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ABSTRACT 

The unintentional coupling of energy between wires in cable bundles 

which connect electronic subsystems is an important source of interference 

on aircraft, missies, and ground systems. The models presently used for 

predicting this wire coupled interference are the TEM mode transmission line 

models and inherent in the use of these types of models is the ability to 

determine the per unit length capacitance and inductance parameters. The 

predominant method of connecting electronic subsystems for many years uses 

stranded conductors which are coated with a dielectric insulation and giouped 

together into large, densely packed cable bundles. Flexible flat pack and 

woven cable assemblies utilize closely coupled dielectric coated wires and 

are finding increased usage on modern avionics systems. It is therefore im¬ 

portant to develop methods of computing the per unit length capacitance and 

inductance elements for closely coupled cylindrical wires having dielectric 

insulation since the transmission line models will be used in intrasystem 

compatibility prediction computer programs where experimpntal measurement of 

the parameters is either impractical or impossible. Formulation of these 

transmission line models is useless unless one can determine the per unit 

length parameters. A matrix inversion technique is presented for computing 

the capacitance matrix of a system of bare or dielectric coated parallel 

cylindrical wires. Systems of cylindrical wires with dielectric insulation 

have previously been untreated. In fact, the simplest problem of determining 

the per unit length capacitance of two circular conductors with dielectric 

insulation cannot be solved in closed form and has received no attention in 

the literature. A Fourier series expansion is used to represent the charge 

distribution over the surfaces of the boundaries. The boundary conditions 

are enforced at discrete points by requiring the potential to be constant 

along the conductor boundaries and the normal component of the displacement 

vector to be continuous across the dielectric boundaries. A matrix equation 

relating the Fourier coefficients to the boundary conditions is obtained and 

then inverted to yield the relationship defining the per unit length multi¬ 
wire capacitance matrix. 
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CHAPTER I 

INTRODUCTION 

1.1 A Discussion of the Literature 

In this text, the concepts of capacitance will be applied to 

systems of circular cylindrical conductors with and without dielectric 

coating. The existing literature on these systems is quite sparse 

except for the case of two infinitely long, non-insulated conductors - 

the capacitance of which has been known for quite some time and can be 

found in many undergraduate text books [1,2^. For the case of two bare 

G 
V,."Q y,Q 

D 

Fig. 1-1. — Two conductor system. 

wires in free space shown in Figure 1-1, Smythe [33 gives 

(1-1) 

cosh"1((D2-R2-R2/2R1R2))' 



«here C is the capacltence per unit length. V, and V2 are the potentials 

of the conductors, and Q and -0 are the total charges on the conductors. 

With R=R1=R2, equation (1-1) reduces to 

c = _ÜÜÛ_ . (1-2) 

cosh ^(D/?R) 

For more than two conductors the capacitance as defined by the ratio 

Q/(V1-V2) for two wires cannot be applied. In this case the capacifance 

matrix is needed in order to describe the system. For three conductors 

the capacitance matrix carnet be obtained in closed form. 

The determination of the capacitance matrix for microstrip trans¬ 

mission lines has received much attention in the literature [4-7]. In 

contrast, the determination of the capacitance matrix for parallel cylin¬ 

drical wires has received only minimal attention. Recently, some papers 

[5,8-10] have appeared for multiple bare wire systems. However, the 

papers by Sarma [8,9] and Abou-Seada [<0] focus upon the determination 

of the fields surrounding overhead transmission lines in order to pre¬ 

dict the corona associated with extra-high voltage (EHV) power trans¬ 

mission. Kamm I er [5] briefly discussed the case of multiple bare wires 

between ground planes for use In microwave filters, but his emphasis is 

primarily upon strip line parameters.Boast [ll] gives an approximate 

capacitance matrix for bare wires which are spaced widely enough to allow 

each wire to be replaced by a line charge at its center which is a very 

serious restriction for closely spaced wires. 

This text will consider the determination of the capacitance 

matrix, for the problems cited above [8-10], but primarily the goal hero 

is to generalize the method obtained for bare wires to the more pracllcil 

case of dielectric-coated wires which arise in the large bundled cables 

in missle and aircraft systems [12]. An accurate determination of this 



matrix would be highly beneficial to the extensive frequency response 

analyses being done on these systems [13-15]. The relatively new 

flexible cable assemblies [16] also serve as an illustration of the 

application of this analysis; very few specifications have 

been published for these due to the lack of appropriate analytical 

techniques. 

1.2 Capacitance and the Capacitance matrix 

In Figure 1-2 are two infinitely long conductors, C1 and C2, in 

free space. Since the conductors are infinitely long the problem is two 

dimensional. Associated with C1 and C2 are their charges Q, and Ç2 and 

Fig. 1-2. — Two conductors embedded in an infinite 

medium. 

their potentials relative to infinity Vj and V2 respectively. In Section 

1.1 where the two conductors were circular cylinders, Qj was equal in 

magnitude and opposite in sign to Q2 and the capacitance was defined 

by the ratio 

t 

-3- 



However, If V2, Q1 and Q2 are considered to be arlbtrary, then the 

system of Figure 1-2 is described by the relationship 

where 

(1-4) 

(1-5) 

is defined to be the capacitance matrix of the system. Setting 

Qi = -Q2 ¡n equation (1-4), the ratio of equation (1-3) becomes: 

C = V -V 
1 2 

c 

c 

c -c 
11 22 12 

11 + c22 + 2c 12 

(1-6) 

In general, consider N conductors embedded in a medium consisting 

of essentially free space but having regions of linear, homogeneous, 

and isotropic dielectrics as shown in Figure 1-3. The solution for the 

Fig. 1-3. — N conductors in the presence of dielectric regions. 

potential function $ exterior to the conductors is given by Laplace's 

equation 0 subject to the appropriate boundary conditions on the 



TJ 

conductor surfaces. The capacitance matrix for this 

system can be postulated from a consideration of linearity 

and uniqueness of the solutions of Laplace's equation. From the 

uniqueness theorem, two general propositions can be established 071. 

These are: 

(1) the field Is uniquely specified everywhere from a knowledge of the 

potential on the surface of each conductor; 

(2) the field is uniquely specified everywhere from a knowledge of the 

total charge on each conductor. 

If, In Figure 1-3, a unit charge Is placed on C, with C -*■ C left 
1 2 n 

uncharged then by (2) the potential is everywhere specified Including 

on the conductors; the potentials 

Pll' P21' pnl 

will result on Cj-K^. Now, since Laplace's equation is linear, the 

property of homogeneity yields for a total charge Qj placed on Cl the 

potentials 

PU^1' p2l ^1' ••• pniÇi 

on Cn. Similarly, If Q¡ fs p|aced on C,, then the potentials 

PliV P2iV Pnl9! 

will result on Cj Cn. Invoking the property of additivity, If 

Qn are simultaneously placed on Cn respectively, then the total 

potentials V -► will become i n 

-5- 



• • • 
Pli P 12 

pn * * 

in 

nn 

yl 

<?2 

(1-7) 

The Pjj terms are called the coefficients of potential and are purely 

geometrical quantities. Reciprocity relations CîD show that Pjj = Pjji 

and thus, g is a symmetric matrix. 

The solution of equation (1-7) yields: 

Y1 

¢2 

C11 c12* * * cln 

c • • • c n nn 

(1-8) 

where c = p"1. c is by definition the capacitance matrix of the system. 

The Cjj(i=j) terms are called the coefficients of capacitance and the 

c..(i¿j) terms are called the coefficients of induction. Since g is 
1 J 

symmetric c Is also symmetric, and thus, Cjj=Cjj. As for the p.j 

terms, the c.j terms are also purely geometrical qu<ntitles. 

1.3 Applications to Network Problems 

In network problems [13-15] it is desirable to work with 

equivalent circuit representations. These can be deduced from equation 

(1-8). As an example consider the system of three conductors shewn in 

Figure 1-4(a) for which the equivalent circuit representation of 

Figure 1-4(b) Is desired. The relationship between the charges 

-6- 



Fig. 1-4. — (a) A three conductor system, 
(b) Its equivalent circuit. 

and the potentials of this system is: 

c 
11 

(1-9) 

where CR has been randomly selected as the "0” potential reference 

conductor. (A practical example may have CR as a ground plane near 

Cj and C2). Rewriting equation (1-9) subject to VR=0 gives 

<?1 
= r V cnvi 

= c V 
12 1 

S C13V1 

+ cl2V2 

+ c V 
22 2 

+ C23V2* 

(1-10) 

-7- 
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Now, enforcing the condition appropriate to network problems that the 

sum of the charge in the system be equal to zero, equations (1-10) 

can be reduced to 

Q = -(0 +Q ) = -(c +c )V -(c +c )V 
Y1 V2 V3 12 13 1 22 23 2 

02 - = ”icli+ci3)Vl “*C12+C23)V2 

(1-11) 

or 

where 

= C*|V. * C12 V2 

«2 ' C*2V1 * c22 V2 

= -(c 

= -(c 

= -(c 

12 

22 

12 

+ C 

t C 

+ C 

13 

23 

23 

) 

) 

) . 

(1-12) 

(1-13) 

As for a previous case reciprocity can be Invoked to show that 

c* = c* . The final step Is to write equation (1-12) In the form 

¢, - <c;, * c«J)vl - c*J(vrvJi 

«2 = -‘Ï2 (V2-V1» + <C22 + =U)V2' 

Letting 

C „ = c# + c* 
1R 11 12 

C12 = “c12 

C2R * C22 +C12 

equations (1-14) become: 

^1 C C1RV1 + C12(VrV2) 

02 = C12(V2-Vl) t C2RV2 

(1-14) 

(1-15) 

(1-16) 

8- 



where ClR, C^, and C2R are the capacitances (sometimes called 

"direct" capacitances) shown in Figure 1-4(b). 

In general, the above example can be extended to a system of 

N+1 conductors in which one conductor is chosen as a zero potential 

reference subsequent to the determination of the relationship 

"n+l 

11 Kn+l) 

(n+l)l (n+l)(n+l) n+l 

(1-17) 

By first using the condition appropriate to network problems that 

n_+1 

^ Qj = 0 (1-18) 

1*1 

a set of N equations is generated by writing 

In matrix form 

n+1 

Tm --(1 l 
j=1 1=1 

j^m 

V i ' m=1,2,...n+1 

REFERENCE 

(1-19) 

(1-20) 

where the set of conductors m is exclusive of the reference conductor. 

Making the substitutions 

cu'lej¡ (J=i) 

cu* "c*j ^11 

(1-21) 

-9- 



gives the values of the capad tances to be used in an equivalent network 

1.4 An Out Iine of the Problem 

As stated previously, the purpose of this text is to determine 

the capacitance matrix for a system of n conductors as defined by the 

relationship 

(1-18) 

The procedure is to formulate a method for two bare wires and 

then to compare the results obtained with the exact results 

which are known and have been given in Section 1.1. If the results 

for two bare wires are adequate, then the method will be 

generalized to multiconductor systems. 

The methods chosen for Chapters 2 and 3 involve the 

application of Maxwell's "method of subareas". Higgins and Black [18] 

suggested this method for circular cylindrical systems in a paper 
» 

published in the special March, 1955 issue of the IRE Transact ions.on 

Microwave Theory and Techniques. However, this paper was primarily 

concerned with strip-Iine parameters and the cylindrical systems were 

merely mentioned as an example. Their contention was that by subsectioning 

the conductors longitudinally either approximately (Chapter 2) or 

exactly (Chapter 3) and applying "the method of subareas" that any 

degree of accuracy desired could be obtained merely by increasing the 

number of subareas. Chapters 2 and 3 serve as an examination of thoso 



bol Info. Chapfer 4 deals wlfh a lochnlque assoclafod with the general 

"method of moments" [19]# suggested by Dr. Arlon T. Adams* of 

Syracuse University. This method is found to be quite accurate and is 

extended to systems of multiple bare wires. In Chapter 5, the methods 

of Chapter 4 are extended to systems of dielectric-coated wires with 

the two-wire case being worked out explicitly. 

Emphasis is placed upon the charge distribution since the problem 

involving the determination of the potnetial and the electric Melds, V 

and E respectively, in [8-10~! can be solved usina 
i r Oefr'lds' 

V = t1- \ -5- (1-19) 4ne, 
s' I? - "r'l 

and 
E = 

4ire, 

o.(r')(r - ?')ds' 

If - r'I 3 
(1-20) 

once the charge distribution a^r') over the surfaces s* is known. 

* 

Private communications 



CHAPTER II 

THE POLYGONAL APPROXIMATION 

2.1 Introduction 

In this chapter the two bare wire problem is treated by making a 

polygonal conductor approximation of the wires. The method to be de¬ 

scribed is basically one proposed by Higgins and Black [18] in 1955, 

the concepts of which date back to Maxwell's "method of subareas". 

It is an important method today in that this method has not been feasible 

for large systemsofconductors until the advent of large storage computers 

capable of handling the large systems of equations involved in solving 

the problem. Furthermore, the technique for two circular conductors 

serves as a basis for the determination of the capacitance matrix 

currently used in multiconductor cable response analysis [12]. 

