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Abstract

The dependency of composite strength under combined normal
stress has been experimentaily determined as fiber content was
varied over the range 40% f_vf < 75%. Failure predictions of the
tensor polynomial criterion agree well with experimental data in
stress space. The maximum strain criterion predicts a physically
inadnissible failure envelope in stress space due to the assumed
linear constitutive law. In strain space the maximum strain criterion

agrees favorably with experimental observation.
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The Dependency of Composite Strength on Volume Fraction

INTRODUCT ION

Tsai and Wu [1) unified the treatment of composite material j
strength through a tensor polynomial approach. Specifically a .
general quadratic formulation was considered:

Fo.+F, 0,0, =] ()
i i, )
J

where in contracted notation

o, = stress tensor i =1, ..., 6

Fi = strength tensors of 2nd order

By & strength tensors of Lth order

J
In general, equation (1) may represent a paraboloid, a

hyperboloid, or an ellipsoid in the three dimensional stress space

(6,, 0,, 0,) characteristic of a general plane stress state. We
| 2 6

rule out the possibility of infinite strength and hence require that:

2
FiiFjj Fij >0 (2)

(no sum)
Thus equation (2) represents a stability condition in the sense
that only ellipsoidal failure surfaces are admissible.

Expanding equation (1) taking account of symmetry results in the

following expression restricted to plane stress states for orthotropic
materials:

2 2 2
Flop + Foo, + Fioy™ + Fppop * Fegg + 2713019 1 (3)

where F6 = Fl6 = F26 = (




a
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Collins and Crane [2] discussed advantages of graphically
representing the failure surface given by equation (3) in threee
dimensions. This can be easily accomplished through computer graphics
once approﬁriate solutions for the surface center, principal axes, and
lengths of the semi-axes have been obtained from solid geometry.
Knowledge of the size and shape of the failure surface in (o‘, Oy» 06)
space would allow prediction of failure for any stress state of interest
including the various two-dimensional subspaces.

If we set shear stress o6 = 0 equation (3) represents an elliptical

failure envelope In o,, 0, space (0‘ = normal stress along the flber,

2

0. = normal stress transverse to the fiber). Wu [3] has discussed in

2
detail optimal experimental procedures for failure surface determinations
in this stress space.

Herein the effect of constituent variables on composite strength
will be determined. The primary emphasis wlll be on strength in O)» Oy
space as fiber content is varled from 40 to 70 percent. However, shear
strength determinations will be reported. The results of experiment will

be compared to both the tensor polynomial strength criterion and the

maximum strain failure criterion.

Specification of Failure Under Plane Normal Stress

The second and forth order strength tersors of equation (3) are

related to engineering strengths in the following way [1]:

1)

F=x x> fn=x
1.1 S

F2 y v Fzz YY?! (4)
]

66 = 77

S

F‘2 to be determined from crmbined stress tests

-~
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where X, X' = longitudinal tensile and compresslve strength respectively

Y, Y' = transverse tensile and compressive strength respectively
S = shear strength
When 06 = 0, the resulting elliptical failure surface in 0‘, 02 space
is fully specified through knowledge of the strength tensors as follows
[4]:

Center lies at; -F‘/ZF“, -F2/2F22

Major z..is inclination wrt 0‘ axis;

0= 1/2 arc tan F,,/F - F (5)

22

2 1/2

2 2
Flp + Fpp 2 J(FII - Fpp)” + Wy

Hence, we appeal to experimental results to effect the deslred

Semi~axes;

description of plane stress failure as a function of volume fraction.

Material and Specimens

Compos ites were prepared using the same materials and fllament
winding techniques reported in detail elsewhere [5]. All speclmens
were wound on steel mandrels (cylindrlcal for tubes, rectangular for
plates) with Pittsburgh Plate Glass 1062-T6E glass fibers and Shell
Epon 828 reslIn cured with 20 phr* curing agent Z. Volume fractlon was
controlled by varying the winding tension. After windIng the speclmens
were vacuum impregnated at 60 to 70°C fcr 20 minutes to reduce volds.
The mandrels were then rotated until the reslin-gelled. The final

cure was In a 150°C air clrculating oven for 2 hours.

