
^x TT^ W^ 

AD-776   609 

THE   VALUE   OF   SEQUENTIAL   INFORMATION 

Allen   Clinton   Miller,    III 

Stanford   University 

Prepared   for: 

Office   of   Naval   Research 
Advanced   Research   Projects   Agency 
National   Science    Foundation 

31   January   i974 

DISTRIBUTED BY: 

um 
National Technical Information Service 
U. S. DEPARTMENT OF COMMERCE 
5285 Poi Royal Road, Springfield Va. 22151 

<- 

i    fS   ir^-   i *_^_ta 



^N 

Research Report No. EES-DA-73-1 
January 1974 

OS 
o 

t> 
N 
Q 
< 

THE VALUE OF SEQUENTIAL INFORMATION 

ALLEN C, MILLER III 

DECISION ANALYSIS PROGRAM 
Professor Ronald A.  Howard 

Principal  Investigator 

DEPARTMENT OF ENGINEERING-ECONOMIC SYSTEMS 

Stanford University 
Stanford, California    94305 

Wep'odu'.pd  by 

NATIONAL TECHNICAL 
INFORMATION SERVICE 

U S Department of Commerce 
Springfield  VA 22151 

SPONSORSHIPS 

AdvancedxResearch Projects Agency, Human Resources Research Office 
ARPA Order\No. 2449, monitored by Engineering Psychology Programs, 
Office of NaVal Research, under Contract No. N00014-67-A-0112-0077 
(NR 197-024) covering the period May 1, 1973 to December 30, 1973. 

National Science Foundation under NSF Grant GK-36'i91. 

Approved for public release with distribution unlimited; reproduc- 
tion in whole, or in part, permitted for any purpose of the United 
States Government. 

■ 

 Ck. -- - ^^^ 



^^ 
pua      ■■■! -^TZT 

SECURITY   CLASSIFICATION Or  THIS PAGE rl«i»n Data Enffd) ^ 

REPORT DOCUMENTATION PAGE 
1      REPORT  NUMBEP 

EES-DA-73-1 

2   OOVT ACCESSION NO 

4      TITLE fwd Sublllle) 

"The Value of Sequential  Information" 

7.    AuTMOt»f«; 

Allen Clinton Miller, III 

»     PERFORMING ORGANIZATION  NAME  AND  ADDRESS 

The Board of Trustees of the Leland Stanford 
Junior University, c/o Office of Research Admini 
strator, Encina Hall,  Stanford, California 94305 

II      CONTROLLING OFFICE NAME  AND ADDRESS 

Advanced Research Projects Agency 
Human Resources Research Ofrice 
1400 Wilson Blvd.. Arlington. Virginia    22209 

READ INSTRUCTIONS 
BEFORE COMPLETING FORM 

1  RECIPIENT'S CATALOG NUMBER 

8. TYPE OF REPORT » PERIOD COVERED 

Technical 
5/1/73 to 12/30/73 

( PERFORMING ORO REPORT NUMBER 

I  CONTRACT OR GRANT NUMBERf») 

N00014-67-A-0112-0077 

10     PROGRAM  ELEMENT. PROJECT,  TASK 
AREA t WORK UNIT NUMBERS 

000000 
ARPA ORDER #2449 

14    MONITORING AGENCY NAME i AODRESSr/t («ff«r«n( from Conirclllni Ottlc») 

Engineering Psychology Programs, Code 455 
Office of Naval Research 
800 North Quincy Street; Arlington, Virginia 

22217 

12.   REPORT DATE 

January 31,   1974 
IS.   NUMBER OF PAGES 

II.    SECURITY CLASS, (ol Ihlm report; 

Unclassified  
ISa.    DECLASSIFI CATION' DOWNGRADING 

SCHEDULE 

I«     DISTRIBUTION STATEMENT (ot thlt Raporo 

Approved for public release; distribution unlimited. 

17.    DISTRIBUTION STATEMENT (ol tht mburacl ar'«rod In Block 30, U dinorml Inm Koport) 

IB.    SUPPLEMENTARY NOTES 

A dissertation submitted to the Department of Engineering-Economic Systems 
and the Committee on Graduate Studies of Stanford University in partial 
fulfillment of the Requirements for the Degree of Doctor of Philosophy, 
November 1973. '_  

I*.   KEY WORDS rCordnua on ravoraa alda // nacaaa4»T <■>' Idanllty by bltck numomi) 

DECISION ANALYSIS 

DECISION-MAXING 

DECISION THEORY 

INFORMATION 

SEQUENTIAL INFORMATION 

VALUE OF INFORMATION 

10.    ABSTRACT (Conllmn an ravaraa aid« II nacaaaarr and Idmmlfr bf block njmbtt) 

In decision analysis we normally considT the value of-information to be P 
constant against which the cost of information is compared.    However, when 
it is possible to buy information sequentially, the value of information is 
not a constant.    Rather,  it is a function of the prices of the various pieces 
of information, or "observables."    When we are faced with a decision and learn 
one observable, this information not only helps us make the original decision, 
but   also helps US  decide  if we   should pay  for mnra nh^rvahlP«;.      For this 

DD ,: FORM 
AN  71 1473 EDITION  OF   1  NOV 8» H OBSOLETE      » 

S/N   0102-014-6601 / HNri.ASRTMFn 
SECURITY CLAMIFICATION OF THIS PAOE fWian D««a «mar.d) 

V 

^   A- ^^+m**m 



^7 "C ? 
jmTY CLASSIFICATION OF THIS. P*ÖEriWi««i Dmlm fnlmrad) 

Block 20 (continued) 

reason, the first observable has a valu; above and beyond that which we would 
assign if there were no possibility of obtaining additional informatioi. 

As the cost of one observable is increased, the value of information about 
another observable can decrease or remain constant. In lact, the derivative 
of the value of information about one observable with re.pect to the cost of 
another observable must lie in the closed interval [-1,0]  . The second 
derivative of the value of information with respect to the price of any ob- 
servable cannot be negative. 

Since the value of information is a f-jnction of the prices of the observablcs,| 
it is necessary to know the prices of all the observables before deciding 
whether or not to pay for a single piece of information. If we know the 
price of every observable, we can determine which, if any, we should buy 
first.  In this manner, we can divide the set of all possible n-tuples of 
observable price» into mutally-exclusive uid collectively-exhaustive subsets 
such that our best initial decision is to buy the ith observable when the 
n-tuplo of prices is contained in the ith subset. The subsets can be viewed 
as regions in the n-dimensional Euclidean space spanned by the prices; we 
can approximate or bound the regions. 

If the prices of the observtbles are uncertain, the value of information is 
a function of our state of Information about the prices. If we assume that 
the prices are independent random variables, the value of information is a 
function of the expected prices with the same functional form that would re- 
sult if the prices were certain. If the cost of learning an observable 
changes after other observables are purchased, the value of information then 
depends on all of the possible prices. 
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ABSTRACT 

In decision analysis we normally consider the value of information 

to be a constant against which the cost of information is compared. 

However, when it is possible to buy information sequentially, the value 

of information is net a constant.  Rather, it is a function of the 

prices of the various pieces of ii formation, or "observables." When we 

are faced with a decision and learn one observable, this information 

not only hel-DS us make the original decision, but also helps us decide 

if we should pay for more observables.  For :his reason, the fvist ob- 

servable has a value abo^-c and beyond that which we would assign if 

there were no possibility of obtaining additional information. 

*s the cost of one observable is increased, the value of informa- 

tion about another obbervable can decrease or remain constant.  In fact, 

t.ie dPiivative of the value of information about one observable with 

respect to the cost of another observable must lie in the closed inter- 

val [-1,0] .  The second derivative of the value of information with 

respect to the price of any observable cannot be negative. 

Since the value of information is a function of the prices of the 

observables, it is necessary to know the prices of all the observables 

before deciding whether or not to pay for a single piece of information. 

If we know the price of every observable, we can determine which, if any, 

we should buy first.  In this manner, we can divide the set of all pos- 

sible n-tuples of observable prices into mutually-exclusive and 

collectively-exhaustive subsets such that our best initial decision is 

to buy the ith observable when the n-tuple of prices is contained in 
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the it subset. The subsets can be viewed as regicrs In the n-dimensional 

Euclidean space spanned by the prices; we cau approximate or bound the 

regions. 

If the prices of the observables are uncertain, the value of infor- 

mation is a function of our state of information about the prices.  If 

we assume chat the prices are independent random variables, the value 

of information is a function of the expected prices with the same func- 

tional form that would result if the prices were certain. If the cost 

of learning an observable changes after other observables are purchased, 

the value of informaiion then depends on all of the possible prices. 
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CHAPTER 1 

INTRODUCTION 

In decision analysis, [6,11,12,13] * we customarily think of the value 

of a piece of InformaMon as being a fixed amovr t against which we should 

compare the cost of learning the information.  We should refuse to pay 

for the information if its cost exceeds its value.  Otherwise we can ex- 

pec" to gain, in some statistical sense, by paying for the information. 

It is possible to extend this simple idea by incorporating the concepts 

of risk preference, utility functions, and imperfect information.  How- 

ever the basic concept remains the same.  In principle we can determine 

a fixed maximum price that w« should pay for a piece of information, ami 

then use this quantity, which we call the value of the information, -o 

decide whether or not to buy the information. 

Conclusions and Contributions 

Unfortunately, as the following chapters will show, this straight- 

forward notion of the value of information is inadequate. When we have 

the option of buying a piece of information—which we call an "observ- 

able"--and studying it before deciding whether or not to pay for addi- 

tional Information, the value of the information is greater than it would 

be if we could buy only the observable by itself.  When information is 

available sequentially, we must consider the prices of all of the observ- 

ables in order to decide whether or not to pay for any individual 

- 

Numbers in square brackets refer to the Bibliography. 
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observable.  In other words, the value of information, rathei than being 

a constant, Is a function of the prices of all of the other observables 

that we might decide to buy. 

This idea, which will be explored in some detail in the following 

chapters, is one of the general conclusions and contributions of this 

paper.  We can state this conclusion more precisely with ehe following 

definitions.  If there are n observables that we could learn sequen- 

tially, then we can define n random variables  (y. y ) such that 

learning the 1   piece of information is equivalent to i -?rning the 

actual value rf y, .  Since learning y,  is equivalent to learning the 

i  piece of in ormation, we shall call y.  the i   observable.  Let 

K   and V   be the cost and value, respectively, of the i   observ- 

able.  Using these definitions, the conclusion stated above becomes: 

1.  In general, V   is a function of the prices of all of the 

observables except K     Thus 

V  - V (K  , 
Yi   Yi fl1 

yi-i   yi+i yn 

For simplicity we sometimes write the extected value of sequential infor- 

mation about yi    as V (Ky 
Ky ) ' where lt is understood t',at 

V   does not depend on K  . Since our decisions to pay for or refuse 
Yi Yi 
the Information represented by yi    depends on the relative values of 

K   and V  . we will have to know all of the prices including K 
Yi        Yi y* 
before we can make the decision. The method used to determine the value 

function V (K  K '; is demonstrated in the following chapters. 
yi yi yn 

If the value of a piece of information is a function of the prices 

- 
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of all of the other observables, what can we say about the form of this 

function? If the decision maker's utility function has certain proper- 

ties, we can show that: 

2.  Increasing any one of the prices of the observables will 

cause the value of a piece of information to remain constant 

or decrease.  However the value of the inTormation cannot 

decrease by more than the amount that the price increases. 

In other words, 

9V 

SC (Kyi Vr Kyi+i' •. K ) e [-1,0] 
"n 

1 

This result, and those that follow, hold for any decision maker who has 

a utility function that satisfies the delta property and is monotonically 

increasing (the delta property is discussed in the next section).  It is 

possible for dV /dK   to equal any value between -1 and 0 , so that 

increasing a price by one unit can cause the value of some observables 

to drop by a fraction of a unit. 

We can go one step further and show t^at SV /3K   must increase or 

remain constant when K   increases: 
yJ 

3.  Increasing any one of the prices will cnuse the rate of change 

of the value of any observable with respecu to that price to 

increase or remain constant.  In other words. 

A 
* 

yj 

2  (Kv » • • • > Kv   . K   . 
yl      yi-l  yi+l 

. * ) > 0 
yn - 

It is possible for the first derivative to be discontinuous. 

< 
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and for the second derivative to be infinite.  However, it need not be 

true that 

a
2v 

It is possible for äv /dK   to make a discontinuous Jump to a lower 

value as K   is increased. 
Vk 

We can write a general expression for the value function 

V (K  K )  as shown in Chapter 4.  However, this expression is 
Yi    yi Yn 

not useful  for solving practical problems  since  it  is written as a series 

of maximizations.     For any given problem we can carry out a number of 

calculations  to determine algebraic expressions  for  the value  functions 

that do not involve maximization.    Using  these expressions we can deter- 

mine which observable,  if any, we should buy first  for any given set of 

prices,   (K    ,   ..,,  K    )   .     In this manner we can divide the set of all 
'1 ^n 

possible n-tuples of prices  into subsets,  such that when the n-tufle of 

prices is in the    i        subset, our best initial decision is  to buy  the 

i        observable.     Thus: 

4.    It is possible  to determine  (iHl) mutually exclusive and 

collectively exhaustive sets    Q.     for    i - 0,1 n  ,  such 

that when 

(KV1 K    )  « «! 
'1 yn 

our best initial decision is  to buy  the    i*-^    piece of 

information.     If    i    equals  zero,  our best decision is  to 

refuse all the information.    We can visualize the   w^    as 

decision regions in the n-dimensional Euclidean space spanned 

by the prices     (K    ,   ..., K    )   . 
^1 ^n 

> 
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Unfortunately a  large number of calculations are  required  to deter- 

mine the value  functions when there are more  than two or three pieces of 

sequential information available.    It will be shown in Chapter 4 that the 

number of calculations  increases  like    2     , where    n    is  the number of 

sequential pieces of information.    However, even when the number of cal- 

culations required to detennine the value  functions and the decision sets, 

^i   , become prohibitively large, we can determine certain properties of 

these  functions and  sets by carrying out a relatively small number of 

calculations.     In particular: 

5.    It is possible  to approximate  the decision sets by solvinc 

the appropriate decision tree using several sets of prices 

for  the observables.    Also,   there exists a maximum price  that 

we are willing to pay for each observable when our best ini- 

tial decision is to buy that observable.     It is possible to 

bound  this maximum price. 

One bound that works  for all sequentiaMttformation problems is  the value 

of learning simultaneously all of the observables  that are available. 

This constant is relatively easy to calculate and it bounds the maximum 

initial value of every piece of information.     For certain problems  it is 

possible  to  find  tighter bounds with a little more effort;   the procedures 

for doing so will  be  discussed in the   following chapters. 

Utility and Risk Preference 

We assume  throughout this paper that the decision maker always pre- 

fers more money to  less money.     In other words,  his utility  function 

[5,9,10,151 must be monotonically increasing.     The conclusions  stated 

previously are based on this assumption. 

' 
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We have defined the value of Information as the maximum price that we 

are willing to pay for the Information.  It Is difficult to determlnr this 

maximum price unless the decision maker's utility function has certain 

properties. For an arbitrary utility function It Is necessary to compare 

the expected utilities that result when we learn and do not learn the In- 

formation, and then vary the price of the Information until the two expected 

utilities are the same.  For simple problems, It Is possible to solve an 

equation for the maximum price, but for more difficult problems the result 

Is often determined by trial and error. 

This difficulty can be overcome If the decision maker's rlak prefer- 

ence can be represented by a utility function that satisfies the "delta 

property." The delta property Implies that adding a given amount to the 

value of all of the possible outcomes associated with any lottery Increases 

the certain equivalent of the lottery by exactly the same amount. The cer- 

tain equivalent Is that value whose utility Is equal to the expected utility 

of the lottery. Mathematically the delta propeity requires that the utility 

function U(.)  satisfy 

U(x + A) - aV{xl + A) + (1 - a) U(x2 + A) 

whenever 

U(x) - alKxj) + (1 - a) U(x2) 

x Is the certain equivalent of this lottery. This must hold for all x, , 

x2 , f.nd A , and all üC[0,1] . It can be shown, [5,10], that all utility 

functions that satisfy the delta property have one of the following forms: 

U(x) «= A + Bx 

U(x) - A + Be"7* 

> 
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The first of these utility functions, with A = 0 and B = 1 , corresponds 

to a decision maker who attempts to maximize his expected profit in ar un- 

certain situation.  We call such a person an expected-profit or risk- 

indifferent decision maker. (As long as B  is positive, the firs«- utility 

function can always be used to represent an expected-profit decision maker. 

Maximizing the first utility function with B positive is equivalent to 

maximizing expected profit.) The second utility function can represent a 

risk-averse or risk-preferring decision maker. 

With the exception of the last part of Chapter 4, the following dis- 

cussion is presented in terms of an expected-profit decision maker. How- 

ever, it will be shown that the general conclusions stated previously are 

valid as long as the decision maker has a utility function that satisfies 

the delta property and is monotonica'.ly increasing. 

When the utility function satisfies the delta property, the calcula- 

tions required to determine the value funcMons V (K  , .   K ) are 
yi  yi yn 

not significantly longer or more difficult taan those required for an 

expected-profit decision maker.  In this case the value of a piece of 

information can be determinei by taking the difference of certain equiva- 

lents.  On the other hand, when the utility function does not satisfy the 

delta property, the calculations required to determine the value functions 

become very long and difficult. 

Individual. Simultaneous, and Sequential Information 

When there is more than one piece of i-.Iormation that we can learn, 

we can have the option of learning the information individually, simulta- 

neously, or sequentially. As we shall see, a piece of informacion can 

have different values depending on how we decide to learn it. For this 
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reason we represent the values of individual,  simultaneous,  and sequential 

information with different  symbols. 

If we decide  to learn an individual piece of information and refuse 

all of the remaining information,   the maximum price  that we are willing  to 

pay is    V      , where    y       is  the observable we are  learning,     v        is called 

the value of individual  information about the observable    y.   .    In this 

work a value of information with a superscript    N    means  that the value is 

determined by assuning  that no additional  information will be purchased be- 

yond  that shown  in  ehe  subscript. 

On the other hand we could decide to learn several pieces of informa- 

tion simultaneously. In this case we would receive all of the information 

at once without an opportunity to look at one observable before deciding 

whether or not  to pay  for another.     If we learn two observables  simulta- 

N neously,  the expected value of learning both is    v ,    where    y.    and 

y.    are the observables we are  learning,     v is called  the value of 
J y^j 

simultaneous information about y. and y .  If there are three pieces 

of informat'on, the expected value of learning all thrse simultaneously is 

v"     , and so on. Again, the superscript N means that no additional 

information will be purchased. 

V   and v    are constants that do not depend on the cost of any 
yi    yiyj 

observable.    We might expect the value of learning  two pieces of information 

simultaneously to equal  the sum of the values of learning  them individually. 

In other words, we might expect    v to equal  the  sum of    v        and    v      . 
ylyJ -    yi yJ 

However,  this is not generally true.    It is possible  for    v to be 
yiyJ 

greater or less  than the sum of    v      and    v      .     (Similar statements can 
yi Tj 

be made when there are more than two observables.  For example, it is 

possible for v      to be greater or less than the sum of V  , V  , 
yiyjyk yi    ^j 

v? 

s 

and v      ,  ) This can be demonstrated with two simple decision problems, 
'k 
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Decision Problem One:  Suppose we have an opportunity to play the fol- 

lowing game. A fair coin will be flipped twice, au 1 we will win ten dollars 

if we can correctly predict whether or not the two outcomes will be the 

same.  It is easy to see that our expected profit in the absence of any 

information about the outcomes of the two flips is five dollars.  Now sup- 

pose that a reliable clairvoyant offers to tell us the outcome of either 

or both flips, i How much is his information worth to us if we are trying 
k 

to maximize our expected profit? 

We have an opportunity to learn two different pieces of information, 

so there are two observables in this problem.  Let y.  (i = 1,2)  be a 

random variable such that yi equals zero if the outcome of the  ith flip 

is a tail, and yi equals one if the outcor.e of the  ith  flip is a head. 

If we decide to learn y1 only, our expected profit after receiving the 

information is still five dollars.  Since learning y1 does not increase 

our expected profit,  vj  equals zero. Similarly. /  equals zero.  On 

the other hand, if we decide to learn both y1 and y2 , we will know 

whether or not the two outcomes are the same and our expected profit will 

be ten dollars.  Since learning both observables increases our expected 

profU by five dollars, /    equals five dollars.  Thus VN    exceeds 

J        N yly2 
the sum of \r  and V^  for this problem. 

yi Vl 

Decision Problem Two;     Suppose we have an opportunity  to play  the  fol- 

lowing game.    We make a single prediction of either heads or tails, and then 

a fair coin is  flipped  twice.    We are given ten dollars each time  the out- 

come of a flip agrees with our prediction.     However,  we  cannot predict 

heads on one flip and tails on the other.    In the absence of any informa- 

tion about the outcomes of the two flips, our expected profit is  ten dol- 

lars.    Now suppose that the reliable clairvoyant again offers to tell us 

► 
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the outcome of either or both flips. How much Is his information worth 

this time? 

Let y  «nd y, be the two observables. as In the previous decision 

problem. If we decide to learn y1 only, we will predict the outcome that 

the clairvoyant says will occur. This means that we are certain to re- 

ceive ten dollars for correctly predicting the first flip, and we have an 

expected profit of five dollars from the second flip. Thus our total ex- 

pected profit Increases :o fifteen dollars, and fj^ equals five dollars. 

Similarly, /  equals five dollars. On the other hand. If we decide to 

learn both y1 and y2 , we will be able to use this Information to pre- 

dict both flips correctly and collect twenty dollars with a probability 

of 50%. Otherwise the clairvoyant will tell us that the two outcomes are 

different, and we will only be able to make ten dollars,  in this case our 

expected profit U fifteen dollars, and /    equals five dollars. Thus 

/    is less than the sum of fj  and  vj  for this decision problem. 
y1y2 

yl      y2 

These simple examples show that our Intuition does not lead us to the 

correct conclusion. The value of learning several pieces of Information 

simultaneously need not equal the sum of the values of learning each piece 

of information individually. LaValle [7,8] describes this situation as 

being "roughly analogous to saying that the whole Is greater than the sum 

of its parts.*' 

We can understand this situation better by graphing the prices for 

which we would be willing to buy one or both pieces of Information In the 

two simple decision problems. Let Ky  and K^ be the cost of learning 

the actual value* of y-^    and y2 respectively. Any pair of prices 

«   K ) can be represented by a point In a two-dimensional diagrau. such 
n   yi 

as those shown In Figs.  1.1 and 1.2.    We are willing to buy the information 
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Figur« l.l.      Prlc« dUgraa for (teeltlon problem one 

>l 
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Figur« 1.2.  Prlc« dlagr«i for daclsion problaa two 
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corresponding to y  when K  < V  , the Information corresponding to 
i yi ~ yi H      e 

y- when K  < V  , and both pieces of information when  (K  + K ) < 
2       y2- y2 r y!   y^ - 

V    . (It is possible that the cost of learning two pieces of informa- y1y2  \ r 6    K 

tion does not equal the sum of the costs of learning each individually. 

The case of non-additive prices is discussed in Chapter 5.  For the moment 

we will assume that the prices are additive.) 

These decision rules are shown in Fig. 1.1 for the first decision 

problem and Fig. 1.2 for the second decision problem.  Tn the first deci- 

sion problem V  ■ v  = 0 , so we will only accept one r^ece of informa- 

tion by itself when it is free.  However, V    = 5 , so we are willing 

to buy both pieces of information simultaneously whenever their prices are 

represented by a point below and to the left of the line A-B in Fig. 1.1. 

Similarly, in the second decision problem we are willing to pay K 
yi 

to learn y,  for any pair of prices represented by a point to the left of 

the line E-F in Fig, 1.2. We are also willing to pay K   to learn y2 

for any pair of prices represented by a point below the line C-D, and we 

are willing to pay (K  + K )  to learn both pieces of information for 
yi    y2 

any pair of prices below and to the left of the line C-E. Actually we 

would do better to buy only one piece of information for any pair of prices 

represented by a point within tha. triangle 0-C-E since the second piece of 

information cannot raise rar expected profit, but the idea here is that 

buying both pieces of information io preferable to not buying any informa- 

tion for such prices. 

The interesting thing about the diagram in Fig. 1.1 is that there are 

prices represented by points in the interior of the triangle O-A-B such 

that we would not be willing to buy either piece of information 
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individually even though we would be willing to buy both pieces of 

information simultaneously.  Pairs of prices with this property exist 

whenever Vy    exceeds the sum of v"  and \r  . 

On the other hand, in Pig. 1.2 there are pairs of prices represented 

by points in the interior of the triangle C-E-G such that we would be will- 

ing to buy either piece of information individually, but we would not be 

willing to buy both pieces of information simultaneously.  Pairs of prices 

with this property exist whenever \r    is less than the sum of vL 
yly2 '1 

and 1*    . 
?! 

The two decision problems ha>re the same, simple probability structure. 

