric from a quasi~static viewpoint assuming that the inductive load
of the dipole is much larger than the driving point capacitive impedance
of a short dipole. In a subsequent section we will explicitly consider -
the dipole capacitance. First, we discuss the simulation of a tenucus -
plasma in which the collision frequency between free electrens and mole-
cules, v, is negligible.

We want to construct an artificial dielectric from a pellet-like
medium that has an index of refraction given by?

n o= (1-wdfu?) 12 (5)

and an intrinsic impedance given by
1/2
Hy /
no=y = (6)
P

where € has a frequency dependence of the form!:2
e, = gq (1 -~ w?/w? 7
P o ( p/) )

and where Wp is the plasma frequency.

In general the index of refraction of an artificial dielectric may
be calculated in a manner analogous to that employed in calculating the
index of refraction of a molecular medium. Assuming that the random
obstacles are not too closely packed so that we do not have to resort to
the Clausius-Mossotti relation, the index of refraction is given by’

n = [e1 (1 + N /eo) wy (1 + Nxm/uo)] 1/2 (8)
where
N = Number of scattering obstacles per unit volume,
Xg = Elec;ric polarizability of a scattering obstacle,
Xg = Magnetic polarizability of a scattering obstacle,
€1 = 1 (for styrofoam), *
uy = 1 (for styrofoam),

11
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eg = permittivity of free space,

2o = permeability of free space.

From equations (5) and (8) we see that in order to achieve our goal

we need an artificial dielectric constructed from obstacles that have a

negative electric polarizability, xo. If the artificial dielectric is to

simulaté 2 plasma over a spectrum of frequencies, the value of X, must
also be inversely proportional to the frequency squared. We would also

like the valce of the magnetic polarizability of -the embedded obstacles,
“ms to be ¢ 2ll or, if possible, zero.

A promising candidate for a scattering obstacle is ai. inductively
lnaded electri: dipole. Consider the very idealized inductively loaded
dipole schematically shown in figure 2. Let an electric field E be
applied parallel to the line between two spheres separated by the
-distance 22. The field E .then establishes a voltige V=24E eJut petween
the spheres. Assume that inductance between the two spheres is L, and
also assume that Lw >> 1/wC where C is the capacitance between the two
spheres. Since we are dealing with a timé harmonic field assume that
‘the charge accumulated on the dipole spheres is given by

g = 3 9)
then

Y L

de?
= LQ(-wz)ejwt

such that

Q = - 2£E/Lw?
or

q = - 228 &% /Lu2, (10)
The dipole moment of the inductive dipole in figure 2 1is then

p = 28q = -422E e39%/Ly?
or

o= xE oJut (11)
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Figure 2. Lossless inductively loaded dipole.

The lossless dipole corresponds to.a collisionless plasma.

whire

X = - 42%/Lu?. 112)

If we have a random distribution of dipoles, we must, naturally, con-
sider the various orientations that the dipoles can assume. As shown

in figure 3 let the E field be in the Z direction. For every random
dipole direction 6, we have an equally probable direction ~6: We can
therefore pair all the dipoies- -orlented in the +9 direction with dipoles
oriented in the -6 direction, The resultant effective dipole moment for
a dipole is -

p(®) = - 2 cos 6 (2 2% cos 8) E ejwt/Lmz.
The average value for a random distribution eof directioms, Days 1is then
n/2 n/2
Py = f - 4 cos20(22E ejwt/sz)ZTr sin 0 d6/2 f 21 sin 6 do
0 : '
= %’p = - 4Q2E ejwt/3Lw2.
Therefore, we have
= e 2 2
Xeav 484 /3Lw4. (13)
13
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Figure 5. Two dipoles oriented in the 8 and -6 directionms.

The y components of the two dipoles cancel.

Now assuming that Xp., = 0, the index of refraction of the artificial
dielectric would be

n = [ 1 (L - 4N82/3e Lu2), ]1/2
and the intrinsic impedance would be
n = [UO/SQ(I - 4N22/360Lw2)] 1/2

J

In the case of tenuous plasma (ionized high-altitude air) we have an
index of refraction given by

n o= (1 - Ne2fegmu?)/2 = (1 - 3.1810%W/w2)1/2 (14)

where N is the electron denmsity in cm™3, m is the electron mass, and e
is the electron charge. Therefore, if we want to simulate a tenuous
plasma corresponding to electron density N, we can determine the length

2% and the inductance L of our inductively loaded dipoles with the
relation

Ng2
€0L

re?

= 2,39:10% sec™2
gonm

=—3-
4
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or

2
B = 2.11010720 sec™? F/u (15)
where N is the density of artificial dielectric dipoles in meter‘3, % is
in meters, and L is in henrys.

