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USE OF SYMBOLIC MANIPULATION TECHNIQUES TO EXAMINE
GRAVITATIONAL AND UNIFIED FIELD THEORIES

FINAL TECHNICAL REPORT

0. INTRODUCTION

This is the final technical report for work performed by Per-
ception Technology Corporation under Contract No. DAH1S5 73 C 0369.
Three main objectives of the work defined as "Scope of Work" in the

contract, Item No. 0001 have been satisfactorily complieted. These

three items are:

(1) Verifization of the conjecture that a functional expansion
(equations 7-9 of the proposal) satisfies, up to a divergence, the
field equations (11 of the proposal). Using MACSYMA we have proven
that the conjecture is indeed correct. The proof is general and
covers the full time-dependent case for the first and second order

expansions of the metric. A detailed description of this verifica-

tion is given in Section 1.

(2) Verification of the conjecture that, when conservation con-
ditions Bv(/Lg cuuuv) = 0 are imposed, the vanishing covariant 4i-
vergence of (11) reduces to the geodesic equations of motion (1Z).

Using MACSYMA we have proven that this conjecture is also correct.
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The computation covers the £ull time-dependent case and includes
first and second order expansions as promised. Details of the

computation are given in Sectior 2.

(3) Study Af a Unified Field Theory approach described in the
contract is carried into first and second order expansions of the
functional metric. The theory works out satisfactorily in the first
order approximation. In the second order the stress-energy tensor
is found to differ from Maxwell's tensor by an extra term. We have
not been able to remove this term, nor do we understand fully its
significance. Because of this term the trace of the stress-energy
tensor does not vanish. Hence, the Lagrangian does nnt reduce to its
special relativistic limit of correspondence. However, we are not
abandoning the unified theory as unworkable. Already it comes
close to being satisfactory so that efforts toward a reasonable re-
interpretation is continuing. The details of the computations

appear in Section 3.

(4) 1In the course of the above calculations the capabilities
of MACSYMA had to be extended by our compx 7 in several respects.
These extensions are all important from the point of view of MACSYMA

as a general mathematical tool and are described in Section 4.

(5) Several physical problems were investigated as additional
iltems not listed in the contract. These appear in Appendices I-VII

and have to do mainly with an overall comparison of the new theory

vis a vis the conventional theory of Einstein. The final Appendix

represents a concise formulation of the new theory of gravitation as

we understand it at the present time.




‘ 1. VERIFICATION OF THE FIELD EQUATIONS

The field equations are given by

v 1.,v 2,V v va
-= =2 +t .+ .
R, -3 8R=20% +¢. oSp 1.1)

where the left hand side is the Einstein tensor, the expression

aB,v

E12¢v g ¢ is the general tensor d'Alembertian. The slash
" ulaB

denotes covariant differentiation and

v _ o a.,v.B 1 v.Aa, B v, 1 v,
t, = 2(3u¢83 % = 32 aua ¢Bax¢a) % au¢a ¢ -3 aua 93,¢ (1.2)

is the stress energy tensor of the gravitational field. The quantity "

aue:u is a particular ordinary divergence whose significance is de-
scribed below. In the theory the components of guv are functions of

the field tensor and satisfy, to second order, the relation

~ 2y - - ¥
g N,y + 20 + 2¢2) bo, = 806, + 8b ¢ (1.3)

uv U Vo

Here ¢ is the trace of ¢t and nuv is the Lorentz matrix. A general
relation, of which (1.3) is the second order expansion, is given in

Appendix VII. An additional equation in the theory is

u= u=\’u=
3u¢v 0 or n 30¢v ] 95 0 (1.4)




This is the "Lorentz condition" which implies the local isotropic
constancy of the velocity of light. This physical condition is not
present in the Einstein theory except for the linearized (first

order) Einstein solution where it appears as a coordinate condition.

Our purpose, using MACSYMA was to prove that substitution of
(1.3) into the left hand side of (1.1) results, to second order, in

the right hand side of (1.1).

The definition of the Ricci tensor in terms of the metric tensor

is given by

H

_ vo o Oy 4 ¢ Byp oy B,- a
Rv =8 [aa{vo} - ao{vu} ) {vo}{Ba} {va}tso}] 1.5

a, _ 1 Ba _
where the Christoffel symbol {HG} 5 8 ('r)cguB + 3ug06 3Bguc)-
The calculation proceeds in the following manner: The relation

(1.3) is rewritten as

& - 209627 - o

By = Nyy F AN = 40 )+ AT(20%n -804, 488 4 ) (1.6)
where X is an expansion parameter. To compute Christoffel symbols
one first needs the contravariant metric tensor guv which is easily

found from (1.6) via the relation

g g = Gﬁ +0(\3) 1.7

uv




One finds
g’ = 0" - a@en™ - 4"y + 2220207 - 890"V + 8% (1.8)

The Christoffel symbols as well as the Ricci tensor may then be com-
puted in a straightforward manner. Substitution of (1.6) and (1.8)
into (1.5) resulis in an expression which contain terms of order higher
than the second, Accordingly, upon expansion of the Ricci tensor, all

terms containing An(n > 2) are dropped. The resulting second order ex-

pansion for R: is found to have 144 terms. This number would have
been literally thousands if MACSYMA did not have indicial manipulation

capability.

One of the reasons for the relatively large number of terms at
this stage is the implementation of a program to avoid the use of
dumpy indices more than twice. Thus, each time a dummy index occurs
twice a counter names the next pair of indices with a larger value.
Once the final expression is obtained a function called rename cause
duimy indices in each element of the expression to be renamed beginning
with the counter 1. Thus many of the tefms cancel in the simplifier
without the implementation of any symmetry properties. We find rename(R:)
reduces the expression to 124 terms. The next step is the implementation
of the Lorentz condition (1.4). Many terms vanish as a cousequence of
this relation and we are left with 50. The final step is the zontrac-

tion of the terms with respect to the Lorentz matrix. We are then left




with 31 terms in the expression o ';. We form the scalar curvature
R= RE and apply the functious Lorentz, contract and rename once more.

We are left with 27 terms in R. The resulting expression for

w1

Rv -3 GSR = Gt contains 56 terms as not all terms are unique. This

expression of the Einstein tensor is further manipulated and reduced

to

V _ sVooahay F LA v, a,v.B
Gu = su(za ¢Bak¢a L) ¢8A¢) i 28u¢3 ¢ 48u¢88 ¢a :
2. v v_2a a_2.v 2,v a, .v.B
+ 2000, + 40,0006 - 4o Do, - 40018 = 463 3¢,

a,v, B a, .B.v a.B.v B av
+ 438¢u3 ¢a + 8¢8808 ¢u - 888¢u8 ¢a - 4¢a8u88¢

B, ,0av
+ 43 ¢ 2 .
43 43,4 (1.9)
2
where E]O is the special relativistic d'Alembertian defined by

8 3 3 1.10)
= 9x

2% zn
0 9xX
At this stage it is convenient to check that (1.8) is correct.

This may be accomplished by computing the covariant divergence of
(1.8). By definition
u

= u - g a o g
leu z aqu {ao} Gv + {w} Ga (1.11)
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and it is well known that the Einstein tensor, for any metric, has a
vanishing tensor divergerze. Using MACSYMA we have explicitly proven

that divergence is indeed zero.

If we now eramine (1.9) in detail it is seen that the sum of the
first, second; third and fourth terms is 2t: as desired. Tt remains
to prove that the remaining terms in (1.9) are equal, within an or-
dinary divergence, to the general tensor d'Alembertian of ¢: for the

metric (1.3). From the definition (1.1) it is found

a,vB

v 3%

2,V _ 2,V a, BV 2. v _
O ¢u D0¢u + 4¢Baaa ¢u 2¢D0¢u 838%11

a_2 v a v v.2. a v.a
m
2¢u[]0¢a + 23 ¢au¢a + 2¢ah_po¢u + 438¢uaa ¢B

a, v g, av
+ 2379 3 ¢UG + 48u¢a83 ¢ (1.12)
Substituting (1.12) and (1.2) into (1.9) it is found

v 2,V _ 9.V _ _ 0BV a VB B av
Gu 20 ¢u 2tu 4¢Ba 3 ¢Gu g 838¢uaa ¢ 4au¢aBa ¢

v, af a.B Vv o v a v
483¢ug8 $ 4¢Ba au¢a 49 ¢au¢u 497 ¢ 3 ¢au (1.13)

Employing the Lorentz condition (1.4) it is easily seen that the right

hand side of (1.13) may be written as a divergence, aae:“, where




@

va _ _, . Ba,v B.va _, Bv, a _ v, Ba
& 4o 3 ¢Bu + 8¢uea ¢ 4 au¢8 4¢u83 ¢
Ba, .V . va v a
4 au¢e 4¢au¢ - 4¢3 ¢u (1.14)

Hence, we have established (1.1) and our conjecture is verified. We
may emphasize again that this computation would be literally prohi-

bitive if carried out by hand in its full generality.

In concluding this section it will be worthwhile to point out
that in the quasi-static limit where the heavy particles generating
the field are slow the last term of (1.1) vanishes on account of the
Lorentz condition, hence, the equations exhibit an exact correspun-—

dence with a special relativistic tensor {ield theory.




2. EQUATIONS OF MOTION AND CONSERVATION LAWS

We have seen that to second order

R, -3 R = 2(0%) + £) +3e (2.1)
We shall now discuss our investigations on the Scope of the Work,
Part 2 of the contract. In this phase we examine the vanishing

of the tensor divergence of (2.1). Since the covariant divergence
of the left hand side cf (2.2) vanishes identically it is clear that
the divergence of the right hand side also vanishes. We wish to
discover whether this vanishing, together with the conservation laws

of the theory, lead to the geodesic equations of motion. Thus, we

shall examire (to second order)

Vo

2.V \Y
[2(O ¢u + tu) + Eu’a

]l\)= 0 (2.2)

subject to

av(/g cuuuv) =0 (2.3)

From Appeundix VII, equation (2.9) we have

- a, ,vB 1 v.ia ] v, WA
tu = =2(3 ¢B 3 ¢a 2 cua ¢B 3A¢a) + au¢ 3 ¢ e ¢3A¢ (2.4)

u

Y
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Since this is a second order quantity it follows that

\Y

i 9
t = \)tu

aB
ulv L 3u¢ Do¢ = 23;1%8 Do¢ (2.5)

For any second rank tensor St we have

v v e, B
Su!\) = 75 Bv(/g Su) - {UB} Su (2.6)

as an identity. From Appendix VII, equation (1.1)

2,V = Y
a ¢u 41muuu (2.7)

From (2.6) and (2.7) we thus have

1 g2Yy, =1 By _ @y B
Iy (a ¢u)lv =75 88(/g ou u ) -0 {uB} uu . (2.8)
However, from the definition of the metric we have
o B _ _ o R
o{uB} uu = 03u¢ 20u u au¢a8 (2.9)
and from (2.7)
[12¢ = 4no (2.10)

Therefore from (2.7) and (2.10), (2.8) becomes




il M

e [ =

28 =4‘"’ 8 - uB
(0701 = Vg 208 ou,u) - 3 00 + 23 ¢ .0 (2.11)
Thus, from (2.5) and (2.11) we find (2.2) becomes
-1 v af
8 (V~g) av(/g ou u ) + aaaseu =0 (2.12)

aB

since eu is also a second order quantity. This is the conservation

law for the new theory. In the quasi-static limit 3a38838 = §(¢3)
and we are left with 3v(/é ouuuv) = 0. We believe that for non-static
metrics 3a38838 is involved in gravitational radiation. This subject

will be investigated in the next phase of the contract.

