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ABSTRACT 

This thesis is concerned with the modelling and performance analysis 
of systems which consist of concurrently acting components, an example of 
which is an asynchronous pipelined processor. The work is divided into two 
parts. 

In the first part, a suitable model is developed for describing the 
structure of asynchronous concurrent systems. In conventional automata 
theory, the  finite-state machine model is used to describe the behavior 
of systems; the problem with this is that a large number of states re- 
sults when practical systems are modelled. In this thesis, each system 
component is modelled as a finite-state machine, and a system is viewed 
as an ensemble of interconnected finite-state machines.This has the ad- 
vantage that the size of a system model grows linearly rather than expo- 
nentially with thi  number c system components. A subclass of Petri nets 
known as SMD (State Machine Decomposable) Petri nets is identified in 
order to formalize the notions of finite-state machines and their inter- 
connection. For convenience, systems of interest are divided into two broad 
categories: 

(a) Deterministic, or decision-free. 
(b) Non-deterministic, or systems with decisions. 
SMD Petri nets are used to model both classes of systems; in addition, a 
subclass of Petri nets known as LSP Petri nets is used to model those 
deterministic systems that cannot be modelled by SMD Petri nets. 

The second part of the thesis is concerned with finding the computation 
rate of activities in real-world asynchronous concurrent systems. Practi- 
cal systems are constructed from devices which have a finite speed of ope- 
ration. Since Petri nets do not have time parameters as part of their 
definition, they can model the structure of systems but cannot be used to 
study their computation rate. The definition of Petri nets is augmented 
to model the speed of operation of a device in a system by assuming that 
the corresponding activity in the Petri net has a finite, non-zero time 
duration. The resulting nets are termed timed Petri nets, and methods are 
given for finding the computation rate of activities in timed SMD and LSP 
Petri nets. The results are applied to the analysis of several asynchro- 
nous systems drawn from areas within and outside the domain of computer 
systems . 

THESIS SUPERVISOR:  Jack B. Dennis 
TITLE:  Professor of Electrical Engineering 
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CHAPTER 1 

INTRODUCTION 

I.1 Background 

Th'j ))hilosophy of this thesis can be described very effectively by the 

following quotation from T.C. Chen [C21: 

In the quest for performance above and beyond that deliverable 

by hardware componentry, cwo alternative multiprocessing ap- 

proaches to computer design can be taken.  One is to subdivide 

each oncoming job among many identically constructed mtchanisms, 

and is commonly referred to as prrallelism.  The other alternative 

is to develop a collection of specialized mechanisms capable of 

working simultaneously to form a general purpose organization; 

this is commonly called overlap, and an extreme form of this is 

called pipelining. 

It is well known that present day machines are very wasteful in terms of 

resource utilization.  One of the original arguments for time-shared 

multiprogrammed systems was the fact that they could permit better utiliza- 

tion of system resources than a batch-processing rystem by overlapping ehe 

operation of the processor, primary storage and secondary storage.  The 

processor in contemporary computer systems is treated as a resource unit 

which is allocated to a user job or a task within a user job.  Each 

processor typically consists of smaller processing units like adders, 

multipliers, an instruction fetch unit and an instruction decode unit, 

all of which can potentially be operated concurrently with each other. 

If it were possible to achieve this degree of concurrency, a much greater 

processing '•ate could be realized as a consequence.  Of course, the over- 

■MMilM^MM^I^ i mm  wiimimiiin   -  
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all throughput of the machine depends not only on the*Instruction pro- 

cessing rate of the processor, but also on factors like the speed of 

the main memory, its degree uf interleaving, the type of secondary 

storage and finally on issues like the job mix and the scheduling strategy 

used.  But by suitably reconfiguring aiain and secondary memory, the bene- 

fits of added concurrency in the processor could be realized as added 

throughput in the overall system.  In most contemporary processors, over- 

lapped operation of functional units within the processor is restricted 

to concurrent fetching and decoding of instructions. Many systems can be 

run in a multiprocessor configuration so that real parallelism is possible. 

However, this parallelism is between user jobs or between different tasks 

of the same user job, a situation which we term macro-parallelisr-..  Dennis [D3] 

■ has advocated a computer organization in which parallel operation is pos- 

sible right down to the level of instructions in a computer program or a 

user task. We term this micro-parallelism and it is clearly impractical 

on contT-iporary machines because of th>i overhead involved in switching the 

processor between instruction streams. 

Jack Dennis has looked at the issues involved in designing a computer 

system to support i '.cro-parallelism, and readers interested in his pro- 

posals for a memory organization and a representation scheme for programs 

and information structures are referred to hii  paper [D3]. We quote Ms 

remarks ab^ut the processing Hardware: 

The organization of the processing hardware is intended to per- 

mit extensive sharing of multiple specialized cells by many 

computations to ensure statistically high utilization.  It is 

envisioned that there be tens to hundreds of units of each cell 

class, operating independently and asynchronously using a ser- 

vice on demand principle of control. 

■Bfi:—M—■tT-WMwam »mmmt MIUM^UMI — ■'     ■"' • -•-'"- ■ 
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The control needed  in such a  large complex system would be  too  formidable 

to  tackle with a centrally  clocked or a synchronous  organization.     Dennis 

has  lightly  pointed out  the need  for asynchronous  operation of such a 

system.     Each  "cell" in  Dennis1  system corresponds   to a  functional unit 

of a certain type,   like an adder or an instruction decoder,  and the opera- 

tion of a cell  type will  be  overlapped or  pipelined with the operation of 

other  cell  types.     Thus,  by a combination of parallelism and overlap,  a 

statistically high instruction  throughput should result.     We will refer  to 

such systems as   "asynchronous  concurrent systems" and will have occasion 

to use  this  term often  in  the course of the  thesis.     Dennis and  Patil   [Dl, 

D2]  have addressed  themselves  to  the problem of evolving  tools  for  the 

description and implementation of such systems.     They have made much 

progress,  and  their efforts have resulted  in a aystematic technique  for 

both  ehe description of asynchronous  concurrent systems   together with a 

methodology for  thtlr realization using a set of elementary modules   [Dl, 

D2].     In this  thesis,  wi   would  like  to address ourselves  to  the question 

of modelling such systems with a view to predicting their performance. 

The performance of an asynchronous  processor such as visualized by  Dennis 

will depend upon several  factors,  some of which are  listed below: 

a) The number of  functional units of each  type. 

b) The  speed of operation of each functional unit. 

c) Statistical properties of user jobs,   e.g.,   their degree of 

parallelism,  relative  frequencies of the different  instructions 

d) Gross statistical properties of user jobs,   i.e.,   job arrival 

rates, mean  length of user  jobs. 

Before we can incorporate  these  factors  into a model  for performance 

evaluation of asynchronous  computer organizations,  we must come up with a 

1    -*~*l****f*U*t***~. . . ^^^.  ,..,  _ 
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sultable descriptive  tool or model which can represent  the  structure of 

such systems  in a manner that is both simple and accurate.     In particular, 

factors  like   (a) and   (b) should be readily incorporated  into  the model. 

Models  for asynchronous  systems  as  they currently stand can successful- 

ly describe the structure of asynchronous systems,   i.e.,   the structure 

and  interconnection of the parts of  the system.     However,   they do not 

have a way of incorporating  information about  factors  like   (b)  and   (c) 

as  part of their definition.     In this  ihesis, we have developed a model 

in which factors   (a),   (b'i,  and   (c)  can be described in a natural and 

simple way.    Thus,  given a description of the structure of  the  system 

and the speed of operation of its parts  together with statistics on the 

utilization each part, we can obtain a measure of the  throughput of  the 

system.     If the system we r.re  considering is an asynchronous  pipelined 

processor, we can obtain a measure of its processing rate,  given that we 

have  information of types   (a),   (b) and   (c) available  to us.     The actual 

throughput of such a processor when connected  to memory units  and  in the 

presence of user  jobs  is not easy  to find.    We will not study   issues of 

type   (d)  in connection with the  performance of asynchronous  computer 

systems,  but will concern ourselves with finding an index of  performance 

which we will call  its  information processing capacity or  computation 

rate. 

Our approach will be  to study an existing model  for asynchronous  sys- 

tems  and explore  in depth its  applications  to  the modelling of various 

types  of concurrent systems,   including pipelined organizations   in whicu 

parallelism may be present  in each stage.     This model, while  adequate  for 

describing  the structure of asynchronous  systems,  does not  contain in- 

formation regarding  the speed  of operation of system components  or any 

MMMa-M """•-,  -—-  —" M^LA^.      ■'      .    ._ 
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information about the statistical utilization of the parts of a system. 

We show how such information can be incorporated into the model.  The 

properties of this augmented model are studied, and a technique is given 

for analyzing the throughput rate of a large variety of asynchronous 

processing or computing systems.  The model we have developed and the 

analysis techniques for it were motivated by the desire to study perfor- 

mance issues in asynchronous computer systems.  However, the work can be 

applied with equal facility to analyzing numerous systems outside the 

realm of computer systems; the best example is that of an assembly line, 

and we shall interchangeably talk about pipelined processing systems or 

assembly lines, because both share fundamental characteristics such as 

overlapped and parallel operation.  In the next section, we pursue the 

modelling of asynchronous systems in some depth, and illustrate the 

spirit and flavor of the thesis by concrete examples. 

U^^^MAf^g 
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1.2 Modelling Asynchronous Systems 

Our study of various types of asynchronous concurrent systems has led 

us to the conclusion that, by and large, we would like to distinguish 

between two broad classes of systems: 

a) deterministic 

b) non-deterministic (i.e., having decisions). 

Let us explain briefly what we mean by this distinction. 

Daterministic Systems: We will call an asynchronous system deterministic 

if during the course of operation of the system, there is never a 

situation when a decision has to be made between alternative courses of 

action in the system.  An example will explain what we mean.  Consider 

an automobile assembly line in which only one kind of car is being manu- 

factured, and each car is made from similar components using the same 

sequence of assembly operations.  Thus, in the course of operation of 

this system every assembly operation is needed for the assembly of each 

car, there being no difference in the sequence of steps needed for the 

manufacture of the fourth or eighth car output by the assembly line.  To 

give another example, consider a pipelined floating-point adder, arranged 

in, say, three stages (see Fig. 1.2.1).  Each stage performs a certain 

operation on the pair o.c operands input to the pipeline for addition. 

Thus, each operand pair that is absorbed at the input goes through the same 

sequence of operations before being output as i result.  Such a pipelined 

system is also a deterministic systen because no choice has to be made 

between alternative courses of actio.i.  So far we have looked at systems 

in which the objects being assembled (or added, etc.) go throuph an i- 

dentlcal sequence of operations. A more general class of systems consists 

mmm/immmJi*K****ämema^ 
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of those systems in which the objects being processed do not n-cessarily 

go through the same sequence of operations, but the operation of the 

system is stir, deterministic. An example of such a system is an assembly 

line for the manufacture of automobiles which alternately turns out two 

kinds of autos, one fitted with a 200 HP engine and the other with a 350 

HP engine. We shall assume that the car with the more powerful engine has 

to be suitably braced and fitted with extra gadgetry, so that after the 

engine has been bolted to the chassis, subsequent assembly operations per- 

formed on the two cars are different.  Thus, even though there is a point 

in the system at which a decision has to be made, this decision cannot, 

for example, be made arbitrarily by an assembly line operator.  The opera- 

tion of the system is, so to speak, "preordained," i.e., there is no point 

during the operation of the system at which a choice can be exercised be- 

tween alternative courses of action. 

Let us now move on to the class of systems we have termed non-determin- 

istic systems. 

Non-Deterministic Systems: We will loosely define non-deterministic 

systems as those in which there does exist a choice between alternative 

courses of action. An example of such a system is the assembly line of 

Figure 1.2.2, minus the restriction that the two types of automobiles be 

manufactured alternately.  Thus, at the bay at which alternate routing 

of :he two types of partially assembled autos was done, this routing can 

now be made random or controlled by some decision process other than a 

purely deterministic one.  The decision could, for example, be made on 

the basis of up-to-the-minute customer orders received from car dealers. 

The operation of an assembly line such as this is said to be non-determin- 

istic.  Let us now give a more computer-related example.  Consider the 

MMMtiWIII 11 I I II I  ■        " -   -n i        i i ■! i i 
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sirrollfled model  of  a plpelli.e processor shovm in figure  1.2.3. 
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Figure  1.2.3.     A Simplified Model  of a Pipeline Processor for a Computer 
with Three Instruction Types. 

We shall  assume  that  the  instruction set  of  the computer has  three types 

of  instructions,   termed  types  A,   B,   and C.     Instructions  are  fetched  at 

Stage 1,  decoded  at  Stage 2  and processed  according to their type at 

Stages  3 and 4.     The  reader will notice that we have chosen the same nota- 

tion for representing both the  assembly line of  figure  1.2.2.   and the 

pipelined processor of  figure  1.2.3.     Both  these  types  of systems, 
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together with a large variety of others, all have the basic characteristic 

that they consist of a set of parts  together with some mechanism for coor- 

dinating their operation.   In addition, the system parts     could be 

arranged to exhibit overlapped operation and parallelism.  Let us ex- 

plain these two terms in the context of Figure 1.2.3.  Each stage of the 

system is a part, whose operation ran be overlapped with that of the 

other parts. We will say that the parts of the pipeline processor operate 

concurrently or in an overlapped fashion.  We now come to parallelism. 

Suppose Stage 1 consists of two identical hardware units, each of which 

can independently fetch an instruction, and the two can operate concur- 

rently with respect to each other.  Stage 1 will be said to have paral- 

lelism of degree 2.  In general, any stage ir said to have parallelism 

of degree n if it has n physical hardware units available for processing. 

Brief Statement of Thesis Problem;  The problem we have addressed in 

this thesis is to study in some depth how to model asynchronous, concur- 

rent systems such as the ones shown above.  We have chosen a formalism 

known as Petri nets [Hl, H2] to express the sequencing relationships be- 

tween events in asynchronous systems.  The problem with Petri nets, as 

with other models for asynchronous systems or parallel computation that 

we could have used is that they represent only the sequencing or "cause- 

and-effect" relationships between events in a system.  Such a systems 

description is not adequate if we wish to study performance issues. 

For example, the assembly lines and the pipeline processors modelled in 

Figures 1.2.1. through 1.2.3. are all real world systems built from com- 

ponents or devices which take a certain amount of time to operate.  Thus, 

the production of cars or the processing of instructions in an actual sys- 

tem is not instantaneous.  The rate at which processed objects appear at 

■ ii II imtmmmmttmim   . 
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the output depends upon several factors, some of which we outlined in 

section 1.1 in connection with an asynchronous pipelined processor. 

Recapitulating, the throughput rate of an asynchronous processing system 

will depend upon two kinds of factors: 

(a) factors intrinsic to the system, like its structure, the 

organization of its parts and the speed of operation of each part. 

(b) extrinsic factors, like availability of items in the input queues, 

statistics on the type of items input to the system for processing. 

The only extrinsic factor we will model will be statistics on the out- 

come of decisions during the course of operation of the system.  In 

connection with Figure 1.2.3, this would mean the relative probabilities 

of occurrence of each of the instruction types A, B and C during the 

operation of the pipelined processor.  As the reader will note, this 

is equivalent to the relative frequency of use of the system parts which 

perform the processing of these instruction types. We will not model 

other extrinsic factors, like arrival statistics for items in the input 

queues.  The throughput rate that we thus calculate for a processing 

system will represent the maximum rate possible, assuming that it is 

connected to a balanced configuration of primary and secondary memory. 

In the aext section, we look at previous work in the areas of asyn- 

chronous systems, parallel computation and project  '-heduling which is 

relevant to the research presented in this thesis. 

- - ■■ m  
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1.3 Related Work 

Considerable work has been done in modelling the sequencing or control 

aspects of asynchronous systems, but few workers have actually considered 

issues of timing or speed of operation. 

The work of R. Karp and R. Miller [Kl, K2] is concerned with the 

development of a mathematical model called parallel program schemata 

to represent parallel algorithms.  A set of uninterpreted operations is 

defined over a finite set of memory cells. With each operation is 

associated two subsets of the memory cells called the domain and range 

cells. Upon activation, called an initiation, an operation reads the 

current values in its domain cells and evaluates a function with these 

values as arguments.  An unspecified time later, the results are deposited 

in the range locations, the latter action being called a termination. 

Control is conceptualized as a possibly infinite directed graph consisting 

of a set of control states (nodes) together with a transition function 

that specifies for each state initiation and termination pair the suc- 

ceeding control state.  A computation is a sequence of initiations and 

terminations that corresponds to a defined path in the control graph 

(emanating from a designated starting state) and that satisfy other rules. 

With this formulation, parallel activation of o- rations is possible, 

but their work on the whole is more concerned with control structures 

for parallel programs that properly terminate than with tiie issues in- 

volved in being able to represent continuously operating asynchronous 

concurrent systems. 

Dijkstra [D4] considers a method by which asynchronous sequential 

processes may operate concurrently and communica'e harmoniously.  The 

processes are provided access to common integer values called semaphores. 

■-■■■•-- 
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The semaphores can be manipulated by means of two synchronizing primitives, 

the "P" and "V" operations which decrement and increment, respectively, 

the value of a semaphore by one.  The P operation can be executed only 

when the current value of a semaphore is greater than zero.  Conditions 

are investigated for an ensemble of interconnected sequential processes 

to operate without being deadlocked. 

The work of Holt and Commoner[H2,C1] is very significant and has form- 

ed the starting point of our thesis. Their model, called Petri nets, 

is very simple to understand, and consists of two types of nodes termed 

places and transitions.  A set of directed arcs connects places to 

transitions or transitions to places. Markers, called "tokens" are put 

on places, and each token that is put on a place corresponds to the 

holding of one instance of the condition corresponding to that place. 

When every input place of a transition has a token on it, it can "fire." 

A firing causes one token to be removed from each input place, and a 

token to be added to each output place.  Commoner has investigated 

conditions for a subclass of Petri nets to operate in a deadlock-free 

manner. Hack has done an extensive investigation of a subclass of 

Petri nets termed Free Choice Petri Nets [HI]. 

So far, we have discussed models for asynchronous systems in which 

no mention was made of real time.  Two bodies of work exist in which 

real time issues are entered into for asynchronous concurrent systems. 

The first is the PERT network used in project scheduling [Fl].  A 

PERT network is an acyclic directed graph with an input vertex and an 

output vertex.  All arcs in the system lie on paths from the input vertex 

to the output vertex.  Each arc denotes an activity in a project, and a 

method is given for calculating the shortest amount of time that it 

11 
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takes to complete the project (the critical path), and also the earliast 

and latest time that any given activity can initiate in order that the 

project be completed in the shortest time possible. While PERT networks 

can ejplicitly represent concurrent activity in a system, they do not 

have the power to represent systems which operate in a recurrent or 

repetitive fashion. Nor, for that matter, can they explicitly represent 

system components with parallelism within each cciponent. Most important, 

there is no provision in the structure of PERT networks for representing 

a choice between alternative actions in a system. This makes the model 

inadequate for modelling the complex asynchronous systems we would like 

to hardle. 

MarL^u and Estrin at UCLA have studied a model of parallel computation 

called the program flowchart [Bl, Ml, M2, M3]. Program flowcharts are   ^ 

directed graphs consisting of nodes and arcs. Nodes represent operations 

in a computer program and arcs represent data paths between them.  An 

operation can take place when some suitable logical combination (and, 

exclusive-or) of its incoming arcs have data values on them.  When an 

operation takes place, it absorbs data values from its incoming arcs and 

puts data values on some logical combination of outgoing arcs.  The model 

is extremely powerful and can represent decisions explicitly. Martin and 

Estrin are concerned with modelling parallel computer programs, with a 

view to finding their mean computation time, i.e., the amount of time it 

takes to execute a computer program from start to finish.  For this pur- 

pose, they assume each node to have a fixed (deterministic) time duration. 

A technique is given for finding the mean execution time of well-formed 

program flowcharts.  Although the model is capable of representing 

recurrent processes, Martin and Estrin have confined themselves, in their 

^~^J'^l*^**^'^,,l^^''—l<,*l**'"'^~^*-'*—■  -    —   ■ 
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analysts, to models of processes which operate in a "one shot" fashion. 

Also, they have not developed their model to a point where it can be 

used for modelling complex pipeline processors or assembly lines.  We 

will show in the course of our work the added generality that is possible 

with our approach to modelling asynchronous systems. 

Ill immtttiaiitlllttmtmmMl.m.   . i.T-- ■^■.■.^J..,^--, 
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1.4 Overview of Following Chapters 

1) It is shown how asynchronous concurrent systems can be looked upon 

as an ensemble of suitably interconnected finite state machines.  Petri 

nets are introduced to formalize this notion, and also as a graphical 

tool for visualizing the structure of asynchronous systems.  It is shown 

what it means for an asynchronous system to be well-formed in termr of 

the corresponding notions of liveness and boundedness for Petri nets.  The 

two classes of asynchronous systems, deterministic and non-deterministic, 

are formalized.  Boundedness is shown to be a decidable property for 

Petri nets, and liveness in turn is shown decidable for bounded nets. 

(Chapter 2). 

2) An in-depth discussion is given of the structure of asynchronous concurrent 

systems in terms of SMD (State Machine Decomposable) Petri nets.  The 

notion of a "current assignment" is introduced for transitions in a Petri net, 

and a consistent Petri net is defined as one which can support a consistent current 

assignment.  Subclasses of Petri nets are introduced, chiefly Event 

Graphs, LSP (Live, Safe, Persistent) Petri nets and SMA (State Machine 

Allocatable ) Petri nets.  Deterministic and non-deterministic systems are 

studied in terms of these subclasses.  (Chapter 3). 

3) Timed Petri nets are introduced.  These are Petri nets in which a 

transition executes for a fixed non-zero time called its firing time. 

The maximum rate at which an eveit occurs in a system Is its computation 

rate.  The computation rate of a large class of deterministic systems 

is found.  (Chapter 4). 

4) The general problem of finding the computation rate of non-deterministic 

systems is addressed.  A bound is obtained ior the computation rate of 

non-deterministic systems.  Systems are identified for which this bound 

_.    
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Is achievable. (Chapter 5). 

5) Applications of our work to the mode]ling and analysis of real-world 

systems are given. (Cb iter 6). 

6) Unsolved problems are given, together with recommendations for future 

research. (Chapter 7). 

■ — ■ -   k iWLJM . 



CHAPTER 2 

PETRI NETS AND VECTOR ADDITION SYSTEMS 

2.1 Informal Introduction to Petrl Nets 

We will present the idea of the Petri Net model as an extension of 

the finite state machine model of conventional automata theory. The 

latter model is based on the assumption that we can abstract from a sys- 

tem a total system state, and the action of the system is described by 

the set of all allowable states and a set of rules that governs the 

transition of the system from one state to another. Let us give a simple 

example here to explain what we mean. 

Consider a stage of the pipelined floating point adder shown in 

Figure 2.1.1(a). Assume that it can handle one pair of operands at a time 

and that when it is performing an operation on an operand pair, ether 

operand pairs in its input queues must v.iit until it is through with the 

current operand pair. We can thus represent the operation of the stage 

of thy pipelined adder as shown in Figure 2.1.1(a). 

Unit busy 

Ready to output result 

ady for input 
operand pair 

Figure 2.1.1(a) 

-23- 
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The stage can be in one of three states, denoted by circles in Figure 

2.1.1(a) : 

(a) Ready for input operand pair. 

(b) Unit busy (processing an operand pair). 

(c) Ready to output result. 

Figure 2.1.1(a) is drawn using the notation of finite-state automata 

theory, and a transition from one state to another is denoted by an arc. 

For '-asons that will become clear soon, we will insert into each arc in 

Figure 2.1.1(a) a bar to denote the transition from one state to another. 

