
AD-775 728 

THE CHARACTERIZATION AND DISCRIMINATION 
OF EXOATMOSPHERIC OBJECTS THROUGH 
MULTIVARIATE EMPIRICAL ANALYSIS 

D . C . Collins , et a 1 

Massachusetts Institute of Technology 
Lexington, Massachusetts 

28 December 1973 

DISTRIBUTED BY: 

KTD1 
National Technical Information Service 
U. S. DEPARTMENT OF COMMERCE 
5285 Port Royal Road, Springfield Va. 22151 



unclassified 
Security Classification / 

DOCUMENT CONTROL DATA - R&D 
(S.curl,y u, body ol mbmlrmcl mu„ b, ^ ^ ^ 

'■ ORIGINATING ACTIVITY (Corporate author) 

Technology Service Corporation under Purchase Order 
No. C-599 to M.I.T. Lincoln Laboratory 

2a REPORT SECURITY CLASSIFICATION 

_ Unclassified 
2b GROUP 

3. REPORT TITLE ' ' -- 

The Characterization and Discrimination of Exoatmospheric Objects 
Through Multivariate Empirical Analysis 

4 DESCRIPTIVE NOTES (Type of report and inclusive dmtea) 

Subcontract Report (Final Report) 
V AUTHORIS) (Last name, Itrst name, initial) 

Collins, D.C. and Meisel, W.S, 

6. REPORT DATE 

Û 

Reproduced ‘ v 

NATIONAL TECHNICAL 
INFORMATION SERVICE 
U S Deportment of Commerce 

_VA 1 

December 1073 

Sn. CONTRACT OR GRANT NO FI^PB-TS-C-OOOP 

h. PROJECT NO 7X26330UD215 

J. 

7» TOTAL NO OF PAGES 

__£9 

7h NO. or R fc rs 

6 
9(1. ORIGINATOR'S REPORT NUMBER'S. 

None 

9b. OTHER REPORT NO'S' I Am- --, ■■ 
assigned this report) 

AVAILABILITY LIMITATION NOTICES 

Approved for public release; distribution unlimited. 

ftt ^rt^i 

ESD.TR-74-te ’ñjíTrarPnn orpH, 

II SUPPLEMENTARY NOTES 

None 

h) MAR 18 1974 

tatDLbU'u 

c 12 SPONSORING MILITARY ACTIVITY 

Office of the Chief of Research and 

Development, Department of the Army 

3 ABSTRACT ■ ---—-- 

the objectives of the effort were to investigate implications of data on 1000 
radar signatures as to (a) the level of discrimination of signatures of the target 

class (reentry vehicles) from signatures of the non-target class (other objects) 
and (b) to indicate the empirically derived decision rules and features of" the sig¬ 
natures best for that purpose. The guiding philosophy was to develop an estimate of 

the best level of discrimination performance inherently possible, given the character¬ 
istics oí the physical objects as evinced in the signatures, wi^h minimal dependence 
on the physical model or on subjective inspection of the data. Methods used were the 

empirical analysis of multivariate data and, in particular, state-of-the-art pattern 

recognition techniques for feature creation, feature ranking, and discrimination algo¬ 
rithm development. The project demonstrated a systematic quantitative approach (l) to 
the rapid, cost-effective evaluation of the degree of difficulty of discriminating 
given non-target classes from given target classes, (2) to the determination of the 

characteristics of the classes which aid or inhibit discrimination, and (3) to the 
uetemunation of the nature and degree of degradation of representative Tiscrimination 
id*x>rfcbmar as the number of feturns (pulses) was reduced from 200 down to 3 puises.-1 

radar signature studies 
reentry vehicles 

multivariate empirical analyst. 

discrimination techniques 

exoatmospheric objects 

UNCIAff TKIFD moo 
Seruritv rl.issiíir.itmn 



¡ iXs 

Technology Service Dorporation 
225 Santa Monica Boulevard 
Santa Monica, California 90401 
(213) 451-8778 

THE CHARACTERIZATION AND 
DISCRIMINATION OF EXOATMOSPHERIC 

OBJECTS THROUGH MULTIVARIATE 
EMPIRICAL ANALYSIS 

D. C. Collins 
W. S. Melsel 

28 December 1973 

Final Report for 

MIT Lincoln Laboratories 

(Purchase Order No. C-599) 



1 

11 

CONTENTS 

1.0 INTRODUCTION . 1 

2.0 THE PROBLEM CONTEXT . 3 

2.1 The Discrimination System Objectives and 
Contraints . 3 

2.2 The Nature and Quantity of the Sensor Data . 3 

2.2.1 Hybrid Analysis . 3 
2.2.2 The Nature of the Data . 4 
2.2.3 The Quantity of the Data Used . 9 

2.3 Objectives of the Data Analysis Study . 9 

2.3.1 General Objectives . 9 
2.3.2 Specific Objectives .  11 

3.0 AN OUTLINE OF AND MOTIVATION FOR A GENERAL TECHNICAL 
APPROACH . 13 

3.1 Reduction of Dimensionality, Feature Creation and 
Selection 

3.2 Ingredients of a Feature Creation/Selection Transformation 
Design Procedure . 16 

4.0 THE SPECIFIC TECHNICAL APPROACH OF THIS STUDY . 20 

4.1 Specification of the Nature of the Data-to-Feature 
Transformation . 21 

4.1.1 Heuristically Defined Features . 23 
4.1.2 A Continuous Piecewise Linear Transformation 

of the Sensor Data . 29 
4.1.3 A Parameterized Linear Combination of 

Heuristically Defined Features . 41 

4.2 Specification of a Decision Algorithm and Performance 
Measure . 44 

4.3 Specification of an Optimization Algorithm . 57 

4.4 Relationship to a More Extensive Approach . 57 



111 

CONTENTS (Cont.) 

5.0 RANKING AND SELECTION OF FEATURES . 59 

6.0 VALIDATION OF PERFORMANCE ESTIMATES . 91 

7.0 IMPACT OF THE NUMBER OF PULSES ON DISCRIMINATION . 100 

8.0 THE INVERSE PROBLEM: WHAT CHARACTERISTICS MAKE 
DISCRIMINATION DIFFICULT? .i.. 132 

9.0 ADDITIONAL TOPICS . 158 

9.1 Further Development of Objective Features . 158 

10.0 CONCLUSION . 162 

References . 163 



iv 

ACKNOWLEDGEMENT 

The authors would like to express their appreciation to Harry Knobel 

and Mike Teener for efforts beyond the call of duty In obtaining some 

of the numerical results In this report. Conversations with Bob Stone 

also contributed to the quality of this work. 

Dr. William Schoendorf of Lincoln Laboratories, the project monitor, 

participated in many useful discussions on project direction and provided 

valuable advice throughout the project. 



V 

LIST OF TABLES 

4- 1 Definition of heuristic features . 

5- 1. Single feature ranking (15 pulses) . 61 

5-2. Top 14 single features (15 pulses) . 62 

5-3a,b,c. Correlation coefficients . 77-79 

5-4. Feature pairs ranked at 15 pulses .82 

5-5. Feature triples ranked at 15 pulses.88 

5-6. Feature quadruples ranked at 15 pulses ••••.89 

8-1. Breakdown of false alarms by non-target subclass 
for feature REGR .145 



vi 

LIST OF FIGURES 

2-1 Structure of the model used to simulate the RCS signature 
(time history) of exoatmospheric objects . 

2-2 Simulated sensor data of a target object . 

2-3 Simulated sensor data of a non-target object . 

2- 4 Design data set/test data set breakdown . 

3- 1 The overall discrimination problem . 

3-2 A dimensionality reducing transformation . 

3- 3 The a parameters determine the design of the 
dimensionality reducing transformation . 

4- 1 Feature selection optimization . 

4-2 Single feature creation: an objective combination of the 
sensor data . 

4-3 A continuous piecewise linear function of one variable ... 

4-4a,b,c Two-dimensional piecewise linear form . 

4-5 An example of possible subregions for a two-variable 
continuous piecewise linear function . 

4-6 Parameters of the continuous piecewise linear 
transformation: EFFAP 3 . 

4-7 Single feature creation: an objective combination of 
heuristic features ... 

4-8 Two density estimates .. 

4-9 Two further density estimates . 

4-10 A confusion matrix . 

4-11 A PD/PFA curve . 

4-12 Optimization of measures of a PD/PFA curve . 

4-13 Illustration of the effect of minimizing a measure of the 
overlap of two class conditional probabilitiy densities .... 

4-14 PD/PFA curve for EFFAP3 . 

4-15 PD/PFA curve for REGR . 

4-16 A general feature creation/selection procedure . 

6 

7 

8 

10 

14 

17 

18 

22 

30 

31 

32-34 

36 

40 

42 

46 

47 

48 

49 

53 

54 

55 

56 

58 



vil 

5-la-n 

5-2 

5-3a-c 

5-4 

3-5 

6-1 
thru 
6-8 

7-1 

7-2 

7-3 

7-4 

7-5 

7-6 

7-7 
thru 
7-15 

7-16 

7-17 

7-18 

7-19 

7-20 

LIST OF FIGURES (Cont.) 