Next, we note that by introducing a resistance intc our dipole we
can simulate the imaginary part of the index of refraction that arises
because of the collisions, v, per second between the pl‘sma electrons
and the atmospheric moleculegs. Figure 1 shows that the voltaye between
the dipole spheres is

2
29E 9t - 49,4
ae2 dt

where as before we assume Lw >> 1/Cw: Again, we can assume that the

.charge on the capacitance between the two spheres varies as

q = Q ejwt.
Then

22E ejmt = LQ(-wz)ejmt + agjw ejwt
and

Q = - 22E/(Lw? - jRw)
or

q = - 22 e3%%/(Lu? - jRu).

The dipole moment along the axis of the inductive dipole in figure 1l is
then

jut

p = 28q = =~ 422E " /(Lw? - jRw).

We see by analogy with the purely inductive dipole

Pay = %-p = - 432 3U%/3(Lu? - JRw).

15
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Therefore, we have

= - 2 2 o
Xeav 424/3(Lw jRw) (16)
and

€, = eo,‘[l - 422N/3eqgLw?(1 - jR/wL)J (17)

= Y Y

3 gl 3 gl L7 w
= g 1 ~ '—"2——- + j _—2—"— . (}.8)

R, 2 R. 3

@ Q) +u

Finally, we note that if equations (3) and (4) are satisfied, we have a
one ‘to one correspondence between equations (1) and (!9%).

2.2 Explicit Consideration of Dipole Capacitancé

Up to this point we have assumed that the inductance used to load the
short dipole dominated the behavior of the dipole. We will now examine
this assumption in more detail. The arguments presented here are basically
due to Harrington.l5 Consider two short dipole antennas as shown in
figure 4. Antenna 1 is excited by a current source I,; antenna 2 is loaded
at its center with an impedance Zj. The cnrrents and voltages of the two
dipoles can be related by the standard impedances of a two-port network:

Vi 210 Iy -~ 22 Iy

(19)

Va 2731 Iy = Zpp Iy,

The voltage V can be expressed in terms of Zp and Iy: Vo = Z;, I,. Then
we can express the current passing through the load Z in terms of the
current source driving antenna l; the transfer impedance Z5;; the driving
point impedance of antenna 2, Zgp; and the load impedance, Zy:

in I

I (z, + Zo) "

(20)

We next make use of the reaction concept, first introduced by
Rumsey, 16517 Rumsey d:fined reaction of field a on the source b, {a,bl},
with the following integral:

16
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ANTENNA 1 ANTENNA 2

Vi=Z) L,-2;5 I

Vo =25 Ij~Z5 I,

Figure 4. Two short dipole antennas.
\

ta;b} =.[f/ (w?e3® - BM) dv |

where QP is the electric current density of source.b and y? is the mag-
netic current density of source b. In this notation the reciprocity
theorem is:

{a,b} = {b,a}.

For a current source ip, we can obtain

{a,b} =f_z;a.f’ de = Ibea-g& = -y, (21)

The transfer impedance in equation (19) is defined by

zij = Vij/Ij

where Viy is the voltage at terminal i produced by the current socurce at
terminal j. In equation (21) we indicate that

{j’i} = had Viin,

17
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therefore, we obtain by eliminating Vij and using the reciprocity theorem

I S
Z, = IiljffEi 3, ds. (22)

We next remove dipole number 1 to minus infinity so that the electric
field,. E;, at dipole number Z is a plane wave. Kingl® shows that for a
short dipole of length B, i.e. for (w/A) B < 1/2, we can assume an
induced current distribution on dipole 2 of the form:

i} @ = L0 -2z, (23)

Equation (22) then yields:
Z12 = 377 = In (24)

and from equation (20) we obtain:

Zo1 I E1B
I = pes = - 3
2 (Z, + Z22) 2(z; + Z32)°

Equation (23) then can be expressed as

I (z) -———-—E-IB——-—(l—gll) (25
2i%; = 2(Z, + 27) B 12:/¢ )

The conservation of charge along dipole number 2 can be expressed
as

d I;(z)
iz +3jwa(z) = 0, (26)

where q(z) is now the charge per unit length, and therefore the charge
idistribution along dipole 2 is:

d 1}(2)
- 127
@ = I, (27)

The dipole moment along antenna 2, ), 1s given by the following integral:

q(z) z dz. (28)

=]
a4
o \le

18
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Expressions (25), (26), and (28) then yield:

B B2
P = 4uw(j wL + Z95)° (29)

If we allow x to be the polarizability of the dipole we have:
P = on (30)

or

-3 B2
4w (GuL + 223)° (31)

X =

Equation (31) is essentially the same as the result we obtained with the
simple quasi-static model, except for the presence of the driving point

impedance Z;, in the denominator. (The factor 4 in the denominator occurs

because we have not capacitively end~loaded the dipole as in figure 1.)
Kinglg»zo derives a value for the impedance Z,, of a short dipole:
&% 82 4n B - 6.78
c A *

YA = -;n- —j . (32)
22 2n 12 (%)b

Here n is the impedance of free space, 120 7Q, B is the length of the
dipole, and A is the dipole radius.

