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ABSTRACT

This thesis is concerned with the modelling and performance analysis
of systems which consist of concurrently acting components, an example of
which is an asynchronous pipelined processor. The work is divided into two
parts.

In the first part, a suitable model is developed for describing the
struccure of asynchronous concurrent systems. In conventional automata
theory, the finite-state machine model is used to describe the behavior
of systeus; the problem with this is that a large number of :tates re-
sults when practical systems are modelled. In this thesis, each system
component is modelled as a finite-state machine, and a system is viewed
as an ensemble of interconnected finite-state machines.This has the ad-
vantage that the size of a system uodel grows linearly rather than expo-
nentially with the number ¢ system components. A subclass of Petri nets
known as SMD (State Machine Decomposable) Petri nets is identified in
. order to formalize the notions of finite-state machines and their inter-

1 connection. For convenience, systems of interest are divided into two broad
categories:

(a) Deterministic, or decision-free.

(b) Non-deterministic, or systems with decisions.

SMD Petri nets are used to model both classes of systems; in addition, a
subclass of Petri nets known as LSP Petri nets is used to model those
deterministic systems that cannot be modelled by SMD Petri nets.

The second part of the thesis is concerned with finding the computation
rate of activities in real-world asynchronous concurrent systems. Practi-
cal systems are constructed from devices which have a finite speed of ope-
ration. Since Petri nets do not have time parameters as part of their
definition, they can model the structure of systems but cannot be used to
study their computation rate. The definition of Petri nets is augmented
to model the speed of operation of a device in a system by assuming that
the corresponding activity in the Petri net has a finite, non-zero time
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3 duration. The resulting nets are termed timed Petri nets, and methods are

f given for finding the computation rate of activities in timed SMD and LSP
Petri nets. The results are applied to the analysis of several asynchro-
nous systems drawn from areas within and outside the domain of computer

i systems .
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CHAPTER 1

INTRGDUCTION

1.1 Background

The philosophy of this thesis can be described very effectively by the

following quotation from T.C. Chen [C2]:

In the quest for performance above and beyond that deliverable
by hardware componentry, two alternative multiprocessing ap-
proaches to computer design can be taken. One is to subdivide
each oncoming job among many identically constructed mechanisms,
and is commonly referred to as parallelism. The other alternative
is to develop a collection of specialized mechanisms capable of
working simultaneously to form a general purpose organization;

this is commonly called overlap, and an extr-me form of this is

called pipelining.

It is well known that present day machines are very wasteful in terms of
resource utilization. One of the original arguments for time-shared
multiprogrammed systems was the fact that they could permit better utiliza-
tion of system resources than a batch-processing system by overlapping c.ne
operation of the processor, primary storage and secondary storage. The
processor in contemporaiy computer systems is treated as a resource unit
which is allocated to a user job or a task within a user job. Each
processor typically consists of smaller processing units like adders,
multipliers, an instruction fetch unit and an instruction decode urnit,

all of which can potentially be operated concurrently with each other.

If it were possible to achieve this degree of concurrency, a much greater

processing rate could be realized as a consequence. Of course, the over-
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all throughput of the machine depends not only on the-instruction pro-
cessing rate of the processor, but also on factors like the speed of

the main memory, its degree uf interleaving, the type of secondary
storage and finally on issues like the job mix and the scheduling strategy
used. But by suitably reconfiguring wain and secondary memory, the bene-
fits of added concurrency in the processor could be realized as added
throughput in the overall system. In most contemporary processors, over-
lapped operation of functional units within the processor is restricted

to concurrent fetching and decoding of instructions. Many systems can be
run in a multiprocessor configuration so that real parallelism is possible.
However, this parallelism is between user jobs or between different tasks

of the same user job, a situation which we term macro-parallelism. Dennis [D3]

has advocated a computer organization in which parallel operation is pos-
sible right down to the level of instructions in a computer program or a

user task. We term this micro-parallelism and it is clearly impractical

on conteuporary machines because of the overhead involved in switching the
processor between instruction streams.

Jack Dennis has looked at the issues involved in designing a computer
system to support 1 ‘cro-parallelism, and readers interested in his pro-
posals for a memory organization and a representation scheme for programs
and information structures are referred to his paper [D3]. We quote his
remarks about the processing hardware:

The organization of the processing hardware is intended to per-
mit extensive sharing of multiple specialized cells by many
computations to ensure statistically high utilization. It is
envisioned that there be tens to hundreds of units of each cell

class, operating independently and asynchronously using a ser-

vice on demand principle of control.
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The control needed in such a large complex sysiem would be too formidable
to tackle with a centrally clocked or a synchronous organization. Dennis
has rightly pointed out the need for asynchronous operation of such a
system. Each '"cell" in Dennis' system corresponds to a functional unit
of a certain type, like an adder or an instruction decoder, and the opera-

tion of a cell type will be cverlapped or pipelined with the operation of

other cell types. Thus, by a combination of parallelism and overlap, a
statistically high instruction throughput should result. We will refer to
such systems as 'asynchronous concurrent systems" and will have occasion
to use this term often in the course of the thesis. Dennis and Patil [DL,
D2] have addressed themselves to the problem of evolving tools for the
description and implementation of such systems. They have made much
progress, and their efforts have resulted in a systematic tachnique for

both the description of asynchronous concurrent systems together with a

methodology for their realization using a set of elementary modules [D1,
D2]. 1In this thesis, we. would like to address ourselves to the question
of modelling such systems with a view to predicting their performance.
The performance of an asynchronous processor such as visualized by Dennis
will depend upon several factors, some of which are listed below:
a) The number of functional units of ezch type.
b) The speed of operation of each functional unit.
c) Statistical properties of user jobs, e.g., their degree of
parallelism, relative frequencies of the different instructions.
d) Gross statistical properties of user jobs, i.e., job arrival
rates, mean length of user jobs.