Class conditional probability densities for selected 
features . 63-76 

Single feature performance . 81 

Scatter plots for selected pairs of features . 83-85 

Performance of pairs of features . 86 

Comparison of the selected single feature, pair, triple, 
and quadruple . 90 

Comparison of PD/PFA curves for design and test sets 
of data . 92-99 

Class conditional probability densities for 3,6,15 
and 200 pulses: PP4M ... 101 

PD/PFA curves for 3,6,15 and 200 pulses: PP4M . 102 

Class conditional probability densities for 3,6,15 
and 200 pulses: MVAROP . 103 

PD/PFA curves for 3,6,15 and 200 pulses: MVAROP . 104 

Class conditional probability densities for 3,6,15 and 200 
pulses: REGR .. 105 

PD/PFA curves for 3,6,15 and 200 pulses: REGR . 106 

Class conditional probability densities for 3,6,15 and 200 
pulses: for selected features . 107-115 

Histogram estimates of 2 feature class conditional 
probability densities for 15 pulses 

Histogram estimates of 2 feature class conditional 
probability densities for 15 pulses 

Scatter plots for a pair of features for 3,6,15 and 200 
pulses: TGM/REGR . 11g 

PD/PFA curves for 3,6,15 and 200 pulses: TGM/REGR . 120 

Scatter plots for a pair of features for 3,6,15 and 200 
pulses: MVAROP/PP4M . 121 



vi ii 

LIST OF FIGURES (cont.) 

7-21 

7-22 

7-23 

7-24 

7-25 

7-26 

7-27 
thru 
7- 30 

8- 1 
thru 
8-11 

8-12 

8-13 

8-14 
thru 
8- 23 

9- 1 

PD/PFA curves for 3,6,15 and 200 pulses: MVAR0P/PP4M . 122 

Scatter plots for a pair of features for 3,6,15 and 200 
pulses: PP4M/EFFAP3 . 123 

PD/PFA curves for 3,6,15 and 200 pulses: MD0P/MVAR0P/PP4M .. 124 

PD/PFA curves for 3,6,15 and 200 pulses: MD0P/MVAR0P/PP4M/ 
REGR . . 125 

Comparison of single feature performance at N=3 and 
N=15 . 

Comparison of performance of pairs of features at N=3 
and N=15 . 

Comparison of PD/PFA curves for design and test sets 
of data: No. of pulses =3 ... 

Overlap of class conditional probabilities by non-target 
subclass .. 

Illustration of degradation in PD/PFA curve for non-target 
samples of subclass 7 . 
. 146 

Illustration of degradation in PD/PFA curve for non-target 
samples of subclass 7 . 

. 147 

Radar cross section signature data for particular samples 
which were false alarms, missed detections and 
correct classifications . 
. 148-157 

Autocorrelation of target and non-target signatures . 159 

126 

127 

128-131 

133-143 



/ 

ItlL-CHA B^LE-B-I.ZAT I QN^ANDJDISCR IMI iJ AT I ON OF EXOATMOSPHERIC OBJECTS THROIIRH 
MULTIVARIATE EMPIRICAL ANALYSIS “ -- 

1.0 INTRODUCTION 

This is a Final Report on work under purchase order No. C-599 with 

MIT Lincoln Laboratories. 

The objectives of the effort were to investigate the radar signature 

data provided by Lincoln Laboratores (A) to determine an estimate of the 

achievable level of discrimination of target class signatures from non¬ 

target class signatures, and (B) to indicate some general procedures for 

objectively (empirically) creating and/or selecting a set of fea¬ 

tures of the signature data which jointly contain the most 

discrimination information. The guiding philosophy was to develop an 

estimate of the best level of discrimination perfonnance inherently 

possible, given the characteristics of the physical objects as evinced 

in the signatures, with minimal dependence on the physical model or on 

subjective inspection of the data. Methods to be used were the empirical 

analysis of multivariate data and, in particular, state-of-the-art 

computer-oriented pattern recognition/data analysis techniques. If 

successful, the project would demonstrate a systematic approach (1) to 

the rapid evaluation of the degree of difficulty of discriminating given 

non-target classes from given target classes, (2) to the determination 

of the characteristics of the signatures which allow discrimination, 

(3) to the determination of the characteristics of the signatures 

which make discrimination difficult, and (4) to the determination of the 

impact on discrimination perfonnance of a reduction in the number of 

returns (pulses). 
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Section 2.0 will describe the problem context in more detail. 

Section 3.0 will outline a general technical approach, while section 

4.0 will describe the specific techniques applied in this study. Sec¬ 

tion 5.0 will describe an approach to the selection of the "best" group 

of P features from a set of K features, where "best" is defined in terms 

of the performance of the resulting discrimination algorithm. Section 

6.0 will indicate the degree to which the estimates of performance de¬ 

rived hold up under an independent test. Section 7.0 will discuss the 

impact of reducing the number of radar returns analyzed on the level of 

discrimination. Section 8.0 will indicate how one may analyze those 

samples which cause difficulty in discrimination to discover the physical 

characteristics and the non-target classes causing the discrimination 

difficulty; this is essentially the inverse of the problem of determining 

what aspects aid discrimination. Section 9.0 will discuss briefly a 

potpourri of topics of interest whose full exploration was beyond the 

scope of the present report. Finally, a conclusion will summarize the 
» 

general results of the project. 
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2.0 THE PROBLEM CONTEXT 

2.1 The Discrimination System Objectives and Constraints 

The basic problem involves the discrimination of exoatmospheric 

objects into two classes: target and non-target, using information 

extracted from radar cross section measurements processed during a 

very short time period when an object is being tracked. System objec¬ 

tives include the following: 

(1) extremely high probability of target detection; 

(2) "manageable" probability of false alarm; 

(3) extremely short time in which to make a decision; and 

(4) high reliability that the decision algorithm developed 
will perform as expected. 

System constraints include the following: 

(1) a limitation on the number of measurements (pulses) the system 
can expend on a given object; 

(2) a limitation on the amount of data processing resources and time 
that can be allocated to the decision function itself; and 

(3) a limitation on the resources required to deal with objects 
deemed to be targets; this relates to the question of a 
"manageable" number of false alarms. 

It is not the purpose of this study to design a final discrimination 

algorithm for use in an operating system, but the evaluation of potential 

discrimination performance must be consistent with these system objectives 

and constraints. 

2.2 The Nature and Quantity of the Sensor Data 

2.2.1 Hybrid Analysis. Actual radar data from exoatmospheric objects 

is limited. In situations Involving the design of a discrimination system 
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to be effective against a new threat (or, inversely, the design of a 

new threat), sensor data is often nonexistent. In this context the use 

of "hybrid analysis" techniques is called for [4]. 

Hybrid analysis is an approach to combining the advantages of 

statistical pattern recognition techniques and radar target modeling 

techniques. Quite simply, it consists of applying pattern recognition 

to artificial samples of radar returns generated by models of the objects 

to be recognized. Pattern recognition techniques nave achieved only 

moderate success in prior radar applications because of the paucity of 

samples available of the classes of objects to be identified; the number 

of samples required to take full advantage of statistical pattern recog¬ 

nition is often at least an order of magnitude larger than that available 

in the form of real data. However, an accurate target model can provide, 

at minimal expense, essentially unlimited numbers of samples of returns 

from a given target viewed from different aspects, with different levels 

of noise, and so on. On the other hand, a very detailed and competent 

radar model is not utilized fully if only a rough statistic derived 

from the output of that model is used; pattern recognition techniques 

tend to exploit the full complexity of the model. 

2.2.2 The Nature of the Data. Hybrid analysis was employed to develop 

the sensor data for this project. The data was generated by a computer- 

based model which can produce simulated time histories of the radar 

cross section measurements from range measurements of exoatmospheric 

objects of particular design. Various assumptions concerning the nature 

of the objects, their motion through space and the impact of the radar 
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system's relative location and particular design can be simulated (see 

Figure 2-1). The core data of the model are a series of static range 

measurements of radar cross section of particular objects. The model 

can be easily altered to model different threats, different geometries, 

and different radar systems. 

The data employed by TSC in this study consisted of the principal 

polarization (PP) and the orthogonal polarization (OP) measurements of 

radar cross section in dbsm (see Figure 2-2). No phase data was employed. 

Each signature (time history of returns from a particular object) con¬ 

sisted of 200 RCS measurements (200 pulses) sampled equally spaced over 

a simulated time period of 10 seconds. Thus the "effective" pulse 

repetition frequency was 20 Hz. (The modeled radar system could have a 

higher PRF and simply be time sharing its resources as it tracks a number 

of objects.) In view of the system objectives, the impact on discrimina¬ 

tion performance of other "effective" PRF's and other types of sampling 

is of some interest. 

The "objects" modeled consisted of one object which can be described 

as the "target" and seven objects which can be described as "non-targets." 

Knowledge of the physical nature of these objects may be valuable both 

in guiding the analyst's intuition in formulating heuristic or subjective 

features and in interpreting the results of an inverse analysis to determine 

the physical characteristics which degrade performance of the decision 

algorithm for certain objects. However, the emphasis in this study was 

on objective feature creation and selection methods and thus an in-depth 

discussion of the physical "threat design" implications of the study is 

not included in this report. 