The observables y,  and y» are independent random variables with the same 

probability mass functions in bcüh problems.  The only thing that is dif- 

ferent in the two problems is tho profit function. This is a detnonstration 

of the fact that the relative values of V. • ^J. • and  j^y., are not 

completely determined by the probability structure of the problem. Many 

of the important linkages between various observables, that determine the 

relative value of each observable, occur through the profit function. As 

we shall see in Chapter 2, it is possible for the random variables repre- 

senting two pieces of information to be independent, and yet the value of 

learning one observable can depend on the other observable.  This dependence 

is the phenomenon that distinguishes sequential infonpation from individual 

and simultaneous information. 

When we have the option of learning information sequentially, we can 

spread our decisions out in time and evaluate the consequences of one deci- 

sion bi-.fore going on to make another. Although sequential decisions are 

inherently spread out in time, we will assume that the span of time is 

short enough to allow us to ignore the effects of time preference, such 
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as  disi^cnnting.    Since the content of one piece of Information can affect 

the value of another, our decision to learn the second observable can vary 

with what we  learn from the   first.     Furthermore,  since  learning one ob- 

servable can cause us to change our decision about learning another,   the 

first observable has a value above and beyond the value  that we would deter- 

mine by considering only  individual  and simultaneous purchases.    Any  time a 

piece of information can affect our subsequent decisions   it is valuable. 

However,  if we buy all of our  information at once--either an  individual 

purchase or the simultaneous purchase of several pieces of information-- 

we have no subsequent decisions  to make. 

In terms of price diagrams,   such as  those in Figs.   1.1 and 1.2, we 

shall see that there are additional decision boundaries corresponding to 

the decision rules  for buying  information sequentially.     These  decision 

rules are not as simple as  those  for individual and simultaneous  information, 

and  the decision boundaries   in  the price diagram can be  described by com- 

plicated, nonlinear equations.     The decision boundaries  for sequential in- 

formation will usually allow us   to purchase information at  sets  of prices 

that would not be advantageous  if we considered only individual and simul- 

taneous purchases of information.    Graphically this means  that the decision 

boundaries  for sequential information can lie above and to  the right of the 

corresponding boundaries  for individual and sequential information,  such as 

those shown in Figs.  1.1 and 1.2.    This  fact makes the question of whether 

or not    V exceeds the sum of    v        and    v        irrelevant.     In most deci- 
y^: yi y2 

sion problems  the decision about how much information to purchase will be 

determined by  the value of sequential  information, ui d not by  the values of 

individual or simultaneous  information.    This idea is explored in some detail 

in the following chapters. 
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Different Types of Sequential Information Problems 

It is possible to divide sequential information problems into a number 

of categories. Each category will be discussed in one of the following 

chapters. 

When the two simple decision problems were discussed above, it wos 

assumed that the cost of learning two observables was equal to the sum of 

the costs of learning each observable separately. When this assumption is 

valid for all combinations of information purchases, we say that the prices 

are additive. However, there are many decision problems for which the 

prices are not additive.  For example, if we set up a research program to 

obtain one piece of information, we may find that the same facilities and 

expertise can be used to learn something else. In t'iis case we can obtain 

both pieces of information for less than the sum of the costs of learning 

each one separately. Consequently, we can divide all sequential decision 

problems into those with additive and non-additive prices. 

Another distinction based on the cost of information is whether or not 

we know the prices with certainty.  If ve do not know exactly what it will 

cost to learn a given observable, we can assess our uncertainty about the 

price in the form of a probability density function. For example, we might 

want to have a mechanic test out automobile to see if anytking is wrong 

with it. However, before the mechanic actually does the work, we may be 

uncertain about how long it will take him to complete the test, and thus 

we will not know how much he will charge us for his labor. In a case like 

this, we will have to incorporate our uncertainty about the price into the 

determination of the value of each piece of information. 

We can also distinguish between what is called perfect and imperfect 

^ 
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information.  Perfect information tells us the exact value of one or more 

of the arguments of the profit function.  In other words, if our profit de- 

pends on the number of items sold, the profit per item, and the manufactur- 

ing cost, being told one of these quantities would constitute perfect in- 

formation about that quantity.  On the other hand, conducting a market sur- 

vey would give us imperfect information since it would change our state of 

information about the level of sales, but it would not tell us exactly how 

many items will be sold.  In some ways the distinction between perfect and 

imperfect information is artificial because all information can be regarded 

as perfect information about something.  The market survey tells us exactly 

what percentage of the group interviewed would be willing to buy our pro- 

duct.  We shall see in Chapter 3 that the same problem formulation can be 

used for perfect and imperfect information.  However, problems that deal 

only with perfect information can be formulated in a simpler manner, and 

they are easier to understand.  For this reason the two types of informa- 

tion are discussed separately. 

The following chapter deals with the simplest type of sequential in- 

formation problem: the case of additive, certain prices for perfect informa- 

tion. A specific decision problem, in which we must bid for a contract. Is 

used to explain the effect of sequential information purchasing and to show 

the procedure used to determine the value of sequential information. Much 

of the notation that is used in the rest of the work is developed In 

Chapter 2. 

In Chapter 3 a problem in weather forecasting is used to illustrate 

the case of additive, certain prices for for imperfect information. The 

close relationship between problems with perfect and imperfect information 
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is discussed at the end of Chapter 3. Chapter 4 generalizes the procedures 

used In Chapters 2 and 3 for additive, certain prices.  Several proofs are 

presented in Chapter 4 to show that the properties of the value of se- 

quential information illustrated in Chapters 2 and 3 apply to all sequential 

information problems. 

Chapter 5 deals with the case of uncertain prices by extending the 

bidding example introduced in Chapter 2. We show that under certain condi- 

tions we can analyze a problem with additive, uncertain prices by assuming 

that the prices are equal to their expected values.  The question of non- 

additive prices is also discussed in Chapter 5. 
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CHAPTER 2 

SEQUENTIAL PERFECT INFORMATION WITH ADDITIVE, CERTAIN PRICES: 

A BIDDING PROBLEM REVISITED 

The concepts involved in the value of sequential perfect information 

can be best introduced with a simple example. The example chosen is one 

discussed in some detail by R. A. Howard [2,3].  It addresses the problem 

of how to choose the best bid when faced with uncertainty about vour own 

production costs and your competitors' lowest bid.  In this problem the 

profit from a contract secured by competitive bidding depends on two inde- 

pendent, continuous random variables: production cost and lowest competi- 

tive bid. The conclusions derived from the following calculations apply 

whether or not the random variables are independent, but the results are 

less intuitive and more striking in the case where they are independent. 

It is easy to show that the procedures developed in this example can be 

applied to discrete, as well as continuous, random variables.  It can also 

be shown that the procedures and results apply when there are more than 

two random variables, but, in that case, the calculations become quite 

long and difficult. The bidding example do.^s not consider utility func- 

tions or risk preference but the extension of the following calculations 

to include those concepts is straightforward. The prices of the observ- 

ables are assumed to be additive and certain. 

Notation 

Although the bidding problem has been stated and solved by Howard, 

it will be restated briefly here so that this work is self-contained. 

> 
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Restating the problem also makes It possible to adopt a notation slightly 

different from the one which Howard uses. Although Howard's Inferential 

notation Is very useful and has broad applications, the following nota- 

tion, based on operators. Is somewhat clearer and more compact when deal- 

ing with the value of Information. 

Ihe Inferential notation used by Howard shows explicitly the state 

of Information of the person making the bidding decision.  In this paper 

the decision maker's prior state of Information will not be shown explic- 

itly, and the state of his information at any time during the decision 

process will be shown by the use of certain operators.  The notation uses 

the following definitions: 

S       "a state of Information on which probability assignments are made, 

&   ■ the decision maker's prior state of information, 

■jxUj ■ the density function (for continuous random variables) or mass 

function (for discrete random variables) of the random variable x , 

given the state of information A    , 

<x|4> ■ /x-jx^j dx ■ the expected valu^ of x given the state of informa- 

tion 4 , 

x - <xl&> ■ the expected value of x given the decision maker's prior 

state of information , 

TKXJ^ xn, c) ■ a prjfit function that depends on the state and 

control variables, 

c ■ a control or decision variable (possibly vector-valued) upon which the 

profit depends , 
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xi  - a state variable; a random variable upon which the profit depends. 

(If we a.-e dealing with perfect information, x.  is also an observ- 

able.) 

y^  = an observable; a random variable whose actual value we have an 

opportunity to learn , 

l.^\ V C) ' /TT(xi' ■••• V O {xiU) dx " the expec 

of the profit with respect to x. . 

ted value 

max TT(X1 , c  v 1 » XJJ. c) = the maximum nf the profit with respect to c , 

xl 

.N 

XiXj 

cost of learning x. , 

the value of learning xi given that no additiom.l information is 

purchased; the value of individual information about x. (the 

superscript N means "no additional inforuation") , 

x = the value of learning xi , x   .... and xr simultaneously 

given that no additional information is purchased; the value of 

simultaneous information about x. , x  , ..., and x  , 

/ -K 
«l«   -Xn      xl ^x^i  ' ^Xfri  '   '••  ' \^     '   the residual 

value of learning    xi    when all of  the available  information  is 

purchased simultaneously;   the residual value of    x.   ,   (the  super- 

script    R    stands  for "residual valutf') 

V        = the value of learning    xi    when additional information can be pur- 

chased;   the value of sequential information about    x.   . 

> 

21 

-    ^   - aim ^^^^ 



^ — — n^—q— 

The costs and values above refer  to perfect information since  the 

quantities  In the subscripts are state va-lables.     If the subscripts are 

observables,   the costs and values can refer  to Imperfect Information.     In 

this chapter we will be concerned with perfect Information. 

|      and    mgx    are  the two basic operators that are used in the  fol- 

lowing discussion.    By themselves,   these operators do not show the state 

of information of the decision maker at the  time that the expected or 

maximum value is determined.    However, when a string of these operators 

is applied to    rr^ xn,  c)     such that there is one expectation opera- 

tor  for each random variable and one maximization operator  for  the control 

variable,   the string of operators contains all of the information neces- 

sary to  show the decision maker's  state ol information. 

For example,   the  following expression represents  the expected profit 

if the decision maker chooses  the besc setting of the control variable 

without any information about the state variables other than his prior 

state of Information 

"Pi I, '•■ §   "<«! V c) 
i    / n 

In Inferential notation this would be written 

max(«.. .<TT(X1 xn, c)|x1, ..., x^, c, e>| .. .>| c, &>) 

As the inferential notation shows, each expectation is conditioned on a 

number of state and control variables.  In the operator notation this 

means that |  is interpreted as  the expected value with respect to x. 

given all of the control or random variables that appear cs subscripts of 

other operators that operate on g  .  We could show this dependency in 
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the operator subscripts by writing 

max E 
c     x . ..  E    TT(X   ,   ....  x  ,  c)   = max E  ,       ... E  i 

1 n 1 " c     x^c IJc.Xj xn.1 

However,   this  is unnecessarily cumbersome. 

When we are dealing with perfect  information and  independent  state 

variables,   there  is no need  to worry about dependencies  among  the  state 

and  control  variables.     However,   in many problems  the  state variables  are 

dependent.     Furthermore, we must consider dependent random variables when 

we  look at  imperfect  information.     We  can still use  the operator notation 

as  long as we are  careful  to  interpret  it correctly. 

At  times we will want  to write  expressions  in operator notation  that 

do not  include all of the control or  random variables as  subscripts  of an 

operator.     When we are dealing with  dependent random variables,  we  need  to 

know whether or not  the expectations  in an expression are conditioned on 

the  random variables  that are not present.     For example,    max E    TT(X, ,x„,c) 
CX2I2 

could mean 

00 

max( y     TT(X1,X2,C)  |x2|x1,c,&| dx2) 

or 

mcX(i       TT(X1,X2,C)  jxjjc.&l dx2j 
> 

The question is whether  to use  the conditional or marginal density  function 

when determining the expected value of    TT    with respect  to    x«   .     In keep- 

ing with the rule  that    E      is interpreted as the expected value with re- 
xi 

spect to x.  given all of the control c r random variables that appear as 

subscripts of other operators that operate on E , we define 
x2 
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• »CO 

The expectation Is not conditioned on x-  because x-  does not appear 

as the subscript of another operator that operates on E 

Suppose we had wanted the expectation In the preceding expression to 

be with respect to x, conditioned on x, .  We have no way to express 

this In operator notation using only the maximization and expectation 

operators.  Therefore we define a pseudo-operator, D , that does not do 
*1 

anything to Its argument, but Indicates that all subsequent expectations 

are conditioned on x. ,  Thus 

00 

ij V  Ij "<V«2»C) " m?X( / n<WC) {X2lX 1C'*} dx2) 

We will not need the dependency pseudo-operator J)  In this chapter be- 

cause we are dealing with perfect Information and the state variables are 

independent.  However, we will need this notation in the following 

chapters. 

Now we can use the operator notation to determine the value of in- 

formation. Assume that the decision maker fortuitously learns the true 

value of x1 , and does not Intend to buy additional information. Then 

his expected profit is 
' 

D max E 
X.  c  x 

1       xl-l xl+l I ^i vc> 

This expression is a function of    x1  .    Before the decision maker learns 

the actual value of   x1  , his expected profit is 

24 

< 

^ *- - — J 



^ -t-^ 
^ 

This is simply the expected value with respect to x^^ of the preceding 

expression.  If the decision maker is trying to maximize his expected 

profit, he will view the value of perfect information about x,  as the 

increase in his expected profit.  Thus the value of perfect information 

about xi   ,  given that no additional information will be received, is 

Vx = (l mSx § ••• I   5   ••• E - max E  .. . E )TT Xi   *i X *1    Vl xi+i    \ c Ij    ft^ 

Similarly, if the decision maker knows that he will learn x and 

Xj -but no additional information--before he has to choose a value for 

c , his expected profit prior to receiving the information is 

E E max E 
x, x  c x. . E   E 

Xi-1 xi+l 
E   E 
Xj-1 Xj+1 n 

In this case  the value of perfect information about these two state 

variables is 

vN 

Vj 
(E E max E 
x. x  c x. E   E 

Xi-1 Xi+1 
E   E 
J-l Vl 

E 
x 

max E 
c x. • E ) TT(X1 xn,c) 

The Bidding Problem 

The operator notation will now be used to solve the bidding problem. 

Suppose our company must make a single sealed bid for a contract to pro- 

duce a specific quantity of some commodity.  The company's objective in 

bidding is to maximize its expected profit.  We know exactly what must 

be done to meet the terms of the contract but we are uncertain about how 

much it will cost.  Let p be our production cost and let {pl&} repre- 

sent our probability density function on p based on our prior state of 

> 
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information. The techniques for assessing {?!&] are discussed in 

several papers [1,4,11]. We shall assume that the decision maker's prior 

state of information about p has already been determined, and that the 

resulting probability density function is a uniform distribution between 

zero and one. 

Similarly, let t   be our competitors' lowest bid and let [l\i] 

be the probability density function on 1 based on our prior state of 

information. Assume that {jl|&} is a uniform distribution between zero 

and two, and that the decision maker has assessed p and I   as inde- 

pendent random variables. The prior probability density functions for 

p and I    are shown in Fig. 2.1. Although we do not write these dis- 

tributions explicitly in our notation, they will be used in the calcula- 

tions vienever we need to determine the expected value of some function. 

The profit in this bidding situation obviously depends on t   and 

p . It also depends on the amount we bid, b . In this problem L 

and p are the state variables and b is the control variable (decision 

variable). If our bid is higher than the lowest competing bid, then we 

will not get the contract or incur any production costs, so our profit 

will be zero. If our bid is less than the lowest competing bid we will 

win the contract and receive an amount of money equal to b . However, 

we will pay a production cost to meet the terns of the contract, so our 

profit will be the difference between b and p . Thus the profit is 

given by 

b-p : b < i 

nCp.Jl.b) 

0 : b > i 
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It is possible to view the profit - as a random variable since It Is a 

function of the random variables p and I .    It is also possible to 

consider the value of information as a random variable. We can derive 

probability density functions for the profit and the value of informa- 

tion, as shown in Appendix A. However, that will not be necessary for 

this example. 

If we do not receive any Information about p or i , then the ex- 

pected profit is 

Ib-p : b < 1 

0 : b > X 

- 27/96 

The maximum profit occurs when we make a bid of 5/4 . 

The Values of Individual and Simultaneous Information 

If we are given perfect information about our production cost, and 

do not Intend to buy information about the lowest competing bid, then our 

exp cted profit prior to learning this information is 

EmgxlTlCp^.b) -En^x^ 

b-p : b < i 

b > jt 

28/96 

The maximum profit occurs when we make a bid equal to (1+ p/2) . Using 

the result above for the expected profit we find that the value of perfect 

individual information about p is 

/ - (E max E - max E E) Tr(p,X,b) - 28/96 - 27/96 - 1/96 

If we are given perfect Information about our competitors' lowest 

bid, and do not intend to buy Information about our production cost, then 

28 
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our expected profit prior  LO learning this  information is 

E max E TT(p,i,b)  ■ E max E 
Jl    b    p i   b    p 

The maximum profit occurs when 

b-p : b < jt 

b > Jt 

54/96 

b = < 

I    : 1 > 1/2 

• : jl< 1/2 

In other words, we should Just underbid the competition whenever we learn 

that their bid will be high enough to allow us to have a positive ex- 

pected profit.  Otherwise we should not bid.  The value of perfect indi- 

vidual in f( mat ion about I    is 

v'J «= (^ m^x E - mgx E E) TT(p,Jl,b) - 54/96 - 27/96 « 27/96 

If we are i?iven perfect information about both p and I    simulte- 

neously, then our expected profit prior to learning this information is 

E E max rr(p,jl,b) « E E ma x < 

b-p : b < i 

b > i 

- 56/96 

The maximum expected profit occurs when 

jf : i > p 

» : i < p 

In other worHs, we should Just underbid the competition whenever we learn 
i 

that their bid will exceed our production costs. Otherwise we should not 

bid. The value of perfect simultaneous information about both p and jt 

is 

29 
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N 
V  - (E E max - max E E) TT(p,jt,b) - 56/96 - 27/96 - 29/96 
P*   p JI b    h    p I 

Now we can compare \r  with V*" and V*? . As the examples In the 
P*       P       i r 

introduction demonstrate, the value of simultaneous information about p 

and I   need not equal the sum of the values of information about p and 

I    individually. The calculations above show that 

V* ♦ V* - 1/96 + 27/96 - 28/96 jt V* 
pi pi 

To gain a better understanding of this situation define the purchase 

prices of perfect information about p and I    to be K  and K. , re- 
P      * 

spectively.  We are willing to buy perfect information about p when 

K < v" , about i   when K. < % . and about both p and i   when 

(K + Kj) <  \r  . (There may be situations where the cost of learning 

perfect information about two random variables does not equal the sum of 

the prices cf learning the two individually.  The case of non-additive 

prices will be discussed in Chapter j.)   These decision rules are shown 

graphically in Fig. 2.2. Any pair of prices is represented by a point on 

the K -K^ diagram, which we call the "price diagram." We will buy per- 

fect information about p  fcr any pair of prices represented by a point 

below the line A-B. We will buy perfect information about I    for any 

pair of prices represented by a point to the left of the line C-D. We 

will buy simultaneous information about p and X for any pair of prices 

represented by a point below and to the left of the line E-F. 

The interesting thing about Fig. 2.2 is that there are pairs of 

prices, represented by points in the interior of the triangle G-H-I, 

such that we would be unwilling to pay for perfect information about 

either p or i separately, but we would be willing to pay the same 

> 
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prices to learn the two simultaneously.  This sort of diagram Is useful 

In the following discussion where It will be shown that there are other 

pairs of prices, represented by points above and to the right of the 

boundary D-H-I-B. such that we will be willing to pay for perfect informa- 

tion about one or more of the random variables. 

Although Fig. 2.2 shows that we would be willing to buy indivudal or 

simultaneous information about p or I    for any pair of prices repre- 

sented by a point below and to the left of the boundary D-H-I-B. it does 

not tell us which information purchase is most advantageous. Assume for 

the moment that we can only buy pieces of information individually or 

simultaneously. We can determine which kind of information purchase is 

best by comparing the Increase in expected profit in each case, since our 

objective is to maxlmiw expected profit.  The inc  .se in expected profit 

is the difference between the value of the information and the cost of the 

information.  Therefore we should pay for simultaneous information about 

p and I   when the following three conditions are met: 

/. - K -- K. > 0 
pi   ?   i 

Simplifying these inequalities yields 

K </,-/- 29/96 - 1/96 - 28/96 
i   P*   P 

K < A - V1! - 29/96 - 27/96 - 2/96 
p   px   * 

K +K. < vüi " 29/96 p     i    Pi 
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Similar inequalities can be written when our best decision is to buy 

individual information about p or  i .  These inequalities define the 

decision regions shown in Fig. 2.3. 

Using Fig. 2.3 we can immediately determine our best response when 

we are offered perfect Individual or simultaneous information about p 

and | at prices K  and K^ respectively. As Fig. 2.3 shows,  it is 

necessary to know the prices of both pieces of information to decide 

which observable to buy, even when only individual and simultaneous pur- 

chases are possible.  We shall see that it is possible to draw a similar 

diagram when we have the option to buy information sequentially. When 

sequential information is available the decision regions become more com- 

plicated than those in Fig. 2.3, and the best information purchase at 

any pair of prices can be different from what it is in Fig. 2.3. 

We can use \r  , the value of simultaneous information about p 

and I ,  to define two related quantities:  V (K.'*  and V^K ) 
P X P 

Vp(K^)  is the residual value of learning p when we must buy informa- 

tion about p and I    simultaneously, and the information about I 

costs K^ .  We call vj^K^)  the residual value of p . The maximum 

amount we will pay for this information is  (f" - Kf) , and, by defini- 
p *   JL 

tion, the maximum amount that we will pay for information is the value 

of that information.  Therefore wt define 

The superscript R stands for "residual value." 

We are willing to buy information about p and I   simultaneously 

whenever 

< 

i 

K < V (K.) 
p - pv r 

33 
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This is Just another way to write the decision rule for buying simulta- 

neous information about p and X .  Substituting in this inequality 

brings us bacK to the decision rule we found previously 

K + K, < / 
P   i- pi 

In exactly the same way we define 

^V = C -K 
* p   p*  p 

We should buy information about n and  I <Hm„ii-o P ana i    simultaneously whenever 

K/ s »!I<v 
For the bidding example, 

V^(K£) = 29/96 - K 

V^(K ) = 29/96 - K 
* P p 

p     r     or    V2(Kp)    we are assigning all of the value 
When we write    VlK ^ 

p    r 

ofUarnlng    p    and    l    stauUa„e„usly t0 one of the observiibUs      ^ 

this n»y see„ artlflcU!,   „ tl useful  ln the „^^  ^  ^^ 

"e shau Sae that M« value of eequentlal lnformatlon ^   f   ^^ 

^   when    Kt    is very large, and It approaches    V*^)    „hen    K      is 

-.U.    Sl^lUrly.    VV    approaches    ^   „„„    s    ls ^^ ia'rge and 

VjCKp)    when    K      Is  small. 

«e no. want to consider the process of hoylng perfect Information 

se,Uentlally. We shall see that gaining perfect Infection ahout one 

state „arlahle can tell „s something ahout whether or not  to pay for 

f 
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perfect Information about a second state variable, even though we have 

assumed that they are Independent random variables. 

The Value of Sequential Information about p 

We shall now determine tho value of perfect infonnation about p 

when we know that subsequently we can pay K^ for perfect information 

about I .    Assume for a moment that we already know the actual value 

of our procuction cost, and that we are trying to decide whether or not 

to buy perfect information about our competitors' lowest bid.  Since p 

and I   are independent random variables, our probability density func- 

tion for | is unchanged by our knowledge of p .  How much is the addi- 

tional information about I     worth to us? 

If we decide not to learr I  , then the expected profit as a func- 

tion of p (which we already know) is 

"f* 5 TT(p,je,b) - (1 - p/2y2/2 

If p and l   were dependent random variables we would have to write 

p T1 5 TT<P'jl»b) 

since the expectation is conditioned on the value of p that we learned 

previously. However, we can drop the D pseudo-operator since p and 

I   are independent. The maximum expected profit occurs for a bid of 

b - 1 + p/2 

This expected profit is shown in Fig. 2.4a. 

On the other hand, if we decide to learn | , then the expected 

profit as a function of p is 

' 
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DUX E Tr(p,i,b) 

Flgurfc 2-6*.       Expected profit when    p    is known and    i    is not learned 

E mCK TT(P, i.b) 

 172  
Figure 2.4b.  Expected profit when p ii known and I   is learned 

1 

1/2 
CIT-T***1^ 

3/8 ^^^^^^ 

1/4 r                ^^^^_^ _ K t 

^j 1 
1/2 I          P 

buy information do not bvy information 

Figure 2.4c. Increase in expected profit caused by learning i 
whan p is known 
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E max TT(p,jl,b) ■ (1 - p/2) 
I    b 

The maximum expected profit occurs  for a bid of 

I    :  i > p 

oo    :  i < p 

This is shown in Fig. 2.4b. The increase in the expected profit caused 

by learning i   when we already know p is the difference between these 

two expressions: 

(E max - mgx E) TT(p,jl,b) - (1 - p/2)2/2 

Now suppose that the price of perfect information about i is K. . 