Briefly, the procedure Is as follows. First of all, each wire is 

approximated by an infinitely long polygonal conductor having an arbitrary 

number of sides as shown in Figure 2-1. Each side is assumed to have 

an unknown constant surface charge density Oj, as shown in Figure 2-2, 

where w’re I has been unfolded and stretched along the x-axes. Then, 

a set of matrix equations is formed relating the unknown constants, 

the Oj's, to the potential boundary conditions established by the surface 

of the wires. Once the equations are solved, an approximale charge 

distribution results. Finally, the approximate capacitance Is tho area 

under the charge distribution curve tor wire I. 
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Fig. 2-1. — Two bare wires broken up into 
an arbitrary number of infinitely long finite 
width strips. 

A 

cr, 

01l 

U 
X (METERS) 

Fig. 2-2. — Assumption of unknown charge 
densities on wire I. 
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2.2 A General Development tor the Two Wire Case 

Since the polygonal conductor; used to replace the actual con¬ 

ductors support several Infinitesimally thin, infinitely long, and 

finite width strips of charge,the analysis begins by determining the 

potential at a field point (x,y) due to a single representative strip 

of charge. The surface charge density of each strip is assumed to be 

constant, and since the wires are infinitely long, the fields will show 

no dependence in the direction along the wires. Therefore, Poisson's 

equation can be written as 

(2-1) 

where s'denotes that the integral is taken over area containing the charge 

distribution a(x',y']i However, this integral is not valid in the strict sense in 

that it assumes that s' can be enclosed by some volume V, But clearly, 

s' cannot be enclosed by any V since it extends to infinity. Conse¬ 

quently a slightly different point of view will be taken here. Referring 

again to Figure 2-1, consider the magnification of one of the flat strips. 

This is shown in Figure 2-3, where each small circle represents an infini¬ 

tesimal line charge of X coulombs pe' unit length. The potential at the 

point (x,y) due to a typical line charge at (x',y') within this strip is 

(2-2) 

o 

where a reference potential term has been omitted. (The reason for this 

is explained in Appendix A). If the strip is now considered to be com¬ 

posed of n Identical line charges each existing within some width Aw, 

the approximate potential becomes: 



Fig. 2-3. -- A typical strip of width w 
from Fig.2-1 consisting of n infinite line charges 
all of X coulombs per unit length. Each line 
charge occupies a width Aw. 

♦<x-v>: 4ÏT L * + <v-vp2>. l2-5: 
0 j=l 

where the j+h line charge is located at (x^, y^). As n becomes very 

large, the lire charge can be considered to be uniformly distributed 

over the interval Aw giving X = oAw. Then, as n becomes inf mite 

equation (2-3) becomes the integral equation 

^(^y) = _I2_ r *n((x-x')2 + (y-y,)2)dw’, (2-4 

ÏÏCo j 
w 1 

with w' denoting the integral over the width of the strip. Thus, 

upon integrating equation (2-4) an expression is obtained which gives 

the potential at any point (x,y) due to a uniformly charged infinites! 

mally thin strip extending to infinity in one dimension. 

-15- 



TJ 

The next step in the analysis is to formulate a set of matrix 

equations involving all of the unknown surface charge densities and the 

known values of the potentials on the conductor surfaces. In particular, 

consider a point (x,//,) on the polygonal boundary as shown In Figure 2-1 

Since this boundary Is an equlpofentlalsurface, the potential at all 

points on the Boundary can be specified. Thus, let the potential at 

(x ,Y|) be equal to Vj and let the two conductors be divided into a 

total of k strips; Jt strips for wire I and k-i strips for wire 2. 

Using superposition and equation (2-4) an expression interms of k unknown 

charge densities is now 

♦<vV = v‘ = 1 °i ^ 
j=i 

i,n( (x.-x' )2+(y,“y ' î2)dw', 

w' 
J (2-0) 

which is one equation in k unknowns. Similarly, if k-l more distinct 

points are selected on the boundaries of the wires and equation (2-6) 

is written for each of these points, then a set of k equations in k 

unknowns results. The equations to be solved appear in matrix 

form 

'11 • • • Ik 

m 
• • • Ik 

(4+1)1 
• • • D U+l)k 

Dkl * * * kk 

4+1 

(2-7) 



where 

D,j - ¿J- C tnlixi-x')2 * <y1-v')2)du'. (2-8) 

w 
J 

Each D.j can be interpreted as the potential that would appear at 

point i due to the j+h infinitely long flat strip with a uniform 

surface charge density of one coulomb per square meter. When j Is 

equal to I, the Integrand of D.j Is singular; however, this presents 

no problem as the singularity is Integrable. Note that the equations 

above the dashed line enforce the boundary conditions on wire I, and 

those below the dashed line enforce the boundary conditions on wire 2. 

Equation (2-7) can be solved for the unknown charge densities 

by any one of a variety of known methods; the method used herein Is 

Gauss elimination with complete pivoting and is available as the sub¬ 

routine DGELG in the IBM Scientific Subroutine Package. With the con¬ 

stant charge densities of each strip known, an approximate charge 

distribution over the wires results. The capacitance of the system 

will then be related to the area under the charge distribution curve 

of wire 1 thus completing the problem. 

At this point it would be convenient to summarize the above 

procedure as a sequence of steps. 

(1) Break wire I into I strips and wire 2 into k-fc strips. 

(2) Select a set of k points, called the "match points", along the 

boundaries of the conductors. 

(3) For each match point i compute the potential due to each strip 

j assuming the j**1 strip to have a uniformly distributed surface 

charge density of one coulomb per square meter. These values will 

be the Djj terms. 
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(4) Formu lato lhe sot of matrix equations (2-7) by enforcing the 

boundary conditions at the match points. Set = -V2 = I volt. 

(5) Solve the set of matrix equations for the values of the unknown 

charge densities. 

(6) Plot the charge distribution and determine the capacitance. 

2.3 A Specific Development of the Problem Solved 

In accordance with the preceding development an application is 

made to two identical bare wires. In this case, the capacitance in 

farads per meter is known to be 

_ 2ire 
c a Q = .--°_ . (2-9) 

V vi cosh*1 (0/2R) 

This shows that the capacitance is dependent upon the ratio of the 

distance between centers D and the radius of the wires R. Usually the 

capacitance is considered as a function of this ratio (D/R) instead of 

D and R separately. Thus, R is set equal to one meter and D is varied 

causing no loss of generality. Each wire is divided into n equal width 

strips giving a total of 2n. Various values of 0 and n are treated with 

the results being plotted. A discussion of these results follows in 

section 2.4; however, it is convenient at this time to consider some 

details involved in this problem.. 

Figure 2-4 illustrates the setup of the two wires for n=4. The 

setup for all other values of n follows the same pattern as for n=4. 

Match point I and Oj are assigned to strip I and so on. The matrix 

equations which evolve according to section 2.2 are: 



D 71 

• • • • • 

U-IO) 

WIRE- WIRE-2 

D 
Fig. 2-4. — The geometry for four strips 

per wire. "+" indicates a match point. 

where the terms above the dashed line enforce the boundary conditions 

on wire I and those below enforce the boundary conditions on wire 2. 

Once the o's are determined a plot of the charge distribution on wire 1 

as shown in Figure 2-5 is the result. One half the area under this 

* 
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w 2 W 3 W 4-W 
X 

Fig. 2-5. — The form of the plot for wire 
I resulting from the solution of fhe problem in Fig.2-4. 

curve is the approximate capacitance of the two wires. The curve for 

wire 2 is the negative of the curve for wire I if the strips are plotted 

in the sequence 6,5,8,7. Note that Figure 2-5 is not directly comparable 

to a plot of the exact charge distribution since the polygonal approxi¬ 

mation is plotted over a length of 4w and an exact plot would extend over 

2nR. However, as n becomes very large the approximate charge distri¬ 

bution shoukJ approachthe exact. A suitable remedy to this is to use 

circular strips rather than flat; an approach which will be considered 

in a later chapter, but now, a more detailed description of the deter¬ 

mination of the Üjj terms is taken up. 

The determination of each D.j requires an evaluation of equation 

(2-8). Letting (Xjj, y^.) represent the position of the l+h fluid 

point with respect to a coordinate system on the strip, equation 

(2-8) becomes: 
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(2-11) . . = r¡- Ç 4n((x. .-x' )2 + (y. ¡-y’ )2)dw’. 
ij 4neo ^ lj lj 

lhe Integration Is then accomplished very simply If the coordinate 

system used Is arranged as shown In Figure 2-6 where a rectangular 

Fig. 2-6. — The coordinate system used to 
determine each D.j. 

coordinate system Is placed at the center of a strip of width w 

lying In the x'-z' plane. Equation (2-11) now simplifies to 

w/2 

D. . = T.. Ç Hn((x. .-x')2 + y^Jdx*. (2-12) U 3neo J ij 'ij 

-w/2 

Equation (2-12) is a form which Is Integrable. Lot t = 
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tj = w/2 + x|j» and +”j = w/2 " x¡j yielding 

t" 
Tij 

'U ITT 5 *n(t2+Y?j)dt- 

-+! 
ij 

(2-13) 

Then, wl+h the aid of Dwight [20] 

Dij = ïïf (t - 2t + 2yij 

♦ÏJ 
.(2-14) 

Equation (2-14) is now readily available for computer use. The 

expression to be evaluated is written as a Fortran Function Subprogram 

in the variable t and the values of tj . and tV. for a particular 

D.j are passed to it. For example, call equation (2-l4)"FCT(t)!' Then 

I. . = 7—Í— (FCT(tV . ) - FCT(t! .)), 
ij 4ne ij ij 

(2-15) 

with the values of y.^ being pi eked up through common storage. Thus, 

each D.j term can be computed by obtaining the location of the i^ 

match point with respect to the center of the j+h strip and substituting 

this value into equation (2-15). 

The above procedure for the problem solved is now written down 

in a sequence of steps. 

(1) Divide each wire into n equal width strips yielding a total of 2n. 

(2) Assign 2n match points such that one match point occurs at the 

center of each strip. 

(3) Select match point I. 
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(4) Select strip I and determine xu, yn, +^. and tj^. 

(5) Determine Dn by using the values from (4) in equation (2-15). 

(6) Repeat (4) and (5) with strips j = 2,3,...,2n. 

(7) Repeat (3),(4),(5) and (6) with match points 2,3,4,...,2n. 

(8) Set 

V = 

n+l 

2n 

t| 

+ 1 

(9) Solve D o = V_ 

(10) Plot the charge distribution on wire I. 
n 

(11) Calculate the capacitance per unit length as C = E Oj Aw.. 

2.4 Results and Discussion of the Polygonal Approximation 

The procedure outlined in section 2.3 for the two bare wire 

polygonal approximation was programmed on an IBM 360/65 computer using 

standard Fortran language and programming techniques. All computations 

were performed using double precision arithmetic in order to minimize 

computational error. The results are collected in Appendix B and 

have been arranged according to each D/R value that was analyzed. 

The first page for each D/R contains a plot of the capacitance 

obtained by the polygonal approximation versus the number of strips 

per wire (NS) used. Each computed value is marked by a "A", and a 
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line is drawn through these points. As a reference, +he exact 

capacitance is also drawn on the same plot as a straight line. Above 

this is a table of values plotted and the exact capacitance. On the 

succeeding pages are some plots of the charge distribution versus the 

distance along the boundary of wire I for some selected values of NS. 

The exact charge distribution appears as a reference on each plot and 

is identified by the "A" placed at various computed points. The 

headings on each plot identify the particular distance between centers 

to radius ratio (D/R) and the number of strips per wire (NS). The 

values of D/R that were analyzed are 2.1,2.2,2.3,3.0, and 10.0. 

Consider the case represented by D/R "2.1 in which the wires 

are very close together. This example serves to point out some very 

interesting events that occur as a result of close spacings. Referring 

to p. B-l, it is noted that the capacitance is converging to the exact 

solution; however, this convergence is quite slow. Beginning with 

NS = 3, the approximate capacitance is 26.2 picofarads. The addition 

of one strip per wire up to 13 strips per wire improves the capacitance 

value an average of 4.4 picofarads per step. From NS = 14 to NS = 20 

the average improvement is about 1.23 picofarads per step. It is 

further noted that the D matrix is becoming large (40 x 40 for NS = 20) 

increasing the possibility of computational error. Proceeding from a 

value of NS = 19 to NS = 20 the capacitance improves by only 0.76 pico¬ 

farads, and if it is assumed that the capacitance continues to improve 

by this same amount per additional strip until one decimal place 

accuracy is achieved, then approximately 32 strips per wire will have to 

be used. In this case the D matrix will be of order 64. Thus, 
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Increasing the number of strips per wire becomes a futile effort as the 

capacitance value is still in error by 9.87Í with NS = 20. (The 

error used here is actually the relative error expressed in per cent 

i.e. for C* the approximation to C, R.E. =((|C-C*|/|C| )x 100.) 