Figure 2-1: Structure of the model used to simulate the RCS 
signature (time history) of exoatmospheric objects. 
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Figure 2-3: Simulated Sensor Data of a Non-Target Object 
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2.2.3 The Quantity of the Data Used. The data employed in the 

study consisted of a total of 500 signatures of the target object and 

100 signatures each of the 7 non-target objects. Each signature con¬ 

sisted of 400 numbers: 200 radar cross section (RCS) amplitude measure¬ 

ments in dbsm for both principal (PP) and orthogonal (OP) polarizations. 

(A pair of numbers, OP and PP, for a particular point in time are 

referred to in the text as a "pulse", i.e., they represent the response 

to a single radar pulse.) 

The data was divided into two sets: 80% of the signatures were 

placed in the "design set" (learning set, training set) and the remainder 

in the "test set." The design set then consisted of 400 target signatures 

and 560 non-target signatures. The test set was used to validate the 

decision algorithm developed on the design set. Figure 2-4 summarizes 

the above comments. 

2.3 Objectives of the Data Analysis Study 

2.3.1 General Objectives. Briefly, the objectives were to investi¬ 

gate the implications of the signature data in order to: 

(1) Determine the extent to which a particular set of target 
objects can be distinguished from a particular set of 
non-target objects. 

(2) Determine the definition of features with good discrimination 
capability. This involved: 

(a) Definition of heuristic (or subjective) features 

(b) Design of completely objective features 

(c) Design of objective combinations of objective and 
subjective features. 

(3) Determine the best groups of features of a given dimension (low 
dimensionality being related to efficiency and reliability o 
the final decision algorithm) 



Figure 2-4: Design Data Set/Test Data Set Breakdown 
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(4) Determine the nature of the degradation of the discrimina¬ 
tion algorithm's performance as the number of pulses decreases. 

(5) Illustrate the manner in which data analysis techniques 
might be used to help indicate the design of non-target 
objects which are difficult to discriminate. 

A topic which received special emphasis was the objective feature 

creation technique. The guiding philosophy of the project was to develop 

high-discrimination-information-content features with minimum dependence 

on the physics of the svstem and subjective inspection of the data. 

2.3.2 Specific Objectives. Due to the usual constraint of a limited 

amount of resources which could be applied to the project, some narrowing 

of the possible generality of the above objectives was necessary. The following 

are the specializations of the objectives that were made: 

a) Number of pulses (RCS measurements) 

The basic data analysis tasks, including feature creation, feature 

ranking, decision algorithm development, and validation of results, were 

carried out using 15 pulses. That is, although the signature data pro¬ 

vided contained OP and PP RCS measurements for 200 pulses, the study was 

focused on truncated signatures with 15 pulses (30 pieces of data, 15 OP 

and 15 PP). However, a great deal of additional analysis was performed 

on the cases where the number of pulses equaled 3, 6, and 200. (Quite 

good results were achieved for the 3 pulses case.) Analysis was per¬ 

formed to determine the degree to which the decision algorithm degraded 

as the number of pulses was reduced. This analysis is reported in 

Section 7,0. 

à 
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b) Spacing of the returns (pulses) 

Given that 200 time samples of RCS were available in each signature 

and that the study was to focus on 15, a question arose as to whether the 

15 pulses selected should be maximally separated in time (and therefore 

maximally uncorre'ated) or contiguous in time at the effective PRF of 20 Hz. 

It was decided to perform the analysis with contiguous pulses. (Pre¬ 

liminary analysis indicates improved performance can be achieved by a wider 

spacing of pulses. ) 

c) Combining of non-target subclasses 

While some initial analysis was focused on treating each of the non¬ 

target objects separately (e.g., separate estimation of class-conditional 

probability densities, etc.), it was determined that for the purposes of 

the study, it was adequate to combine the non-target subclasses into one 

class. It was noted that, in general, the ensemble of non-target classes 

often had a simpler distribution in the feature space than did 

each subclass. The basic analysis is therefore performed in a two-class 

discrimination context. After the basic analysis was performed in the 

two-class context, however, a further analysis was performed to determine 

how (for the sets of features of interest) the class conditional densities 

of the individual non-target objects were distributed relative to the 

target class. These results are reported in Section 8.0 where the nature 

of the "inverse problem" of threat design is discussed. 

à 
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3.0 AN OUTLINE OF AND MOTIVATION FOR A GENERAL TECHNICAL APPROACH 

In the sections which follow we briefly describe the steps followed 

in the analysis of the data, the motivation for each step and some of the 

data analysis tools employed. Before proceeding, a few general aspects of 

the study are perhaps worth mentioning. On the one hand the existence of 

an already developed, implemented and tested set of analysis tools, TSC's 

Advanced Data Analysis Library, permitted the development and analysis 

of a large number of features (functional transformations of the signature 

data) in a rapid response/cost-effective fashion. On the other hand, 

however, the degree of refinement of the analysis procedures at each step 

had to be adjusted to conform to the scope and level of effort of the contract. 

The overall thrust of the study was to illustrate a complete data analysis 

procedure, from data acquistion to an analysis of the impact of the re¬ 

duction of the number of pulses on the performance of a discrimination 

algorithm. It was intended that this study provide representative lov/er 

bounds on the level of discrimination achievable by a study of broader scope. 

3.1 Reduction of Dimensionality, Feature Creation and Selection 

The overall discrimination problem is illustrated in Figure 3.1. 

The objective is to design an algorithm (black box) which takes as inputs 

M raw sensor signature data measurements and outputs a correct 

classification: "target" or "non-target." In the study the signature 

data contained 200 returns and the original M was 400 (200 PP, 200 OP) 

data measurements. This data was reduced to M=30 (15 PP, 15 OP) data 

measurements by focusing the initial portion of the study on the first 

15 returns or pulses. 



"DECIDED" 

CLASS LABEL: 

TARGET= 1 

OR 

N0N-TARGET=2 

FIGURE 3.1 THE OVERALL DISCRIMINATION PROBLEM 
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There exist a large number of pattern recognition techniques 

(described in [1]), both direct and indirect, that can be used to 

develop a discrimination rule which will yield a class label when 

presented with a set of M data measurements as inputs. Unfortunately 

these techniques all have the same characteristic: they are vulnerable 

to the "curse of dimensionality." (See [1, Chapter 1J for a discussion 

of this problem.) 

The curse of dinensionality relates to the fact that the development 

of a decision algorithm which performs a mapping directly from the M- 

dimensional measurement space to a 1-dimensional, class label space, 

often can require an "infeasibly large" number of samples or signatures 

of each class of objects if M is "sufficiently large." Of course the 

number of samples required for a given M depends on a variety of consid¬ 

erations such as the nature of the decision algorithm being developed, 

the nature of the distribution of the data itself, and its intrinsic 

dimensionality (see [1, Chapter 1 ]). The question of what constitutes 

an "infeasibly large" number of signatures for a given M can only be 

answered in terms of the cost of acquiring the samples and the impact 

of the sample size on the computational cost involved in developing or 

designing the decision rule. In those cases where M is sufficiently 

large to evoke the curse of dimensionality, the usual remedy employed 

is to effectively reduce the dimensionality of the problem by trans¬ 

forming (preprocessing) the M-dimensional measurement space into a 

P-dimensional feature or pattern space where P is much smaller than M. 

The decision rule is then designed using the set of sample signatures 
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(represented In lower P-dimensional feature space) as input (see figure 3.2). 

The topics of "feature extraction" and "feature selection" can be subsumed 

in the general problem of the design of a dimensionality reducing trans¬ 

formation. 

3.2 Ingredients of a Feature Creation/Selection Transformation Design Procedure 

There are an infinity of possible transformations from an M-dimensional 

space to a P-dimensional space; a natural question arises as to how one 

goes about designing the "best" such transformation. The criteria that 

might be involved in defining what is meant by "best" might include: 

1) Performance: Measures of the degree to which the transformation 

retains the discrimination information present in the measurement 
data. 

2) Validity: Measures of the ability of the decision rule, whose de¬ 
sign is based on the representation of the design set samples in 
the P dimensional feature space, to perform on samples in the test 
set. 

3) Cost: Cost in time and other system resources to perform the trans¬ 
formation. 

An additional criteria might involve the impact of the transformation on the 

complexity of the decision rule and thus on the amount of system resources 

required for its implementation. 

Given a set of R sample signatures (in our case R = 1000) divided 

between the two classes (target and non-target) each signature being 

represented by a point in a measurement space of dimension M (in our 

case most often M= 30), the design of a particular dimensionality 

reducing transformation involves a procedure consisting of the following 
steps (see figure 3.3): 
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(1) Specification of the nature of the functional form of the dimen¬ 

sionality reducing transformation which will map the M-dimensional 

measurement space into a P-dimensional feature space. This includes 

specification of those aspects or parameters of the functional 

form which are design variables to be determined by an optimi¬ 

zation procedure. 