Obviously we should pay this price when the increase in the expected 

profit exceeds K ; otherwise we should not buy the information. Thus 

we should pay K. for perfect information about I   when 

K, < (E max - max E) n(p,jt,b) 

This decision rule is shown graphically for the bidding problem In Fig. 

2.4c. It is obvious from this inequality, or from Fig. 2.4c, that for 

certain values of K. the decision to buy or not buy perfect informa- 

tion about i   depends on the value of p that we learned earlier. 

Actually there are three cases: 

(1) If K. < 1/8 , we will always pay K. to learn i , regard- 

less of the value of p , because the Increase in the expected 

profit will always exceed K. . In this case our expected 

profit as a function of p is 

' 
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E max TT(p,£,b) - K = (1 - p/2)2 - K 
I b 

(2) If 1/8 < K^ < 1/2 , we may or may not pay K£ to learn i 

depending on the value of p . We will pay to learn I 

when 

K^ < (1 - p/2)2/?  or  0 < p < 2(1 - TiT) 

Otherwise we will not pay to learn    £ .    Thus  the expected 

profit as a function of    p    is 

max • 

E max TT(p,je,b) -  K 
*    D I 

max E TT(p,ji,b) 
b     I 

E mgx TT(p,£,b)   -  K    r  0 < p < 2(1 - v/iF) 

mgx E TT(p,A,b) 

(1 - p/2)2 -  K^ :   0 <p < 2(1 -v/2K~) 

2(1 - JW)  < p < 1 
i  -    - 

d - P/2)   /2 :   2(1 -VST)  <p < 1  . 

(3)    If   Ki > 1/2  , we will never pay   K^    to learn    Z , regardless 

öf thaivalu* of    pb,.be6ausa   K^ iwill always exceed the increase 

in the expected profit.    In this case our expected profit as • 

function of    p    is 

n>^ E TT(p,jt,b) - (1 - p/2)2/2 

These expressions give us the expected profit when we already know 

We can determine our expected profit before we learn p by taking 
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the expected value with respect to p of the previous results.  Thus our 

expected profit when we know that we will receive perfect information 

about p , but before we actually receive the information, is 

^ mgx TT(p,£,b) - K 

E max' 
P 

ix E TT(p,i,b) 

'E (1 - p/2)2- K^ : K^f 1/8 

J*    [(l-p/2) - K^] {p|i}dp 

+  /    [(l-p/2)2/2] {p|«} dp 
2(l.x/2K^) 

^E (1 - p/2)2/2 : 1/2 fKj 

1/8 < Kjj < 1/2 

f 56/96 - K^ : K^ < 1/8 

- ^ 60/96 + (4/3)Kx v/2K^ - 2K£ : 1/8 < K^ < 1/2' 

28/96 : 1/2 < K. 
m 

Since our expected profit without any information is max E E Tr(p,i,b) , 
Dpi 

we must subtract this quantity from the result above to get the value of 

perfect sequential information about p , or V (K.) . 
P   i 

w max« 

E mgx TT(p,i,b) 

mgx E TT(p,i,b) 

mgx E E TT(p,jl,b) 

' 

"29/96 - K : K < 1/8 

33/96 + (4/3)^VS^ . 2^ : 1/8 < ^ < 1/2] 
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Thus if we are offered perfect Information about p  for a price K , 

we will accept the offer when K < V (K.) . However, V  depends on K. 
p —    p    * p X 

the cost of perfect information about    I .    Therefore we must know both    K 

and    K     before we can decide whether or not to accept the offer 

In terms of    K      and    K.   , we  should pay to learn    p    whenever 

29/96 - K^ :  Kj < 1/8 

K   <  <   33/96 + (4/3)Kjt\/2K^ -  ZK^    :   1/8 < K^ < 1/2; 

Ll/96  :   1/2 < Kj 

This decision rule is  shown graphically in Fig.   2.5.    We are willing to 

pay    K      to learn    p    for any pair of prices represented by a point below 

the boundary A-B-C-D.    Before discussing the significance of this diagram, 

we will carry out another calculation,  similar to the one above,   to deter- 

mine  the value of perfect sequential information about    i  . 

The Value of Sequential Information about    i 

This time we will determine the value of perfect information about 

I   when we know that we can subsequently pay   K      for perfect information 

about    p  .    Assume for a moment that we know the actual value of our com- 

petitors'  lowest bid, and that we are trying to decide whether or not to 

buy perfect information about our production cost.    How much is  the addi- 

tional information about    p    worth to us? 

If we decide not to learn    p  ,  then the expected profit as a function 

of    I   is 

0 : 0 < £ < 1/2 

max E TT(p,£,b) ■ 
b   p 

v 

ji -  1/2 :  1/2 < i< 2 
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The maximum expected profit occurs for a bid of 

jf : i > 1/2 

■ : 1 < 1/2 

This expected profit is shown in Fig.   2.6a.    On the other hand,  if we 

are given perfect information about   p   ,   then the expected profit as a 

function of    i    is 

E max rf(p,jl,b) 

i 11        : 0 < i < 1 

I - 1/2 t 1< A < 2 

The maximum expected profit occurs for a bid of 

This is shown in Fig. 2.6b. The increase in expected profit caused by 

learning p when we already know I is the difference between these 

two expressions: 

(E max - max E) rr(p,jt,b) 

i2/2 : 0 < i < 1/2 

(1 -   Jl)2/2 :  1/2 < l < 1 

0 :   1 < i < 2 
► 

Now suppose that the price of perfect information about p is K 

We should pay this price when the increase in the expected profit ex- 

ceeds Kp ; otherwise we should not buy the information. Thus we should 

pay K  for perfect information about p when 

Kp < (E max - max E) TT(p,i,b) 
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l/2 

«n^x p n(p,jl,b) 
^ 

1/2       1    ~l72       2      I 
Figure 2.6«.  Expected profit when I   It known and p is not learned 

3/2- 
E a^x TT(p,l,b) 

T i 
Figure 2.6b. Expected profit when i it known and p is learned 

I/«.. 

(P T1" T f) ^P'1«0) 

do not 
buy Information 

^^- 

infotaatiod 

do not 
buy Information 

Figure 2.6c.  Increase in expected profit caused by learning p 
when I   is known 
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This decision rule is shown graphically in Fig.   2.6c.     It can be seen 

from this  inequality, or  from Fig.   2.6c,   that for certain values of    K 
P 

the decision to buy or not buy perfect information about    p    depends on 

the value of    i    that we  learned earlier.    This  time  there are only two 

cases: 

(I)     If    Kp < 1/8  , we may or may not pay    K      to learn    p 

depending on the value of    I  .    We will pay to learn    p    when 

Kp < i 12  ,      and    Kp < (1 -   i)2/! 

These inequalities can be rewritten as follows: 

VäT < i < 1 - V^K" 
P p 

Otherwise we will not pay to  learn    p  .    Thus  the expected 

profit,  as a function of    £ ,  is 

max« 

E^XTT(p,£,b)   -  K 

IX E   TT(p,jt,b) 

E mjix n(p,l,b)  -  Kp  : JH^ < I <\ .   y^T 

MX | n(p,ji,b)  :  0 < jt < JW ,    1 - /TIT < i < 2 

0 :  0 < X < y/W 

l2/2 - K    : vlT < i < 1 - /ST 

i -  1/2 :   1 - t/W < I < 2 

(2)     If    Kp > 1/8  , we will never pay    Kp to learn    p  ,  regardless 

of the value of    p  , because    Kp    will always exceed the in- 

crease in the expected profit.    In this case our expected 
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profit, as a function of £ , is : 

0  : 0 < i < 1/2 

max E TT(p,jl,b) 

Jt - 1/2 : 1/2 < 1< 2 

These expressions give us the expected profit when we already know 

I .    We can determine our expected profit before we learn I    by taking 

the expected value with respect to I   of the previous results.  Thus 

our expected profit when we know that we will receive perfect informa- 

tion about L ,  but before we Actually get the information, 1B 

E max TT(p,£,b) - Kp 

E max ' 
L max E TT(p,i,b) { ) 

/  ^    U2/2 - ^){A|€}«4 i/fflw_(M/2){jtl&)di :  Kp < 1/8 " 

•aj 

-2 

/     (i -  1/2) {il*}di :  K   > 1/8 
1/2 

56/96 + (2/3)K /ST - Kp/2 :  Kp < 1/8 

54/96 :  K   > 1/8 
P - 

Since the expected profit without any information is max E E n(p,£,b) 

we must subtract this quantity from the result above to get the value 

of perfect sequential information about I ,  or V (K ) . 
* P 

!E max TT(p,X„b) - Kp v 
i 

n*x 6 TT(p,A,b)     ) 
max E E TT(p,jl,b) 

mgx E TT(p 

! 29/96 + (2^K VHC - K /2 : K < 1/8 \ 

27/96 : K > 1/8 ) 

► 
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If we are offered perfect information about i    for a price K. . we 
i 

should accept the offer when    K- < V.(K )   . 
i. ^    P 

In terms of    K      and    K    , we  should pay    K      to learn    I   whenever 
P * l> 

K^ 

29/96 + (2/3)K^7ir - K /2 :  K   < 1/8 
P      P        P P 

27/96 :  K    > 1/8 
P - 

This  decision rule li shown graphically in Fig.   2.7.    We are willing to 

pay    K.    to learn    i    for any pair of prices represented by a point  to 

left of the boundary E-F-G. 

Combining the diagrams  in Figs.   2.2,  2.5, and 2.7 shows how these 

prices are  interrelated.    The combined diagram is shown in Fig.   2.8. 

From our previous results we know that we syould pay    K      to  learn the 

actual walue of    p    for any pair of prices represented by a point below 

the curve A-B-C-D.     In addition we should pay    K.    to learn  the actual 
m 

value of I    for any pair of points to the left of the curve E-F-G. 

Therefore we should be willing to pay for perfect information about one 

of the state variables when offered any pair of prices represented by a 

point below or to the left of the boundary G-F-H-C-D. This set of 

prices, which we call the set of feasible prices, includes all of the 

pairs of prices that we found previously by considering the purchase of 

individual information about each of the state variables.  It also in- 

cludes all of the pairs of prices that we found by considering the 

simultaneous purchase of perfect information about both of the state 

variables. 

\ 
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The Relative Values of    V1*  , V (K.)   ,  and    V (K.) 
 _£ P  I P I 

Intuitively we would expect the set of feasible prices for sequen- 

tial purchases of information to include the sets of feasible prices for 

individual and simultaneous purchases of information because learning 

observables individually and simultaneously are Just special cases of 

learning the information sequentially.  Purchasing information about a 

single state variable can be viewed as two sequential decisions: first 

to buy information about the state variable, and then not to buy any 

additional information.  Similarly, purchasing information about both 

state variables can also be viewed as two sequential decisions: first 

to buy information about one state variaMe, and then to buy information 

about the other. 

It is easy to see from the formulas derived previously that our 

intuition is correct. Consider the value of perfect irformation about 

our production costs.  If we only buy perfect information about p , 

then the expected value of the information is 

V* E[max E TT(p,jt,b)] - max E E n(p,X,b) 

If we buy perfect information about p and I    simultaneously, then the 

residual value of learning p is 

vjap - E[E mgx TT(p,i,b) - Kj] - ni|ix E E TT(p,jt,b) 

If we buy perfect information about p and I   sequentially, then the 

value of the information is 

^ 
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V  (K.)  = E max 
p   r     P 

1| mgx n(p,jl,b)  -  K£ 

max E TT(p,£,b) 
b     I 

- max E E TT(p,i,b) 
b    p  £ 

From  the  form of these equations  it can be sern that    V (K ) must 
p £ 

be at least as large as \r and v (K.)  for any value of K .  The 
P P     * I 

last term in all three expressions  is  the  same, and the  first term is 

the expected value with respect to    p    of some quantity.    Obviously,   for 

any value of    p 

max 

f^mgx n(p,jl,b)  - KJ 

mgx 1| TT(p,jl,b) J 

EJ mjix TT(p,jl,h>)  - Kl 

I I mgx TT(p,jl,b)   -   K£ 

raax< 

\m* E TT(p,ji,b) 

> max E TT(p,£,b) 

Therefore, 

E max 
P 

E max 
P 

E mgx TT(p,X,b)  -  K^ 

mgx ^ r^p.jl.b) 

^mgx TT(p,jl,b)  -  K^ 

max E TT(p,£,b) 
b    I 

- p^T "(P»*»1») " Kj 

> E[mgx E v(p,i,h)] 

Subtracting    mgx J ^ TT(p,jl,b)     from both sides of these inequalities 

yields 

VP(V 2 fy* > 

W > vj 
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Thus for any value of K  , we are willing to pay at least as much 

to learn p , with an option to learn I afterwards, as we ;vould to 

learn p only, or to learn p and  | simultaneously. This result is 

illustrated in Fig. 2.8. The curve A-B-C-D for Vp(K£)  is an upper 

bound for the straight line through C and D corresponding to \r , and 

for the line A-E corresponding to VpCKjj) • 

In exactly thu same way it can be shown that 

w > //v 
w ^ ^ 

In Fig. 2.8 this means that the curve G-F-H-E corresponding to V£(Kp) 

must lie to the right of the straight line passing through G and F cor- 

responding to V*! , and the line A-E corresponding to V^(Kp) . 

We have shown that the set of feasible prices for sequential in- 

formation includes the sets of feasible prices for individual and 

simultaneous purchases. From Fig. 2.8 it is obvious that the set of 

feasible prices for sequential purchases of information can include 

pairs of prices that would not be considered feasible when only indi- 

vidual or simultaneous purchases are considered. The conditions neces- 

sary for such pairs of prices to exist will be discussed in Chapter 4, 

but intuitively we can see that they will exist whenever the knowledge 

of one random variable could affect our decision to pay to learn the 

other random variable. Whenever learning a piece of information could 

cause us to change our decision, the information becomes more valuable 

than it would be if we had no subsequent decision to make.  Because we 

have a subsequent decision when we buy information sequentially, the 
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value of perfect information can be greater in that case than when the 

information is purchased individually or sequentially. 

Decision Regions in the Price Diagram 

Although Fig, 2.8 shows that we would be willing to buy perfect 

information for any pair of prices represented by a point below and 

to the left of the curve G-F-H-C-D, it does not tell us which state 

variable to buy first. We should pay for the piece of information that 

will cause the greatest increase in our expected profit in order to 

maximize our expected profit.  Since the increase in expected profit is 

the difference between the value aud the cost of the information, we 

should first buy sequential information about p when 

W ■ Kp > w - K£ 

E max 
P 

E mgx TT(p,ji,b) - K£ 

max E rr(p,£,b) 
b X 

w E J TT(p,ji,b) - K 

> E IRSX 

E max TT(p,£,b) 

n^x \  TT(p,£,b) 

29/96 - KÄ - K 
I       P 

33/96 + (4/3)K,/2K; . ?K - K 
I      I *   P 

1/96 - K 

" "Pi I^GM'W - K^ 

^l<  1/8 

i/8 < K^ < i/: 

1/2 < K, 

f 

29/96 + (2/3)Kp/2Kp - K /2 - K^ : K < 1/8 

27/96 - K, 

P 

5S 

^   A 
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In addition we will only pay to learn p when V (K.) > K    Similar 
'r p*— p 

inequalities can be written to show when we should first buy sequential 

information about i  , or first buy information about p and i    simul- 

taneously.  These inequalities yield the decision regions shown in 

Fig. 2.9. 

Using Fig. 2.9 we can Inrnediately determine our best response when 

we are offered perfect sequential information about p and i   at prices 

K  and K, , respectively.  Figure 2.9 contains regions in which we 
P       * 

would only want to pay for one piece of information without deciding 

afterwards whether or not to buy additional information. However, this 

is just a special case of learning the information sequentially. As 

far as the initial decision is concerned, there are only three alterna- 

tives: learn the actual value of p , learn the actual value of £ , 

or do not buy any informativ.  Another way to express the information 

in Fig. 2.9 is to define three mutually-exclusive and collectively- 

exhaustive sets of price pairs, Qn , ß  , and f' , such that when 
Up Jc 

(K  ,KJ  c 12      our best initial decision is  to pay    K      to learn    p  . 
pxp P 

When    (K ,Ka)   e il.    our best initial decision is  tt pay    K.    to learn 
p  X      X X 

i  , and when (K ,K ) « ft. , our best initial decision is to refuse all 

information. ftn , Q , and ft  are called decision sets and they cor- 
Ü    p        X 

respond to the decision regions in Fig. 2.9. 

Figure 2.9 shows that, for this problem, the option of buying per- 

fect information about p and I    simultaneously is completely dominated 

by the other alternatives. This occurs in spite of the fact that there 

are pairs of prices such that buying both pieces of information simul- 

taneously is preferable to buying either piece of information individually. 

f 
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If we compare Fig. 2.3 and Fig. 2.9, we can see that the same pair 

of prices can cause us to make a different Initial decision when only 

Individual or simultaneous Information Is available, than It can when 

sequential Information Is available.  Figures 2.3 and 2.9 are shown 

superimposed In Fig. 2.10. If K  and K. are represented by point A 

In Fig. 2-10, our best Initial decision when offered Individual or 

simultaneous Information Is to pay K, to learn i . On the other 

hand. If we can buy Information sequentially at the same prices, our 

best Initial decision Is to pay K  to learn p .  Similar comparisons 

can be made for other pairs of prices. 

A Sequential Information Decision Tree 

It has taken quite a bit of calculation to determine the decision 

regions shewn In Fig, 2.9, even though our example is simple by compari- 

son with many real-world decision problems.  Fortunately all of this 

calculation is unnecessary if we simply want to know what to do when 

faced with a decision problem and a specific pair of prices for perfect 

information about the random variables. When the prices of perfect 

Information are known, we :an carry out a relatively simple calculation 

to find out which alternative maximizes the expected profit.  For the 

bidding problem this calculation is equivalent to so'vlng the decision 

tree shown in Figs. 2.11a and 2.11b. 

Although the daclslon tree in Fig. 2.11 looks complicated, it is a 

straightforward calculation to solve the tree for the best decision and 

the resulting expected profit when K  and K. are known. Thus for any 
P      * 

pair of prices represented by a point in Fig. 2.9 we can solve fo~ the 
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optimal decision without determining all of the decision regions.  By 

solving the decision tree fjr a number of different pairs of prices, we 

can determine the approximate boundaries of the decision regions in 

Fig. 2.9 without carrying out the previous calculations.  For sequential 

information problems with many observables, this is often the only 

practical way to determine the decision regions.  However, as we shall 

see, the decision tree can be used to characterize the decision regions 

when there are only two pieces of information available. 

Characterizing the Decision Regions 

If we consider those regions in Fig. 2.9 where our best initial 

decision is to buy information about p , we can see that we would be 

willing to pay a significantly greater amount for information about p 

when we subsequently have the option to buy perfect information about I  . 

Furthemjre, when we restrict our attention to only those pairs of prices 

for which our best initial decision is to buy information about p , the 

amount we would be willing to pay to learn p reaches a maximum at the 

pair of prices corresponding to the point H. Although there are other 

pairs of prices for which we would be willing to pay more to learn p 

than we would at the pair of prices corresponding to the point H, we 

could Increase our expected profit more by first paying to learn | in- 

stead of p when we are offered one of these pairs of prices. Thus the 

maximum price that we would pay to learn p  first is the K  component 

of the point H. Exactly the same reasoning shows that the maximum amount 

that we would pay to learn I    first is the K. component of the point H. 

The value of perfect information about a random variable is often 

> 
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used to set an upper limit on the amount that we should pay to receive 

imperfect or partial information about the random variable.  However, we 

have seen that the value of perfect information varies according to the 

price of perfect information about the other random variables. What, 

then, should we use for an upper bound on the value of imperfect informa- 

tion? The answer is the maximum value of perfect information, since it 

must be at least as large as the value of perfect information at any 

given pair of prices, which in turn thus must be at least as large as 

the value of imperfect information at the same pair of prices.  It will 

be shown in the next chapter that the value of imperfect information 

also depends on the prices of the observables, and that the value of 

imperfect Information taken sequentially can exceed the value of the 

same information when it is received alone. 

In order to determine an upper bound for the value of Imperfect 

information, we would like to have a procedure for finding the maximum 

value of perfect information (corresponding to the coordinates of the 

point H in Fig. 2.9) without going through all of the calculations re- 

quired to determine the decision regions,  lining the diagram in Fig. 

2.9 we can demonstrate an iterative procedure for determining the coordi- 

nates of the point H to any degree of accuracy.  This procedure will 

work for any sequential information problem with two observables. 

Suppose we firs determine the values of perfect information about 

p and i,  , assuming in both cases that only one piece of information 

will be purchased.  This gives us V  and V^ , the coordinates of 

point I in Fig. 2.12a. Now use the coordinates of point I as the prices, 

K  and K  , in the decision tree branches of Fig. 2.11b to find the 
P       A 

expected profits associated with branches Bj^ and B2 . Subtracting the 
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expected profit with no information (the expected profit associated with 

branch Bn) from the expected profits associated with branches B. and 

B„) yields the values of sequential information about p and i ,  when 

the cost of the information is given by v  and v  .  The cost of 
P       • 

initially learning p or  £ is shown in the tree in Fig. 2.11a, and 

is not included in the branches in Fig. 2.11b.  Thus subtracting the 

expected profits associated with the branches in Fig. 2.11b uill yield 

the desired values of information.  It can be seen graphically in Fig. 

2.12a that the resulting values of information are the coordinates of 

the point J. 

Now repeat the procedure by using the coordinates of the point J 

as the prices, K  and K  , in the decision tree in Fig. 2.11.  Solv- 

ing for the expected profits associated with branches B.  and B. and 

then subtracting the expected profit associated with branch B» yields 

two new values of information.  Figure 2.12b shows that these new values 

are the coordinates of the point K.  The procedure can then be continued 

using the coordinates of the point K in the decision tree to get another 

point that is even closer to the point H. 

Solving the decision tree in Fig. 2.11 repeatedly involves a con- 

siderable amount of calculation, so it is doubtful that anyone would want 

to carry this procedure through many steps.  Fortunately it is not neces- 

N       N 
sary to do so.  The first iteration using V  and V. in the decision 

p       X 

tree is all that is needed to determine an upper bound for the valup of 

perfect or imperfect information.  It will be shown in Chapter 4 that 

for any sequential information problem with two observables the point J 

must always lie above and to the right of the point H if it does not 
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coincide with the point H.  Thus the coordinates of the point J must be 

at least as large as the coordinates of the point H, which in turn must 

be at least as large as the values of perfect and imperfect information. 

Therefore, the coordinates of the point J are an upper bound for the 

value of sequential information about the random variables. 

If there are more than two observables, the iterative procedure 

need not converge to a point whose coordinates are the maximum amounts 

that we would pay initially for sequential information about the ob- 

servables.  In fact, such a point need not exist.  Furthermore the 

values of information determined from the appropriate decision tree, 

with the cost of the i  observable set equal to V  , need not be uoper 

bounds for the maximum value of sequential information. 

However, even though we cannot use the procedure discussed above to 

find the desired upper bounds when there are more than two observables, 

we can find a very simple upper bound for the maximum values of any num- 

ber of observables by solving the decision tree with all of the prices 

set equal to zero.  This corresponds to starting with a pair of prices 

represented by a point at the origin in Fig. 2.12.  It is easy to see 

that solving any sequential-information decision tree with all of the 

prices set equal to zero will result in the value of any observable being 

equal to the value of learning all of the observables simultaneously. No 

matter which observable we decide to learn first, we will subsequently 

decide to learn all of the other observables because they are free.  Thus 

the value of learning all of the observables simultaneously is an upper 

bound for the value of learning any of the observables sequentially. 

For the biding problem this means that 

64 

' 

A ^ - - - 



^r 

VN „ > V (K „)  and  V1", > V .(K ) pi -   pv r      pi - i  P 

for all K  and K, .  This is easy to verify graphically using Fig. 
p      I 

2.8. 

Summary 

For the bidding problem discussed above, we have found that the 

value of perfect information about one state variable is a function of 

the price of perfect information about the other state variable. We 

also found that as the price of information about one state variable de- 

clines, the value of information about the other increases to a level 

greater than that achieved by learning the second state variable alone. 

The Euclidean spacu with the prices of the observables along the 

axes (the "price diagram") can be divided into decision regions which 

indicate the best initial decision. For any given pair of prices, the 

best initial decision, the expected profit, and the value of sequential 

information can be found by solving the appropriate decision tree. The 

decision tree can also be used to find the approximate boundaries of the 

decision regions, or, when there are only two observables, to find the 

maximum prices that we would pay initially to learn the observables. 