Up to this point we have considered the incident electric field E,
to be parallel to the short inductively-loaded dipole. Of course, the
current and charge distribution along the dipole is a function of the
orientation of the receiving antenna with respect to the surface of
constant phase of the incident electric field. Xingl? indicates that
for a short receiving antenna (with a triangular current distribution)
the projection of the electric field onto the antenna, multiplied by
the actual half length of the antenna- gives the emf of the equivalent
circuit., That is equation (24) is modified to

E;B
Z19g = Zgy = T-i-‘,;_-cos e (33

where 6 is the angle between the incident electric field vector and
the antenna. For example, 6 = 0° when the antenna lies in the sur-
face of constant phase. We can now use the same orientation argu-
ments that we used in the development of our quasi-static model which

19
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ignored the self impedance Z;o. If we wish to calculate the polarization
in the direction of the incident electric field when the E; vector is not
parallel to the dipole, we must introduce another cos 6 and integrate
over all directions. Therefore, as before

3 -1—
Pav 3P
and
Pav XavE
ox
N -jB2
xav 12w(ij + 232). (34)

If we set Z55 = 0, B = 22, and end-load the dipole so that the current
distribution is uniform and not triangular, we obtain the same result
as given by equation (13).18

The appearance of Zpo in the denominator of expression (34) is in-
consistent with our desire to model a simple Lorentzian plasma. Spe-
cifically, when the frequency is such that

41n(%) - 6.78

W
Q) B

wl =

G (35)

the artificial dielectric will pass through a resonance. We can only
use the inductively-loaded dipoles to simulate a plasma if wL >> Zys.
We will discuss the effect of Z,5 in a subsequent section., An insight
into the limitations imposed by the dipole self-impedance can be ob-

tained by caiculating x,, for some realistic frequencies and dipole
parameters.

2.3 Mutually Rerpendicular Dipole Scatterers

Our arguments presented so far assumed that the distance b.tween
the inductively-loaded dipoles is great enough so that their interaction
can be neglected. The use of equation (8) is based on the assumption
of negligible interaction between scattering objects. A way of in-
creasing the value of N in (8) by a factor of 3 and still not violate
the assumption of negligible interaction of neighboring scatterers is
to construct each scatterer out of three mutually-perpendicular
inductively-loaded dipoles. By using essentially quasi-static argu-
ments it is easy to see that three mutually-perpendicular dipoles with
a common center point do not interact.

20

e v

e ——— b ®

© e -

PR
W =

oo

v

P

-




Consider just two perpendicular dipoles as shown in figure 5. By
symmetry the current distribution along the two arms of dipole 1 is
symmetrical and equal in magnitude. Therefore, the charge distribution
along the opposite arms is equal in magnitude but of opposite sign.

Using a static argument the electric f£ield produced by the charge distri-
bution along dipole 1 is seen to be perpendicular to the direction of
dipole 2. The dipoles therefore do not interact. Similar reasoning
applies to a dipole that is mutually perpendicular to dipoles 1 and 2

and centered at the intersection of dipoles 1 and 2, These quasi-static
arguments are consistent with the more rigorous arguments presented for
skew-angled dipoles by Richmond.2?! If we substitute three mutually-
perpendicular dipoles for the single randomly-distributed dipoles we
simply multiply the average value of the polarizability given in equation
(34) by 3 and obtain

= - j B2
Xav3 bu(jul + 259)°

(36)

By constructing our scatterers out of three mutually-perpendicular
inductively-loaded dipoles we accomplish more than simply incireasing the
number of scatterers by turee: the polarizability of the scattering
centers is made to be independent of scatterer orientation. To be
specific, the scatterer, consisting of three identical, short, mutually-
perpendicular dipoles centered at the origin with a dipole along each
axis, can be described with the following simple dyadic:

X = xX{@i+jj+kk) = XI.
The dipole moment induced by an arbitrary field E is then

> >

P = ¢« E

lI><

= X+ E (i sin 6 cos ¢ + j sin 6 sin ¢ + k cos 8) 37
= XE( sin 6 cos ¢ + j sin 9 sin & + k cos 8)

but (sin 6 cos ¢)2 + (sin 8 sin ¢)2 + cos?8 = 1. Therefore, the magnitude
of the dipole moment is o E and its direction is in the direction of the
electric field regardless of the orientation of the scatterer.