The reasons for the above behavior can be established by com¬ 

paring the approximating charge distribution to the exact charge dis¬ 

tribution for some of the D/R values considered. Beginning with p. B-2, 

It is ascertained from the plot of the exact charge distribution that 

most of the charge is concentrated in the region where the two wires 

nearly touch i.e. from zero to 1.57 meters, and from 4.71 to 6.28 meters. 

The charge density in this region is changing very rapidly; whereas, 

from 1.57 to 4.71 meters the charge density is fairly constant. For a 

value of NS = 3 on p. B-2, a very poor estimation of the total charge 

under the exact curve is yielded by the approximate curve. For NS=4, 

the estimation is a little better in the region from 1.5/ to 4.71 meters 

but still very poor outside. It is also noted that incrementing NS 

from 3 to 4 has lengthened the approximate curve with some additional 

charge being picked up in this way. This is an important, although 

possibly obvious, consideration. Since the boundaries have been 

approximated, a point by point comparison of the two curves appearing 

in each plot cannot be made. The approximate charge distribution serves 

to estimate the total charge appearing on wire I. As NS increases, 

this estimate becomes better and better, but before a point by point 

comparison of the two charge distributions can be made, NS must become 

infinite. For values of NS = 5 and 6, the polygonal boundaries are 

becoming a closer representation of the actual boundaries, and Ihus, th" 



approximate distribution begins to move Into alignment with the exact 

distribution. This is evidenced further on p. B-4 where the plots for 

values of NS = II and 12 are shown. With this increment, the improve¬ 

ment in capacitance is about 1.77 picofarads, but for NS = 12, the 

capacitance is still in error by almost 23%. Thus, there is still 

much error and the improvement made by incrementing NS by one is small. 

Now for values of NS = 17, 18, 19, and 20 on pp. B-5 and B-6, the 

approximate charge distribution has moved into fairly good alignment with 

the actual distribution. However, by observing these in sequence, it 

becomes evident why the convergence is slow. At NS = 17, the region 

from 1.57 to 4.71 is well approximated and thus the total charge under 

the actual distribution is in good agreement; however, the region from 

0 to I.57 and 4.71 to 6.28 is not well approximated and is improving 

very slowly with increasing NS. From a value of NS = 17 to a value of 

NS = 20, the charge density on strip I changes from slightly less than 

0.12 X 10-9 coul/m2 to slightly greater than 0.12 x 10 9 coul/m2. 

Thus, increasing NS beyond 20 may eventually give good results but the 

value of NS necessary for any specific accuracy is likely to be far 

beyond computer capabilities. 

For a value of D/R = 2.2, the overall behavior is the same as 

for D/R = 2.1. The capacitance curve rises a little more steeply and 

levels off a little sooner as shown on p. B-7. With NS = 20, the 

capacitance is in error by 5.27%, and each increase in NS shows litMe 

improvement. As before, this behavior is explained by looking at tho 

charge distributions. The exact charge distribution Is nol as stoop 

in the region where the wires nearly touch since the wires are not 
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quite as close as with D/R =2.1. The quantity of cnarge appearing 

In the more concentrated region does not seem to be as great a fraction 

of the total charge as when D/R=2.1. Also the charge In the region 

from 1.57 to 4.71 meters Is more nearly constant than in the previous 

case; consequently, the assumed charge distribution is better suited 

to this region. Observing on p. B-8, the results with NS = 9 and 10, 

the total charge in the 1.57 to 4.71 meters region is approximated 

well. After a value of NS = 10, improvement of the capacitance comes 

with better approximations to the highly concentrated regions as 

evidenced on p. B-9 for values of NS = 13 and NS = 14. Yet, the 

problem Is still the same as before; it is very difficult to fit a 

steep slope with the type charge distribution assumed. For values of 

NS = 17, 18, 19, and 20 on pp. B-10 and B-ll it is seen that the 

improvement per additional value of NS is only very slight as before; 

and thus, the capacitance will converge very slowly after a value of 

NS = 20. 

Spreading the wires a little more and looking at the D/R = 2.3 

case, the results are a little better. This time with a value of 

NS = 20, the capacitance is within 3.67$, and again, the capacitance 

curve rises a little more quickly and levels off once the error becomes 

due to the Inaccuracy involved in approximating the more highly con¬ 

centrated region. For values of NS = 17, 18, 19, and 20 on pp. B-13 and 

B-14, the same very slight improvement in the capacitance is noted 

as a result of increasing NS. 

In the fourth case considered, D/R = 3.0, the charge distribution 

is fairly constant over the entire wire. The capacitance curve rises 

more sharply and levels off again to a very slow convergence. 
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As shown by the results with NS = b, the total charge under the entire 

curve Is fairly well approximated, and with NS = 17, 18, 19, and 20 the 

approximate charge In the region from 1.57 to 4.71 meters Is very close 

to the actual charge and outside this region there Is fairly good agree¬ 

ment. Noting the values on p. B-15, the capacitance is accurate to 

two decimal places beginning with NS = 14 indicating that the approxima¬ 

tion ha- picked up most of the charge with low values NS, and that 

increasing NS has an effect only in latter decimal places. From 

observing the charge distribution for NS = 17, 18, 19, and 20 it 

seems probable that some accuracy is gained in the slightly curved 

region of the charge density curve by increasing NS; yet, it must be 

remembered that the length of the polygonal boundary is increasing with 

NS, and thus, the charge gained by the extra length may be comparable 

to the amount of charge gained by a better approxirnafion to the curve. 

If this Is the case, then from this point on convergence will be slow 

since it will be limited by the convergence of the boundary. 

The value of D/R = 10.0, pp. B-19 to B-21, represents very wide 

spacing; it also exemplifies this last consideration. With NS = 3, the 

approximate charge coincides closely with the exact, the differences in 

capacitance being clearly due to "the differences in length. With NS = 

20, the length of the polygona1 boundary is close to the exact, and the 

two charge distributions are virtually coincident. The same frend as 

with D/R = 3.0 is now noted. Beginning with NS = 14, the capacitance 

Is accurate to two decimal places and additional values of NS produce 

only very little change. From NS = 14 to NS = 20 the capacitance 

changes by 0.000054 picofarads and It is probable that the increase 

In length is responsible for most of this change. Thus, It Is clear 
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that the computation of the capacitance by this method to any specific 

degree of accuracy is always going to be limited by the convergence of 

the boundary no matter how constant the charge is over the surfaces. 

In summary, It was determined that two causes contribute to 

the slow convergence of this method. These were the slow convergence 

of the approximate boundary to the actual boundary and the poor ability 

of this method to fit regions of rapidly changing charge density. For 

close spacings, the error was due primarily to rapidly changing charge 

density and for moderately wide spacing (D/R = 3.0) the two errors 

were coupled such that it was difficult to determine which contributed 

the most. For wide spacing (D/R = 10.0) it is believed that the error 

is determined primarily by the convergence of the boundary. In all 

casesthe convergence is slow with respect to the number of strips per 

wire needed; however, for the wider spacings two decimal place 

accuracy is obtained with relatively low values of NS. Consequently, 

this method is useful primarily in cases of wide spacings where little 

accuracy is necessary. However, this is not the case of interest 

since there are already good approximations for multiconductor systems 

under the conditions of widely spaced wires DO. Therefore, it is 

necessary to seek methods which will give very good accuracy with wide 

spacing and reasonably good accuracy with close spacing. This is 

attempted in following chapters. 
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CHAPTER I I I 

CIRCULAR STRIPS APPROXIMATION 

3.1 Intrcduction 

In Chapter 2, two reasons were found for the slow convergence of 

the polygonal approximation. These were: (I) the inability of the 

assumed charge distribution to fit regions of rapidly varying charge 

density, and (2) the slow convergence of the approximate boundary to 

the actual boundary. The first condition was predominant for close 

spacings and the second was predominant for wide spacings. In this 

chapter, the error due to the boundary approximation is eliminated by 

assuming the charge distribution to be constant over circular subsections 

of the wire leaving the boundary unaltered. However, the Djj terms 

resulting from the circular strips do not seem to be integrable in closed 

form, and thus, numerical integration must be employed in order to 

obtain values for these terms. This, in turn, requires a closer look at 

the computational error. Overall, the general procedure and the specific 

problem solved are exactly the same as in Chapter 2 with the same type 

of data being reproduced. 

3.2 The Development of the D¡; Terms for the Circular Strips 

Consider Figure 3-1 where a typical circular strip C between 

the limits 0! and 02 on the surface S' is shown. A cylindrical 

coordinate system is employed since it is the most readily adaptable 

to this problem. The potential at the point tr,û) Is 



■V 

(r,0) 

Fig. 3-1. — The geometry for circular strips. 

4>(r,0) = ^ ln(r2 + r' - 2rr,cos(0'-8) Jr'dO'. 

° C 

(3-1) 

th 
When the point (r,9) represents the I match point (rj,e¡) and C 

,th 
represents the j source Cl, equation (3-1) becomes 

°ij = 4i7~ $ £n(r? + r'4- 2rir' coste'-ejnr'de'. (3-2) 

Cj 

where r* is the radius of the wire and Is set equal to one meter. Each 

Djj term represents the potential at a point i due to a one coulomb per 

square meter charge density on The circular strip j. 

For the flat strip the Integrand of the D.j term was exactly 

Integrable; however, this does not seem to be the case for equation 

(3-2). Thus, the evaluation of the D^'s is accomplished numerically 

by the use of gausslan quadrature formulas. These formulas are 

available In double precision arithmetic In the IBM Scientific 
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Subroutine Package and are listed according to the number of terms used 

to approximate the integral, i.e., DQG4, DQG8, DQGI2, DQGIO, DQG24, and 

DQG32. In this problem, DQG32 is used to obtain maximum accuracy when 

i=j since the integrand is singular In this case. Specifically, If i=J, 

the total integral Is calculated as twice the value yielded by DQG32 

when applied to the interval extending from the singularity to one half 

of the length of the strip. For the off-diagonal (¡fj) terms of the D 

matrix, a comparison of the capacitance obtained using the 4,8,12,16 and 

24 term gaissian formulas was done for NS=2 and D/R=2.l. These results 

are listed in Table 3-1. 

TABLE 3-1 

GAUSSIAN QUADRATURE DATA 

Gaussian Formula 
DQG4 

DQG8 

DQGI2 

DQGI6 

DQG24 

Approx. Capacitance 
0.3290492696331365 x 10' 

0.329¡890758864015 x 10 

0.3291886C95295901 x 10' 

0.3291886055518649 x 10 

0.3291886055468857 x 10 

The capacitance converges as the number of terms used in the gauss I an 

formula to determine the off-diagonal elements of D matrix Increases. 

The 16-point and 24-point formulas agree to ten decimal places, and 

thus, DQGI6 was chosen as sufficiently accurate. At this point, it is 

worthy to note that the above reasoning is not as rigorous as one 

might desire; however, the procedure employed proved to be sufficiently 

accurate to yield the expected results. For a more rigorous explanation 

of the gausslan quadrature technique see Conte and DeBoor [20. 



3.3 ResuIts and Discussion 

TJ 

The computer analysis with the circular strips parallels that of 

the flat strips. The data and plots obtained are arranged In Appendix C 

under the same format as Appendix B, and the values of D/R are 2.1, 

2.2, 2.3, 3.0, and 10.0 with NS varying from 3 to 20 In each case. Some 

of the charge distribution plots analogous to those of the polygonal 

approximation are also included for the sake of comparison. As before, 

the D/R values of 2.1, 2.2, and 2.3 are considered as closely spaced; 

D/R = 3.0 is moderately spaced; and D/R = 10.0 is widely spaced. 

A comparison of the data òbtained by the two methods shows that 

for a particular value of D/R the convergence is much improved using the 

circular strips. The capacitance curve rises faster as NS increases, 

and the eventual accuracy achieved with NS = 20 is much closer to the 

exact value. For D/R = 2.1, the error Is 9.87Í for NS = 20 using the 

flat strips. Using the circular strips, the accuracy Is better than 

9.87Í with NS = 11 and one digit accuracy Is achieved with NS = 12. 

Note that It was previously estimated that it would require a value of 

NS = 32 to attain one digit accuracy if the polygonal approximation were 

used. The charge distribution plots for NS = 12,13,14, and 15 on 

pp.C-2 and 03 show that the region from 1.57 to 4.71 meters Is well 

approximated in all cases, and thus, increasing NS beyond twelve 

will give a better approximation only to the region of steep slope, 1.6., 

from 0-1.47 and from 4.71 - 6.28 meters. This would Indicate that 

increasing NS beyond this point will give very slow Improvement In the 

capacitance since the circular strips are not expected to Improve th^ 

accuracy In regions of rapidly varying charge density. The data on 

p.C-l verifies this as two digit accuracy Is not achieved by NS - 20. 
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For the remaining values of D/R the behavior is the same as for 

D/R =2.1. The only difference Is that as D/R Increases the number of 

accurate digits attainable Increases. For D/R = 2.2, two digit accuracy 

is obtained with NS = 15; for D/R = 2.3, two digit accuracy Is obtained 

with NS = 14; and for D/R = 3.0, three digit accuracy Is obtained by 

NS = 10; and finally, the capacitance with D/R = 10.0 Is accurate to 

five digits with NS = 8. In all cases, the number of accurate digits Is 

attained with relatively low values of NS, and then, does not seem to get 

much better as NS increase. Thus, one might wonder If the number of 

digits will ever become better by making NS very large. This point was 

Investigated by setting NS = 32 and obtaining the capacitance for each 

D/R. These results are listed in Table 3-2, and show that the capacitance 

with D/R = 2.1, 2.2, and 10.0 show no improvement in the correct number 

of digits. The capacitance with D/R = 2.3 and 3.0 show an improvement 

of one and two digits respectively. 