Let us now return to (2.2) which, from (2.8) yields (to second

order)

I By _ o, B B aB
8 (5 3 (/g ouu’) -o { }uu)+ 203gt + 3 dpe (2.13)
From (”.12) this reduces to
ay, B 8 _
g {uB} uwu + 38 (tu/én) =0 (2.14)

However, from correspoadence with special relativity and other local
field theories the equations of motion of test particles are given by
d2x

o - ; =3 (t:/4w) (2.15)
S




Hence, froem (2.14) and (2.15) we find the geodesic equations of

motion

d2x

u a, B
2 {UB} U (2.16)

which are, of course, equivalent to their more familiar form

d2xu

S+ {a';} it = 0 (2.17)
ds

Thus, we have verified that the geodesic equations of motion (2.17)
follow, up to a divergence, from the field equations (2.2) upon ap-
plication of the conservation laws av(/Lg ouuuv) = 0. We have thus
verified the conjecture that in first and second order the geodesic
equations of motion are a consequence of the field equations plus
the conservation laws. This statement is rigorously valid in the
quasistatic limit. In the most general fully time-dependent case
the divergence terms seem to be related to the radiation reaction
and radiative damping. In the quasi-static limit radiation tends
to zero, divergence terms vanish, hence the geodesic equations of

motion become rigorously valid.
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3. SKEW-SYMMETRIC ¢uv AND UNIFIED

FIELD THEORY

Our methods in the third phase of the contract do not follow
the standard approach to unified field thecries. Our philosophy

is as follows: We know that to second order (Appendix 7, (2.6)),

the definition

s 20 - 28)

g =71 (3.1)

produces a viable theory of gravitation when the Einstein tensor G
is evaluated for symmetric ¢Av' The obvicus question to be considered
concerns the form Guv takes when-¢xv is skew-symmetric. Skew-symmetry

of ¢Av implies ¢ = 0, hence we consider the metric tensor to take the

form (to second order)

l.,, P
= + +— O +... -
B M Aeuv 7 A aE L £y (3.2)
where nuv is the symmetric Lorentz matrix but now Ew = = Egpe The

parameter & in (3.2) takes the value + 1 and caa only be determined
later via a correspondence principle. X is an expansion parameter
such that A << 1. We do not require the second order contravariant

metric tensor but will need the first order part. It is found that

g'V = "V - e (3.3)
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satisfies guvgvp = Gﬁ + 0(22) and hence (3.3) is the relation we

adopt.

The only postulate we shall employ is similar to other unified

theories. Namely, the metric tensor is to have a vanishing covariant

derivative. Thus

guv;o = adguv - gavruo - guarov =0 (3'4)

: a
From this relation we may now obtain the connection coefficients ruo

for the metric (3.2) which we write in the more convenient form

= 2 .
guv nuv + Aeuv + A huv 5 (5.5)

Since, ir metrical theories, connection coefficients are linear in
first derivatives of the metric and since an is constant with respect

to coordinate differentiation it follows that to first order (3.4)

and (3.5) imply

a a
aosuv navruo - nuarcv = Q. (3.6)

The solution of this relation is

Q

pa
I‘uoz n (un,O)e (3.7)
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vhere we adopt the notation

N =

(up,c)e == ((Ge +3€ =-3€_) (3.8)

Using an identical method, with the notation in (3.8) we find the

o
second order expression for ruc to be

o}
e}

r* = pf? [(up,c)e + (UO.U)w] (3.9)

where

3V = M, E.Q(ue,c)E €. (c8,p), - (3.10)

Substitution of (3.10) into (3.9) results in 25 terms for rﬁc. This
expression is all we need to examine geometrical tensors in this
framework. This is as far as our calculation proceeded by hand.

MACSYMA was then given the definition (3.9) and (3.10).
We first note that the first set of Maxwell's equations

can be written as

Bv(/Lg guv) = 473" (3.11)

Then the second set is obtainable as

aagBY & aBgya i aYgaB =0 3.12)
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From (3.8) one can further prove the Lorentz force

d2x
u

ds?

a B a
uB} uu Fou (3.13)

o =0 {
One can therefore see that the first order equations of electrody-
namics can be accommodated. The problem then reduces to a second

order calculation to see if the Maxwell tensor is also obtainable.

Given F:o to second order we shall construct the Ricei tensor
using MACSYMA, via the definition
s s 8 =t s .t

Bie - Tokie T Pme T TisTin T Telis (3.14)

In the standard version of Tensor Fasl (Section 4), (3.14) may be ex-
panded to second order with no difficulty as MACSYMA does not sort
indices. The expression for Rik contains 102 terms which is reduced
to 90 using rename. A new version of Tensor Fasl was written to
enable the contraction of expressions when the order of indices is

important as in this case. Contracting Rik’ employing the Lorentz

uv

condition ¢ o 0 and grouping all divergence we find that

1 aB B a _ 2
4 [ e, 3 e =23 9 € 2[]05uv] + Div. (3.15)

R
TRY paB v B ua

2
where []0 = n”“auav. This result has been obtained by requiring that

the expression for Ruv reduce to the symmetric case (¢ = 0) when




€ =4 =€ . This is the correspondence limit which gives a =1
uv 'Y v

in (3.2).

From (3.12) and (3.3) it follows that

= (nHYV _ 4 WV ) uv,0
R’ (n Ae )Ruv i A €v,0° (3.16)
From (3.12) and (3.13) we find
-1 aB _ B.a s=2 1 o_af
el [Bueaeave 2aseuaa €, ztjoeuv 2 nuvaoeasa € ] + Div.

(3.17)

Note that this is precisely the same result we obtain in the symmetric

case if we set ¢ = 0 and choose € = - 4¢ .
uv vy

Note that the replacement of []2 instead of [%f would only bring
antisymmetric terms hence would not alter the essential character of
the result. Two of the three non-linear terms in (3.14) are exactly
of the form of a Maxwell stress-tensor. The only term which is
troublesome is the first one. At the present time we do not know what
to do with this result except to say that the whole scheme almost works
out but doesn't quite make it because of the extra term. Future in-
vestigations may indicate a way to overccme this problem or help us

to clarify the situation.,
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In conclusion although the unified field theory direction did
not yet work out to our satisfaction it showed sufficient promise
that it may do so by a suitable reinterpretation. In any case it
will be fair to gay that with the help of the M..CSYMA we were able

to carry the subject further than any other calculation made in the

past.




4. NEW CAPABILITIES OF MACSYMA
THE TENSOR PACKAGE

The MACSYMA system consists of over 250 functions for the mani-
pulation of mathematical expressions. There are not only functions
for performing mathematical computations but also those for many
necessary miscellar.eous manipulations such as extracting parts, sim-
plifying, input output, etc. Each one of these if made up cf one or
as many as several hundred programs (in the case of integration)
written in the LISP language. The expressions dealt with are composed
of operators and arguments to them which are numbers, variables, func-
tions references, arrays, lists, and matrices. The mathemetical
knowledge built for MACSYMA is continually expanding as more and
more programs are written to provide additional capabilities. At

present there are over 3000.

If one wishes to introduce a new mathematical entity into the
system then he would not only have to cast it in terms of the existing
syntax but also it would be necessary to provide the wrograms to per-
form the desired manipulations on it as it would be foreign to most
of the existing programs. Perception Technology Corporation has
emtarked on an effort to create facility for dealing with teusor

manipulation as MACSYMA had nothing that would provide a convenient,
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efficient, and workable mechanism for indiecial types of manipulations.
X The basic program we have created is called "Tensor Fasl". This
program is now quite sophisticated and we would estimate it contains
40%Z of the tensor analysis found in standard texts. However, it is
capable of solving problems in tensor calculus that are impractiral

te do by hand.

Since tensors are defined not by the way they are written but by
certain properties they have, we represent them as more general quanti-
ties which we call indexed objects. They possess a name and two lists
j of indices, the first list being the subscripts (covariant indices)
and che second list being the superscripts (contravariant indices).
These indexed objects are represented as functions of two arguments,
which are the above mentioned lists. If either set of indices is

13k

absent it is represented by an emptv list. Thus Gi and A would be

represented as §([1],[j]) and A([ ],[i,j,k]).

Ordinary differentiaticn of an indexed object (say E) with
respect to the coordinate xk is obtained by the command DIFF(E,k).
Since MACSYMA wouldn't know that E depends on xk it would give 0 but
the differentiation program in Tensor Fasl has been modified to
assume that all indexed objects depend on all coordinates. If an
indexed object is independent of all coordinates this is stated by
the command DECLARE (E,constant) and subsequent differentiation of E
would yield 0. The derivative of an indexed object causes the

coordinate with respect to which differentiation is carried out to
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be appended to the function which represents the indexed object in
MACSYMA. The indices which denote differentiation with respect to

a coordinate are sorted in alphabetic order to take advantage of

the commutativity of differentiation in order to simplify expressions

composed of those indexed objects.