In order to gain insight into the foregoing result we can consider

a relatively simple situation in more detail., Figure 6 illustrates two
perpendicular inductively-loaded dipoles in the plane of the page. Let
the E vector of the incident plane wave also he in the plane of the page.
The third dipole is perpgndicular to the plane of the page, and therefore
is perpendicular to the E vector and does nof interact with the E field.
As shown in the figure, the Poynting vector S of the incident plane wave
is also in the plane of the page. The voltage developed across the load
of dipole number | is then proportional to E ccs 6 and the separation of
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Figure 5. Two perpendicuiar inductively-loaded dipoles
do not interact.

charge on dipole number 1 in the direction of the inéident ¥ vector is
proportional to cos?9, that is P1,E|| =K cos26. A corresponding argu-
ment (see fig. 7) leads to the conclusion that the dipole moment of
dipole number 2 in the direction of the incident field E is given by

P2.E A = K sin20. The total dipole moment in the direction of the vector

E of ipoles 1 and 2 is, therefore, given by
= + = K cos2 + K sin2p
PE|| T PLE[] T P2,E|| ©
. (38)
K = ~ i B<E

bo(JuL + Za5) '

Let us now consider the polarization perpendicular to the E’vector. As
shown in figure 8 the voltage developed across the load on dipole 1 is
proportional to E cos 6 and the dipole moment perpendicular to the E

field or parallel to the § vector is p; g} = - K cos 6 sin 6. As shown

in figure 7, since the voltage across the load on dipole 2 is proportional
to E sin 6, the dipole moment component of dipole two perpendicular to

the incident field is
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Figure 6. The vector Py k11 is the dipole moment component of
H

dipole 1 that is parallel to the incident electric
field.

pZ,EJ. = K sin 6 cos 0.

So for the total polarization perpendicular to E ve have

Pig = Pr,EL TPy EL

)

K (~sin 8 cos 6 + sin 6 cos 8) (39)
= 0,
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Figure 7. The dipole moment of dipole 2 can be resolved into

components parallel and perpendicular to the incident
electric field.

In summary, we see that the rather tedious arguments leading to equations
(38) and (39) are consistent with the result of equation (37). Of course,
as the length of the dipoles is increased, the simple trigonometric de-
pendence for the current or charge distribution does not hold, and the

polarization is not independent of the direction of the incident electric
field.

2.4 Coupling of Scatterers

The dipole interacticn of the scattering objects, each consisting of
three mutually-perpendicular and centered, inductively-loaded dipoles,
will be considered next. The starting point for the discussion of the
coupling of scattering objects in both real and artificial dielectrics
is the formula of Lorentz for the field within a hollow spherical cavity
(centered at a particular molecule or scatterer) cut out of the dielectric
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Figure 8. The vector P; gy is the dipole moment component of
?
dipole 1 that is perpendicular to the incident field.

(fig. 9). The displacement vector D normal to the dielectric surface
between the sphere and the cavity must be continuous; therefore, the
magnitude of P norwal to the cavity surface equals the negative of the
induced surface charge density oj. We may write of = =~ |P| cos 6.
The field inside the cavity due to oi can be calculated at the center
of the cavity with Coulomb's law:

°i ds cos 6
Es=f———-———
4m ¢ R?

s

25

,

EE RN Bt

[ -

i

“

",
T

—
-l

RPes e . SUH




26

Figure 9,

- s — - -
—
E

Spherical cavity in dielectric,

- - R T

-




-
»*

e -, - - ;
]

-

PO o mmgon . o  —— am  mein o n AT A o  S s o P

T
_ f l-flcos 8 cos 6 2m R? sin 6 d 0
0 4 eg R?

‘ .
>

e = 1Pl fc0529 sin 6 do

b 2¢gq d

=

Therefore, the local field at the center of the cavity at a particular
molecuie or scatterer is

P fel3e:
Bloe = E 3¢eg 2

! Here E is the ordinary -macroscopic field, P is the polarization of the

| dielectric, and E; is the mean field due to the matter within the sphere
itself (exclusive of the central scatterer). The magnitude of Ej will
depend on the distribution of scatterers within the spherical cavity.

: Lorentz showed that if the molecules are arranged in a cubical array, E;
will be zero. Lorentz also indicated that to a certain degree of approx-
imation E, = 0 for such isotropic bodies as -glass, fluids, and gases.