*phr = parts per hundred resln
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Tubular samples were then ground to final dimensions. Finished
tubes were 8 to 10 inches long with a mean diameter of 1 inch and a
wall thickness of from 0.030 to 0.0°0 inches depending on volume
fraction. Plate samples were cut into straight sided tensile specimens
approximately 1/2 in, wide and 6 in. long with either longitudinal or
transverse fiber direction. These were tabbed with glass fabric
reinforced laminates to establish a gage length of 3 inches.

The fiber volume fractions were determined by burning broken
samples and ranged from 38 to 76 percent. Void content of the samples
was determined in accordance with ASTM Standard D2734-26. Results

indicated that less than 1% voids were present.

Apparatus and Experimental Technique

The straight sided tensile specimens were tested in an Instron
tester at a cross-head speed of 0.2 In/min. An extensometer was used
to continuously record strains to compliment the cont inuous load
record. All tests were conducted at room temperature ~75°F.

Tests on tubular samples sere conducted on an MTS closed-1oop
servo controlled testing system. Experimental detalls are given in
[3]. Continuous recordings of load were obta}ned for all specimens.
In addition certain specimens were instrumented with electrical strain
gage rosettes to allow monitoring of strain history. Applled loads

were reduced to stresses based upon original cross sectional dlmensions.

Test Results and Calculations

Uni-axlal Normal Stress States

The determination of longitudinal and transverse tensile and

compressive strengths as a function of volume fraction has been




reported elsewhere [6]. All strengths were found to vary In a linear

| fashion with volume fraction. Data analysis was carried out to ,
arrive at a minimum root mean error through the least squares technique.

The resulting expressions and the respective standards derivations are:

X = 225.49 ve + 6.86; S.0. = 10.59 (¥ i) (6) i
X' = 41.81 ve *+ 68.86; S.D. = 7.28 (ksi) (7) .
Y = 5.64 ve 4 4.13; Ss.0. = 0.95 (ks1) (8)

1 Y' = 15.7h ve *+ 13.71; S$.0. = 1.6b (ks1) (9)

Knowledge of the functional dependency of X, X', Y, Y' on fiber

| calculated as a function of volume fraction. Results are shown in

Figs. 1-4. In these figures the solid line represents the value of the
strength tensor component while the dashed lines indicate plus and

L i volume and the defining equations (4) allows FIFz’ F]], and F22 to be

minus one standard devlation. The standard deviation was calculated
from the approprlate standards deviations given in equatlons (6)-(9)
and simple propagation of error theory [7) neglecting cross correlation

terms.

Shear Stress States

For the sake of completeness the results of shear strength determina<
tions [8] as a function of volume fraction for the 828Z-E glass system
| under study are reported. Shear strength (s) as determined by the

short beam method (TIBUlt) was found to fit:

s = -1.46 ve + 16.91; 5.D. = 0.25 (ksi) (10)

38% < v < 75%




Shear strength (S) as determined by tube torsion tests (leult)

was found to fit:

S = -b.6h v +13.27; S.0. = 0.61 (ksi) ()

38 < v < 75%

Generally in the range 38% < Ve < 55% the results of the short

beam shear tests lie below the shear strength as determined by tube
torsion. However, in the range 55% < v, < 75% the two agree quite

well.

The above results are recast into strength tensor form and shown

in Fig. 5. Short beam shear results (Eq. 10) allow calculation of
ult)-2 while the tube torsion results allow one to compute

UIt)-z. F55 and F66 agree to within one standard deviation

over the range 60% < v, < 75%.

Fee = (T12
of F

|
] Fss = 13
|

66

] Complex Stress States

The normal stress interaction strength tensor F]2 must be
determined from tests under a combined state of stress as described in
[3]. Tests were conducted on hoop wound tubes subjected to combined
axial load and interval pressure to produce various biaxial stress

ratios B = o]/o2 for a range of volume fractlon. Results are presented

in Table 1.