Also we would like to indicate what state a system is in at any given 

instant of time. We will designate this by the presence of a marker on 

the circle corresponding to that state (see Figure 2.1.1(b)). 

Unit busy 

Pick up 
operand pair 

Done with processing 

Ready for input 
operand pair 

Figure 2.1.1(b) 

Ready to output 
result 

Output result 

The system shown in Figure 2.1.1(b) is in the state : "ready for 

input operand pair". When the system absorbs an input operand pair, It 

makes a transition to the state : "unit busy". Finally, when it is done 

with processing the operand pair, It becomes ready to output the result 

and makes a transition to the state entitled "ready to output result". 

-    - 
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The system then outputs the result  and becomes  ready for the next   Input 

operand pair.  This sequence of operations  repeats. 

Each stage of the system can be modelled  In this  fashion.  We now con- 

sider how to model  a two-stage pipelined  adder,  given that each stage  Is 

modelled  In this  fashion.  Once again,   by using techniques of conventional 

automata theory,  we see that the two-stage system can be represented by 

a finite state machine which Is the cross-product of the two machlnes[H4], 

Let us  attempt  to carry out this construction.  We will assume that  the 

states  of the two machines are labelled  a,b,c and t,,b,,e,l  respectively 

(see Figure 2.1.2). 

Figure 2.1.2 

Figure 2.1.3 shows the resulting finite state machine.  We see that   It has 

nine states  and a total of eighteen transitions between states.  The 

problems with this representation are  the  following: 

(a) The number of states grows as  the product  of the number of states 

In the  Individual stages. 

(b) The  Identity of the Individual  stages has  been lost.   For all we know. 
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this could be the state diagram of a nine-state system consisting of only 

one system component (or stage). 

The nine-state finite state machine obscures the structure of our two- 

stage pipelined adder. We note that if the pipeline has n stages, the 

number of states in the finite-state machine used to represent it would 

be 3 .' To represent a five-stage pipeline, we would need 243 states. 

We clearly need a formalism which provides more economical descriptions 

of concurrent systems. 

let us briefly discuss parallelism in a system like a pipelined adder. 

Suppose we consider a two-stage pipelined adder in which the first stage 

has five functional units in parallel, and can thereby support up to 

five concurrent computations. The second stage will be assumed to have 

eight parallel stages. We can represent parallelism of degree five in 

the first stage by placing a total of five tokens on the finite-state 

machine used to represent it. Similarly, we place eight tokens on the 

finite state machine used to represent the second stage. (See Figure 2.1.4)> 

Each token is assumed to move from one state to another independently 

of all other tokens. The state of the first stage is now a vector 

( n(a), n(b), n(c) ), where each element of the vector represents the 

number of tokens on the corresponding place. Note that : 

n(a) + n(b) + n(c> =5,  and 

nU') + nO*') + n^')   = 8. 

In order to model the first stage as a finite state machine, 3 states 

o 
are needed. Similarly, 3 states ai e needed for the second stage, giving 

13 
3  states in all for the cross product machine .'  Suppose instead of 

attempting to model the above system as a finite state machine, we use 

W^M ——'■'—      - ■■ -■-*■■■*•■- 
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Figure 2.1.3  Finite State Machine Model of Pipelined Adder 

the following artifiee : coalesce tj and tj together, givi«g the dia- 

gram in Figure 2.1.5. The coalesced bar is relabelled V. 

The output terminal of stage 1 is thus made the input terminal of stage 

2. A transfer of an operand can take place when stage 1 is ready to out- 

put a result and stage 2 is ready for an input operand. In terms of the 

net in Figure 2.1.5, this is true when state c in stage 1 and state a' in 

stage 2 each have at least one marker on them. Figure 2.1.6 shows a confi- 

guration of the pipeline in which an operand pair can be transferred between 

the stages.  Figur. 2.1.7 shows the configuration that results after an 

«■wi - ■■ ■ ■ ■ - ■ - '-■■- ■-"'—■ '- -■■ ^  . 
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operand pair has been transferred. 

We are now ready to Introduce some nomenclature. Each circle in the 

diagram of Figure 2.1.5 Is called a place , and the bars are called trans- 

itions. The act of transferring an operand pair between stages was 

achieved by an action called the firing of transition t. 

Figure 2.1.4. 

Figure 2.1.5. 

Figure 2.1.6 shows a configuration of the system in which transition t can 

be fired. When t fires, a token is removed from each input place and 

added to each output place (?ee Figure 2.1.7). In system terms, each Input 

M^MMMB ■ iBiiiriiiiiiÜiii iMiiii 
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Figure 2.1.6 

After ilrlng t 

Figure 2.1.7 
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place to a transition represents a pre-condition that has to be satisfied 

(or hold) in order that the action corresponding to the transition may 

take place. If there are several tokens on a place, it represents several 

instances of the holding of the corresponding condition. Thus, when the 

action corresponding to t occurs, it causes one instance of each pre- 

condition to cease and one instance of each output condition or post- 

condition to begin holding. When the finite-state machines representing 

Stages 1 and 2 are not connected, the stages they model are said to be 

mutually independent. In Figure 2.1.5, the finite state machines are said 

to be interconnected. Many other terms can be used instead of interconnec- 

ted stages, for example, cooperating or mutually synchronized stages, but 

ue will continue to use the term interconnected. 

What we have done in the last few paragraphs is to introduce a way of 

modelling, in an economical way, systems of interacting parts in which 

overlapped operation and parallelism are both present. The terminology we 

have used is part of the definition of Petri net3. which are discussed more 

formally in the next Section. We have introduced the idea of Petri nets 

as a natural extension to the tinite state machine model, and their advan- 

tages are obvious and considerable. 

We would like to continue our informal approach in order to introduce 

some important notions that we will need in understanding the structure 

of asynchronous systems. Consider the finite-state machine in Figure 2.1.1(b) 

The state machine is strongly-connected, i.e., from every state there 

exists a directed path to every other state. The state machine in Figure 

2.1.8 is not strongly-connecL°d and we see that there is the possibility 

that the token can appear in place p  after which there is no way for the 

HIMMMi ■IMHaMMMHfcMaM ««MMM^MM ■■  ■-•-'■-      ■-■ 
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token to appear In either place p^  or place p2. What this Implies Is that 

once the token appears In place p3, transitions t^.tj and t^  cannot fire. 

Figure 2.1.8 A finite state machine that is not strongly-connected. 

We have seen that transitions can be used to represent operators In an actual 

system. In the systems we are Interested in, we Insist that every operator 

always be usable. A system component *hose operation can be represented b: 

the finite state machine of Figure 2.1.8 has certain operators (represented 

by t ,t and t ) which are not used after some transient behavior of the 

system. In the steady state, transitions t^ and t5 fire alternately, over 

and over again. We will Insist that each finite state machine be strongly- 

connected, and the reader can see that this is necessary for the composite 

system to satisfy the requirement that every operator always be usable In 

the course of operation of the system. If It so happens that some of the 

operators can never be used (i.e.  their corresponding transitions can 

never be fired) , then those operators can be removed from the system 

without affecting Its operation. Such operators are termed redundant. 

m*M MMM      —       '   -        • iiiiHihMtriiii 
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The  reader can verify  that  in the resulting net,   transitions  t  .   t    and 
5  6 

t' are redundant. 
6 

A Petrl net such as the one shown in Figure 2.1.9(b) has no redundant 

transitions and will be termed live. On the other hand, in the net shown 

in Figure 2.1.9(c), transitions t , t and t] are redundant, whereas all 
JO      o 

others can always be fired. Such a net is termed pseudo-live. In some 

Petri nets, the operation of the net may lead to a configuration in which 

no transition can be fired. Such a net is termed non-live„ In Figure 

2.1.10(b) we show the construction of such a net from the two state machines 

of Figure 2.1.10(a). 

V 

Figure 2.1.9(a) 

-■- 
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Figure 2.1.9(b) 

Figure 2.1.9(c) 
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In the configuration shown in Figure 2.1.10(b), either transition t or t 
1    2 

can be fired. If t  is fired, the net attains a configuretloi in which no 

further transitions can be fired (see Figure 2.1.10(c)). The net is an 

example of a non-live net, and the configuration shown in Figure 2.1.10(c) 

is a deadlocked configuration. 

What we have done so far is to motivate a formal study of Petri Nets, 

which we now proceed to do in  the next section. 

Figure 2.1.10(a) 

Figure 2.1.10(b) Figure 2.1.10(c) 
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2.2 Formal Definition of Petri Nets and Relevant Concepts 

2.2.1 Petrl Nets 

We are now In a position to Introduce the reader to the formal defini- 

tion of Petrl nets together with the related terminology that we will use 

in the rest of this thesis. 

Definition 2.2.1 A Petri Net Pia  a three-tuple (P,T,A) 

where P is a non-empty set of distinctly-labelled places {pi, P2>«'«PnJ* 

T is a non-empty set of distinctly-libelled transitions 

Itj, t2» ...tmj. 

A is a relation; it corresponds to a set of arcs, where each arc 

is either from a place to a transition or from a transition to 

a place ; 

A C PXT U TXP. 

Definition 2.2.2 A marking M is a function such that M: P —# T|, where 1| 

is the set of non-negative integers. The non-negative Integer associated 

with a place represents the token load of that place, or the number of 

tckens on it. 

A Petrl net with a marking will be referred to as a marked Petrl net 

(see figure 2.2.1 for an example). 

Notation and Terminology 

A node of a Petrl net Is either a place or a transition. We now Intro- 

d ce a convenient notation for the predecessor or successor nodes of any 

ride In a Petrl net. We will refer to It as the dot notation. 

  ■ --'■—"■ ■*'■■'■ — -•■■ ■ 
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Figure  2.2.1.     A marked Petrl Net 

(p,t) e  A Is written p«t. 

{y|x.y}   Is written x». 

{y|y«x}  Is written 'x. 

Example;    In figure 2.2.1, ^2 = {pi,  P2} • 

PI*  = [tj,  t2). 

The dot notation Is also applied to designate the successor or pre- 

decessor set of a set of places or transitions.  Thus, 

.{t2, t4} ■ {pi, p2, P3}. 

{P3» P23,= ^2» tß» t^. 

A transition t In a Petrl Net ^Is said to be enabled Iff every Input 

■ tiriMhriiifcM   iui   —...-^-.^^-..^ .- 
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place p. € «t has at least one token on It.  An enabled transition can be 

fired. When a transition fires, a token is removed from each input place 

and added to each output place pj € f.  Suppose Ma is the marking that 

f 
results when an enabled transition ta fires at marking M.    We write this 

M iä»Ma. 

Now suppose transition tj, can be  fired at marking Ma.    Let Mb be the 

*   marking that results when transition t^, ^ires.    We write 

M JU M« ^ Mb. Continuing in this  fashion,  let 

us   suppose that at every new marking that results vHien a transition fires, 

at  least one transition can be  fired.    We can write this 

M U*.Ma ^Mb —     ^W». 

The sequence of transition firings tati,tc 

sequence.  If a= t^b tn, we write 

tn is termed a firing 

M 

or  M 

tatb...«: 

n 

Example. 

In   Figure 2.2.2(a) transition t2  is enabled.    Figure   2.2.2(b) shows 

the marking that  results whrn transition t2  is  fired at marking M.     The 

reader can also verify that t2'4t5t1t3  is a firing sequence for the net. 

Definition 2.2.3;     A marking M-?  is  said to be reachable  from marking M 

if there exists a firing sequence    a    such that 

i   0    „J 
M M . 

  ■ mmmmm ■ -■■- --■-•- ----- ■-"■■ 
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Marking M 

(a) 
Marking M* 

(b) 

Figure 2.2.2 

Definition 2.2.A;    The forward marking class ?! of a marking M Is the 

set  of markings that  Is reachable  from M.     I.e., 

M - {Ml  |  3 a € T* and    M -2» M1}. 

Note:  T* Is the set  of strings  on the alphabet 

T = {tL  tj,   .. tj. 

Notation; We have defined M as a function that assigns a token load to 

every place pi € P. M can also be looked upon as a vector, the ith element 

of which corresponds to the token load of the 1th place p! in the Petri net, 

Example: The marking M of the net in Figure 2.2.2(a) can be writt 

M = (1, 1, 0, 0) 

en as 

MM^MHMMMHüMK^  ■   - ■ MHkMMUk.M'b. 
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The forward marking clasa of M Is seen to be 

3= {(1,1.0,0), (0,0,1.1). (0,1,1,0), (1,0,0,1)}. 

Definition 2.2.5;  A marking M is live for a transition t iff for every 

i -»■ 

marking M in the forward marking class M there exists a firing sequence 

which fires t. 

Definition 2.2.6;  A marking M is live for a Petri Net "^iff it is live 

for every transition in the net. 

Definition 2.2.7; A marking M is bounded for a place £, iff there exists 

an integer N such that for every marking M^ M, M^p) ^ N. If N = 1, the 

marking is safe for place JJ. 

Definition 2.2.8' A marking M is bounded (or safe) for the ^etri net /p 

iff M is bounded (or safe) for every place in the net. 

In Section 2.1, we pointed out that there exist marked Petri nets in 

which a marking is reached in which no transitions can be fired, i.e., the 

net can reach a deadlocked configuration.  Suppose this deadlocked con- 

figuration is called M1, and suppose that the net is in some configuration 

(i.e.. has a marking) M.  If M g ^M , then a is said to be a killing 

sequence for the net at the given marking M. A net, with a live marking 

has no killing sequence. 

There is one more important issue we would like to consider in this 

subsection.  In Section 2.1, we pointed out that the only Petri nets we 

will use for modelling asynchronous concurrent systems will be nets which 

have a live marking.  We would also like the marking for a Petri net to 

be bounded.  This means that the only Petri nets we would like to consider 

-— 
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are strongly-connected nets. Let us see why.  Consider a non-strongly 

connected Petri-net s.    Then, there must exist In the net two portions of 

the net A and A1 such that all arcs between them are directed from A to 

A', as shown In Figure 2.2.3. Each of the nodes a and c In A can either 

be a place or a transition.  Suppose a Is a place.  Then b must be a 

transition.  Since the marking for the net Is live, It means that b can 

be fired repeatedly.  But each firing of transition b removes a token from 

place a. Now suppose we do not fire transition b at all.  This would mean 

that all the tokens which were previously being removed by firings of b 

can now stay on place a, which means that the number of tokens on a can 

become unbounded. 

A' 

Figure   2.2.3     A Petrl net that  Is not strongly-connected. 

Now suppose that  a Is  a transition and b  Is  a place.     Since the marking 

for ir Is  live, we can fire transition a repeatedly,  causing the token 

content  of b to become unbounded.     Thus,   If ^ is not  strongly-connected, 

MMMMMM 
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the token content of some place in r   becomes unbounded. Now, since we 

are concerned only with nets which have a live, bounded marking, all 

Petri nets we will consider will be strongly-connected, unless explicit- 

ly stated otherwise. 

In Section 1.2, we said that there are two broad classes of systems 

that we would like to distinguish between. We now pursue that line of 

thinking formally. 

2.2.2 Deterministic and Non-Deterministic Petri Nets 

We would like to make an important distinction between two classes of 

Petri nets, vAilch we term deterministic and non-deterministic.  First, we 

look at a structural condition of Petri nets known as conflict. 

Definition;   Consider a Petri net r m ^P,T,A). Two or more transitions 

ti,t2,  tj^ are said to be in conflict if there exists a place p such 

that p-t A p.t2 Ap.tfc. 

Note: 'A' denotes the logical "and" operator. 

Figure 2.2.4 

MMMM - -■__„  'fii ifWrlin.ii rill m 
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In Figure 2.2.4 transitions t.. and t„ are In conflict at place p. 

With the marking shown, a token in place p1 can be removed by the firing 

of either transition t1 or transition t .  Thus, for the given marking, 

we have a choice between firing either transition t. or transition t , 

and when either transition fires, the other ceases to be enabled.  Before 

we can go any furth ;r, we must make a few definitions. 

Definition 2.2.9;  A marking M is persistent for a transition t in a 

Petri net r it t  has the property that once it is enabled at any marking 

M € M, it cannot cease to be enabled by the firing of any transition 

other than itself. 

Definition 2.2.10;  A marking M is persistent for a Petri net &  iff it 

is persistent for every transition t € ^. 

The net in figure 2.2.4 has the property that it has no marking which is 

persistent for transitions t.. and t .  Such a net is termed a non-deter- 

ministic net, and represents a system in which there is a distinct choice 

between alternative actions (see section 1.2).  In contrast, the net in 

figure 2.2.6 is a deterministic net or a net with a persistent marking. 

We now introduce some convenient ways of referring to the nets we have 

beb*; discussing. 

A net with a Live, Bounded or a Live, Safe marking will be termed an 

LB or LS net, respectively.  If a Live, Bounded marking is also Persistent 

we will call the Petri net an LBP net.  A net with a Live, Safe, Persistent 

marking will be called an LSP net.  The net in Figure 2.2.5 is an LSP net. 

Petri ne:s are a graphical representation of a mathematical system 

—- ■aMMMaMMaHa 
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Flgure 2.2.5    A Petrl net with a live,  safe, persistent marking 

known as vector addition systems.     In the next  section,  we use some  results 

In vector addition systems  to prove  the decidability of certain issues  in 

Petrl nets. 
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2.3 Vector Addition Systems and their Relationship to Petrl Nets 

In this section, we give a brief description of vector addition systems, 

but a more thorough coverage can be found in Karp and Miller [K2]. 

Definition 2.3.1:  An r-dimansional vector addition system V is a pair 

V = (s,W) where 

(1) s € Nr,  ■ ■ {0,1, ...]. 

(2) W is a finite set of r-dimensional integer vectors 

W = {wj,...^} , Wj^ € {0,+l,+2, ...}r 

The reachability set R(V) is the set of vectors given by 

R(V) = {x.|x = s + w... + w.» + ... + w,,} where w, . € W. 

a.  w.. € W,  1=1,2,..«k. 
ij      J 

b.   s + w. 1+w, „+...+ w,,» 0, 

The reachability set is the set of all points that can be reached by some 

path from s using vectors from W and never leaving the first orthant. 

Example 2.3.1;  As an example of a four element vector addition system, 

consider 

V ■ (s.w) 

where  s = (1,1,0,0) 

W =  {w1 = (-l.O.+l.O), w2 - (-1,-1,+1,+1), w3 = (0,-1,0,+l), 

w4 = (+1,0,-1,0), w5 = (0,+l,0,-l)}. 

The reachability set R(V) of this vector addition system consists of 

four vectors {(1,1,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1)}. 

Notation 

Let us denote the vectors in the reachability set by y., 

IM« -* —-- ■-■-■   -■ -^fc-^----  ^- 
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i.e., R(V) ■ [yy  y2, ... yj. 

Also, If y. is a vector, then (y,)^ vill  denote the k1"" element of y.. 

We will draw a directed graph with the elements of R(V) as vertices, 

th 

qnd  an arc from vertex y. to y  if there exists a vector w1 € W such that 
j 

yj ■ Yi + w r 
Each arc will be labelled with Its corresponding vector w* above, and the 

resulting diagram shows at a glance the vectors in the reachability set 

and how they can be reached from one another. We'will call this diagram 

the reachability diagram of the vector addition system V. 

As an example, we give the reachability diagram corresponding to the 

vector addition system of example 2.3.1. 

(1.1,0,0) 
(0,0,1,1) 

(1,0,0,1) 

(0,1,1,0) 

Figure 2.3.1    The Reachability Diagram for the Vector Addition System of 

Example  2.3.1 

mmm ... .■...,....-   
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If the reachability set of a vector addition system is finite, the reacha- 

bility diagram is a finite-state machine, and it is practical to draw it as 

we did for our example. If, on the other hand, the reachability set is 

infinite, we must find an alternative representational tool.  For this 

purpose, we introduce the following terminology: 

(1) We define a quantity U such that if n is an integer then n < u, and 

n + (J = uj.  The quantity U essentially represents infinity and we discuss 

its use shortly. 

(2) A rooted tree is a directed graph such that one node (the toot node) 

has no arcs directed into it, each other node has exactly one arc directed 

into it and each node lies on a directed path from the root node.  If ß and 

Y are distinct nodes of a rooted tree and there is a directed path from ß to 

Y, we write ß < y.    If there is an arc directed from ß to y,  then y is a 

successor of ß.  A node with no successors is called a leaf. With an r- 

dimensional vector addition system V = (s,W), we shall associate a rooted 

tree T(V).  Each node ß 6 T(V) is labelled with an r-dimensional vector A(ß), 

vAiere each element of Ä(ß) belongs to the set N fu)} . A recursive procedure is 

given below for the construction of T(V). Note that the label for a node 

is assigned when the node is added to the tree. 

(1) Create a root node and label it s. 

(2) Let ß be a node in the partially created tree with no successors. 

If, for some node y. Y < ß and ä(Y) = i(ß), then ß is a leaf in T(V). Other- 

wise, for each w € W such that w + £(ß)  0, add a node ß and make it the 
w 

successor of ß. For each ß the ith coordinate of ji(ß ) is assigned as 
w w 

follows: 

.. ^—m*mmmm MH^MtfMi^^^k .*•■ ..M.^^. ^tft^.^^i^- ■ ■■   
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(i) If there exists Y < ß such that £(Y) < £(ß) + w and 
w 

MY), < U(ß) + w). then £(ß )< = W. 1 i       w i 

(11) If no such Y exists, then £(ß ) = (£(ß) + w) . 
w i 1 

(3) Repeat step (2) until no new nodes can be added to the tree. 

We show In Appendix I that for any vector addition system V, the tree 

T(V) Is finite. 

Example 2.3.2. As an example (taken from Karp and Miller), consider the 

following vector addition system V = (s,W). 

s = (1,0,0,0,0) 

W= ((-1,1,0,0,0). (-1,0,0,1,0), (0,-1,2,0,0), (0,1,-1,0,0), (0,0,0,-1,2) 

(0,0,0,1,-1)}. 

The rooted tree T(V) Is : J-O^^^.O^iO,1^^,0,0) 

/ 

J(0,0,Cü,0,0)^(0,ü),ü),0,( 

(0,1,0,0,0)^(0,i),2,0,0)-^(0(l,w,0,o/ \o,u,u>,Q,0) 

(0,Cü,ü),0,0) 

(1,0,0,0,0) (0,0,0,0,ü))-KO,0,0,U,ü)) 

\O,0,0,1,0)-^(0,0,0.0,2:^(0,0,0,1,UX 

\o,0,0,a),ü))-^.(0,0,0,u,u)) 

(0,0,0,u),u)) 
Figure 2.3.2 

All our decldable results about vector addition systems reduce to Inspecting 

the tree T(V) and using the following theorem. 

Theorem 2.3.1;  For any vector addition system V and any integer vector x 

of the same dimension 

Cly € R(V) such that x < y) « (^ ß € T(V) such that x < J&(ß)). 

liMiiiiiÜlllll—iaiiir 1 iiiiliiimnriii—MüI    i  . ■ ■ ■ — 
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Proof;  Given in Appendix I. 

Corollaries 

The  following questions are decidable: 

Corollary 2.3.1.1 

V y € R(V) is (y)i ^ n for some finite n? 

Corollary 2.3.1.2 

V y € R(V), is a given set of elements of the vector y simultaneously 

bounded? 

Corollary 2.3.1.3 

Is R(V) a finite set? 

In addition, if the questions in Corollaries 2.3.1.1 or 2.3.1.2 are true, 

the bounds can be effectively computed.  For the vector addition system 

in Example 2.3.2, we see that V y € R(V), there are elements which be- 

come unbounded, and hence R(V) is infinite. Furthermore, the elements 

that can become simultaneously unbounded are (3), (5), (2,3) or (4,5). 

Petri Nets and Vector Addition Systems 

It is easy to see that for every marked Petri net there is a correspon- 

ding vector addition system. Let us explore this issue in detail. 