^ 
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CHAPTER 3 

SEQUENTIAL IMPERFECT INFORMATION WITH ADDITIVE, CERTAIN PRICES: 

A WEATHER FORECASTING PROBLEM 

The preceding chapter dealt with the possibility of buying perfect 

information.  In this chapter we investigate the case of imperfect in- 

formation using a simple example to illustrate the relevant concepts. 

The example! addresses the problem of when to pay for imperfect weather 

forecasts while trying to decide if an activity should be held indoors 

or outdoors. In this problem we have the opportunity to buy two 

conditionally independent pieces of information, the weather forecasts, 

about a single state variable that describes the weather.  The procedures 

developed in this chapter can be used when the observables are not con- 

ditionally independent, but the example is easier to follow and the re- 

sults are clearer if we assume conditional independence.  For simplicity, 

the example only deals with the possibility of buying two observables 

but the analysis applies equally well when there are more than two 

pieces of information available.  Utility and risk aversion are not con- 

sidered, but it is simple to extend the following calculations to include 

these concepts. The prices of the observables are assumed to be additive 

and certain. 

\ 

* 

The Weather Forecasting Problem 

Consider a situation where we are trying to decide whether to have 

a certain activity take place indoors or outdoors.     If it rains we would 

like to have the activity indoors;   if there is  fair weather we would like 
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to have it outdoors. We assume that the weather will either be fair or 

rain.  Since we do not want to stage the activity In the wrong location 

we will have to move It If we do not forecast the weather correctly. 

Once the plans have been made and the activity has been set up, It will 

cost one unit (which could be a dollar, a million dollars, or any other 

amount) to move It to another location. We are being paid one unit to 

set up the activity so our net profit, as a function of the location we 

choose and the weather, Is given by the folliwing table: 

Location Weather 

Rain 

Profit 

Indoors One 

Indoors Fair Zero 

Outdoors Rain Zero 

Outdoors Fair One 

Our objective Is to maximize our expected profit. 

We can describe the state of the weather In terms of a discrete 

random variable. Let x be a random variable that equals one If It 

rains and zero If It does not rain. Similarly, we can describe our 

decision in terms of a discrete control variable c . Setting c equal 

to zero is equivalent to setting up the activity outdoors, and setting 

c equal to one is equlvalenc to setting up the activity indoors. Since 

we wir. have a net gain of one unit if we do not have to move the activ- 

ity at the last minute, our profit function is 

f 1 : c-x   ) 
TT(X,C) - < > 

' 0 : otherwise " 

Since the ranH^n   'irtable    x    appears in the profit function,    x    is a 
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state variable.  In this problem we will not have an opportunity to ob- 

serve the actual value of x before we make our decision.  Therefore x 

is not an observable. 

We do not know for certain if it will rain, but we have tht option 

of paying one or more weather forecasting companies to learn what they 

think the weather will be. Assume that after thinking about the problem, 

but before buying a forecast, we decide that rain is twice as likely as 

fair weather. Thus the probability mass function for the random 

variable x is 

{«I«} 

This mass function is shown in Fig. 3.1. 

After investigating the reputation of the two weather forecasting 

companies, we have decided that they are equally reliable and that they 

are correct 60% of the time.  In other words on days when it actually 

rained both companies predicted rain 607. of the time. The remaining 40% 

of the time they incorrectly forecast fair weather.  Similarly on days 

when the weather was fair, both companies forecast fair weather 60% of 

the time and rain 40% of the tire. Although the two companies have the 

same percentage of correct fore abts, their forecasts for any given day 

do not necessarily agree.  In tact, our investigation indicates that, if 

we knew what the weather was on a certain day, knowing one forecast 

would not help us guess the other forecast. 

We can describe the information contained in the weather forecasts 

in terms of two discrete random variables, y,  and y- .  Let y-  equal 
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one if the first company predicts that it will rain when the activity is 

set up, and zero if that company predicts fair weather.  Similarly,  y. 

is defined to be one if the second company forecasts rain and zero other- 

wise.  Based on our investigation, we can describe our state of informa- 

tion about y, and y- in terras of the following conditional probabil- 

ity mass functions: 

r 6/10 o . yi 

{yj*.*} 
I 4/10 : x = 0 , yi = 1 

<,  4/10 : x = 1 , yi = 0 

6/10 : x = 1 ,  yi = 1 

. 0 : otherwise 

(i - 1.2) 

This mass function is shown in Fig. 3.2.  y,  and y2 are called ob- 

servables since we have an opportunity to learn their actual values. 

The Value of Individual. Simultaneous, and Sequential Information 

With the problem formulated in this manner, we can determine the 

value of the two weather forecasts when we learn them individually, 

simultaneously, and sequentially.  Since the procedure for doing so is 

essentially similar to that shown in the previous chapter, we will only 

state the results here. The details of the derivation are given in 

Appendix B. 

The value of learning the first forecast by itself is 

Yi " (yi "^ 5 " "^ P ^«»•J " 0 yi     yi 

Similarly the value of learning the second forecast by itself is 

> 

f    - (E max E - max E) Tr(x,c) = 0 
y-  Vo c x   c x' v • '' 
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The value of learning both forecasts simultaneously is 

v    = (E E max E - max E) TT(X,C) » 1/75 
7172   yi y2 c x   c x7  v 'w   ' 

The value of learning the first forecast when we have an option to option  to pay 

K        for the second forecast is 

E max E TT(X,C) - Ky 

W= 'imax i 2 2 ^ ■ m§x ^ vix^ 
max E TTCX.C) 

1/75 - (7/15) K  : K  < 1/35 
y2  y2 

0 ' K   >  1/35 
yi - 

The value of learning the second forecast when we have an option to pay 

K   for the first forecast is 

'^mgxE^x.c) - Kyi 

VV ^""i \  -maxEn(x,c) 
max E n(x,c) 

fi/75 -   (7/15) Kyi  t*yl<l /35 

0 ■  K    >  1/35 
yi - 

The price diagram for this problem is shown in Fig. 3.3. Since 

the value of learning either forr.cast by itself is zero, there are no 

pairs of prices in Fig. 3.3 such that we would buy either observable by 

itself. We are willing to buy both forecasts simultaneously for any 

pair of prices represented by a point below and to the left of the line 

A-B.  (Actually we would alwu^s have a higher expected profit if we 
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purchased the forecasts sequentially Instead of simultaneously, but the 

idea here is that buying both ol-servables simultaneously is preferable 

to not buying any information.) We are willing to pay K   for the 

first forecast, with an option to pay K   for the second forecast, 

for any pair of prices below the line A-D. We are willing to pay K 

for y2 , with an option to pay K   for yj^ , for any pair of prices 

to the left of  the line C-B. Therefore we are willing to buy at least 

one of tho forecasts for any pair o*^ prices below or to the left of 

the boundary C-E-D. 

As in the case of perfect information, we can divide the price 

diagram into decision regions by comparing the increase in expected 

profit associated with each of the ways we can buy the information.  If 

we do so, we find the decision regions shown in Fig. 3.4.  The decision 

regions are considerably different than the ones we would find if the 

imperfect informatior were not available sequentially.  In that case, 

the only decision region such that we would buy information is triangle 

O-A-B in Fig. 3.3. 

The point of this simple example is that we deal with perfect and 

imperfect sequential information in the same way, with only minor changes 

in the algebra used to describe the value of information. We can deter- 

mine the value of sequential imperfect information about any observable, 

and we can show that it must exceed or equal the value of the same in- 

formation learned by itself (see Appendix B). 

A Sequential Information Decision Tree 

Using Fig. 3.4 we can determine our best response when we are 

74 

- ■- -   - -    * - -^—*—- 



"^7 TT ¥ 

yi 

DO NOT PAY FOR ANY INFORMATION. 

Figur« 3.4. DacULon rsglons with sequential infoneation 

75 

J^J  "■- - 



^ ■      " —   -■■   ■        'LJ     ty 

offered the two weather forecasts at prices K   and K  .  Hiwever, if 

we have a specific pair of prices and want to know what our best decision 

is, we do not need to carry out all of the calculations necessary to 

determine the derision regions. When the prices are known, we can carry 

out a relatively simple calculation to find the optimal decision and the 

corresponding expected profit.  For the weather forecasting problem 

this is equivalent to solving the decision tree shown in Fig. 3.5. 

By solving the decision tree if Fig. 3.5 we can find the best 

decision associated with a number of different points in the price 

diagram in Fig. 3.4.  In this way we can determine the approximate 

boundaries of the decision regions without carrying out all of the cal- 

culations necessary to describe the decision regions algebraically. For 

sequential information problems with many observables, this is often the 

only practical way to determine the decision regions. 

When there are only two observables we can use the decision tree in 

Fig. 3.5 to characterize the decision regions. We can characterize the 

decision regions by bounding the maximum price that we would be willing 

to pay for each observable when our best initial decision is to buy 

that observable. The procedure for doing this is similar to the one for 

perfect information, discussed in Chapter 2, and it is carried out for 

the weather forecasting problem In Appendix B. 

The Relationship Between Perfect and Imperfect Sequential Information 

Problems 

We have found that we can deal with sequential imperfect informa- 

tion in much the same way that we deal with sequential perfect informa- 

tion.  This is not really surrrising since imperfect information can be 
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viewed as perfect information about something other than the state varia- 

bles.     In fact, it is possible to formulate all sequential information 

problems with additive, certain prices as   follows.    Let    (x, ,...,x )    be 

the state variables upon which the profit depends.    The profit also de- 

pends on a control variable    c    which may be a vector.    Thus, 

n(x. x  ,c) ■ profit function that depends on state and control 
variables 

Assume we have an opportunity to learn any one of a set of random 

variables     (y1>...,y )    called observables.    The cost of learning    y. 

Is    K       , where    i ■ 1 n  .     Some of the observables may be  the same 

as some of the state variables,  in which case we have an opportunity to 

buy perfect imormation, but this need not be the case.    Even if we do 

not have perfect information, we must know how the observables are re- 

lated to  the state variables.    These relationships can be deterministic 

or probabilistic. 

Given this  formulation we can find the value of learning an observ- 

able  individually or sequentially, and we can find the value of learning 

several observables simultaneously,  regardless of wheti^r the observaoles 

represent pe  ^ect or imperfect information.    For example,   if we are  to be 

given only the value of    y.    and we do not expect to receive any addi- 

tional  information, our expected profit is 

' 

E    max E yi    c    x1 I    ^1 V 
m 

If    y.     represents imperfect information, as in the weather forecasting 

problem,   this expression does not need to be simplified.    However,  if    y. 

is equal  to    x.   , so that    y,    represents perfect informa«-".on,   then we 
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can simplify as follows: 

E max E  ... E rrCx,,... ,x ) = E max E  ... E ^(x, ,... ,x ) 
yi^^ xl     **   *     m   Xj c X!     ^ V 1'   ' *' 

= E max E  . .. E   E   . . . E TTCX. ,. . . ,X ) 
xj c xl    xj-l xj+l ^   l            m 

The second E  operator can be dropped since it is just the identity 
xj 

operator when the expectation is conditioned on x. . 

The last expression above is the one we used in Chapter 2 for the 

expected profit when we were given perfect information about x, .  It 

is easy to show that all of the other equations used in Chapter 2 for 

perfect information can be expressed i- terms of observables iy-, y • • >y  ) 

and ftate variables (x.,...^ ) . Thu'j this formulation can be used to 
I     m 

deal with both perfect and imperfect information.  However, it is unneces- 

sarily complicated then we are only interested in the value of perfect 

information. 

Si'mmary 

We have found that for the weather forecasting problem, the value 

of one piece o* imperfect information is a function of the price of the 

other piece of information. We also found that the value of infcrruation 

received sequentially can exceed the value of the same information re- 

ceived individually. As in the case of perfect sequential information, 

we can divide the price diagram into decision regions that show the best 

initial information-purchasing decision.  For any given pair of prices 

for the two weather forecasts we can determine the optinum initial deci- 

sion by solving the appropriate decision tree.  The decision tree can be 
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usad to find the approximate boundaries of the decision regions.  The 

results derived In this chapter for sequential Imperfect Information 

are similar to those found .previously for sequential perfect Information. 

In fact, we can use the same formulation for both tynes of problems. 

In this formulation, observables are distinguished from state variables 

even though they may represent the same thing. 
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CHAriER 4 

GENERAL PROPERTIES OF SEQUENTIAL INFORMATIOr, PROBLEMS 

WITH ADDITIVE, CERTAIN PRICES 

The basic concepts used in solving sequential informatfon problems 

have been illustrated with examples in Chapters 2 and 3.  However, tue 

solution of these simple examples is not sufficient to demonstrate sev- 

eral gent  1 properties of sequential information problems with additive, 

certain prices. The purpose of this chap ir is to generalize the re- 

sults of Chapters 2 and 3, and also to prove some results that were only 

mentioned in passing during the discussion of the examples.  For the 

reader who does not want to read all tpe proofs, the raaultl are sum- 

marized at the end of the chapter. 

For simplicity we will start by assuming that our objective is to 

maximize expected profit.  This assumption allows us to ignore the effect 

of risk aversion, which only complicates the calculations without alter- 

ing the general conclusions. After studying the case of an expected- 

profit decision maker, we will show that the conclusions also apply to 

a decision maker whose utility function satisfies the delta property. 

The problem of sequential information >an be formulated in general 

as it was at the end of Chapter 3. Our profit rr is a function of a 

control variable c and a set of state variables (x, x ). We have 
i     m 

an opportunity to learn any of a set of observables  (v,,...,y )  for 
l     n 

prices  (K ,...,K ) , respectively. 
^1     ^n 

One of the principal results to come out of the examples in Chapters 

' 
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2 and 3 is that the value of sequential incomatlon about an observable 

is, in general, a function of the prices of all of the other observables. 

Thus, 

V      - V     (K     K ,K  K    ) 
?!    yi yi      yi-i yi+i       yn 

For simplicity we sometimes write the expected value of sequential in- 

formation about    y.     as 

V    (K     K    ) 
yi yi       yn 

whcrt it is understood that V   does not depend on K  .  It is easy 
yi yi 

to see that this concept is valid,  in general,   for any sequential informa- 

tion problem, although  for a given problem    V        may not be a function of 

some  (or even all)  of the prices.    The dependence of    V        on the prices 

of the observables can be seen in the complete decision tree  for the 

problem.    This  tree  ie  shown in Fig.   4.1.    The value of learning    y^^    is 

equal to the difference between the expected profit associated with 

branch    B      (the branch where we  first learn    y.)   in Fig.   4.1b, and the 

expected profit associated with branch    B      (the branch where we do not 

learn any information).     The cost  of initially learning    y.     is shown in 

Fig.  4.1a, and is not  included in the branches  in Fig.   4.1b.    Thus,  sub- 'f 

tracting the expected values associated with the branches in Fig.  4.1b 

yields  the desired expected values of information. 

The value of learning    y.     sequentially when we are  tryiag to maxi- 

mize expected prof.t is given by the  following algebraic expression 
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yi yi       yi.i yi+i       y. n 

E max 
yi 

max 
c |  ... |  TT(x1,....Xm,c) L m   , 

max E 
c x 1 

| ^(x, x c) xm   i     m 

In keeping with the notation introduced previously, each expectation is 

conditioned on the random variables that appear as subscripts of operators 

that are applied to the expectation in question.  For example, all of the 

expectations in the expression above, except those in the final term that 

is subtracted from the rest of the expression, are conditioned on y^^ . 

Since all of the costs except Ky  appear on the right side of this 

equation, V   must be a function of all of the costs except K  . 
yi Yi 

When we are trying to decide whether or not to pay for yi  , wa must 

know all the costs, including K  , because we will only buy the in- 

formation when 

< V (K ,. . . ,K A »• • •fK ) 
yl-r "l+l'   ' ^r ► 

The Relative Values of Individual. Simultaneous, and Sequential Information 

It is easy to show that Vy  must exceed or equal the value of 

individual information about y  for any set of prices  (K     K ^ 

h        yn   " 
The value of individual information is given by 
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yi  yi 
max E 
c x. 

Obviously, for any set of prices 

n - max K 
m 

T^ 
^ 

m 

D max 

x  (E max \...\ 

Taking the expected value with respect to y. of both sides of this in- 

equality and subtracting the expected profit when no Information Is pur- 

chased yields 

V   ^I\  y . . . Y K     , K.     ysttylx /   ^   y 
I 

yl yl yl-l yl+l n 

We can also show thai the value of sequential Information about 

y  also exceeds the residual value of Information about y. when all 

of the Information is purchased simultaneously. (We could also consider 

the residual value of learning y. when we buy informatior simulta- 

neously about all pairs, triples, etc., of observables. However, we 

will only consider the possibility of buying all of the observables 

simultaneously.) This requires a little mftre work, but the proof is 

essentially similar to the one above. The residual value of intormation 

about y. is given by 

■JA, vAi« v -^ (v T i, - i - 

kfl 
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To save space we are using the following abbreviations: 

9V■»,-?.   and   &V\ D        D ...  D 
yj-l yj+l yr 

We start  the proof by noticing that  for any    j,   j*  i 

A (V max 

max E    .. . E    TT 
c    x. m 

E    max E     .. .  E    TT -  K 
y      c    x. x y. 

Jl • ■ Jl 

> i fl     (D    ) E      max E     ...  E    TT - K 
-k^l      ^k    yj!    c    xl xm y: 

Le t    j*   be the value of    j.     that maximizes 

k?i (Dv M mn • • • i n - K
V kfjl      yk    yj!    C    Xl m yj1 

Since the inequality above holds for all values of j,  not equal to i 

h V max 

maxE     ...  I    TT 
1 m 

fmax J    ... ex. TT  -   K 

J! 

->^(VV^«r-l>-,t> jf jf 

Now take the expected value of both sides of this inequality with respect 

to y.  , given all of the other observables except y  —where j0 does 
J2 Jf L 

not equal  1* or i --and subtract K   . This yields 
1 yj2 

- 

- ^  ' ^-   - ^M 
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^ 

&\'h V ?j2 
MX 

mp E    ...  |    „ 
1 m 

E     max E     ...  5    TT -  K 
1 n> yJf 

-  K 

'« 

-^WV^^"»1'^-«^-^-^ 

Therefore, 

k?jf.j2 v
nuix' 

max E 
C       X, 

E        max 

TT 

m 

max E     ■   ■  E    TT ex, x 1 m 

E      mgx E     ...  5    TT -  K 
yjjr^    Xl Xm >jj 

> kß*  *     (D
v )  S      E      max E     . . .  E    TT -  K        -  K kfjf.J2      yk    yj2yjf    c    X! xm yjf        y^ 

Now repeat the process.    Let    jj   be the value of    J,    that maxi- 

mizes 

max E     ...  E    TT ex, x 1 m 

I  yjf Xl m 

K 

n ^2 

Since the inequality above holds for all values of    J,    not equal to 

Jf   or    i : 

89 

* *>»   i ^mm^^m ^^^m 



»SP 

"N 
»^^ TT 

* 

max E 
c x. 

Üf.Jl (D3 
) max 

y,* 
max < 

. E rf 
x m 

max E 
c x. m 

E  max E 
yJt C Xl 

E 
x n - K 

IT. yi* 
y^*! 

> Mj,  ,. (D ) E   E max E 
} JJt C Xl 

E  TT - K 
yJt 

yi* 

Next we take the expected value of both sides of this Inequality with 

respect to v.  given all of the other observables except v.. and 

y\*  --where J-i does not equal jf , j* . or 1 --and subtr-.ct K 

The process is repeated until all of the observables except y. 

have been Included In the Inequality. At that point the Inequality Is 

max E 
c x. i * 

D max 
y^ 

m 

max E 
c x. 

n 

max 
m 

1* Vi y^* 
max 1-t-S 

Ky 

Jn-2 
i* Jn-2 

i* Jn-1 

> D F.  E 
*i y^* y^* Jn J n-1 

E  max E 
y^ c x1 

E 
x rr - K 
m yjf 

.. - K 
7« j n-1 

Since all of the indices, (j* -5* i^ ' must ^e different and none 

can be equal to 1 , the right side of this inequality can be written 

D . fl (E ) max E  ... E TT - .V K 
yi ^ yk      C Xl    m    '** ' 

To save space we are using the  following abbreviation 

. fl   (E  )  = E   ,... ,E       ,E       ,... ,E 
kfl   y,       y, y. , y.,, y yk   yi yi-i yi+i 
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Using the definition of the starret1 indices,  we have 

■Pi m 

D    max 
h max E I    ^ (4 max c.     . . .   c.     TT 

E max/ xl m 
yJn-l 'fa»i,j CO 

yi Mi    yk      c    xl m l^i    yk 

•v)1 

Taking the expected value with respect to y.  of boths sides of this in- 

equality, and subtracting the expected profit when no information is 

purchased, yields 

V     (K 
yi    yl 

.K    ) >/ 
yn 

(K     , 
yi    yl 'V 

SJ for any set of prices     (K    ,   . 
yl 

These inequalities agree with our intuition about the value of se- 

quential information.  When we buy a piece of information with an option 

to subsequently buy other obser^ables, we have already been given the 

option of buying just one observable, or of buying all of the information. 

Thus the value of sequential information should be at least as large as 

the value of individual information and the residual value of informa- 

tion. We can always achieve the expected profit associated with indi- 

vidual and simultaneous information by making the proper set of sequen- 

tial decisions.  The same kind of reasoning shows that the value of se- 

quential information of y. must exceed the residual value of y. , 

when we buy information simultaneously abour all pairs, triples, etc., 

of observables.  Thus it is possible to prove a large number of 

inequalities of the form 
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j    > v yi-  Vj 
and V  > V 

N 
yi- V/k 

- K  - K 

An Interest!] •> feature of the examples In Chapters 2 at d 3 was 

that V   could exceed both Vy  and \r  for certain sets of prices. 

It is this feature that makes it desirable for us to buy sequential 

information at prices that would be unacceptable if the information 

were available only individually or simultaneously.  Intuitively, we 

see that V   can exceed both V   and V   whenever learning y 

can affect our decision to learn the other observables.  If y  can 

help us decide which pieces of information to buy, as well as how to 

set the control variable, then it should be worth more than it would 

if there were no subsequent information-purchasing decision. 

It is easy to see that this intuitive answer is correct.  Suppose 

that for some set of prices  (K ,...,K ) , learning y,  could affect 
"1     »B * 

our decision to learn the other observables.  In other words, when we 

learn that y^^ is equal to y* we can maximize our expected profit by 

making a certain decision. This decision might be to learn a particular 

observable next, or it might be to not learn any more information.  How- 

ever, if we learn that yi has a different value, y** , we will be 

aMe to realize a greater expected profit by changing our decision. 

Since the best information-purchasing decisions that result when 

we learn that yi equals y* or y** are different, at least one of 

the decisions must be to buy additional information. Therefor3 we have 

- 
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max 
i 'j 

max E 
c x. m 

*?J (E max ]...}- K^ ) 
yk yk I"" 

>J1-Pll- -^^ 

for some J when y1 equals either y* or y** . Thus for the same 

conditions we have 

D  max 

"Fh I « m 

/E max!^11""'^11 y| ^E^ n « ^ ^ 
li»r?j (f yk 

•} K ) 
yk 

yJ 

?max E  . • • E TT 
i c xl    'Sn 

! 

Using our previous results, :-e can take the expected value of both sides 

of this inequality with respect to yi and subtract the expected profit 

when no information is purchased to get 

yi 
(IC , .. . , K   , K 
yl yi-l      3 i+1 

i • • •» •*„ ) >v
N 

yi 

On the other hand, the best information-purchasing decisions that 

result when we learn that yj^ equals y* or y** cannot both lead to 

buying all of the remaining pieces of information rsgardless of what the 

information turns out to be. If that happened, the two decisions would 

lead to the same expected profit, an-l th^-e would be no reason to change 
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the information-purchasing decision when ^ changes fron, y* to y** . 

Thus when the observables turn out to have certain val-es  (y v  v     1 

and we make the corresponding optimum information-purchasing decisions, 

it must be true that 

? 5 8 ••■•«I 
1 yJ1 

yJ2    
C Xl m 

> D D  D 
yi yi    yl kHfSr. I 

max E 
c x. § " 

max m 

•H.P...1. <?, max [..}-K ) 
K 
yk1 

for some Jj.Jj,... 

when yi equr's y* or y** .  Thus, for the same conditions we have 

D D  D 
yi yi yi 'J  J2 

max E 
c x. 5 TT 

max m 

M1.1J?J2.... (fk^---}-Ky) 

> r 
y . ?. ?  " '    77       (E ) max E  . . . E IT -   V     /-if ^ 

w* 
Now wo can go through the same process which we used to show that V. > 

Vy . except that this time all t 

adding cbservables unti- we have 

V^ . except that this time all the inequalities are strict. We kee^ 
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(max E    ... i m 

max 
, max E 
I Xl 

max      (E      max|...} 
( 12* J2 

Ky   ) 
yJ2 

yJl, 

> D 
y i k/i 

(E ) max E E     TT -   £    K 
x - m kfl    yk 

when    yj    equals    y*    or    y* ** 

Using our previous results, we can take the expected value with respect 

to y  of both sides of this inequalit. , and subtract the expected 

profit when no information is received, to gut 

V (K  K 
yi yl      3 

) > / (K  K ) 
V yi 

Thus for any given set of prices, Vy  will exceed both V^ and 

V11  whenever learning y.  could affect our decision to learn the other 

observables. 