TABLE 3-2 

CIRCULAR STRIPS DATA 

D/R 
Aporcx. Caoacitance* 

1.5=20 NS=32 
2.1 
2.2 
2.3 
3.0 

10.0 

0.¿677338 
0.6239991 
0.5126004 
0.2885928 
0.1211730 

0.8/99521 
0.6258491 
0.5132298 
0.2886217 
0.1211726 

*Capacltance values are multiplied by 10 

This indicates rather strongly that trying to Improve the accuracy of 

the capacitance beyond the value obtained for low values of NS Is not 

advisable. 
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In light of the above discussion it seems reasonable to draw 

a few general conclusions for this problem. These are: (I) the method 

of circular strips along with numerical Integration for determining the 

values in the D matrix Is always better than the polygonal approx 1 matI 

(2) the method of circular strips Is limited to a certain degree of 

accuracy depending upon the value of D/R; and (3) using values of NS 

beyond the neighborhood of fifteen regardless of D/R is not likely to 

improve the accuracy. 



CHAPTER IV 

Fourier Series Approximation 

4.1 Introduction 

In the previous two chapters, the charge density was expanded into 

a piecewise constant function over the boundaries of the conductors and 

the capacitance was determined as the area under the resulting charge 

distribution. The results have shown that under close spacing conditions 

only rough estimates of the capacitance can be obtained, and that under 

wide spacing the degree of accuracy is limited. With the polygonal 

approximation the maintenance of the boundary was sacrificed for the 

ability to compute the integrals of the 0 matrix in closed form. This 

procedure was inadequate as the accuracy of the capacitance turned out 

to be limited by the convergence of the boundary regardless of the spacing 

of the wires. With the circular strips approximation the boundaries were 

left Intact but the integrals of the D matrix had to be computed 

numerically. This procedure was much better Than the polygonal approxi¬ 

mation but was ultimately limited by the degree of accuracy of the terms 

In the D matrix and by the inability of the piecewise constant distribu¬ 

tion to match regions of rapidly varying charge density. Thus, the 

analysis comes to a point where the piecewise constant assumption must 

be refined for better accuracy or must be abandoned in search of a 

more suitable expansion. The latter procedure will be followed. 

In light of the above discussion, a method is desired whereby: 

(1) the boundaries are not altered; (2) the charge density is In good 
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agreement with the exact charge density for all points on the boundary; 

and, (3) the Integrals In the D matrix are obtainable In closed form. 

Automatically, a piecewise linear, piecewise quadratic, or any higher 

order expansion of this type Is ruled out since the Integrals of the D 

matrix for circular strips are not expected to exist In closed form. 

If numerical integration were used, the results would likely yield 

better accuracy than the piecewise constant function; however, Adams* 

and a small amount of literature [5,8] indicate that a Fourier Series 

expansion over the entire circumference of the wire would probably be 

the most adaptable. Thus, the problem is now analyzed assuming a 

Fourier Series charge distribution over each wire and the results are 

found to be far superior to those of Chapters 2 and 3. 

4.2 The Development of the Potential Due to a Fourier Series Charge 

Distribution over a Cylindrical Conducting Surface. 

In Figure 4-1, a cylindrical conductor Is shown supporting n 

infinitesimal line charges. If the line charge at (rj, 0!) has 

a weight of cosnS' coulombs per unit length, then the potential at 

(r,6) is: 

X cosne! . , 
(fc(r,e) --£3-- fcn(rZ + r.2 - 2rr cos(0. - 0». (4-1) 
T ’ 4ire i I I o 

Similarly, If every line charge Is weighted by Its angular position, 

then the total potential due to all n line charges will be: 

*Prlvate communications with Dr. A.T. Adams of Syracuse 
University. 
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Figure 4-1. — A cylindrical conductor supporting 
n infinitesimal line charges, 

n 

<fr(r,e) = ^ Ancosne: ln(r2 + rj2- 2rr!cos(e| -6)). M-2) 

ne° i=1 ' 

As n becomes large each line charge can be considered to be uniformly 

distributed over the width r'Ae', and A^osnej is replaced by 

o cosne!rÎAe! where o is a surface charge density per unit length 
n lii n 

as in Chapter 2. Equation (4-2) now becomes 

n » 2 
<t(r.e)= —— S o cosnö!fcn(r2+r! - 2rr!cos(e!-0) )r!A0!. (4-3) 

4ne0 /Li n i i I • i' 
M 

Finally, as n approaches infinity the discrete variables r! and 0j 

become the continuous variables r’ and 0' while the incremental angle 

A0’ becomes the differential angle d0’ and the summation becomes an 

integrai. Thus, the potential at (r,0) due to a charge distribution 

of the form o cosne' distributed over an InfInltely long cylInder is: 
n 

♦ (r,0) = 'v o cosn0,tn(r2+r,2-2rr,cos(0,-0J)r,de,, (4-4) 
rc • 4*£0 Jo n 
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where the subscript "c" denotes that the distribution is cosinusoidal. 

For a sinusoidal distribution of charge a similar development as above 

yields 

Vr'e) = ÄÜe“ 5o S,n ne' ln(r2+r'2 * 2r^,cos(0'-0)r'de,. (4-5) 

If the total charge distribution over the cylinder Is now assumed to 

be of the form 

k 

o(0) = a0 + ^ (o.cosj0* + o', sinjo’), (4-6) 

j=1 J 

then the total potential at a point (r,0) is: 

V-8’= *0 k 2n 7 2 
cosJ01fcn(r +r' -2rr'cos(0'-0))r'd0' 

^ sinj0,ln(r2+r,2-2rr,cos(0,-0))r,d0', (4-7) 

j=1 

where 

■°o C2ff 2 »2 i 
♦o = j0 An(r +r ~2rr,cos(0 -0) Jr'd©'. (4-8) 

Equation (4-7) can now be expressed in the linear form 

k k 

♦jir,0) = ooDo(r,0) + Y °jDj(r*e) + I ôjDj(r,0), 

J*1 
(4-9) 

where 

Do(r#0) -1 2 »2 
= 4^” ^ in(r +r ^rr'costO'-O)Jr'dO', 

o Jo 
(4-10) 
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and 

D j ( r, 6 ) 
-1 >2it 

^cosj e,£n(r2+r,2-2rr,cos(8'-e)îr'dô', (4-11) 

and finally, 

-1 
D,(r,0) = . 

J ’ 4tre 

,,2it 
^ sin je'4n(r2+r,2-2rr,cos(0,-0)Jr’dG'. (4-12) 

o 

Equations (4-10), (4-11), and (4-12) are integrals which, at 

first sight, seem difficult to evaluate; however, these integrals can be 

handled in a straight-forward manner with the use of an integral table. 

Beginning with equation (4-10), let o' = e'-0, then 

D (r,6) = 
o 4ire o 

ln(r2+r'2-2rr,coso')da', 
o 

(4-13) 

where the limits of Integration are unchanged since the integrand is 

periodic with a period of 2ir. Now, using Dwight [¿DD, integral number 

865.73, equation (4-13) becomes: 

D (r,0) = —r^r» (4-14) 
Eo 

Proceeding with equation (4-11), let a' = 0' - 0 as before. 

Again the limits of integration can be left unchanged as the Integrand 

Is periodic with a period of 2n. This gives 

Dj(r»6) * 4trc cos j^¢,,+0^n^^^'f^,^“2rr,cosa, Jr'da'. (4-15) 
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Expanding cosjia'+S), equation (4-15) now becomes: 

Dj(r,0) = ^ cosJa’cosje tn(r2+r' -2^^,cosa,)da' 

+ ^sinjo’sinje ln(r2+r' - 2rr,cosa')da*. (4-16) 

The second integral in equation (4-16) contains the product of an odd 
2 

function sinja' and an even function ln(r2+ r’ - 2rr,coso’), and thus, 

this integral is identically equal to zero when integrated over one 

period. Equation (4-16) reduces to: 

-r'cosje r2u , 2 
)j(r,0) --^^ cosja' tn(r2+r' -2rr,cosa’)da* (4-17) 

-r'cosjO 2n 
—^ cosja' tn(r2(1+(r'/r)2-2(r'/r)cosa'))da'(4-18) 

-r» r'cosjO 

4*e_ 
ln(r2) ^^cosja'da' 

r'cosjO 

4ire ^ncosja' £n(1+(r'/r)2 -2(r'/r)cosa')da' (4-19) 
o 

Finally, using Dwight [20] Integral number 865.74, equation (4-19) 

becomes : 

(r')J+1cosj0 
D.(r,0) = -r 

J ^ 

r > r' (4-20) 
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and thus, D.(r,9) is obtained in closed form. D.(r,0) can be obtained 
J J 

by replacing sinje' by cos(J6'-90°) and following the same procedure 

as for Dj(r,0). The results are: 

(r')J+1slnj9 
D.(r,6) = -j- r>r' (4-21) 

J 2jc rJ 

Returning to equation (4-9) and substituting the closed form 

values of D ,D¡, and D., the potential at a point (r,0) due to Fourier 
— J 

Series charge distribution is: 

<t>(r,0) = 
r'lln r 

(r1 î^cosj© y 
— Y 2c ' 

jr0 
j=1 

. (r1 ^ sinj0 
o . -:- 

J j-rJ 

(4-22) 

where the subscript "T" has now been dropped. 

4.3 The Application of the Fourier Series to the Two Bare Wire 

Problem 

The results of Section 4.2 can now be applied to the two bare 

wire problem illustrated in Figure 4-2. With wire 1 and wire 2 

adjusted to a potential of +1 and -1 volt respectively, the plane 

established by x-x is a plane of symmetry. The charge distribution 

on wire 2 is the image of the charge distribution on wire 1 with 

A 

respect to this plane. Thus, the a. terms of equation (4-6) will be 

identically equal to zero and the Fourier distribution on the wires 

will be 
k 

ol(0|) = °o + ^ ojcosjflj 

JS1 

(4-23) 
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for wire 1, and 

(4-24) o2(e2') s °o + £ °j cosj®2 

j*1 
for wire 2. The potential at the point (r|,0j) will be the superposi¬ 

tion of the potential due to each wire. Thus, 

♦ (rj.e,) = ^(r^Qj) + *2(r2,62), (4-25) 

where 

and 

In r. i o , (r’)^+1cosje| 
_01 r. -1 + Y o -r-l- , (4-26) 

0 1 C0 2e0 A, J JrjJ 

♦*<r2,e2> « •o? r’ 
In r2 1 Í , <rJ)J+,cosje’ 

0 2 e. 2c, l “j 
(4-27) 

j*1 Jr3 
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Let 
, (rpj^cosje; 

i(j+n 2e0 
Jr l 

1 (r^J^^cosje^ 

i(J+1> 2e0 
Jr 

J 

(4-20) 

(4-29) 

-'V ri 
11 

(4-30) 

and finally, 

-ri i.n r, 
)2 = _i-- 
JH e. 

(4-31) 

Equation (4-25) now becomes the linear form 

“jDi 

j=1 J=1 

¢^,,6.)= oJdJj + (j+u 
(4.32) 

Equation (4.32) Is one equation in (2K+2) unknowns, and if k+1 match 

points are chosen on each wire, then a set of matrix equations is 

obtained which can be solved for the unknown Fourier coefficients. 

These equations appear IN the partitioned form 

12 

(4-34) 

D11 
11 

D1 U21 

nil ,,, n11 
D12 U1(k+1) 

(_k+J)J 

D21 J11 

D21 
u(k+1)1 

)U 
J(k+1)(k+1) 

?r- 
\(k+1) 

11 

12 
’21 

>12 n12 
>12 •" Di(ktn 

’(k+nT 

i • 

n2^ IQ22 
U(k+1)(k+1)l (k+1) 

12 

^1 (k+1 ) 

l(k+1) 

22 

WlHk+nl 

'k 
r 

+i 

-i 

-i 
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Or, more simply 

(4-35) 

Each D can be Interpreted as the submatrix of potentials on wire m 
~mn 

at the k+1 distinct match points due to the k+1 sources on wire n. Each 

d’I'j can be Interpreted as the potential at match point I on wire m due 

to "source" j on wire n. Once equation (4-34) is solved, the capacitance 

is 

C = 
2itR,o1 

1 o 
V -V 

1 2 

(4-36) 

where oj is the average value of the charge density on wire 1, Rj is the 

radius of wire 1, and V^-V^ is the difference in the potential of the 

two conductors. In this case Vj-V2- 2 volts. 