The failure surface expressed in terms of the biaxial stress ratio

B, Oy and the strength tensors is:

2 2 2 2
' B F”o2 + ZBFIZOZ + F22°2 + BF]o2 + F202 1 (12)

I F]2 for a specified Ve is determined by solving equation (12) using

the known values of F], FZ’ F‘], F22’ B and the experimentally determined
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value of 02 = 02.

can be computed and is found to be:

The absolute scatter AF]2 of such an experiment [3]

Ao F F F

foy 22 1 2
OF =g (F B+ 2F), + == ¢+ + ) (13)

Relatlve scatter of the experimental measurement Aoz/o2 was taken to be
10%. MNumerical values of AF12 are tabulated (Table 1) and serve as the
scatter band for each determination of F]2 as shown in Fig. 6.

The individual experimentally observed values of F]2 and the
associated scatter band served as the basls for determining the functlonal
dependency of F12 on V. Each experimental polnt was assigned a
weighing factor proportional to the reclprocal of the square of AF12
for that observation. Llnear regresslon analysis was then carrled out
to find the pair of straight llnes which best fit the experImental data
(best fit in sense of smallest root mean square error).

The resulting relatlonshlps were:

Fi, = 37.78 v, - 17.98 (14)
0% < ve < 51%
Flp = =3-39 vg + 3.02 (15)

51% < v, < 1003

Assuming that the value of F12 lylng on the 1lne (Eq. 14 or 15)
was the exact value of F12 a calculation was carried out to determine
the blaxial stress ratlo B whlch mlnimized AFIZ for a given volume

fractlon. Based on thls value the resulting stress o, whlch satlsfled

the failure criterion Eq. (12) was determlned.

-




tates that the standard

Propagation of error theory then dic

deviation in the calculated value of Fi2 is given by:

3 2 :
so, ? = T_*Flz so, 2+ ——:;” z so, 2+ ?;‘2 3 sop 2 4
12 2 2 I " 22 22

where cross terms and any error in B have been neglected.

! Computation of the various partial derivatives and substitution

for the known standard derivations in £q. (16) allows the standard

deviation of FIZ to be determined. The result is depicted in Fig. 7

as a pair of dashed lines.

Discusslon

Tensor-Polynomial Criterion

The utility of the results presented lies in the ahility to predict

failure in the entire 0,70y plane for any Ve based upon the functional

dependency of the five strength tensors which characterize the tensor

polynomial failure criterion. Fig. 8 dpicts predicted failure curves

with four different volume fractions represented in the range

Lo% Swg < 70%. Clearly differences between the various predictions

are not negligible. Table 2 lists the variation in failure surface

center, inclination, and semi-axes as the volume fraction is varied.

Center shift and increase in semi-axes length are the predominate

characterizing parameters.

Comparison to Maximum Strain in Stress Space

in current engineering applications the other commonly used failure

d in stress space.

criterion is maximum strain which is usually presente




) !
Wu [9] treats the maximum strain criterion in stress stress and shows ‘
that it assumes the form of a parallclogram whose sides pass through the
longitudinal tensile strength point with slope (SII/SIZ) and through the

transverse tensile strength point with slope (512/522)' Maximum strain

R

assumes the above form via a mapping from strain space to stress space
through the generalized 1inear Hooke's law (t»:i = Si Oj).
J
Fig. 9 and Fig. 10 depict thz tensor polynomial criterion and the

maximum strain criterion in relation to several experimentally determined

! combined stress failure points for Ve = 70% and 59% respectively.

i Clearly, the maximum strain criterion correlates observed failure in a

| very poor fashion. Agreement with the tensor polynomial criterion is

i quite good. The most objectionable feature of the maximum strain
criterion in stress space is that it incorrectly predicts that a

l loading in the transverse direction will induce a compressive (Poisscn's)

l failure in the longitudinal direction at a stress which is less than

the observed failure stress.