We will discuss this approximation in a later section. ’

Assuming that E, = 0, we obtain the following value for the local
field at a scatterer:

o,

. > > >
?: E, . = E+P/3e (40)
The dipoie moment of a scatterer is then ; = Xav3 Eioc’ but,
fo > _
¥ P=pPN = Xyl Eioc

where N is the number density of scatters per unit volume. According
to the usual notation:

i : > > >
b €E= 80E+Po

;’ Therefore

b ;=-E*(e-€0)
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and
-+ > > >
P o= xu3NE . = Xuu3 N (E + P/3gyp)
g '
» E(er-eq) (41) ,
= X3 NEH 3ep ). E
This is the Clausius-Mossotti relation. Equation (41) can be manipulated '
to yield: t
+ S
| e = e 11 nz\‘N xa"%zpo. (42) .
S Xay3/oeo ‘?
he above expression is only valid when the local electric field Ej,. at a ‘
scattering obstacle can be expressed as }
i > > > ‘
. ; Ej,o = E+P/(3e) (43)
A f where £ is the space average field inside the artificial dielectric.
3 i !
' The local fields for simple tetragonal and hexagonal lattices have .
; also been calculated by a number of workers. Collin’s22 considers a i
! three-dimensional array of y-directed unit dipoles at x = na, y = mb, o
: and z = sc. He excludes the dipole at x = y = 2 = J and calculates the i
local field at x = y = z = 0. The potential due to a unit dipole at :
X0: Yo» %o 1s i
v: i
* )Z ; : 3 . -r). ?
o p = Lr (44)
e 4 eg x3
k ! :
\ ‘o § where r = [(x -x)% + (y - yo)2 + (2 - 20)2]1/2. For the array of f i
i y-directed dipoles we then have (fig. 10) ;o
F- 0 = .
- ]
! ; 0 pe=-o g=-o g=- [(x—na)2+(y-—mb)2+(Z-sc)2]3/2 :
; : where the prime indicates the omission of the n = m = s = 0 term. The ;
L effective polarizing field at x = 0, y = 0, z = 0 will then be E + Ej, i i
} , where E is the external applied field and where R
S P
S B o- -3 ¥
- x=y=2=0 |
- i
!
I‘ i
b ‘
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CuUBIC LATTICE a=b=c
TETRAGONAL LATTICE a=c#b

HEXAGONAL LATTICE a#b#ec

Three-dimensional array of indastively-loaded
dipoles enclosed in styrofoam spheres.
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1 2 (ub) 2~ (na)2-(sc)?
Tmeg . I & .
0 pr-w p=-w g=-w [Gm'b)z-l-(na)z-!-(sc)z]s/2

(46)

Note that the above expression is not only evaluated inside the Clausius-
Mossotti sphere, but over all space. We therefore do not have to consider
a contribution from the inside surface of the sphere,

Collin evaluates expression (46) and obtains

Ei - ‘;__ 1.201 _ 8w I:KO (_glg) + Kq (Zn'a)] 47
0 r b3 b3

where Kg is the so-called modified Bessel function of order zero. Equa-

tion (47) is for unit dipoles. 1In our case of inductively-loaded dipoles

we would have

g = L1.)1.201 G&8n [ (_ZI‘.E) + K (ZLa_)] X3 (48)

i €0 | ;b3 b3
or
B = e L L2018 [Ko e,
0 b3 b3

(49)

2ma i B4
+ Ko ( b )] (4w(ij+Z22) ) ¢

The above equation corresponds to a cubic lattice if a = Db = ¢, a tetra-
gonal lattice 1f only two of the quantities are equal, and a hexagonal
lattice if none of the quantities, a, b, or ¢ are equal. In the case of
the cubic lattice we find that

1.06 N
Eloe = Bt —707— R (50)
and, therefore
2.08 N
1+ =5 g5 Xav3 (51)
€ = €
0 1 - L. 06‘§_
T € av3

which is to be compared with equation (42).
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2.5 Deviations from the Clausius~-Mossotti Equation Due to Randomness
of Scatterers

J.K. Kirkwood23s2"4 has calculated the deviations that one might expect
from equation (40) in the case of 4 random .distribution of molecules con-
sisting of hard spheres. Specifically, Kirkwood considered a molecular
interaction poténtial of the form

W) = = 0O<r<a

(52)
= 0 r>a

where a is the diameter of a molecule.

Kirkwood's model is not wholly applicable to an artificial dielectric
formed by dumping spherical scatterers into a container because the
scatterers do not necessarily assume a completely random distribution.