Properties of the Value of Sequential Information 

Now that we have shown that V   is a function of the set of prices 

tv v v K ■) . we can determine some general proper- 
( yi'   ••,  yi-i'  yi+i    V 
ties of this function. More specifically, we can show that as p.ny one of 

the prices increases, V   cannot increase. In fact, it may decrease but, 
v yi 

if the decision is based on maximizing expected profit, it cannot decrease 

by more than the amount that the price increases. This result follows 

from the form of •'he equation for V   , 

f 
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max E 
c x. 5 ^ 

E max' 
max E 
c x. 

max max 

5 " 

K.j (= -xi---[-K 
yk 

yj 

max E 
c x. 

Each price, except K  , appears in this expression, and each time the 
yl 

price Is subtracted from some quantity.  Thus we would expect the deriva- 

tive of V   with respect to one of the prices to be the expected value 

of terms that are either zero or minus one. 

We can carry out the dltferentlatlon by using the fact that the 

derivative of the expected value is equal to the expected value of the 

derivative. 

dV 

SK y.  3K y       Ji     ya 
max   ' 

max E 
c    x. 5  " n 

jjl (l ««M- *f>\ 

0 :  D    max E 
y^    c   xi 

.  E    TT > D   max (E    max j... | - K    ) xn   " yi m yi     '    f    y/ 

Mi fr— max (E max]...}- K ) : otherwise 
öKy  JB. yj     ^    f    yj 

Let j* be the value of j  that maximizes 

max 

max E 
c x. 

m.i \ 

TT 

max I- K ) '    yJ 
yJ 

and assume for a moment that j* Is unique.  In this case the deriva- 

tive becomes 
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If j*    equals    a  , we have 

As: sume that y° belongs to «p, (K ) , and let K'  be some price larger 
i        ^ y«       y» y« 

than K  i 
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^K   y. 
y   ■'1 

0:D maxE  ...E >D E  max|...}- K 
n C xl ylyj* ^1* 

E  max 

(max E  . • • g " 1 c  xl    ftn  I 
öK"  yi*      max  (...) y -^ 

k^l.J I 
K    : otherwise 
yi* 

av, 

Ä. 
E 

0 : D^ mp ^ . 

fi ( -1 : otherwise 

|    TT > D    |   max]...}-  Ky 
n      /     i    of tt 

The expected value of a quantity that is everywhere either    0    or    -1 

must liefe!  the closed interval bounded by these numbers.     Therefore, 

av 

ST c  [-1.0] 

Now consider what happens to av„ /^K   as K   increases.  Let 
yi      Ja Ja 

CD, (K    )    be the set of all    y.     such that the condition in the equation 
~   y^ i 

for    aV    /3K        is met; 
yi   ya 

V,(K    ) " [y^   :  K    > D    E    max}...}- D   max E 

We can rewrite  the derivative of    V        as follows: 

h\ 
0    : yi « ^(Ky ) 

-1  :   otherwise 

E  V] 
Xn 

A.   .-1_ 
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Yi 
K1    > K      > D    E    max!...}- D    max E    ...  E    rr 

Therefore,    y      belongs  to    cp.CK1  )    as well as    cp (K    )   .     Since  this 
'a 

holds for any y  that belongs to cp- (K ) 
1 1 yQf 

'a 

whenever 

♦» V = "^V 

So, 

CK 

K'   > K 
y»       y« 

| 0 : yi c tp^l 
y« 

> E 
-yi 

i 
> 

i -1 : otherwise 

0 : yi € cp^K ) C ^(K- ) 
'a a 

•1  :   otherwise 

9V 

aK., 
a 

In other words, aV /JK   can never decrease when K   increases. 
yi   y« y« 

This result can also be written as  follows: 

Ä., 
SK 2- > 0 

a 

If j* is not unique, we have a situation where exactly the same 

expected profit is associated with two o: more branches at the same node 

in the-dacision tree. This is shown in Vig. 4.2. The same expected 

profit occurs at branches B  and BQ for some value of K  , which 
«ß ya ' 

we call  K  . As we change K   we will change our decision at the 
'« y« 

- 
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Figure 4.2b. 
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branch B 

branch B 
0 

«5 Ky 'a 'a 

Value of Information astoclated with branch B. when branch B 
1 cr 

Is always chosen, and when Bo is always chosen. 

Figure 4.2c. First darivaclve of value of information associated with 
branch B^ whan branch B is always chosen, and when 
branch B- is always chosen. 

0- 

Vi 

branch B 

branch B I 

t 

' 

Figure 4.?d   Second derivative of value of information associated 
with ranch B^ when branch Ba is always chosen, and 
when branch Bg is always chosen. 
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node in question and choose a llfferent branch.  If we look at the ex- 

pe>,t^ profit and the corresponding value of Information associated with 

branch B. , assuming that branch B  Is always chosen over branch BQ , 
1 Or p 

and vice versa, we must have a graph such as that shown In Fig. 2.4b. 

Since the proof above holds for any tree branches, both of the curves In 

Fig. 4.2b must have first derivatives In the Interval  [-1,0], and posi- 

tive second derivatives.  This Is shown In Fig. 4.2c and 4.2d.  In order 

for the value of information curves In Fig. 4.2b to cross, the slope of 

the B  curve must be less than the slope of the BQ curve at K0 . 

When we have a choice between branches B^ and B0 , we will have 
or      p ' 

the value of Information that Is the envelope of the curves In Fig. 4.2b. 

This can result In e  discontinuous first derivative, as shown by the 

solid curve in Fig. 4.2c.  Since the slope of the B  curve must be 
or 

less than the slope of the BR curve when K   equals K0  in Fig. 
" Vor Va 

4.2b,  the first derivative must increase at the discontinuity.    There- 

fore,  the second derivative can contain a positive Impulse, as shown by 

the solid curve in Fig.  4.2d.     However, neither the discontinuity in 

2. 2 
ÖV    /SK        nor the impulse in    8 V    /^K invalidate  the  statement that 

yi 

av.. 

äK 

yi   ya 

c  [-1,0]      and 
»V 
SK 

1   2 > 0 

We car reach the same conclusion algebraically, but the method of 

proof is exactly the same as  the graphical argument given above.    To 

avoid unnecessary complication, we will not go through the algebraic 

proof.    (Using an algebraic proof we can show that    av    /^K        can make 
yi   y^ 
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a discontinuous jump to lower value as K   increases.  Thus , 

2 
8 V /^K^ ^K   can contain a finite number of negative impulses, but 

yi      yo    y0 
it  is non-negative elsewhere.) 

In our proof that  the  first and second derivatives of    V        had 
yi 

certain properties, we assumed that j* was equal to a .  If j* does 

not equal ot    we will still get the same conditions for SV /?(K   and 
yi   y^ 2.2 J.   « 

a V /öK   , but it will require some more effort.  In this case, 
yi   y» 

0 : y e cp (K  ) 1  I yj* 

av 0 : D D max E . . . E TT > D D   max (E max 1... [-K ) 
yiyj* c  xi     xr.   - y^j* k^t* >k     '    f   yk i 

5*— max   (E max)...}- K ) 
'Kya

k?i'J* yk  ' '  yk 
otherwise 

(To save space, the condition "otherwise" is dropped when the meaning of 

the expression is clear.) Let k* be the value of k that maximizes 

max E 
c x. 

D D 
y. 

n 

i j»«' 

I       > E max < 

l max     (E max |. 
#i.j*.k yk     ' 

•[" K ) I 
- K 

and assume for a moment that k* is unique. Thus the derivative be- 

comes 

e 

8V. 

ML 
= E 

a 
M y1* 

ViOL ) yj* 

: D D  mgxg  ... | Tf > D D E max|...j- K. 
yiyj* C Xl     n    ^'^j^k* 

« 
E 

y yk* 
max \---\-\ 

k* 

otherwise 

'V.*\ 

fk* 
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If    k* » a  , we have 

yj* 
3V 

aK
y    ^i yi* 

0  :  D D    max E 
Vj* c    x] 

^ -1  :  otherwise 

E    TT > D D    E    max}.. .1 - K 
n iJi*Ja a) 

Define    9(K    )    as  follows 
yQf 

e(K    )  = D E 
'a 

D D    max E 
y^* c   xi 

E    TT > D D    E    max j 
y.y^y. t'J*'a 

r S { 

The expected value of a quantity that Is everywhere either 0 or -1 

must lie In the closed Interval bounded by these numbers.  Therefore, 

9(K ) € [-1.0] 

The derivative of    V        can be written as follows: 
yi 

^V (Ory^VK      )   | 

yot I 9(K    )   :   otherwise j 
- 

The expected value of a quantity that Is everywhere in the Interval 

[-1,0] must lie in this interval.  Therefore, 

Ü? 
SK 

e [-1.0] 
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Now consider what happens to öV /äK   as K   increases. Let 
"i ^a ^a 

cp2(K ) be the set of all (y^y.^) such that the condition in the 

equation for 9(K ) is met. 

a 
(y^y^ : K 

a 

max E 
c 

> D D E max 

D D max E ... I n y.y.. c x.    x_ 
i j' 

We can rewrite the equation for e(K ) as follows: 

o : (y^yj*) i cp2(Ky ) 

•1 : otherwise 

o o 
Assume that (y ,y ) belongs to cp-CK ) , and let K"  be some price 1 J 2 yo ya 

larger than K  . Then, 
y« 

K'     > K      > D D    E    max 

max E 
c    x. TT 

n 

VM     (y    ■«l-->- Ky > 

yi ^j* 1 n 

o    o 
Therefore    (y^y.*)    belongs  to    cp2(K•  )    as well as to    cp (K    ) 

Since  this  is  true  for any    (y^y*? )     that belongs  to    cp-(K    ) 
J 2    Ja 

92(K    )  e 9 (K«  ) 
'ot 
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whenever    K'    > K 

e(K,   )  - D    E 
V       yi yj* 

So. 

0    :   (y^V^  e cp2(K;a) 

•1 :  otherwise 

fo    :   (y,.^)   e cp2(K   ) c cp2(K'  ) 
> D    E     < 
■ yi yj* 

1 :   otherwise 
QCKy   ) 

In other words,    9(K    )    cannot decrease when    K        increases.     There- 
y» ya 

fore, 

'a I e<Kv ) : otherwise!     I e(K ) : otherwise 

1 
av 

OK, 

This   follows from the  fact that the expected value of a quantity cannot 

decrease when the quantity is  increased or held constant.    Thus 

8V    /aK        cannot decrease when    K        increases, and we can write 
yi   ya 'a 

s2v. 

*y 
1.  - > 0 

a 

If k* is not unique, we have a situation where exactly the same 

expected profit is associated with two or more branches at the same node 

of the decision tree. The same argument that we used previously shows 
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2 7 
that av /^K   can have a disconti mity, and that  3 V /^K    can 

yi   ya yi   y» 
have a positive impulse at the value of    K       where  the expected profits 

of  the branches are equal.     However,   it  is still  true  that 

V 

^- e   [-1,0]      and 

a 

A, 
Ä. 

2 - > 0 

a 

If k* does not equal a  , we repeat the procedure, adding new ob- 

servables until we find one that maximizes the appropriate expression 

and is equal to y^ . This must occur within n iterations since each 

observable we add must be different from all of the preceding observ- 

ables. When we finally get an expression for 3V /OK   that contains 
'a 

K       ,   it will look like  this  : 
y^ 

/   0 :   y    e cp^K      ) 

0  :   (y^yj* , cp2(Ky^) 

0  :   (y^Yj*....)   € cpr(Ky )\ 

h 
-1 :   otherwise 

Following the procedures used previously w can show that th" innermost 

expectation r.ust lie in the interval   [-1,0], and that it will not de- 

crease when    K       increases.    Then we can work back through the other ex- ya 
pec ted values to show that 

dv 

.  [-1,0]      and 

ö2,; 

OK 
2 - > 0 

Ya 
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The Number of Calculations Required to Determine the Value Functions 

and Decision Regions 

Unless a sequential information problem is very simple, the number 

of calculations required to determine the decision regions is prohibi- 

tively large.  Furthermore, when there are more than three observables 

it becomes very difficult to even visualize the decision regions be- 

cause they occupy a space of more than three dimensions. 

How many calculations are required to determine the decision 

regions in a problem with n observables? To answer this question, 

consider a problem with three observables.  Following the procedure 

developed in Chapters 2 and 3, we first analyze the decision of whether 

or not to buy information about one observable when we already know thf 

other two.  The solution to this problem is a function of the two observ- 

ables that we already know. There are three subordinate decision prob- 

lems of this type corresponding to the three observables.  Figure 4.3 

shows a simplified decision tree for this problem with branches that 

lead to the same state of information connected togeter. (It is a fea- 

ture of decision problems that different sets of decisions can lead to 

the same state of information.  This feature is called "coalescence." 

In terms of decision trees, coalescence means that different branches 

can be connected since they are identical beyond a certain point.)  The 

nodes at which we must solve a subordinate, information-purebasing deci- 

sion problem are surrounded by small rectangles. The three subordinate 

decision problems discussed above are Nodes 5, 6, and 7 in Fig. 4.3. 

Next we back up one step and consider the information-purchasing 

decisions at those nodes where we know one of the observables. At these 
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nodes we  are  trying to decide which,   if any,  of the  remaining two ob- 

servables   to buy.    The expected profit associated with learning another 

observable  is given by the solutions  of the previous set of subordinate 

decision problems,   the ones where we assumed  that we knew two of  the  ob- 

servables.     There are  three subordinate  decision problems where we only 

know one of the observablet, and the solution to each of these problems 

is a  function of the one observable  that  is  known.     These  three  sub- 

ordinate  decision problems correspond   to Nodes  2,  3,  and 4 in Fig.   4.3. 

Finally we have to back up to the  first node in the d-'.sion  tree 

(Node  1  in Fig.   4.3)  and decide which piece of information,  if any,   to 

buy first.     The expected profit associated with learning any observable 

is given by the solutions  to the previous subordinate uecision problems. 

When we  solve all of the subordinate  decision problems associated 

with the nodes  in Fig.  4.3, we will have  the inequalities that describe 

the decision regions  in n-dimensional space.     If we solve all of the  sub- 

ordinate decision problems except the  first one  (Node  1 in Fig.   4,3), 

take  the appropriate expected values,  and  then difference the results, 

we will have    \^y2^\)     ^r    i  =  1,2,3  .     For  the problem with 

three observables:   this means that we need  to solve six subordinate  deci- 

sion problems  to find the value of sequei tial information about each of 

the observables.     We must solve one more  decision problem to determine 

the decision regions. 

If we have a decision problem with    n    observables, we will have 

to solve    n    subordinate decision problems where we assume that we know 

all but one of the observables.    This  is   followed by    n(n-l)/2    sub- 

ordinate decision problems where we assume  that we know all but two of 
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the observables.  In g«,«!. lf w assgn,G that we knou _ ^^^ ^ 

we will have 

0 ky  k.'di-k)! 

subordinate decision problems to solve.  This is the number of combina- 

tions of n distinct things that we can take k at a time.  Since we 

must solve these decision problems for k = 2.3.....(n-l)  to find 

Vyi(Kyi Kvr-i,Kyi+i 
Kyn

) ' we wil1 have to solve * total of 

n-1 / > 

1 (9 -(2n - 2> 
n-1 

subordinate decision problems.     To determine  the decision regions  (or 

decision sets    ^  )    „e will need  to solve one more subordinate deci- 

sion problem for a total of    (2° -  1)    problems. 

Approximating and Characterizing  the Decision Ref>innR 

As we have  seen, a large number of calculations are required to 

determine  the value  functions and the associated decision regions „hen 

there are many observables.     Since  the value of sequential information 

and the boundaries of the decision regions are described by algebraic 

functions,   tte calculations required to determine  them are algebraic 

rather than numeric.    Therefore it is difficult  to program a computer  to 

carry out vhe calculations. 

However, „e can use the decision tree in Fig.   4.1 to determine 

Vyi(Kyi \.l'\+l,'"tKfJ   '  for    i " 1"--.n . and the best ini- 

tial information-purchasing decision whenever we have a specific set of 

■ 
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prices  (K   K ) . The calculations required to solve the decision 
yi        yn 

tree are numeric, and a computer program can be written to solve the de- 

cision tree. Any computer program that solves the decision tree for a 

sequential information problem with n observables must solve  (2 - 1) 

subordinate decision problems to determine the value of information and 

the best initial infomation-purchasing decision.  However, each sub- 

ordinate decision problem can be solved by simply comparing numbers and 

choosing the largest one.  This corresponds to picking the branch with 

the highest expected profit at each node of the simplified decision tree 

in Fig. 4.3. 

By solving the decision tree in Fig. 4.1 with a specific set of 

prices for the observables, we are determining the optimum decision at 

one point in the price diagram.  By repeating the calculation for a 

number of different sets of prices, we can determine the approximate 

boundaries of the decision regions.  The values of individual and 

simultaneous information can be used to determine the sets of prices 

that would be most useful in determining the decision regions.  For 

example, if we had determined V  , v  , and v     for a problem with 
yi  y2     ym 

two observables, as shown in Fig. 4.4, we would want to solve the deci- 

sion tree with sets of prices represented by points in the region R to 

see if we would be willing to buy information in that region. 

The values of Individual and simultaneous information can be deter- 

mined numerically using the decision tree in ''ig. 4.1 and an appropriate 

computer program. The expected profit when no information is purchased 

can be found by solving the decision tree with .til of the prices of the 

observables set equal to infinity (or some very large number),  v   is 
yi 

HI 

/ 
X 
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Figure A. 4. Price dlegraa ■hoving region where It nay be 
deelreble to buy Infonetlon eequentlelly 
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equal to the Increase in expected profit that results from setting K 

N 
equal to zero and all of the other prices equal to infinity.  V M "l'-^n 

is the increase in expected profit that results from setting all of the 

prices equal to zero. 

Another way to use the decision tree to characterize the decision 

regions is by bounding the maximum value that V (K  ,...,K )  could 
yi yl     "n 

have when our best initial decision is to learn y^ . This maximum 

value can be used as an upper bound for the amount that we would be will- 

ing to pay to learn y.  first, regardless of what the prices of the 

other observables are.  The upper bound allows us to exclude from consid 

eration any initial purchase of information that costs more than the 

bound, without considering the price of each observable. 

It is easy to show that the value of simultaneous information about 

all of the observables is an upper bound for the maximum value of sequen- 

tial information about any one of the observables. When the prices of 

N 
the observables are all set equal to zero, V   equals V 

7i yi-'-^n 

This can be seen from the decision tree in Fig. 4.1.  Since all of the 

information is free, we will continue to accep- one piece of informa- 

tion after another until we have received it all, regardless of which ob- 

servable we learn first. In this case the expected profit associated 

with learning all of the observables simultaneously equals the expected 

profit associated with learning them sequentially in any order.  There- 

fore, 

Vv (0,0,...,0) = V*J       (i = 1 n) 

As we increase each of the prices to any positive quantity, V   cannot 
"i 
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Increase since    W    /ÖK        is less  than or equal  to zero.    Thus, 

N 
'y  (Ky, K

y  )5V
y y yi    yl yn yr"yn 

Since V       is an upper bound for V   for all sets cf positive 
yi-•«yn yi 

prices, it must also be an upper bound for V   over the set of prices 

where our best initial decision is to learn y. . 

Unfortunately, v       is not a very tight upper bound for the 
yi- • ^n 

maximum value that V   can have when our best initial decision is to 
yi 

learn y., .  To find this maximum value, we have to maximize K   sub- 
1 yi 

ject to the constraint that the increase in expected profit resulting 

from learning y. must be positive and must exceed the increase in ex- 

pected profit resulting from learning any other observable. When there 

are more than two observables this is a very difficult optimization 

problem. 

In addition, when there are three or more observables it is possible 

that the set of prices that maximizes K   sublect to yi   J 

(Vv " K ) > (Vv - K ) 
yi     yi       yk     yu 

for all    k    not equal to    i  , and 

(V      - K    )  > 0 
yi        yl   " 

^ 

is not the same as the set of prices that maximizes K   sublect to 
yJ 

(V  - K ) 2 (V  - K ) 
yj    yj      yk    yk 

for all k not equal to J , and 

% - V*0 
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In other words, there need not be a unique point in the n-dimensional 

price diagram where the price of each observable is maximized over the 

decision region corresponding to that observable, even when there are no 

sets of prices such that the best initial decision is to buy several 

pieces of information simultaneously. 

(If the best initial decision can be to buy several places of informa- 

tion simultaneously, there will be regions in the price diagram where 

(V  - K )  equals (V  - K ) , and many sets of prices may maximize 

K   and also meet the constraints.  When buying simultaneous information 

cannot be the best initial decision, a unique set of prices that maximizes 

all of the prices over their corresponding decision regions must satisfy 

V  - K  = 0  for  i = l,...,n 
yi   yi 

Also,  3K /^K   must be positive along the boundary where the decision 

regions meet, at least in the vicinity of the point at which all of the 

prices are maximized. However a simple calculation will show that this con- 

dition Is only met when n equals two (see the following discussion). When 

n exceeds two,  äK /äK   can be negative along the boundary where the 

decision regions meet, permitting the existence of different sets of prices 

which maximize the various K   over their corresponding decision regions.) 
Yi 

When there are only two observables, as there were in the examples In 

Chapters 2 and 3, there is a unique pair of prices, (K* ,K* ) , that maxi- 
71*72 

mizes the price of each observable over the corresponding decision region, 

provided that there are no pairs of prices such that the best initial deci- 

sion is to buy both pieces of information simultaneously.  (An example of 

a decision problem where buying both observables simultaneously can be the 

best initial decision is "Decision Problem One" in Chapter 1. In such prob- 

lems it does not matter which observable we buy first because we will always 
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buy the other one.)    In Fig,  4.5,  the pair of prices    (K* ,K* )    is repre- 

sented by the point A.    To see  that the coordinates of the point A are the 

maximum values  that    K^    and    K        can have in their respective decision 

regions,  consider the boundary A-B separating these regions.    The equation 

for  this  boundary is 

Vv  (Kv )  -  K " ^  (K    )  -  K 
yi yi     fi   >

T
2 yi     vz 

Differentiating this equation with respect to K   yields 
yi 

av 

« 
L    '2J L   'U 

BK 

5K 
1 = 

»V 

SK. 
u 

r> 
LZ2 
I-    ylJ 

Therefore, 

BK (1 + ÖV    /^K    ) 
^ y2      yl 

^K~ " (i + vr 7sr 
yl yl      ^2 

Since  av /SK   and ÖV /dK   must lie in the interval [-1,0] , 
^2   yi ^i   y2 L   > J , 

^K /äK  is equal to the ratio of two non-negative numbers. Thus 
72  Yl 

äK /SK cannot be negative along the boundary A-B in Fig. 4.5. Using 

this result and the fact that the expected value functions (which define 

the other boundaries in Fig. 4.5) decline as the prices increase, we can 

see that the maximum values of K   and K   in their respective deci- 
yi y2 

sion regions must be the coordinates of the point A in Fig.  4.5.    Thus 

for sequential inf rmation problems with two observables, we can charac- 

terize the decision regions by finding or bounding the coordinates of a 

single point in the price diagram. 

The coordinates of point A in Fig.   4.5 are given by the solution 

y 
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Figure 4.5.  Price dlagrav showing nuuclnuB Initial prices 
' 
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of the following pair of equations 

K*  " Vy (K* )  and K* = V  (K* ) 
yl    yl y2 y2   y2 yl 

Suppose we have a pair of prices  (K* .K' )  su^h that 
yi y2 

K1  < K*   and  K'  < K* 
yi- yi     yz- yz 

We define another pair of prices as  follows: 

K"    = V    (K1  )      and      K"    - V     (K1   ) 
1        yl    y2 y2      yj^ 

Since äV /äK   cannot be positive, decreasing K   from K*  to 
yi  yj 6  Yj      yj 

K1  cannot decrease V  . Therefore, 
yj yi 

K* = V (K* ) < V (K1 ) = K" 
yi  yi yo - yi yo  y. l   yl y2 yl y2 

K* V (K* ) < V (K1 ) = K" 
y2 y! y2' yx 

Thus if we start with a pair of prices such that each is less than or 

equal to the corresponding coordinate of the point A in Fig. 4.5, we 

can find a pair of prices that are greater than or equal to the coor- 

dinates of the point A.  In other words, if we start with a pair of lower 

bounds for the maximum prices of the observables over their decision 

regions, we can find a pair of upper bounds for these maximum prices. 