4.4 Results and Discussion of the Fourier Series Approximation 

Listed in Appendix D is the data for the Fourier Series approxima¬ 

tion. The same D/R values as in Chapters 2 and 3 are analyzed. NF 

stands for the number of Fourier coefficients used for each wire. 

The capacitance plots are marked by two symbols. The "*" indicates 

the capacitance value obtained using an even number of Fourier coeffi¬ 

cients, while the "A" Indicates an odd number. A detailed discussion 

of this data for each D/R value is not considered. A quick analysis of 

the data will show the Fourier Series approximation to be far better 

than the methods of Chapters 2 and 3. Instead some specific points of 

interest are discussed. 



It was stated earlier that one of the main goals of this method 

was to achieve an approximate charge distribution which was in good 

agreement with the exact charge distribution for all points on the 

boundaries of the wires. Choosing the data with D/R = 2.1, the plots 

on pp. D-2 through D-11 illustrate the nice convergence of the Fourier 

Series approximation even in the regier: of rapidly varying charge 

density i.e. from 0 to 90° & 270° to 360°. A value of NF = 20 indicates 

no visual difference between the actual and the approximate charge 

distribution, while the values listed in Table 4-1 demonstrate the 

precision with which each plotted point in the region from 227° to 

360° has been approximated. Emphasizing that these results are for 

D/R=2.1, it will certainly be true that agreement will be even better 

for larger D/R values. 

A second point of interest has to do with match point selection. 

Consider Figure (4-2) where unit magnitude cosinusoidal charge distri¬ 

but ions are shown distributed on cylinders with radii equal to one 

meter. 

Fig. 4-3. — Cosinusoidal charge distributions 
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TABLE 4-1 

FOURIER SERIES APPROXIMATION VERSUS THE EXACT 
CHARGE DISTRIBUTION. D/R=2.1. NF=20. 

Degrees Approx. Crg. Den. Exact Crg. Den. 

0.22679997E 03 
0.23039998E 03 
0.23399998E 03 
0.23759998E 03 
0.24119998E 03 
0.24479997E 03 
0.24839998E 03 
0.25199998E 03 
0.25559998E 03 
0.25919995E 03 
0.26279980E 03 
0.26639990E 03 
0.26999976E 03 
0.27359985E 03 
0.27719995E 03 
0.28079980E 03 
0.28439990E 03 
0.28799976E 03 
0.29159985E 03 
0.29519995E 03 
0.29879980E 03 
0.30239990E 03 
0.30599976E 03 
0.30959985E 03 
0.31319995E 03 
0.31679980E 03 
0.32039990E 03 
0.32399976E 03 
0.32759985E 03 
0.33119995E 03 
0.33479980E 03 
0.33839990E 03 
0.34199976E 03 
0.34559985E 03 
0.34919995E 03 
0.35279980E 03 
0.35639990E 03 
0.35999976E 03 

0.52011980E-11 
0.53218020E-11 
0.54667902E-11 
0.56616248E-11 
0.58889933E-11 
0.61131907E-11 
0.63325560E-11 
0.65881137E-11 
0.69129910E-11 
0.72895353E-11 
0.76757897E-11 
0.80702927E-11 
0.85268927E-11 
0.90934248E-11 
0.97538887E-11 
0.10458029E-10 
0.11207482E-10 
0.12082622E-10 
0.13163772E-10 
0.1444634 IE-10 
0.15874288E-10 
0.17466056E-10 
0.19368868E-10 
0.21751892E-10 
0.24668309E-10 
0.28092279E-10 
0.32129480E-10 
0.37146175E-10 
0.43618734E-10 
0.51870230E-10 
0.62081423E-10 
0.74657489E-10 
0.90442459E-10 
0.11C13050E-09 
0.13292510E-09 
0.15549681E-09 
0.17250240E-09 
0.17886860E-09 

0.51822296E-11 
0.53269490E-11 
0.54884005E-11 
0.56682237E-11 
0.58683197E-11 
0.60908978E-11 
0.63385269E-11 
0.66142083E-11 
0.69214530E-11 
0.72643905E-11 
0.76478919E-11 
0.80777295E-11 
0.85607823E-11 
0.91052825E-11 
0.97211466E-11 
0.10420388E-10 
0.11217656E-10 
0.12130941E-10 
0.13182498E-10 
0.14400069E-10 
0.15818527E-10 
0.17482085E-10 
0.19447277E-10 
0.21787058E-10 
0.2459638CE-10 
0.2799981 IE-10 
0.32161884E-10 
0.37300635E-10 
0.43704623E-10 
0.51751103E-10 
0.61918012E-10 
0.74767581E-10 
0.90848037E-10 
0.11040494E-09 
0.13274931E-09 
0.15528677E-09 
0.17295085E-09 
0.17977643E-09 
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Suppose one match point, is chosen along the line ^ and another, 

P2, along i.2 both in the region of positive charge. Using symmetry 

the potential at Pj due to the cosine distribution on wire 1 is the 

same as the potential at P2- Also, since Pj and P2 are symmetrically 

disposed w i th respect to the d i stri but Î on on wire 2, the potentials at 

these points due to the distribution on wire 2 wlM again be equal. 

Similarly, the pofentlals at Pj and P2 due 1o all terms originally 

assumed In the Fourier Series will be the same. Hence, simultaneously 

choosing Pj and P2 as match points yields two identical rows in the D 

matrix, and thus, D wl11 be singular. In this case, the-system of 

equations 

Do = V 

will not possess a unique solution. Consequently, one cannot choose 

mafch points which possess the relationship exhibited by Pj and P2. 

With the above in mind, a procedure was devised whereby the match 

points selected would always yield a non-singular D. Initially each 

wire was divided into NF equal sectors with the match points being 

chosen where the sector cut the boundary of the wire. Then,all the 

match points were rotated counter-clockwise by 180/(NFt1) degrees. This 

procedure is illustrated in Figure 4-3 for NF=3. An advantage of this 

technique is that the structure of D will be 

and thus, only 3X(NF)2 terms need to be generated thus saving computer 

time. For a system of n identical bare wires arbitrarily spaced, 
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selection of the match points by this method will yield Q in the 

partitioned form 

_ 

A 

A 

2 
reducing the number of terms to be generated by (n-1'/x(NF) . 

Some peculiar behavior has been observed, however, when match 

points are chosen in this manner. The results in Appendix D show that 

with odd numbers of Fourier Coefficients the capacitance converges much 

faster. For example: with D/R=2.1, ard NF=13, the capacitance is 

accurate to four decimal places. But, an examination of the first 

Fourier coefficient In Table 4-2 shows that the total charge on wire 2 

Is not equal in magnitude and opposite in sign to that on wire 1. 

Furthermore as the other Fourier coefficients are not equal In magnitude 

r, 
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the charge distribution, shown on p. D-21, will not be symmetrical 

with respect to the plane x-x of Figure 4-3. In this respect, 

values of capacitance obtained with small, odd values of NF are 

deceiving. As NF increases and remains odd, the total charge and the 

TABLE 4-2 

FOURIER COEFFICIENTS FOR 
NF=3 AND D/R=2.1 

Wire 1 Fourier Cceff. W i re 2 Fourier Coeff. 

1 

2 

3 

.230140558X10"10 

.259771906X10"10 

.136121991X10“^° 

1 

2 

3 

-.212405613X10' 10 

.308622284X10"10 

-.166685021X10"^° 

TABLE 4-3 

FOURIER COEFFICIENTS FOR 
NF=4 AND D/R=2.I 

Wire 1 Wire 2 

1 

2 

3 

4 

.208034458X10'10 

.263266360X10"10 

.161488055X10"10 

.828778084X10'11 

1 

2 

3 

4 

-. 208034458X10-10 

.263266360X10'10 

-.161488055X10'10 

.828778084X10'11 

charge distribution balance. In contrast. Table 4-3 shows that 

for small, even values of NF the total charge on the two wires is 

equal in magnitude and opposite In sign. The plot on p. D-24 shows 

that the charge distribution Is exactly symmetrical about the plane 

x-x of Figure 4-3. This behavior is the same for all even values of 

NF. 
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Another method which may have been used for match point selection 

is the "image match point method." In this case, match points on wire 

2 are selected as the images of those on wire 1 as determined by the 

plane of symmetry x-x in Figure 4-3. The circles on wire 2 are 

the Images match points of the "+" on wire 1. An example of this method 

was done with D/R=2.1 while NF was varied from 1 to 25. These results 

are listed In Table 4-4 and show good convergence and overall smoothness. 

TABLE 4-4 

IMAGE MATCH POINT METHOD 

NF APPROX. CAPACITANCE 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

.3290720 

.4581047 

.5675086 

.6535595 

.7187460 

.7667450 

.8013263 

.8258450 

.8430377 

.8550077 

.8633072 

.8690505 
.8730231 
.8757722 
.8776768 
.8789983 
.8799167 
.8805559 
.8810017 
.8813130 
.8820621 
.8816833 
.8820538 
.8818654 
.8820494 
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This particular method, however, destroys the previous structure of the 

matrix, and furthermore. Is limited to systems possessing a plane of 

symmetry. Systems Involving symmetry are treated in Adams [22,23] by 

taking advantage of the symmetry in order reduce the size of the D 

matrix. Thus, the example given here merely serves as an Illustration. 

In conclusion, it has been determined that the Fourier Series 

gives much better results than the technique used in Chapters 2 and 3. 

The Fourier Series Is also sensitive to match point selection and 

certain selections of match points will reduce the amount of work 

necessary in solving systems not possessing planes of symmetry. Finally, 

since the Fourier Series yields such good results, an extension to 

arbitrarily excited multiconductor bare wire systems is now made. 

4.5 Multiconductor Bare Wire Systems and the Capacitance Matrix 

Shown in Figure 4-4 is a system consisting of n bare wires. 

From Chapter 1 the relationship among the voltages and charges of the 

Fig. 4-5. — A system of n arbitrarily 
excited bare wires. 
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conductors is written in the matrix form 

cn c12 . 

C|2 
t (4-37) 

or 

q = c V_ (4-38) 

where c is defined to be the capacitance matrix. Thus, a relation¬ 

ship of the form of equation (4-37) is sought and can be obtained 

using the methods of Section 4.3. 

Referring again to Figure 4-4, let the charge distribution 

over each conductor be expressed as a 2k+1 term Fourier Series. 

Then, denote 

N, ’ a’x _ 
0 <VV ' “o 

k 

\ N ' 
+ /, (o. cos 0.. -* j N 

j=1 

(4-39) 

as the charge distribution on wire N with respect to a cylindrical 

coordinate system at the center of wire N. Using the superposition 

of potentials from all charge distributions, the potential at a field 

point (rj,6¡) is: 

♦(r-.e,) = \ 
N=1 

♦ (rN»V» (4-40) 

where 

♦V N'V “ Dïl °0 + p (Di(J+1)°j + °l(j+1)°J 
.N (4-41) 
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l°9 rN 
» 

D 
N 
¡(j+1) 

(r')J+' cosjo; 

jrJ 
jrN 

(4-42) 

(4-43) 

and 
1 (r^*1 sinje' 

N 

Kj+lî 2e0 
jr 

(4-44) 

Combining equation (4-40) and (4-41), 

k 

*<rl,eil = l < °0 + l °j 
j=1 

(4-45) 

N= 1 

Equation (4-44) is now one equation in terms of n*(2k+1) unknowns, and 

thus, by selecting 2k+1 distinct match points on each conductor and 

writing equation (4-44) for each point, a set of equations in matrix 

form results. These are: 

(4-46) 

where each (2k+1 )x(2k+1 ) submatrix 0..., relates the sources on wire 
-MN 

N to the match points on wire M. A typical submatrix is 
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-MN 

-MN 

MN 
^21 

MN 
J(2k+1)1 

MN 
12 

MN 
22 

MN 
(k+1 ) 

-MN 
J2(k+1) 

^MN 
J(2k+1)(k+1) 

“MN 
312 

qMn 
22 

ß' 

“MN 
J1 (k+1 ) 

“MN 
^2(k+1) 

MN 
(2k+1)2 

¿MN 
u(2k+l)(k+1) 

(4-47) 

The vectors a and V,. are: 
N —M 

i’-N 
and V. (4-48) 

Thus, a set of matrix equations of the form 

Qo = V_ (4-49) 

is obtained. Solving equation (4-49) by matrix inversion now yields, 

in partitioned submatrix form, 
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(4-50) 

where T = D"1. Recall from equation (4-38) that a relationship 

between the voltages and the total charges on all the conductors 

Is necessary in order to determine the capacitance matrix. This 

relationship can be obtained from equation (4-50) by first recog¬ 

nizing that the total charge per unit length on each conductor 

will be simply the average value of the Fourier Series 

charge distribution times the circumference of that conductor i.e., 

qi = 2itRj oj 

q, = 2irR, o¡ (4-51) 

q = 2ttR o„ , or in terms of the values in T, 
Tn n o 1n 

2k+1 2k+1 2k+1 

<i, = 2’R.(I TiJv»+ l t!jv2 + -+ I Tu V 
J=1 

2k+1 

j = 1 

2k+1 

J=1 
2k+1 

^ ■ 2’r2(í t!]v. + Í T” v2f •••* I TîjO 
j=l jsl J=1 (4-52) 

2k+1 2k+1 2k+1 

% * 2-Rn( Í I T1J Vn) 
J*1 J*1 J“’ 
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and thus each term in the capacitance matrix is 

2k+1 

cij = 2"Ri l 
m=l 

r'J 
1m * 

(4-53) 

In words, equation (4-53) says that In order to determine the (ij)+h 

value of capacitance go to the (ij)+h submatrix of T = D"1 and add 

up all the terms in the first row. Thus, equation (4-52) is the desired 

form indicated by equation (4-38). 
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CHAPTER V 

The Application of the Fourier Series 

to Problems Involving Dielectrics 

5.1 Introduction 

The ultimate goal of this text is to present a procedure for the 

compuhaMon of the capacitance matrix for systems of dielectric-coated 

wires. The methods of Chapters 2 and 3 have proven inadequate for general¬ 

ization to multi-wire systems due to relatively poor results obtained 

when these methods were applied to the simple two bare wire case. Thus, 

generalization of the polygonal and the circular strips approximation 

would be merely academic. In contrast, the Fourier Series approximation 

yielded very good results for rwo bare wires and !n Section 4.5 was 

extended to multiconductor bare wire systems. Now with a few additional 

equations and another boundary condition the results of Chapter 4 can 

be expanded to take into account dielectric coating. 