Tor example, depending, among other factors, on how smooth they are, the
spheres can arrange themselves into various specific lattices or combina-
tions of lattices. The different lattices can even correspond to dif-~
ferent dipole number densities.

It is interesting to note that statistical mechkarical averaging
based on the molecular interaction equation (52) yield: a value of the
permittivity that is not a function of the thermodynamic temperature T.
This follows because the value of the exponential term exp [~W(r)/kT] is
either 0 or 1. In a gas or fluid the averaging can be over time; in our
static collection of scattering dipoles the averaging would have to be
over an ensemble of different containers each filled with a aggregation
of spherical dipole scatterers. Kirkwood's approach can be summarized
as follows: As in the lattice case, the local field is obtained by
sumning over the potentials due to individual dipoles., We can say that
the effective polarizing field Ej,.y at scatterer i will be given by E + Ej,

where E is the external applied field and Ej is given Ly the sum over N
individual dipoles:

N
-5
B o= - 3 Lyedy (53)
k=1
#i
vhere the dipole-interaction dyadic is given by
T, T
o1 1 _ ik "ik -
Lk = Tmeg 3 |2°37 7 (54)
r r
ik ik
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The polarization of an individual scatterer is given by
-+ - >
31 = B2 Fyoei T qu.(E + Ei)
> ES
= gouE - gpa I gik'pk
We therefore have N simultaneous equations

-> -»> ->

(55)

that would have to be solved in order to obtain Ejoeqy for each of the
individual scatterers in the distribution of N scatterers in volume V.

We can average the N equations and obtain

> >
ptaeg L gik.pk aeof

Kirkwood?3s2% incrc- :ced the following fluctuation term

N e —— — —
> + >
SN R S %

14k

and obtained

Y -»> ->
ptaeg L Tik-p + nueo = anE

If we can assume that

- >
Tizerr = Ti2pd
the fluctuation n is equal to zero and

> >
p + agg p*2Z gﬁk aeog.

Converting to the equivalent scalar equation we obtain:
aggE

P = ,

1 + agg(Z Tik)
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and
D = e€E = ¢gE +P (62)
= ggE + %’ ;
€9 -{IIY aE
= goE + (63)

1+ agy (T Tyy)

The dipole interaction term can be averaged over the volume v to yield:

7 - .1
z Tik = 37’ (64)
also
X
o = —av3 (65)
€0
and therefore
N
el
€ = g l+———'—"—N (66)
1-1/3 ;-a
or
X
1 4+ 2N av3
3v g
€ = €9 —- 67

_Lu X3

1 3v g

Equation (67) is to be compared with equations (51) and (42). After

considerable mathematical manipulation and a number of approximations,
Kirkwood managed to evaluate equation (57) for a substance consisting
of a random distribution of hard noninteracting spheres of diameter a:

1 5 . N2a2D

noe Gyt Ty (€8)
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where

_ 2nNa® a3

4 (volume of spherical scatterers).

To obtain a rough estimate of the validity of using the Clausius-Mossotti
equation for a random distribution of styrofoam ball dipole scatcerers,
we can compare the valve of n given by equation (68) with the value of 23

<&

1
For the experimental situation discussed in Section 2:

n

. =.22

and we might expect the Clausius-Mossotti equation to be a reasonable
first approximation. Actually, as we have pointed out, Kirkwood's
statistical mcdel is not necessarily applicable to our aggregation of
dipole scatterers because the dipole scatterers in the artificial die-
lectric do not necessarily assume a random distribution. The validity

of the Clausius-Mossotti equation as applied to our artificial dielecctric
should really be tested empirically.

3. COMPARISON OF EXPERIMENT WITH THEORY

In order to orient ourselves in regard to the parameters such as the
dipole load impedance and Zj, we will use equations (36) and (42) to
design an artificial dielectric with some actual experiments in mind.

The frequency range considered will be dictated by the band pass char-
acteristics of the type 2300 waveguide. The type 2300 waveguide, the
largest standard waveguide, has internal dimensions of 23.0 x 11.5 in.,

a lower cutoff frequency of 2.56 x 108 H, and a recommended upper fre-
quency limit of 4.9 x 108 H. The frequencies in this range are much
higher than the values usually quoted for nucleay EMP pulses, but we will
consider designing an artificial dielectric to operate at these high fre-
quencies because of the convenience of using waveguide techniques in
measuring the properties of an artificial dielectric.