We still are faced with the problem of finding a pair of prices 

^Kv »Kv ^  that are each less than or equal to the corresponding coor- 

dinate of the point A in Fig. 4.5. However, a pair of prices that meets 

\ 
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this requirement is easy to  find since we have shown that    V        is less 

than or equal  to    V for any pair of prices,  and  that    K*    = V    (K* ) 

Thus,  if we  let 

N N 
K'    = V and      K'     = \r 

yl        yi y2        y2 

we can be sure that K'  is less than or equal to K*  (i =1,2) . 
Yi yi 

Using these values for (K* ,KI ) to get an upper bound for the 

maximum price of each observable over the corresponding decision region 

yields 

K" = V (VN )  > K* 
yl yl   y2 - ^ 

K" = V (/ )  > K* 
72        '2    Jl y2 

Thus when there are two observables, we can solve  the decision tree in 

Fig.  4.1b with the prices of the observables  set equal to the values of 

individual information.    This will give us upper bounds  for the amount 

that we should pay initially for each observable when the information 

is available sequentially. 

We can carry this procedure further, and develop an iterative pro- 

cedure for determining    (K* ,K* )    to any degree of accuracy.    Define 
yi y2 

another set of prices as 

K'"   = V    (K" )      and      K"1   = V     (K" ) 
yl        yl    y2 y2        y2    yl 

We can continue in this manner determining new pairs of prices, each 

of which is equal to V   and V   evaluated at the preceding pair of 
yi      '2 
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prices. By repeating this procedure indefinitely, substituting each pair 

of prices into the decision tree in Fig. 4.1b to find a new pair of 

prices, we will determine a sequence of price pairs that converge to 

(K* ,K* ) . 
yi yi 

We can show that convergence will occur by using the properties of 

V   that we derived previously. We know that 
yi 

V (K ) 
-1 < yl y2 

K 
< 0 

1 < 

V (K ) 
y, y 1 J2 

-  K 
< o 

Since we have assumed that our best initial decision cannot be to buy 

both observables simultaneously, and hence that (K* ,K* ) must be 

unique, the two functions V (.) and V (.)  cannot both have a slope 
yl        y2 

of minus one in the vicinity of (K* ,K* ) . If they did, the equations 
yi  yz 

K  = V (K )  and  K  = V (K ) 
yl   yl y2 y2  y2 yx 

would have a solution at (K* + e , K* - e) as well as at (K* ,K* ) 
y\ y2 '1 y2 

Thus in the vicinity of (K* ,K* )  the following inequalities must be 
yl y2 

true: 

aVyl(Ky2) 

' 
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where we 
have designated the function whose slope strictly exceeds minus 

one as    ^y.C^yJ   ■ 

Since the derivatives of   V^    and    V^   must satisfy the inequali- 

ties above, we have 

-1 < 

V (K* ) - Vv (K* ) 
yi yi     yi y2 

K* - K' 
y2  y2 

< o 

> 

-i < 

vv (K* ) - v  (K; ) 
yz yi     y2 yi 

K* - K' 
y2  y2 

< 0 

Simplifying these inequalities yields 

VVW0 
< 

K* - K'  > K" - K* > 0 

Us ing the inequalities for the derivatives again, 

-1 < 
yl y2    yl y2 

•1 < 

K" - K* 

V (K" ) - V (K* ) 

< 0 

V yi y2- y. 

K" - K* 
yl   yl 

< 0 

' 

Simplifying these inequalities yields 

K" - K* > K* - K'" > 0 
y2 y2    yi    yi 

K" - K* > K* - K"' > 0 
yi    yi" y2    y2 
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Now combine  these with  the preceding  inequalities; 

K*    -   K'     > K*    - K"'    > 0 
yl         yl         yl yl " 

K*    -   K1     > K*    - K'"    > 0 
y2         y2         y2 y2 

This can also be written as   follows, 

K»   < K1"   < K* 
yl      yl-    yl 

K'   < K'"   < K* 

Thus after two iterations we have a pair of prices  (K'" .K'" )  that 
fl    72 

must lie closer to (K* ,K* )  than the pair of prices with which wc 

started.  If we continue the process we will find other pairs of prices, 

each of which is closer to the answer than the preceding pair. After 

enough iterations we will be arbitrarily close to the maximum price of 

eacn observable over its corresponding decision region. 

We have been able to find a number of different ways to apprcxim- 

mate or characterize the decision regions.  However, why should we bother 

to determine the decision regions, approximately or otherwise? Whon we 

are faced with an actual decision problem we will know the prices of the 

observables, or at least we will be able to encode our uncertainty about 

the prices. (The next chapter deals with the question of what to do when 

the prices of the observables are uncertain.) If we know the prices we 

will only be interested in that point in the price diagram that corre- 

sponds to them. We can determine our best initial information-purchasing 

decision by solving the decision tree in Fig. 4.1.  We cannot rely on 

numbers like the values of individual and simultaneous Information.  We 
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do not really need to cetermine the decision regions for any practical 

decision problem.  However, we do have to realize that they exist, and 

that the value of sequential information depends on the prices of the 

observables. 

Utility and Risk Preference 

Up to this point we have assumed that our objective is to maximize 

our expected profit.  Now we will show that the conclusions of this 

chapter also apply to a decision maker whose utility function satisfies 

the delta property and is monotonically increasing. 

Introducing a utility function into a sequential information deci- 

sion problem does not alter the fact that, in general,  V   is a func- 

tion of the prices of all of the observables except y  ,  This depen- 

dence can be seen in the complete decision tree for the problem, which 

is shown in Fig. 4.6 for an arbitrary utility function.  V   is equal 
yi 

to the value of K   such that the expected utility associated with 

branch *^    (the branch where we first learn y^  is equal to the ex- 

pected utility associated with branch BQ (the branch where we do not 

learn any of the observables). Algebraically V   is equal to the 
yi 

value of    K        such that 

max E 
C      X, 

E    max 

E    U(TVK    ) 
n •'i 

w 
\    U<TT - K„ -  K« ) / (T^   ••• I   U(TT" Ky ■ Ky >) \ (.-        1      -        yi   yj M 

► 

k^i.j   y 

for    i 1... . ,n 

■P I     '■'   \    Ü(TT) 
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^ 

decide to leem ^-0 
decide to leern y, 

decide to leern y, 

-® 

<5) 
i 

decide not to leern 

any infonution -® 

Figure 4.6e.      Sequentiel informetion decision tree with 
erbltrery utility function 

> 
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This relation holds for any utility function. 

When the utility function satisfies the delta property and is mono- 

tonically increasing, we can solve tie equation above for V 

/max E 6 "(") 

max E c x. 

max 
/max  (E 

E U(TT - K ) 

max[...} ) 

U (mcX y     ' • ' § VW* 
i     n 

This equation can be rewritten in a form that separates the prices of 

the observables from the profit function. 

/ 

V = U 
yi 

-i 

"c3" x  • • • 5 "W 
1     n 

V 
E  max« 
yi max U U   E max 

y 

[■Plj  •• ^ W 

(max^UlU-^.axl...]):^] 

U" (max E  ... | U(n)) 
1     n 

With the equation for V^ in this form, we can show that 

^y/^v mUSt be ne8ative or zero. and that ^2V /SC. 2 must he a yi   y<y 
positive or zero. The proof is similar to that given previously for an 

expected-profit decision maker, and for this reason it is only outlined 

here.    Differentiating  the equation above yieldf 

> 

126 

*s. .A_ j--- ■ 



■^■^r-^w "'X^s jq- 

y y 
E    max 
y 

max E c    x. I      U(TT) 

' max U[U'   (E max[...})- 
J« "    yj yj 

olJ 

(Ü    )' | < 

0 : D max E  ... E 11(^21) max U[U" (E max 
yl c xl     n     yl iri yj 

i. })-K   ] 

^7J?; 
-i x U[U"   (E    max{...})- K    ]   :   otherwise 

j j 

Let    j*    be the value of    j     that maximizes 

f       /           / max E     . ..  E    U(TT) 
„-If.         \ ^    xl            n 1\ 

D    U U     ( E max 

.})-  K     ]'/ 

-   K 
*l 

\ J        (max    U[U'   (E max{.. 
yj 

L        X               3l,J             ^k yk 

and assume  for a moment that    j*    Is unique.    In this case  the deriva- 

tive becomes 

ävy 

äc 

D max E   ...  E U(TT)^D Utu'^E    max{...])-K      ] 
yi c       1        xn yl yj* yj* 

— U[U"1(E    max{...])- K      ]   :   otherwise 
'J* 

If    j*    equalr-    a , 

-1 

avy 

0: D max E  • • •§    U(TT) ■ ß U[U    (E max 
'a 

■U'   :   otherwise 

► 

U'    and    (U    )'    are both positive quantities,  regardless of their argu- 

ments, because the utility function is tnonotonlcall/ Increasing.    The ex- 

pected value of a quantity that is everywhere either zero or negative 
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cannot be positive.     Therefore, 

av 

ax. < o 
a 

We can use  the  same  argument  that we used before  to  show that 

dV*ya   ^"^ ^crease when    K increases, and  therefore. 
'Of ' 

.2v 

^K 
s 0 

Similarly, the same argument that we used previously shows that when 

j* is not unique, or when there are two branches 'n  the decision tree 

with the same expected r^fit.  ^/^ can have a discontinuous in- 

crease and ?2Vyi/^
2 can contain a positive impulse.  However, it is 

still true that 

Hi *  0  and 

a 

82v 

» 
» 0 

If j* does not equal , . we can get the same conditions for the first 

and second derivatives of ^ by extending the proof in exactly the 

same way that we did before. 

We have proven that ^/^ is less than or equal to zero, and 

it remains to be shown that this quantity must lie in the interval 

[-1.0] . We can prove that ^/^ . -1 by using implicit differen- 

tiation when there are only two observables. and we can use a qualita- 

tive argument to extend this result to problems with more than two ob- 

servables. 

> 
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When there are  only  two observables    V    (K    )     is  given by  the  solu- 

tion of  the  following equation: 

E max 

(UtlT^max E  ... 5 U(n)) - Vv (K 
\      c Xl     n        yl > 

(U[U-1(E 

)! 

max E  ... E U(TT)) - V (K ) - K 
Yo c xi    x  x //   y, y„    y0 In        J\    J2 ^2 

max E 
c x, 

I U(n) 
n 

Differentiating both sides with respect to    K        yields 
y2 

U[u'1(max E     ...  §    U(TT))  -  Vy  (Ky ) ] 1 
K    max/                         In                       12 ( 

3Ky    yl          I        -1 ( 
/U[U    (E    max g     ...  g    U(TT))  -  V    (K    ) -  K     ] ) 

y2    C    Xl            n                    yl    y2 y2   ' 

Thus, 

±~ UllfVax ^   ...  ^ u(n)) - V^)]  :   y!  e cp \ 

j$r- U[U-1(E2 m§x 1^  ... ^ «(fl))  -  V^)  -  Ky^   :   ^  | Vj 

= Ü 

where 

cp-  [  y1  :   D    max g     ...  |    U(TT -  V    (K    )) 
yl Xl n yl    y2 

^l^ra?XExl-"5nU(TT' W"  V   1 
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r 

üMö    (max E     ...1    U(TT) 
C    xl        Xn > - w{^ ■ y.   e cp 

1   (o't."1^ ^ ^   ...   ^ «fl»   -   V^^)] Q .  tj    ,   ^ M 

Define 

ß^y^-D    U'[U    (max E     ...^    U(n))  - Vv  (K    ) ]  ^ 0 
yl c    xl n yl   ^2 

PjCy^  = D    ü'[ü"l(l    max E     ...  E    U(TT))  -  V    (K    )  -  K     1 
yl y2    C    xl n yl    y2 y2 

ai'^Lt h(yi> fyil&i * 0 
yj^ecp 

^ = £   ^^P   lyll^  * 0 
yT^p 

Using these definitions, we have 

rvi 
yi/    r'Vyi i 

01 Rj^["^:-1] ■0 

Therefore, 

av 

ÖK 

> 
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Since    a^    and    a»    cannot both be equal to zero, we have 

yi 

y2 

e  [-1.0] 

Similarly, we can show that 

'  « [-1.0] 

This proof demonstrates that  SV /^K  ^ - 1 when there are only 
yi   yj 

two observables. We will now show that this result must be true for 

any number of observables when the decision maker's utility function is 

monotonically increasing. Assume that there is a set of prices 

(K ....,K ) , such that the decision maker's preference is to buy yi 

first, and äVy /dK < -1 . In this case we can decrease the price of 

yi from K to (K - e) , and the decision maker will increase the 

amount he is willing to pay for y  from V (K0 ,...,K0 ) to 
o        o 1 yi yi       yn 

[V (K ....,K ) + 6] , where 6 > c . If the prices of the observables 
•'i ■'1     ^n 

are  (Kv ''"' 'Kv ^ » a brolcer could make money by buying y,  for K0 al    "n i      yi 

and offering to sell the observables to the decision maker for 

(K ,... ,K  + 6 K  - e K ) . The decision maker would be will- 
7i       yi yj yn f 

ing to buy yi first for (K° + 6) , giving the broker a profit of 6 . 

The broker would still be obligated to buy any additional observables at 

the original prices and sell them to the decision maker. However, the 

broker would lose at most e by doing so. Thus he would make a profit 

of a': least (6 - e) . 

A decision maker who finds himself in this situation can increase 

his assets, and hence his expected utility, by acting as his own broker. 
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Thus, whenever the prices of the observables are (K0 ,...,K0 ) he is 

o     o yl    yn 
willing to pay [Vy (K^,...,Ky ) + 6] to learn yi first. However, 

this contradicts the fact that Vy  is the maximum amount the decision 

maker will pay for y .  Since our assumption that ^V /aK  < -1 

has led to a contradiction, it cannot be valid. 

Combining this result with the proof that SV /^K ^ 0   ,  we  have 
yi  yJ 

*\ 

yJ 

whenever the decision maker's utility function satisfies the delta 

property and is monotonically increasing. 

It is clear that V^ must exceed Vy  and / , regardless of 

the form of the decision maker's utility function. The utility func- 

tion does not alter the fact that we can achieve the expected utility 

associated with individual or simultaneous information by making the 

proper set of sequential decisions. Thus we must be willing to pay at 

least as much for sequential information about an observable as we would 

for individual or simultaneous information.  (The amount we would pay 

for simultaneous information is the residual value of the information.) 

It is also easy to see that introducing a utility function does not 

alter the number of subordinate decision problems that we must solve to 

find the value functions and the decision regions. However, it may be 

considerably more difficult to solve each subordinate decision problem 

when we have to take into account the decision maker's utility function, 

especially if his utility function does not satisfy the delta property. 

Regardlesr of the form of the decision maker's utility function, we 

' 
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can use the decision tree in Fig. 4.6 to determine V   and the best 
yi 

initial information-purchasing decision for any given set of prices, 

(K     , ...,K    )   .    If the utility function does not satisfy the delta 

property,  solving for the value of    K        that equalizes  the expected 

utilities associated with branches    B.     and    B-     in Fig,   4.6 will re- 

quire a number of trial-and-error calculations.    However  this   is unneces- 

sary if thfl delta property applies.     By solving the decision tree with 

a number of different sets of prices, we can determine the approximate 

boundaries of the decision regions  in the price diagram. 

When the decision maker's  utility function satisfies  the  delta 

property and is monotonically increasing, we can use the  fact that 

9Vy /äK        cannot be positive  to show that 

V    (K     .. . . ,K    )  ^ / 
yi    ^1 yi---yn 

Thus we can use the value of learning all of the observables  simul- 

taneously as an upper bound for the maximum value of learning    y,     se- 

N quentially.    However,    V 
yr 'n 

is still a weak upper bound for V 
^i 

over  its associated decision region. 

When there are only two observables, we can use  the argument pre- 

sented earlier to show that the maximum value of    V        over its associ- 

ated decision region is bounded by    V    (V    )    since 
yi yj 

e [-1.0]  (l.J = 1,2; 
t^J 

Thus we are able to extend the results of this chapter to the case 
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where the decision maker's utility function satisfies the delta proper- 

ty and is monotonically increasing. 

Summary 

In this chapter we have proven the following statements: 

1. The value of sequential information is a function of the 

prices of the observables. 

N R 
2. V      ^V        and    V      ^V for any set of prices     (K     ,...K    ). 

n    n yt    yt yi      yn 
3. V        exceeds both    v        and    v        whenever learning    y.     can 

affect our decision to buy another observable. 

4. dV    /äK      e  [-1,0]    when  the decision maker's utility  function 
Yi    yj 

is monotonically increasing and satisfies the dblta property. 

2. 2 
5. 5 V    /äK        ^ 0    when  the decision maker's utility  function  is 

yi   yj 

monotonically increasing and satisfies  the delta property. 

6. If there are    n    observables, we must solve    (2 -1)    subordinate 

decision problems  to determine  the value  functions    V        and 

7.    V 

the decision regions. 

N 

yi---yn 
formation. 

is an upper bound for the value of sequential in- 

8.  When there are only two observables, V   is bounded by 
yi 

V    (K    )    for all pairs of prices where our best initial deci- 

sion is to buy    y,   .    This holds when the decision maker's 

utility function is monotonically increasing and satisfies  the 

delta property. 
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CHAPTER 5 

SEQUENTIAL INFORMATION WITH UNCERTAIN AND NON-ADDITIVE PRICES 

In this chapter we extend the results of the previous chapters to 

Include problems where the cost of information is either uncertain or 

not additive.  The two types of prices—uncertain and not additive- 

are considered separately.  However we shall see that under certain con- 

ditions both cases can be analyzed using simple modifications of the 

procedures developed previously.  We use the same notation in this chap- 

ter that we used before. Utility and risk aversion are not considered 

in this chapter. 

The analysis of sequential information problems with uncertain and 

non-additive prices is first illustrated by considering simple modifica- 

tions of the bidding problem introduced in Chapter 2. Then the results 

are generalized to apply to all decision problems. 

The Bidding Problem with Uncertain Prices 

Suppose that we face the bidding decision described in Chapter 2, 

but we are uncertain about the cost of learning our production cost p 

or the lowest competing bid I .  Thus, in addition to the probability 

density functions that describe our state of information about p and 

I , we also have probability density functions for the prices K  and 
P 

K^ . Assume for a moment that we have assessed p , jfc , K  , and K  to 
P       * 

all be independent random variables.  (We will relax this assumption 

later in this chapter.) Thus 

{p.^.Kp.Kjft} - {p|S} U|&] {KJS} {Kji} 
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As in Chapter 2, we assume that  {p|&}  is a uniform distribution be- 

tween zero and one, and that  [£|4}  is a uniform distribution between 

zero and two.  These distributions are shown in Fig. 2.1.  We shall al- 

low {K |&}  and [K J^}  to be arbitrary probability density functions. 
P ■ 

If we do not receive any information about p and i    our expected 

profit i 

Vp : b < JT^ 

max E E n(p,2,b) = max E E-^ >= 27/96 

'   0    :   b ^  A 

If we pay    K      for perfect information about    p   ,  and do not intend  to 

learn     I ,   then our expected profit after  learning    p    is 

max E  n(p,£,b)   -  K 
hl P 

Before we know p and K  our expected profit is 

E E     [max E  TT(p,je,b)   -  K   ]  = E max E   TT(p,ji,b)  -  E    K,, 
PRpbl^''7 P        PbXK KpT5 

= E max E  TT(p.jJ,b)  - K 
P    b    £ P 

We define K  as follows 
P 

K = E K 
P  Kp P 

<K !&> 
P 

' 
Therefore we should pay K  to learn p by itself when 

K < V11 - (E max 
P   P   P b 

I| - rngx E IJ) TT(p,jl,b) = 1 /96 

Using exactly the same reasoning we find that we should pay K, to 

learn t   by itself when 

Ki "^ ^ = ^ mgx f " m|x I  J TT(P.^b) - 27/96 
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If we pay    K      plus    K^    to learn    p    and     I    simultaneously,  our 

expected profit after learning both state variables is 

mgx TT(p,je,b)  -  Kp -  K^ 

(At this point we are still assuming that rrices are additive.    The 

case of non-additive prices will be considered  later in this chapter.) 

Before we know the state variables or  their prices, our expected profit 

is 

nip l£ 
[nr ^'^ -vKii 

»E^mgx  TTfr.i.b)  -\-ll 

Therefore we  should pay to learn    p    and     i    simultaneously when 

% + ^i < ^i " <f 'j "^ " "^ | 5)   "(P.^)  = 29/96 

Now consider  the problem of buying the  two pieces of information 

sequentially.     Suppose we have already ppiu    K      to learn    p  .    At the 

same  time  that we  learned    p  , we   '.iso  found out how much the informa- 

tion cost.     Next we must decide whether or not to pay    K-    for    I .     If 

we decide not  to pay for    I , our expected profit as a function of    p 

and    K      is 
P 

' 

n>gx I TT(p,i,b)   -  Kp 

If we decide  to pay for    Z , our expected -   ofit as a function of    p 

and    K      is 
P 

\ I   [nx ^P.^)  - Kp ■ KX]  " 5 "g*   ^M.W  - Kp - Ki 
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We should pay K. for I   when 

K^ < (E max - max E) TT(p,je,b) = (1 - p/2) /2 

This  is   the  same decision rule  that we   found  for  the case of certain 

prices,   except now    K-    is  replaced by    K.   .     Carrying out  the same 

calculations   that we did in Chapter  2 we   find  that our expected profit 

after learning    p    and    K      is 

max 

{E max n(p,i,b)   - 11 

max E  -Kp.i.b) 

KP 

Before we know    p    and    K      our expected profit is 

E E PS max 

E max TT(p, X,b)   - 
X   b 

max E TT(P, £,b) 
b    i 

""1. K 

max i1 E max TTCp.jJ.b)  - KJ 

K_ 

max E  T^p.X.b) 
V b     i 

Thus we  should pay    K      to  learn    p   ,  with an option to pay    K.    for 
P * 

I , when \ 

S < vp<KP = E max« 

'E max TT(p, £,b) 
i   b 

max E TT(p, £,b) 

max E E  TT(p,£,b) 
b    P  X 

29/96 -  K£ :   K£ s 1/8 

33/96 +  (/43)K£\/2K£    -   2K2 :   1/8 < K^ < 1/2 

1/96  :   1/2 £K£ 
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We can use the same reasoning to show that we should pay K^ to learn 

I ,  with an option to pay K  for p , whenever 

fE  max Tr(p,jt,b) - K^1 

K£ < VJt
(Kp) ' i ** 

max E TT(P, l.h) 
■ b    P 

•- max E E TT(p,£,b) 

29/96 + (2/3)Rp>/2Rp  - Kp/2 : Kp < 1/8 

|27/96 : 1 < 1/8 
P 

These decision rules for buying perfect information about p and 

I   are the same as the ones we found in Chapter 2 for certain prices, 

except this time K  and K, are replaced by their expected values. 
P      ■ 

Therefore, regardless of the probability density functions for K  and 

K. , we can base our decisions on K  and K. as long as all the random 

variables are independent.  In fact we can draw a price diagram similar 

to the one in Chapter 2 with K  and K^ measured along the axes. 

This is shown in Fig. 5.1.  The decision regions in Fig. 5.1 show us 

what to do for any pair of expected prices,  QL(KJ • 

Now we will relax the assumption that K  and K^ are independent. 

Assume that p and I   are still independent of each other and the 

prices, but that K  and K, are dependent. Thus 

The probability density functiont- for p and X arc the same as before, 

and (K ,K.|«} is arbitrary. 
P  ■ 

Using the same logic that we did in the case where K  and K^ 

> 
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were Independent, we find that we should pay K  to learn p by itself 

when 

K < ^ = (E max E - max E E) TT(p,je,b) = 1/96 
P   P   V    D     I        bPX 

Similarly we should pay K- to learn I   by itself when 

K- < V1! - (E max E - max E E) TT(p,/,b) = 27/96 
*   *   i   h    V        bPi 

We should pay K  plus K. to learn both state variables when 
p       Z 

K    + K, < V1*, = (E E max - max E E) rT(p, 2,b) = 29/96 
P   •   P*   Pib    h    V   i 

So far the fact that K  and K. are dependent has not changed 
P       ■ 

the decision rules.  However when we consider sequential information 

the decision rules are different.  Suppose we have already paid K  to 

learn p , and we are trying to decide whether or not to pay K- for 

I .    If we decide not to pay for I  , our expected profit as a function 

of p and K  is 
P 

max E TT(p, A.b) - K 
hi P 

If we decide to pay for i ,  our expected profit is 

^ Ei lx
[max TT(p'£'b) ■ W "! t" ^'^ ■ KP " gp l/i 

We should pay K. for I   whenever 

This is not the same decision rule that we found previously. The left 

side of this inequality is a function of K , and is not equal to K- 
P * 

' 
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^ 

The quantity D E K. is determined by the dependency of K. on K  , 
Kp K^ * *      P 

or, In other words, It Is determined by  {K ,K.|&j .  Since there is no 

way to describe allof the possible dependencies between K  and K. — 
P * 

or all of  the possible  joint probability density  functions   for    K      and 

K. —  by a single number,   it  is  impossible   to represent    D    E    K.    as a 
_   _ P     ^ 

single point  in the    K -K-    diagram. 
P     ■ 

Continuing the calculations as before, we  find that our expected 

profit after  learning    p    and    K      is 

i max< 

I" max E  TT(p,je,b) 
b     i 

K 

E max n(p,je,b) 

m^x E^ n(p,ji,b) 

E    K. 