At present three basic features have been implemented - symmetries
and contractions, and covariant differentiation. For the first three
functions are provided. One for declaring symmetries (e.g. G(I },[i,1i])
is equal to G([ ],[{i,3])), one for removing them, and one for dis-
playing them in case the user forgot which ones he declared. For the
purpose of contracting products of indexed objects in expressions,
four functionc were provided. One to declare that some indexed object
contracts with another to form a third, another function to remove
these declarations, another to display them, and also a function to
perform the contractions. This latter function is rather difficult
to code as it is necessary to make several passes over the expression
to make sure that all possible contractions have been utilized. The
function also performs the substitutions implied by the Kronecker
delta function if it occurs in an expression. In addition a function
'Show' has been written to display expressions containing indexed
objects in more natural notation than MACSYMA ordinarily would.
MACSYMA assumes that A([i,j],[k],1,m) is a function of four arguments,

and would display it as such, whereas we like to see it displayed
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as Aij 1’ Tensor Fasl also performs multiple covariant differentia-
»

tion on indexed objects with any numbar of indices. These expressions
may be expanded in terms of Christoffel symbols of the s:cond kind
{(and their derivatives). In addition, numerical tensors are defined

as well as the relation between connection and metric.

The following list of capabilities of the MACSYMA system is di-
rectly attributable to the combined effort of Perception Technology
Corporation and our program consultants at Project MAC. At the
start of our contract the MACSYMA system was only capable of computing,
for a given metric, the inverse metric, Christoffel symbols and Riceci
tensors. The latter of these had a bug which was discovered and cor-
rected by Perception Technology Corporation. The list of capabilities

as of June 15, 1974 include:

1) For any metric tensor the Ricci tenscrs and Einstein tensors
(covariant or mixed) can be computed in CRE (canonically rational ex-

pression) form.

2) For any metric tensor, the inverse metric, Christoffel symbols
of both kinds, and mixed Einstein tensors can be computed in CRE or
in a truncated power series to arbitrary order in an expansion param-

eter., We are limited only in the memory of the sys:em.

3) TFor any metric tensor the components of the full Riemann

tensor can be computed in CRE or in a truncated power series.
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4) For any metric tensor the compoanents of the Weyl tensor
can be computed in CRE or in a truncated power series. We have
not attempted classifications yet although this facility is now

not difficult.

5) For any metric tensor the equations of motion can be com-

puted in CRE or in a truncated power series,

6) For any metric tensor the d'Alembertian and the t: of the

new theory, both applied to a scalar field, can bc computed.

7) For any metric tensor the components of any second rank

tensor in a transformed coordinate system can be computed.

8) For a function ¢ (z~t) one has the differential identities
¢z z - ¢t, ¢zt z - ¢tt’ ¢zz = + ¢tt which are the wave conditions
of certain specially chosen metrics. For components of the metric
tensor containing functions of this kind the wave conditions may

now be automatically implemented with MACSYMA thus tremendously

shortening computations concerned with gravitational radiation.

3 - )
9) Given a metric tensor in the form A n_+ A¢uv + A wuv

uv
where nuv is the Lorentz matrix, A is an expansion parameter, and
¢uv and wuv are arbitrary tensor fields, MACSYMA is now able to com-
pute the Riemann, Riccl and Einstein tensors and their invariants

to second order in A. This last item was especially important for

the completion of the general! calculation and represents the only

existing tensor manipulation paciage according to computer experts.
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5. APPENDICES

Below are included seven appendices dealing with subjects in-
vestigated during the contract period. While these are rnot strictly
of the identical subjects as outlined in the contract, they represent
advances in the understanding of the new theory as well as Einsteinian
theory. Appendices I, II and V deal with consequences of the general
spherically static solution of Einstein's vacuum equations, and each
has been submitted for publication. Appendix VI gives the general
static solution of the vacuum equations for a metric with plane sym-
metry. Appendix III deals with Plane Gravitational Waves and repre-
sents an extension of a paper read at the American Physical Society
Meeting, April 1974. Appendix IV displays some of the interesting
properties of exponential matrices. Finally, Appendix VII represents
the culmination of our current understanding of the new theory.
Efforts will be made to publish as many as possible of these results

and appendices in recognized scientific journals and conference

proceedings.
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APPENDIX I

GENERAL SOLUTION OF EINSTEIN'S

EQUATIONS WITH SPHERICAL SYMMETRY*

Hiseyin Yilmaz

Perception Technology Corporation, Winchester, Massachusetts 01890

ABSTRACT

A general solution for Einstein's theory of gravitation corres-
ponding to spherical symmetry is presented. It is shown that the
usual Schwarzchild metrics are members of this general solution.

Under the known computational methods believed to be generally cova-
riant some of the member solutions to be exhibited seem to make little
or no physical sense. One that seemé to be mathematically quite
unique and interesting for possible astrophysical aprlications is

described in detail.

By the use of a well-known method of tensor transformation it is
proven that the line element
1

2 . 12
ds? = fcldt? - (i—’f?) (d62 + sin26d42) - £ (i’"Tf) dr? (1,

where £ is a thrice aifferentiable function of r is a general solution
of Einstein's field equations Ruv = (. The usual non-isotropic and
isotropic Schwarzchild solutions! are members of this general solution
with the choices

*This research is supported by the Advanced Research Projects Agency
of the Department of Defense Under Contract No. DAHC1l5 73 C 0369.
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£e1-26, f£=1-2¢(1+¢/2)2 (2)

where ¢ = m/r so that for large r the first order Newtonian corres-
pondence is satisfied. Similarly £ = (1 - ¢)/(1 + ¢) yields the

well-known Fock solution?

satisfying the correspondence condition in
first crder. The solution (1) is new and offers enormous flexibility
as we shall see below. (It was originally conjectured during the per-
formance of an ARPA contract directed to study the solutions of au-
thor's new theory of gravitation3, and later explicitly verified by

the use of the MACSYMA system of Mathematic's Laboratory, Project MAC,

M.I.T.)

Actually it is somewhat disturbing to find that f can be so

general as in (1), because we seem to be able to set

f= Ta ¢ (3)

and produce an arbitrary number of Schwarzchild type singularities,

or choose,

f=e (4)

and obtain a solution with no singularity at all, except at r = 0.
These facts seem to put a question mark on the problem of black
holes. Previously we were under the impression that only one legiti-

mate Schwarzchild surface can occur. The solutions corresponding to

(3) contradict this contention.
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Note that some of the possibilities contained in (3) might also
be problematic for either the experimental or the computational as-

pects of the theory. For example, by setting
£f=1- 20+ b$? (5)

ds? = (1 - 2¢ + be2)dt2 - (1 - be/2) "2 (r2d62 + r2sin26d¢2)

(1 - b4)?

1
£ (1 - pe/2)"

dr? (6)
where b is arbitrary, one can prove by the use of a standard computa-
tional method* (which is believed to be universally applicable) that

the three crucrial tests of red shift, light bending and perihelion

advance are satisfied, but the radar-echo delay depends on b as

f
At = 4M (1n 4 Lo b/2) (7)
2
R
Since b is arbitrary one may, for instance, set b = -22 and get a b-

dependent part which cancels the whole gravitational effect expected
from the theory. Of course the experiment is more sensitive to the
differential delay, 9t/dR = =-8M/R, but b can always be set arbitrarily
large to counter arguments based on the relatively small sensitivity
to b. (Units are ¢ = G = 1.) This ambiguity is, in fact, a severer
form of a well kncwn difficulty already present hetween the two

Schwarzchild solutions b = 0 (standard) and b = 2 (isotropic) given




] by (2). As early as 1959 the present author insisted that the two

s Schwarzchild solutions might not be physically egquivalent, and
proposed a test of the isotropy of space using masers.® In 1966

Ross and Schiff exhibited the difficulty more explicitly and offered
a possible resolution by bringing in the dynamics of the solar system
to bear on the,problem.6 But the paradox was really never resolved
because the Ross-Schiff argqument depended on choosing the standard
Schwarzchild metric as the starting point of calculation. If one
starts with the Non-isotropic Schwarschild line element and apply the
same procedure one can show that the original discrepancy remainsa,
1 namely, the isotropic line element still yields a time-delay 20 us
3 larger than the standard line element. In (6) this difference is

now made to depend cn an arbitrary parameter b, such that the dis-

crepancy is 0t = 2MS8b hence it can be arbitrarily large. A recent

investigation7 has further revealed that the choice f = 1 - 2¢ + 2a¢21n¢
leads, upon the application of the general Robertson-Noonan computa-
tional methods", to correct first order resultc for the red shift,

light bending and the 3t/3R = - 8M/R part of the time-delay but gives
a-dependent differences for the perihelion motion and the absolute
value of the gravitational time-delay by the factors 1 + o/3 and

1 - 3a/2 respectively. In view of the claimed covariance of the com-

putational method used this result is very surprising indeed.

This strange situation may be summed up as follows: "If general

relativity is correct all metrics (1) must be observationally equ.ivalent
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and any observation made using diff_rent frames of reference (1)
must be capable of correlating without discrepency."” The above dis-
crepencies may then be interpreted in two ways: a) We possess a
generally covariant calculational method but general relativity is
not correct beyond first order, b) The theory is correct but we do
not possess a generally covariant method of calculation. The present
writer tends to side with the first interpretation. In two recent
articles® it is shown that general relativity conserves rest-mass
hence it is generally covariant under a group of transformation (1)
that conserves rest-mass. This, however, conflicts with the cor-
respondence limit of special relativity which conserves encrgy-
momentum and not rest-mass. Methods of computation do, however,
implicitly imitate special relativity hence presume conservation
of energy-momentum. It appears therefore that the clash between the

two is reflected in thc computed discrepencies above.

From among the new solutions contained in (1) the possibility

of setting or requiring f = e-2¢ is probably the most interesting

for general relativity. In this case we have the line element

bo_
(2m) e 26

£ 1-e~2%)"

- 2
ds? = e %%ar2 - ( —2"_)" (482 + sin0de?) -

dr? (8)
l-e_2¢

This new line element has the following remarkable properties:

a) For r >> m it reduces to the usual isotropic Schwarzchild line
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element for all experimental purposes, hence it reproduces all four
of the experimental tests [in first and second order (8) is the same
as the non-isotropic Schwarzchild line element] b) In the limit of

slow motion of the test body the geodesic equations of motion reduce to

j dzxu © o

s ={"luu =-234¢ (9)
| at? e 2

e

f which are exactly the Newtonian equatiuns in spherical coordinates.