Let us concider the following serles of parameters as an orientation
exercise. We begin with an artificial dielectric constructed out of
scatterers consisting of three mutually-perpendicular inductively-loaded
7-in. long dipoles loaded with a number of different valves of inductance.
Let the dipole stems have a radius of 0.1 cm. We choose the density of
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scatterers to be 264 per cubic meter. This density corresponds to an
aggregation of 48 scatterers distributed throughout a rectangular con-
tainer with dimensions 23 x 11.5 x 41.5 in. Equations (36) and (42)
can be employed to calculate the dielectric constant of the artificial
dielectric as a function of frequency in the band-pass region of the
type 2300 waveguide, Figure 11 shows values of the real part of the
permittivity calculated with equations (36) and (42) for a frequency
range between 300 and 500 MH. The four curves correspond ‘to dipole
load inductances of 0.4, 0.6, 0.9, and 1.4 pyH. The magnitude of the
radiation resistance of the dipoles is very small compared to the values
of the magnitude of the inductive loads; therefore, the imaginary com-
ponents of the permittivity are very small.

L=1.4pH
1.0 1 ////

-~ ausl

.9_’—(—' I
-L=.9uH

RELATIVE PERMITTIVITY
(6 ]

300 320 340 360 380 400 420 440 460 480 500
FREQUENCY IN MHz

Figure 11. Values of relative permittivity calculated with
equations (36) and (42) for a number of different
inductive loads. The other parameters avre dis-
cussed in the text.
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If we want to model a Lorentz plasma in which the electrons have a
collision frequency v # 0, the load impedance of our dipoles must have a
resistive component. Equation (36) then becomes:

"sz

x =

av3 4u(jul + R + Z57) (69)

where R is the value of the resistance. In figures 12a to 12d we present
values of the real part of the permittivity calculated with equations {(69)
and (42) with L = G.4 yH. The series of four figures shows the effect of
different values of the resistive component R on the magnitude of the
resonance occurring when jwL = Z5,. Figure 12a, corresponding to a purely
inductive load, emphasizes the resonance behavior of the artificial die-
lectric produced when the load inductance L is in resonance with the
capacitive impedance of the dipole. As can be expected the Q of the

resonance is reduced by including a resistance in the dipole load im-
pedance.

REAL COMPONENT OF RELATIVE PERMITTIVITY
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Figure 12a,

THE Q OF THE RESONANCE
WHEN R=0 IS DETERMINED
BY THE RADIATION RESIS-
TANCE OF THE DiPOLE.

The real component of relative permittivity calculated
with equations (69) and (42). The value used for L is
.4 yH and the value used for R is 02. The other

parameters are the same as those employed to obtain
figure 11.
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REAL COMPONENT OF RELATIVE PERMITTIVITY
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L=.4pH
R=500

e m— T — —— — — — — ——— — ——— — — — — — — — o

Figure 12b.

A7 32 34 36 38 40 42 44 46 48 50

Hz x 108

The real component of relative permittivity calculates
with equations (69) and (42). The value used for L is
+4 yH and the value used for R is 50Q. The other
parameters are the same as those employed to obtain
figure 11.

L=.4pH
R=1000}

Figure 12c.

Hz x 108

The real component of relative permittivity calculated
with equations (69) and (42). The value used for L is
.4 yH and the value used for R is 1002, The other
parameters are the same as those employed to obtain
figure 11.
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Figure 12d. The real component of relative permittivity calculated
with equations (69) and (42). The value used for L is
+4 yH and the value used for R is 200Q. The other

parameters are the same as those employed to obtain
figure 11,

In our first experiment we searched for the resonance predicted by
equation (36) and shown in figure 12a. The -«(perimental technique 25
was straightforward and is depicted in figure 13. The ratio of the
incident electric field Ej to the reflected electric field Eg was ob-
tained by measuring the standing wave ratio with a slotted line. The
artificial dielectric sample shown in figure 13 consists of an aggrega-
tion of 48 of our 7 in. styrofoam balls each containing 3 mutually-
perpendicular dipoles, The balls were enclosed in a rectangular box
measuring 23 x 11.5 x 41.5 in. The results of the experiment are shown
in figure 14. It is comforting to note that there is a large reflection
at approximately the frequency of the resonance shown in figure 12a.