Before we can incorporate these factors into a model for performance

evaluation of asynchronous computer organizations, we must come up with a
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suitable descriptive tool or model which can represent the structure of
such systems in a manner that is both simple and accurate. 1In particular,
factors like (a) and (b) should be readily incorporated into the model.
Models for asynchronous systems as they currently stand can successful-
ly describe the structure of asynchronous systems, i.e., the structure
and interconnection of the parts of the system. However, they do not
have a way of incorporating information about factors like (b) and (c)
as part of their definiticn. 1In this thesis, we have developed a model
in which factors (a), (b), and (c) can be described in a natural and
simple way. Thus, given a description of the structure of the system
and the speed of operation of its parts together with statistics on the
utilization each part, we can obtain a measure of the throughput of the
system. If the system we are considering is an asynchronous pipelined
processor, we can obtain a measure of its processing rate, given that we
have information of types (a), (b) and (c) available to us. The actual
throughput of such a processor when connected to memory units and in the
presence of user jobs is not easy to find. We will not study issues of
type (d) in connection with the performance of asynchronous computer
systems, but will concern ourselves with finding an index of performance

which we will call its information processing capacity or computation

rate.

Our approach will be to study an existing model for asynchronous sys-
tems and explore in depth its applications to the modelling of various
types of concurrent systems, including pipelined organizations in whici
parallelism may be present in each stage. This model, while adequate for

describing the structure of asynchronous systems, does not contain in-

formation regarding the speed of operation of system components or any
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information about the statistical utilization of the parts of a system.
We show how such information can be incorporated into the model. The
properties of this augmented model are studied, and a technique is given
for analyzing the throughput rate of a large variety of asynchronous
processing or computing systems. The model we have developed and the
analysis techniques for it were motivated by the desire to study perfor-

mance issues in asynchronous computer systems. However, the work can be

applied with equal facility to analyzing numerous systems outside the
realm of computer systems; the best example is that of an assembly line,
and we shall interchangeably talk about pipelined processing systems or
assembly lines, because both share fundamental characteristics such as
overlapped and parallel operation. In the next section, we pursue the

modelling of asynchronous systems in some depth, and illustrate the

spirit and flavor of the thesis by concrete examples.
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1.2 Modelling Asynchronous Systams

Our study oif various types of asynchronous concurrent systems has led
us to the conclusion that, by and large, we would like to distinguish
between two brvad classes of systems:

a) deterministic
b) non-deterministic (i.e., having decisions).

Let us explain briefly what we mean by this distinction.

Deterministic Systems: We will call an asynchronous system deterministic

if during the course of operation of the system, there is never a
situation when a decision has to be made between alternative courses of
action in the system. An example will explain what we mean. Consider
an automobile assembly line in which only one kind of car is being manu-
factured, and each car is made from similar components using the same
sequence of assembly operations. Thus, in the course of operation of
this system every assembly operation is needed for the assembly of each
car, there being no difference in the sequence of steps needed for the
manufacture of the fourth or eighth car output by the assembly line. To
give another example, consider a pipelined floating-point adder, arranged
in, say, three stages (see Fig. 1.2.1). Each stage performs a certain
operation on the pair ¢f operands input to the pipeline for addition.
Thus, each operand pair that is absorbed at the input goes through the same
sequence of operations before being output as =2 result. Such a pipelined
system is also a deterministic systemn because no choice has to be made
between alternative courses of actioa. So far we have looked at systems
in which the objects being assembled (or added, etc.) go through an i-

dentical sequence of operations. A more general class of systems consists
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of those systems in which the objects being processed do not nzcessarily
go through the same sequence of operations, but the operation of the
system is still deterministic. An example of such a system is an assembly
line for the manufacture of automobiles which alternately turns out two
kinds of autos, one fitted with a 200 HP engine and the other with a 350
HP engine. We shall assume that the car with the more powerful engine has
to be suitably braced and fitted with extra gadgetry, so that after the
¢ngine has been bolted to the chassis, subsequent assembly operations per-
formed on the two cars are different. Thus, even though there is a point
in the system at wrich a decision has to be made, this decision cannot,
for example, be made arbitrarily by an assembly line operator. The opera-
tion of the system is, so to speak, "sreordained," 1i.e., there is no point
during the operation of the system at which a choice can be exercised be-
tween alternative courses of action.

Let us now move on to the class of systems we have termed non-determin-

istic systems.