Let ^ be a Petri net with initial marking M. We can construct an 

equivalent vector addition system V = (s.W) as follows: 

The dimension of the vector addition system is made equal to the 

number of places in the Petri net, and the starting vector s is taken to 

- - 
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be «-.he Initial marking of the net. It now remains for us to show how 

to construct the set of vectors W.  Consider a marking M* In the marking 

class M, at which a transition t  is enabled.  Since the firing of t. 
" h 

decrements the token content of each of Its Input places by one, and 

Increments the token load of each of Its output places by one, we can 

represent a firing of t^ by adding a vector w to the marking M' to yield 

the marking that results when transition t is fired. The elements of the 
h 

vector w, are given the following values: 

+1 if the corresponding place is an output place of t. . 
h 

-1 if the corresponding place is an input place of t. . 
h 

0 otherwise (we are assuming that there are no self-loops in ^ ; 

see figure 2.3.3). 

cc=1 

Figure 2.3.3.    A Self-loop 

We now assert  that the vector addition system V Is equivalent  to the 

Petrl net Twith marking M in the following sense: 
->■ 

(a) For every marking M € M, there exists a vector y € R(V) such 

thnt y = M . 
q 

(b) A vector addition sequence v is a sequence of vector additions 

m—   
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Wj + ... + ws such that it transforms a vector y to vector y .  i.e. 

where 

"    W •  • • • w ■ 
j     8 

We see that corresponding to every vector addition sequence v there 

exists a firing sequence ^ = t  ...t  in the Petri net ^ and vice versa. 
J    s 

We now establish some decidable results for Petri nets based on the 

decidability of the corresponding issues for Vector Addition Systems. 

Theorem 2.3.2 It is decidable if a given marking M for a Petri net 'P 

is bounded. 

Proof: Let ^ be a Petri net and M its initial marking.  By the construc- 

tion above, we can find an equivalent vector addition system V = (s.W). 

From Corollary 2.3.1.2, we knov/ that the following is decidable: 

Given any vector y 6 R(V), is a given set of elements of y simul- 

taneously bounded? 

Thus, it is decidable if M is bounded for the Petri net ^. 
■ 

We can now establish the following result: 

Theorem 2.3.3  It is decidable if a given marking for a Petri net is 

live and bounded (i.e., if a given Petri net is LB). 

Proof;  Since we can decide if the given mark'   j bounded, we proceed 

to show that there exists a decision pro,        decide if a given 

bounded marking is live. For a bounded marking, the reachability set 

of the corresponding vector addition system V is finite. Hence, the 

■ - -      



•^nnH^w^OTOTW««^H^wm>imp>wwiv«WMPI —^-PWWI^^ wm^mmmmmmi 

-51- 

reachablllty diagram for V is finite.    The marking M is  live iff for 

any marking M1  € M   there exists a firing sequence that fires every 

transition in the net.    In terms of the  reachability diagram,  this 

means that starting at any vertex y.  and given a vector w,   € W.  there 
i k 

must exist  a vector addition sequence that  contains w. . 

o 
/ 

'y. 
\ 

/ 0^ \ 

m  S 

Figure 2.3.4 

Consider figure 2.3.4.    Find the set  of vertices {y.,  y.,   ...y }   in 
12     m 

the reachability diagram which have wk as an outgoing arc. We have to 

find if there exists a directed path from y to at least one vertex in 

this set.  Since the graph is finite, this can be done by exhaustion. 

The procedure is repeated for every vector w. 5 W, starting at the 

vertex y^ We now choose all the vertices in turn and carry out this 

test. The total number of tests Involved is |w| X |R(V)1 where 

Iw| = the lumber of vecbors in the set W. 

|R(V)| = number of vectors in the reachability set of V. 

MH " ■ '         ■■ -■• ■■-  - 
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Since both quantities are finite, the algorithm must terminate. This 

proves the required result. ■ 

We now prove another theorem for a Petri net with a bounded marking. 

Theorem 2.3.4  It is decidable if a bounded marking M for a Petri net ^ 

is persistent. 

Proof: To check if  a bounded marking is persistent, perform the following 

test for every marking in the marking class: 

Let M* be a marking in the marking class M, and let ft', t'  ...t1} be 
12 n 

the set of enabled transitions.    Let the firing of a transition 

'k € W*   •••tiP   lead t0 t:he markin8 Mfc»     i«6"    M' K- 
For the firing of each transition t', we check to see if all other 

enabled transitions t| ¥  t' are still enabled.  If not, the marking M* 

is not persistent.  If the marking M' is persistent for all of its 

enabled transitions then we check the next marking in the marking class, 

and so on until all markings M1 € M have been exhausted.  The marking 

M is persistent iff all markings M* € M are persistent for their enabled 

transitions.  Since the total number of tests to be performed is finite 

and bounded, the algorithm must terminate. ■ 

This concludes our discussion of decidable issues in Petri nets. 

We have so far looked at Petri nets in terms of their markings and their 

marking class. In the next chapter, we look at Petri nets in terms of 

their structure. 

II 11 TU *^*^^-- ■--'  —-■-"-'" ^■..,..;-..—*.■■... 



CHAPTER    3 

RELEVANT RESULTS FROM PETRI NET THEORY 

3.1    State Machine Decomposable Petrl nets 

In Section 2.1, we saw how an asynchronous concurrent system can be 

viewed as  an ensemble of Interacting components,  where each component  Is 

structurally similar to the finite-state machine of automata theory.   Each 

component has  a finite number of allowable states;  since we ate concerned 

with systems which have no redundant operators   (see Section 2.1),  the 

Petrl nets of Interest are LB. We will use a restricted class of Petrl 

nets known as LB SMD (State Machine Decomposable) Petrl nets to model 

asynchronous concurrent systems.  In this Section,  we formally define the 

notions of state machine and SMD Petrl nets. 

Definition 3.1.1      A closed subnet D* of • Petrl net   ^ Is a strongly- 

connected Petrl net      ^'j T',  A1)    where 

P'    C P Is a set of places, 

T*    c T Is a set of transitions, 

A*    C A Is a set of arcs,    such that 

•P"    =    ?»•      =      T',  and 

A*     ■     [(p* x T1) u o" x p'))  n A. 

The Petrl net N In Figure 3.1.1 has    five closed subnets N  ,  N  , N , N, 

and N,.    Clearly,  every strongly-connected Petrl net Is a closed subnet 

of Itself,   because the relation    'P    =    P*    =    T Is trivially satisfied. 

We are Interested  In Identifying components  or parts of a system that 

can be represented by a Petrl net,   and  for this  reason we would  like  to 

define a minimal  structure which is part  of  a Petrl net  -uid  is  still  a 

-53- 
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N N, 

N. 

Figure 3.1.1 
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Figure 3.1.2 
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closed subnet. 

Definition 3.1.2  A closed subnet is a minimal closed subnet  if and 

only if no closed subnet can be obtained by deleting any portion of it. 

Example 3.1.1 N is not  a minimal closed subnet because by deleting 

appropriate places and/or transitions, the four closed subnets N.. , N , 

N and N. are obtained. However, the closed subnets N., N , N and N. 

are minimal closed subnets, as the reader can easily verify. 

Example 3.1.2  Consider the Petri net model of a pipeline processor 

shown in Figure 3.1.2(a).  The closed subnets representing each indivi- 

dual stage are minimal closed subnets (see Figure 3.1.2(b) ).0n the other 

hand, the closed subnet in Figure 3.1.2(c) is not minimal. All the Petri 

nets considered so far have the property that their minimal closed sub- 

nets have disjoint places. Lest the reader be under the impression that 

this is a requirement, on minimal closed subnets, we would like to empha- 

size that this is not so. Consider the net In Figure 3.1.3(a). It has 

the minimal closed subnets S., S. and S» shown in Figure 3.1.3(b). We 

will now formally define the notion of state-machine based on a suitable 

structural restriction on Petri nets. 

Definition 3.1.3 A Petri net P is a  state-machine if and only if every 

transition has exactly one input place and exactly one output place. 

Example 3.1.3  For an example of a state-machine, see Figure 3.1.4. 

Definition 3.1.4 A Petri net P is said to be covered by a set of closed 

subnets { 11., II„,...n.} if and only if 

P *    < UP  y T. , y A.). 

Example 3.1.4 The Petri net in Figure 3.1.2(a) is covered by the set 

^MBM —. tuMwaiMhviri     iim [■■-■--   • ■ ---*——-^-——fc«-—*— 
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(a) 

(b) 

Figure 3.1.3 
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Figure 3.1.4 A State Machine 

of closed subnets  {S-, S , S }.  Similarly, the »et in Figure 3.1.3(a) 

is covered by the subnets of Figure 3.1.3(b). 

Definition 3.1.3  A Petri net P  is SMD (State Machine Decomposable) iff 

every minimal closed subnet is a state machine and there exists a set of 

state machines  [S..,...S.} which covers the net. 

Example 3.1.5 The Petri nets in Figures 3.1.2(a) and 3.1.3(b) are SMD. 

On the othbr hand, the net in Figure 3.1.1(a) is not SMD, because the 

minimal closed subnets N., N„ and N, are not state machines. 
13 4 

Definition 3.1.6      The token content  of a Petri net    <P,  T,  A) with a 

marking M is the number of tokens on all places  in the net,  and is given 

by 
N(P)    =    EM(p1) 

P^P 

Lemma 3.1.1 The roken content of a marked state machine is invariant 

under transition firings. 

Proof   Suppose we consider a state machine ^ =  <P, T, A> with mar- 

MMB _-_*«MMltMM ^^■iBK»**i~i    liliM r {  ■    '■   - 



mi^^amm*^*^ mt\  i i w^^mm^^^^m^mm^mm^mmmmmm 

-59- 

king M. The only way In which the token content N(p) of the state machine 

can change is by ühe firing of a transition. However, the firing of a 

transition removes exactly one token from the net and adds exactly one 

token to the net. Thus, the firing of a transition does not change the 

number of tokens on the net. 
■ 

Theorem 3.1.1  Every marking for an SMD Petri net is bounded. 

Proof  An SMD Petri net has a finite number of state machine components. 

Let these compo: ents be S.|*«*8>« Also, by Lemma 3.1.1, the token content 

of each state machine is invariant. Let the token content of the nth state 

machine be N(P ). Now, recall the definition of a bounded marking for a 
n 

Petri net. We have to show that for each place p in the net, there exists 

-» 
an integer Z(p) such that M(p) ^ Z(p) for each M In M. 

Let S t,...S  be the set of state machines which contain place p. 
pi    pm 

Then, if N(S ,),...N(S ) are their respective token contents, we see 
pi       pm 

that  Z(p) ^ min[ N(S .)....H(8 )].  If 7<p)  were greater than 
pi       pm 

min [ N(S .)....H(l )].  it would imply that there exists a state machi- 
pi       pm' 

ne S.  such that Z(p) > N(S. ), which is impossible.  Hence, for each 

place p in the net, we can find an integer Z(p) which bounds its token 

content.  This proves the Theorem. 

■ 

Corollary 3.1.1.1  It is decidable if any given marking M for an SMD 

Petri net ^ is live. 

Proof  By Theorem 2.3.3, it is decidable if a bounded marking M for 

Petri net ^is live.  Also, since any given marking for ^ is bounded, 

the desired result follows immediately. 

— -"•■  .- ■ 1..-..^.--. . . 
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This result is useful because it tells us that we can decide if a given 

marking M for a Petri net r    is live, but it does not give us an effec- 

tive procedure for constructing a live marking for ^. We w^ll look at 

this issue in Sections 3.3 and 3.5. Before we proceed to the next Sec- 

tion, we give the reader an example which illustrates the descriptive 

power of SMD Petri nets.  The example of the pipeline processor we gave 

in Figure 3.1.2(a) was that of a deterministic system. In Figure 3.1.5, 

we give an SMD Petri net model of the pipeline processor for the compu- 

ter system with three instruction types which we discussed in Section 

1.2 (see Figure 1.2.3).  Figure 3.1.6 shows the net in Figure 3.1.5 

split up into its state machine components, which are labelled S1 throu- 

gh S . The reader will note that the decision about processing an instr- 

uction after it has been decoded can be made in the state machine S». 

Place p in state machine S- has three output arcs, one for each instruc- 

tion type. We said in Section 1.2 that in order to estimate the pro- 

cessing rate of such a pipelined processor, we must know the relative 

frequency of occurrence of each of the instruction types A, B and C. In 

other words, we must know the relative frequency of occurrence (or the 

probability) of each of the output transitions of place p. Thus, on the 

average, the rates at \Aiich each instruction type occurs will ba reflec- 

ted in the number of times each of the transitions t  t, and t fires ab     c 
in the long run. We continue this train of thought In the next Section, 

where we present the important notion of consistency.  In the meantime, 

the reader should explore the descriptive power of SMD Petri nets by 

constructing examples of his own. 
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3.2 Conststent Petrl Mets 

In this Section, we will look at the number of times any transition 

in an LB Petri net can fire relative to the other transitions in the 

net. We will first need some definitions. 

Definition 3.2.1 A current assignment for a Petri net * = <P,T,A> is 

a function i  that assigns to each transition t € T a positive rational 

number cp  called its current.  A current assignment for a Petri net 

must satisfy the following two constraints: 

(1) Every arc carries a current equal to that associated with the transi- 

tion it is connected to. 

(2) At every place, the sum of the currents on the input arcs must equal 

the sum of the currents on the output arcs (i.e., Kirchoff's current law). 

Definition 3.2.2  A Petri net is consistent iff it has a current assign- 

ment i with cp. > 0 for each t € T. 

Checking the Consistency of a Petri net 

Figure 3.2.1 
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Consider the Petri net shown in Figure 3.2.1. Let each transition t In 

the net be assigned a current cp^ For each place, we can write an equa- 

tion that specifies a constraint on the Input and output currents. 

V », 

P,:   + ». 

P3: 

9. 

+ 9. 

V 

♦»4 =0 ... (1) 

" ^3 = 0 ... (2) 

■93 = 0 ... (3) 

+ ^3    - 94 =0 ... (4) 

From Equations   (2),   (3)   and   (4)  we get, 

^1      =      ^ "      «P, \     =     V      (say). 

This violates Equation  (1),  vrhich requires that 

^4      =     ^1 + ^2      =      2cP- 

We conclude that the net  in Figure 3.2.1 is not consistent,  or is 

inconsistent.    A slight modification of this net  leads to the consistent 

net of Figure 3.2.2. 

Figure 3.2.2 

MMMMH* MaataMMB 1  nh 11 iiif- •Li    --inirMMdii r 1 
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The reader will note that all we have done Is to feed another current of 

magnitude ^ into the place p .  The equations become 

+ 6,       + (}i   =0 
Pi: 

"    »1 -*2 

P2   : +    *1 - u 
P3: +    ^ 

2 
- ♦ 

3 

+  ♦. + *> 

P5 : + ♦, -4»  = 0 

These equations are, indeed, consistent and we get the following consis- 

tent curren". assignment: 

*1  "    "2 ♦, $  , where <j)  is any 

non-zero real number. 

Consider a consistent current assignment for a Petri net  ^. Multi- 

ply all currents by the least common multiple of their denominators, and 

divide each resulting current by their greatest common divisor. The 

resulting currents are said to form a minimal integer consistent current 

assignment for 'P. The reader will note that consistency is a purely 

structural property of a Petri net.  The following Theorem and  discussion 

explain the relationship between the notion of consistency    and the 

structure of LB Petri nets.  The  ideas  in the following material have been 

partly inspired by Baker  [B4]. 

Definition 3.2.3        Let   P be  a Petri net with marking M.  A cyclic  firing 

sequence is a firing sequence a which fires every transition of ^at 

least once and bringr  the marking of  the net back to M. 

. i 
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Definltlon 3.2.4  The firing count of a transition t in a firing se- 

quence a is the number of occurrences of t. in a . The tiring vector f 

of a firing sequence a is a vector whose ith element i|)(l) is the firing 

count of transition t . 
i 

Theorem 3.2.1  A Petri net J* is consistent if and only if there exists 

an initial marking M for which there exists a cyclic firing sequence. 

Proof;  Necessity 

Consider the minimal integer consistent current assignment derived from 

the given current assignment. Let this current assignment be ♦ . We will 

show how to construct a finite firing sequence a whose firing vector y 

is such that  t|)(i) is the current through transition t . We construct 

the marking M as follows: M(p. ) must be big enough so that firing its 

output transitions t. e p* iKi) times does not drive the token load of 

pk negative, i.e.,  M(P.)  = ^ ^(i)  • 

tie Pk 

Under this marking, a cyclic firing sequence o is given by 

♦(1) ♦ (n) 
n 

where t ...t  are the transitions in the Petri net P. Since * is a 
1   » 

consistent current assignment, the firing sequence a is such that for any 

place p , the number of tokens removed by o is equal to the number of 
k 

tokens added by a to p . The marking M' after a has occurred is the 

same as the marking M before the occurrence of a , so that o is a cyclic 

firing sequence. 

" -    --. - - -     - ., 
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Sufficiency  Let a be a cyclic firing sequence for the net, and let 

f be the firing vector of o    .  With each transition t^ associate an 

Integer valued current equal to ♦(!). By definition of current, each 

Input and output arc cf t has a current ♦(!) associated with It. Under 

this assignment, every transition has been assigned a non-zero Integer 

current, and each transition has been assigned a unique current. Now 

consider any place p . By the definition of a cyclic firing seqience, p^ 

has the same number of tokens before and after the cyclic firing sequence 

has occurred. This Implies that the sum of the tokens entering place p^ 

Is the same as the sum of the tokens leaving p , I.e., the sum of the 

Input currents equals the sum of the output currents for every place p^. 

This Is the definition of a consistent current assignment. 

■ 

We have pointed out In Chapter 2 that LB Petrl nets are the only ones 

of interest to us. We now establish the connection between consistency 

and LB Petrl nets. 

Theorem 3.2.2  A Petrl net P which has a live, bounded marking M Is 

consistent. 

proof  we have to show the existence of a cyclic firing sequence which 

fires every transition at least once. Since the marking M Is bounded, its 

reachability diagram is a finite-state machine. Also, since M is live, 

there must exist a strongly-connected portion of the reachability diagram 

that contains every transition name at least once. Let M' be some node 

(marking) in the strongly-connected portion of the reachability diagram. 

n—■■ 11 urn MIII 
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We know that in a strongly-connected graph, there exists a chain (i.e., 

a sequence of directed arcs, all arcs directed in the same sense) that 

starts and ends at M' and which goes through every arc once. This chain 

can be used to describe a cyclic firing sequence, and since *?  has a 

live marking, every transition name must be included at least once in 

this firing sequence. 

As a Corollary to Theorems 3.2.1 and 3.2.2, we have the following: 

Corollary 3.2.1  If a Petri net (Pis LB, then there exists an initial 

marking M for which there exists a cyclic firing sequence. 

Proof  Follows by combining Theorems 3.2.1 and 3.2.2. 

For completeness, we mention that the converse of Theorem 3.2.2 is not 

true. The net in Figure 3.2.3 provides the necessary counter-example. The 

reader can verify that any initial marking of the net can lead to a mar- 

king like the one shown in Figure 3.2.3(b), at which no transition is 

enabled. 

We would like to consider the connection between consistency and the 

structure of LB SMD Petri nets, because that is the class of Petri nets 

we will use for modelling asynchronous systems. We will look at the 

concepts of cyclic firing sequence and consistency for SMD Petri n^ts 

in some depth in Section 3.5. Before we can do this, we look at a det- 

erministic subclass of Petri nets known as event graphs. We do this in 

Section 3.3. In Section 3.4, we complete our study of those aspects of 

Petri net theory which are relevant to this thesis. 

11 imi—^MMIMIMMII i n ■iirmMtoi»—IM  i i n '    ■'-  



-70- 

3.3  Event Graphs 

Event graphs are what Commoner and Holt have called Marked GraphsfCl]. 

We have chosen to call them event graphs because we would like to pre- 

serve the distinction between the structure and marking of a Petri net. 

In this Section, we would like to define event graphs and to state 

some results that we will need in Chapter 4, where we look at the idea 

of timing relationships between activities in deterministic systems. 

Definition 3.3.1  An event graph is an SMD Petri net in which every 

place has exactly one input transition and exactly one output transition. 

Example of an event graph 

Figure 3.3.1 An event graph 

Recall the definition of conflict given in Section 2.2.  It should be 

noted that no transitions in the net are in confliet.  Every marking for 

an event greph is persistent, and every event graph is a deterministic 

Petri net. The structure of event graphs enables us to define them in 

■HaaaM ■; ": '-  - -- '■"- 
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the following convenient fashion: 

Definition 3.3.2  An event graph Is a strongly-connected directed graph 

G = <V,A> 

«here V = {v.,...v ]   Is the set of transitions 
1    m 

A={al  CVXV  Is the set of arcs,  where arc a. . conne- 

cts transition v. to v.. 

A marking of an event graph Is a function that assigns to every arc a^. 

In the net a non-negative Integer called the token load of the arc. Note 

that In this definition of event graphs, an arc corresponds to a place 

together with Its Incoming and outgoing arc In Definition 3.3.1 (see 

Figure 3.3.2). 

O 
An arc In Definition 3.3.2 Corresponding structure  In 

Definition 3.3.1. 

Figure 3.3.2 

Figure 3.3.3 glv^s an event graph corresponding to the one in Figure 

3.3.1. 

Event graphs are seen to be conflict-free SMD Petri nets in which 

each simple circuit is a state-machine component. 

Theorem 3.3.1 (due to Commoner and Genrich) 

A marking for an event graph G is live if and only if the token content 

MMBMJ^MMMMBM—T—il« «- ir—wi  ii i 
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Flgure 3.3.3 
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of every simple circuit Is non-zero. 

Proof 

Necessity  If the token content of some simple circuit Is zero, no tran- 

sition In this circuit can be fired; since the token content does not 

change If other vertices are fired (lemma 3.1.1), no vertex on this cir- 

cuit can be enabled through transition firings. 

Sufficiency  Assume that the token content of every simple circuit Is 

non-zero. Let v. be any transition In the net. Consider the unmarked 

arcs entering v.. 

Figure 3.3.< 

If there are none, the vertex Is enabled. If not, consider the vertices 

from which these arcs emanate. If each of these Is enabled, then clearly 

v will become enabled after all of them are fired. If some are not, 

comilder the unmarked arcs entering them, etc.  As we continue this 

back-tracking, we are selecting a subgraph of G which consists of v., the 

vertices from which these arcs emanate, the unmarked arcs entering them, 

etc. This process must terminate, since G is finite. Now this subgraph 

■ III HIIIW—MfcMMMtit—l -^■^-—.        ■  .-■-      ■—-^—   ■■ 
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must be circuit-free  (i.e.,   a tree,   as shown in Figure 3.2.4),  since 

there are no token-free simple circuits.  Thus,  the subgraph must have at 

least  one transition that has no incoming arcs which belong to the sub- 

graph.  This vertex can be fired at the present marking of G.  After firing 

it,   the subgraph of token-free back-tracking from v.  is reduced by one 

transition.  By repeating this process,  we can enable v.. 

■ 

There is one more result we will need in connection with event graphs, 

the proof of which is given in [Cl]. 

Theorem 3.3.2  A live marking for an event graph is safe if and only if 

every arc is contained in some simple circuit containing exactly one 

token. 

Example Figure 3.2.5 gives an example of an event graph with a live, 

safe marking. Note that every circuit has at least one token on it, and 

that every arc is contained in some one-token circuit. 

Figure   3.3.5 

MMMMMMHMI -  -    - -• "-^ -    -■ 
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It is easy to see that event graphs have a live, safe marking that Is 

persistent, and are thus deterministic nets. However, event graphs are 

not the only Petri nets with this property. In the next Section, we 

study a larger class of deterministic Petri nets. 