(2) Specification of a single criterion which measures the relative 

"goodness" of the dimensionality reducing transformations gener¬ 

ated by variations in the designable aspects or parameters 

of the transformation. The criterion can involve measures of 

performance of a decision algorithm on the design set of samples. 

(3) Specifications of an optimization technique or approach to select 

the best transfonnation relative to the criteria specified in (2). 

We note for the sake of clarity that heuristic feature definition 

does fit this formulation as discussed in the followino section; how¬ 

ever. in this case, the "parameters" in step(l) are somewhat artificial 

» 
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4.0 THE SPECIFIC TECHNICAL APPROACH OF THIS STUDY 

Specifications of a particular set of chioces of each of the pre¬ 

viously discussed three ingredients (the form of the transformation, 

performance measure, and optimization procedure) result in a particular 

data analytic approach to the basic discrimination problem. Particular 

individual choices are predicated on the nature of the data and the 

discrimination problem, the nature of other ingredients in the procedure, 

the level of sophistication necessary, and the amount of resources that 

can be applied to the problem. In this illustrative study, several 

simplifications and specializations of the most powerful and general 

approaches were at times necessary to remain within the level of effort 

of the study. In what follows we describe the selections and speciali¬ 

zations made in this study. 
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cation of the Nature of the D<?ta-to-Feature Transformation 

In this study we primarily limited ourselves to combinations of four 

types of transformations: 

1) A set of heuristically defined transformations of the measurement 

data into single features. 

2) A parameterized, continuous, piecewise linear transformation of 

the measurement data into a single feature. 

3) A parameterized linear transformation of heuristic features into a 

single feature. 

4) A fourth transformation which amounts to a selection of P 

features from a set of K features (heuristically or objectively 

defined). This transformation can be represented as a special 

matrix product of the K dimensional feature vector (see figure 4.1). 

That is, 

X = [S]y; where 

X is P dimensional, £ is K dimensional 

and [S] is a special selection matrix of dimension PxK made up of "l'"s 

and "0"'s; a single "1" per /ow and no more than a single "1" per column. 

The manner in which a design of this selection matrix was determined 

is described in Section 5.0. 

Each of the first three types of transformation is described below 

with the particular functional forms specified. 
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4.1.1 Heuristically Defined Features 

The heuristic features we chose for evaluation are listed in Table 4-1. 

They are, for the most part, straightforward functions of the signature. 

They include: 

(a) means of various types, 

(b) measures of variance, third, and fourth moments, 

(c) variation of the signatures, 

(d) kurtosis and skewness, and 

(e) relative (ratio) measures involving means, variances, etc., 
for the principal polarization versus the orthogonal polarization. 

Frequency domain features were considered initially but discarded 

after some testing due to the fact that the study focused on numbers of 

pulses in the three to fifteen range. Additional heuristic features were 

suggested by the analysis of the data but were not implemented and tested 

due to limitations on time and scope of the project. (Note that the form¬ 

ulas include the number of pulses (N) as a parameter and thus are defined 

for N=3, 6, 15, 200, etc). 

Quite a few of the heuristic features that were analyzed proved to 

be extremely valuable in terms of their information content. Many have 

not, to the authors' knowledge, been studied previously. 

» 
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Table 4-1 

Definition of Heuristic Features 

N = Number of pulses (returns) used in the feature. 

OP = RCS of orthogonal polarization in dbsm 

PP = RCS of principal polarization in dbsm 

XSQ = 10** (0P/10) = RCS of orthogonal polarization in 

YSQ = 10**(PP/10) = RCS of principal polarization in 

ASQ = XSQ + YSQ 

X = 10**(0P/20) 

Y = 10**(PP/20) 

ANGLE = atan 

Means - Arithmetic and Geometric 

PPOW = mean PP(RCS) in M2 

OPOW = mean OP(RCS) in M2 

TPOW = PPOW + OPOW 

PGM = mean PP(RCS) in dbsm 

OGM = mean OP(RCS) in dbsm 

i N 
ir E YSQ 
N i=i 

1 i L XSQ 
N1=l 

1 n Ü E ASQ 
Nfri 

1 N 
l E pp 

i=l 

N 

^?,0P 
TGM = mean of "total" OP + PP(RCS) in dbsm 

10 
£ log10[ASQ] 
i = l 
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Measures 

VPPOW - 

VOPOW - 

VTPOW - 

VPGM - 

V0GM - 

VT GM - 

MOPP - 

MD0P - 

MVARPP - 

MVAROP - 

PP3M - 

Table 4-1 (Continued) 

of Dispersion 

2 
variance of PP in M 

2 
variance of OP in M 

variance of "total RCS" 
(PP + OP) in M¿ 

variance of PP in dbsm 

variance of OP in dbsm 

variance of "total RCS" 
(OP + PP) in dbsm 

mean deviation of PP 

mean deviation of OP 

mean variation of PP 

mean variation of OP 

3rd moment of PP 

3rd moment of OP 

N 

i=i 

1 N 7 

[ 

[ä I,“'“ 

[ä i fi 

1 N 2 

¿ ,¾ 0P 

- PPOW4 

- OPOW" 

- TPOW 

- PGM 

- OGM 

1®|:Oog,0ASQ)i - TGM 

PP - PGM I 

1 £ |0P - OGM I 
i=l 

I £ |PP(i) - PP(i-D| 
N i=2 

I £ |0P(i) - 0P(i-i)| n i=2 

1 £ pp: 

l£°p3 0P3M 



Table 4-1 (Continued) 

PP4M - 

0P4M - 

PPSKEW - 

PPKUR - 

OPSKEW - 

OPKUR - 

FLPKR - 

4th moment of PP PP^ 

4th moment of OP 

skewness of PP 
PP3M 

VPGM3/2 

kurtosis of PP 
PP4M 

VPGM2 

skewness of OP 
0P3M_ 

V0GM3/2 

kurtosis of OP 

In' IPPKURI where 

0P4M 

V0GH2-3 

ln'|a| 
(In a ) + 1 

-(ln(-a)) -1 

FLOPSK - In'IOPSKEWI 



27 

Table 4-1 (Continued) 

Various Ratios 

RATVDP 

RATVPVP 

RATVOVO 

RVPPOW 

RVOPOW 

RVPGM 

RVOGM 

XANGL 

ratio of variation of OP to PP 

ratio of variation of PP to 
variance of PP 

ratio of variation of OP to 
variance of OP 

relative dispersion of PP 

relative dispersion of OP 

relative dispersion of PP 

relative dispersion of OP 

average of angle 

MVAROP 
MVARPP 

MVARPP 
VPGM 

MVAROP 
“VOGM 

VPP0W1/2 
~vm— 

V0P0W1/2 
OPOW 

VPGM1/2 
PGM 

VOGJl1^ 
OGM 

l N 
¿ E ANGLE 
N i=l 

VANGL 

XMPA 

OPRAT2 

OPRAT 

OPSQR2 

OPSQR 

OPRAV 

VARRAT 

variance of ANGLE 

angle associated with the ratio 
of /{PPÕW/OPÕwy 

t 

average of ratio of OP (M2) to PP (M2) 

ratio of mean OP to mean PP 

1 N 
Ñ £, YSQ 

XSQ 
2 

OPOW 
TO7 

average of ratio of squared OP to PP 

ratio of average OP squared to 
average of PP 

1 ^ XSQ2 
N £<| YSQ 

OPOW2 
PPOW' 

ratio of OP to mean PP 

ratio of variance of OP to 
variance of PP 

OGM 
PGM 

VOPOW 
wm 
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Table 4-1 (Continued) 

OPSAV 
2 

ratio of average of squared OP (M ) to 
mean PP (M2) 

RATSKEW ratio of OP skewness to PP skewness 
QPSKEW 
PPSKEW 

RATKUR ratio of OP kurtosis to PP kurtosis 
OPKUR 
PP'KUR 
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4.1.2 A Continuous Piecewise Linear Transformation of the Sensor Data 

For this transformation the input data was limited to the informa¬ 

tion in the first three pulses (i.e., PP(1), 0P(l), PP(2), 0P(2), PP(3), 

0P(3)),and thus M=6. The transformation itself was a very general 

functional non-linear form which mapped the M=6 dimensional space 

to a single dimension or feature(see figure 4.2)* A description of this 

functional Form follows: 

Continuous Piecewise Linear Functions 

A piecewise linear function is a function for which one can find a 

partition of the space of independent variables such that the function 

is linear on every subregion. If the function is continuous piecewise 

linear, there are no discontinuities in the function at the boundaries 

between subregions. A continuous piecewise linear function of one 

variable js shown in Figure 4.3. Figure 4.4 (a), (b), and (c) Illustrate 

continuous piecewise linear functions of two variables. In both cases 

the continuity constraint requires that the hyperplanes defining the 

function in any subregion meet at the boundaries of the subregions. 