Non-Deterministic Systems: We will loosely define non-deterministic
systems as those in which there does exist a choice between alternative
courses of action. An example of such a sysiem is the assembly line of

Figure 1.2.2, minus the restriction that the two types of automobiles be

manufactured alternately. Thus, at the bay at which alternate routing

of zhe two types of partially assembled autos was done, this routing can
now be made random or controlled by some decision process other than a

purely deterministic one. The decision could, for example, be made on

the basis of up-to-the-minute customer orders received from car dealers.
The operation of an assembly lire such as this is said to be non-determin-

istic. Let us now give a more computer-related example. Consider the

N T T e . | e
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simplified model of a pipeline processor shown in figure 1.2.3.

Processing for Type A Qutput

__'I Queues
Input Stage 1 Stage 2
Queue ¥ Processing for Type B
Instrud- nstruct
tion ion .Ill[
Fetch ecode __1

What type

Processing for Type C
of instruction?

é

Ttage 3 Stage 4

Figure 1.2.3. A Simplified Model of a Pipeline Processor for a Computer
with Three Instruction Types.

We shall assume that the instruction set of the computer has three types

of instructions, termed types A, B, and C. Instructions are fetched at

Stage 1, decoded at Stage 2 and processed according to their type at
Stages 3 and 4. The reader will notice that we have chosen the same nota-

tion for representing both the assembly line of figure 1.2.2. and the

pipelined processor of figure 1.2.3., Both these types of systems,
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together with a large variety of others, all have the basic characteristic
that they consist of a set of parts together with some mechanism for coor-
dinating their operation. In addition, the system parts could be
arranged to exhibit overlapped operation and parallelism. Let us ex-

plain these two terms in the context of Figure 1.2.3. Each stage of the

system is a part, whose operation can be overlapped with that of the

other parts. We will say that the parts of the pipeline processor operate

concurrently or in _an overlapped fashion. We now come to parallelism.

Suppose Stage 1 consists of two identical hardware units, each of which
can independently fetch an instruction, and the two can operate concur-
rently with respect to each other. Stage 1 will be said to have paral-

lelism of degree 2. In general, any stage ir said to have parallelism

of degree n if it has n physical hardware units availabie for processing.

Brief Statement of Thesis Problem: The problem we have addressed in

this thesis is to study in some depth how to model asynchronous, concur-

rent systems such as theones shown above. We have chosen a formalism
known as Petri nets [H1, H2] to express the sequencing relationships be-
tween events in asynchronous systems. The problem with Petri nets, as
with other models for asynchronous systems or psraliel computation that
we could have used is that they represent only the sequencing or ''cause-
and-effect" relationships between events in a system. Such a systems
description is not adequate if we wish to study performance issues.

For example: the assembly lines and the pipeline processors modelled in
Figures 1.2.1. through 1.2.3. are all real world systems built from com-
ponents or devices which take a certain amount of time to operate. Thus,
the production of cars or the processing of instructions in an actual sys-

tem is not instantaneous. The rate at which processed objects appear at

e e e e
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the output depends upon several factors, some of which we outlined in

section 1.1 in connection with an asynchronous pipelined processor.
Recapitulating, the throughput rate of an asynchronous processing system
will depend upon two kinds of factors:

(a) factors intrinsic to the system, like its structure, the

organization of its parts and the speed of operation of each part.

a_

(b) extrinsic factors, like availability of items in the input queues,
statistics on the type of items input to the system for processing.

The only extrinsic factor we will model will be statistics on the out-
come of decisions during the course of operation of the system. In
connection with Figure 1.2.3, this would mean the relative probabilities
of occurrence of each of the instruction types A, B and C during the
operation of the pipelined processor. As the reader will note, this
is equivalent to the relative frequency of use of the system parts which
perform the processing of these instruction types. We will not model
other extrinsic factors, like arrival statistics for items in the input
queues. The thrcughput rate that we thus calculate for a processing
i system will represent the maximum rate possible, assuming that it is
} connected to a balanced configuration of primary and secondary memory.
: In the next section, we look at previous work in the areas of asyn-

chronous systems, parallel computation and project :r~heduling which is

relevant to the research presented in this thesis.
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1.3 Related Work

Considerable work has been done in modelling the sequencing or control
aspects of asynchronous systems, but few workers have actually considered
issues of timing or speed of operation.

The work of R. Karp and R. Miller [Kl, K2] is concerned with the
development of a mathematical model called parallel program schemata
to represent parallel algorithms. A set of uninterpreted operations is
defined over a finite set of memory cells. With each operation is
associated two subsets of the memory cells called the domain and range
cells. Upon activation, called an initiation, an operation reads the
current values in its domain cells and evaluates a function with these
values as arguments. An unspecified time later, the results are deposited
in the range locations, the latter action being called a termination.
Control is conceptualized as a possibly infinite directed graph consisting
of a set of control states (nodes) together with a transition function
that specifies for each state initiation and termination pair the suc-
ceeding contrnl state. A computation is a sequence of initiations and
terminations that corresponds to a defined path in the control graph
(emanating from a designated starting state) and that satisfy other rules.
With this formulation, parallel activation of operations is possible,
but their work cn the whole is more concerned with control structures
for parallel programs that properly terminate than with tiie issues in-
volved in being able to represent continuously operating asynchronous
concurrent systems.