MM  ■ .-in. 
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1^1 LSP Petri nets (Petri nets with a live, safe and persistent marking) 

The class of Petri nets Is  a large one, but we will confine our atten- 

tion to LSP Petri nets because their behavirr can be represented by Petri 

nets whose structure is very similar to that of event graphs. The mark- 

ed Petri net in Figure 3.4.1 is a good example of a Petri net which has 

a live, safe and persistent marking but which is not an event graph. The 

reader can verify that this net is LSP by drawing its reachability dia- 

gram, which we give in Figure 3.4.2. It is seen that in no marking in the 

forward marking class can there be more than one token on any place. Fur- 

thermore, at each marking exactly one transition is seen to be enabled. 

This verifies our claim that the net is LSP. In general, one can determine 

if a mirked Petri net is LSP by using the results of Section 2.3. As we 

have pointed out before, the reachability diagram of a marked Petri net 

obscures the concurrency that is inherent in the system it represents, and 

this is precisely what happened when we drew the reachability diagram for 

the net in Figure 3.4.1. We now present an alternative means of represen- 

ting the operation of LSP Petri nets. We will do this by constructing for 

LSP Petri nets a graph known as a behavior graph, and shall explain its 

construction by means of an example. 

Representing the Behavior of LSP Petri nets:  Consider the LSP Petri net 

9  shown in Figure 3.4.3(a). We begin by drawing and labelling the set 

t^ £ P of marked places in P  , (in this case {p , p , pt ). Let 

Tl " ^ti»t2'  be the 8et of ena^led transitions corresponding to P , and 

note that P^ corresponds to the initial marking of ?.  Let P be the set 

of marked places that results when all transitions in T are fired. Draw 

- -  I 
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Figure    3.4.1 

(1,0.1.0 

(0,0.1.1) 

(0,1.0,1) 

(1.1.0,0) 

Figure  3.4.2 
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all arcs P X T  that are contained in P^ T. Draw the places P' » T" ' 
1   1 11 

Draw all the arcs T x P' which are contained in f x P. 

Define P = (P - T ) X T' 
2  v 1   r        1 

This process of constructing the marked places P    that results when 

all enabled transitions for P are fired is called extending the behavior 

graph from P  to P   . Since P has a live marking, its behavior 

graph can be extended l.idefinitely. Figure 3.A.3(b) shows the behavior 

graph of P .    We now make some definitions. 

Definition 3.4.1  A chain in a behavior graph is any directed path in 

it. 

Example    P-, tiP-^.p t ...   is a chain in S. 
i J- J J T 4 

Definition 3.4.2  A slice of a behavior graph & is a  set of places 

that forms a cut-set of 0. 

Note  In a cut-set, no two elements of the set can belong to the same 

chain. 

Example   P = I?,. Po. P6\  is a slice of #. 

Each slice of a behavior graph corresponds to a marking of the LSP Petri 

net. 

Lemma 3.4.1  Each place in a behavior graph for an LSP Pwtri net must 

have exactly one input transition and exactly one output transition. 

Proof  Suppose some place p in the behavior graph S has more than one input 

transitlo-. Then, there must exist a marking M*  in the marking class of 

■^M ■--■■■  ■--  ■- ■- ■---■—■- ■■- 
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I 

Figure 3.4.3 

Behavior Graph Jo 

(b) 
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Cyclic Frustrum of ® . 

(c) 

Steady-state equivalent net x» . 

(d) 

Figure 3.4.3 
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the net P in which more than one token is placed on p , implying that P 

has a marking that is not saff . Hence, every place in ß has exactly one 

input transition. 

Also, suppose some place p in ^ has more than one output transition. 

This implies that there exists a marking M' in the forward marking class 

for ^at which more than one output transition is enabled. This violates 

the assumption that ^ has a persistent marking. Hence, each place in r 

has exactly one input and exactly one output transition. 

Lemma 3.4.2  There exists a slice in the behavior graph ß of an LSP 

Petri net P that occurs repeatedly. 

Proof  Each slice of S corresponds to a marking cf fi . Since & has a 

safe marking, the number of distinct markings in the marking class for 

the net is finite. Therefore, since the behavior graph is infinite, 

there must exist a slice in ® that occurs repeatedly. 

The reader is now asked to refer to Figure 3.4.3. The slice P repre- 

sents the initial marking of (P.  P.. does not occur again in i» .A 

behavior graph that has slices which do not repeat is said to have a 

transient, and such slices are termed transient slices. In ttrms of the 

Petri net 9  , a transient slice represents a marking that cannot be -ea- 

ched after an initial occurrence. Tne slice P  (shown dotted) is a slice 

which has repeated occurrences in 3 . A cyclic frustrum of % ±s  the por- 

tion of o between two consecutive occurrences of some repeated slice. In 

Figure 3.4.3(c), we show a cyclic frustrum of abounded by consecutive 

occurrences of the slice {p • P.. p I   in $ . Since ^ is derived from 
1  «  6' 

a persistent marking of J  , only one way is possible of extending this 

mmm 
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to ^P . P4. P6i  •  In general, for any slice P of the behavior graph, 

there exists a unique extension P  . Thus, every cyclic frustrum bounded 
k+1 

at each end by the slice ^p , p  pi  is identical to every other cyclic 

frustrum bounded at each end by this slice. Hence, instead of drawing an 

infinite behavior graph 2  , we will choose some cyclic frustrum of ß  and 

then coalesce corresponding slices together in the initial and terminal 

slice of the cyclic frustrum. The net so obtained is termed the steady- 

state equivalent net of f,  and is shown in Figure 3.4.3(d). The marking 

M for the steady-state equivalent net S   is obtained by putting one 

token on each place in the initial slice. The construction of this net 

is such that the set of firing sequences of J  is identical to that of 

the net " . Also, the reachability diagram of J  is contained in that 

for P ,  there possibly being some extra states in ^corresponding to the 

transient. The reader can see this from the graph J9 , and it is not 

necessary to construct the reachability diagram of P, 

We have shown that in i8, and hence in J  , each place has exactly 

one input transition and exactly one output transition. J  thus has the 

structure of an event graph, with the difference that certain place and 

transition names occur more than once in it. Transition t and places 
3 

P3 and PA occur twice» for example. Such an event graph is termed a 

multiply-labelled event graph. We will not define multiply-labelled event 

graphs formally, but will merely say that they are event graphs in which 

certain places and transitions have repeated occurrences (or instances). 

The LSP Petri net P has the property that it is possible to add tokens 

to certain places and still have a marking that is live and bounded, but 

no longer safe. Tokens can be added to all places except p and p , such 

mm mm^'M 
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(a) 

Figure 3.4.4 (b) 
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that ehe resulting marking is live, bounded and persistent. The steady 

state equivalent net for T  with this new marking is simply the net £ ; 

the marking for / is constructed by adding the same number of tokens tc 

a place in £  as were added to the corresponding place in .r . If there ar 

multiple instances of a place in i  , then tokens can be added to any of 

those instances, provided the sum of the tokens added to all instances 

of a place equals the number of tokens added to the corresponding place 

in P. Figure 3.4.4(a) shows a live, bounded, persistent marking for 

and Figure 3.4.4(b) its corresponding steady-state equivalent net /. 

We should mention that there exist Peu i nets which have a live, 

bounded marking but no live, safe marking. Figure 3.4.5 sliows such a 

Petri net. Thus, the preceding technique ca^ot be used to construct a 

steady-state equivalent net. 

Figure 3.4.5 

-- - —  —.. - -^— ■ - 
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3.5  The Structure and Consistency of SMD Petri nets 

3.5.1 Existence of a live marking for an SMD Petrl net 

In Section 3.3, we saw that for event graphs a necessary and sufficient 

condition fot a marking to be live Is that there be f.t least one token on 

each simple circuit. Since a simple circuit ii1 an e\ent graph correspond? 

to a state machine in an SMD Petrl net, the reader may be tempted to ask 

If we can get a live marking 'or an SMD net by adding at least one token 

on each state machine component. The nets given In Figure 2.1.9(c) and 

2.1.10(c) are counter-examples to this conjecture. In Figure 2.1.9(c), a 

subset of the transitions in the net can never be fired, whereas in 

Figure 2.1.10(c), no transition can be fired. Both are examples of Petri 

nets which do not have a live marking. We now give a necessary condition 

for a marking M for an SMD Petri net ^P to be live. 

Theei.em 3.5.1  A marking M for an SMD Petrl net P is live only if the 

token content of every state machine is non-zero. 

Proof  We will show that if the token content of some state machine is 

zero, then no transition in it can be fired. Without loss of generality, 

let S be a state machine component of W  and let t be a transition in 

it, i.e., if S = 'P , T , A > then t e T . By hypothesis, the input 

place p of transition t in state machine S.. must be unmarked. Also, by 

Lemma 3.1.1, it must stay unmarked. This implies that there is no marking 

M' e M at which transition t can be fired. Hence, the marking M is not 

live. Note that no transition in S can be fired at any marking M' e M. 

■ 

Hack[H5] has shown that a subclass of SMD Petri nets called SMA ( state 

machine allocatable) Petri nets are similar to marked graphs in that any 

- _^  .„ A .. 
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(a) 

Reduced net No.   1 

(b) 

Figure  3.5.1 

Reduced net No.     2 
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marking that puts at least one token on every state machine is live. We 

proceed to describe the structure of these nets in what follows. The ma- 

terial in Subsection 3.5.2 is taken from Hack[hl, H5]. 

3.5.2 State Machine Allocatable Petri nets 

Definition 3.5.1  A state machine allocation over a Petri net «^P.T.A^ 

is a function   B: T —»■ P  such that 

V t fc T   B(t)  6   "t. 

Informally, this means that for each transition in the net, we pick 

one of its input places and ignore the others. Given such a state machine 

allocation, we perform a reduction by deleting certain places and transi- 

tions in the following manner: 

Step 1  Delete all places for which at least one output arc has been 

deleted. 

Step 2 Delete all transitions that have all output places already deleted. 

Repeat Steps 1 and 2 until neither is applicable anymore.  What is left 

over is the reduced net. Each step eliminates some nodes and arcs that are 

not part of the reduced net, until no more nodes and arc? can be deleted. 

A Petri net is said to be state-machine allocatable iff every state 

machine allocation gives a reduced net that is either a strongly-connected 

state machine or a set of strongly-connected state machines. We will 

abbreviate the last remark by using the contraction "SSM" to denote "a 

strongly-connected state machine or a set of strongly-connected state 

machines". In Figure 3.5.1(a) we give an example of a Petri net which is 

state-machine allocatable. In Figure 3.1.5(b), we show two allocation 

■M -'"-- ■  - - --"■-   —-■ 
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Figure 3.5.2(a) 
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SMA Reduced net No.   1 

.""V    \ 

"V- 

■«•-^ 

/ 

„ s 

SMA    Reduced net    No.   2 

Figure 3.5.2(b) 
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SMA    Reduced net No.   3 

/    \ 6 
\.^ 

(V 
SMA Reduced net No.  4 

Figure  3.5.2(b) 
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An SMD    Petri net  that   is not    SMA 

Figure 3.5.3(a) 
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Figure 3.5.3(c)    Non-SMA Petri net with a live 

mark ing 
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reduced SSM's. Reduced net No. 1 results from allocatine t  to p  and 

reduced net No. 2 results from allocating t to p,.. Since each of the two 

allocation reduced nets is an SSM, the net is SMA. 

Let us give another example. Consider the Petri net in Figure 3.5.2. 

Since each of the state machine allocation reductions is an SSM, the net 

is SMA. 

We now give an example of a Petri net which is SMD but not SMA. Such a 

net is given in Figure 3.5.3. We see that two of the SMA reductions are 

SSM's and the other two are null; the net is not SMA.  In case the reader 

is a little confused, we would like to point out that the property of a 

Petri net being SMA is a structural property of the net, and he will note 

that no mention has been made of markings so far. 

The reason we have introduced SMA Petri nets is that they form the 

largest subclass of SMD Petri nets we know of that has une property that 

any marking which puts at least one touen on each state-machine component 

is live. This is the result presented in the next Theorem. We present 

this Theorem without proof anu readers interested in the details are refe- 

rred to Hack[HI,Hb]. 

Theorem 3.5.2 ( The SMA Petri net liveness Theorem)   A marking M for 

an SMA Petri net P  is live iff it puts at least one token on each state- 

machine component of the net. 

This Theorem is of interest because it tells us how to construct a live 

marking for any SMA Petri net- simply put one or more tokens on each state 

machine component of the net. The non-SMA Petri net shown in Figure 

3.5.3(a) also has the property that any marking that puts at least one 

token on every state machine is live, as the reader can easily verify. 

■BBtoMta^Bte. i  !■! 



1 ' ■     '        •mm^^mmm^mmmmmmmmrmmmmm  ■■ 

-94- 

reduced SSM's. Reduced net No. 1 results from allocating t to p  and 
4    2 

reduced net No. 2 results from allocating t to p,. Since each of the two 

allocation reduced nets is an SSM, the net is SMA. 

Let us give another example. Consider the Petri net in Figure 3.5.2. 

Since each of the state machine allocation reductions is an SSM, the net 

is SMA. 

We now give an example of a Petri net which ?s SMD but not SMA. Such a 

net is given in Figure 3.5.3. We see that two of the SMA reductions are 

SSM's and the other two are null; the net is not SMA.  In case the reader 

is a little confused, we would like to point out that the property of a 

Petri net being SMA is a structural property of the net, and he will note 

that no mention has been made of markings so far. 

The reason we have introduced SMA Petri nets is that they form the 

largest subclass of SMD Petri nets we know of that has the property that 

any marking which puts at least one token on each state-machine component 

is live. This is the result presented in the next Theorem. We present 

this Theorem without proof and readers interested in the details are refe- 

rred to Hack[Hl,H5]. 

Theorem 3.5.2 ( The SMA Petri net li/eness Theorem)   A marking M for 

an SMA Petri net P  is live iff it puts at least one token on each state- 

machine component of the net. 

This Theorem is of interest because it tells us how co construct a live 

marking for any SMA Petri net- simply put one or more tokens on each state 

machine component of the net. The non-SMA Petri net shown in Figure 

3.5.3(a) also has the property that any marking that puts at least one 

token on every state machine is live, as the reader can easily verily. 
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Figure 3.5.3(c) shows the Petri net of Figure 3.5.3(c) with a live mar- 

king.  We present the following as» an open problem: 

What is the largest class of SMD Petri nets which has the property 

that any marking that puts at least one token on every state machine 

component is live? 

We now turn to examining the issue of consistency for SMD Petri nets. 

3.5.3  Consistency of SMD Petri nets which have a live markinK 

Recall Corollary 3.2.1, which we repeat here for convenience: 

Corollary 3.2.1  If a Petri net (P is LB, then there exists an initial 

marking M for which there exists a cyclic firing sequence. 

In Section 3.4, we established the connection between a cyclic firing 

sequence and the steady-state equivalent net for event graphs and LSP 

Petri nets. We now introduce a concept similar to the steady-state equi- 

valent net in connection with li^e SMD Petri nets. A firing sequence, as 

we have pointed out in Section 3.4, expresses an ordering relation on tra- 

nsition firings in a fashion which obscures the concurrency that is in- 

herent in the Petri net. To preserve this inherent concurrency, we intro- 

duced the behav'or graph for LSP Petri nets. We will now introduce a more 

general concept to study the behavior of SMD Petri nets- the occurrence 

graph. This notion is not a new one, having been studied extensively by 

Holt[H6]. As we did for behavior graphs, we shall illustrate the cons- 

truction of an occurrence for an LS SMD Petri net by means of an example. 

We begin with a live, safe marking for an SMD Petri net(see Figure 3.5.4), 

Construction of Occurrence Graph     Begin by drawing every marked place 

mmm   
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Occurrence Graph No.  1 

Figure  3.5.5 

Occurrence Graph No.   2 
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in the net together with a token on each place (I.e., places p and pq). 

''ow, since a place may have more than one output transition, we may have 

several enabled transitions connected to the same place. In event graphs 

and LSP Petri nets, we saw that every place has at most one transition 

enabled at any marking. This is not necessarily true for SMD Petri nets. 

As an example, consider the marked Petri net of Figure 3.5.4. Both the 

output transitions tr and t of place p are seen to be enabled; since we 
5     6 5 

can fire only one of these transition:  we must make a choice between them 

and fire the one we choose. We will extend a place in an occurrence graph 

by drawing the output transition chosen for firing, firing that transition 

and then drawing the new marked place(s) that result. A slice of an occu- 

rrence graph is a set of places that forms a cut-set of the graph. We can 

talk about extending a slice in the same way as we did for behavior graphs, 

the difference being that a choice may have to be made between enabled tra- 

nsitions.  In the construction of a behavior graph, there never occurs a slice 

for which a choice has to be made between output transitions.  Thus, there is 

only one behavior graph for «D event graph or an LSP Petri net, and this 

graph is unique. On the other hand, several occurrence graphs may be possi- 

ble for LS SMD Petri nets. In Figure 3.5.5, we show two possible occurr- 

ence graphs for the net in Figure 3.5.A. The reader will realize that an 

infinite number of occurrence graphs is possible for this nat, or, for that 

matter, in any LB net with a non-persistent marking. 

Now let us apply Corollary 3.2.1 to the occurrence graph for an LS 

SMD Petri net. An occurrence graph is a concurrent representation of a 

firing sequence for a Petri net, and each slice represents a marking 

of tha net. A repeated slice thus represents the repeated occurrence of 

Itimmw iII  ... ■■ - • -■ .— -*-*-*  -  
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5       * 

Consistent current assignment 

cp^ 1 cp2 = 1 cp3 = 2 cP4 =  2 cp5 = 2 96 =  3 

CP7=3 

Figure 3.5.6 
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Figure  3.5.7    Cyclic Frustrum 
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Figure 3.5.8    c-equivalent net 
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some marking. The portion of an occurrence graph between two consecutive 

occurrences af a slice is termed a cyclic frustrum, and corresponds to a 

cyclic firing sequence for the marked net. Theorem 3.2.1 tells us that 

for any consistent current assignment for an LB Petri net, we can find 

a cyclic frustrum in the occurrence graph of the net. The number of 

occurrences of any transition in the cyclic frustrum equals its current 

in a consistent current assignment. 

Example 3.5.1   Consider the SMD Petri net of Fig are 3.5.4. In Figure 

3.5.6, we show this Petri net with a minimal integer consistent current 

assignment. We draw the occurrence graph as discussed earlier, and Figure 

3.5.7 shows a cyclic frustrum of this occurrence graph, in which the ■alti* 

plicity of each transition equals its associated current in the consistent 

current assignment exhibited in ^ipure 3.5.6. We now coalesce correspon- 

ding places in the repeated slic; in a manner similar to what we did for 

behavior graphs. The resulting strongly-connected net is termed a consis- 

tency -equivalent net for the SMD Petri net, abbreviated to "c-equiva- 

lent net" . The c-equivalent net for the cyclic frustrum of Figure 3.5.7 

is shown in Figure 3.5.8. 

Let us now note - ome facts about the relationship between an SMD Petri 

net and its c-equivalent Petri net. Let us begin by saying that we will 

consider only minimal integer consistent current assignments. Note that 

the c-equivalent net of an SMD Petri net f is not unique. Figure 3.5.9(a) 

shows an SMD Petri ^.t P  with a minimal integer consistent current assi- 

gnment. The net y has several c-equivalent nets, two of which are 

shown. We observe that in the construction of a c-equivalent net for an 

IHM •^HMdMiMMM.         i   imiäm um im— 
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Minimal integer consistent current assigninent 

<?! = 92    =    1 

9 «P7    =    2 

o 

Figure 3.5.9(a) SMD Petri net  P. 
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Figut .  3.5.9  (b) 
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SMD Petri net ^ with a minimal Integer consistent current assignment, 

each state-machine In r   conespjrJs to a circuit In the c-equlvalent net. 

We formalize this In the following Lemma. 

Leirnna 3.5.1  Let fi be an LS SMD Petrl net with a minimal Integer consis- 

tent current assignment $ , and let € be a c-equlvalent net for P .  Then, 

every state machine component In P   corresponds to a simple circuit In € . 

Proof  Let ? be the cyclic frustrum corresponding to «^ . Applying 

Theorem 3.5.1, we see that the Initial slice of 7-  must contain at least 

one place from each state-machine In P .  Now consider a chain In 7 boun- 

ded at Its extremetles by two consecutive Instances of some place p . In 

«j , this chain corresponds to a simple circuit. By the construction 

procedure for occurrence graphs. It Is obvious that each state machine In 

corresponds to a chain In ?■  . This proves the Lemma. 

Example  Consider the LS SMD Petrl net of Figure 3.5.6. Each of the two 

state machines corresponds to a circuit In the c-equlvalent net shown In 

Figure 3.5.8. Note that there are two circuits In the c-equivalent net 

which do not correspond to any state-machine In the SMD Petil net. An 

example of such a circuit Is p^^t^t^t^t^t^ . 

Since the c-equlvalent nev. corresponds to a cyclic firing sequence for an 

LB SMD Petrl net, we see by applying Theorem 3.2.1 that the multiplicity 

of a transition In the c-equlvalent net must equal Its current In a mini- 

mal Integer consistent current assignment. 

To recapitulate the main results of this Section, we have the following: 

(1)  We hav» Introduced the subclass of SMD Petrl nets known as SMA Petrl 

IM M—-,..— —-—^ ..■■ - ■—«nfiini  i 
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nets, which have the property that a marking is live if and only if each 

state machine contains at least one token. This is the largest class of 

SMD Petri nsts known to date that has this property. 

(2) We have introduced the c-equivalent net of a Petri net which has a 

live, bounded marking. For SMD Petri nets, we have seen that every state- 

machine corresponds to a circuit in a c-equivalent net. The converse is 

not true in general. 

We now turn to the issue of applying Petri net theory to the analysis 

of asynchronous concurrent systems. 

k^M ■ —  1 



CHAPTER A 

TIMED PETRI NETS 

4.1  Timing In Petrl Nets 

In our discussions so far, we have not entered into any timing con- 

siderations in connection with Petrl nets. Thus, while SMD Petrl nets 

can model the structure of asynchronous concurrent systems, they do not 

contain enough infonaation to be used for a study of issues of perfor- 

mance of the type discussed in Chapter 1. In defining Petrl nets, we 

made no assumptions about the length of time it takes for a transition 

to fire. In real-world systems, activities do not take place instan- 

taneously.  Every activity in a system has a time duration which is 

different from zero, and in all the systems we will model, we will 

make the added assumption that all activities complete in a finite 

amount of time.  In the Petrl nets that we use to model these systems, 

we will assume that every transition takes a bounded, non-zero amount 

of time to fire. The resulting model of asynchronous, concurrent systems 

is termed Timed Petrl nets, and is formalized below. 

Definition 4.1.1  A Timed Petrl Net is a pair  < ^,0) where ^ is a 

Petrl net <P,T,A)  and Q is a function that assigns a real, non- 

negative number T.  to each transition t. in the net. 

0 :   T » "R     f Ä is the set of non-negative real 

numbers ). 

This non-negative real number T  = n(t )  is termed the firing time 

of transition t . 

•107- 
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The operation of the net  can now be assumed to take place  in real  time. 

At  any  instant T  of  real  time,  the net has  a marking M(T),  with the 

understanding that    we may view M both    as  a vector and  a function.  We 

denote the  initial marking as    M(0).     We write M(T,p)   for M(T)(p),   i.e., 

the number of tokens  on place p at  time T.     A transition t     is  said to 

be enabled  at  time T   if and  only if every input place  of transition t 

has  at  least one token on it.   I.e., 

M(T,pk)    s    1    for all pk €    "t^ 

When transition t.     Is  enabled,   a firing can be  initiated.  When a firing 

is  initiated,   a token  is  removed  from each input place  of  t.   and 

transition t.  is said to be executing.    This execution phase lasts 

for T.    seconds, where T.   is the firing time of transition t..  At the 

enl of this time duration,   the firing of transition t.  terminates,  and 

a token is placed on each output place p^ € t.•.    This completes the 
J 

firing of transition t.. 