¢) In the limit of slow motion of the source the field equations reduce

4 to

V2¢ = -4 7o (10)

which is exactly the Poisson equation. By contrast cther line elements
reduce to these Newtonian limits in an approximate sense only. d) It

is the only solution of Einstein's equations which apply both to the
exterior and the interior regions of a mass distribution without a

change in form. e) It is harmonic in the sense that if the metric is
written in the form, ds¢ = pc2dt? - B(r2d62 + rzsin26d¢2) - Adrz, that

is as a factor to special relativity®, then Sr(/Lg guv) = Sr(/DBZA A-l) = 0.
[in Cartesian coordinates x, y, z (isotropic) the line element is not

harmonic]. f) It has no singularity anywhere except at r * 0 where it

reduces to

ds? = -(2m)2(d82 + sin26d¢2?) (11)




o

The latter represents the surface of an inpenetrable sphere of radius
2m. This spherical surface seems to be suspiciously similar to the
Schwarzchild surface but note the difference that (8) has an essen-
tial singularity'at the surface, not an ordinary one. Furthermore,
there is really no interior of this sphere as r starts out at the
surface. A possible objection tc (8) might be that, like all other
solutions of Einstein's theory, it excludes the vacuum gravitational
stress-energy tensor t: and thereby violates the Newtonian corres-

pondence because we shall be missing the stress-energy tensor

1

v v v A
= - =4& 29 9 12
t, = =30 30 +78 3034 (12)

of the Newtonian theory.

It is a pleasure to thank Dr. Richard Pavelle and Mr. Alphonsus

Fenelly for valuable discussions.

*This research was supported by the Advanced Research Projects
Agency of the Department of Defense under Contract No. DAHC15 73 C 0369.
That the conjectural line element (1) is a general curved-space solu-
tion of Einstein's equations was proven by a tensor transformation on
the metric. There are also purely flat-space solutions of the form
ds? = c?adt? - F2(de? + sin26d¢2) - F'2dr? which are not discussed in
this paper. These solutions are checked by MACSYMA, a symbolic mani-
pulation system, at Project MAC, MIT. The author is grateful to Dr.

Joel Moses and Mr. David Grabel of Project MAC for making this verifi-
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; cation possible. A direct proof of (1) is found by Dr. Richard Pavelle
of Perception Technology Corporation by using the extensive manipulative
power of MACSYMA system. Whether these are the only possivle general
solutions of the theory in spherical coordinates has not yet been es-

tablished, although a reasoning based on Birkhoff's theorem seems to

Cleo it s

indicate that there are no cthers.
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APPENDIX II

DOES GENERAL RELATIVITY PREDICT BLACK HOLES?*

Richard Pavelle and Huseyin Yilmaz

Perception Technology Corporation, Winchester, Massachusetts 01890

ABSTRACT

The general static spherically symmetric so-
lution of Einstein's vacuum equations is given. It
is shown that besides the non-isotropic Schwarzchild
solution which possesses a singularity usually as-
sumed to represent a black hole, we may construct
equally valid solutions with a) any number of black
holes, b) a black hole of arbitrary radius, ¢) no
blacx holes. All solutions ¢iven in this article
except one satisfy the three experimental tests.
The arguments presented herein question whether
General Relativity does, in fact, unambiguously

predict the existence of black holes.

*This research is supported by the Advanced Research Projects Agency
of the Department of Defense Under Contract No. DAHCl5 73 C 0369.
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It is known that the general static and spherically symmetric

line element in general relativity is of the form!
ds? = e'dt? - &'r2(de? + sin26d¢?) - s 8z (1)

where v, U, A are functions of r. The vacuum field equations, Ruv = 0,

of Einstein's theory, however, yields three eguations only two of which
L
are independent.

1 2 1 1 2 1 1
= yt? Zoyre Z g0 Ly Zout2 o D Nyl - = Ayt
Rll BT 2 = b r B r G 2 ¥ 2 AT 4 C
+‘Z\)'2 0 {2)
= v-2A l_ e B AAT = yly?! - ;1. 1yt }_ 12y -
Ruu = e ( > v+ =y o+ viy ) Alv! + 7" ) =20 (3)

It is therefore clear that (1) must contain an arbitrary function, f,
of r. Since a general solution containing such an arbitrary function
is never written down one usually imposes coordinate conditions such

as ¥y = 0 (standard), w - A = 0 (isotropic), or Bv(/—g guv) = 0 (har-
monic) and obtains special line elements. All the solutions so far
obtained by such specializations have a commcn property in that, by

a method of calculation believed to be applicable to any line element
with arbitrary interpretations of t and r, they yield the three crucial
tests of red shift, light bending and perihelion advance within experi-

mental accuracyz.
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] We have recently determined’ the general solutior of the diffe-
rential equations (2) and (3). The form of the line element (1) con-
taining an arbitrary function, f, is found to be

2 _pqe2 _ g 2m 2 0 . _.2p2, L, 2m fa2 9
ds? = £dt? - (2 )"(d02 + sinde?) - £ [( 350 ) ar (4)

This general solution, which can be checked by using equations (2) ana

e o bbb S

(3) yields the above specializations directly by specifying f as
, -2 -1
f=1=2¢, £=1=2¢(1+ ¢/2) , £=1-9¢(1 + ¢) where ¢ = m/r.

What is found, by a general application of (4) is, however, quite dis-

el

turbing. We shall first give a few examples to indicate the nature of
our worries and later comment on the possible implications of the si-

tuation for the theory as a whole.

i) 211 the special solutions so far known involve only one singu-

Jarity of the Schwarzchild type. But consider the choices

(6]

it

.-h

it
=

p
(1-c¢.%) , 1 c,=2 (5)
1 ) b
where Cj > 0. These solutions are exact, satisfy the boundary conditions
at infinity, reduce to the Newtonian theory in first order and yield the
three crucial tests correctly but in general possess p (an arbitrary number)
singularities. If one computes the location of the null hypersurfaces

corresponding to these singularities3 it is found that these singularities
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satisfy the usual definition of black holes. However, we can have
p such singularities, p bzing any number. Which one of these singular
surfaces will be identified with the physical black hole assumed to

exist in the literature?

ii) Another choice which satisfies che above desiderata

& =r=(1 - 24" (6)

where £ is a positive number. In this case we have only one singularity

which corresponds to a null hypersurface but its position

r = 2m§ (7)

" can be anywhere. For § = 2.5 % 103 the singularity will engulf the
sun without affecting the three crucial tests theoreticaily. Is tke

sun a black hole?

1ii) Consider now { to be negative, namely,

e = r= 1+ 284”8 (8)

in which case there exists no singularity at all except for £ = 0,
r = 0. Note that (8) is n.t » non-legitimate solution. A special
case £ = 1 of (8) could have been obtained from (2) and (3) by set-

ting v + A = 0. This condition indeed yields { = # 1 hence f =

+
(1 ¥ 2¢) d one member of which is exactly the "standqrd" line element.
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The other member is just as un-objectionable and yields the three ex-
berimental tests correctly. However, it has no singularity and no

black holel

iv) Consider now the more Iinteresting possibility3

e =f=1-2¢+ 2062 In ¢ (9)

where o is an arbitrary number. This line element satisfies the New-
tonian 1imit and the boundary conditions at infinity and, by the same
general methods of calculation mentioned above, yields correct values
for the first order tests of red shift and light deflection. For the
second order test, namely, the perihelion advance, we have

6Tm? o

Ap = =—— (1 + 3 .(10)
2

which is a-dependent. Does this mean that the method of calculation
is not as general as it was supposed to be, or does it mean that
general relativity is an adjustable-parameter theory in disguise?
Furthermore, assuming that (9) were the only line element we knew
(other  being assumed not yet discovered), how does one calculate a
black hole behavior free from ambiguities? In view of all the above

does the usual "null surface" characterization® of a black hole have

an invariant meaning?
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v) Let us construct the Kretchmann invariant for (4),

= gYveé E by (] - £)6
I=R R o= (12/n*)(1 - £) (11)

This appears to assign a special significance to the "standard" line
element as I = 12m2/r6 Is a simple power of r only in that case. But
if this is of any invariant significance why does (11) not possess a
singularity at r = 2m as an invariant characterization of a black hole?
Note also that it is not possible to say that the new singularities we
pbresented in item i) are merely coordinate singularities, hence they
should be forgotten. Because in view of all that is shown we can equa-
11y well argue that the usual singularity r = 2m is itself'a coordinate

singularity hence it is to be forgotten. The conclusion seems to be

that despite the voluminous literature build up around the mysterions
concept of a black hole, Einstein's theory does not really predict a

unique behavior for such an object.

These and other examples that one can easily construct [for in-
p

p
v
stance e =f=1-2¢ T (1-B¢), 1 -f=26 N (1 -2B.4), B, > 0]
=1’ j=1 !

on the basis of the general solution (4) seem to lead to a necessity

of examining anew the status of the problem of coordinates in general
relativity.5 One could say that due to the coordinate invariance any cal-
culation carried out in the standard line element can be taken over

into others (by transformation) in the sense of redefining the inte-

gration variables and their limits. But the problem is that we do

not know the meaning of r in any of these coordinates (including the
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standard coordinates) and we do not know the integrations limits,
When we interpret r as the radius in the standard line element we
assign a number to the distance. If we interpret r as the distaqce
in another solut;on we should assign a different number for the dis-
tance so as to find the end iesults of the calculations the same.
That much Is clear and trivial. If we say that the correct assign-
ment of a number i1s possible only in the standard solution then
either we are attributing an ad hoc privilege to the standard solu-
tion or we must have a reason for the correctness of this assignment
which should then be gcneralizable to other solutions. In special
relativity, from which the general theory is an extension, such a
problem would be resolved by the constancy of the velocity of light,
-Idrl = cldtl, because we then have an independent way of measuring

r by light signals in "every" Lorentz line-element. The Lorentz
line element, however, is not éenerally covariant (for example we
do not use such otherwise covariant substitutions x' = x + Vt, t' = t)
but covariant only under such substitutions which leave the velocity
of light invariant. It seems to follow that a similar imposition on
(4) must be made to identify physically the meaning of r by an inde-
pendent physical means, at lcast in one system of coordinates. The
general theory of relativity does not seem to satisfy this requirement

although everyone believed that it does .t

The conclusion seems to be that, in the past, special non-covariant,

choices such as 4w = 0, u - A = 0, av(/-g guv) = 0 tended to yield at
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least a plausible way of imposing the extra requirement since they
eliminated the more troublesome choices of the type (9). Similarly
the usual PPN method’ which relies only on power series expandable
metrics imposes an extra constraint and disregards (9) and other non-
power series expandable solutions. Under any of the above conditions
[including v + A = 0 where l&l = 1 or ever the more general case

IEI < 2.5 % 165], the metric (4) yields the three experimental tests
to the accuracy of the present observations but the other possible
choices are still too large in number, physically non-equivalent to
each other, and, do not answer unambiguously the original question

we posed: Does general relativity unambiguously predict the existence

of black holes?
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APPENDIX TII