Perhaps, the assumed linearity in generalized Hooke's law used
to express maximum strain in stress space is unwarranted. A more just
evaluation of the maximum strain-criterion must be carried out in

strain-space.

Maximum Strain in Strain Space

Fig. 11 shows the maximum strain criterion in quadrants one and
four of strain space. The values of ultimate strain needed to construct
the failure envelope were experimentally determined In [6]. Experimentally

determined complex stress failure points are shown for Ve = 70% in

(Fig. 11a) and for ve = 59% in (Fig. 11b). Maxlmum strain adequately
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predicts failure in strain space. The fact that the experimentally
determined stress strain curve under biaxial loading markedly depart |
from linearity accounts for the discrepancy observed in stress space.

Assuming a linear generalized Hooke's law to express maximum strain in

st-ess space can lead to gross error.
Conclusion .

The dependency of composite strength undc- combined normal stress
i has been experimentally determined as fiber content was varied over the
range 40% f_vf < 75%. Failure predictions of the tensor polynomial i
criterion agree well with experimental data in stress space. The
maximum strain criterion predicts a physically inadmissible failure
envelope in stress space due to the assumed linear constitutive law.
In strain space the maximum strain criterion agrees favorably with

experimenta! obsc.vction.
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Table 1 I

Results of biaxial normal stress experiments to determine FIZ'

v (2) B = 0,/0, o, (Ksi) Fly X 107 (ks 1) "2 OF |, x 1074 (ks i) 2
39.5 - 6.7 -13.2 - 0.8 1.5
42 - 8.6 -11.4 - 1.3 1.5 I
42.5 -11.8 - 8.2 - 3.1 1.9
43 -19.3 - 5.0 - 4.9 2.8 '
k3 -27.9 - 3.8 =32 3.3
by -60.3 - 1.8 - 2.5 6.1
46.5 - 8.1 - 9.8 - 5.4 2.0
48 -33.6 - 3.8 - 0.2 2.8 ,
L9 - 6.7 -15.6 - 0.3 1.2 }
50 - 3.1 -29.6 + 4.5 0.9
51 - 9.1 -13.8 0.0 I
52.5 - 1.2 -26.1 + 5.4 2.9 *
57 - 2.6 25.9 +2.0 1.4
58 - 5.6 -24.2 +1.8 0.7
59 +16.6 + 4.1 + 7.6 2.9
60 - 2.5 -28.4 + 3.0 1.2
66 - 4.8 -26.1 + 1.4 0.7
67 - 8.1 -15.4 - 1.5 1.0
69 - 6.9 -23.2 + 1.0 1.0
70 - 6.6 -24.2 + 1.1 0.6
70 - 6.0 -23.5 + 0.7 0.7
70 -10.2 -14.8 - 0.7 0.9
70.5 - 6.4 -17.3 - 1.4 1.0
72.5 - 8.0 -19.4 0.0 0.7
73 - 8.7 -19.8 0.4 0.6
74 - 6.6 =23.5 + 0.6 0.6
74.5 - 6.3 -21.6 - 0.1 0.7
75 - 5.9 -25.1 + 0.7 0.6
76.5 - 6.5 -24.6 + 0.7 0.6
4




Table 2

Parameters for 0,-9, failure curves vs Ve

Inclination

)
.
Fig. 8 - Center wrt o, Semi Axes
Curve vf% F12 x 10 ol,oz(Ksl) (Ksi)
a 47.5 0.0 12.8, - 7.2 0 101.0, 12.0
. b Lo -2.83 5.8, - 7.6 1 cw 95.3, 11.3
! c 55 +1.16 38.6, -15.1 1/2 cew 110.6, 12.7
d 70 + .65 66.1, -16.7 5/12 ccw 126.8, 14.1

| ’—d ’-—-I-‘ |t |
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Figure 9.

Ve = .70, experimental results vs Max i mum
Strain and Tensor Polynomial predictions in

stress space.
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| Figure 10. v, = .59, experimental results vs Maximum Stain and

f
Tensor Polynomial predictions in stress space. -
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