The three phases of a transition firing can be visualized by imagining 

every transition    as consisting of two transitions  and an intermediate 

place as shown in Figures 4.1.1.   The firing time of the transition t 

can now be associated with the place n      in the following fashion: 

When transition t       initiates,  t   '  fires  instantaneously,     a       token 

is removed  £rom each  input place of t   ',  and a   token is deposited on 

place n .  This token is held by    place n      for a duration equal toT., 

the firing time of t   .   At the end of this    interval,   transition t," 

fires,  corresponding to the termination of t.. 

The initiations and terminations of transitions  in a Petri net must 

.__MIMH.  1 ^. — »^_«^^_^_. ^ 
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(a) (b) 

Figure 4.1.1 

satisfy the following balance equation: 

Notation 

Let p be a place  in a Petri net 9 . Let t     ,...t.       be the input 

transitions and    t. t.    the output transitions of p. 
jl    Jm 

Let I(T,t) denote the number of initiations o^ transition t up to 

and Including time T, 

and T(T,t) denote the number of terminations of transition t up to 

and including time T. 

Then, if M(0,p) is the number of tokens on place p at time zero, and 

M(T,p) that at time r, the following must be satisfied: 

M(0,p) + T(T,t11)+...+ T(T,tin)  = M(T,p) + KT.t^) +...+ I(T,tjm) 

We will refer to this as the token balance equation, and will make use 

of it in later sections. A word now about the choice of a f ring time 

for a transition in a Petri net. 

MM ■■——■ - 
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We have defined T  to be a non-negative real number, thereby assu- 

ming that the duration of each activity is fixed. This may not be a very 

accurate picture of real-world systems, for , in practice, the execution 

time of an operator depends upon the data it is called upon to handle. 

In a floating -point adder, for example, the add time will depend upon 

the arguments and their exponents. Thus, it may be more reasonable to 

assume that a transition firing time is a random variable whose distri- 

bution can be represented by a rectangular distribution of the form 

shown in Figure 4.1.2. 

Probability 

density 

1_ 
2W 

Assumed distribution 

More realistic 
assumption 

T.-^    T.   T -Ho  Firing time 

Figure 4.1.2 

We will return to a consideration of statistical firing times in Section 

4.5. 
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4.2 Dynamic Behavior vf  Timed Petrl Nets 

In Chapters 2 and 3, we introduced the ideas of firing sequence and 

behavior graph to characterize the action of Petri nets. For timed Petri 

nets, we have postulated the existence of a real-time axis against which 

the firing of transitions can be noted. At time zero, the net has a 

marking M(0). Transitions are allowed to fire, and the time at which 

the firing of a transition takes place is recorded in a table known as 

a firing schedule. 

A firing schedule for a timed Petri net is a set of sequences of ini- 

tiation and termination times for the transitions of a net. The firing 

of a transition is feasible if the transition was enabled at the instant 

the firing was initiated.  If every firing in a firing schedule is fea- 

sible, the firing schedule is feasible. A firing schedule is infeasible 

(or not feasible) if it calls for the Initiation or termination of an 

activity earlier than allowed by the termination of other activities. 

Figure 4.2.1 is an example of a timed Petri net and Figure 4.2.2 gives 

a feasible firing schedule for it. 

Figure 4.2.1 A Timed Petri net 

m i ii—^i—in 
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w    Number of 

^S^^lrlngi 
Trans--^ 
itlons   X. 

1 2 3 4 5 

t (0,   5) (12.   17) (24,   29) Cl 

t (7,   10) (IS   22) (31,   34) r2 

t (5,   7) (10,   12) (22,   24) (29,   31) 3 

Figure 4.2.2 Feasible Firing Schedule for Timed Petri Net in Figure 4.2.1. 

.Number of 
^vflrings 

Transit, 
tlons       >v 

1 2 3 4 5 

t (0,   5) (12,   17) (24,  29) tl 

t (7,   10) (19,   22) 
« 

(30,   3^) t2 

'3 (5,   7) (10,   12) (17,  19) (22,  24) (29,   31) 

Figure 4.2.3 Infeasible Firing Schedule for Tim. d Petri Net in Figure 4.2.1. 
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Figure 4.2.3 gives an infeasible firing schedule for the same net. The 

starred entry implies that the third initiation of transition t2 takes 

place at T = 30; this is impossible, because the third initiation of 

t cannot take place before the termination of the fifth faring of t3, 

v^iich happens at T = 31 units. 

Readers will note that in the feasible firing schedule of Figure 

4.2.2, the initiations of transitions tj, t2 and t3 take place at regu- 

lar intervals. For example, consecutive initiations of transitions ^ 

and t occur at intervals of 12 time units. Trans'.tion t3 behaves in 

a slightly different fashion. We notice that the first, third,fifth,... 

transition, initiations occur every 12 time units, i.e., alternate 

initiations occur every 12 time units. 

A firing schedule with this property is termed a periodic firing 

schedule.  If all transitions in the net can have consecutive initia- 

tions at regular intervals, we would term this a strongly-periodic 

firing schedule. The computation rate of a transition is the average 

number of firings of that transition in unit time. We can see that 

transitions t. and t. have a computation rate of once every 12 time 

units, or 1/12. Transition t3 has a computation rate of twice every 

12 time units, or 1/6. These computation rates are the maximum rates 

possible for the transitions. 

The Petri net in Figure 4.2.1 is seen to be an LSP net, so that it 

represents a detemlnistlc system, and its steady-state equivalent net 

is  the multiply-labelled event-graph shown in Figure 4.2.4.  The 

multiplicity of transition t3 is 2, while that of both t1 and t2 is 1. 

A consistent current assignment for the net ^ = cp2 = 1,  cp3 = 2. 

           ■---  
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Figure 4.2.4   Steady-state equivalent net for the Petri 
net in Figure 4.2.1 

We note that ehe computation rates of transitions t-, t- and t. are in 

the ratio of their currents in a consistent current assignment. Before 

we can justify this, we look informally at the computation rate of 

transitions in an event graph; successive generalizations of the ideas 

presented below will lead us to all results of Interest in this thesis, 

tncludinn the computation rate of transitions in timed SMD Petri nets. 

Consider the simple circuit shown In Figure 4.2.5, in which each 

transition t has an associated firing time T. . We will begin by assu- 

ming that the circuit has oue token on it, and will then extend the ana- 

lysis to n tokens. With one token on the circuit, each transition can fire 

^^-«ttMMMtaM. 
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In turn over and over again. Suppose that the circuit is denoted by 

Pjt.p t2...p t  , and suppose (without loss of generality) that initially 

the token is on place p.. Let n = T + T +...+ T. . Then, the token 

fires every transition in the circuit in t-   n and reappears on p every 

n seconds, assuming that no time is allowed to elapse between a tran- 

sition being enabled and being initiated. Under this assumption, every 

transition initiates at Intervals of n seconds, and n is the period of 

the firing schedule for the circuit that realizes the maximum computation 

rate. The computation rate is easily seen to be p = 1/n. Now suppose that 

the circuit has n tokens on it instead of 1. For the combined action of 

the n tokens, the firing rate becomes n/n,  or  n   . Every transition 

in the circuit has a maximum computation rate given by this expression. 

Let us now consider transitions in a timed event graph. We knov 

from Theorem 3.2.1 that in an event graph with a live marking, the token 

content of every simple circuit is non-zero. Thus, let the token content 

of a circuit C. be n, , where n. y 0. Also, let it.  denote the sum of the 

firing times of transitions 1° C. .  If every circuit were by itself, the 

transitions in circuit C. would have a computation rate of n, / it. . 

However, in a strongly-connected event graph, the circuits are inter- 

connected and intuitively it is clear that they will affect each others 

natural computation rate (i.e., the computation rate the transitions in 

a circuit would have if the circuit were isolated from the other cir- 

cuits) . 

Now, without loss of generality, let C.  be the circuit with th sma- 

llest natural computation rate n /«,. Clearly, all transitions t,....•(:.. r nl      " Uli 
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i+1 

1+1 

Figure 4.2.5. 
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€ C.  have a computatton rate that cannot exceed    n../«..   (see Figure 

4.2.6). 

■2m 

Figure 4.2.6 

Extending this argument, we see that  If there exists a directed path 

between any two transitions In the event graph, they must have the same 

computation rate. Since every transition is on some directed path from 

transitions t..^, t.», ...t...,  we conclude that all transitions In ■ e 

event graph must have the same computation rate, which cannot exceed 

B|/lC..  What this means Is that In any timed event graph (G,Q) ,  all 

transitions have the same computation rate, which cannot exceed 

mln ■[ n1/jt1,... r^/jtjj 

where C^.-.C,  are the simple circuits of the graph, 

n.  is the token content of circuit C., and 

Jt  Is the sum of the firing times of transitions In circuit C.. 

*tMimitm*t^muii*i*t*mtmaim*ttäim ..-. ......... J. ^^f. 
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We have been able to obtain,informally, a bound on the computation rate 

of transitions in a timed event graph.  In the next Section, we will 

show that this bound can actually be realized. 

1 

"'mir-' ... . 
in ii iinimii ■,III 
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4.3 Timed Event Graphs 

In the previous  section, we saw informally how we could obtain a 

bound on the steady state computation rate of a timed event graph. 

Here, we will show that the bound we have obtained is actually 

realizable;   furthermore, we will show that  there exists a strongly 

periodic firing schedule for which the transitions have a computation 

rate equal to the bound. 

We will use  the notation for event graphs  given in Definition 3.3.2. 

To recapitulate,   let & be a timed event graph <G,n) where 

G is a strongly-connected event graph <V,A). 

Recall that    V =  {v-,v2,...v  )  is  the set of  transitions. 

A =  (a..) c V x V is  the set of arcs. 

a.,  is an arc that connects  transition v.   to transition v.. 

0 is a  function that assigns to each transition v    a firing  time T., 

i.e,,    n: V -^^ Ä      (where H is  the set of non-negative real numbers). 

We  write T.   for n(v.). 

Let M(0) be  the  initial marking of the net.     Recall  that M is used 

interchangeably as a vector and a function.     For event graphs, 

Mfr.a. .) will denote the number of tokens on arc a, . at  time T« v  '   ij ij ' 

Arcs in event graphs will be treated in the same way    s places  in un- 

restricted Petri nets. 

We now proceed to formalize  the definition of a feasible  firing 

schedule for  timed event graphs. 

■■■■aMMHMia ____________ • - il  ■¥■«   ' '   -"   "^-- -' "   ■ 
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Definition:    A firing schedule S  for a timed event graph ^ is a pair 

<S  ,   S >  such that 

► 1R, T] =  {1,2...} 

and    ST(n,vi)  = SI(n,vi) + T ^ 

S (n,v ) is the nth initiation time of transition v^ 

S (n.v,) is the nth termination time of transition v . 

Sj : T] x V 

ST : 71 x V 

A firing schedule for a timed Petri net may not be realizable because 

some transitions are specified to fire when they are not enabled.  A 

feasible firing schedule is one that does not violate this requirement. 

We now show how to determine the marking M(T) at any instant of time T 

for a timed event graph & which has a feasible firing schedule S. 

Notation: At any instant of time T in a firing schedule S for timed 

event graph £, 

I (T,V )  denotes the number of initiations of transition v^  up to and 
S      J- 

including time T. 

T (T.V ">  denotes the number of terminations of transition v up to and 
8 M » ^. i 

including time T. 

Let a.. = (v.,v ) be an arc in the event graph G. 

By token balance 

Md-.a^) =M(0,aij) + ^(T.V^ - 1,(1^). 

Now consider the enabled transition v shown in Figure 4.3.1. If an 

initiation of v. takes place at the instant T, then inmediately prior 

MMMteM __a^_1I1- MMMMMSU^ MAM^MM^~ 
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to Instant T, there must have been at least one token on every input 

arc of v.. We will use the notation f" to denote an instant (T-€) where 

£ —* 0' T" will, for all practical purposes, denote the instant T 

itself. 

Definition; A firing schedule S for a timed event graph £ is feasible 

iff for any transition v and for k = 1,2,3..., we have 

V a^ € 'vy    M^k.vj]-, a^) :> 1 

where l.(ktV.] denotes the instant just prior to S [k,v,]. 

Input arcs of 
transition j 

Figure 4.3.1  An instant when transition v can initiate. 

Suppose we now consider a run of the event graph i. Consider an 

arc aij that initially had M(0,a ) tokens on it. Suppose transitit 

has fired n times up to and including an instant of time T.  It is 

- - in i -i iIf iliin— 
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obvious that In the same Interval of time, transition v. could have 

fired at most M(0,a .) + n - 1  times without driving the token content 

of arc a  negative. The (M(0,a. .) + n)th initiation of transition v 
^ J ^- J * 

must await the nth termination of transition v .  We will show in the 

next Theorem that this is a necessary and sufficient condition for a 

firing schedule to be feasible. 

Theorem 4.3.1: A firing schedule S for a timed event graph ^ = <G,n) 

is feasible iff for each arc a . in the graph G, and for n = 1,2,3... 

ST(n,vi) s Sj.Cn + M(0,aii), v^. 

This can be stated equivalently as 

Sj-Cn^) + i^ *: Sj (n + M^a^), Vj). 

Proof: 

Necessity;    We prove this by contradiction.    Suppose  there exists 

a feasible  firing schedule such that  for some n and some a,, 

ST(n,v1) >    SI   (n + M(0,aij),  Vj), i.e.. 

SjCn^) +Tt> SjOi + M(0,a     ),  Vj). 

Let r = S (n + M(0,a ), v.) and therefore 

IgCT.Vj) = n + MCO^J.J). 

Since T < S (n,v ), we have TgCr.v^ < n. 

Using token balance, 

■MMHKHMH .-...   ■■ ...... 
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Mfr.a^) = MCO.a^) + Tgfr.v^ - IS(T,  v^ 

MCO.a^) + Ts(T,vi) - n - M^.a^) 

Ts(T,vi) - n 

i.e., Mfr.a^) < 0 

This is the desired contradiction of feasibility of S. 

Sufficiency:  Suppose S is a feasible schedule, and consider any instant 

of time T > 0 such that 

SjOi + M(0,aij), Vj) = T 

We wish to show that for the instant T  just prior to an initiation of v 

Md-'.a^) a 1. 

Now, at time T', 

M(T''aij) = ^O'Vj) + Ts(T"'vi) " (n + M(0'aij) " l) 

j 

=TS(T'»Vi) ' n + 1 

but 

Tgfr'»^) 2 n- 

Hence, 

M(T-,alj) 2 1 

We have introduced the idea of a strongly periodic firing schedule in 

Section 4.2.  We now give a formal definition of a strongly periodic 

firing schedule for a timed event graph. 

■ Mil        -  
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Definition:    A feasible  firing schedule  S  for a  timed event graph £r 

is  strongly  periodic with period     «> 0  iff  there exist real numbers 

x,  2 0 such  that 

SI(n,v1)  ^ xi +  (n-l)rt n =  1,2,... 

1  = 1,2,...m. 

The real numbers x.,.. .x are the displacements of the firing times of 

transitions from the instants 0,«, 2n,... 

Corollary 4.3.1.1: Let a. . be an arc in a timed event graph 4.  Then X» 

has a strongly periodic firing schedule with period it > 0 and with 

displacements x,,...x iff Va. . € G, we have 
1'   m     ij   ' 

xi + ri <: ^ + MCO,«^). 

Proof; Theorem 4.3.1 states that V a  € G and for n = 1,2,... 

SI(n,vi) +Ti^    SI(n + M(0,aij), V )...f4.ll. 

By the definition of a strongly periodic firing schedule we have 

SI(n,vi) = ^ + (n - l)n 

and Sj.Cn + M(0,a ), v ) = x + (n + M(0,ai ) - 1). 

Substituting  into inequality 4.1,  we have 

x1 +  (n -  1)      + Tj s x    +  (n + M(0,a     )  -  1) 

or Xi + Ti    ^  x4   +   M(0»aij) 

The inequalities of Corc'iary 4.3.1.1 can be rewritten 

xj  " xi 2 Ti "    M^0»ftlJ)        V aij € G' 

■mi 
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The quantity r*   " TTM(0,a. ,) is a constant for each arc a .. 

Let us write 

Ti - nMCO.aj^j) = c^. 

Corollary 4.3.1.1 can be rewritten as follows: 

A timed event graph I  has a strongly periodic firing schedule for 

displacements X.....S iff 
l m 

V a.. 6 G, we have x. - x. i e.....[4.2] 

where ci = Ti - TrM(0,a ). 

We would now like to investigate under what conditions the set of 

inequalities [4.2j is true.  In order to do this, w«. make a brief 

excursion into tha theory of potentials for directed graphs. The 

development given here follows very closely the material in Berge and 

Ghouila-Houri, pages 144-145 and pages 155-157 [B3]. 

4.3.2 Existence of Potential Differences for event graphs 

Suppose with each arc a.  of an event graph G we associate a real 

number 9. . which satisfies the condition that for every cycle ? € G, 

Zeij -  IXJ   =o- 

where %*"  denote the arcs of the cycle oriented in a given sense, and {* 

the arcs oriented in the opposite sen^e (see Figure 4.3.2).   Then, we 

will say each 0, . represents a potential difference across its corresponding 

arc a,..  Readers familiar with circuit theory will notice the similarity 

  •—  .. ■..■>.. „- ..... , . 
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'1  . 

a12, a 23' a34 € ? 

a14€? 

Figure 4.3.2 A Cycle 

of this notion of potential difference to that used for electrical 

networks.  In networks we can choose any arbitrary node to be a 

reference node and assign it a potential of zero.  The potential of any 

node in the network is then equal to the potential difference between 

it and the reference node.  We will now show that if the arcs of an 

event graph can be given a potential difference assignment, then it is 

equivalent to saying that each transition v can be assigned a potential 

x. such that the potential difference 0 . = x,- x.. We have used x. 

to denote the potential associated with transition v., and have used x. 
i' i 

earlier to denote the displacement associated with v^.  This has been 

done intentionally. 

Theorem 4.3.2: A function 6: A —^"R which assigns a real number 9,. 

to each arc a., is a potential difference assignment iff there exists 

a function X: V —^U which associates with each vertex v. in the event 

■m ■ "    -^ ■■--■  -...■■—.. ^.»tW.. 
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graph a real number x such that for every arc a  we have 

eij = Xj ' Xi' 

Sufficiency:  If 9  is defined as given,then consider a cycle 

J 
— 'vi »V2'* * *vit,vl'* 

Define 5   = +1 If a  Is directed In one sense 
alj iJ 

?   = ~1 If a . Is directed In the opposite sense. 
alj 1J 

Then'  ?ai2 ei2 = x2 " xl 

?a23 
e23 " X3 " X2 

\l  8kl = Xl " Xk* 

Sunmlng, we get 

I  eij  "   I hi 0. 

ni««* •t] 6 ! 

Thus, the assignment 9 Is a potential difference assignment. 

Necessity: If 0 Is a potential difference assignment, let us define 

the potentials x. step by step. 

Take an arbitrary vertex v. and assign the coefficient x. = 0 to It. 

If v. has been labelled, and v. has not yet been labelled, and If a.. 

Is an arc In A, then we write 

Xj = Xl + eij' 

Similarly, If a  Is an arc In A, then we write 
Ji 

xi = Xj + Qii 

■ ■ ■- -  - ■-■ '^L ^ '-'•  
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or xj  =xi  -  9iy 

Since the event graphs we are interested in are strongly connected, 

the potential of every vertex can be assigned this way. 

The potential assigned to a vertex v is uniquely defined; for 

otherwise there would exist two chains C,    and Q    going from v. to 

v- such that they form a cycle around which the potential differences 

do not sum to zero (see Figure 4.3.3). This would violate the 

definition of potential difference. 

Figure 4.3.3 

We now examine the conditions under which a potential difference 

assignment exists for directed graphs. The following Theorem holds 

for all connected graphs (i.e., not just strongly connected graphs). 

Theorem 4.3.3: Let G = (V,A) be a connected graph, and let us associate 

with each arc a  € A an interval [k. ., 1^], where k . s 1... A 

necessary and sufficient condition for the existence of a potential 

difference assignment 

• ■ f<*lj»eij)l*lj € ^ 

such that 

klj ^ 8ij ^ llJ 

mmmitmimamimm mmm •^^MMMMMMMM ■M_ ii filial  iml 11       i 
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is that for every simple cycle ?, 

ali€? 

IkiJ 
a.. €?+ 
ij 

JlJ 
•ij € 5 

Proof:   (Suggested by Jack Dennis; we disagree with the proof In B3). 

Necessity; The condition Is necessary; for, suppose such a potential 

difference assignment « exists.  Then, we have, for a cycle 5, 

S ij 
aij e 5* 

!• 
= 0 

alj 6 s- 

If we use the lower bound of k^ for each arc in the first term and the 

upper bound Ij. for each arc in the second, we have 

I'u     -      I1 l
ij    i0 

•«6«' •u 6 e' 

i.e.. 

Ihi    2     &« 
•u € ?' •IJ6? 

By doing the converse, we get the second Inequality. 

Sufficiency: Here, we shall use the concept that each Interval repre sents 

--- -' ■— - 
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a set of points on the real line. We will write 

Yij = tkij' 1ij, = fxlx ^ kij' x ^ 1ii]' 

We will use the concept of the interval sum oc.   two intervals A and B, 

defined as 

A+B=U+b|aeA and b € B). 

Also, the interval difference of two intervals A and B is defined as 

A-B=(a-b|a€A and b £  B}. 

The conditions of the Theorem can be written as 

S ij Z hi        S0 •   [4.3] 

•lj € 5' •ij 6 5* 

and 

hi     ■      Ihi ^ 0  ...   [4.4] 

aij € 5" aij 6 ? 

Now consider the interval 

J=[ZV ■   £ ij 
•lj€? aij e ?f 

I^J.      "        KjJ 
•lj €? •lj e 5' 

From [4.3] and [4.4], 

0 € J ... [4.5]. 

But J can be rewritten as 

U- J = I   L^ij 
aij € ?" 

^J ■ [s 
•lj«? 

aij «V 

■MMM 
,, -. 

^MH^MiM^M^ UMitfMM^^MMU 
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From [4.5]  and  [4.6], 

0 € I^i   -     X
T
IJ ••• [h-7] 

a
ij ^ 5" a^  € 5* 

Thus, the conditions of the Theorem can be written as in [4.7]. We shall 

show by induction that [4.7] implies the existence of a potential difference 

assignment 9 such that k, ^ 9. ^ lj. This is true for a graph with one 

arc; we shall suppose that it is true for every graph with (m - 1) 

arcs and show that it holds for a graph G with m arcs (labelled l,...m) 

with the intervals Y.,...Y    subject to condition [4.7].  Let G be a 
1    m 

graph with (m - 1) arcs that is obtained by deleting arc h = (v^v.) 

from G, and let • be the potential difference assignment for G.  Let 

6. be the potential difference across the vertices v ,v in the graph G 
h * j 

under the potential difference assignment Ö .  If 6h e Yh, then by adding 

arc h to G and assigning it a potential difference Q^ =  6h, we have 

constructed for the graph G a potential difference assignment 

If S. does not lie within the limits [1^,1^, then there are two 

possibilities: 

Either  (a) 6h < 1^ 

or     (b) 6h > lh. 

We will assume without loss of generality that for all simple cycles 

MM«  —^-   -■' —•■■ ■ 
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Figure 4.3.4. 