Thus, in Figure 4.3 the values of the linear functions on the first and 

second subregions must be the same at the boundaries between those subregions, 

i.e., the point a, and the values of the linear functions on the second and 

third subregions must be the same at the boundary between those subregions, 

i.e., the point b. In higher dimensions the subregions can become 
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considerably more complex, as indicated in Figure 4.5, and the problem 

of ensuring continuity is a more difficult technical problem. The 

general formula for a piecewise linear function is given by 

,lbljXj + bl,n+l 
u • 

for X in X 1 

fr(x1,...,xn) 
(4.1) 

T, Vi + bM+l for 2.1n XR 

v/here X = (Xj»x^,... .x^) and X^,X2,...,X^ are subregions partitioning the 

space. 

For any given set of subregions X-j .X^,... ,X^, one could (with diffi¬ 

culty) find the optimal coefficients b . with a constraint of continuity 
' J , 

at the boundaries. Since the choice of subregions is not obvious, the 

problem of simultaneously finding the optimal subregions makes the 

procedure quite difficult. The approach employed in the present work is 

the specification of the piecewise linear function in an alternate form 

which insures continuity as the parameters are varied and which defines 

the boundaries of the subregions implicitly as a function of the parameters 

defining the linear function on each subregion. 



FIGURE 4.5 

AN EXAMPLE OF POSSIBLE SUBREGIONS FOR A 
TWO-VARIABLE CONTINUOUS PIECEWISE LINEAR FUNCTION 
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Specifically, equation (4.2) defines a continuous convex piecewise 

Ilf 

linear function: 

P(X1'X2.^ + 

14.2) 

Referring to equation (4.1), note that F(x-j,... ,xn) = P(x^,...,xn) 
f* K 

if b-• “ a.. and X. is the region where the itn hyperplane is 
IJ IJ I • 

largest, i.e., 

xi Ü c x^ 
n 
y a,.,-x. + a. > y a. .x. + a. 

jSi ’J J " j=l k0 J k»n+1 

for all k j . 
Figures 4.3 and 4.4 (c) illustrate convex and non-convex piecewise linear 

functions respectively. Figure 4.3 illustrates this definition graphi¬ 

cally. Note that the value of the function P(x) is obtained quite simply 

by calculating the values of the three linear functions 

gj(x) = - 1.5x + 9 

g^(x) = 0.25x + 2 

g3(x) = x -6 

* 

A convex function is roughly, one which has the property that all 
the points on a line connecting two points on the surface of the function 
take values greater than or equal to the function. 
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and taking the largest value which results. The subregions are defined 

implicitly; for example, in Figure 4.3, x2 is the region where 

and 

0.25x + 2 > X -6 

0.25x + 2 > -1.5x + 9 

A simple extension of the approach will yield non-convex functions: 

F(xj,..iXn) - ^ wk^k^xl”‘*,xn^ * (4.3) 
k-1 

where 

pk^xl.xn) = . 5ax ( ); ai^-x. + aik^+1! ’ 
i-1,2,.,.,Ij=i ij 3 i, n+1 ) 

i.e., F is a sum of functions of thi form (4.2). The function F may be 

non-convex if the weights differ in sign. Note that F is a "para¬ 

meterized" function: to fully specify F, we must choose the'values 

w-j,...,wN and a|k^ for k=l,2,...,N; 1=1,2,...,1^ and j=l,2,...,n. 

Some of these parameters are redundant; the total number of free 

parameters is 

N 
Kj • 

(4.4) 
(n+1 )( I Kk). 

' k=l K/ 
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-i 

The parameters b.. in equation (4.1) are related to the parameters w. 
1J K 

and a., by a linear equation on each subregion. 
i J 

The procedure used was to test whether a convex function of the 

form in (4.2) was sufficient to represent the input/output relationship; 

this would be the case only if the relationship itself were convex or 

nearly so. If a convex function was insufficient, then a functional 

approximation of the form (4.3) was employed. This procedure yields 

the fringe benefit of detecting whether the model i,.put/output relationship 

is itself essentially convex. 

Development of EFFAP3 

The particular transformation which was determined by optimizing 

the parameters of the piecewise linear form was called EFFAP3. Its 

parameters are listed in figure 4.6. The performance criteria used 

(described later) was the percent of correctly classified samples. 

Figures 4.4abc show the nature of the final EFFAP3 surface, obtained 

by fixing four of the measurement variables and displaying the variation 

in the feature value as a function of the two remaining variables. Note 

that the surface is relatively smooth and, with some computational 

effort, could be represented by a continuous piecewise linear function 

with considerable fewer parameters. 
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4.1.3 A Parameterized Linear Combination of Heuristically Defined 

Features 

In this case a quite simple functional form was selected for illus¬ 

tration: a parameterized linear form which maps five heuristically 

defined features into a single feature via the transformation (see figure 4.7) 

5 
x = T= I a.y. + a. . (4.5) 

i=l 1 1 6 

In particular the form used was 

REGR = ct-i ‘MVAROP + o^-VANGL + 03.PGM + a4'IP0W + a5*PP3M + Og (4-6) 

The five heuristic features have been defined previously in Table 4.1. 

The method of selecting these particular five variables from all those 

listed in the table involved the use of a stepwise regression procedure which 

is briefly described below. 

Stepwise regression is a powerful variation of multiple regression 

which provides a means of selecting features (independent variables) 

which will provide close to the best prediction possible (given the assumed 

functional form of the relationship, in this case linear) of a dependent 

variable. In this case, the dependent variable employed was the 

numerical value assigned to the known class label (target object = 1, 

non-target object = 2) associated with each sample signature in the 
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design set. The stepwise regression algorithm proceeds by first 

selecting the single feature (independent variable) which best 

explains the dependent variable. Next additional features are 

selected sequentially based on two criteria: 

1) The value of the normalized regression coefficient (a^) that the 

prospective feature would have if brought into the functional 

form as an additional term. 

2) A measure, tolerance (T), of how nearly the new feature is 

expressable as a linear combination of the previously selected 

features. (A large value of T implies that a truly independent 

dimension is being added). 
2 

The prospective feature with the largest value of a^ T is selected as 

the next feature to be added to the set. Execution of the stepwise 

regression technique resulted in the selection of features listed 

in equation 4.6; they were selected in the order listed. 

The end result of a subsequent optimization to determine the best 

parameters of the functional form was: 

REGR =-.12 X MVAROP + 2.26 x VANGL - 0.4 x PGM + 

+ .029 x TPOW + .00002 x PP3M + 1.466 
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4.2 Specification of a Decision Algorithm and Performance Measure 

In order to evaluate the "goodness" of a particular dimensionality 

reducing transformation which generates a set of P features, it is necessary 

to define a scalar valued performance measure or criterion. The performance 

measure used should reflect the overall objectives and constraints of the 

discrimination system (see section 2). For this study the criterion 

was a measure of how a Bayes classifier would perform given the transformed 

samples as inputs. The use of the Bayes decision algorithm involved 

estimating the class conditional probability densities, p(x|i), from 

the samples of the target and non-target classes in the design set. 

Given these estimates of the densities the decision rule was 11 (target class) if p[-j^ >_ T 
pWT (4#7) 

2 (nón-target class) otherwise 

where the threshold value, T, depends on the a priori probabilities of 

classes 1 and 2 (p(l),p(2)) and the cost (weights) associated with making 

an incorrect classification (hp^ = cost of a false alarm, hMD = cost of 

a missed detection.) The threshold can be expressed as: 

p(2)hFA 

T= pTD^ 
(4.8) 

If these costs and a priori probabilities can be specified beforehand, 

the performance can be determined for the particular resulting T. We 

will discuss below methods for evaluating performance when these terms 

are unspecified. 



Two methods of estimating the densities were used. Generally the 

density estimates were derived by assuming the samples to be normally 

distributed and using maximum likelihood estimates of the mean vector 

and covariance matrix. Where there was strong evidence that the normality 

assumption might lead to large errors, a non parametric (Parzen) estimate 

of the densities was used (see [1, chapter VI]). This technique of 

density estimation is highly computational and was only used sparingly in 

the feature ranking procedure described in the next section. Recourse to the 

Parzen estimator technique was made when there was a significant 

difference between the actual error rate (experienced when using the decision 

rule generated by the normal assumption on the samples of design set) 

and the estimated error rate (based on an exact method [6] of determining 

the overlap of two multivariate normal densities.) Figures 4.8 and 4.9 

indicate for two features how the estimates obtained using the normal 

assumption compare with estimates using Parzen estimators. Note that 

differences in the density estimates themselves do not always imply 

significant differences in the decision boundaries. Whatever method was 

used in estimating the densities, however, the densities were then used 

to create decision rules which were applied to the samples to obtain 

performance measures. In particular, error rates might improve in going 

from the normal assumption to Parzen estimators; they will not get worse. 

Given estimates of the class conditional probability densities, 

equation 4.7 can be used to determine a "decided" class label — decided 

by the algorithm. Of course, each sample of the design set has a known 
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Figure i;,10: A Confusion Matrix 
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true class label associated with it. A confusion matrix (see figure 4.10) 

summarizes the distribution of the pairs of labels (true class, decided 

class) over the entire design (or test) set of samples. 