PLANE GRAVITATIONAL WAVES

a) Plane Waves in Einstein's Theory

It is well known that the linearized (first order) Einstein theory

has plane gravitational waves of the form!

goo =1 > 333 & -~ 1 (1)
gll = =1, + I'Q 822 =-1- I‘Q: gl?. =R (2)

where Q and R are arbitrary functions of t - z

Q = Q(t-z) , R =R(t - 2) 3)

satisfying [J%Q = 0, 0%R = 0. It must be stressed at once that for
the above metric ]2 = DaDa reduces to ['_']2 = (82/8t2 - 82/8x2) hence

Q and R are solutions of the d'Alembert equation of the curved space
in question. Notz further that forms such as Q = t -- z, or Q =

(t - z)Ol are not acceptable as waves since they do not satisfy ap-
propriate wave conditions. The solution (2) is, as is well known, the
basis of the usual calculations of the energy radiation? and the ela-

borate experimental investigations to detect such radiation.3

In the course of our investigations it became clear, however, that
the solution (2) and, together with it, the usual belief that Einstein's
theory would predict gravitational radiation ol energy gets into a
peculiar difficulty in second order. To see the nature of the diffi-

culty we let
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i 8, = -1 + 4xQ + 2% (4)
k
8,, = -1 + 4)Q + A%V (5)
8, = ¥R+ AW (6)

where A is an expansion parameter and U, V, W are quantities that

are of second order. Substituting into the Einsteinian equations

Ruv =0 (7)

-

one finds that the second order quantities U and V must satisfy the

equation

(U+ V)" +32(QQ"" + RR"') + 16(Q'2 + R'2) = 0 (8)

where prime (') imrplies derivative with respect to t or z or £ = t - z.

(note that J2f = 0 is not equivalent to £'' = 0.) Interestingly W

does not appear in the equation (8) showing that the non-linear term
in 812 is of third order or higher. Being a differential equation
in Q and R equation (8) implies that U + V is expressible as a fuac-

tion of Q and R. The most general second order expression is

U+ V=0aQ? + BQR + YR? (9)

da . s e ks Wi bl Ve i
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Scbstituting into (8) one sees first of all thait B = 0. Furthermore

(a+16)QQ"" + (a+8)Q'2 + (Y+16)RR'' +(y+8)R'2 = 0 (10)

Since Q and R are linearly independent functions it is sufficient

to analyze the case of Q alone (or R alone). We tnus set

(o + 16)QQ'" + (o + 8)Q'2 =0 (11)

A trivial solution is Q'' = 0, Q =1t - z with a = -8._ But this is

clearly unacceptable because Q = t - 2z is not awave. (If Q =t - z
were acceptable then aven the linearized solution (2) is net unique,
since 81 < -1 + aqQ, 8, = = 1 + bQ, where a and b arbitrary, would

be acceptable). The general solution of (11) is

16ta

Q=C=* (t -2)24 + 20 (12)
This Q although satisfies the d'Alembert equation []2Q = 0 is never-
theless unacceptable as a gravitational wave because it 1s prescribed
(Q cannot carry information) and will not satisfy wave conditions at
infinity. The only other way to obtain a solution is to set in (10)
R = 1Q but this makes R and Q linearly dependent and the metri~ non-
real. The conclusion seems to be that in Einstein's theory the
linearized solution (2) does not extend to second order consistently

unless Q = R = 0, that is the flat metric.
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b) Plane Waves in the New Theory

In the new theory this same problem goes as follows: The metric

isu
- 2(4 - 29)
By = My © (13)
8 1
¢ = 1. . q =r (14)
. . R -QJ
where ¢ = ¢§ = 0,[]25 = 0. Expansion of (13) yields
g,, = - cosh 40 + % sinh 49 (15)
8,5 = - cosh 42 - g-sinh 4Q (16)
R
812 = E'sinh 4Q (17)
goo = - gy = 1 (18)

1/2
where @ = (R2 + Q2) / . This metric is proven to be an exact solution

of the field equations of the new theory. The wave equation is indeed
satisfied, as stated, namely, without becoming prescribed and the

stress-energy tensor is the canonical stress-energy tensor of the

Lagrangian




e

Aa B, 1.2
L = -3 ¢8 axgba +3 3%¢ 3,¢ (19)
Since ¢ = 0 this yields
v a . v B vV,.A,B a
tu -2 au¢8 ) % + cua % ax% (20)

For R = 0 the solution reduces to the form

gll = =€ » 822 = =€ (21)

whereas for Q = 0 to the form

8,, = 8y, = - cosh 4R, g, =+ sinh 4R (22)

We conclude that in the new theory the linearized solution (2) extends
consistently to cacond order. The t: then provides the physical basis

of energy radiation and it can be shown that the amount radiated 1s°

=BE_ 6. p  pY

23
at 505 UV ( )

where Duv is the quadrupole moment of the matter distribution. The
implication of this Appendix seems to be that a corresponding calcula-
tion in Einstein's theory cannot be carried out consistently because
the first order plane wave solutions on which the computation depends

do not carry over to second order. The second order consistency is

on the other hand absolutely necessary because equations themselves
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are non-linear and the stress-energy tensor, t:, is a second order
quantity. Consequently If experimentalists discover the existence
of the gravitational waves this could be regarded as a confirmation

of the new theory.

Interestingly Einstein himself seems to have been aware of the
non existence of gravitational radiation in his theory. 1In an un-

dated letter (1936-37) to Max Born he states:®

"Together with a
young collaborator, I arrived at the interesting result that the
gravitational waves do not exist, though they had been assumed a
certainty to the first approximation. This shows that the nonlinear
general relativistic field equations can tell us more or, rather,
limit us more than we have believed up to now." Unfortunately later
investigators do not seem to have paid attention to Einstein's con-
clusion. They have indeed produced exact solutions to the equations
with t - z dependence but they did not realize that these solutions
are prescribed. A familiar example they cite is of the form’

- _e4K - 4Q - _e41< + 4Q

11 852 (24)

g

where K 1s a second order quantity (L = el'K is unity in first order).
Expanding as in (1) (2) and (3) one finds (K? is fourth order hence

neglected)

U=V =-8Q2 - 4K (25)
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Letting K = €Q? one finds @ = =16 - 8¢, hence the problem is reduced
to the previous case of (12). 1In particular if € = -1, a = -8, hence
Q=C *(c - z). This case is not only prescribed but also turns out

to be flat, nam:ly, Ro = 0,

aBy
Another exampie cited is the metric®
g

ao = My .8 3 E [( - y2)6(E) + xy HE)] (26)

where G(£) and H(E) are arbitrary functions of £ = t -= z. The problem

with this solution is that when explicitly written out it yields

8o =1+ (?-yDG+xyH=1+A (27)

8g5 = —A , 8y3 = -1+ A (28)

namely, it depends only on a single function A, hence 8go® 803> 833
are not linearly independent. To represent a spin 2 graviton propa-
gating with the velocity of light one however needs at least two
linearly independent field variables. It will not do to say that G
and H are linearly independent because they do not contribute to guv
in a linearly independent way. At the present time we are not aware

of the existence of a solution of Einstein's theory which can be con-

sidered physically as a gravitational wave.
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APPENDIX IV

EXPONENTIAL MATRICES

In the New Theory, for particular physical problems, functional
expansions of the form ei =1+A+ %%-+ ... where A is a square matrix
are coasidered. Here A2 is the product matrix. The MACSYMA system is
ideal for generating useful closed form expansicns of this kind and we
have been able to find many interesting cases. The convergence of the
following forms may be proved by induction. In the following examples
the dot represents a zero element.

[« A B \

R

| G (L
{
l“ -B _C . /
N
(A%B2) (cosp=1) Asinp , BC(cosp=-1) Bsinp AC(cosp-1)
/1+ -l e
52 52 g2
_ Asinp _ BC(cosp-1) " (A24+C2) (cosp-1) Csinp . AB(cosp-1) 2)
4 p2 p2 B p2
_ Bsinp _ AC(cosp-1) _ Csinp + AB(cosp-1) 1+ (B2+C2) (cosp-1)
p o p 52 02

where 92 = A2 + B2 + 2,
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I

R2
1 + — (cosp-1)
92

A (cosp-1)
2

— (cosp-1)
2

R
- = sin
o P
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B (cosp-1)
02

SZ
+ — (cosp-1)
p2

Ul (cosp-1)
92

S
- —gi
psnp

where p2 = RZ + 82 + T2,

Q R

|

R Q

. R
. S
. T
=T R
R (cosp-1)
92
81 (cosp-1)
92

TZ
1 + — (cosp-1)

T
- — sin
o P

A cosh(R)
€ = \sinh(R)

sinh (R)\
cosh(R) } j ©

Q

(3)

= sin p

= sin p

(4)

—sinp

cos p

(5)
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<
1/2
’ cosh(R? + q2)1/? 4 QL s1h R + Q) . R sinh(R2 + @2)'/? \
5 (82 + @)/2 (R + g2)}/2
A
e | ' 1/2
\\\ R sinh(R? +1(/2§) cosh(R? + Q2)1/2_ Q sinh(R? + Q2)1/2 i‘
\ (R2 + Q2) &2 + 2)1/2 ¥
(8)
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APPENDIX V

GENERAL STATIC CURVED SOLUTIONS OF EINSTEIN'S EQUATIONS FOR

*
SPHERICALLY SYMMETRIC METRICS

Richard Pavelle

Perception Technology Corporation, Winchester, Massachusetts 01890

For a general, static, spherically sym-
metric coordinate system we find the general
curved solutions of the Einstein equations
Gg = 0 and Gg = XGZ. trom these general so-
lutions the well known standard solutions are

easily generated.

*This research is supported by the Advanced Research Projects Agency
of the Departmeznt of Defense Under Contract No. DAHC15 73 C 0369.
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INTRODUCTION

In a static spherically symmetric coordinate system there are
a number of well known particular solutions of Einstein's equations
corresponding to specific cholces of the energy-momentum tensor.
However, the problem of finding the general solution of the Einstein
equations corresponding to a particular matter distribution does
not seem to.have heen considered. It could be argued that in view
of Birkhoff's theorem! this problem would be of marginal interest.
This is not the case, however. On the one hand the various proofs
of the Birkhoff theorem do not specify a method for constructing
the most general form of the metric. Secondly, it is of mathematical
interest to find general solutions for any system of non-linear dif-
ferential equations as an existence prcof might miss some parti-
cular solutions. Finally, although the general solution must itself
be a transform of some particular solution?, there is no a priori
guarantee that all solutions, for a given matter distribution will,
give the identical predictions of physical phenomena. This final
point is discussed elsewhere3 where we show that certain transforms
of the Schwarzchild solution do not seem to lead, unambigously, to

the same physical predictions.