Since the introduction of dielectrics around the wires increases 

the number of parameters affecting the solution, this chapter begins 

with a general analysis o; two dielectric-coated wires. Then, some 

results for this case are presented. Finally, the procedure is general¬ 

ized to the computation of the capacitance matrix for a system of 

arbitrarily excited dielectric-coated wires. 

5.2 Two Dielectric Coated Wires 

Consider Figure 5-1 where two wires coated by linear, homogeneous 

and isotropic dielectrics are shown. The relative dielectric constants e,.and 



r 

Fig. 5-1. — Two dielectric-coated wires. 
Unprimed quantities identify the conductor boundaries 
and primed quantities identify the dielectric boundaries. 

completely specify the dielectric properties and V V Rci-and 

R specify the geometry of the wires. It is well-known that the 

addition of a dielectric material into an electric field produces in 

effect a net drift of charge to the surfaces of the dielectric. This 

effect is characterized by a surface distribution of bound charge, 

where bound charge is distinguished from free charge which may arise 

on conductor surfacesln free space. The potential and electric fields 

produced are functions of the total (bound plus free) charge. Thus, 

a matrix equation can be formulated as follows: (1) replace the 

dielectric boundaries with 2k+1 term Fourier Series distributions 

of bound charge; replace the conductor-dielectric boundary with 

2k+1 term Fourier Series distributions of total charge; (2) choose 

2k+1 match points along each of the surfaces in (1); and, (3) force 
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tho potential 1o be constant at match points on the conductor boundaries, 

and force the normal component of the displacement vector D = eE to be 

continuous across the dielectric boundaries. 

The matrix equation which results will appear in the partitioned 

form 
9n ?12 ?11« 9l2* 

i.2i i22. A1! A.2! 

?1'1 ^1'2 ßl' 1' ?1'2' 

®2 1 ^2'2 -2’1' >2’ 2' 

0 
-1 

— 2 

-2 

(5-1) 

where and _£2 are vectors of length 2k+1 containing the Fourier coeffi¬ 

cients of combined free and bound charge densities on the conductor-dielec¬ 

tric boundaries, and and are vectors of length 2k+1 containing the 

Fourier coefficients of bound charge densities on the dielectric boundaries. 

V.J and are also vectors of length 2k+1 which establish the potential 

boundary conditions on the conductors. Each (2kt1 )x(2k+1 ) submatrix D... 
'MN 

above the dashed line contains the potentials on conductor M due to unit 

magnitude sources along boundary N, where M=1,2, and N=1,2,1,,2' consistent 

with Figure 5-1. Each (2k+1 )x(2k+1 ) submatrix D,.., below the dashed line 

contains the difference between the displacement vector D=eE just inside 

and just outside the match points on boundary M due to the sources on the 

boundaries N, where l^l^', and N=1,2,1,,2’. The distinction of "just inside" 

or "just outside" has special significance when the match points fall on 

the same surface as the sources because the electric field changes by ps/tg 

as a field point passes through a charged surface of coulombs per square 

meter in free space. 

As in Chapter 4, a matrix equation 
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(5-2) 

relating the free charge (denoted by the subscript "f") arising on the 

conductors to the potentials of the conductors is desired since this 

defines the capacitance matrix c. This relationship can be extracted 

from the matrix equation 

2* 
» 

« 

—2 

11 II 2 In' Tl21 

I21 I22 I21' 122' 

il'l -^2 -l'l T,t, i T,i„t 12 

T » T,*-, T » ' T.».» 
-2 1 -2 2 -21 -22 

h 

±2 

0 

0 

(5-3) 

which is the solution of equation (5-1) by matrix 

The total (bound + free) charge on the conductors 

inversion with T=D . 

Is 

^1 
2nR 

cl 
1 

°0 
(5-4) 

<2 2,iRc2 °0 
(5-5) 

where oj and 0^ are the average values of total charge density 

on conductors 1 and 2 respectively. The bound charge arising on the 

dielectric boundaries is 

<; - 2"Rdl «5' 

I 21 
q» = 2itR.0 o. . d2 0 

(5-6) 

(5-7) 
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The total charge q1 is the free charge on the conductor-dielectric 

of wire 1 plus an amount of bound charge equal in magnitude 

but opposite in sign to qj. The same is true for qg and q^ • 

Therefore, 

«if = «i + q 
(5-8) 

and 

«af ' «2 * «2 
(5-9) 

Now, combining equations (5-4), (5-5), (5-6), (5-7), and (5-3), the 

relationship of equation (5-2) is obtained with 

2k+1 2k+1 

=n'2*<Rci I C * Rdl 1 Til‘’ 
m=1 m=1 

(5-10) 

2k+1 2k+1 

c12 = 2it(R T12 + 
cl L 

m=1 
Rd,i c 

m= 1 

(5-11) 

2k+1 2k+1 

'21 2"<RC2 Ï TWtRd2 il C1 
m=1 m= 1 

(5-12) 

'22 

2k+1 2k+1 

2'<RC2 I T“ + Rd2 l 
m = 1 m = 1 

T2’2) 
1m 

(5-13) 

5.3 The Potential and Electric Field of a Fourier Series Charge 

Distribution 

In order to compute the fields necessary for the generation of 

the D matrix of Section 5.2, consider Figure 5-2, where 
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1 

o(0) = Oq + (OjCosj01 + ôjSinje'), 

j = 1 

(5-14) 

Fig. 5-2. — A Fourier Series charge distribution. 
r'=R. 

The potential at a point (r,0) with r>r' due to o(0) was developed in 

Chapter 4. For convenience, this expression was 

(r')J’+1sinj0 ,, r-ln(r) , 1 V "-'>J+W , 1 K r *(r,9) = -0o __ + _ > a. —-j-+ 2^ "j 

j=1 J j=1 
jr 

(5-15) 

The electric field for r>r' can be obtained from equation (5-15) using 

where 

E(r,0) = -V^(r,0) (5-16) 

(5-17) 
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This gives 

rv 

§(r,0) = r +S o.(r'/r)j+1(co5jer + slnj0 0) 
2Eo ky J 

(5-18) 

+ o.i 
2co ^ J 

.(r'/rJ^’tslr^O r - cosj© 0) 

J=1 

Simllarly, for r<r*, 

. . / i K rJcosj0 
t(r,e> = zllJçaírM + a --, 

en J ¡fr*'1 1 o J J(r')J" 
js1 

1 k a r^sinj© 

2g° jtr, ^ 
(5-19) 

E(r,0) = Õ y o.tr/r’)^” (cosj© r - slnj0 
^e0 ^ ^ 

J=1 

P) 

-1 
2eft 

k ^ . _ 
y a.(r/r')J (sinj0 r + cosj0 0). 
Lj J 

(5-20) 

j=1 

All of the terms occurring in the D matrix will now be 

identifiable as terms or combinations of the terms in equations (5-15), 

(5-18), (5-19), and (5-20). Equation (5-20) includes only 2k non-zero 

terms since the leading term which represents the electric field due to 

Oq with r<r' will always be zero; however, this zero term must be taken 

into account when generating the D matrix, and thus, the zero appears 

explicitly in equation (5-20). 
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5.4 Two Identical Dielectric-Coated Wires 

The method of Section 5.2 is now applied to some problems 

which have been drawn to scale in Figure 5-3. RW is the wire 

radius; RD is the dielectric radius; D is the distance between 

centers; and eD is the relative dielectric constant. The potentials 

of the wires are set to = + 1 and = -1 volt. The match points 

were selected by the image method given in Chapter 4. The results 

are given in Appendix E as follows: 

(1) each plot of the capacitance versus the number of Fourier 

components includes the values obtained if the dielectric 

were not present (with the points are marked by a "+"); 

(2) each charge distribution plot contains the total charge 

distribution (with the points marked by an "*") along the 

conductor-dielectric boundary and the bound charge distri¬ 

bution (with the points marked by a "+"> along the free space- 

dielectric boundary; 

(3) the charge distribution with the dielectric removed (at the 

top of the page). 

Overall, the capacitance shows stable and accurate behavior. 

With NF being limited to 20, the capacitance indicates convergence to 2 

digits for the problems of Figure 5-3(a), (b), and (c), while for (d) 

and (e) the accuracy obtained is 6 and 12 digits respectively. However, 

the more important observation is that good accuracy is achieved with 

low values of NF. For example, It is reasonable to assume that the 

problem in Figure 5-3(a) has 42 picofarads as an upper bound on the 
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bD H 

(a) D=4.0, ER=3.0 (b) 0=4.1 
Rw=1.0, RD=2.0 

(e) 0=10.0 

Fig. 5-3. — The Geometry of the Problems Solved. 
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capacitance. Hence, the capacitance obtained with NF=10 is in error 

by at most 4.4$. Now, if the capacitance matrix for an n-wire bundle 

(all the wires being identical to the one used here) is desired, then 

using the Fourier series method with NF=10 should yield approximately 

5$ accuracy for the entries in the matrix. In many applications this 

accuracy is sufficient. 

The total charge distribution curve along the conductor- 

dielectric boundary has about the same shape as the distribution that 
* 

would occur if the dielectric were not present. The only difference 

i s that the total charge now couples positive free charge and negative 

bound charge and has decreased with the addition of the 

dielectric. The accuracy of the free charge distribution is about 12 

decimal places (0=4.0) as indicated by the capacitance and the results 

given in Chapter 4; therefore, the total charge distribution should have 

close to the same accuracy. On the other hand, the bound charge distri¬ 

bution along the free space-dielectric boundary is probably accurate 

only to 2 decimal places. The steepness of curve and the analysis of 

Chapter 4 indicate this to be the case. Thus, in order to improve the 

capacitance, it would be necessary to get a more accurate distribution 

on this surface. This says that th^ Fourier series need more terms, 

but only for the distribution along the free space-dielectric boundary. 

This presents no problem, however, since the problem could have been 

formulated this way to begin with. 

In summary, It has been found that the Fourier series method 

shows much promise for generalization to multiple dielectric-coated wire 

problems. This generalization is now given. 

i 
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5.5 The Dielectric-Coated, Multiwire Case 

The methods of Section 5.2 can now be combined with the 

equations of Section 5.3 to extend this analysis to the dielectric- 

coated multi-wire case. Consider Figure 5-4 where n arbitrarily excited 

Fig. 5-4. — n dielectric-coated wires. 

dielectric-coated wires are shown. Each dielectric is linear, 

homogeneous, and isotropic. As in Section 5.2, the procedure begins 

as follows. 

(1) Assume a 2k+1 term Fourier Series distribution to total charge 

over each boundary C. with j=1,2,...n. 
J 

(2) Assume a 2k+1 term Fourier Series distribution of bound charge over 

each boundary C^' with j'*!',2’,...nf. 

(3) Choose 2k+1 match points on each C.. 
J 

(4) Choose 2k+l match points on each Cj'. 

(5) Using the equations of Section 5.3, enforce 

V = V, (5-21) 
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at all match points on the conductor boundaries, and 

‘,Ei - = 0 (5-22) 
I 0 

at all match points on the dielectric boundaries. and En 

are the normal components of the electric field just inside 

and just outside the dielectric respectively. e0 is the 

dielectric constant of free space. 