Di jkstra [D4] considers a method by which asynchronous sequential
processes may operate concurrently and communica’=2 harmoniously. The

processes are provided access to common integer values called semaphores.

b e e
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The semaphores can be manipulated by means of two synchronizing primitives,
l the '"P" and "V" operations which decrement and increment, respectively,
the value of a semaphore by one. The P operation can be executed only
1 when the current value of a semaphore is greater than zero. Conditions
are investigated for an ensemble of interconnected sequential processes
to operate without being deadlocked.
The work of Holt and Commoner[H2,Cl] is very significaat and has form-

ed the starting point of our thesis. Their model, called Petri nets,

is very simple to understand, and consists of two types of nodes termed
places and transitions. A set of directed arcs connects places to
transitions or transitions to places. Ma;kers, called '"tokens" are put
on places, and each token that is put on a place corresponds to the
holding of one instance of the condition corresponding to that place.
When every input place of a transition has a token on it, it can "fire."
A firing causes one token to beremoved from each input place, and a
token to be added to each output place. Commoner has investigated
conditions for a subclass of Petri nets to operate in a deadlock-free
manner. Hack has done an extensive investigation of a subclass of
Petri nets termed Free Choice Petri Nets [H1].

So far, we have discussed models for asynchronous systems in which
no mention was made of real time. Two bodies of work exist in which
real time issues are entered into for asynchronous concurrent systems.

The first is the PERT network used in project scheduling [F1]. A
PERT network is an acyclic directed graph with an input vertex and an
output vertex. All arcs in the system lie on paths from the input vertex

to the output vertex. Each arc denotes an activity in a project, and a

method is given for calculating the shortest amount of time that it
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takes to complete the project (the critical path), and also the earliast
and latest time that any given activity can initiate in order that the
project be completed in the shortest time possible. While PERT networks
can explicitly represent concurrent activity in a system, they do not
have the power to represent systems which operate in a recurrent or
repetitive fashion. Nor, for that matter, can they explicitly represent
system. components with parallelism within each ccuponent. Most important,
there is no provision in the structure of PERT networks for representing
a choice between alternative actions in a system. This makes the model
ina&equate for modelling the complex asynchronous systems we would like
to handle.

Martin and Estrin at UCLA have studied a model of parallel computation
called the program flowchart [Bl, M1, M2, M3]. Program flowcharts are
directed graphs consisting of nodes and arcs. Nodes represent operations
in a computer program and arcs represent data paths between them. An
operation can take place when some suitable logical combination (and,
exclusive-or) of its incoming arcs have data values on them. When an
operation takes place, it absorbs data values from its incoming arcs and
puts data values on some logical combination of outgoing arcs. The model
is extremely powerful and can represent decisions explicitly. Martin and
Estrin are concerned with modelling parallel computer programs, with a
view to finding their mean computation time, i.e., the amount of time it
takes to execute a computer program from start to finish. For this pur-
pose, they assume each node to have a fixed (deterministic) time duration.
A technique is given for finding the mean execution time of well-formed

program flowcharts. Although the model is capable of representing

recurrent processes, Martin and Estrin have confined themselves, in their
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analysis, to models of processes which operate in a "one shot" fashion.
Also, they have not developed their model to a point where it can be
used for modelling complex pipeline processors or assembly lines. Wwe

will show in the course of our work the added generality that is possible

withour approach to modelling asynchronous systems.
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1.4 Overview of Following Chapters

1) It is shown how asynchronous concurrent systems can be looked upon

as an ensemble of suitably interconnected finite state machines. Petri

nets are introduced to formalize this notion, and also as a graphical

tool for visualizing the structure of asynchronous systems. It is shown

what it means for an asynchronous system to be well-formed in terms of

the corresponding notions of liveness and boundedness for Petri nets. The
two classes of asynchronous systems, deterministic and non-deterministic,

are formalized. Boundedness is shown to be a decidable property for

Petri nets, and liveness in turn is shown decidable for bounded nets.

(Chapter 2).

2) An in-depth discussion is given of the structure of asynchronous concurrent
systems in terms of SMD (State Machine Decomposable) Petri nets. The

notion of a "current assignment" is introduced for transitions in a Petri net,
and a consistent Petri net is defined as one which can support a consistent current
assignment. Subclasses of Petri nets are introduced, chiefly Event

Graphs, LSP (Live, Safe, Persistent) Petri nets and SMA (State Machine
Allocatable ) Petri nets. Deterministic and non-deterministic systems are
studied in terms of these subclasses. (Chapter 3).

3) Timed Petri nets are introduced. These arec Petri nets in which a
transition executes for a fixed non-zero time called its firing time.

The maximum rate at which an eveit occurs in a system is its computation
rate. The computation rate of a large class of deterministic systems

is found. (Chapter 4).

4) The general problem of finding the computation rate of non-deterministic

systems is addressed. A bound is obtaincd for the computation rate of

non-deterministic systems. Systems are identified for which this bound
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is achievable. (Chapter 5).