Below, we solve the Einstein equations for a spherically sym-
metric coordinate system. We consider both the vacuum equations
and the equations with the cosmical constant. From these general

solutions certain well known solutions are easily generated.

All mathematical statements in this paper have been verified
and intermediate steps simplified using the symbolic manipulation
system, MACSYMA, developed by the Math Lab group at Project MAC,

M.IIT.
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”~e

1.  VACUUM EQUATIONS

Consider the spherical coordinate system in which the line

element may be written in the form"

ds? = - A dr? - F(d82 + sin28d¢2) + D dt2 , (1.1)

where A, F, D are radial functions of class 2. We wish to find
the most general relation between A, F and D so that (1.1) satis-
fies the Einstein vacuum field equations. We shall not be inte-

rested in cases in which A, F or D themselves vanish everywhere.

It can be shown that for the metric (1.1) the only non vanish-

ing components of the Einstein tensor are

ol . Dl4aF - (F))%) - 2FF’D’
' 4AF%D

(1.2)

2 _ 3 _ D2[A(2FF’ ‘- (F’)2)-A’FF’ J+D[A(D’FF’+2D’ ‘F2)-A’D’F ]-AF(D’)?2

G =6 (1.3)
4A2F2p2

2 3

4 _ 4APF  + 2AFF’ + A[(F')% - 4FF’’]

G
¥ 4A2F?

(1.4)

These components set to zero yield the differential equations we

wish to solve.
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We approach this system of equations by noticing that Gi =0

may be solved for A as

_ F'(DF’ + 2D'F) .
A TDF (1.5)

We substitute this into (1.3) and (1.4) (set to zero) to find

2 = 3 = DFQD’FF’’ - 30" (F)? - 20" 'FF’) _
(F’)2(DF’ + 2D’F)?

2 3 0 (1.6)

and

4w _ _ 2D(2D’FF’’ - 30" (F’)% - 2D’ 'FF’) _

G,
(F’)(DF’ + 2D’F)?2

0. (1.7)

It is clear that if D # 0 and F # 0 the most general way we may

satisfy (1.6) and (1.7) simultaneously is by requiring

2D’FF’’ - 3D’ (F’) - 2D’’FF’ = 0 . (1.8)

This differential equation is easfly integrated to yield

-1/2
oF

D= K1 - K

where K1 and K2 are constants.




- 56 -

In (1.6) and (1.7) we note that F/ # 0 and DF’ + 2D'F # 0. These
"restrictions" on the functions are, from (1.5), nothing more than

the requirement A # 0 which we stipulated above.
We now substitute (1.9) into (1.5) to obtain

xl(F')2
A:

(1.10)
4F- (K, - KZF—I/Z)

From (1.9) and (1.10) in addition to a trivial coordinate transforma-

tion we then have®

THEOREM: The metric tensor defined by the line element

(F’)2
4F(1 - KF

dsz=_

2 _ 2 2 2
1/2) dr F(d8< + sin<6d¢<)

+ 1 -x a2, @)

satisfies the Einstein vacuum equations identically where F is a

We may transform (1.11) into a more intuitive form by letting
F + B2r? where B = B(r) is arbitrary. With this new definition it

is easily seen that

742
ds? = - liglﬁ—l— dr? - B2(r2d62 + r2sin20d$?)+(1 - %;)dtz . (1.12)

1 -3¢

—— " s b s e s e e A




The non-isotropic Schwarzchild solution® may now be obtained by set-

ting B =1 to find

dr2 - r2(de? + sin26d¢2) + (1 -'§)dt2 ) (1.13)

From (1.11) we may also obtain Fock's solation’. By choosing

F=(r+K/2)2 we find

X K
r+5 Kz r-i
ds? = - % dr? - (r +3)7(d02 + sin20d¢?) + < dt2. (1.14)

From (1.11) or (1.12) we may find the isotropic spherically

symmetric line element by setting

()2
4F(L - KF *

oy al
xS (1.15)

This differential equation may easily be solved for F and we find

(K1 + %;)urz
Fs —mm™mM™— (1.16)
41(%

where K, is an integration constant. Thus, the isotropic line element

takes the form
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K .2
r 2 K8 P B | Bis som. (1-% 2
d ds® = - (L+ =) (dr® + r°d0“ + rsin“0d¢“) + _— dt (1.17)
] (1+ z})

in accordance with the well known result.®

2.  EQUATIONS WITH THE COSMICAL TERM

For the metric (1.1) it follows from (1.2), (1.3} and (1.4)

thet the compcnent form of the Einstein equaticn

; } 5 (2.1)

where A is the "cosnmical constant" is

1 _ D(4AF - (F)?) - 2FF’D’

Gl
4AF?D

=2 (2.2)

IR D2[A(2FF’ ‘~(F’)2)-A’FF’ J+D[A(D’FF’+2D’ ‘F2)-A’D’F>]-AF2(D*)

=) (2.3)
L 4A2F2p?2
2p2 rpp?’ 12_ &4
G: - - 4A<F< + 2A’FF’ + A((F’) 4FF’7) = A 5 K2:6)
4A2F2

As we did for the more simple case we solve (2.2) for A to find

F’ , DF’ + 2DF

A== (a1 ) (2.5)
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We substitute this into (2.3) and (2. . In both cases we then
subtract (the right hand side) from the left to obtain differen-

tial equations which turn out to be similar to each other. This

procedure gives

o2 || 2D{ (2D’F2F’ +D(F’) 3-D’F (F*)2-2D’ "F2F’)A-2D"FF’ “+3D’ (F’) +2D’ 'FF’} _
2 =
P/ (DF’ + 2D’F)>

0
2.5

(2.6)

and

¢ | - o - D'FLCD’F2F’"+D(F*) *-D’F(F*)*-2D* "F2F*)\-2D"FF* 43D’ (F*) %42D" "FE’} _
(F)2(0F’ + 20°F)2

0

2.7)

It is clear that to solve (2.6) and (2.7) we need to find the

relation between F and D which causes the expression in curly brac-

kets to vanish. For A = 0 we know that the relation we seek must

reduce to

-1/2
D= K1 = KZF (2.8)

hence we now seek a function N(F) such that

D=K - KZF-I/Z + AN(F) (2.9)

satisfies (2.6) and (2.7).
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E
Substitution of (2.9) into (2.6) results, after some laborious
1 calculation, is the following differential equations for N:
N-NF=0
(2.10)
4
N -K, =0
These are easily integrated to find
K,F
; N= - -—3— (2.11)
Thus, (2.9) becomes
] AF. -1/2
3 D Kl(l -3 ) - K F (2.12)
With this expression for D we find
R, (F)?
A= (2.13)
-1/2 A
4R, - KF 7= 3 K F)F

From (2.1:) and (2.14) and a trivial coordinate transforma-

tion to absorb an integration constant we have?

THEOREM: The metric defined by

72 -1/2
dg? = - (F_i/q 3 dr? - F(d62 + sin26d¢2)+(1 - KF £ %F)dt2
4+F(1-KF "' = % F)
3
(2.14)

e b B e e S
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satisfies

B gaM
G, = A& (2.15)

for any function F(r) of class C2.

Let us now choose F = r2 in (2.14). With this choice we

find

rl

ds? = -
1 -

2

e

A

This is the Kottler solution?® and represents one of the very few

known (if indeed others have been found) solutions of (2.1).

We now derive an expression for the isotropic solution cor-

responding to (2.14) by setting

F")?2

4r(1- k¥ V2 % F)

F
= (2.17)
2

We see that F must satisfy

dF L 32
= 1ln c°r (2.18)
- 172
/F(l-KFI/Z--g—F)/

- £2(d82 + sin26d¢2) + (1 - % - % r2)dt2. (2.16)
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where C is an integration constant. This integral does not appear
to be expressible in closed form. However, one can obtain expres-
sion for particuiar cases of interest. By setting K = 0 in (2.18)

we may perform the integration and solve for F to find

p= _12CRZ (2.19)
OR2 + 0)2 )
Then
' 2
ds2 = = —22C  (4r2 4 12492 4 r25in20442) + (1 - —BE y4e2  (2.20)
(R? + ¢)2 (R2 + C)

Here we have the isotropic static form of the solution of (2.1). Other
solutions of possible cosmological interest could be found by

4 perforuing a series expansion on the left hand side of (2.18).

We have not considered such cases at the present time.
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APPENDIX VI

SOLUTIONS WITH PLANE SYMMETRY IN EINSTEIN'S THEORY

Consider the Cartesian-like coordinate system defined by

ds? = - F(dx2 + dy2) - Hdz? + K dt? (1.1)

where F, H and K are function of z. We wish to find the general
relations between these functircnals so that (1.1) satisfies Einstein's

Vacuum Equation:

For (1.1) we find the components of the Einstein tensor (set to

zero) to be

ci = ci = - {K(H[2F2K'"' + FF'K'] - T2H'K') - F2H(K")?

+ K2(H(2FF'' - (F')2) -~ FF'H')} / 4F2HZ%2 = 0 (1.2)

3 ] ] ]
¢} o _FQFK +REY) _ 4.53)

J 4F2ZHK
N H(F[2F2F''+F(F')2] + F2(2FF''-(¥")2) - F2(F')2)-2r3F'H'
t 4F4H2
We may satisfy (1.3) by requiriag

2FK' + KF' = 0 (1.5)

(1.4)



- 66 -

This differential equation may be integrated aad we find

F = C1/K2 (1.6)

where C; is a constant. This relation implies that (1.2) and

(1.4) become

1 _ .2 _ HOKK'' - 5(K)2) - KH'K’ _

G, =G 0 1.7)
e 4H2k?
rr _ N2y _ rypr
¢t - B - SEDD KUK -5

12K2

Hence, by solving (1.7) or ’1.8) we will have a general sulution
of the Einstein Vacuum Equation. These are integrable and we find

that

(K")?

H = c, 1.9)

KS
satisfies (1.8) and (1.8). T[hus, the metric tensor components

defined by

c

1 )2

ds?2 = - — (dx2 + dy?) - C KD 4,2 4 g ae2 (1.10)
X2 Z %5

is the general static solution of Gi = 0 for any function K(z) # 0.