Before we know p and K  our expected profit is 

rEmaxn(p,£,b) - E ^ 

E E    max< r-  K 
PR] »        P p Ijnax E TT(p,£,b) J 

Thus we  should pay    K      to learn    p   ,  with an option to pay    K.    for     I 
P ■ 

whenever 
' 

K    < E E    max" 
P      P Kp 

iV **'W - I,»! 

J*** E   TT(p,£,b) 

E E max TT(p, l,h) 
P   X    b       ^   '   ' 

'29/96 -  K. :   D    E    K. ^ 1/8 
1     *V*l    * 

E     [33/96 + (4/3)(E    K^m    K^     -   2(E    K,) ]   :   1/8 < D    E    K. < 1/2, 

.1/96  :   1/2  < D    E    K, 
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Similarly we can show that we should pay K- to learn I ,  with an 

option to pay K  for p , whenever 

K- < F E max 
* IK, 

E rape n(p,i,b) - E K 
Kp 

E ^mgx TT(p,£,b) 

x E TT(p,ji,b) 

f E  [29/96 + (4/3) (E K ) J2(E    K )  - 2(E K )] :D E K < l/sl 
Kp p    Kp P      Kp P   K^ P 

1 27/96 : D E K i 1/8 

Obviously the analysis developed in the previous chapters breaks 

down when K  and K  are dependent.  It is no longer possible to de- 

fine decision regions in the K - K, space, or define the value of se- 
P * 

quential  information as a function of the expected prices.    We could 

define  the value of sequential information in terms of the joint prob- 

ability density function for    K      and    K „ 
P i 

Vp " %<^.KJ,I«)) 

However  this  sort of function is not very useful.     Since  the dependen- 

cies between    K      and    K^ , as given by the  joint probability density 

function,  cannot be represented by a  finite set of numbers,  it is  impos- 

sible  to describe decision regions  in any finite-dimensional Euclidean 

space.     However,   for any given joint probability density function, 

lKp.K^l&}   , we can solve the equations above  to find the best way to 

purchase  information sequentially. 

' 
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General Formulation of Sequential Information Problems with Uncertain 

Prices 

In a general decision problem with sequential information and un- 

certain prices, we have a profit rr that depends on a control variable 

c and a set of state variables  (x. ,...,x ) .  We have an opportunity 

to learn any of a set of observables  (y*,..•,y )  for prices  (Ky ,...; 

IL. ) , respectively.  The state variables, observables, and prices are 

all random variables, and our state of information about these random 

variables is given by our assessment of the joint probability density 

function 

[x.,...,* .y.,...^ ,K  ,...,K  |&] 
1     m 'l     n y,     yn' 

th 

actual value of both y. and 
1 yi 

Then we pay K   for the informa- 
fi 

When we commit ourselves to paying for the i  observable, we learn the 

K 

tion.  The complete decision tree for an expected-value decision maker 

is shown in Fig. 5.2. 

The expected value of learning y,  sequentially, when we are try 

ing to maximize expected profit, and when the cost of information is 

uncertain, is 

E E  max . 

max E ... E n(x x ,c) 
c x1   x,,,   T   ' m' ' 

wU« 
yj 

max^... E^TTCXJ K^.Oj 

max : / - K 

«.!<», I,/"» 

► 

max E . . . E  TT(X., ,. . . ,X ,c) 
c X    x    1   ' m 
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The question of whether or not the  following inequality holds 

[max{...} - K    ])  :   otherwise 

D    D     mgxE   ...  |    TTCxp.-.^.c) 
Ji    y. 1 m 

p    D     max  (E    E     [max[...} - 1^  ]) 

depends on    D    D      E      K        rather than on    K      .If    K        is  indepen- 
yi Kyi h*   yi 7i yi     - 

dent of    y4    and    *-/,  then    g    D      E      K        is  the same as    K        and 
1 Tl Yi Kyi Kyj    Yj Yj 

the decision rule depends on    K      .    However,  if    K        is not indepen- 

dent of    y.    and    K       ,   the decision rule will depend on    D    D      E      K      » 1 Y^ yi "^y    ^y      7j 
which requires a knowledge of the entire Joint probability density func- 

tion rather than just the expected values of the prices.    Therefore we 

can determine  the value of sequential information and the decision re- 

gions in terms of the expected values of the prices whenever    K        is 

independent of    y.    and    K      ,  for all    j - 1 n    and for all    i    not 
i      y1 

equal to j .  When the prices are not independent--or when an observ- 

able is not independent of the price of another observable--the analysis 

breaks down  However we can still solve the problem using the decision 

tree in Fig. 5.2 if the joint probability density function for all the 

random variables is known. 

► 
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The BiddinR Problem with Non-Additive Prices 

Now we can turn our attention to the case where the prices are 

certain but they are not additive. This means that the cost of learn- 

ing two or more of the observables need not equal the sum of the costs 

of learning each individually. For example, in the bidding problem K 

is the COJt of learning p , and K. is the cost of learning I . We 

assumed that the total cost of learning both p and i , either simul- 

taneously or sequentially, was K  plus K. .  We are now going to re- 
P       • 

lax that assumption and define the following prices: 

K , = cost of learning p and Z    simultaneously 
px 

K I . = cost of learning p sequentially after we already know I 

K^i  ■ cost of learning i   sequentially after we already know p . 

Any time we change the pricing structure, we must change the deci- 

sion rules for buying information because the rules are described in 

terms of the prices.  For the bidding problem with non-additive prices, 

the decision rules depend on all five prices  (K ,K.,K .,K . ., and K.. ) 
p  £  px  p | X        J6|p 

rather than on just K  and K, . Thus the price diagram for this 

problem will have five dimensions, with one of the prices measured along 

each axis. Although it is difficult to visualize decision regions in 

five dimensions, the regions are fairly easy to describe algebraically, 

and we can determine them with the procedures used in the previous chap- 

ters. 

If we do not receive any information about p or  £ , our expected 

profit is still 

f 

max E E TT(p,je,b) = 27/96 
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The reasoning we ased before shows  that we should pay    K      for    p    by 

Itself when 

K<vJ|-(Em|ixE-raaxElp  TT(p,jt,b)  - 1/96 

Similarly, we should pay    K-    for    I   by itself when 

K^ < V^ -  (E max E - max E E)  n(p,£,b)  = 27/96 

If we pay K . to learn p and i    simultaneously, our expected 
P* 

profit before receiving the information is 

5 E max TT(p,X,b) - K . 
P i b  x*', ' '   pi 

Thus we should pay to learn p and I    simultaneously whenever 

Kpjj < vj^ - (E I| mjix - mgx E I|) ^,t,h)  - 29/96 

If we do not have the option of learning the state variables se- 

quentially, the price diagram would have three dimensions correspond- 

ing to K , K. , and K . . Our best decision is to pay K  for p 
P      X> p Jb P 

when 

p   p  jt   £ 

/- K >vV K , 
p   p   p£   pjt 

Similar inequalities describe the sets of prices  (K ,K.,K „) where 
p  Jt p x 

our best initial decision is to buy X , or to buy both state variables 

simultaneously. These decision regions are shown in Fig. 5.3. 
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^ 

< 

JJQ    ■ buy nothing 

L'lQ'ftfy ^    -buy    p 
B " <0'vNl-VJ'VJi-VJ> ^   *• buy    i 
C - (O'O'Vpjf ^j) ftpi " buy both    p    and    I 

(Drawn Mstalng    vV > V1! > V11 ; not drawn to scale) 
P*        »       P 

' 

Figure 5.3.      Decision regions for Individual and sinultaneoue Information 
whan prieaa are not additive. 
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Now consider the possibility of sequential information.  Suppose 

we have already paid K  to learn p , and we are trying to decide 

whether or not to pay K^.   to learn i .    If we decide not to learn 

i ,  our expected profit is 

mgx E TT(p,£,b) - Kp 

If we decide to pay for     i ,  our expected profit before receiving the 

information is 

I max TT(p,i,b)  - K    -  K.| 
üb p X|p 

Since we will choose  the larger of these two quantities,  our expected 

profit prior to learning    p    is 

f nuix« 

EmaxTT(p.X.b)  -K^ 

|max E n(p,X,b) 

- K 

Thus we should pay K  to learn p , with an option to pay K.i   for 
F *|P 

I , whenever 

KP < W m t -** 
"max E  TTCp.je.b)  - K.r   ; 

b     l *|P 

E max TT(p,X,b) 
b 

mgx E E  nCp.je.b) 
* 

r29/96 " ^IP : ^Ip " 1/8 

33/96+(4/3>Ki|p^%"-2Kx|p 1/8 < K.     < l/2( 

U/96  :   1/2  ^ K Ap 

This is the same function that we derived in Chapter 2, except that 
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has been replaced by K £p 

The same reasoning shows that we should pay K  to learn i with 

an option to pay K . . for p , whenever 
P I * 

rEmaxnCp.X.b)  -  Kp u 

L11 

-  max ax | ^ nCp.X.b) 

max 
b 

\ ^(p.^.b) 

29/96+(2/3)Kp|/y2K-^-KpU/2:KpU<1/8l 

27/96  :   K.^l/S 

In order to maximize our expected profit we should pay K  to 
P 

learn    p  , with an option to pay    K.,       for    I , whenever 
*' P 

V
n<K,|J   - Kp >0 
P    AP 

M vP(KiiP> - KP > v; - s 

w - KP > vpi ■ KP. 

w - "P > vw -v 

(It is not necessary to add the condition ^ 

VD(K.|   )  - K    >/-  K 
P     ■«'IP P        P        P 

since we can show that    Vp(K£|p)  > /    for any value of    K£|     .)    Sim- 

ilar inequalities describe  the set of prices    fK    K    K      K   .    K      ^ 
p ^p'KrKprKp|rK

Je|p) 

such that our best initial decision is to buy I with an option to buy 

P , to buy either state variable individually, or to buy both 
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simultaneously.    We will not attempt to visualize  the  five-dimensional 

price diagram. 

Unless we have  some method of restricting the  five prices so that 

they can be described with  less  than five numbers,  we are  forced  to con- 

sider decision regions  ^n  spaces with five dimensions.     One way to re- 

strict  the prices is  to assume  that they are additive.    Another way, 

which allows us  to reduce  the cost of one observable  if we have already 

learned another,  is  to assume  that   there are reduction  factors    \      and 
P 

X^   such that the cost of learning     I   is    \X     when we have already 

Pa-d    K      to learn    p   .     Similarly,  the cost of learning    p    is    X. K 
P p p 

when we have already paid    K      for     i .    Normally    X.      and    X 4   will 
■ pi 

both lie between zero and one, but we allow them to have any positive 

values. When X and X. both equal one, we have the case of addi- 

tive prices. 

Consider the bidding problem for arbitrary \      and  X,. .  The rea- 
P      ■ 

soning we used previously shows that we should pay K  to learn p by 

Itself when 

Kp < vp - (E max EJ - mgx E Ep TT(p,i,b) - 1/96 

Similarly we should pay K- to learn t   by itself when ► 

Ki < Vi "  (i "K* p ' max E E)   TT(P«'e'b>  " 27/96 

If we decide to  learn    p    and    i   simultaneously, we have a choice 

of paying    (Kp + X^C^)    or     (K^ + X K )   .    The first price corresponds 

to first learning    p    and  then     t .    The second price corresponds  to 
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first learning I   and then p .  We get the same Information either 

way since we will receive both pieces of Information simultaneously. 

Assuming that we pay the lower of the two prices, our expected profit 

after deciding to pay for p and i  , but before we receive the In- 

formation, Is 

E E max rr(p,£,b) - mln" 

Kp + X^ 

i     pp. 

Thus we should pay to learn p and i   simultaneously whenever 

mln« 

'K + X 

K. + X K 
i   p p 

.N 
< V  " (E ^ max - max E E) TT(p,ji,b) 

The decision rules for Individual and simultaneous Information 

about p and I   are shown in Fig. 5.4. The regions where we will buy 

perfect information about p or  £ individually are the sets of price 

pairs represented by points below the line A-B and to the left of the 

line C-D, respectively. These are the same as the sets of price pairs that 

we found in Chapter 2 for additive prices. (See Fig. 2.2.)  However we 

are now willing to learn p and I   simultaneously for any pair of 

prices represented by a point below or the the left of the boundary 

G-I-H.  When the prices are additive, a single 45° line bounds the 

pairs of prices such that we will pay to learn p and I    simultaneously. 

In Fig. 5.4 the 45° line splits into two lines, E-H and G-F. We are 

willing co pay any pair of prices, with the appropriate reductions, 

represented by a point below or to the left of either line. 

y 
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Now consider the case of sequential Information when the prices 

are alteied by the reduction factors,  X  and \.  .     Suppose we have 
P      * 

already paid K  to learn p , and we are trying to decide whether or 

not to pay XJH.    to learn I .    If we decide not to learn I ,  our ex- 

pected profit Is 

rngx ^ n(p,i,b) - K 

If we decide to pay for I ,  our expected profit prior to receiving 

the Information Is 

E max TT(p,ji,b) - K - X. JC. 

Since we will choose the larger of these two quantities, our expected 

profit prior to learning p Is 

{E max TT(p,X,b) - X^K^ 

f - K 
!    P 

max E TT(p,je,b)     J 

Thus we should pay K  to learn p , with an option to pay ^^« ^or 

I  , when 

K
P 

< vp(xJe
Ki) ' | "n f " T P i n(p,x,b) 

JE max TT(p,jt,b)        j 

"29/96 - X^C^ : K^ ^ 1/(8X£) 

33/96 + '4/3)Xj^jlV2Xj^je   -  2\]^l :   l/iSXj  < K^ < l/(2Xjt)j 

.1/96  :   1/(2XJ)   * K. 
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Similarly, we should pay    K      to learn    i , with an option to pay    X K 

for    p  , when 

Ki< v AV - 

E mgx TT(p,ji,b) 

max E  TT(p,je,b) 
b 

mgx E E  TT(p,i,b) 

29/96 + (2/3)ypV3X^_ -  yCp/2  :   Kp < l/(8Xp) 

27/96  :   K    ^ i/(8y 

These decision rules are shown graphically in Fig. 5.5.  The effect 

of X^ is to stretch the V  boundary for additive prices (dashed 

curve A-B'-H'-C'-D in Fig. 5.5) to the right by a factor of (1/X-) . 
Jv 

Similarly,  the effect of    X       is  to stretch the    V      boundary for addi- 

tive prices  (dashed curve E-H'-F'-G in Fig.   5.5) up ^y a  factor of 

(l/X )   .    Thus  it is possible  to visualize  the decision regions  in a 

two-dimensional space, where    X      and    X.    are used  to stretch the deci- 

sion boundaries  for  the corresponding problem with additive prices. 

General Formulation of Sequential-Information Problems V7ith 

Non-Additive Prices 

As before,  the general problem with sequential  information is 

characterized by a profit  function    TT    that depends on a control varia- 

ble    c    and a set of state variables    (x,,...,x )   .    This  time  the ob- 
1 m 

servables    (y^...^)    have certain prices, but the prices depend on 

the order in which the observables are purchased.    We can define all of 

the possible prices as  follows: 

' 
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K  ■ cost of learning y. when none of the other observables 
■'i 

are known; 

yi 

C  I  ■ cost of learning y.  when y. Is known; 

K  i        * cost of learning y. when y. , y, , etc. are known; 
yi|yjyk---yr * 7j ' 7k • 

K        ■ cost of learning y. , y. , etc. simultaneously when 

none of the observables are known and no additional 

information will be purchased. 

(If we allow the decision maker to buy sets of observables simultaneously 

and then make sequential decisions about buying more information, we need 

to define even more prices to cover all of thfl possible sequential pur- 

chases of simultaneous blocks of information. The situation is already 

complicated enough, so we will only allow the decision maker to make a 

single simultaneous purchase with no prior or subsequent purchases of 

information. We would also have more prices if the cost of an observa- 

ble depended on the actual value of the observables, as it might if we 

did destructive testing.  However we will not allow this type of price 

either.) 

It is easy to show that we will have n2     sequential prices 

(including K ,...,K ), and (2 -n-1) simultaneous prices, when there 
yi       yn 

are n observables. Since each of these prices represents one dimen- 

sion of the price diagram, it is clear that we cannot hope to visualize 

the decision regions even when there are only two or three observables. 

However, having a large number of prices does not mean that we cannot 

describe the decision regions algebraically. We can determine a set of 

inequalities that describe each decision region by following the proce- 

dures used in the preceding chapters. 

► 
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The expected value of learning y.  sequentially when we are trying 

to maximize expected profit and the prices of the observables are not 

additive, is 

rinax^... EmTT(x1....,xm.c) 

max I E max J 
^''i \yj        I max      (E max{ . .. } - K     , ) 

-"f* Vlm1T(Xl Xm'C) 

(This is not equal to \i\Wr'   ^^    or    ^C ■ ■ ,*y^  

Ky ly V '"'^   "^ When we consider the subspace of the price diagram 

spanned by K^ , K  |yi , ^.ly.y ' etc' for 80me  specific values of 

1 » J > k . •••. we are able to draw decision boundaries similar to 

those that we found for additive prices. However the decision boundaries 

become much more complicated when wi consider all of the dimensions of 

the price diagram. 

The decision regions can be simplified if we restrict the prices 

of the observables such that they can be  described with relatively few 

numbers.  One such restriction is the case of additive prices. Another 

way to restrict the prices is to assume that the i'  observable costs 

K
Vj  

if it is the first piece of information that we learn, and X    K yi Ti yi 
otnerwise. The reduction factor \ represents the savings that re- 

sult from having previously set up an information-gathering process to 

learn a different observable. In this case we can show that the value 

of learning yi sequentially, when we are trying to maximize expected 

profit, is 
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V     (X    K     .....X        K ,X        K ,...,XVK 
H'l yl ^i-l yi-l   yl+l yi+l yn yn 

5. 
max 

max E   ...  E    TT(X. ,. . . ,X  ,C) c    X!        x^    v  1 ' m 

mii E    max 

max E   . . .  E    TT(X. x  ,c) 
c    X! Xp,    v 1* m 

max    (E    max[...} -  X    K    ) 
.Mi.j yk >k yk 

S^J 

- max E    ..  E    nCx. x„.c) 
c    xl        ^n 1 m 

The  corresponding decision boundaries  in the price diagram are similar 

to  those  for additive prices, except  they are stretched along  the ap- 

propriate axes by amounts equal  to  the  inverses of the reduction  factors. 

There are obviously many other ways  to set up the pricing struc- 

ture.     Since the decision rules   for buying information depend on the 

prices of the observables,  the decision rules will be different  for 

each price structure.     In some cases  it is possible  to visualize   the 

decision rules as regions  in a price  diagram.    In other cases  the  large 

number of prices will preclude any graphical representation of the deci- 

sion regions.    However,  as  the previous examples have shown,   the method 

of analysis is the same regardless  of the pricing structure. 

Summary 

Under certain conditions it is possible to extend the results of 

the previous chapters to include the cases of uncertain and non-additive 

prices. When the prices of the observables are uncertain, and when they 

are independent of each other and of the observables, we can simply re- 

place the price of each observable by its expected value in the decision 
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rules   for certain prices.    When the prices are not Independent,   It is 

not generally possible  to describe  the decision rules  in terms of a 

finite set of numbers.    However we can still use  the appropriate deci- 

sion  tree  to determine  the best  information-purchasing decision  if we 

have a given joint probability density function for  the state variables, 

the observables, and their prices. 

When the prices of the observables are not additive,  it is neces- 

sary to define a large number of prices  to include all of the possible 

ways   that we might purchase information.    Since the dimension of the 

price diagram equals  the number of prices, it becomes difficult to 

visualize the decision rules  for purchasing information.    However  these 

rules are still determined by following the procedures used in the 

previous chapters. 

Even in the cases of uncertain and non-additive prices,  it is still 

true  that the expected value of sequential information is a function of 

the prices of the observables or our state of information about the 

prices. 
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APPENDIX A 

THE PROBABILITY DENSITY FUNCTION 

OF THE PROFIT WITH SEQUENTIAL INFOIMATION 

In Chapter 2 we assumed that the profit and the value of perfect 

Information were'certain quantities.  However the profit and the value of 

information are random variables since they are functions of p and I . 
N   R 

Let '» ' ^C • and \    be randoin variables equal to the profit when we 

learn the actual value of p individually, simultaneously, and sequen- 

tially. We define TT  to be the profit when no information is received. 
,  N 

P.i t0   the profit when P and  £ are learned simultaneously. 

(None of these random variables should be confused with TT(p,£,b) , the 

profit function. As before, the 'uperscript N indicates that no 

information will be purchased other than that shown in the subscript.) 

T    N   R 
Let vp » vp » and v  be random variables equal to the value of learn- 

ing individual, simultaneous, and sequential information about p . R 

stands for the residual value of information when p and I   are learned 

simultaneously.  The expected values of these random variables are VN . 
n P 

\r , and '.  , respectively. We define vN , to be the value of learn- K p, * 

ing p and i   simultaneously. The expected value of vN  is VN 
Pi pl ' 

We can determine the probability density function for each of 

these random variables. This will give us an idea of the risks involved 

in paying to learn uncertain information. R. A. Howard has derived the 

probability densi'y functions for / , / , vN , r^! , v1! , / . and v" . 
P   P   l        I       p,l pi ' 

[3]. These density functions or "lotteries" are shown in Fig. A.l. As 

we would expect, none of these distributions depends on the prices of 
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Figure A.l(a-g). Probability density functions for profit and value 
of information 
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Figure A.l(e-g). Probeblllty density functions for profit end value 
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perfect intormation about any of the state variables. 

It Is possible to derive distributions for the expected profit and 

the value of perfect Information when the Information Is obtained se- 

quentially.  The resulting distributions depend on the prices of the 

observables In a rather complicated manner.  To illustrate this fact, 

consider the case where we are given perfect Information about p and 

then have the option of paying K . to learn l .    The previous calcula- 

tions showed that the value of perfect Information and the expected 

profit In this case were both functions of K, . The expected profit, 

when we are given perfect information about p , Is given by 

mgx TT(p,£,b) - KJ 

rr = E max« 
P  P 

mgx E TT(p,i,b) 

{56/96 - Kj : K£ 5 1/8 

60/96 + (4/3)K£ >/2K]" - 2Kl : 1/8 < K^ < 1/2 

^8/96 ; 1/2 s Ki 

To find the probability density function for TT , we must first 
P 

determine our optimum bid and the profit for every possible value of p 

and i .    When we have TT (p,i), we can find  {TT jfi} , the deasity func- 'f 

tion for TT 
P 

In our previous calculations we found that our decision to pay K. 

to learn £    depends on the values of p and K. . There were three 

cases: 

U) If K£ - 1/8 , we should always pay K  to learn i   regardless 

of the value of p .  In this case the optimum bid is 
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The resulting profit as a function of    p  ,   i , and    K.    is 

TT 

{I- p 

-K. 

K,:    l>pl 

:   X s p 

This profit  function has exactly  the  same  form as  the profit  func- 

tion  that results  from being given perfect information about both 

p    and     I   simultaneously,  except that we must pay    K.    in the 

sequential case.    Therefore  the probability density  function for 

IT      is  just the distribution in Fig. A.If for the profit when we 

are given perfect information about both    p    and     I ,  shifted to 

the  left by    K^ .    This distribution  is shown in Fig.  A.2, am.   it 

is given by 

[n |tl -  (1/A)   6(TT+ K ) + (1/2)[U(TT + K J -  U(TT -   (l-K^))] 

+  [1 -   (TT+K^/21   [u(np-   (l-K^)  -  u(Y   (2-K^)] 

( 6(.)  is the unit impulse function.  u(.)  is the unit step function) 

(2)  If 1/8 < Kjj < 1/2 , we should pay K^ to learn I   when 

0 ^ p ^ 2(1 - ^2Kjl ) .  Otherwise we should not pay to learn I . 

In this case the optimum bid is 

l" :   i > p  ,    0  ^ p ^ 2(1 - xTOT")] 

X ^ p  ,    0  ^ p ^ 2(1 - y^rpi 

.1 + p/2 :   2(1 - >/5K7)< P  < 1 
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Figure A.2.  Probcbility danaity function for profit if we learn p 
with an option to pay K^ for t   (K^ « 1/8) 
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The resulting profit as a  function of    p  ,   / , and    K;    Is 

I" - P - K, 

X s p  ,    0  ^ p ^ 2(1 -   v/^T") 
TT     ■ 

P \ 
■Kx 

1 -  p/2 

0 

X > p  ,    0 ^ p ^ 2(1 -   s^-) 

i + p/2 < x ,   2(1 - VziTT) < p ^ i 

i + P/2 2 £,   2(1 - «/Erp < p s 1 

This  function is shown in Fig. A.3a.    Since we know the profit as 

a  function of    p    and    I , and since we know the joint probability 

density function for    p    and    £ , we can carry out the calcula- 

tions necessary to find the probability density function for    rr    [3,14], 

The  resulting  function is 

{TTp|&} -  (2 JK^ - K£ -  7/8)   6(1^)  + (1 -   2 mrj; + 2K£)   6(TT + K^) 

+ (1  - /äcp   [u(TTp+ K^   -  u(TTp-   (2 rBTj-- K^))] 

+ (1 -   (n+ Kp/2)   My   {.IsfW^ - KJ  - udr-   (2-K^))] 

+   TTp[u(TTp   -    1/2)   -   u(TTp   -   V^")] 

Tiis function is shown in Fig. A-3b. 