5) Applications of our work to the modelling and aralysis of real-world
systems are given. (Ch >ter 6).

6) Unsolved problems are given, together with recommendations for future

research. (Chapter 7).




CHAPTER 2

PETRI NETS AND VECTOR ADDITION SYSTEMS

2.1 Informal Introduction to Petri Nets

We will present the idea of the Petri Net model as an extension of
the finite state machine model of conventional automata theory. The
latter model is based on the assumption that we can abstract from a sys-

tem a total system state, and the action of the system is described by

the set of all allowable states and a set of rules that governs the
transition of the system from one state to another. Let us give a simple
example here to explain what we mean.

Consider a stage of the pipelined floating point adder shown in

Figure 2.1.1(a). Assume that it can handle one pair of operands at a time

and that wvhen it is performing an operation on an operand palr, cther
operand pairs in its input queues must vait until it is through with the
current operand pair. We can thus represent the operation of the stage

of the pipelined adder as shown i{n Figure 2.1.1(a).

Urit busy

Ready to output result

ady for input
operand palr

Figure 2.1.1(a)

«23-




-24-

The stage can be in one of three states, denoted by circles in Figure
2.1.1(¢a) :

(a) Ready for input operand pair.

G e e —————

(b) Unit busy (processing an operand pair).

(c) Ready to output result.

Figure 2.1.1(a) is drawn using the notation of finite-state automata

: theory, and a transition from one state to another is denoted by an arc.
For r-asons that will become clear soon, we will insert into each arc in
Figure 2.1.1(a) a bar to denote the transition from one state to another.
Also we would like to indicate what state a system is in at any given

instant of time. We will designate this by the presence of a marker on

the circle corresponding to that state (see Figure 2.1.1(b)).

Unit busy Done with processing

Ready to output
result

Pick up

erand i
b AR Output result

Ready for input
operand pair

Figure 2.1.1(b)

The system shown in Figure 2.1.1(b) is in the state : 'ready for
input operand pair'". When the system absorbs an input operand pair, it

makes a transition to the state : '"unit busy'". Finally, when it is done

with processing the operand pair, it becomes ready to output the result

and makes a transition to the state entitled '"ready to output result".




The system then outputs the result and becomes ready for the next input
operand pair. This sequence of operations repeats.

Each stage of the system can be modelled in this fashion. We now con-
sider how to model a two-stage pipelined adder, given that each stage is
modelled in this fashion. Once again, by using techniques of conventional
automata theery, we see that the two-stage system can be represented by
a finite state machine which is the cross-product of the two machines[H4].
Let us attempt to carry out this construction. We will assume that the

states of the two machines are labelled a,b,c and a',b',c', respectively
(see Figure 2.1.2).

bl
a

Figure 2,1.2

Figure 2.1.3 shows the resulting finite state machine. We see that it has

nine states and a total of eighteen transitions between states. The
problemg with this representation are the following:

(a) The number of states grows as the product of the number of states

In the individual stages.

(b) The identity of the individual stages has been lost. For all we know,




this could be the state diagram of a nine-state system consisting of only
one system component (or stage).

The nine-state finite state machine obscures the structure of our two-

stage pipelined adder. We note that if the pipeline has n stages, the
number of states in the finite-state machine used to represent it would
be 3! To represent a five-stage pipeline, we would need 243 states.
We clearly need a formalism which provides more economical descriptions
of concurrent systems.

tet us briefly discuss parallelism in a system like a pipelined adder.
Suppose we consider a two-stage pipelined adder in which the first stage
has five functional units in parallel, and can thereby support up to
five concurrent computations. The second stage will be assumed to have
eight parallel stages. We can represent parallelism of degree five in
the first stage by placing a total of five tokens on the finite-state
machine used to represent it., Similarly, we place eight tokens on the
finite state machine used to represent the sccond stage. (See Figure 2.1.4).
Each token is assumed to move from one state to another independently
of all other tokens. The state of the first stage is now a vector
( n(a), n(b), n(c) ), where each element of the vector represents the
number of tokens on the corresponding place. Note that :

n(a) + n(b) + n(c) 5,

n(a') + n(d') + n(c'") 8.

In order to model the first stage as a finite state machine, 35 states

are needed. Similarly, 38 states are needed for the second stage, giving

313 states in all for the cross product machine ! Suppose instead of

attempting to model the above system as a finite state machine, we use
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Figure 2.1.3 Finite State Machine Model of Pipelined Adder

the following artifiee : coalesce t, and ti together, givimg the dia-

gram in Figure 2.1.5. The coalesced bar is relabelled 't'.

The output terminal of stage 1 is thus made the input terminal of stage

2. A transfer of an operand can take place when stage 1 is ready to out-
put a result and stage 2 is ready for an input operand. In terms of the

net in Figure 2.1.5, this is true when state c in stage 1 and state a' in
stage 2 each have at least one marker on them. Figure 2.1.6 shows a confi-
guration of the pipelinein which an operand pair can be transferred between

the stages. Figure 2.1.7 shows the configuration that results after an




operand pair has been transferred.