5 € G which contain the arc h, h £ §'. In G these cycles correspond to 

simple paths from v to v . Thus, for each simple path S from v. to v. 

have 

L, pq     +6 
♦•     h 

pq  b 

0 €         Z.pq 

a      6 §" 
pq 

■«"■ 

or 6h 6            Z- pq 
a     6 ?' 

pq    s 

pq 

& +    7Y 
pq 

a  6?* pq * 

We will refer to the set of sir.ple paths from v. to v, as the hammock H. 
i j   

W   = {8|s  is a simple path from v    to v.}, 

Jllifci mi i ■ 1111 HiiaMMüiHii        wi^i "--■-"-■- - ■" ■--       -- 
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Case (a) 6h < k^. We will show that it must be possible to reassign 

potential differences to arcs in the hammock *■ so that 6 2 le . we do 

this by finding a cut set Cn of the hammock *(eee Figure 4.3.5). 

vj 

Figure 4.3.5.   Hammock 0k 

With each arc m = a  in the cut set C , we associate a slack 5 defined by 
pq 

m   m   m        * 

d = 6 - 1  if m € §" m   m   m       ^ 

Let 0° = min ^ a ] 

i,...r  e c 
n 

We increase the potential difference 6 of each arc m € ?*" by an and 

decrease the potential difference 6 of each arc m € ?" by 9n. 

Thus 6h has been increased by a".  If 5. + ö" > k , we are done. 

Otherwise, repeat the above procedure for some other cut set, and so on. 

■-   -- 
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If no more cut sets are found for which this potential difference reas- 

signment can be done, then there must be some path s in which the 

following is true; 

9 = k  V m € ?*" mm       ^ 

9=1  V m € §■. mm 

For as long as  there  is no such path,   there must exist a cut set whose 

arcs do not have potential differences equal  to either  limit. 

Now consider  the cycle consisting of the path s and arc k. 

s
k' s m m < k. 

m € ?* m € 5" 
m »t k 

Recalling that   k   was defined  to be in §", we see  that 

z> m >k        < 0 -   s 
which contradicts the first condition of the Theorem, namely that 

Zkij 

•u€ ^ 
Similarly, we show that for Case (b), i.e., Sh > lh, it must be possible 

to reassign the potentials in the hammock * so that 6. ^ 1L.  If not. 
h   h        ' 

we can show by a method similar to that for case (a) that there must 

exist a path for which 

s Ij 

■A«. - ■ i i ■■ n ■« ■■ ■ -■'■■■ 
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whlch contradicts  the second condition of the Theorem, 

This proves  the Theorem. 

Corollary 4.3.3.1 

A potential difference assignment 9  such that 9^,. ^ k^ (for all 

a . € G) exists if and only if, for every circuit §, 

Zkij i 0 

Proof;    Set 1,, ■ + • for every a ,.    There are two types of cycles: 

(a) circuits,  i.e., cycles  in which all arcs are oriented in the same 

direction. 

(b) cycles which are not circuits. 

For every circuit §, we see  that 

Si) s o. 

For cycles which are not circuits, we see that 

»k    s »    which is vacuously true if all k^. 

We are now in a position to show that the bound we obtained on the 

computation rate of transitions in a timed event graph is actually 

attainable. This forms the subject of our next theorem. 

■iiiima^ t*m*m***^.^ -    ■—.,.-.■ ^.■.... 
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Theorem 4.3.4: Let J = (G.n) be a timed event graph. J has a strongly 

periodic firing schedule with period n > 0 iff 

T i    max    vi    € Ck 

V k 

aij € ck 

) 

where  [C^^,.. .Ck)  is  the set of all circuits in G. 

Proof:    From Corollary 4.3.1.1 we have the result  that a  timed event 

graph j has a strongly periodic firing schedule with displacements 

x1,...xm and period TT iff 

V aij € G, we have x    " «jt a c 

where c^ =^-^(0^). [4 2] 

'.'low with each arc a        we associate 9      = x    - x  . 

By Theorem 4.3.2, a function that assigns such a 9^   to each arc a 

must be a potential difference assignment.    The set of inequalities   [4.2] 

now becomes 

[4.8] 

By Corollary 4.3.3.1,   this system of inequalities has a solution iff, 

for every circuit § 6 G, 

8IJ k CIJ   »"u «G 

z< cij  fi0 

•u«« 

[4.9]  now becomes 

[4.9] 

mmm^m ■■'  - - WITH    ■-■-^   ""■ in  11 ■ h-*--^  -^iifi.iiJM    immin 
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V ? € G,        I£l " " "»••ij))      « 0 

•ij e « 

or ZTi " "S1^»«!«)      fi 0 V ? 6 G, 
Vj € ? .^€5 

or        TT ^ 

V ? € G 

&<».•!,) 

•„€? 

This is true iff 

TT      ^      max 

§ € G 
vi € $ 1 

^(O.a^) 

•u«« 

[4.10] 

Conments on Theorem 4.3.4 ;    We note that there exists a strongly periodic 

firing schedule with period 

TT    =      max h 
? €G/J1G? 

--g-^ ^M^     -■---•>■ .,, 
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The computation rate p of transitions in G is given by p = ^ . 
TT 

Hence, 

p ^ p* =  min I if'^lTi 
il € ?" ? 6 G r.  l —=J  

) 

[4.11] 

h 
vir? 

It is clear from the inequality[4.?]that there exists a strongly 

periodic firing schedule which realizes a computation rate 

P =P, 

Thus, the timed event graph can be allowed to "run" at any "speed" less 

than or equal to p».  m Section 4.2, we argued that the computation 

rate of transitions in a timed event graph could not exceed that of 

transitions in the circuit with the minimum ratio of 

£M(0,a ) 

!iiil 
£ 
vi e 5 

but our arguments were non-rigorous.  In this section we have sub- 

stantiated our claim in a rigorous fashion. The circuit with the 

minimum ratio of token content to sum of transition firing times is 

termed the critical circuit, and as we have seen, this is the one 

which determines the maximum computation rate of all transitions in 

the net. 

  —-   
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Section 4.4 Timed LSP Nets 

We now proceed to apply the result obtained In the previous Section 

to determining the maximum computation rate of transitions In a timed 

LSP Petrl net.  Our starting point will be to decide If a given marked 

Perrl net Is Indeed LSP. This can be done by applying the results deve- 

loped In Section 2.3. 

Consider a timed LSP Petrl net £    = (^.fi).  The timed Petrl net 

In Figure 4.2.1 Is an LSP net, and we saw that we were able to constr- 

uct a feasible periodic schedule for it. We now show that every LSP 

Petrl net has a feasible periodic firing schedule, and we show how to 

find the period and the copputatlon rate of every transition In the 

net. 

Recall from Section 3.4 that the steady state behavior of an LSP 

net *?  can be represented by the steady-state equivalent net f . 

Furthermore, recall that S has the structure of a multiply-labelled 

event graph. The only difference between event-graphs and multiply- 

labelled event-graphs is that that the latter may have multiple ins- 

tances of certain transitions. We will begin by assuming that all 

transitions in a multiply-la )elled event graph have distinct labels, 

and the steady-state equivalent net i can be regarded as an event graph. 

Each transition is assigned the firing time of the transition it corres- 

ponds to before the relabelling was dont. The computation rate of trans- 

itions in the resulting event graph can be found by applying the 

result of [4.11]. 

We showed in Chapter 3 that the steady state equivalent net of a 

consistent LSP Pe .ri net must have a number of occurrences of each 

mt*mm ....  
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transition equal to its current in a consistent current assignment. We 

now show that the computation rate of transitions in a timed LSP Petri 

net must be proportional to their currents in a consistent current 

assignment. To show this, let us consider the steady-state equivalent 

net J   .  We have seen that we can find the computation rate of tran- 

sitions in the relabelled net by treating it as an event graph.  We 

will call this the fundamental computation rate of the LSP net, and will 

denote it by p.  If the multiplicity of any transition v. is |i(v.), it 

means that in unit time, transition v. in the timed LSP net £    fires 

|i(v.) X p times, because each firing of an instance of transition of 

transition v  in J  is also a firing of transition v. in ^. Hence, 

we can find the computation rate of any transition v. by slpply multi- 

plying p by the multiplicity of that transition inj. 

Summarizing, the following steps are are involved in finding the 

computation rate of transitions in a timed LSP Petri net«^ : 

Step 1  Find the steady state equivalent net J of the underlying LSP 

Petri net 9 . 

Step 2  Treating -* as an event graph, find its maximum computation 

rate p by applying [4.11]. This gives the maximum fundamental 

computation rate of the timed LSP Petri net X  . 

Step 3  If p. is the maximum computation rate of transition v,   in £   , 

and M(V.) is its multiplicity in J , then p = p X |i(v.). 

We illustrate this method by an example. 

Example Consider the timed LSP Petri net of Figure 4.2.1 (reproduced 

in Figure 4.4.1). In order to make our example as general as possible, 

tmmm ■^M ■^■a-1"  
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Figure 4.4.1    Timed LSP Petri net JT = < ^ ,n)    with a live,  bounded 
marking M. 

Figure 4.4.2 Steady state Equivalent net ^/for LSP Petri net P with 
marking M. 

■■~^"-'—' '  —  '  ..^.i—M 
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the net has a marking M that is not safe, but v^iich is live, bounded 

and persistent.  In Figure 4.4.2, we show the steady state equivalent 

J  of the net s vith  marking M.  -0 can be decomposed into four circui- 

ts : 

ci:    »iWa'iWs'i 
c2:    PjtjVz'a 
C3:  »,ltlV2P4t3Pl 
c4:    ViVs'i^'a 
The fundamental computation rate p is seen to be 

p = min[ 2/12, 1/8, 2/10, 1/10] 

or p = 1/10. 

Now, |i(t1) = 1 

H(t2) = 1 

H(t3) = 2 

Thus the computation rates of transitions t.. ,t and t are as follows: 

pj = 1/10 

P2 = 1/10 

P3 = 2/10. 

A note on the Structure of LSP Petri nets 

Although it is true that the LSP Petri nets that arise in the course 

of modelling practical systems will all be SMD there do exist Petri nets 

v^iich are LSP but not SMD.  The net in Figure 4.4.3 is an LSP Petri net, 

but it is not SMD as the reader can easily verify. The method we have 

given for finding the computation rate for timed LSP Petri nets holds 

for all LBP Petri nets which have a live, safe marking. 

.     _ 
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Figure 4.4.3      An LSP Petri net that  is not SMD 
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4.5 Timed Petrl nets with random firing times 

The assumption of deterministic firing times for Petrl nets has given 

us a great deal of insight into the action of practical asynchronous sys- 

tems. We have been able to find the computation rate of transitions in 

timed event graphs and LSP Petrl nets, and in each case we have been able 

to identify system components that limit the fundamental computation rate 

of the net (i.e., the critical circuit). The critical circuit represents 

a bottleneck in the system being modelled, and readers familiar with 

PERT networks will see the correspondence between critical circuits in 

timed event graphs and critical paths in PERT networks. 

The assumption of deterministic firing times may not be sufficiently 

accurate for practical systems. In practice, an action in an asynchronous 

system like an addition will be a random variable , and in a large number 

of cases this can be approximated by either a rectangular or a Gaussian 

distribution (see Figures 4.5.1 and 4.5.2 respectively). A Gaussian 

distribution has the problem that it has a "tail" which extends for nega- 

tive values of time. Since we cannot visualize an action taking less than 

zero time to occur, we would prefer to use the rectangular distribution 

shown in Figure 4.5.1. 

It is possible to find out the mean computation rate of a timed event 

graph when all firing times are given by a distribution like the rectan- 

gular distribution. However, the process is very tedious, and we will 

work with the means of each of the firing times. By doing this, we get 

a timed event graph whose computation rate can be found by applying Equa- 

tion [4.11]. It can be shown by using the results of Clark[C3] that the 

computation rate so obtained is an upper bound on the true computation 

rate of the '.imed event graph whose firing times are random variables. 

utttahmi iimiMii    i 
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The deviation of the true mean computation rate from this bound depends 

upon on the standard deviations of the random variables, but there does 

not appear to be any simple expression that relates these quantities. 

We now turn to Chapter 5, i^iere we find a bound on the computation 

rate of timed SMD Petrl nets. 

«^M ■ I  - •MMBBMM 
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CHAPTER 5 

COMPUTATION RATE OF ASYNCHRONOUS SYSTEMS WITH DECISIONS 

5.1 Timed SMD Petri Nets 

In Chapter 3, we Illustrated the power of SMD Petri nets In model- 

ling asynchronous systems with decisions.  We also established two 

important results about SMD Petri nets: 

(a) It is decidable if any given marking for an SMD Petri net is 

live. 

(b) For SMA Petri nets, any marking which puts at least one token 

on every state machine is live. 

Thus, using the results presented in Chapter 3, we can design asyn- 

chronous processing systems for possible implementation by the tech- 

niques developed by Dennis and Patil [Dl, D2]. We now show how we can 

estimate the computation rate of this more general class of systems. 

Recall that in Chapter 4 we developed a technique for finding the 

maximum computation rate of a large class of deterministic systems. 

In this chapter, we look at non-deterministic system;, and see if we can 

obtain a bound on their computation rate.  We do this by finding a 

bound on the computation rate of transitions in a timed SMD Petri net. 

We have defined timed Petri nets in Section 4.1 (see definition 4.1.1). 

Thus, a timed SMD Petri net is an SMD net in which every transition has 

a fixed, non-zero firing time. For details of the firing mechanism 

and notation for the instantaneous marking of a timed SMD net, the 

reader is urged to re-read Section 4.1. 

-146- 
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Let us now consider a timed SMD Petri net and examine its be- 

havior.  We do this by constructing a firing schedule for it, and 

interpreting the notion of computation rate of a transition in con- 

nection with the firing schedule. 

As a simple example to motivate this chapter, consider the SMD 

Petri net model of an assembly line with decisions of the type dis- 

cussed in Section 1.2. Figure 5.1.1 is such a Petri net model. Let 

transitions a,  b and c represent assembly operations, and let p be a 

place which represents a bay at which a decision is made about which 

engine should be attached to a chassis.  The engines are available in 

the input queues connected to transitions b and c, and completely as- 

sembled autos are output into the queues marked "output queues." Each 

of the assembly operations represented by the transitions a, b and c 

have associated time durations T , r , and T respectively.  A partially 

assembled auto that appears at place p can be routed one of two ways, 

by firing either transition d or transition e. We said in Section 1.2 

that this routing can be done in several ways, and the exact mechanism 

of making this routing decision does not co.. em us here. We have 

pointed out some of the ways in which this decision can be made for a 

practical assembly line.  From a performance standpoint, we must know 

the relative numbers of each type of automobile which are produced by 

the assembly line. Let us see why.  Suppose a large proportion of 

all cars produced by the assembly line are 200 HP cars, and suppose 

that the final assembly process for attaching a 200 HP engine to a 

chassis is extremely slow (i.e., transition f has a long firing time). 

This assembly s«-age will not be able to handle the load imposed by it, 

M—^a—aMMMa i ■«—— 
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• • 

Figure  5.1.2    Occurrence Graph for Petri Net   in Figure  5.1.1. 
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and will slow down the operation of the whole line by choking off the 

absorption of subassemblies from the input queues.  It is intuitively 

obvious, therefore, that this assembly line can be balanced by matching 

the speed of operation of an assembly station to its expected frequency 

of use.  It can also be seen that there is a tradeoff between the num- 

ber of physical processing units at an assembly station and the speed 

of each processing unit - a number of slow processing units can be 

used instead of a tew fast ones, and vice versa.  Our question in 

connection with this assembly line is - how do we estimate the rate at 

which it produces assembled autos? 

Let us examine our model carefully and see what information is needed 

to specify the system in a way which is complete for our purpose.  We 

have shown input queues connected to some of the transitions in the net 

in Figure 5.1.1.  We pointed out in Section 1.2 that we will assume 

that there is always at least one item in each input queue, so that it 

is not necessary to indicate the queues, but we have shown the queues 

for completeness. Let us now see how to incorporate the relative fre- 

quency of use of the two alternative assembly stations into out model. 

The action of the Petri net in Figure 5.1.1 can be represented by 

means of an occurrence graph (see Section 3.5.3).  In the occurrence 

graph shown in Figure 5.1.2, the probability or the relative frequency 

of occurrence of each of the outcomes of the decision made at place p 

will be reflected in the number of occurrences of the corresponding 

transition in a long frustrum of the occurrence graph.  For example, if 

the probabilities of occurrence of transitions d and e are - and - 

respectively, then, in a long frustrum of the occurrence graph there 

X 
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will  on an average,  be twice as many occurrences of transition e as  of 

transition d.    This means that  In a consistent  current assignment  for 

the Petrl net,  the current assigned to transition e will be twice that 

assigned to transition d.    Our problem Is to find the maximum computation 

rates  of transitions t- and t.  In the net.     In general,  we would  like 

to find the maximum computation rate of any transition In a timed 

SMD net,   for which a consistent current  assignment  Is given.    We wls'.. 

to find a computation rate assignment  such that the computation rate 

of each transition Is proportional to Its current  In the given con- 

sistent current  assignment. 

The problem can be tackled by simulation.     In such a method the 

computation rate of any transition can be  found by letting the net  "run" 

for a long time,   and then dividing the number of times that transition 

has  fired by the total amount of time that has elapsed since time zero. 

The method  Is extremely time consuming and we would like an analytical 

technique which enables us to find a good bound on the computation rate 

of transitions  In the timed net. 

Consider a tlmti SMD net X =  W| n),  having a minimal  Integer con- 

sistent current  assignment $.    We know from Section 3.5 that several 

c-equlvalent   nets are,    n general,  possible  for X with consistent  current 

assignment  f.     In Figure 5.1.3(a)  we  reproduce the net shown  in Figure 

3.5.4.     For the given minimal consistent  current  assignment,   several 

c-equivalent  nets  are possible,   and we  give  two of them (see Figures 

5.1.3(b)   and  5.1.3(c).     Each timed c-equivalent net defines  a periodic 

schedule.     We compute their fundamental  computation rates,   and get 

the  following: 

■MilMMMi  -■!  1     I  ll<fcl        I    I 
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The SMD net X. 

Minimal  Integer consistent current assignment: 

*! - *2 - 1 cp5 = cp6 = 2 

Firing time assignment; 

T1 =   2. T2 =   3. T3 = 4, T4 =  1, T5 ■  3, T6 -   5. T7 =  2 

Figure 5.1.3(a) 
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Figure 5.1.3(b) 
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Figure  5.1.3(c) 
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Figure 5.1.3  O?) 

Applying the results  of Section 4.4, 

Fundamental Computation Rate   p* = mln 1 TT.    -JQ.     g.    -xz] ■ TQ 

Figure 5.1.3  (c) 

Fundamental Computation Rate p1 = min I T7T "^i To» ?zJ := 24 ' 

Thus, the maximum Fundamental Computation Rates of the two c-equivalent 

nets are different.  In order to find a bound on the maximum fundamental 

computation rate of the timed net X, we must find the timed c-equivalent 

net which has the largest computation rate. 

The maximum fundamental computation rate of a c-equivalent net for 

the timed net X represents the maximum fundamental computation rate of 

transitions In the net x for the behavior specified by that c-equlvalent 

net. This leads to the following definition: 

Definition 5.1.1 The maximum fundamental computation rate of transitions 

In a timed SMD net X = iffl)  for a minimal Integer consistent current 

assignment $ Is given by the fundamental computation rate of the c- 

equlvalent net which has the largest fundamental computation rate. 

Definition 5.1.2  The maximum computation rate of a transition t, be- 

longing to a timed SMD Petri net X = (^.ü) with a minimal Integer 

consistent current assignment $ is given by 

Pi = ^i x p 

vhere cp, is the current assigned to t  by $and p is the maximum funda- 

  .... 
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mental computation rate of x« 

We see that to obtain an exact value of the maximum fundamental compu- 

tation rate of x, we must find all the c-equlvalent nets for X and 

find the one with the largest fundamental computation rate.  This It 

a very tedious process, and we would like to find a simple method 

which gives a bound on the fundamental maximum computation rate of X. 

Consider the timed SMD Petrl net X = CP.Q) In which the underlying 

Petri net ^ has a live marking M. Let S,, S-, . . .S be the state 
i  <-     m 

machine components of P.    Let the transitions of any state machine 

component S^  be t.., t^»* ' ^ik' their firing times be T.-, T  , . • .T . 

and their currents be cp^, Vjo'"'^ respectively. Also, let 

p.ji Pi?'* "Pik ke t^e places belonging to the state machine S.. Let n. 

denote the number of tokens on sta:e machine S.. 

Consider the occurrence graph associated with one of the tokens on 

the state machine S. (see Figure 5.1.4). 

Since there are n.j tokens on the state machine S., the maximum natural 

computation rate of transition t - is thus n^., or n cp Y.  The 

quantity 1^ is termed the maximum natural fundamental computation rate 

of the state machine, and to obtain the maximum natural coimutatton 

rate of transition k ., we multiply Y by cp  .  The term maximum 

natural computation rate of a transition t.- refers to the computation 

rate it would have if the state machine S. were isolated from the other 

components of the SMD Petri net'P.    However, as we saw in the case of 

timed event graphs, the components of a timed net affect each other's 

^^mmmmmm '—■-  '--■ '-"■*- 
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fundamental computation rate. We now show that if two state machines 

S. and S. have some transition t in common, then the fundamental 

computation rate of both state machines is min [Y.Jj]. Let cp be 

the current associated with transition t in a consistent current 

assignment.  Then, it is clear that the computation rate of t cannot 

exceed cp x min fY.. Y.].  For suppose without loss of generality ^ 

Y^ V..    Then, the computation rate of t cannot be greater than cp x Y.. 

If it could be rreater than cp x f^ it would violate the definition of 

the fundamental computation rate of S^  Thus, the computation rate of t 

cannot exceed cp x min [^1.  Also, by consistency, the computation 

rate of any transition t^ € S. must equal 

111 X cpx min rr f ] = cp  x min [Y^fJ. 
cp J-  j     11        t  j 

Similarly, the computation rate of any transition t  in S equals 
jm    j ^ 

_Ja X cp X min [Y^Y.] = cpjm x min [Y^Y ]. 

We conclude that if two state machine components Si and S. in a timed 

SMD Petri net have a tradition In common, each state machine acquires 

a fundamental computation rate = min [Y ,Y ]. 

Let p = min N^.. ..YJ.  Without loss of generality, let p = Y . 

We now construct sets ^ ^ ...\  of state machines as follows: 

If ^p is a set of state machines, then define \ ^  to be the set 
p+i 

\    U fSpr S
?2"'-S

Pv]  '*•" Spi' 8p2»'"8pt are state machines which 

have at least one transition in connon with the state machines in \ . 
p 

Also. \t  -. [si. S2....Sm}, i.e.. all the state machine components of ^. 

amm ■ '—'"" 
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Construct \   from \ until \ . » \ .  Then \ must include all 
p-M p p+1     p p 

the state machines because ^is strongly-connected. 

The reader can now see that if the maximum fundamental computation 

rate of S^ = ^j. then the maximum fundamental computation rate of all 

state machines in \2 is also t-, and so on until we have exhausted all 

state machines in the net P.    Thui,  all state machines in x must have a 

maximum fundamental computation rate p = f = min [Y ,Y.,...Y ] where 
1       12m 

Sj, S21...S are all the state machine components of P, 

The maximum computation rate of any transition t  in the net is thus 

«Pi X p. 

We have thus established the following result: 

In a timed SMD Petri net x = ^,n), the maximum computation rate p of 

any transition t. is given by 

pi S ^i x P* 

where p' = min [t.tf9%...1  ] 
1     1 m 

where ^i »^o»'' •^m are the maximum fundamental computation rates of 

S^, 82»...Sm.  The maximum fundamental computation rate T. of state 

machine S, is given by 

Tk " r 

I ^J ^j 

where n,   = number of tokens  on state machine S, .     t. , ,t, „,...t.     are K k        kl    k2 kr 

the transitions of state machine S..    cp, ., T,.  are,   respectively,  the 

current  in a consistent  current  assignment  for 9 and  firing time of 

. __-^-^..   
IMM^^^^fc ^ 
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transition t,  € S, . 