(3)  If K . ^ 1/2 , we will never pay to learn I  , regardless of the 

value of p .  In this crse the optimum bid is 

' 

b =  1 + p/2 

The  resulting profit as a  function of    p    and     I    is 

1 - p/2 :   1 + p/2 < i 

TT     - 
P 

:   1 + p/2 ^ £ 

len 

. 
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Figure A. 3«.      Profit whan we lemrn    p    with an option to 
Kjj   for    i     (1/8 < K - < 1/2) 

T^|1/8 <K < 1/2,«} 

pay 

(1-2/3^+2K^i ((2/2^   -KjfVS) 

d-vrtr;) 

■ 1 

(3/2- V»] ) 

•K.        0 1/2   y/3rA      (2 >/aj -K^ (2-Kp 
  TT 

► 

Figure A.3b.  Probability danalty function for profit when we learn 
p with an option to pay K^ for I   (1/8 < K, < 1/2) 
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This  Is just the profit that we would achieve by learning the 

actual value of    p    only.    Thus  the resulting probability density 

function  is  the distribution in Fig.  A.lb  for  the profit  from 

learning    p    alone.    This distribution is shown in Fig. A.4,  and 

it  is  given by 

(TT  |&}  -   (5/8)   6(TT )  +  n [u(TT-   1/2)   -   U(TT -   1)] 
p p        p       p p 

Determining the expected value of    rr     with the probability density 

functions  in Figs. A.2, A.3, and A.4 yields  the expressions  for the ex- 

pected profit  that we  found previously. 

It is possible  to use the same procedure  to find the probability 

density  function for the value of perfect information about    p   , 

assuming that perfect information about     I   can be purchased  for    K. . 

It is also possible  to find the probability density functions  for  the 

value of information and the expected prjfit when we are given perfect 

information fbout    I   and then offered perfect infoination about    p 

for    K    .    However since these calculations  involve no new concepts, 

they are not included here. 
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APPENDIX B 

THE WEATHER FORECASTING PROBLEM IN DETAIL 

In Chapter 2 we formulated a decision problem where the observa- 

bles represent Imperfect Information.  The problem Is to predict the 

weather, which is described by the state variable x . The probability 

mass function tor x is shown in Fig. 3.1. Having forecast the weather, 

we can decide to set up an activity indoors or outdoors. This decision 

is -epresented by the control variable c .  Setting c equal to zero 

is equivalent to setting up the activity outdoors, and catting c 

equal to one is equivalent to setting up the activicy Indoors. The 

profit function is 

Two weather forecasts are available, and they can give us imperfect 

information about the state of the weather. The weather forecasts are 

described by two observables, y1    and y2 .  If y  equals one, the 

1  forecast is rain, and if yi    equals zero, the ith forecast is fair 

weather (1-1,2) . Our state of information about ith forecast is given 

by the -onditional probability mass function in Fig. 3.2. 

Since we have decided that knowing either forecast would not tell 

us anything about the other forecast when we know the actual state of 

the weather, y1 and y2 must be conditionally independent. 
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{y1.y2|x,fe} =  {yjx.t,}  {yJx.fe] 

'   36/100  :   x = y1  = y2   ,     x - 0.1 

24/100 :  X - I - y1 - y2  ,    x - 0,1 

24/100  :   x = y1  =  1  -   y2   ,     x = 0,1 

16/100  :   x - 1 - yl - 1 -  y2   ,     x = ö.l 

0        :   otherwise 

In  the  following discussion we will also need  to know several 

other probability mass   functions  that can be  derived  from  the  informa- 

tion above   [U]       These mass  functions  can be  determined easily from  the 

probability  Tee  shown  in Fig,   B.l. 

1 

E 
x=o 

fyjfe} -   £   [yjx.*] (, 
0/15  :   yi = 0     ^ 

x|&} =^ 8/15  :   yi = 1       >   (i = 1.2) 

<, 0      :   otherwisej 

[y1.y2|63 = 2  [yi.y2lx»4j [x\V 

yl'0 ,   y   = o 

>i 

o .   y2 = i 

A .   y2 = o 

yi = i .   y2 = i 

otherwise 

' 

lyl.y2\i) 
!yi|yJ-4!-T^TIT- 

17/3 0 

9/20 : y. = 0 , y 

18/35 : yi = 1 . ^ 

11/20 

0 otherwise 
J 

l.J « 1.2 
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{x-O^-O.y^li} - 38/ 300 

{x-O.y^O.yj-lji} - 24/300 

[x-O.y^l.yj-Ol*} - 24/300 

tx-O.y^l.yj-lji} - 16/300 

(x-l^-O.yj-Ol*} - 32/300 

{x-l.y^.yj-ll*} - 48/300 

{x-l^-l.yj-Ol«! - 48/300 

U-l.yj-l.yj-ll*) - 72/300 

f 

Figure B.l.  Probability tree for weather-forecaeting problem 
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{yjx.fe}   [K|#) 
{x|yi'6}   J iyjfei. 

3/7  :   x = 0   ,     y,   = 

(i - 1.2) 

0    :   otherwise 

{x|y1,y2,6} 
[y1,y2|x,6}  {x|fc,} 

f9/17 : x ■ 0 , "y | o . y2 = 0 

8/17 : x ■ 1 . ri o . y2 = o 

i 1/3 : X - 0 , 7l o , y2 = i 

| 2/3 : X ■ 1 . Yi o  . y2-i 

( 1/3 : X ■ 0 . YX 1 , y2 = o 

2/3 : X = 1 , yl 
= 1 . y2 =-o 

2/11 : X ■ o , yi = 1 , y2 = i 

9/11 : X ■ 1 , yi = 1 . y2-i 

\0   : otherwise 

We can use  this   information  to cetermine  the value of sequential  im- 

perfect information.     If we decide noi   to pay for either  forecast, our 

expected profit is 

max E  TT(X,C) 
C    x    v   '  ' max E c    x 2/3 

otherwise 

The maximum profit occurs when we set    c    equal  to one,  or,  in other 

words,  decide  to  set up  the activity indoors. 

The Values of Individual and  Simultaneous  Information 

If we are given  the  first weather  forecasting company's prediction 
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free of charge and do not intend to buy the second forecast, then our 

expected profit after learning this Information Is 

4/7 : y 

D mgx I, TT(X,C) =^ 3/4 : y1 = 1 

.-o    1 

J 0  : otherwise 

The maximum expected profit occurs when c = 1 , or when we set up the 

activity Indoors, regardless of y, .  Before we are given y,  our ex- 

pected profit Is 

4/7 : y1 = 0 

E mp g TTCX,^ = ^ < 3/4 : y1 = 1 

1 

= 2/3 

0  : otherwise. 

Using this result we find that the value of learning the first company's 

forecast by Itself is 

Vy » (^ max E - max E) TT(X,C) = 2/3 -2/3 = 0 

The fact that the value of Individual Information about y.  Is 

zero should not surprise us.  Before we know y.  our best decision is 

to set up the activity Indoors, and after we learn y,  this is still 

the best decision.  Since the information cannot change our decision, 

the value of the information is zero. 

Exactly the same reasoning and calculations show that the value of 

individual information about y„ , the second company's forecast, is 

also zero. 

V! " (l ^ I " in?x V  TT<x'c) ' 0 Ji      y2 c x  ex 
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As before, our best decision is to set up the activity indoors 

regardless of what the second weather forecasting company thinks the 

weacher is going to be. 

If we are given both weather forecasts simultaneously, our expected 

profit after learning the forecasts is 

1 y2 
x E TT(X,C) = 

The maximum expected profit occuis when 

s yl - o ,   y2 = 0 

1 : otherwise 

In other words we should set up outdoors if both companies forecast 

fair weather, and stay indoors if either one forecasts rain. This 

tune the information can cause us to change our decision so the value 

of learning y,  and y2 simultaneously will be positive. 

Before we are given the two weather forecasts, our expected profit 

is 

E E mgx E TT(X,C) - E E 
yi y2 yi y; 

9/17 : yi - o , y2 = 0 

2/3 l yi - o , y2-i 

2/3 ^-l . y2-o 

9/11 n"1 • y2 = i 

[    o otherwise 

51/75 

' 
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Using this result we find that the .aiue of learning both weather 

forecasts simultaneously is 

VN   = (E E max E - max E) TT(X,C) = 51/75 - 2/3 = 1/75 
y1y2 

Kyly2   c   *      ex 

Comparing VN    with VN  amd \r  , we see that the value of 
y^     yi    y2 

learning both  forecasts  simultaneously does not equal   the  sum of  the 

va lues of Individual information about the two forecasts.  In general 

VN   can be greater or less than the sum of V   and V   , in exactly 
y1y2 yi       y2 

the same way that the value of learning two pieces of perfect informa- 

tion can be greater or less than the sum of the values of individual 

perfect information. 

Assume that the two weather forecasts y^    and  y2 can be pur- 

chased for prices K.  and K„  , respectively.  We are willing to pay 
yi y2 

yi    yi 
for  the  ith weather  forecast when    K      < V*    (1=1,2).     We are willing 

to pay for both  forecasts  simultaneously when    (K^  + Kv>>)  •' V^ 
yi     y2      yiy2 

These declllon rules  are  shown graphically in Fig.   B.2.     Since    V 

and    VN      are zero, we will not pay to learn just one of the  two fore- 
y2 

casts.  However learning both forecasts might change our decision to 

set up the activity indoors, so there are pairs of prices such that we 

are willing to leaxn y.  and y2 simultaneously.  These pairs of 'f 

prices are represented by points below and to the left of the line A-B 

in Fig. B.2. 

M R 
We can use V     to dtfine two related quantities V  (K ) 

yiy2 yi y2 
and    V    (K    )   .     V     <K    )     is  the residual value  of  learning    y,     when 

y* yi       yi yi l 

we must buy the two weather forecasts simultaneously.  We define 
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Figure B.2.  Price diagram with Individual and similtanaous information 
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VR (K ) as follows: 
yi   ^2 

VR (K  ) = VN   - K  = 1/75 - K 
yl  y2    yly2   y2 y2 

We are willing to buy both pieces of information simultaneously when 

K  < / (K ) 
yl   yl y2 

This  is  the  same decision  rule as   the one  shown  in Fig.   B.2.     In 

exactly   .he  same way,   the  residual  value of information about    y- 

is  defi.ied  to be 

VR (K    )   = VN        -  K      =  1/75  -  .C 
y2   ix        jft      yl yY 

We  are willing  to buy both pieces  of information simultaneously when 

K      ^ VR (K    ) 
y2   yl 

The Value of Sequential Information 

Now consider  the situation where  the  two weather   forecasts  can 

be purchased  sequentially.     Assume  for a moment  that we  already know 

the  first  forecast and we are  trying to decide whether or not  to pay  for 

the  second.     How much is  the  second piece of information worth  to us? 

If we decide not to learn the second forecp-t,   then our expected 

profit as a  function of    y,     is 

max E  Trfx.c^  ■ < 
yi 
'     max E TT(x,c)  - < 3/4 :   Yi = 1 

The maximum expected profit occurs when c = 1 .  On the other hand, if 
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we decide to learn the second weather forecast, the expected profit as <« 

a function of y.  Is 

yl y2 C 

f 3/5 : y1 = 0 
:.c) -  i E max E n(x,c) - •< 3/4 : y, = 1 

0 : otherwise 

The maximum profit occurs when 

The Increase In expected profit caused by learning y  , when we al- 

ready know y1 , Is the difference between the two expressions above. 

1/35 : yj - 0 

D (E max E - max E) TT(X,C) 

0  : otherwise 

yj Yj c x 

Now suppose that the price of the second company's weather fore- 

cast Is Ky^ . We should pay this price for the forecast when the In- 

crease In expected profit exceeds Ky ; otherwise we should not buy 

the Information,  Thus we should pay for the second forecast when 

Ky2 
< ?1

(52 T
11" mcax V **>* '* 

This decision rule Is shown In Flg. B.3.  It Is obvious from the In- 

equality, or from Flg. B.3, that for certain values of K the decl- 
y2 

slon to buy or not buy informarlon about y2 depends on y. , the 

forecast we learned earlier.  There are two cases; 

(1)  If K  < 1/35 , we may or may not pay K   to learn v« . 
J2 y. 72 
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Di  «    mgx E - m^x E)  TT(X.C) 

1/35T 

S, 

I  

buy 
Information 

do not buy 
Infonutlon 

' 

Figure B.3. 
in™ VBS-- proflt —d ^ ^-mg   y2 
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depending on the value of ^ •  We will pay to learn y 

fu35  :   yj - 0      "1 

■1 
when 

K 

0      :   otherwise 
^2 

or,   in other words,  when    v    = n        T»,. ..  -t. s. wnen    y1 . 0  .    ^^  the expect„d profit. as g 

function of    y1     is 

D    max 
yl 

E    max E  TT(X,C)  -  K y2    c    x y2 

»gx E n(x,c) 

D    E 
V i p2 

m?x I "<«.0 - K
y2 : yi - o 

?! "P ^ "(«.c) : y1 - 1 

3/4 :   y1 = 1 

(2)     If    K^ . i/35   .  we will never pay    ^    to learn    ^   ^  ^^^^ 

of the value of    ^   . because    Ky2    wlll aJwavs ^^ ^ ^^^ 

in the expected profit.     In this case,   the expected profit as a > 

function of    y       is 

TV? :  y,  - o' 

[^3/4 : yj - 1 

These equations give us the expected profit as a function of ^ 

and K^ . To find the e:cpected ^^ before ^ iearn ^ ^ ^ ^ 

take the expected value with respect to v  nf ** capect co yj of the previous results. 
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Thus our expected profit when we learn that we will be given the first 

weather forecast, but before we receive the information, is 

E max 
yi 

E max E (x,c) - K 
y2 c x        y2 

max E (x,c) 
c x v ' / 

51/75 - (7/15)KV0 : K  < 1/35 
'*   y2 

2/3 K  ä  1/35, 

Since our expected profit without any information is max E rrfx.c) 
c    x     »  »  '   • 

we must  subtract  this  quantity  from  the result above   to get  the value 

of sequential  information about  the   first weather  forecast    V    (K    ) 
yi yi  ' 

V     (K    )  = E    max 

r E    max E  TT(X,C)  -   K 
yz  c  x y2 

'i 
tmax E  TT(X, 

C       X ' 
c) 

max E  TT(X,C) 

1/75 -   (7/15)K      :   K      < 1/35 
y2 

:   K^  » 1/35. 

If we are offered  the  first weather  forecast  for    K       .  wc will 
yi 

accept  the offer when    K      < V    (K    )   .     However    V        depends on    K       , 
yi     yi  y2 yi v? 

so we must know both    K        and    K         before we can decide whether or 

not  to pay for  the  first  forecas ..     In terms of    K        and K          we 
yi Vl 

should pay K   for the first weather forecast when 

y2 

yi   I 1° 

1/75 - (7/15)K  : K  < 1/35 "j 

Ky2 " 1/35J 
This decision rule is shown graphically in Fig. 3.3. We are willing to 

pay K   to learn the first weather forecast for any pair of prices 

represented by a p.int beiJW the line A-E-D. 

' 
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Since our initial state of information is completely symmetrical 

with respect to the two weather forecasting companies, the calculation 

to determine the value of sequential information ahout the second weather 

forecast y, looka like the calculation above with the subscripts 

changed. We start by assuming that we know the second forecast, and 

ask how much it would be worth to also learn the first forecast. Fol- 

lowing the same reasoning as before, we find that the value of sequen- 

tial information about the second forecast is 

{E max E TT(X,C) - K 
71 c x        yi 

V - max E TT(x,c) 

max E rrQx.c) 

L/75 - (7/15)Kyi : K  < 1/31 

I : Ky ^ 1/35- 

We are willing to pay K   to learn the second forecast when K  < 

V (K ) . This decision rule is shown in Fig. 3.3. We are willing to 

pay K   to learn y0 for any pair of prices represented by a point 

to the left of the line B-E-C. 

The Relative Values of V  , /(Ky ) , and ^ tt ) y 

Thus we should be willing to pay for one of the two pieces of im- 

perfect information if we are offered any pair of prices represented 

by a point below or to the left of the boundary C-E-D in Fig. 3.3. This 

set of price pairs, which we call the set o.' feasible prices, includes 

all of the feasible pairs of prices that we found previously by con- 

sidering individual and simultaneous information. Using the equations 
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derived above, we can show that this must always be  the case.     If we 

only buy one of the two  forecasts by itself,  then the value of the 

information  is 

Vy    - f    •"c31 x ^**e)   "  mfx | TT(X'C',       f1 ' l»2) 

If we buy both forecasts simultaneously, then the value of the informa- 

tion is 

vR v (K ) " E (E max E TT(X,C) - K ) - max E TT(X,C) 
yi ^   yi yJ c X yj    c x        (1 ,t 

(l.j '  1.2) 

j) 

If we buy forecasts sequentially the value of the information IF 

V  (K ) « E max- 
yi yj   yi 

E max E n(x,c) - K 
yJ C  X yJ 

max E n(x,c) ex  * » ' 

max E n(x,c) 

(i.j ■ 1,2) 

(i *  j) 

From the form of these equations we can show that V (K ) must be 
yi yj MR 

at least as large as Vy  or Vy (K^ )  for any value of IC,  and 

for  i,j - 1,2 ;  i l* j . Obviously, for any value of Ky : 

D E max E TT(X,C) - K yi y-j c x v ' '   y1 

max 

D max E TT(X,C) 

^ D E max E TT(X,C) - K 
Yi Yj c x v ' '   5 ' 

max J D E max E Tr(x,c) 
yi yj c x 

D max E TT(X,C) y^ c x x » ' 

s D max E TT(X,C) 
y^ c x 

(i.J = 1.2) 

(1 f4 j) 

Taking the expected valua with re&pect to y. and subtracting 
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max c     x 
E TT(X,':)     from both sides of  the  inequalities  ^lelt1 

V     (K    )   ^ Vv   (K    ) 
y<  yi      yi yj 'i    'J 

V     (K    )   ^ V 
yi yj 

N 

(i.j  =  1.2 

(i * j) 

Decision Regions in the Price Diagram 

Figure 3.3 shows the pairs of prices for which we are willing to pay 

for one of the forecasts, but it does not show which forecast to buy 

first. If we decide to buy a forecast, we would expect the best one to 

buy first to be the one that is least expensive, due to the symmetry of 

the problem. A quick calculation shows that our intuition is correct. 

Since we are trying to maximize oar expected profit, and since the in- 

crease in expected profit is the difference between '.he value and the 

cost of the information, we should pay for yx    first, when 

V(K)-K  >V(K)-K 

E max 
y. 

E max E TT(X,C) 
y, c x 

max E n(x,c) 
ex 

- max E TT(X,C) - K 
x c  x      yj 

> E max 

'E max E TT(X,C) - K 

max E TT(X,C) 
ex 

mr-. E rr(x,c) - K 
C   ä j f\ 

For the weather forecasting problem, this becomes 
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K    < 1/35 •1 
K    ^ 1/35 

y2 

1/75 -   (7/15)K      - K      :  K      < 1/35 
yl        y2        yl 

Ky2 
: \ * 1/35J 

In addition we will only pay for y, when V (K ) > K  . These 
1       yl y2 

inequalities define the decision regions shown in Fig. 3.4. 

Character zing the Decision Regions 

The expected value of either forecast can vary with the price of 

the other forecast, as shown in Fig. 3.4.  If we consider only the 

region in Fig. 3.4 where our best initial decision is to buy information 

about y, , we can see that we would be willing to pay significantly 

more to learn y,  when we subsequently have the option to buy the sec- 

ond weather forecast.  In fact, without the option to buy the second 

weather forecast, the first forecast is worthless. When we can subse- 

quently purchase the second forecast and when we restrict our attention 

to those pairs of prices where our best initial decision is to buy in- 

formation about y, , the first forecast can be worth as much as the 

K   component of the point E in Fig. 3.4. Although there are other 

pairs of prices for which we would be willing to pay more to learn yl 

first than we would at the pair of prices corresponding to the point E, 

we could increase our expected profit more by first paying for y2 

instead of y, • Thus the maximum amount that we would pay to learn 

y.  first is the K   component of the point E . Exactly the same 

:< 
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reasonini; sb^ws that the maximum amount that we would pay to learn y- 

first is the K   component of the point E . 
y2 

One way tr characterize the decision regions in Fig. 3.4 is to 

determine the maximum amcmt that we would be willing to pay initially 

for each piece of information.  Since we are dealing w^th imperfect 

information, we could bound the value of the weather forecasts jy find- 

ing the expected value of perfect information about the weather.  For 

the weather forecasting problem this Is easy to do since the profit 

depends on only one state variable, 

/ = (max E - E max) TT(X,C) = 1 - 2/3 - 1/3 
X,       C   X    X  c 

However we can see from Fig. 3.4 that this is not a very tight upper 

bound.  (If the profit depends on more than one sta^.e variable, we 

must use the techniqu is introduced in Chapter 2 to find an upper 

bound for the expected value of perfect information.) 

A better upper bound on the value of imperfect sequential informa- 

tion is given by the maximum amount that we would pay initially for 

each piece of information, corresponding to the coordinates of the 

point E in Fig. 3.4.  We can extend the results of the preceding chap- 

ter to the case of imperfect information and develop an iterative 

procedure for finding the cooidinates of the point E when there are 

only two observables.  Suppose we first determine the value of indi- 

vidual information about y.  and y0 .  This gives us v   and v  . 
1    2 yi    yz 

which are both zero in the weather forecasting problem.  In Fig. 3.4, 

this pair of values is represented by a point at the origin.  Now use 

„N       irN 
V   and V   as the prices K   and K   in the decision tree 

yi yi yi yi 
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tranches In Fig. 3-5b.  Solving the decision tree for the expected 

profits associated with branches B. and B,.  (the branches where we 

first learn y,  and y« , respectively), and then subtracting the ex- 

pected profit associated with branch B- (the branch where we do not 

buy any information), yields the values of sequential information about 

y,  and y0 when the cost of information is given by V   and V 
2 yl      ^2 

Figure B.4a shows that the values of information produced by this calcu- 

lation correspond to the coordinates of the point F . 

Now repeat the procedure by using the coordinates of the point F 

in Fig. B.4a as the prices K   and K   in the decision tree branches 
>Ti ya 

in Fig.   3.5b.     Solving  for the expected profits  associated with branches 

Bj^    and    B-   ,  and then subtracting the expected profit associated with 

branch    Bg   ,  yields  two new values of information.     Figure B.4b shows 

that these new values are the coordinates of the point    G  .    The proce- 

dure can be continued by using  the coordinates  of  the point    G    In  the 

decision tree  to get another point that is even closer to the point    E   . 

While  this procedure will give us a series of points in the price 

diagram that converge to the point E  ,   it is not necessary to carry 

out repeated solutions of the decision tree  in Fig.   3.5 to find upper 

bounds  for  the values of information about    y.     and    y„   .    The  first 

N N 
Iteration using    V        and    V        in the decision  tree  is all  that is 

yi yz 
necessary to determine  the upper bounds.     Chapter  4 shows   that, when- 

ever  there are only  two observables,   the point    F    must lie above and 

to the right of the point    E    if it does  not coincide with the point E   . 

Thus  the coordinates of the point    F   must be at least as  large as  the 

coordinates of the point    E  , which in turn must be at least as  large 

- 
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1/35 

1/75 *<- - \- 

yi 

Figure  B.4a.       Finding the ■Aximum Initial prices- 
first iteration 

1/35 

1/75 

Figure B.4b.  Finding the iMxiwim initial prices- 
second iteration 
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as the values of information about y.  and y- .  Therefore the coor- 

dinates of the point F are an upper bound for the value of the imper- 

fect weather forecasts. 

An interesting feature of the weather forecasting problem is that 

both of the coordinates of the point F in Fig. B.4 are equal to 

V      This follows from the fact that V   and V^   are both zero. 
y^i yl     ^2 
When we solve the decision tree in Fig. 3.5 with all of the prices set 

equal to zero, It is obvious that the resulting value of information 

about any observable will be the value of learning all of the observ- 

ables simultaneously. No matter which observable we decide to learn 

first, we will subsequently decide to learn the other observable be- 

cause it is free.  Chapter 4 shows that the value of learning all of 

the observables simultaneously is always an upper bound for the value 

of sequential information about any of the observables, even when there 

are more than two observables. 
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