We are now ready to introduce some nomenclature. Each circle in the
diagram of Figure 2.1.5 is called a place , and the bars are called trans-
itions. The act of transferring an operand pair between stages was

achieved by an action called the firing of transition t.

Figure 2.1.4,

Figure 2.1,5,

Figure 2.1.6 shows a configuration of the system in which transition t can

be fired. When t fires, a token is removed from each input place and

added to each output place. (see Figure 2.1.7). In system terms, each input




Before firing transition t

Figure 2.1.6

After firing t

Figure 2.1.7




place to a transition represents a pre-condition that has to be satisfied

(or hold) in order that the action corresponding to the transition may
take place. If there are several tokens on a place, it represents several
instances of the holding of the corresponding condition. Thus, when the
action corresponding to t occurs, it causes one instance of each pre-
condition to cease and one instance of each output condition or post-
condition to begin holding. When the finite-state machines representing
Stages 1 and 2 are not connected, the stages they model are said to be

mutually independent. In Figure 2.1.5, the finite state machines are said

to be interconnected. Many other terms can be used instead of interconnec-

ted stages, for example, cooperating or mutually synchronized stages, but

we will continue to use the term interconnected.

What we have done in the last few paragraphs is to introduce a way of
modelling, in an economical way, systems of interacting parts in which
overlapped operation and parallelism are both present. The terminology we
have used is part of the definition of Petri nets, which are discussed more
formally in the next Section. We have introduced the idea of Petri nets
as a natural extension to the finite state machine model, and their advan-
tages are obvious and considerable.

We would like to continue our informal approach in order to introduce
some important notions that we will need in understanding the structure
of asynchzonous systems. Consider the finite-state machine in Figure 2.1.1(b).
The state machine is strongly-connected, i.e., from every state there
exists a directed path to every other state. The state machine in Figure

2.1.8 is not strongly-connected and we see that there is the possibility

that the token can appear in place p3, after which there is no way for the




-31-

token to appear in either place p, or place p,. What this implies is that
1 2

once the token appears in place p3. transitions tl’t2 and t3 cannot fire.

Figure 2.1.8 A finite state machine that is not strongly-connected.

We have seen that transitions can be used to represent operators in an actual
system. In the systems we are interested in, we insist that every operator
always be usable. A system component whose operation can be represented bl
the finite state machine of Figure 2.1.8 has certain operators (represented

by t and t3) which are not used after some transient behavior of the

)

system. In the steady state, transitions t4 and t5 fire alternately, over
and over again. We will insist that each finite state machine be strongly-
connected, and the reader can see that this is necessary for the composite
system to satisfy the requirement that every operator always be usable in
the course of operation of the system. If it so happens that some of the
operators can never be used (i.e. their corresponding transitions can

never be fired) , then those operators can be removed from the system

without affecting its operation. Such operators are termed redundant.




The reader can verify that in the resulting net, transitions tS’ t6 and

té are redundant.

A Petri net such as the one shown in Figure 2.1.9(b) has no redundant
transitions and will be termed live. On the other hand, in the net shown
in Figure 2.1.9(c), transitions t

» t_ and t! are redundant, whereas all

5° 76 6
others can always be fired. Such a net is termed pseudo-live. In some
Petri nets, the operation of the net may lead to a configuration in which
no transition can be fired. Such a net is termed non-live. In Figure

2,1.10(b) we show the construction of such a net from the two state machines

of Figure 2.1.10(a).

Figure 2.1.9(a)
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Figure 2.1.9(b)

Figure 2.1.9(c)




In the configuration shown in Figure 2.1.10(b), either transition t1 or t2
can be fired. If t2 is fired, the net attains a configurstior in which no
further transitions can be fired (see Figure 2.1.10(c)). The net is an

example of a non-live net, and the configuration shown in Figure 2.1.10(c)

is a deadlocked configuration,

What we have done so far is to motivate a formal study of Petri Nets,

which we now proceed to do #n the next section.

Figure 2.1.10(a)

Figure 2.1.10(b) Figure 2.1.10(c)




2.2 Formal Definition of Petri Nets and Relevant Concepts

2.2.1 Petri Nets

We are now in a position to introduce the reader to the formal defini-
tion of Petri nets together with the related terminology that we will use

in the rest of this thesis.

Definition 2.2.1 A Petri Net P1is a three-tuple (P,T,A)

where P is a non-empty set of distinctly-labelled places {pl, p2,...pn}.
T is a non-empty set of distinctly-iabelled transitions
fog i te; - iaigh-
A is a relation; it corresponds to a set of arcs, where each arc
is either from a place to a transition or from a transition to
a place :

A € PXT U TXP.

Definition 2.2.2 A marking M is a function such that M: P —» M, where T|

is the set of non-negative integers. The non-negative integer asscclated

with a place represents the token load of that place, or the number of

tokens on it.

A Potri net with a marking will be referred to as a marked Petri net

(see figure 2.2.1 for an example).

Notation and Terminology

A node of a Petri net is either a place or a transition. We now intro-
d.oce a convenient notation for the predecessor or successor nodes of any

rode in a Petri net. We will refer to it as the dot notation.
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Figure 2.2.1. A marked Petri Net

{p,t) € A is written p-t.
[Y|x-y} is written x°.