The bound we have obtained here is based on the assumption that 

when a token appears at a place with conflict, then its further 

routing (i.e., which output transition to fire) is done statistically, 

using an a-priori probability measure proportional to the currents 

associated with the respective transitions. In the next section, 

we derive this bound by considering the c-equivalent nets for X. 

mmttm «^_-, ■■ - ■   . ■ - . > „-- -^.. 
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5.2    Rigorous Derivation of Bound on Fundamental Computation Rate for 

Timed SMD Petri Nets 

In the previous section, we saw how we can find the upper bound on 

the maximum fundamental computation rate of a timed SMD Petri net x with 

a minimal integer consistent current assignment. This involved 

drawing all the timed c-equivalent nets for X and finding the one with 

the laigest maximum fundamental computation rate. As we pointed out, 

this is a tedious process.  The following Theorem gives an upper bound 

on the maximum fundamental computation' rate of a timed SMD Petri net 

in terms of its structure, marking,   minimal integer consistent 

current assignment and firing time assignment. 

Theorem 5.2.1 In a timed SMD Petri net x = (?,&)  with a minimal integer 

consistent current assignment $, the maximum fundamental computation 

rate is given by p' = min [Y ,.. .Y ]. *..,.¥ are the fundamental 
i    m    1   m 

computation rates of the state machine components of x.  The fundamental 

computation rate f. of state machine S. is given by 

J-l 

where n^ = number of tokens on state machine S,. 

tkl>...t.     are the transitions of atate machine S. . 

^kl' Tk1 are the current  and firing time respectively of transition 

^mmm 
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Proof:     Consider the  c-equivalent  net € of the SMD net 0* for the 

consistent  current  assignment  $.    We showed  in Section 3.5 that 

for every state machine  component  Sk  in ^,  there exists  a corresponding 

circuit (^6 6 with the  following property: 

Every transition ^  in (^ has a multiplicity (i(t   )  equal to the 

current ^ assigned to transit.'on ti in 9 by the minimal consistent 

current assignment  I.     Now let C^...,^,  ^....^ be the simple cir- 

cuits inC, where (^....C^ correspond to state machines of iPand 

Cmfl""Cr are 8lmPle circuits  in g that do not correspond to state 

machines of ^.    Let Yj,...^, ^nH.1,..., fr be their respective fundamental 

computation rates.     For any circuit C   € (C.....C ) 
11 m 

Y
I- 

I' i/ij 

T 'IJ c ci 

Now,  the fundamental computation rate p  of the timed net x  is given by 

p' = min [¥1,...Yr] 

= min ^....T,.    Vl'---'V 

or     p ' s nun [Y,,.. .¥  ] 
i m 

Note: 

Thtve may exist some t  € {Y   f 1 such that 

♦_ < min [T.,...»  |. s 1 m 

m+1 

Thua, ^lile p' = min  [^....Yj   is certainly a bound,   this bound may not 

be achievable.    The computation rate pi of any transition ^  is defined 

wtmmmm i^ 
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to be 

pi "   p*x v 
Once again, this value of p       Is a bound,  but this bound may not be achie- 

vable.  Theorem 5.2.1 enables us to find a bound on the computation rate 

of any transition In a timed aMD Petrl net by finding for each state 

machine compon nt S.     the corresponding fundamental computation rate iL. 

This is simpler than finding the maximum fundarop'.tal computation rate of 

all the c-equiva.Tent nets  for the SMD Petri net. 

Example; Let us apply this result to the timed SMD Petrl net of Figure 

5.1.3. Theorem 5.2.1 gives a bound on the maximum fundamental computation 

rate    equal to 

min [   1/15,   1/22]      =      1/22. 

By drawing all the c-equivalent nets  for the SMD net,  the reader can 

verify that the net of Figure 5.1.3(c) has the largest maximum fundamen- 

tal computation rate of    1/24.  The bound of Theorem 5.2.1 c innot actua- 

lly be realized in any consistent behavior of the SMD net,  but we see 

that  it  is certainly a reasonable bound.  The reason that the bound is 

not achievable is that  there is no state machine component  in & that 

corresponds to the multiply-labelled circuit p-t-p-t-p^t-Pct,... .t,p.. 
4 4 3 3 2 4 5 5   7 4 

This circuit has a maximum natural fundamental computation rate of 1/24. 

-■--    ■'-   -^-^-- 
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5.3  Achlevabillty of Bound on Computation Rate for timed SMD Petri nets 

The bound on the computation rate of transitions in a timed SMD Petri 

net that we have presented in the previous two Sections has been shown 

to be an upper bound on the computation rate for a given SMD Petri net 

with a minimal Integer consistent current assignment. We have also shown 

that this bound may not be achievable, and in this Section we look at the 

issue of achlevabillty. 

When the reader examines the expression for the bound, he will notice 

that it is always achievable for event graphs.  Since the multiplicity 

of every transition in an event graph !s one, this means that there exists 

a minimal Integer consistent current assignment in which the current assi- 

gned to each transition is unity.  Also, since a simple circuit in an 

ivent graph corresponds to a state machine coinpon««t if we view the event 

graph as an SMD Petri net, we can rewrite Theorem 5.2.1 for event graphs 

to read as follows: 

In a timed event graph ^ = (G,n), the computation rate of all tran- 

sitions in the net is the same and is given by 

P  s  ■!■ [♦,,,,,* J, 
i    m 

where C^,...^ are all simple circuits of the event graph and 

L       M(0, a..) 

V ^1 € Sc 
■kl 

This is the same bound as the one we obtained in Expression  [4.11] 

in Section 4.3. We also showed in Section 4.3 that this bound is achie- 
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vable. "nius, the result In Theorem 5.2.1 represents an achievable bound 

If the SMD Petrl nets we consider are restricted to being event graphs. 

Our question Is - how good a bound is It for more general SMD Petrl nets? 

The largest class of SMD Petrl nets we have been able to prove achleva- 

blllty for Is the class we term a-SMD Petrl nets. 

Definition 5.3.1 An a-minlmal Integer consistent current assignment is 

one in which all transitions with more than one input place are assigned 

unit current. 

Definition 5.3.2  An SMA Petrl net is a-SMA iff there exists an a-mini- 

mal integer consistent current assignment for it. 

Lemma 5.3.1  Let g be the c-equivalent net of an a-SMA Petrl net ? for 

the a-minimal Integer consistent current assignment $.  Then, eveiy 

circuit Cj^ in Ö corresponds to a state machine component S, in ^ and 

vice versa. 

Proof   «= 

Consider a state machine component S. in T*    Let ? be a cyclic frus- 

trum for £ . We know that the initial slice of f  must contain at least 

one place from every state machine component ( follows from Theorem 

3.5.1).  Choose some place pkl € Sk from the places in the initial 

slice of ? . When two consecutive Instances of this place in a cyclic 

frustrum for the given current assignment are considered,  every state 

machine containing pkl must unfold into a fthtill that begins and ends at 

Pkl* In the c-equivalent net constructed from the cyclic frustium, each 

chain corresponds to a circuit. 
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•.  Consider the cyclic frustrum for the given c-equivalent ntt. 

Since 9 is  SKA, every closed simple directed path is an SSM.  Also, 

since every transition which has multiple input places has unit 

current, there is exactly one instance of each such transition in 

a cyclic frustrum.  Every allocation reduction on the c-eqaivaient 

net results in exactly one SSM (a multiply-labelled circuit) for each 

SSM in 9. 

Suppose some closed directed simple path does not correspond to any 

SSM.  Than it must correspond to some closed structure in which there 

exists a transition t with multiple input places.  The only way in 

which such a closed structure could map into a circuit is for there to 

be more than one instance of it in a cyclic frustum, which is the de- 

sired contradiction (see Figure 5.3.1). 

Multiple Iiitances of t- 

ligure 5.3.1 

As a consequence of Lemma 5.3.1, we have the following theorem: 

- MMBMM ■-----"•- . . .-.-„-^ 
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Theorem 5.3.1; The bound on the computation rate of transitions 

attained In Theorem 5.2.1 holds for every timed a - SMD Petrl net 

X - toO) 

Proof;  By Lemma 5.3.1, the c-equlvalent net t   for an jy" SMD Petrl net r 

is  a multiply labelled event graph In which every simple circuit 

corresponds to a state machine component of "^ and vice versa.  By 

attaching firing times to each transitio-i in IP,  the desired result 

follows. 

Example; Figure 5.3.2(a) gives an example of a timed a -  SMA net, 

shown with a consistent current assignment.  Figure 5.3.2(b) gives 

a c-equivalent net which realizes the computation rate given by 

the expression of Theorem 5.2.1.  The reader will note that each state 

machine in the a -  SMD Petrl net of Figure 5.3.2(a^ maps into a multiply 

labelled circuit in Figure 5.3.2(b) and vice versa. 

In Figure 5.3.3(a) the timed SMD Petrl net of Figure 5.3.2(a) is shown 

with a minimal Integer consistent current assignment in which transition 

t, has a current equal to 2.  This net is no longer a -  SMA, and the 

bound of Theorem 5.2.1 can no longer be achieved, as can be verified 

by examining its c-equivalent net which has the largest maximum 

fundamental computation rate. 

Bound from Theorem 5.2.1 

= mln [^g, 25] = 2^ 

mmm — 1 —ii 1 
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Cur rent 

= 2 

Ass Ignment Firii lg Tinu a Assignmen 

^1 
Tl = 3 

^2 = 2 T2 = 5 

»3 
- 1 T3 = 

4 

»4 
■ 1 T4 = 

2 

^5 
= 4 T5 = 

7 

^6 = 4 T6 = 
8 

^7 = 1 

Figure 5 .3.2(a) 
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Figure 5.3.2(b) 
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Figure 5.3.3(a). 

Current Assignment 

»I- 1 

92 = 1 

93 = 2 

»4- 2 

97 = 2 

95 = I 

^6 = 1 

Firing Time Assiflnment 

Tl=3 

T2=5 

r3 = 4 

V2 

T.5=7 

r7= 3 
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Figure 5.3.3.(b) 
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Bound for c-equivalent net of Figure 5.3.3(b) 

Thus, the bound from Theorem 5.2.1 is not achievable by any c-equivalent 

net for the given timed SMD Petri net. 

■MM —^MHM-MBM 
— I «... HdlHMiaUi^^MMi 
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Section 5.4 Review of Results Obtatnecl 

In this Section we will put our work in perspective and will point 

out its relationship to PERT networks [Fl] and the program flowcharts 

of Martin and Estrin [Ml, M2, M3]. 

In Chapter 2 we have argued that practical systems can be viewed 

as an ensemble of interacting components and that each system component 

can be viewed as a state machine.  Subsequently, we investigated the 

modelling of such systems using Petri nets.  We introduced SMD Petri 

nets as being the class of Petri nets which can model practical systems. 

The type of systems we wish to model do not have any redundant functional 

operators, and are free of deadlock.  This translates to the problem of 

choosing only those SMD Petri nets which have a live marking.  We have 

pointed out that we still do not understand hew the state machine 

components of an SMD Petri ne; should be interconnected to ensure that 

the net has a live marking.  Currently, the largest subclass of SMD 

Petri nets we know of with this property is the class of SMA Petri nets. 

Since any live marking for an SMD Petri net P is bounded, a consistent 

current assignment can be made to the transitions in y.    By multiplying all 

currents in a consistent current by the least common multiple of their 

denominators and dividing them by the greatest common divisor of their 

numerators, we get the minimal integer consistent current assignment. 

Ihe current associated with a transition in a minimal integer consistent 

current assignment is the multiplicity of the transition in a c-equivalent 

net of the SMD Petri net for the given current assignment. 

We have also looked at the entire class of LSP Petri Nets (i.e., 

Petri nets which have a Live, Safe,Persistent marking).  Even though 

im «MM 
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the LSP Petri nets of interest are  likely  to be SMD,   there do exist 

LSP Petri nets   that are not SMD.    A steady  state equivalent net exists 

for any LSP Petri net.     Furthermore,   the  steady state equivalent net  of 

an LSP Petri  net  is unique,  and corresponds   to the c-equivalent n«t 

for an LB SMD Petri net with a minimal  integer consistent current as- 

signment. 

Figures 5.4.1 and 5.4.2 are Venn diagrams which exhibit the relation- 

ship between the various subclasses of Petri nets that have been con- 

sidered in ^his  thesis. 

Figure 5.4.1 

■i M _ 
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Shaded areas represent LSP Petrl nets. 

(a) 

Figure 5.4.2 

We have introduced timed Petri nets in order to model the finite 

speed of operation of practical systems and have shown how to find the 

computation rate of transitions in LB SMD Petri nets and LSP Petri nets. 

For both kinds of timed Petri nets, the maximum computation rate of a 

transition is the fundamental computation rate of the timed c-equivalent 

net for the timed Petri net multiplied by the multiplicity of the 

transition in the c-equivalent net. 

In order to find the maximum fundamental computation rate ot a timed 

c-equivalent net (or a steady-state equivalent net for an LSP Petri net). 

HHMMI " - 
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TIMED LSP 
NET 

TIMED MULTIPLY 
LABELLED EVENT 
GRAPH 

TIMED EVENT 
GRAPH 

Figure  5.4.3 
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we assume that all transitions are dlctlnctly labelled, and we find the 

maximum computation rate of the resulting timed event graph.  The maximum 

computation rate of a timed event graph can he found by applying 

Equation [4.11]. 

We Illustrate tha various terms used and the relationship between 

the computation rates of timed event graphs, multiply-labelled event 

graphJ, LSP Petrl nets and SMD Petrl nets by means of Figure 5.4.3. 

The diagram Is self-explanatory and shows that the bound of Equation 

[4.11] forms the cornerstone of our work, the fundamental computation 

rate of timed SMD and LSP Petrl nets being obtained by finding the funda- 

mental computation rate of an equivalent multiply-labelled event graph. 

We are now In a position to point out how our work relates to the 

following models of parallel processing and parallel computation: 

(a) PERT networks 

(b) Martin and Estrln Flowcharts. 

Let us begin with PERT networks [Fl].  A PERT network consists of an 

acyclic directed graph with an Input vertex and an output vertex.  All 

arcs In the network lie on paths from the Input vertex to the output 

vertex.  Each arc denotes an activity In the project being modelled 

by the network, and each activity takes a certain amount of time to 

occur.  We can model a PERT network as a timed acyclic event graph by 

replacing each arc with its two end vertices by the structure shown in 

Figure 5.4.4.  The time associated with the activity ab is now associated 

with the timed transition t . Introduced into the arc ab.  Transitions a 

and b are assumed to have zero firing time.  In Figure 5.4.5 we show 

this transformation carried out on an example PERT network. 

am ■■-■■-  •   ■ ■  - 
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Figure  5.4.4. 

ab 

ab 

d 'e 

(a)    A PERT Network. 

Token 

(b)  Equlvaleiit Timed Acyclic Event Graph. 

Figure 5.4.5 

-        ■■Hi«       ■ - L~  -        -■■   '■■ 
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• 

Figure 5.4.6. 

Timed 
transition, 

Timed 
transition 

w 
Timed 

trans It Ion _JL. 

/      ^ 

IMBBABM^MM ^--  '-■    ■ -'  



"-" ■u"-w 

-179- 

Suppose we draw an arc fron f to a in Figure 5.4.5.  The resulting 

graph is a strongly-connected event graph, whose critical circuit 

corresponds to the critical path of the PERT network.  In Chap'.er 6 

we will see how strongly-connected timed event graphc can be .»pplied 

to many practical situations where PERT networks are inadequa:e. 

We now turn to the program flowcharts of Martin and Estrin [Ml, M2, 

M3].  These are directed graphs consisting of arcs and nodes. Nodes 

represent operations in a computer program and arcs represent data 

paths between them. The presence of a data value on a data path is 

represented by a marker.  Each node has logical conditions (and. 

exclusive-or) on data values on the input arcs that, must be satisfied 

before the node can act. The action of a node consists of removing a 

data value from the specified logical combination of input arcs, per- 

forming a computation and then depositing data values on the specified 

logical combination of output arcs.  The action of a node is assumed to 

take some finite amount of time.  In Figure 5.4.6 we show how to model 

these timed nodes by means timed acyclic Petri net structures. A Martin 

and Estrin flowchart models program constructs like decisions and 

iteration together with aspects of parallel programs, like the fork and 

join operations [D6].  A test is performed to check if the operation of 

the flowchart can proceed in a deadlock-free manner; if an arc is drawn 

from the output node to the input node, this test turns out to be similar 

to the one for deciding if an SMD Petri net is SMA. Our work can be 

viewed as modelling cyclic or recurrently acting systems, while the 

work of Mirtin and Estrin is concerned with finding the mean execution 

time of parallel programs. The two pieces of work taken should provide 

MMMiaMMl l^^-—   ^..-1.-:.....^  ...  _ ^l-^-^^—^J.... -. - 
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a good bag of tools for the analysis and design of asynchronous 

computer systems. 

imuaiaMtt^^MHa If Will -    i —- -- MM uttmnim ..„ MM . 
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CHAPTER 6 

APPLICATIONS OF TIMED PETR1 NETS TO THE MODELLING OF ASYNCHRONOUS 

CONCURRENT SYSTEMS 

Deterministic Systems 

W' •Hll now consider applications for our work drawn from diverse dis- 

ciplines such as cemputer systems modelling and operations research. Through- 

out this discussion, we will keep In mind the distinction we have made bet- 

ween deterministic and non-determinlstlc systems. We begin by presenting 

several types of deterministic systems. The simplest system we wish to con- 

sider is a set of adder units whose action can be represented by the timed 

event graph shown in Figure 6.1.1. 

Operand 2 Pick up 
operand pair 

rform addition 

-Kmnr 
T.j Output  result 

Figure 6.1.1 

Each token on the circuit represents a physical hardware adder unit which 

can be in one of three states shown (i.e., "ready to pick up operand pair", 

"ready to perform addition" and "ready to output result"). We will make 

the assumption that there is always an operand pair available in the 

-u-"l**-i .^^^i...-^^. ■—J-^.       .JJI 
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Input queues, so that a hardware adder unit never has to be Idle for want 

of operands, I.e., the environment does not Introduce delays Into the 

operation of the system. Applying Equation [4.11], the uuixlmum rate at which 

results appear in the output queue Is given by   n/(T +T +T) 

where  n Is the number of physical hardware adder units, 

T1,    T2 and T3 
are the tlmt^  required  to perform the actions 

modelled by transitions *•■»'« and t   . 

Let us assame some values  for the above parameters. 

Let      n       =      4. 

T       =      500 nsec. Tl 

T        =        2 ui ftc. 

x        =      500 nsec. 
3 

The maximum throughput  rate of the adder Is then        4/3    f    1.33 million 

additions per second. 

A more  Interesting example  Is  the timed Petri Net  model of a three-stage 

pipelined floating point  adder shown in Figure 6.1.2. 

Figure 6.1.2 

f—— ■   
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This pipelined  adder has  only one hardware unit  per stage,   so that  there  is 

overlapped operation of  the  stages without  any parallelism in each stage. 

The maximum throughput  rate  of the  system is  seen to be 

min  [  1/T     ,   1/T       1/T  ]. 
a be 

Let  us examine the  above  expression.     Suppose  1/T       is  the smallest  of the 

three quantities  in parenthesis.     Then stage A has  the  slowest hardware 

unit,   and the natural  computation rate of this  stage determines  the through- 

put  rate  of the system.   This means  that having liardware units  in stages B 

and  C that  are  faster than the hardware unit  of stage  A is wasteful,  since 

their added speed  does  not  result  in any extra system throughput.  We will 

say that  a deterministic  system is  balanced  if the natural computation rate 

of all system parts  is equal.   In the context  of the pipeline  adder in Figure 

6.1.2    this means  that      T    ■ T    ■ T.. 
ate 

A more complex pipelined  adder would be one  in which there  are multi- 

ple hardware units   in each stage.   Such a pipelined  a»-ier is shown in Figure 

6.1.3. 

Operand 1 

Operand 2 

n    tokens 
a tokens n    tokens 

c 

Output  queue 

Stage  A Stage B Stage C 

Figure 6.1.3 

.^M^M _     .ugl^Hba 
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Stages  A,B and C have n   ,   n    and n    hardware  functional  units,   respectively. 
ab c 

In this case,  the throughput  of the system is given by 

min [ n /T , n,/T  , n /T ]. 
a a  b D   c c 

For the system to be balanced, we see that  II-^T- " nb^Tb = n /T • 

This implies the following: 

If a stage consists of slow hardware functional units, a proportionately 

larger number of units should be present in the stage to ensure that the 

system is balanced. Absence of system balance implies that there are parts of 

the system with excess capacity that cannot be used. Our results can thus 

be used to test for system balance in deterministic systems, and they serve 

to formalize the intuitive notions of balance that a hardware designer 

would, no doubt, use in the design of pipelined systems. 

PERT Networks and Project Scheduling 

PERT charts are used in Project scheduling to determine the shortest tire 

that it takes for an ensemble of concurrent activities to complete, given 

the precedence relationships between the activities and the time duration of 

each activity. We examined the relationship between FBRT charts and timed 

Event Graphs in Section 5.6. We now see that by using timed event graphs, 

we can model aspects of project scheduling and assembly lines that are not 

within the power of PERT charts. The two main advantages of timed event 

graph» over PERT charts is their ability to: 

(a) model systems that act recurrently. 

(b) model physical resource units explicitly. 

Suppose we consider the project represented by the PERT chart in Figure 

6.1.4.  The project consists of activities "a" through "g" with the prece- 

dence constraints expressed by the PERT chart. We begin by drawing the 

equivalent acyclic event graph for this PERT chart , using th« method given 

^^M ■——fill ■!■ II ■^...-.-^ ...  ..,.   .    ilMi MiMlAM*» 
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In Section 5.6.  This acyclic event graph Is shown In Figure 6,1.5. 

Figure 6.1.4  A PERT Chart. 

Figure 6.1.5  Equivalent Event Graph. 

Now suppose we waut the PERT chart in Figure 6.1.4 to represent a manufac- 

turing process, where t  represents the start of the process, and t the 
i o 

end.  We assume that each activity in the system requires the use of a 

unit of resource, like a lathe, a milling machine, etc.  We wish to express 

MMMMB MNMMMM I'fcnmilMMHIIU 
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the fact that there are only a finite number of units of each resource type. 

AJso, some resource unite may be very expensive and may have to be shared 

among several activities (e g.  a high precision lathe). How are we to ex- 

press such system constraints using a PERT chart? The answer is that there 

is no way of doing this without augmenting the structure of PERT charts. Let 

us see what added descriptive power can be had by using timed event graphs. 

Around each of the transitions t through t , we draw i  loop. Each loop is 

marked with a number of tokens equal to the number of physical processing 

units available for the corresponding activity. The resulting event <. raph 

is shown in Figure 6.1.6. 

Figure 6,1.6  Event graph which models limited resources available 
for each activity in PERT chart. 

In addition to the transition representing an activity, each loop consists 

of a second transition, which we will interpret as the act of allocating 

a resource unit to the activity. Since we wish to model a recurrently acting 

production facility, we complete the loop between t  and t  and add a large 
o     i 

number of tokens to place p as shown in Figure 6.1.7. One of the self-loops 

__„ afaii i i m - -'  ■■- 
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Large IBBRt 02  tokens 

Figure  6.1.7 

na/(Tal+Ta2) n f^  i+ T„o) g  gl  g2 

(i.e., loops around each of the transitions t ...t now becomes the criti- 
a   g 

cal circuit. Hie system can be balanced by assuming that the natu- 

ral computation rate of each of these circuits is the same, i.e. 

-   V^bl* Tb2)  ^ 

The n's denote the number of tokens on the corresponding circuits. If all 

the n's are infinite, then the processing capacity of the production facility 

becomes infinite. This is the i.ituation represented by Figure 6.1.5.  Since 

any production facility in real life has only finite  resources available 

to it, these resources can be explicitly represented as we did in Figure 

6.1.6. 