Steps (1) through (5) will produce the matrix equation 

?n 

•21 

5nl 

D • • • D D . * >12 >in -11' In' 

• • D D • • >nn >nl D , >nn' 

?1'1 ’ ' ' -1'n ?1'1' ' ‘ ?l'n' 

D ,, • • • D , D 11 -n’l >n'n >n'l 0 . « -n'n' 

—2 

0 —n 

-1 

V -i 

V 
—n 

0 

0 

(5-23) 

where each (2k+1)x(2k+1 ) submatrix above the dashed line represents 

the potentials on conductor M due to the unit magnitude sources along 

boundary N. Each (2k+1)x(2k+1) submatrix below the dashed line 

represents the difference between the displacement vector D just 

inside and just outside the dielectric boundary at the match points on 

M due to unit magnitude sources along boundary N. 

From this point, the next step is: 

(6) solve equation (5-23) by matrix Inversion to obtain the matrix 

equation 

-69- 



T* 

—2 

-2 

Ill Î12 

ni 

^ » • 
‘l'I 

Vi 

î.n în- î.r' 
nn ni Tnn’ 

Tl’n Tl’l» Tl,n' 

^n'n ^n* 1' ^n'n' 

V 
—n 

0 

0 

0 

0 

(5-24) 

from which the capacitance matrix can now be extracted. As in Section 

5.2 

q +q* 
qif 

q2f 

<nf 

q2+q^ 

q +q' 
Mn Mn 

=2ir 

1 . r, -1’ R X + R^,on cl 0 dl 0 

RC2°0 * ’’dî0«' 

R 0A + cn 0 d2 0 

(5-25) 

From equation (5-24) 

2k+1 

oj * ) (t|1V, + tJ2V +...+ T¡"v ) 0 Im 1 im 2 im n 
m=1 l, ■ r 

m=1 

2k+1 

" = Y (TnlV. + t"2V, + ... + T?"V ) 0 L im 1 Im 2 im n 

(T21V. + I?2V + ... + T?"v ) Im 1 Im 2 Im n (5-26) 
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Also, from equation (5-24) 

1' = £ (TÎl1 V, + t\'J V„+ ... + TÎln V_) 
'0 Ci ' ’ lm 1 1m 2 

m=1 
1m n 

2k+1 
2'1 2'2 2 ' n 

vi + T, v5+ ... + T, n V ) im 1 im 2 im n 
• m=1 
: 2k+1 
_n ^ ^ u -i. ^ u 4. 4. T^'n . 
°0 - ¿, Tlm V1 + Tlm V ••• + T,„ *„>• 

m=l im n 

(5-27) 

Now, equation (5-26) and (5-27) can be added according to equation (5-25) 

to yield the desired relationship 

^nf 

C11 C12 lr 

'nl nn 

(5-28) 

where 
2k+1 

Cij l 
m=1 

2* ) (R .T,ij’ + R .T 1 ,J). 
ci im di im (5-29) 
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CHAPTER V! 

CONCLUSIONS 

A method which may be used to compute the capacitance matrix of 

a system of bare or dielectric-coated wires has been presented. The 

method was obtained as follows: 

(1) formulate an approximate method for two bare wires; 

(2) compare the results obtained by the approximate method to the 

exact results which are known for two bare wires, 

(3) if the approximate method compares favorably with the exact 

results for two bare wires, then extend the method to multiwire 

systems. 

In Chapter 2, a two circular conductor system was replaced 

by a system of two polygonal conductors. This method had the 

advantage that the entries in the coefficient matrix (the Q matrix) 

of the matrix equation which approximated the defining integral 

equation were obtained in closed form. However, the slow 

convergence of the approximate boundary to the actual boundary 

limited the accuracy of this method. This limitation led to the 

second approach taken in Chapter 3 in which the two wires were 

broken into circular strips instead of polygonal strips. One 

disadvantage of using circular strips was that the entries in the 

0 matrix could not be computed in closed form, and as a result. 
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numerical integration had to be used. The numerical integration 

caused increased computation time and limited the accuracy to which 

each 1erm in the D matrix could be computed. Overall, the circular 

strips method was better than the polygonal strips method, but neither 

was sufficiently accurate to allow generalization to multiwire 

systems. 

The third method involved the assumption of a Fourier 

Series charge distribution over the entire circumference o* the two 

wires. This method incorporated the advantages of “he polygonal 

and the circular strips approximation in that the entries in the 

D matrix were obtained in closed form without altering the boundaries. 

In addition, the charge distribution at all points on the wire 

boundaries was accurately obtained using a small number of Fourier 

Coefficients, a result which was true even when the wires were 

closely spaced. The polygonal and the circular strips approximations 

did not yield a good charge distribution over the surfaces of 

closely spaced wires. Thus, since the results of the Fourier Series 

method were so good for two wires, the analysis was extended to 

multi-bare-wire systems. Finally, in Chapter 5, the Fourier Series 

methods of Chapter 4 were coupled with the concepts of total, 

free, and bound charge distributions and a method for obtaining the 

capacitance matrix of multi-dielectric-coated-wire systems was 

derived. The case of two identical dielectric-coated wires was 
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solved explicitly thus completing the analysis. 

Some of the topics of future interest involve first of 

all the application of the methods outlined herein to systems 

of more than two conductors. Other topics might be: 

(1) the possible improvement of the capacitance by use of the 

"Method of Least Squares" [24] or by extrapolation 

techniques [5]; 

(2) the optimization of match point selection; 

(3) the optimization of computer techniques for the D matrix 

generation; 
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Appendix A 

For two-dimensional problems the charge distribution can be 

considered to be composed of an infinite number of infinitely long 

but infinitesimally small filaments of charge. If the total charge 

is equal to zero, then for every positively charged filament, there 

will be another filament equal in magnitude and opposite in sign. 

Consider Figure A-l. The reference peint is denoted by r0. The 

potential at the point r with respect to the reference point is 

(A-n 

(A-2) 

As r0 approaches infinity, the ratio (r02/r01) becomes unity and thus 

the last term in equation (A-2) becomes zero. Hence, the reference 

potential term is dropped from the integral equation. 

Fig. A-1. — Two line charges of equal magnitude and oppos 
sign. 



Cf
lP
RC
IT
R
N
C
E
 

*1
0'
 

APPENDIX B 

'V 

POLYGONAL STRIPS DATA 

D/R=2.1. The exact capacitance = 0.8820449x10 

NS_Approx. Capac.» 

3 0.2615826 

4 0.3316383 

5 0.4074227 

6 0.4552477 

7 0.5199159 

8 0.5519137 

9 0.6028258 

10 0.6258819 

11 0.6637001 

NS Approx. Capac. 

12 0.6814623 

13 0.7087031 

14 0.7229073 

15 0.7423409 

16 0.7538670 

17 0.7678073 

18 0.7771930 

19 0.7873501 

20 0.7949929 

*Capacitance values are multiplied by 
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6.28 

6.28 
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O/R- 2.1 
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POLYGONAL STRIPS 

D/R=2.2. The exact capacitance = .6262M5x10 

NS Approx. Capac.* NS Approx. Capac. 

3 .2483420 

4 .3098425 

5 .36867960 

6 .4067744 

7 .4h31745 

8 .4718354 

9 .4991967 

10 .5148758 

11 .5325495 

*Capacitance values a 

12 .5434691 

13 .5550066 

14 .5628501 

15 .5706074 

16 .5763606 

17 .5817709 

18 .5860651 

19 .5899776 

20 .5932365 

multiplied by 10 
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POLYGONAL STRIPS 

D/R=2.3. The exact capacitance = 0.5133601x10 

NS Approx. Capac.1 NS Approx. Capac. 

3 
4 
5 
6 
7 
8 
9 
10 
11 

.2371186 

.2918135 

.3394953 

.3706278 

.39e9691 

.4180ÒÚÜ 

.4355928 

.4468612 

.4574755 

12 
13 
14 
15 
16 
17 
18 
19 
20 

.4648702 

.4715825 

.4766307 

.4810929 

.4846521 

.4877591 

.4903404 

.4925899 

.4945105 

‘Capacitance values are multiplied by 10 
-10 

NS 
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O/R- 2.3 
NS-19 

6.20 

6.28 
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POLYGONAL STRIPS 

0/R=3.0. The exact capacitance = 0.2886231x10 
•10 

NS Approx. Capac.1 NS Approx. Capac. 

3 
4 
5 
6 
7 
8 
9 
10 
11 

.1887302 

.2193580 

.2391574 

.2516404 

.2602671 

.2661709 

.2704883 

.2736667 

.2760984 

12 
13 
14 
15 
16 
17 
18 
19 
20 

.2779840 

.2794801 

.2806833 

.281666 

.2824781 

.2831569 

.2837297 

.2842172 

.2846361 

'Capacitance values are multiplied by 10 
-10 

NS 
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POLYGONAL STRIPS 

D/R=10.0. The exact capacitance = 0.1211716x10~10 

NS Approx. Capac.* NS Approx. Capac. 

3 
4 
5 
6 
7 
8 
9 
10 
11 

102319 
1097410 
1135291 
1157126 
1170820 
1179957 
118635 
1190995 
1194474 

12 
13 
14 
15 
16 
17 
18 
19 
20 

.1197147 

.1199244 

.1200920 

.1202279 

.Í203398 

.1204329 

.1205112 

.1205777 

.1206346 

Capacitance values are multiplied by 10 -10 

NS 
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0/R=10.0 
NS* 4 

c\j 
>— 
^o-4 
►—I 

CD 

LU 
^ to 

I o 
UJ-A 
0° 
CE 
Œ 
X 
(_)„ 

^.00 1.57 3. 14 
METERS 

4.71 6.28 

B-20' 



O/R*10.O 
NS* 19 

CM 
■ 

. *4 O 
tn 
z 
ÜJ 

1 CD 
I O 

LU *-| 
o° 
<r 
Œ 
X 
LJ„ 

^.00 1.57 3. 14 
METERS 

4.71 ~6.28 

-B-21- 
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APPENDIX C 

CIRCULAR STRIPS DATA 

D/R=2.1. The exact capacitance =1 0.8820449x10 
-10 

NS 
3 
4 
5 
6 
7 
8 
9 
10 
11 

Approx. Capac. NS 
0.3291886 
0.5237110 
0.5169441 
0.6557058 
0.6528785 
0.7397262 
0.7427161 
0.7906166 
0.7981673 

12 
13 
14 
15 
16 
17 
18 
15 
20 

Approx. Capac. 
0.8218238 
0.8311374 
0.8413939 
0.8504604 
0.8539576 
0.8618065 
0.8622050 
0.8685625 
0.8677338 

'Capacitance values are multiplied by 10 
-10 

20.00 
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CIRCULAR STRIPS 

D/R=2.2t The exact capacitance = 0.6262345x10 

NS_Approx. Capac.* NS Approx. Capac. 

3 
4 
5 
6 
7 
8 
9 
10 
11 

0.3149170 
0.4642286 
0.4629508 
0.5453769 
0.5455589 
0.5854490 
0.5867809 
0.6044171 
0.6063429 

12 
13 
14 
15 
16 
17 
18 
19 
20 

0.6137877 
0.6156086 
0.6186966 
0.6201285 
0.6214225 
0.6224494 
0.6230188 
0.6237217 
0.6239991 

All capacitance values are multiplied by 10 -10 

‘TjTÕÕ sVÕÕ 10.00 15.00 20.00 
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CIRCULAR STRIPS 

D/R=2.3. The exact capacitance = 0.313360ix10 
-10 

RS" Approx. Capac.* 
3 
4 
5 
6 
7 
8 
9 
10 
11 

0.3022011 
0.4201860 
0.4214839 
0.4741287 
0.4753186 
0.4962211 
0.4972017 
0.5050733 
0.5059423 

12 
13 
14 
15 
16 
17 
18 
19 
20 

0.5089151 
0.5095768 
0.5107542 
0.5112088 
0.5117196 
0.5120168 
0.5122680 
0.5124596 
0.5126004 

*AII capacitance values are multiplied by 10 
-10 

20.00 
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CIRCULAR STRIPS 

D/R=3.0. The exact capac itance = 0.2886231x10 
-10 

NS Approx. Capac.* 

3 0.2413373 
4 0.2770143 
5 0.2795018 
6 0.2857513 
7 0.2865276 
8 0.2876984 

9 0.2879519 
10 0.2882262 
11 0.2883301 

*AII capacitance values 

NS Approx. Capajc. 

12 0.2884186 
13 0.2884678 
14 0.2885058 
15 0.2885316 
16 0.2885513 
17 0.2885659 
18 0.2885771 
19 0.2885859 
20 _0.2885928 

are multiplied by 10 
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CIRCULAR STRIPS 

D/R=10.0. The exact capacitance = 0.1211716x10 

NS_Approx. Capac.* 

3 0.1203928 
4 0.1210853 
5 0.1211405 
6 0.1211606 
7 0.1211671 
8 0.1211701 
9 0.1211716 
10 0.1211724 
JJ_0.1211728 

*AII capacitance values 

NS Approx. Capac. 