{yly-x} is written -x.

Example: In figure 2.2.1, «to {p1, PZ}-

P1° {tl, tz).
The dot notation is also applied to designate the successor or pre-
decessor set of a set of places or transitions. Thus,
'{tZ: t4} = {Pl, P2 P3}-

{P3, PZ}'= {tz, t3, ta}.

A transition t in a Petri Net P is said to be enabled iff every input




place Py € +t has at least one token on it. An enabled transition can be
ﬁzgd_. when a transition fires, a token is removed from each input place
and added to each output place pj € t*. Suppose M2 is the marking that
results when an enabled transition t, fires at marking M. We write this
M Eﬁu Ma,
Now suppose transition tp can be fired at marking M3. Let Mb be the
marking that results when transition ty fires. We write
M t—% Ma b, Mb. Continuing in this fashion, let

us suppose that at every new marking that results when a transition fires,

at least one transition can be fired. We can write this
M Ehua &"Mb jesles TR EE R t‘L’Mn.

The sequence of transition firings t tpte ..... tp is termed a firing
sequence. If 0= tutp ......tp, we write

n

tat tg
M ab... “

o n
or M ——te——>3>M .

Example.

In Figure 2.2.2(a) transition ty is enabled. Figure 2.2.2(b) shows
the marking that results when transition ty is fired at marking M. The

ieader can also verify that t,i,tgtity is a firing sequence for the net.

Definition 2.2.3: A marking MJ is said to be reachable from marking Mi

if there exists a firing sequence ¢ such that

Mi i-» Mj.




Marking M Marking M'
(a) (b)

Figure 2, 2,2

Definition 2.2.4: The forward marking class M of a marking M is the

set of markings that is reachable from M. 1i.e.,

M={Ml|%0€T*and M Zpul}.

Note: T* is the set of strings on the alphabet

T={t1, t2’ .o.o..tn}.

Notation: We have defined M as a function that assigns a token load to
every place pj € P. M can also be looked upon as a vector, the ith element

of which corresponds to the token load of the ith. place pj in the Petri net.
Example: The marking M of the net in Figure 2.2.2(a) can be written as

M=(,1, 0, 0)
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The forward marking class of M is seen to be

M=1{@,1,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1)}.

Definition 2.2.5: A marking M is live for a transition t iff for every

Y
marking Ml in the forward marking class M there exists a firing sequence

! which fires t.

Definition 2.2.6: A marking M is live for a Petri Net Piff it is live

for every transition in the net.

Definition 2.2.7: A marking M is bounded for a place p, iff there exists

an integer N such that for every marking Mle ﬁ, Ml(p) < N. IfN=1, the

marking is safe for place p.

Definition 2.2.8: A marking M is bounded (or safe) for the Petri net P

iff M is bounded (or safe) for every place in the net.

In Section 2.1, we pointed out that there exist marked Petri nets in

which a marking is reached in which no transitions can be fired, i.e., the

net can reach a deadlocked configuration. Suppose this deadlocked con-

figuration is called Ml, and suppose that the net is in some configuration

1

(i.e., has a warking) M, If M-—g-FM , then o is said to be a killing

sequence for the net at the given marking M. A nei with a live marking
has no killing sequence.

There is one more important issue we would like to consider in this
subsection. In Section 2.1, we pointed out that the only Petri nets we
will use for modelling dsynchronous concurrent systems will be nets which
have a live marking. We would also like the marking for a Petri net to

be bounded. This means that thc only Petri nets we would like to consider

) T P L o FEEL T AT T e
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are strongly-connected nets. Let us see why. Consider a non-strongly

connected Petri-net 5{ Then, there must exist in the net two portions of
the net A and A' such that all arcs between them are directed from A to
A', as shown in Figure 2.2.3. Each of the nodes a and c¢ in A can either
be a place or a transition. Suppose a is a place. Then b must be a
transition. Since the marking for the net is live, it means that b can

be fired repeatedly. But each firing of transition b removes a token from
place a. Now suppose we do not fire transition b at all. This would mean
that all the tokens which were previously being removed by firings of b

can now stay on place a, which means that the number of tokens on a can

become unbounded.

0 A'

Figjure 2.2.3 A Petri net that is not strongly-connected.

Now suppose that a is a transition and b is a place. Since the marking
for P is live, we can fire transition a repeatedly, causing the token

content of b to become unbounded. Thus, if ? 1s not strongly-connected,

I T T T R e
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the token content of some place in f) becomes unbounded. Now, since we
are concerned only with nets which have a 1ive, bounded marking, all

Petri nets we will consider will be strongly-connected, unless explicit-

ly stated otherwise.

In Section 1,2, we said that there are two broad classes of systems
that we would like to distinguish between. We now pursue that line of

thinking formally.

2.2.2 Deterministic and Non-Deterministic Petri Nets

We would like to make an important distinction between two classes of

Petri nets, which we term deterministic and non~deterministic. First, we

look at a structural condition of Petri nets known as conflict,

Definition: Consider a Petri net P = (P,T,A). Two or more transitions
t1,t2, ......t, are said to be in conflict if there exists a place p such
that p'tlA p'tz-..-.. Ap'tk.