Below we define several measures of performance from the data contained 

in the confusion matrix: 

Error rate (%) = 50 ^—ITU— + 
all a12 

Percent Correctly Classified = 100 - Error Rate 

Probability of False Alarm (PFA) = ---— 
a21 a22 

Probability of Missed Detection (PMD) = -—— 
all a12 

Probability of Detection (PD) = 1 - Probability 

of Missed Detection 

(Notice that all of these measures of performance are defined in terms of 

the action of the derived decision ruleon a set of labeled samples.) 
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Changing the threshold, T, in equation 4.7 will change the confusion 

matrix and hence the above measures; the performance of the decision rule 

is thus to some extent a function of T. As T is changed from large values 

(T»l) to small values (T«l ) the resulting values of probability of 

detection (hereafter, PD) and probability of false alarm (hereafter, PFA) 

change in a characteristic fashion (see figure 4.11) and trace out a 

"PD/PFA" curve. 

A detailed examination of the quality of a set of features might best 

be carried out in terms of the entire PD/PFA curve; for this reason 

PD/PFA curves of several of the more interesting sets of features were 

developed and can be found in the later sections. However, a simple 

scalar valued performance measure is a necessity for the efficient design 

optimization of the parameterized transformations mentioned in section 4.1 as 

well as for the feature ranking procedure involved in the determination of the 

best selection of P features from a set of K features (see figure 4.1 and 

section 5/. Two such simple measures are: 

1) Percent Correctly Classified for T=1 

2) Probability of Detection for a Fixed Probability of False Alarm 

Figure 4.12 illustrates ' how the PD/PFA curves would change as an optimization 

of transformation proceeds. Note that for the purposes of the optimization, 

employing the probability of detection for a fixed probability of false 

alarm (a Neyman-Pearson type formulation) as the performance measure would 

yield similar results to those achieved by employing the percent correctly 

transformation^of f Äü oTthTd^i s^^st“^»0? ï 3 
preliminary analysis and does not correspond to any feaLfe se?s reported 



classified for a fixed I as the performance measure. Figure 4.13^ ill¬ 

ustrates another way to visualize what is occurring as a parameterized 

transformation is optimized with respect to a performance measure. In this 

figure we indicate that as the optimization proceeds the two class con¬ 

ditional densities change shape so as to minmize their overlap (maximize 

their separation). 

For the purposes of this study the performance measure employed 

in all optimization procedures was the percent correctly classified for 

T=l. Specifically, this performance measure was used in the derivation 

of REGR and EFFAP 3. Figures 4.14 and 4.15 show the PD/PFA curves for the 

final design of the two transformations EFFAP 3 and REGR. Also included 

in the figures are the PD/PFA curves for the samples represented in the 

higher dimensional space which served as input to the designed transformation 

in the case of EFFAP 3 the input space was 6 dimensional consisting of the 

OP and PP measurements of the first three pulses; while in the case of REGR, 

the input space was a 5 dimensional vector of heuristic features, them¬ 

selves transformation of a 30 dimensional input space consisting of the 

OP and PP measurements from 15 pulses. 

T This figure is again for illustrative purposes only. 
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Fig. 4.13 Illustration of the effect of minimizing a measure of the overlap of 
two-class conditional probability densities. 



E
F

F
A

P
3

 

P
P

1
/U

P
1

/P
P

2
/0

P
2

/P
P

3
/0

P
3
 

"
°
*
 

p
u

ls
e

s
 

55 

I I I • I ♦ I I I I .1 I I I 

l!0113313a do AiniSV90Md 

ll 

V 

P
R

O
B

A
B

IL
IT

Y
 

O
F 

F
A

LS
E
 

A
LA

R
M

 

F
ig

u
re
 
4
-1

4
. 

P
D

/P
F

A
 
c
u
rv

e
 
fo

r 
E

F
F

A
P

3 



TP
0W

/P
GM

/V
AN

GL
/M

VA
R0

P/
PP

3M
 

NO
. 

OF
 P

UL
SE

S 

56 

CO 

UD 

CS1 

O 

no 110313a jo AiniavsoHd 

PR
O

BA
BI

LI
TY

 O
F 

FA
LS

E 
AL

AR
M 

F
ig

ur
e 

4.
15

 -
 

PD
/P

FA
 c

ur
ve
 
fo

r 
RE

GR
 



57 

4.3 Specification of an Optimization Algorithm 

The relationship between the parameters of the functional forms 

used in the design of the parameterized transformations which generated 

the EFFAP3 and REGR features and the performance measure selected, 

percent of samples correctly classified, was quite complex. For this 

reason an efficient random search optimization algorithm, structured 

random search, (see [1, chapter 3]) was selected to determine the 

optimal design of the parameters of the transformations. 

4.4 Relationship to a More Extensive Approach 

As described in earlier sections several specializations of the 

general approach (described in figure 3.2) to the optional design of 

a dimensionality reducing transformation were employed in this study. 

In particular the REGR and EFFAP3 parameterized transformations could 

be viewed as transformations from an M-dimensional measurement space to 

a one-dimensional feature space (see figures 4.2 and 4.7). Subsequently 

these single features were considered as candidates, along with a set 

of heuristically defined features, for selections via an optimization of 

the selection matrix (see figure 4.1) resulting in a P-dimensional 

feature space. A more general approach (and one that could yield 

improved performance measures) would involve optimization of a general 

nonlinear transformation in the context of the other features to be 

included in the final P-dimensional feature space (see figure 4.16). 
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5.0 RANKING AND SELECTION OF FEATURES 

This section describes f'e procedure employed in this study for 

systematically selecting a P-dimensional subset (P = 1,2,3,4) of the 

K-dimensional set of heuristic and objective features (K = 48) defined 

in Section 4.1 (see also figure 4.1). There are(p) ways to select P 

features from a set of K features, thus, for e^ampl'», with K = 48 and 

P = 4 there would be approximately 195,000 sets of features whose 

performance must be measured and ranked if an exhaustive search procedure 

were to be employed. The procedure followed, while not an exhaustive 

search, tends to lead to a good selection of features in a cost-effective 

manner. 

We begin by ranking the features in terms of individual performance, 

then use those results to postulate and rank pairs, then triples and 

finally quadruples. The performance of the best quadruple is a good 

estimate of the discrimination performance achievable for the target and 

non-target classes analyzed. The performance measure employed in the 

ranking was the percent of correctly classified design set samples. The 

ranking is limited at this point to the performance of heuristic and 

objectiv features which are defined on a measurement space of 15 pulses 

(M = 30), with the exception of EFFAP3 which uses only 3 pulses of sensor 

data as input. 
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Table 5-1 Indicates the ranking of 48 features;1 Table 5-2 lists 

the 14 features used as candidates for subsequent development of combi¬ 

nations features. Note that these are not the 14 highest ranked single 

features; features were included which gave evidence of containing infor¬ 

mation valuable in a multivariate context (as for example during the 

stepwise regression analysis which led to the selection of the input 

features for the design of the REGR feature (Section 4.1.2)). We did 

not consider any of the features not in Table 5-2 in further ranking. 

Figures 5-1 (a-n) show the overlap of the probability densities and the 

nature of the distribution (estimated by Parzen estimators) for i.iany of 

the more interesting features. Figure 5-2 shows confusion matrices and 

PD/PFA curves for five single features. 

In obtaining pairs, one would like to avoid testing all two-out-of- 

fourteen (91) pairs; many can be avoided by elimination of the weaker 

of two highly correlated features from the analysis. Table 5-3 is the 

correlation matrix for the features. (Correlation of features with the 

class label is also included.) For example, we note that PP3M and PP4M 

have a correlation of -0.98, indicating that testing them as a pair is 

pointless. 

The ranking of ten pairs is indicated in Table 5-4. In Figure 5-5 abc, 

scatter plots of a subset of the samples illustrate the bivariate distribu¬ 

tion of the several pairs jf features. Performance summaries for four 

pairs are provided in Figure 5-6. 

EFFAP6 and EFFAP15 were derived similarly to EFFAP3. Each used 3 
pulses (6 input measurements) of information. The difference between them 

EFFAP6naíderFFAPiíhat 6 fFFAP3.Vsed the ^rst three pulses as inputs, 
¿ AP*j ®nd EFfpr1^used 3 Pulses which were more widely separated (pulses 1 
?ÍHm,6/0r EFFAP6 and pu,ses '• 8' and 15 f°r EFFAP15). The EFFAP6 and ’ 
EFFAP15 features were not included in the set of 14 investigated more fully 
because they were roughly equivalent to EFFAP3 and because the study was 
focused on features based on contiguous pulses. 
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PERCENT CORRECT 
FEATURE CLASSIFICATION RANK 