3
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1
On the otner hand, we may satisfy (1.3) by choosing F’ = 0.
With this choice it is found that
1 v = ey N2
GI=G§=_2KHK + -K WK’ - H(K")2 _ o (1.11)
' 4HZK '
and
¢! = o (1.12)
y
; The solution of (1.11) is
i CI(K')Z
H= —— (1.13)
K
We thus find
% (KI)Z
ds? = - (dx? + dy?) - C, ~%— dt2 + K dt? (1.14)

also satisfies G; = 0.

However, it is not difficult to prove that for the metric (1.14),
all components of the Riemann Christoffel Tensor vanish identically.
Hence, the metric (1.14) is flat. It can alsc be shown that (1.14) is

the only flat metric belonging to the general class (1.1).

From (1.10) we may seek the general isotropic line element by
setting
c ¢,k H?

K K




Then,

or

Hence
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g = ¢ k2

K = {Cx + D)2

ds2 = - (Cx + D) *(ax? + dy? + dz2 )

4+ (Cx + D)2 d¢?

is the isotropic line element.

(1.16)

(1.17)

(1.18)
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APPENDIX VII

FIELD THEORY OF GRAVITATION®*

HUseyin Yilmaz

Perzeption Technology Corporation, Winchester, Massachusetts 01890

SUMMARY

A field theory of gravitation where the stress-
energy tensor of gravity contributes to geometric
curvatures is described. The field is locally
Lorentz covariant, namely, iIn an infinitesimally
small laboratory (not necessarily freely falling)
the equations are formally the same as they would
be in special relativity. The theory reproduces
all known gravitational effects correctly and has
experimental consequences differing from those of
the Einsteinian theory.

l. PRELIMINARY CONSIDERATIONS

We propose to construct a field theory of gravitation where
special rciativity is satisfied as a correspondence limit. To make
the essence of this correspondence explicit we introduce two postu-
lates: a) Matter tensor ouuuv generates a gravitational field
which is a local second order tensor, b) Local velocity of the gravi-

tational field is equal to c¢. We express the content of these two

Statements as

2\)= \
] ¢u 4ng uuu (1.1)
24 = 0 (1.2)
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It is evident that the two postulates are generalizations of their
special relativistic counterparts in tke context of gravity. The first
postulate extends one of the most important consequences of special re-
lativit), namely, the matter density, ¢, becomes a tensor auuuv. The
second postulate requires 3v¢: = 0 otherwise a Aavau¢: could be added
to the left hand side of (1.1) which alters the vacuum velocity of
propagation for some components. Locality further implies that the
absolute values of the fields are unobservable and that only the dif-
ferences a(x) -+ a(x) - ;(x') enter into the observable phenomena. Note
that (l1.2) may further be supplemented by 3u3v¢: = 0 because when one
contracts (1.1) the additive terms must still be absent from the propa-
gation equation of the trace, ¢3 = ¢. The gravitational field so con-
ceived must, of course, have a stress-enerqgy tensor t: which must add

to the matter tensor as
v v
T =cuwu + t /4rm 1.3
3 u/ (1.3)

and the equations of motion of test particles must be obtained as

v
= Bv (tu/4ﬂ) (1.4)

both of which are prerequisites of having a lucal field theory in cor-

respondence with special relativity.

As can be seen these equations would be contradictory within the
flat space-time of special relativity because the usual conservation
law 3vT: = 0 would, on account of (1.2), lead to separate conservation
of matter and field counterparts. This would mean that there can be
no interaction between matter and field, hence (1.4) would be meaning-

less. This difficulty arises because in flat space Bv commutes with

02. Clearly in adopting the above equations we have implicitly assumed
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a more general space-time where we require

2 N2
avm 0 3\) (1.5)

The latter is realizable in a curved geometry.

2. DEVELOPMENT OF THE THEORY

In the curved space-time the total stress-energy tensor will be

identified as the divergence-free tensor!

R’ -
u

N~

5;’3 = gn (ouuuv + t:/41r) (2.1)

Upon contraction we shall write R as a scalar relation

e a
R = -8m0 + 4Lf + 45 Iy (2.2)

where Lf = -t/2 is the field Lagrangian and BQJQ a divergence. Our

aim is to dete~mine Le and BQJQ by comparing (2.2) with the geometric

expression of R, namely,

__ -2 1.4 B -1, Wy
R=-Cllnv-g-5{Ydg" - ()" 2 (/-gg) (2.3)

a

Contracting (l.1) we first obtain the eguation of ¢

a2¢ = 4no (2.4)
which implies that in (2.3) we must have

V-g = &2¢ (2.5)

Then the last term of (2.3) (which is the cnly one that can contain the

Lorentz condition) and (1.2) imply that /—g guv is independent of ¢.
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In view of (2.5) this requirement implies, in turn, that guv is of
the form
- _ =, 204 - 28)
g=n-e (2.6)
" 5
where ¢ is the symmetric field tensor ¢u. By expanding this metric

in first and second order we have

A

= 2 - i
gy = Ny (1 + 26 + 202) -dn 6]

A a,f
ey 8¢“ux¢v + 8nu8¢u¢v (2.7)
hence, to the required order, the last two terms of (2.3) are

1 «a
T2 {uv

a
B

A .a,B

HY A8 A
}3a9 = -43 ¢a 3A¢ + 23 ¢3A¢ + 338¢a ) ¢A (2.8)

- t-g) 132 (/-g ") = -43¥3 Y - Ay048 '
1Y-g) auv(/ g9 ) 43 av¢u 83,6 9 0, (2.8')
We therefore find Lf and BaJa as
_ WJAa B, 1.2
Lf = <3 ¢8 al¢a + > 9 ¢3A¢ (2.9)
I _ _ .M v _
9 Ja = 3 Bv ¢u 0 (2.10)

Concerning the equations of motion (l.4) it is rnot difficult to

see, from the form of (2.9), that the canonical stress-energy of L

f
will yield the local force"
d?x
uo_ B a
o] = -20uu 93 ¢, + 03 ¢ (2.11)
ds? o u's u

Upon dropping ¢ these equations are found to be tiic geodesic equations

of the space given by (2.6), namely,

d?x 8
} uu (2.12)

u 1 QB {a
ug” a

= 3-3ugasu u =

ds?
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Thus, under the condition that nuv is an irertial space the presence
of gravity leads to a curving of that space as in (2.6). Moreover,
to the approximatior: here described, the gravitational equations of
motion are the same as the geodesic equations of the curved spars so

generated.
3. APPLICATIONS

In the usual solar system applications the source is static so
that ¢: -+ ¢g. Since in this case ¢g = ¢, 3°¢ = 0 the problem is very
simple. From (2.6) we have

o0 = e, 4= (3.1)

ii
where ¢ = M/r. The form of 900 and 9:; show?that the red shift and
light bending are correctly predicted. As for the perihelion advance
we transform (3.1) into polar coordinates. Since in this case ¢ is a
function of r only, the geodesic equations of motion (2.11) yield the

constants of the motion, u, = k, u =g, u¢ = h. Choosing 6 = /2,

ug = 0 one has
wW=ke?® , o =n e~f¢ (3.2)
2
where k = 1. The line element now is
ds? = e-2¢dt2 - e2¢{dr2 + r2d42) (3.3)

Upon introducing (3.4) into (3.5) and eiiminating dt and ds one has

2
dy B2




(2]

Setting u = 1/r, and differentiating one finds

B+u=fu =4 2 -1 (3.5)
h2

3

which, as is well-known,? yields the observed perihelion advance,

AR = wdf/du|l = 6nM2/h?, a = £(0) = M/h?. Likewise a calculation of
u=a
the radar-echo delay with (3.1) and (3.2) gives the observed value

(L and L' are the orbital radius of the planet and the earth, re-

! spectively).

3 / ' - g

1 e = ax (In ¢ M i=L (3.6)
4 2 2
i £

1 to within the experimental accuracy.

In the weak guasistatic limit where ¢g = ¢ is the largest compo-
nents (2.6) yields

A

5 (3.7)

Iy = Ny (1 + 26+ 26%) = dn 0
A comparison with the usual PPN formalism then shows that all the pre-
ferred-frame parameters are zero hence no preferred frame effect is
predicted. TFe theory therefore reproduces correctly all the experi-
mental results concerning earth tides and to the absence of certain
effects which would otherwise exist in a preferred frame theory. Thus
at first sight the predictionsof the new theory seem to be the same as

those of Einstein's theorg.3

There are, however, situations in which the present theory differs
drastically from Einstein's theory. For example the vanishing covariant

daivergence of (2.1) yields

-1 v a B v -
(V-g) av(/-g ouu’) - o {uB} ugu + D (t /4m) = 0 (3.8)
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Since, in first and second order, the last term is the same as in

(1.4) onc finds
3 (V-g ou u’) =0 (3.9)
v u 3

which expresses the conservation of total energy-momentum of matter

in the presence of gravity. It is well-known that Einstein's theory
yields av(/Lg Ouv) = 0 which is the conservation of total rest-mass.
Since in the limit of special relativity (3.9) reduces correctly to
the conservation of energy-momentum of matter, we are able to accom-
modate the increase of rest-m~<s when two objects coalesce in a ra-
diationless collision (the so-called mass-defect) and thereby preserve
m= E/cz. The argument is in fact valid both in the strong and in

? the weak field limits and allows ' + e + 2y."

In the extremely strong field 1imit, near Schwarzchild radius,

the behavior of (3.1) is seen to be drastically different. In fact
there is no singularity except at r - 0 hence no black hole behavior
in the usual sense is predicted.k'5 “he collapsed object will here
remain as naked except for r = 0. In the case of neutron stars with
radii considerably larger than a = GM’/c2 the static behavior is not
very different from the predictions of the conventional theory. As
&rwemwwnMﬂmdcwmsweﬂmwpmﬁﬂSWWMMMMl
radiation from exploding galaxies, which might be detectable.® In
contrast the Einsteinian theory seems to be unable to accommodate
gravitational radiation. In a recent calculation with the help of
powerful symbolic manipulation techniques it is shown that the con-
ventional linearized plane wave

==-1+40 ,

=-1-40 , = 4R (3.10)

911 922

where R and Q are functions of t - z would lead to contradictions in

second order. More specifically it is found that only three special
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cases admit a solution a) Q = R = constant (flat space), b) R = iQ
_e4(K+Q)'

(metric is not real), c) R = 0 (no polarization) 9, =
= _e4(K‘Q)

922 c

where K is second order. Substituting into Ruv
, A ,
one finds Q = C*(t-z) . (Unacceptable at z » =; Q prescribed).