A word now about adding an infinite number of tokens to the loop formed 

by joining t to t through place p. Each token represents the possibility 

MMHMM ■ -- ■ 
__ _^^.^-——-^^^. 



-188- 

of a set of subassemblles being input to the production facility for process- 

ing. Our assumption that we can add an infinite number of Lokens to place p 

is equivalent to saying that there is an unbounded amount of buffer capacity 

between the activities t t .  In practice the amount of buffer space 

(in the form of storage bays)  between work stations in a production process 

is bounded, and this would place a limit on the number of tokens we can put 

on place p.  In that case, we would have to consider the natural computation 

rate of all circuits in Figure 6.1.7 including circuits like 

t.t t.t t t. ,  t.t.t.t t t. ,  etc. 
iabcoi    idfgoi 

Let us give an example of how the buffer capacity of the system may affect 

the maximum throughput rate of the system. We do this by considering 

some actual values for system parameters. 

Let T 
a2 

al 

bl 

cl 

dl 

el 

fl 

gl 

=  ... =     0. 

3 n 
a 

= 2. 

2 
"b 

= 1. 

4 n 
c 

= 2. 

6 
"d = 3. 

5 n 
e 

■ 2. 

8 nf 
= 3. 

3 n = 2. 
g 

Case (i) We assume that M(p)  (i.e., the number of tokens on place p) = 6. 

The throughput rate of the system = mint 2/3 1/2, 2/4, 3/6, 2/5, 3/8, 

2/3, 6/9, 6/11, 6/17]   =  6/17. 

We see that circuit t t.t.t t t,   limits the throughput rate of the system. 
idfgoi or ' 

Case  (11)      Now let    M(p)    =  100  (i.e.,"very large"). 

  -— ■   - 
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The throughput rate of the system becomes  min \  2/3, 1/2, 2/4, 3/6, 2/5, 

3/8, 2/3, 100/9, 100/11. 100/17]   = 3/8. 

The loop around transition t now becomes the bottleneck in the system. 

The production facility we have considered so far was arranged in such a 

way that each activity has its own set of resource units available to it. We 

now consider the issue of resource sharing. 

Resource Sharing 

Figure 6.1.8 

Consider the production process shown it    Figure 6.1.8.  Once again, 

letting  n ....n  denote the number of tokens on the loops around transi- 

tions t  ... t respectively, we assume the following values fov the parame- 

ters of the system: 

a2 b2 = Te2 = 0- 

Tal " 6 

Tbl ■ 2 

Tcl = 5 

Tdl " 10 

T
el - ^ 

a 

"b 

n 

1. 

1. 

1. 

2. 

1. 
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We make the assumption that the same type of resource Is ased by both 

activities t  and t. .  In Figure 6.1.8 , each activity has Its own resource 
a       b 

unit. In this configuration, ehe system throughput Is 

mln [ 1/6, 1/2, 1/5, 2/10,  1/4.5 ]  ■  1/6. 

We see that  activity t       Is  the bottleneck  In the system.   Since  activities 
a 

t       and  t       use the same type  of  resource,   It  is possible to pool  their 
a b 

resource units  together  .  Now whenever resources  are pooled together,     some 

resource  allocation strategy must  be  adopted to ensure  fair resource  allo- 

cation to the contending resource users.     Since event  graphs  can model  only 

determlnlstle    systems,  we will  use  a simple strategy in which each  resour- 

ce unit  is  allocated alternately    to the    two activities.  The resulting 

system is  shown In Figure 6.1.9. 
T 

We  assume  that  all parameters  of the  system are  the same  as before;   this 

time    the  throughput  of   the system Is 

min  [     2/8    1/5,   2/10,   1/A.5   ] =      1/5. 

H^ -■ 
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Thus, the activity t  is no longer the bottleneck in the system.  It 
a 

should be noted that other resource allocation strategies are possible, 

but they result in non-deterministic nets. 

So far, the system models we have considered have all been timed 

event graphs.  We now give an example of a system which is modelled by 

an LSP Petri net. 

Figure 6.1.10 is a timed LSP Petri net model of the assembly line 

that alternately outputs two types of automobiles, which we discussed 

in Section 1.2. 

The maximum computation rates of transitions tc and t, are of interest 

because they tell us the maximum rate at which automobiles are output 

by this assembly line.  These computation rates can be found from the 

timed steady state equivalent net of Figure 6.1.10(b). 

We now suppose that there is parallelism within some of the assembly 

stages, but that automobiles are still manufactured alternately.  This 

can be modelled by adding tokens to places in the net of Figure '3.1.10(a) 

other than p- and p , and we get an LBP Petri net of the type shown in 

Figure 6.1.10(c). 

The reader will recall from Section 3.4 that in order to draw the 

steady state equivalent net of an LBP net that is also LSP, tokens are 

removed until a life, safe marking results and then drawing the steady 

state equivalent net for it.  The marking is constructed by the technique 

given in Section 3.4. We get the steady state equivalent net of Figure 

6.1.10(d).  Once again, the maximum computation rate of transitions ks and 

k, can be found. 

The system models we have considered so far have all been determinis- 

mmmut ■ -■•-"-- *-    -'• 
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Figure  6.1.10(b)  Steady State Equivalent Net 
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Figure 6.1.10(d).  Steady State Eqlivalent Net of the LBP Petri 

Net of Figure 6.1.10(c) 
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tlc Petri nets.    We now turn our attention to the modelling of non- 

deterministic systems. 

The simplest example of a non-deterministic system that we wish to 

model is the pipelined processor with decisions  of the type discussed 

in Section 1.2.     A timed SMD Petri net model for this is given in 

Figure 6.1.11. 

Type  \ 

Output 
Queues 

Input 
Queue Stage 1 Stage 2 

Type B 

Stage 5 

T1S=T2 = T3 = T4,!T5 = T6 = T7S,0 

Figure 6.1.11 

This net has five state machine components,   as the reade»  can easily 

verify (indicated as Stage 1,...,Stage 5).     Two types of instructions 

can be processed,  Type A and Type B.    Let us suppose that the relative 

frequency of these two instruction types  is   in the  ratio of 2:3     [this 

can be  found by scatistical analysis  of program traces).     This  leads  to 

**"■'''-'-—■---■ -  ri«i i     iin 
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the  following minimal  integer consistent  current  assignment: 

cp=cp    =cp    =cp    =cp    =5 yl      Ya 2 b 3 

cp   =9   = y   =9   =2 
c 4 e b 

cpd = cp5 = cpf = cp7 =  3. 

The computation rate P. of transition t-  gives the maximum rate at 

which instructions are absorbed from the input queue. Similarly, the 

computation rates p,  and P7 give the maximum rates at which results 

are placed in the output queues.  To calculate these quantities, we 

first find p'.  From Theorem 5.2.1, 

p' = min [ il1,  ^2, t3, ♦4, if5] 

where each of the terms represents the fundamental computation rate of 

the corresponding stage in the system. System balance requires that 

*1 = *2 = S = \=    *5- 
Let T.  be the firing time of transition t  where i = a,...,f. Then, we 

have 

p* = min[ 
cp T 
a a 

, etc....] 

= mm 5T  >  5T  ' 2T + 3^'  2T   '  3TC 
a     b     c    d     a      f 

Suppose we • noose T  =  T 
a    b 

T  =  T  =  T  =  T  =  1 ^sec, 
c    d    e    f 

then , i _ = 1/5  and the system is not balanced. 

A balanced and more economical system results when T = 2.5 |i sec, 

T^ = 1.67 [i sec, the other parameters being the same. Under this new 

firing time assignment. 

»mtm MM  - ■-"■ ■ ■ 
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n,   1 5 
p  " 5 = 2 x 10 instructions/sec. 

therefore, 

pl = 5 x P =10 instruct ions/sec. 

P6 = 2 X 2 X 105     = 4 X 105 instructions/sec. 

P7 = 3 X 2 X 105     = 6 X 105 instruct ions/sec. 

The reader can construct further examples based on processors in which 

there are multiple hardware units within each stage, and can work out 

a method for an optimal design based on certain objective and cost 

functions. We shall not attempt to do this here. 

The SMD Petri nets we have exhibited so far have mainly been models 

of pipelined processors or assembly processes. Let us now look at 

models for interacting cyclic processes in computer systems. We begin 

with a model for two processes that interact with each other through 

mailboxes.  Figure 6.1.12 givas a schematic or a flowchart model for 

such a pair of processes. One of the processes is deterministic (or 

decisionless) and the other one has two decisions in it. The processes 

communicate by passing messages to each other through mailboxes, and 

the reader can convince himself that they can operate concurrently 

without deadlocking.  This can be verified formally ^an the Petri net 

model for this system shown in Figure 6.1.13 is examined.  The net is 

seen to be SMA, and in Figure 6.1.14 we indicate its state machine com- 

ponents.  Since the marking shown puts at least one (in this case 

exactly one) token on each state machine, the marking is clearly live. 

This, as the reader will recall from Chapters 2 and 3, means that the 

system of processes  has no redundant operators, and furthermore, that 

the processes can operate without being deadlocked. 

      ..-. -.,-.:.■»....  ■  .,,.. 
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"op" = "operator" tput queue 

Figure 6.1.12 
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op 117 

op  19 

Figure  6.1.13. 

aRaHMta-aMaM]aflaaaBBMaBaa "■       - -    ■—  •   - -     -"-*—"—"- 



•201- 

op 9 

op  10     r 

op  19 

Figure 6.1.14(a) Figure 6.1.14(b) 
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op 2~ 

op 

op 4 

--    op 19 

Figure  6.1.14(c) 
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op 14 

op 19 

Figure 6.1.14(d) 

Having thus established that the Petri net in Figure 6.1.13 has a 

live marking, we can now suppose that the transition labelled "op 19" 

represents an operation which outputs a result every time the transition 

fires.  Our problem now is to find out thr. maximum rati: at v^iich op 19 

outputs results, given the usual parameters like the firing tires of the 

transitions and a minimal integer consistent current assignment. The 

places marked "op 8" and "op 16" represent decisions, each decision 

having two outcomes.  The relative frequency of the outcomes of each 

decision can be found by statistical means. Let the probabilities of 

op 11 and op 9 be p.^ and p. respectively, where p-. + p_ = 1. 

Similarly, let p.- and p17 be the probabilities of op 18 and op 17 

respectively, such that p.., + p1R = 1.  We can now obtain a minimal 

^^MMMMH ■ ■" -^.■--JJ- *    ..  .. ^ 
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integer consistent .-.urrent assignment for the net, where each current Is 

denoted as usual by cp, and 

11 '11 [6.11 

M 
17 

'17 

As an example,     let ?■,■,=      1/3 

'18 3/4 

2/3 

P17=    1/4 

[6.21 

Tun,  the following Is  a consistent current  assignment: 

CP     =   1        Cp     =   1 cp,   =   1 q,        =   1        (pio   =   1 
14 '19 

« 9 10 •Pi «P. 9, V. 
2 
3  • 1 

1   . 
«Pll    ~     Vl2        =    3 

15 't       17       4 lf 1 

From this consistent  current  assignment,  we can derive the following 

minimal Integer consistent current assignment: 

cp5 - 12        cp6 = 12        cp7 =  12 cp14 =  12 cpi9 = 12 

»- CP 
10 f. 9 9 

% ■ 8 

«P- 11 9 12 

cp7 - 12        tp15 =  15      <P17 =  3 cp      =12 
18 

mmm -'■*■     •-      -      —' X-—1-^—^^•^-''—!*■■■( IIBI     1 
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The maximum computation rate  019 = P1  X to19 =  12p1,   „here  p«  can be 

determined by applying Theorem 5.2.1. 

The example we have worked out  clearly shows  the  utility of 

Theorem 5.2.1.     As we have pointed out  in Section 5.2,   an achievable 

bound can be  found  for P19 by drawing the timed c-equivalent  nets  for 

the Petri net  in 6.1,13,   and  finding the c-equivalent  net with the 

minimum value of  fundamental  computation rate.     This method  is not 

easy and Theorem 5.2.1  gives  a far more tractable method,     although the 

bound so computed may be  overly optimistic,  since  the Petri net  is not 

a - RIA. 

The timed event  graph of Figure 6.1.9 models  a production facility 

in which a deterministic  resource sharing strategy was  used to share 

resource units between activities T^ and T^.    We pointed  out  that  in 

order to model non-deterministic  resource allocation strategies,  we 

need  SMD Petri nets.     We  show such a system in Figure  6.1.15. 

A minimal  integer consistent  current  assignment   is  one which assigns 

unit current to each transition,     i.e., 

CPa2 = CPb2=      '.1 "    V =   •••• ^el  =^2    =     l- 

By decomposing the net  into its  state machine ccnponents,  we see that 

only one state machine  component has changed,  namely the one containing 

the  resource pool  and the  transitions t -,  t „  t--   and  tuo.     The maximum 
&L &l Di D2 

fundamental computation rate of this state machine is ^  
+ T J-T  +T     ' 

al a2 bl b2 

which is the same as that of the simple circuit t „ t , t  t  in Figure 
a2     al     b2    bl 6 

6.1.9.     Thus,  the non-deterministic strategy does not  change the compu- 

tation rate of the system.     This can be seen to be true for deterministic 

production facilities,   as they have a fixed minimal integer consistent 

i -MT mum —rill ii in |iaM|HM<||||M< at    
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Resource pool 

Figure 6.1.15 The Production Facility of 6.1.9 with a Non-Deterministic 

Resource Allocation Strategy. 

current assignment. The reader is invited to construct further examples 

for himself. 

We conclude this chapter with an example of an ensemble of sequential 

processes which contend for shared resource units in a resource pool. 

Figure 6.1.16(a) is an SMD Petri net model of a system of three sequen- 

tial processes contending for two pooled resource units.  The minimal 

integer consistent current assignment models the fact that the relative 

frequencies with which Processes 1,2 and 3 are allocated resource units 

■MMMMMMH -*"" ' •'■■" ' -■-• 
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Procesp 1 Process 2 Process 3 

Figure 6.1.16(a) 

are in the ratio or 1:2:3 (this is a coincidence).  The net is SMA, 

and the four state machine components designat.J S.,...^, are shown 

in Figure 6.1.16(b). 
> 

By applying Theorem 5.2.1, the reader can easily find the computation 

rate of any transitions of interest. 

It is hoped that the material presented in this chapter has given the 

reader a good overview of the applications or  the work presented in the 

earlier chapters.  The reader should reinforce his  nderstanding of this 

material by constructing further examples ot his own. 

MM ''— -* "*-   . 
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Flgure 6.1.16(b) 

Process 2 Process 3 
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CHAPTER 7 

This  thesis has  answered  several questions  but has  opened  up many 

others.  Basically,  we have  laid  to rest  the  Issues we  raised   in Chapter 

1.  We have shown how to model  asynchronous  concurrent  systems   in an eco- 

nomical  fashion,   and,  by augmenting our model with timing  information,  we 

have  shown how to find bounds  on the computation rate of  a large class of 

systems. 

Our approach in establishing the validity of the SMD Petri net model 

for    asynchronous  systems has  been heavily dependent  on example  and 

intuition.  This may seem rather  unsatisfying to some of us,   and we pose 

the  following problem to our readers:     can we come up with  a set  of axioms 

that  specifies the structure  and behavior of asynchronous  systems,   and then 

show thc't  these axioms  lead  to SMD Petri nets? 

SMD Petr1  nets have turned  out  to be a very rich class  of  structures 

for representing asynchronous  concurrent  systems.  However,  we  do not have 

any necessary and sufficient  structural  conditions  for an SMD Petri net 

to have  a live marking,   and we pose this  as  another problem to our rea- 

ders. 

The other major question that  remains to be examined  is  to assume 

firing times to be  random variables  in order to model  real-world systems 

more  accurately than is possible with the model  of Chapter 4.  Good bounds 

are needed  for the mean computation rate of such timed nets.     Another issue 

that  seems to merit  some attention    is  to assume that  input  queues to 

an asynchronous  concurrent processing systems  are  fed by items whose 

arrival  rates  are random  (e.g.,  Poisson).    Thi* will  lead  to a statis- 

' -   - ---" — 
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tical fluctuation in the processing rate of the system,  and the effect 

of buffers in smoothing out these  fluctuations can be examined.  A general 

performance analysis theory can then be worked out  for asynchronous 

concurrent systems We think that  our thesis is a step in that direc- 

tion. 

__-—-«-—-i 
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APPENDIX I 

In this appendix, we show that the rooted tree T(V) for any vector 

addition system V is finite, and the proof of Theorem 2.3.1 is given. 

The results and te .miques in this appendix are taken from Karp and 

Miller [K2]. 

Finiteness of the Tree T(V) 

To prove that T(V) is finite for any V requires two lemmas.  The 

term subsequence used here do'is not refer necessarily to successive 

elements of a sequence.  Thus 1, 3, 4, 15, 79,... is a subsequence of 

1,2,3,... 

Lemma 1.1; Let SQ,«^,...i^,... be an infinite sequence of elements 

from (N U ("}) for some positive integer r. Then there exists an 

infinite subsequence s  ,s  ,...,s, .... such that s. z s.    ^  ...  ^ s     . 
4 4    ln 4   l2       i . 

Proof: In ig,^,.. .1^... there exists an infinite subsequence that is 

non-decreasing in the first element.  In this sequence in turn, there 

exists infinite subsequence that is non-decreasing in the second element 
l 

etc. 

Lemma 1.2: (König Infinity Lemma [K3]. Let T be a rooted tree in which 

each vertex has only a finite number of successors and in which there is 

no infinite path directed away from the root node.  Then T is finite. 

MBMi MMHM . . . - . - 
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Theorem 1.1:  For any vector addition system V, the tree TOO is 

finite. 

Proof; Assume otherwise and let s..,s2,...s ,... be a sequence of 

nodes in an infinite path directed away from the root node.  By Lemma 

1.1 there must exist an infinite subsequence s, , s. ,...s. ,... of this 
11  12     n 

sequence such that ji(s. )<!(•. )... ^ £(s  ) ^ ... Since none of 
11      i2 n 

these nodes is an end, it can never happen that jj(s. ) = jj(s,   ).  If 
n       n+l 

this were not true, then the path would be finite by condition 2(a) in 

the definition of T(V). 

From condition 2(b) in the definition o^ T(V), je(s   j  must have at 
n+l 

least one more element equal to ^ than A(s. ) does.  Since the number of 
n 

elements   is finite, we have a contradiction, and, therefore, no such 

infinite path can exist.  From Lemma 1.2 it must be the case that T(V) 

is finite. 

Proof of Theorem 2.3.1; For any vector addition system V and any integer 

vector x of the same dimension 

^y € R(V) such that x <: y) » ( 3 ß € TO7) such that x s: £(ß) ). 

Proof; We first show that the right hand side implies the left hand 

side.  The idea of the proof is that, if ß is a node in T(V), then there 

are vectors in R(V) which agree with jj(ß) in its finite elements, and 

can be made arbitrarily large in the elements equal to U by repetition of 

the sequence of vectors which led to the occurrence of U,  The details of 

the construction involve some calculation. 

^M. k^MfeMMMMM^M^U 
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Suppose x <: 4(ß).    Let the path from s  to ß have the successive 

nodes TIQ,^....^, where s = TIQ and ß = 1^.    For j  = 1,2,...k,   let 

Vj be  the vector associated with  the arc directed into 1]  ;  i.e., 

j J-l V.'     Assume without  loss  of generality that the first h 

components  of £(ß)  are equal to W,   and  that the other components  are 

less  than (J.     Assume  further that,   in the path  from s to ß,  M1«  are 

introduced  in the order l,2,...h.     Then,   for each i,   1 <: i ^ h 

there  exists  a consecutive subsequence  t    = v v v 
i        c(i)' vc(i) +l'---vd(i) 

such that the vector u. = vc(i) + V^^,,.. + vd(i) is positive in 

the i-th element and nonnegative in the i+1 st through nth elements. 

Note that ^ is the subsequence that "accounts for" the i-th w. 

Let -n be a lower bound on all the (negative) elements of u   . ,M . 

Also let inj i^] be any set of non-negative integers satisfying: 

nj ^ (x-s)1 + it(h + L + n2 + n3 + ...+ nh> 

n2 ^ (x-8)2 + Jt(h + n3 + n4 + ...+1^) 

1 

(1) 

\ *  (x-s)l + n(h + 2 - i + ni+1 + .. .+nh) 

Tlh s (x-s)h + 2n 

MUk, 
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Such a set must exist because of the triangular form of the inequali- 

ties. 

Choose s. ,s_,... ,s. ., such that for 1 ^ i ^ h, s^»..^ is the 

prefix of v-v-.-.v. up to the first occurrence of u in the i-th 

element, and s,s2...s. ., = v^v2•••vlr•  T*1611 the sequence 

n    n-      n 
1 h 

6 = s-t.   s_t  ...s.t.   s, , = u-u^^.u.   has the following 

properties: 

(a) s + u., + U-...U, ^ x 

(b) each partial sum s + u.. +...u. is non-negative. 

We omit the detailed derivation of (a) and (b) from the system of 

inequalities (1).  To show that the left hand side implies the right 

hand side, suppose that the following are true:  s + u- + u2...u- € R(V) , 

x ^ s + u, + .. .u^,,  and s + u, +...-;- u ^ 0, m = 1,2,.. .f, where the 
if i       IT 

{u }are elements of W.  Apply the following operation to the sequence 
m 

s, s + u-, s + u, + u„,...s + u. +... + u as many times as possible: 

Find the first member )f the sequence (call it u') such that, for 

some earlier member u", u1 < u'. 

(a) If u" = u', then delete all members following u'; 

(b) otherwise, for each i such that (u"). < (u')., replace the i-th 

element of u* and of each vector beyond u' in the sequence by w. 

It should be clear that the sequence obtained at th« conclusion of 

this process is the sequence of labels in some path directed from 

the root of T(V), and that the final label in this sequence is a vector 

greater than or equal to s + u.. +... + uf.  Hence, the left hand side 

implies the right hand side, and the proof is complete. 

■■"-'-- - ■■ ■- ■ • ■■■ - ■ -■■-- ... .-^— -■ - ...■.-^- 
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To illustrate the construction of the sequence 6 given in the 

first part of the proof, the following example, due to Karp and 

Miller, is provided: 

Suppose s = (1,1,1,4) and W = {(0,0,0,-1), (2,-1,0,0), (-1,1,0,0), 

(-1,-3,4,0)}.  Consider the following path in T(V): 

(1,1,1,4) 0>0><V1,  (1,1,1,3) 

\ 2,-1,0.0 

(3,0.1,3) -1'1'0'0*    (to.1,1,3) 

1-1,1,0,0 

(".",1,3) •1«"?t4t0» (u),ta>,u,3) 

s1 = (0,0,0,-1), (2,-1,0,0), (-1,1.0,0) tj = (2.-1,0,0). (-1.1.0.0) 

s2 = (-1.1,0.0) 

S3 = (-1,-3.4.0) 

t2  = (-1,1 0,0) 

t3 = (-1,-3,4,0) 

Take x = (22,16,9,3) ^ (w,u),a),3) and let n = 3. The system of 

inequalities (1) for this case is: 

n1 ^ 21 + 3(4 + n2 + n3) 

n2 ^ 15 + 3(3 + n3) 

n3 2 8 + 3 . 2 

A solution it:  n3 = 14, n2 = 66, n.  = 273, giving tht s'.quence 

6 = (0,0.0.-1), (2,-1,0,0), (-1,1,0,0), ((2.-1.0,0). (-1.1.0.0)) 

(-1.1.0.0), (-1,1,0,0)66, (-1,-3,4,0), (-l,-3,4.0)14, which 

establishes that the point (193,23,61,3) s x is in R(v). 

273 
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