REGR 95.04 1 
PP4M 92.39 2 
PP:M 91.81 3 
MVAROP 91.55 4 
PGM 88.45 5 
EFFAP15 88.39 6 
EFFAP3 87.00 7 
TGM 86.14 8 
EFFAP6 85.89 9 
XANGL 81.79 10 
FLOPSK 81.59 11 
RVOGM 80.99 12 
OPRAV 80.82 13 
PGM/OGM 79.41 14 
FLPPKR 78.45 15 
OPKUR 78.33 16 
MDOP 78.16 17 
OPSKEW 77.94 18 
VPGM 77.60 19 
PPKUR 76.94 20 
PPSKEW 76.82 21 
OPRAT 76.55 22 
XMPA 75.41 23 
OPRAT2 75.31 24 
MVARPP 72.87 25 
RATVOVO 72.29 26 
OGM 71.50 27 
0P3M 71.32 28 
0P4M 70.33 29 
RVPGM 69.56 30 
VARRAT 67.54 31 
RATVDP 66.85 32 
VTGM 64.19 33, 
OPSQR 61.47 34 
MDPP 60.32 35 
VPGM 59.80 36 
VANGL 59.52 37 
0PSQR2 57.34 38 
RATVPVP 54.64 39 
RATSKEW 53.24 40 
OPSAV 50.24 41 
VOPOW 49.82 42 
OPOW 49.32 43 
PPOW 48.96 44 
RATKUR 48.95 45 
TPOW 47.58 46 
VTPOW 44.16 47 
VPPOW 44.07 48 

Table 5-1: Single Feature Ranking (15 pulses) 

ft A 



Feature 

REGR 

PP4M 

PP3M 

MVAROP 

PGM 

EFFAP3 

TGM 

XANGL 

FLOPSK 

OPRAV 

FLPPKR 

MDOP 

VANGL 

TPOW 

Percent Correct 
Classification_Rank 

95.04 1 

92.39 2 

91.81 3 

91.55 4 

88.45 5 

87.00 7 

86.14 8 

81.79 10 

81.59 11 

80.82 13 

78.45 15 

78.16 17 

59.52 37 

47.58 46 

Single Features Ranked at 15 Pulses (N) 

Table 5.2: Selected 14 Single Features (15 pulses) 
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Feature Pairs 

TGM REGR 

XANGL REGR 

MVAROP PP4I1 

PP4M REGR 

EFFAP3 REGR 

PP4M FLOPSK 

TGM XANGL 

XANGL MVAROP 

TGM MVAROP 

PP4M EFFAP3 

Percent Correct 
Classification_Rank 

96.04 1 

95.98 2 

95.87 3 

95.82 4 

95.79 5 

94.56 6 

94.45 7 

94.32 8 

94.09 9 

94.14 10 

Table 5-4: Feature Pairs Ranked at 15 Pulses (N) 
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8 = Target class 

1-7 = Non-target classes 
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8 = Target class 

1-7 = Non-target classes 
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8 = Target class 

1-7 = Non-target classes 
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Triples are ranked in Table 5-5 and quadruples in Table 5-6. 

Figure 5-7 compares the performance of the selected single feature, 

pair, triple, and quadruple. The selection of the triple was not 

entirely based on the rank as the top 5 sets had similar values of 

percent correctly classified. Note that the quadruple achieves a 1.00 

probability of detection for a probability of false alarm of about .05. 
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Percent Correct 
Feature Triples_Classification Rank 

T GM 

MVAROP 

PP4M 

MVAROP 

MVAROP 

IGM 

TGM 

MVAROP 

TGM 

MVAROP 

MVAROP 

PP4M 

TGM 

PP4M 

TGM 

PP4M 

PP4M 

PP4M 

REGR EFFAP3 

PP4M EFFAP3 

EFFAP3 REGR 

PP4M MDOP 

PP4M FLOPSK 

REGR MDOP 

REGR XANGL 

PP4M XANGL 

REGR FLOPSK 

PP4M REGR 

PP4M TGM 

EFFAP3 FLOPSK 

REGR OPRAV 

EFFAP3 XANGL 

REGR MVAROP 

EFFAP3 MDOP 

EFFAP3 TGM 

EFFAP3 OPRAV 

96.66 1 

96.51 2 

96.45 3 

96.40 4 

96.36 5 

96.30 6 

96.25 7 

96.22 8 

96.07 g 

95.91 10 

95.91 11 

95.79 12 

95.75 13 

95.73 14 

95.32 15 

94.96 16 

94.80 17 

93.96 18 

Table 5-5: Feature Triples Ranked at 15 Pulses (N) 
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Feature Quadruples_ 

MDOP MVAROP PP4M 

MVAROP PP4M EFFAP3 

MVAROP PP4M EFFAP3 

MVAROP PP4M EFFAP3 

MDOP MVAROP PP4M 

Percent Correct 

Classification_Rank 

REGR 96.96 1 

MDOP 96.91 2 

TGM 96.84 3 

REGR 96.67 4 

TGM 96.42 5 

Table 5-6: Feature Quadruples Ranked at 15 Pulses (N) 

* 
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6.0 VALIDATION OF PERFORMANCE ESTIMATES 

The methodology utilized in comparing the performance of features 

singly and in groups is designed for the stability of the results upon 

extension to data not used in the creation of the decision rule. It is 

the purpose of this section to validate that this objective was met. 

We shall refer to the set of signatures used to design the discrimi¬ 

nation rule and used in obtaining the results of previous sections as 

the "design set" and to the set of target and won-target signatures set 

aside for an independent test as the "test set." As discussed in Section 

4.1.2 the decision algorithm employed for feature performance evaluation 

involved use of a Bayes rule and an estimation of the class conditional 

probability densities from the design set of samples (via a use of 

the normal form and an estimation of the mean vector and covariance 

matrix.) The decision rule so derived was used unchanged on the test samples 

to determine the validity and stability of the performance estimates. 

It should be emphasized that the test set is used to evaluate features 

and discrimination algorithms which were obtained using the design set; 

the test set is not used in the creation of the decision rule which it 

tests. 

Figures 6-1 through 6-8 are comparisons of the characteristics 

obtained on the design and test set for several of the single features, 

pairs of features, a triple of features, and a quadruple of features. 

In some cases, the performance on the test set was better than on the 

design set; in all cases, the difference in performance was easily 

attributable to normal statistical fluctuations. Any overestimation of 

the performance of the features was small. 
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7.0 IMPACT OF THE NUMBER OF PULSES ON DISCRIMINATION 

The analysis and feature ranking of the previous sections have largely 

emphasized the case of 15 pulses. One would certainly expect the dis¬ 

crimination performance to be lower with fewer pulses. Since, with few 

exceptions, the heuristic features are defined such as to be applicable 

to any number of pulses (e.g., one can average the RCS's of three 

pulses as well as fifteen pulses), we can study the same features at 

varying numbers of pulses (hereafter N). This question is of obvious im¬ 

portance in a system context where the number of pulses available for 

discrimination is a limited resource. 

The degradation of performance with the number of pulses is illus¬ 

trated for the single feature PP4M in figures 7-1 and 7-2. Figure 7-1 

shows the change in form of a non-n"ametrie estimate of the class 

conditional probability densities for changing numbers of pulses 

(N=3,6,15,200); figure 7-2 shows performance measures corresponding 

to these changes in the density. Figures 7-3 and 7-4 provide the same 

information for MVAROP; figures 7-5 and 7-6, for REGR. Changes in the 

densities for several other single features as the number of pulses (N) 

increased are plotted in figures 7-7 through 7-15 for whatever insight 

they may provide. 

Turning to pairs of features, we find that looking at overlap of the 

probability densities is more difficult. Figures 7-16 and 7-17 provide 

a pictorial representation of how the overlap of bivariate densities de¬ 

creases (using a simple histogram estimate) in going from N=15 to N=200; 

in these figures, the high peak is the target class. Since it is 
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Figure 7-3 
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difficult to label the classes In such a diagram, we turn to scatter 

diagrams such as in figure 7-18, where the change in distribution with 

N of the pair of features TGM/REGR is indicated. Figure 7-19 provides 

performance curves as a function of N for that pair. Figures 7-20 

through 7-22 provide similar information for the pairs MVAR0P/PP4M and 

PP4M/EFFAP3. (Note that EFFAP3 in all cases uses only three pulses.) 

Figures 7-23 and 7-24 show performance curves for the triple MD0P/MVAR0P/ 

PF4M and the quadruple MD0P/MVAR0P/PP4M/REGR. 

Recall that the feature ranking was performed for N=15; the best 

feature sets for 15 pulses are not necessarily the best for N=3. 

Examination of the previous figures in this section shows that some 

features degrade more rapidly than others. 

Figure 7-25 shows performance estimates for four single features at 

N=3 and N=15; comparison indicates a shift in relative performance. 

Figure 7-26 similarly displays the relative performance of pairs of fea¬ 

tures at N=3 and N=15. Feature ranking should optimally be repeated at 

lower numbers of pulses to avoid underestimating potential performance in 

those cases. 

Although there is little reason to expect the validation of Section 6.0 

for N=15 not to hold up for N=3, the performance on the design and test 

sets for the lower number of pulses is indicated in figures 7-27 through 

7-30 for a single feature, a pair, a triple, and a quadruple. The 

validation holds in general. 
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Figure 7-25: Comparison of single feature performance at N=3 and N*15 
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Figure 7-26: Comparison of performance of pairs of features 
at N=3 and N=15. 
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8.0 THE INVERSE PROBLEM: WHAT CHARACTERISTICS MAKE DISCRIMINATION 
DIFFICULT? 

Two kinds of results have been reported in previous sections. One 

type of result is the level of discrimination possible given a collection 

of non-target classes and a given target class. Another is determination 

of the type of features and data which make discrimination possible. The 

inverse problem is to determine which non-target classes cause the most 

discrimination problems, and which particular signatures cause the most 

problems in the problem classes. 