Ti 0.1211730 
13 0.12117:. 
14 0.1:11732 
15 0.1211732 
16 0.1211732 
17 0.1211731 
18 0.1211731 
19 0.1211731 
20 _0.1211730 

are multiplied by 10 

NS 

-c-13- 







APPENDIX D 

FOURIER SERIES DATA 

D/R=2.1. The exact capacitance = 0.8820449x10 

A-Odd values of NF. *-Even values of NF. 

NF Approx.*Capac. NF Approx. Capac 

1 0.3290720 

2 0.4581047 

3 0.7230078 

4 0.6535595 

5 0.8355288 

6 0.7667449 

7 0.8694290 

8 0.8258450 

9 0.8789833 

10 0.8550077 

11 0.8814642 

12 0.8690505 

13 0.8820250 

14 0.8757722 

15 0.8821101 

16 0.8789983 

17 0.8820979 

18 0.8805559 

19 0.8820767 

20 0.8813130 

"Capacitance values are multiplied by 
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FOURIER SERIES 

0/R=2.2. The exact capacitance = .6262345x10 
A-Odd values of NF. *-Even values of NF. 

NF Approx.* Capac. 

1 0.3148103 11 
2 0.4202215 12 
3 0.5866351 13 
4 0.5478852 14 
5 0.6217818 15 
6 0.5985988 16 
7 0.6262644 17 
8 0.616627’ 18 
9 0.6265190 19 
10 0.6228599_20 

Approx. Capac. 

0.6263823 
0.6250297 
0.6262954 
0.6257977 
0.6262579 
0.6260741 
0.6262433 
0.6261750 
0.6262378 
0.6262122 

*CapacStance value are multiplied by 

o 
o 

^.00 5.00 10.00 
NF 

15.00 20.00 
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FOURIER SERIES 

D/R=2.3. The exact capacitance = 0.5133601x10’'® 

¿-Odd values of NF. »-Even values of NF. 

NF Approx.*Capac. 

1 0.3021029 

2 0.3894184 

3 0.5018097 

4 0.4774476 

5 0.5138287 

6 0.5035773 

7 0.5138780 

8 0.5106671 

9 0.5135492 
10 0.5125987 

NF Approx. Capac. 

11 0.5134190 
12 0.5131394 

13 0.5133777 

14 0.5132949 

15 0.5133654 

16 0.5133405 

17 0.5133617 

18 0.5133541 

19 0.5133606 

20 0.5133583 

^Capacitance values are multiplied by 10-'®. 
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FOURIER SERIES 

D/R=3.0. The exact capacitance = 0.2886231835048649x1010 
A-Odd values of NF. «-Even values of NF. 

NF_Approx.* Capac. 

1 0.2412747121684733 

2 0.2719488136671805 
3 0.2904101192191045 
4 0.2869302227645756 
5 0.2888755056932352 
6 0.2884418942160559 
7 0.2886521827296925 
8 0.2886024264216044 
9 0.2886265711256679 
10 0.2886206980858796 

NF_Approx. Capac. 

11 0.2836235924344002 

12 0.2886228765366393 
13 0.2836232342549118 
14 0.2886231447174977 
15 0.2886231899399235 
16 0.2886231785174214 
17 0.2886231543345695 
18 0.2856231828546509 
19 0.2886231836132704 
20 0.2886231834191468 

Capacitance values are multiplied by 10 •10 

-* 

X 

A 

u.OO 5.00 10.00 15.00 20.00 
NF 
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FOURIER SERIES 

D/R=10.0. The exact capacitance = 0.121171671751922x10 
A-Odd values of NF. »-Even values of NF. 

NF Approx.* Capac. NF Approx. Capac. 

1 0.1205772585197398 
2 0.1210299396376566 
3 0.1211841683799823 
4 0.1211705396429918 
5 0.1211717656245885 
6 0.1211716631672821 
7 0.1211716724813113 
8 0.1211716716833484 
9 0.1211716717578787 
10 0.1211716717513502 

11 0.1211716717519726 
12 0.1211716717519171 
13 0.1211716717519225 
14 0.1211716717519220 
15 0.1211716717519220 
16 0.1211716717519220 
17 0.1211716717519220 
18 0.1211716717519220 
19 0.1211716717519220 
20 0.1211716717519220 

M -IQ 
Capacitance values are multiplied by 10 
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APPEND IX E 

TWO DIELECTRIC-COATED WIRES 
D=4.0. Rw=1.0. ER=3.0. RD=2.0. 

NF_Capac*_ 
1 0.2653264896459874 
2 0.3108506305227654 
3 0.3393609436687546 
4 0.3584912360384726 
5 0.3720153065688648 
6 0.3818456597652442 
7 0.3891344456C80068 
8 0.3946295718522494 
9 0.3988341472703791 
10 0.4020940875094267 
11 0.4046513532521321 
12 0.4066779808931132 
13 0.4082983337761532 
14 0.4096038066487121 
15 0.4106626265763988 
16 0.4115264599525303 
17 0.4122349259783496 
18 0.4128187408064898 
19 0.4133019407684728 
20 0.4137034869082607 

Capac. Without Dielectric 
0.1960867354804229 
0.2071380629272396 
0.2100767569534968 
0.2107338195732281 
0.2108804221423331 
0.2109137271295523 
0.2109214318604873 
0.2109232422462171 
0.2109236732499677 
0.2109237770025262 
0.2109238022139820 
0.2109238C83896527 
0.2109238099128993 
0.2109238102908678 
0.2109238103851455 
0.2109233104087696 
0.2109238104147134 
0.2109238104162142 
0.2109238104165944 
0.2109238104165910 

"Capacitance values are multiplied by 

*-0JELECTRIC-C0RTED 
♦-BARE-WIBE 

« * X * * * 
X X X X X X X 

X 

OJ 
o 

t, 
o 

o 
o 

+ ♦ 

^.00 

+ + + ♦ + + + + + + + + + ♦ + ♦ + 

s'. 00 10.00 15.00 20.00 
NF 
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TWO DIELECTRIC-COATED WIRES 
D=4.1. Rw=1.0. ER=3.0. RD=2.0. 

NF Capac.* 
T~ 0.2604319063960941 
2 0.3028769038550849 
3 0.3289748694412965 
4 0.3460954632999954 
5 0.3579070700053849 
6 0.3662586222351133 
7 0.3722511534286733 
8 0.3765954732933833 
9 0.3797696962114337 
10 0.38210337618412/0 
11 0.3838275925609864 
12 0.3851065822548474 
13 0.3860583821732247 
14 0.3867686001727846 
15 0.3872997761397828 
16 0.3876978575787908 
17 0.3879967507554561 
18 0.3882215630012440 
19 0.3883909380417583 
;.!0 0.3885187523763949 

Capac. Without Dielectric 
0.1929173044921796 
0.2030825115569347 
0.2057327456875594 
0.2063103162395421 
0.2064357703678684 
0.2064634942344962 
0.2064697303587507 
0.2064711548373961 
0.2064714844922656 
0.2064715616285173 
0.2064715798479409 
0.2064715841860081 
0.2064715852260650 
0.2064715854769164 
0.2064715855377361 
0.2064715855525498 
0.2064715855561725 
0.2064715655570617 
0.2064715855572806 
0.2064715855573347 

Capacitance values are multiplied by 

in 
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O 
«—4 

X 
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o 

• a 
o 

<\j 
o 

«-DIELECTRIC-CORTEO 
♦-BRRE-WIRE 

« * * 
*********** 

4- + 4- + + + + + + + + + + + + + + + 

O 
O 

^.00 5.00 10.00 
NF 
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TWO DI ELEGIR IC-COATEC WIRES 
0=4.2. Rw=1.0. ER=3.0. RD=2.0. 

NF_Capac. *_ 

1 0.2557871588972137 
2 0.2954031675125870 
3 0.3192843847738925 
4 0.3345521956226898 
5 0.3447751549652867 
6 0.3517506926792652 
7 0.3565470897415853 
8 0.3598550040632434 
9 0.3521338193464109 
10 0.3637162231777009 
11 0.3648060323998851 
12 0.3655592762927137 
13 0.3660802110488975 
14 0.3664407727055842 
15 0.3666905755216971 
16 0.3668638333063562 
17 0.3669941442734397 
18 0.3670677930755379 
19 0.3671260261458896 
20 0.3671666180597795 

Capac Without Dielectric 

0.1899134080764515 
0.1992873566770083 
0.2016871791799262 
0.2021974603456526 
0.2023054546120705 
0.2023286889879440 
0.2023337749808398 
0.2023349053607118 
0.2023351598716095 
0.2023352178109649 
0.2023352311251509 
0.2023352342053313 
0.2023352349287207 
0.2023352350975259 
0.2023352351373434 
0.20233523:1467787 
0.2023352351490236 
0.2023352351495596 
0.2023352551496880 
0.2023352351497189 

« 
Capacitance values are multiplied by 

«•-DIELECTRIC-COATED 
♦-BflRE-HIflE 

gXXXXKKKKKXKKXK 

+ + + + + + + + + + + + + + + + + + + 

^.00 5.00 10.00 
NF 

15.00 20.00 
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TWO DI ELEGIR IC-CCATFD WIRES 
0=5.0. Rw=1.0. ER=3.0. RD=2.0. 

NF Capac.* 

I 0.2257093741973848 
? 0.2494256881887268 
3 0.2614712295113060 
4 0.2675604417395873 
5 0.2706608535507242 
6 0.2722173539390625 
7 0.2729559037772993 
8 0.2733606744470815 
9 0.2735420620000049 
10 0.2736295188553207 
II 0.2736716293216173 
12 0.2736919084473859 
13 0.2737016841820507 
14 0.2737064036607244 
15 0.2737086359912213 
16 0.2737097916793498 
17 0.2737103282746830 
18 0.2737105891236549 
19 0.2737107161270458 
20 0.2737107780533231 

Capac. Without Dielectric 

0.1705153757945194 
0.1758055244407856 
0.1770245327472820 
0.1772431255450668 
0.1772816035066989 
0.1772884483574665 
0.1772896842792562 
0.1772899106629535 
0.1772899526590334 
0.1772899605352879 
0.1772399620263339 
0.1772899623109797 
0.1772899623655550 
0.1772899623761239 
0.1772899623781777 
0. 17728596257357*36 
0.1772899623786571 
0.1772890623726726 
0.1772899623786757 
0.1772399623736762 

V- 
Capacitance values are multiplied by 

*-DI£LEC7RIC-CQfl7ED 
♦-BARE-MIRE 
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TWO DIELECTRIC-COAT CO WIRES 
D'lO.O. Rw=1.0. ER-3.0. RD=2.0. 

NF _Capac.*_ 

1 0.1490835886151976 
2 0.1520330278488584 
3 0.1529676017807938 
4 0.1531868413C28555 
5 0.1532356907958095 
6 0.1532462747689041 
7 0.153248529564566/ 
8 0.1532490049178664 
9 0.1532491044639186 
10 0.1532491252195867 
11 0.1532491295346320 
12 0.1532491304299465 
13 0.1532491306154635 
14 0.1532491306539672 
15 0.1532491306618121 
16 0.1532491306634549 
17 0.1532491306637945 
18 0.15324913C6633Ó47 
19 0.1532491306636792 
20 0.1532491306635321 

Capac. Without Dielectric 

0.1203772585197398 
0.1210299396876566 
0.1211535873313780 
0.1211705396429918 
0.1211715737759614 
0.1211716631672821 
0.1211716709894101 
0.1211716716833484 
0.1211716717456835 
0.1211716717513502 
0.1211716717518692 
0.1211716717519171 
0.1211716717519216 
0.1211716717519220 
0.1211716717519220 
0.1211716717519220 
0.1211716717519220 
0.1211716717519220 
0.1211716717519220 
0.1211716717519220 

K «.IQ 
Capacitance values are multiplied by 10 . 

«-DIELECTRIC-CORTEO 
♦-0ARE-WIRE 

ggXXKKKKKXX 

+ + + + + + + + + + + 

X X X X X 

+ + + + + 

X X X X 

+ + + + 

ID 
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o 
o 

^.00 
—I- 
5.00 10.00 15.00 20.00 

NF 
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DEGREES 

DIELECTRIC-COATED 
RW- 1.0 ER- 3.0 
0-10.0 RO- 2.0 
NF-20 ♦-BOUND 
«-TOTAL 

a 

4TÕÕ 90.00 180.00 270.00 360.00 
DEGREES 
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of
Rome Air Development Center

RAX is the principsl AFX organization charged with 
planning and executing the USAF exploratory and advanced 
development programs for electromagnetic intelligence 
techniquesr reliability and -ompatibility techniques for 
electronic systems, electromagnetic transmission and 
reception, ground based surveillance, ground 
coaaiunications, information displays and information 
processing. This Center provides technical or 
managoB^nt assistance in support of studies, analyses, 
development planning activities, acquisition, test, 
evaluation, modification, and operation of aerospace 
systems and related equipment.