In a second series of experiments we measured the permittivity of
our artificial dielectric utilizing the well-known shorted waveguide
technique described in great detail by von Hippel?®. Very briefly, the
technique consists of measuring the null point of a standing wave in a
shorted waveguide. A sample of length £ is then inserted into the
shorted waveguide and the shift in the standing wave null is noted. The
index of refraction of the dielectric sample of length £ csu then be
calculated in terms of & and the shift in the standing wave null point,
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Figure 13. Experimental setup used in determinii,_ the resonance
frequency of the artificial dielectric. The szmple
consisted of 48 scatterers or '"molecules.” The
V.S.W.R. or voltage standing-wave ratio was determined
with a slotted line.
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45 490

Figure l4. Experimental standing-wave ratio corresponding
to the setup shown in figure 13.
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OQur experimental values of the index of refraction and some calculated
vaiues are shown in figure 15. The measurements were of two different
artificial dielectric sample sizes; one sample consisted of an aggrega-
tion of 24 scatterers measuring 23 x 11,5 x 20,75 in. in volume. The
length 6f the sample was, £ = 20,75 in. The other sample consisted of
an aggregation of 48 scatterers in a rectangular volume measuring

13 x 11.5 x 41.5 in In this case, £ = 41.5 in.

The difference between the thecretical index of refraction curve
corresponding to L = (.4 pH and R = 97 and the measured index of re-
fraction is about 30 percent. A possible s-~urce of the disparity be-
tween experiment and theory is that we used the dimension of the card-
board box that enclosed the scatterers to obtain %, The effective
length of the very granular artificéial dielectric sample is most
probably not the size of the box containirt the scatterers., The
boundary of our artificial dielectric is somewhat nebulous and needs
more study.

Further experimental measurements of the electromagnetic character-
istics of our inductively-loadec. dipoles sre now under consideration.
These new measurements would involve the irradiation of a monopole that
is immersed in an expanse of artificial dielectric medium. The new
experimental approach would overcome the limitations imposed by the
relatively small size and narrow frequency band pass of a waveguide.
The measuremenia could also be carried out at lower frequencies which
are closer to the actual nuclear EMP spectrum. As the frequency is
lowered, the size of the scatterer compared to the wavelength would
decrease, That is to say, the artificial dielectric would have less
granularity and the boundary of the artificial dielectric would become
more well defined.

If we construct a cylindrical monopole of height H'it°would have
a resonance or maximum skin current at frequency f given by

g = A

mc

If the monopole were then submerged into an artificial dielectric with
an index of refraction n, the resonance of the monopole would change to

f = ﬁﬁ n.
Tc

The influence of the artificial dielectric of the resonance character-

istics and skin currents of other shapes such as a sphere could also be
studied.
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COMPARISON OF EXPERIMENTAL
AND THEORETICAL VALUES oOF
THE INDEX OF REFRACTION.
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Figure 15, The accuracy of the eXperimental points 1ig 1im ‘ed

by the granularity of the sample and the corresponding
F indefinitenesg of the sample edges,
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4, SUMMARY AND CONCLUSIONS

We first introduced a simple quasi-static model of the artificial
dielectric consisting of inductively-loaded dipoles which (1) ignored
the dipole capacitance, and (2) assumed that the dipole-dipole inter-
action . 11d be neglected. These two simplifying assumptions yielded
an expression for the permittivity of the artificial dielectric that
behaved in a manner surprisingly analogous to the permittivity of a
simple Lorentzian plasma. It was noted that the granularity of fluc-
tuations of the artificial dielectric could be decreased by constructing
the dipole scatterers out of three mutually-perpendicular scatterers.

Then the effect of the capacitance of the inductively-loaded dipole
scatterers was examined and limits set on the assumption that the in-
ductance cominated the behavior of the inductively-loaded dipole. Next,
the effect of dipole-dipole interactions on the artificial dielectric
was considered. A relatively rigorous expression for a cubic, tetra-
gonal or hexagonal lattice was obtained. An estimate of the effect of
a random distribution of scatterers on the value of the permittivity
predicted by equation (42) was also obtained.

It is interesting that the more exact expressions for the dielectric
constant of the artificial dielectric, which considered both the effect
of the capacitive dipole impedance and the dipole~dipole interaction,

did not model the behavior of a Lorentzian plasma as well as the original
simplified apprcach. Nevertheless, the artificial dielectric did have
an index of refraction less than one over a relatively broad spectrum.
We are now looking into the possibility of improving correspondence
between the frequency dependence of our artificial dielectric and a
Lorentzian plasma. The approach being investigated is based on the
substitution of a more complicated one-terminal pair in place of the
simple inductive dipole load used in our present scatterers. By syn-
thesizing a suitable one-terminal pair ont of a number of lumped im-
pedances we hope to improve the correspondence between the frequency
dependence of the artificial dielectric and a Lorentz plasma.

The experimental examination of the theoretical expressions for the
dielectric constant of our artificial dielectric was constrained by the
dimensions and frequency characterfstics of available waveguide equip-
ment. The predictions of equations (36) and (42) for the dielectric
constant of the artificial dielectric were found to be in fair agree-
ment with experimental results.
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