There are three aspects of the inverse problem we will discuss. The 

first aspect is examining which of the seven non-target subclasses are 

most difficult to discriminate from the target. The second aspect is 

uncovering which characteristics of the signatures and what corresponding 

physical properties (motion, aspect, etc.) cause discrimination problems. 

The third aspect is the question of to what degree the performance would 

degrade if all non-targets came from the most difficult subclass. The 

scope of this project will not allow examination of the questions in depth; 

we will note some of the more obvious conclusions and illustrate the approach 

to further examination in detail. 

Figures 8-1 through 8-11 indicate for several single features (for N=15 

and N=3) the overlap of the class-conditional probability densities (estimated 

by Parzen estimators from the samples) of the target class and the seven non¬ 

target subclasses. Non-target subclass 7 is a major offender for 
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all features; several others, such as class 2 and class 6 are problems 

for specific features. The bivariate scatter plots in Sections 5.0 and 

7.0 provide visual aids to the examination of the overlap for the two-feature 

case. More generally, the specific subclasses contributing to false 

alarms and to missed detections can be explicitly listed as part of 

the discrimination analysis (see Table 8-1 and Figure 8-1). 

Figures 8-12 and 8-13 indicate the degradation in performance for 

a single feature (RECR) and a pair of features (TGItyREGR) if the non¬ 

target class consisted of only sublcass 7, the most problematical sub¬ 

class. Substantial degradation occurs. 

Finally, we note that the individual signatures which cause false 

alarms and missed detections can be identified. Individual signatures 

are plotted in figures 8-14 through 8-23 with an indication of their 

correct class and the class into which they were placed by the decision 

rule. Included are correct classifications, false alarms, and missed 

detections. Note that aJl 200 pulses in the data are plotted, but only 

the first 15 were used for discrimination. Included with each plot is a 

list of the model initial conditions which generated the signature; 

systematic examination of all the missed detections or false alarms would 

indicate the particular characteristics of motion, aspect, etc., which cause 

discrimination problems. 
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DECIDED CLASS 

TRUE CLASS TARGET NON-TARGET 

TAPGET 391 9 

NON-TARGET 1 4 76 

NON-TARGET 27 73 

NON-TARGET 34 76 

NON-TARGET 40 80 

NON-TARGET 54 76 

NON-TARGET 60 80 

NON-TARGET 7 24 56 

TRUE CLASS 

TARGET 

NON-TARGET 

DECIDED CLASS 

TARGET NON-TARGET 

391 9 

43 . 517 

PERCENT OF 43 FALSE ALARMS 
NnN-TARGFT CLASS CAUSED BY NON-TARGET CLASS 

1 

2 

3 

4 

5 

6 

7 

9.30 

16.28 

9.30 

0.00 

9.30 

0.00 

55.81 

Table 8-1: Breakdown of false alarms by non 

REGR (refer to figure 8-1). 

-target subclass for feature 
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273.5625, 

7.751987, 

24.38437, 

1.306561, 

0.0, 

O.U, 

9.95, 

0.05, 

0.0, 

0.25, 

0.2b 

Actual : Target Decided: Target 
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“I.C. 57.77432, 

14.01734, 

62.27437, 

0.5685182 

0.567289, 

0.2943312 

9.95, 

0.05, 

0 06. 

0.0, 

0.25, 

0.25 
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286.4224, 

94.64975, 

31.13919, 

1.302703, 

0.6348994, 

0.510/936, 

9.95, 

0.05, 

0.0, 

0.25, 

0.25 

Actual: Non-target 7 Decided: Non-target 



P
r5 

HM
 P
 

( D
3S

M
 ) 

G
P 

R
M

P 
( D

BS
M

 ) 

o 
-i- 

C3 
CU 

I 

o 
zt 

I 

iC 
I 

109.y087, 

96.5*826, 

70.11789, 

0.9085293, 

0.6706561, 

0. 194/415, 

9.95, 

0.05, 

0.0, 

0.25, 

0.25 

1 



>: 
in 
GD 
CD 

CL- 

cr 
CL. 
o 

5: 
en 
en 
CD 

CL 
>D 
cr 
CL. 
CL 

Puises PULSES Figure 8-22 

Actual : Non-Target 7 Decided: Target 

= 233.1206, 

125.4803, 

288.261, 

0.653387, 

0.1838552, 

0.5684184, 

9.95, 

0.05, 

0.0, 
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0.25, 
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M.n ADDITIONAL TOPICS 

As mentioned previously in Section 2.0, the level of effort of 

this study v/as limited and thus the objectives of the study were 

subject to this constraint. However, despite this, some (perforce 

very limited) analysis effort v/as applied to determining the impact 

on the results of attacking the overall problem in further depth. 

The section discusses some of these analyses and indicates some ways 

the data analysis approach described in the report could be applied 

in other contexts to achieve the objectives described in Section 2.0. 

9.1 FURTHER DEVELOPMENT OF OBJECTIVE FEATURES 

Further features and sets of features should be derived, combined, 

and ranked in the following contexts: 

(1) Range of Numbers of Pulses 

The feature ranking described in this report was largely performed 

at N=15 pulses. Earlier analysis described in Section 7.0 indicates 
» 

that the ranking of features changes as the number of pulses changes. 

A "best" set of features for various numbers of pulses (e.g., N=3, N=6, 

N=10, N=20) might be derived. 

(2) Variations in Interpulse Spacing 

The pulses selected to form the raw data for the feature creation 

step were equally spaced in time at an effective PRF (pulse repetition 

frequency) of 20 cycles per second. The autocorrelations shown in 

figure 9.1 indicates that the effective PRF should be approximately 



r 

159 

Figure 9.1: Autocorrelation of Target and Non-Target Signatures 
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2 cycles per second to get fairly uncorrelated data. Additional 

analysis might indicate the degree to which discrimination performance 

could be improved by using a larger interpulse spacing and how different 

interpulse spacings affect the feature ranking results for various 

numbers of pulses. 

(3) Improved Performance on "Difficult" Non-Target Objects 

A more detailed analysis of the non-target objects in an object- 

oy-object fashion may lead to features which, though low ranked in the 

two-class context, are highly ranked for the discrimination of certain 

"difficult" cases. Additionally, new objects which may have more 

realistic (and possibly more difficult) characteristics might be 

modeled and discrimination features developed for them. 

(4) Utilization of Phase Data 

All of the analysis in this report indicates results for sensor 

data which contained no phase information. Features might be developed 

which use this information and which provide enhanced performance. 

(5) Derivation (Optimization) of Objective Features in a Multiple 

Feature Environment 

In this report objective features were derived by effectively 

optimizing a measure of the separation of the scalar or one¬ 

dimensional class conditional probability densities. The one-dimensional 

objective features so derived were then combined with other features to 

form the best group of dimension two, three, etc. 

..i 



One can anticipate improved performance if one performs the 

derivation of an objective feature (to be used for example as one 

member of a pair of features) in the context of other features. 

That is, the optimization of the measure of the separation of the 

class conditional probability densities might be perfonned in the 

higher-dimensional space formed by the objective feature and the 

other features of the group. 

(6) Systematic Derivation of Piecewise Linear Transformations 

of Sets of Heuristic Features 

Additional tudy might be profitably focused on the development 

of objective features created by deriving piecewise-linear trans¬ 

formations of set> of heuristic features. Techniques for determining 

the correct selection (and dimension) of the input heuristic features 

and the correct dimension of the output piecewise linear feature space 

should be employed. 

(7) Real Data 

The techniques described in the report are applicable to real (rather 

than simulated) data. Problems exist in terms of the number of samples 

available but these can often be overcome by the techniques described 

in the body of the report which can result in low dimensional decision 

algorithms. 
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10.0 CONCLUSION 

This report has indicated the versatility of the multivariate empirical 

approach and of objective feature extraction procedures in (1) determining 

the possible level of discrimination of target versus non-target classes 

based on radar cross section signaturesj (2) extracting the key charac¬ 

teristics of the signature which allow discrimination, (3) indicating 

the impact of the number of pulses utilized on the performance of the discrimina¬ 

tion algorithm, and (4) isolating the key characteristics which confound 

discrimination. The many plots and tables provide a wealth of insight 

into the above aspects of the discrimination problem. The report has 

demonstrated a systematic approach to the rapid, cost effective inves¬ 

tigation of such problems in general and has provided the data for 

deeper analysis of the given target/non-target classes in particular. 

The aspects of the problem analyzed include the following: 

(1) the possible level of discrimination of the given classes 

(PD/PFA curves, error rates, etc.) for the cases of 200, 15, 6, and 3 

pulses, with emphasis on the 15- and 3-pulse cases; 

(2) the features (objective characteristics of the signals) 

which best discriminate singly and jointly, their distributions 

and other attributes; 

(3) the subclasses of non-targets which posed the most 

difficult discrimination problem, and the particular signatures 

which tended to be misclassified; and 

(4) a brief discussion of such additional topics as the effect 

of using less correlated pulses. 
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