Note: 'A' denotes the logical "and'" operator.

Figure 2.2.4
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In Figure 2.2.4 transitions t, and t, are in conflict at place p.

1 2
With the marking shown, a token in place Py can be removed by the firing

of either transition t1 or transition t2. Thus, for the given marking,

we have a choice between firing either transition t1 or transition t2,
and when either transition fires, the other ceases to be enabled. Before

we can go any furth:r, we must make a few definitions.

Definition 2.2.9: A marking M is persistent for a transition t in a

Petri net Pif t has the property that once it is enabled at any marking
M1 € ﬁ, it cannot cease to be enabled by the firing of any transition

other than itself.

Definition 2.2,10: A marking M is persistent for a Petri net P iff it

is persistent for every transition t € P,

The net in figure 2.2.4 has the property that it has no marking which is

persistent for transitions tl and t2. Such a2 net is termed a non-deter-

ministic net, and represents a system in which there is a distinct choice

between alternative actions (see section 1.2). In contrast, the net in

figure 2.2.6 is a deterministic net or a net with a persistent marking.

We now introduce some convenient ways of referring to the nets we have
bees discussing.

A net with a Live, Bounded or a Live, Safe marking will be termed an
LB or LS net, respectively. If a Live, Bounded marking is also Persistent
we will call the Petri net an LBP net. A net with a Live, Safe, Persistent
marking will be called an LSP net. The net in Figure 2.2.5 is an LSP net.

Petri necs are a graphical representation of a mathematical system
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Figure 2.2.5 A Petri net with a live, safe, persistent marking

known as vector addition systems. In the next section, we use some results

in vector addition systems to prove the decidability of certain issues in

Petri nets.

R —
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2.3 Vector Addition Systems and their Relationship to Petri Nets

|
|

In this section, we give a brief description of vector addition systems,

but a more thorough coverage can be found in Karp and Miller [K2].

Definition 2.3.1: An r-dimensional vector addition system V is a pair

V= (s,W) where

(1) s €N°, N={0,1, ...}.

(2) W is a finite set of v-dimensional integer vectors

r
W= {wl,...,wk] A € {0,+1,+2, ...}

The reachability set R(V) is the set of vectors given by

R(V) = [xi|xi =s+w., +w,+ ... +w,] where w,, € W.

il i2 ik ij
a. wijew, j= 1,2,...k.
b. s + Yi + Vi, + ... + Vi ¥ 0, k=1,2,...t.

The reachability set is the set of all roints that can be reached by some

path from s uging vectors from W and never leaving the first orthant,

Example 2.3.1: As an example of a four element vector addition system,

consider
V= (s,w)
where s = (1,1,0,0)
W= {uw = (-1,0,+1,0), w, = (-1,-1,41,+1), w, = (0,-1,0,+1),
w, = (+1,0,-1,0), w, = (0,+41,0,-1)}.
The reachability set R(V) of this vector addition system consists of

four vectors {(1,1,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1)}.

Notation

Let us denote the vectors in the reachability set by Yoo
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f.e., ROV = {y}» vp5 o0y ).
Also, 1if ¥y is a vector, then (yi)k will denote the kth element of vy
We will draw a directed graph with the elements of R(V) us vertices,
gnd an arc from vertex Y4 to yj if there exists a vector L0 € W such that
yj = ¥, + v, -
Each arc will be labelled with its corresponding vector w'i above, and the
resulting diagram shows at a glance the vectors in the reachability set
and how they can be reached from one another. We'will call this diagram

the reachability diagram of the vector addition system V.

As an example, we give the reachability diagram corresponding to the

vectnr addition system of example 2.3.1.

s S (0,0,1,1)

(1,1,0,0)( )

. (1,0,0,1)

Figure 2.3.1 The Reachability Diagram for the Vector Addition System of

Example 2.3.1
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If the reachability set of a vector addition system is finite, the reacha-
bility diagram is a finite-state machine, and it is practical to draw it as
we did for our example. If, on the other hand, the reachability set is
infinite, we must find an alternative representational tool. For this
purpose, we introduce the following terminology:

(1) We define a quantity @ gsuch that if n is an integer then n < w, and
n+ w=w, The quantity W essentially represents infinity and we discuss
its use shortly,

(2) A rooted tree is a directed graph such that one node (the troot node)
has no arcs directed into it, each other node has exactly one arc directed
into it and each node lies on a directed path from the root node. If B and
Y are distinct nodes of a rooted tree and there is a directed path from B to
Y, we write B < y. If there is an arc directed from B to y, then y is a
successor of B. A node with no successors is called a leaf. With an r-
dimensional vector addition system V = (s,W), we shall associate a rooted
tree T(V). Each node B € T(V) is labelled with an r-dimensional vector L(B),
where each element of £(B) belongs to the set N fw}. A recursive procedure is
given below for the construction of T(V). Note that the label for a node
is assigned when the node is added to the tree.

(1) Create a root node and label it s.

(2) Let B be a node in the partially created tree with<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>