In the new theory it is seen that ¢§ = - ¢i = Q(t-2), ¢§ R(t-2)
yields the metric 99 = - cosh 40 + (Q/9) sinh 49, gpp = = cosh 9 -
(Q/) sinh 49, 9y = (R/)) sinh 49, doo = ~ Y33 = 1 yields a solution
to the field eguations hence

7/ \

. . L) L) \ R
(3.11)

/

1o = = =
L. . 0 R
\ o 5 R -Q

¢ =

is a plane gravitational wave. Interestingly this leads to (3.10) as
its first order approximation. Likewise it can be shown that in Ein-
stein's theory a first order solution, which is necessary in view of

a 200 km/sec motion of the solar system relative to the center of ga-
laxy, becomes unsatisfactory in second order. Again the new theory is

free from the difficulty.

4. POSSIBLE EXTENSIONS

The present theory can be compieted with regard to mechanical forces
such as pressure, and forces of electromagnetic and nuclear nature, by
following a well-known procedure. We shall not repeat this process
which is more or less straightforward. Instead, we shall present a
more speculative possibility which resembles the Einsteinian idea of
a unified field theory whereby various fields are introduced into the
framework in analogy to ¢:. Let (2.6) be written as

200 - 2%) + 2¢

Q2
3¢

(4.1)
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where € is an antisymmetric tensor. We define a tensor fuv such

that € is the world-line integral of f
v pv

€ =
MV

LY L]

/ fﬁv ds (4.2)

Computing R it can be shown that the Lurentz conditions are automa-

tically satisfied
H, oV
= )
9 avfu 0 (4.3)
If we define aconserved quantity, ju

v
9 f = = 4rj 3
i "Iy (4.4)

j =0 (4.5)

we have the first set of Maxwell's equations plus the conservation of

charge. Then the antisymmetry of fuv yields the s=cond set

3 g * Aoy * gy = O (4.6)

It can further be shown that, by a suitable definition of { Z}, the sign

of the electric charge, the acceleration caused by t: becomes

d2xu ¥ 3
c =9 (t /4n) = f § 4.7
2 " i/ o (4.7)
This leads to a Lorentz force
dzxu =
m = ef!vu (4.8)
ds? k

where, by integration, 0 and p are replaced by the rest-mass and the
charge. We can see that, in at least a formal sense, equations si-
milar to those of the eiectrodynamics are obtainable from such a
process as a local field theory. However, the t: of the non-symmetric

part does not reproduce the Maxwell stress-tensor exactly. We shall

point out only that, by a suitable introduction of magnetic poles,
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hopes are recently entertained that an SU(3) symmetry for heavy par-
ticles might be obtainable.” This direction may conceivably be a
remedy to the above di-ficulty with the Maxwell tensor. The problem

is under further considerations.

Less speculative is, perhaps, the possibility of a pure cosmical
scalar, %, of Dicke-Brans type. Again writing
e2{¢ - 2¢) + )¢

g . =n

o5 o (4.9)

where A iIs a small admixture parameter, we can see that such a field
can only yield a conformal extension of the present theory. Further-
more if Ad > 0.01¢ one has to renormalize 900 in crder not to conflict
with the red-shift experiment. A pure scalar of this type to repre-
sent the whole gravitation would of course be out of the question be-
cause it would not produce any bending for light. For a small admix-
ture A = 0.05 v 0.08 the bending of light and radar echo delay are
correspondingly reduced and the theory can be tested by experiment.
The essential point is that such a field is possible as a conformal
extension of the present theo.'y. An extension of a different kind,
namely, the possibility of a rest-mass, W, for gravity seems to be
unrealistic on account of the very long range of the gravitational in-

teraction.

5. COVARIANCE

In Section 2 we have seen that the Lorentz condition 3v¢: =0
leads, in first order, to the expression, Sv(/Lg guv) = 0, which is
reminiscent of the so-called harmonicity conditions. Since the usual
harmonicity conditions are non-covariant a question arises as to the
nature of the coordinate invariance satisfied by the new theory. We

shall now show that although they reduce to each other in the trivial

Lo
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case of cartesian coordinates our conditions and the usual narmonicity

concept have, in general, nothir; to do with each other.

Let a curved space huv(x) be defined over all curvilinear coordi-

nates nuv(x) of special relativity such that

By (x) =N, (x)g) | (x) (5.1)

where nuv = (1,1,1,1), nuv = (1, rz, rzsinze, 1) ete. The guv(x) are
functions of spave-time variables and they act as congrueat cveffi-
cients to nuv(x). Upon constructing the d'Alembertian of huv(x) one
finds
2 u)\/-l o AV J -1 J v
By 7= g (h) "3 (¥n n""9. ) + (Y=g} "3 (V=g g )3 (5.2)
v U v H

Since the first term of this expression is a linear combination of

special relativistic d'Alembertians the local propagaticn velocity

will be c if the second term vanishes. We have®
v
3,0~g ¢"%) =0 (5.3)

These relations are not coordinate conditions. On the contrary
they are the requirements that the local velocity of propagation be
¢ as in special relativity. Subject to this statement, which is one
of our principles, the theory is covariant, namely, it allows all
curvilinear substitutions permissible by the local universality of c.
Note further that the conditions (5.3) do not, in general, imply the
harmoricity of the coordinates (for example in spherical coordinates
corresponding to (3.1) ::2r = - 2e-2¢/r # 0). It would, therefore,
be quite inappropriate to call (5.3) harmonicity conditions. We sug-
gest that they be called the "proparation conditions” since they have
to do with the local propagation velocity, c¢. It is clear that the

theory here proposed duves not violate the principle of covariance.




- 80 -

The coordinates (2.6) are not preferred coordinates. They are special
only in the sense that they alJow a local special relativistic field
theory interpretation of gravity and a local special relativistic

philosophy of measurement.

6. EQUIVALENCE

It must not be supposed that (2.6) and (2.12) can only accommodate
curved spaces and their fields of acceleration. We can show, with the
help of (5.3), that the theory accommodates accelerated franmes 2f re-

ference in an otherwise flat space. Let n Guv and let huv(X) be

wv

still a flat space. Since Rﬁvk = 0, everywhere, we also have R = 0,
everywhere. Thus in (2.2) ¢ = 0, Lf =0, ana = 0. Letting the acce-

leration to be uniform in the z-direction (2.12) yields

¢g =-yz+C 1.

; . L. . , 3
Then the propagation conditions (5.3) are satisfied if ¢3 = ¢8 = Y.
This field indeed also satisfies the other conditions such as 0 = 0,

R = 0 etc., above, hence
9op = € ¢ “F3p = e ¢ 9y T 9y =1 (6.2)

is a flat-space solution consisten* with (2.6). It may be conjectured
that this solution represents a kinematically accelerated frame of re-

ference in an otherwise flat space of special relativity.

Note that if the conjecture is valid, namely, if the kinematical
acceleration does not curve the space, as gravity would, then the equi-
valence of gravity and inertia will not be exact but restricted to the
Newtonian limit v -+ 0 alone. In fact the two solutions (3.1) and (6.2)

yield, respectively, the geodesic accelerations
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[ V2 Vi
-RV = 3v¢ 1+ ;; 1, -Yv = 3v¢[1 - ;Z ] (6.3)

For v + 0, these accelerations are equal but for v = c they are dif-
ferent. The conjecture seen: to be testable by an orbiting gyroscope
placed in a spherical sheii  Assuming ¢ = § the gyroscope will have,
relative to the shell, a differential acceleration

v2 + v2 4+ 2v2
X y z

- Akv = av¢ cé (6.4)

The gyros-ope could conceivably be repiaced by some atoms with high
rotacional energy or with light waves. Since for a good gyroscope
the factor is of the order of 10~!2 it is also conceivable that a

Dicke-Braginski type experiment might turn out to be feasibie.

The outcome of such an experiment would be of great importance
to see if the theory of gravitation has to incorporate inertia only
in the limit of v * 0 or more generally for all velociti=s. In the
latter case the flat space solutions of the kind (6.2) would be dis-
carded from the theory by saying that under kinematic accelerations
space-time becomes curved. On the othe:r hand if the force given by
(6.4) exists the kinematic accelerations are representable by coor-
dinate transformations (Rﬁvx = 0) whereas gravitational accelerations
are not. In fact if (6.4) exists the equations of motion (1.4) will
have to be restated. Thus if nuv(x) is flat but nevertheless non-
inertial the geodesic equations of motion (2.12) will contain inertial
forces coming from nuv(x) as well as the gravitational forces arising

from guv($)' Thus we arrive at a more general conception of space
huv =(n(x) 9(¢))uv =] guv(x'¢) (6.5)

where ¢ = 0, huv = guv(x) contains, in general, arbitrarily accelerated

frames such as rotation and accommodates even intrinsicly curved spaces
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)
] such as the presence of a cosmological constant, A. The presence of
gravity, ¢ # 0, would be a further structure above and beyond these.
L] It is, however, encouraging to see that, at least in the case of

linear acceleration the formulae (2.6) and (2.12) can accommodate an
inertial field wg = wg = ¥, 52y = 0 so that the linear acceleration
can be conceived as a gauge transformation, over the presence of
] gravity, as it wac always assumed it would be the case. Incidentally,
the locality condition (5.3) can be viewed either as a first order
statement or as Iin (2.8') valid in second order as well. The dif-

.8 ¢

ference contributes to L, a divergence, 3aJa = 23a(¢83 ¢A)’ hence has

no effect un the theory.

7. QUANTIZATION

The classical field theory of gravitation so constructed may be

quantized by simply replacing the Lagrangian (2.9) with an operatc.

expression
= _ hB a 1.2 .
Lf = 9 ¢a ak¢8 + 5 3¢ 3x¢ : (7.1)

where semicolons imply normal ordering. By a well known procedure of
introducing a state vector, l >, a unitary transformation, U, etc.,
the commutation relations can lccally be found in the usual manner
because the theory is locally Lorentz invariant. In other words the
problem of quantization >f a gravitational field is here reduced to
the gquantization of a special relativistic tensor field. .. fact an
interesting economy in formulation Is realized as follows: In the
usual special relativistic case two independent constraints <I¢E - ¢l>=0
and <]8v¢:]> = 0 are imposed on the expectation values. First of
these is necessary for the consistency of the Lagrangian procedure
whereas the second is needed for the consistency of quantization. In

the new theory the two turn out to be equivalent hence only one is

- o L o R 3 D —— e



necessary to impose. The reason for this is that if the solution
(2.6) is substituted into (Z.1l) the d'Alembert operator 32 is the
general d'Alembertian whereas when we contract (2.1) the d'Alembertian
must reduce to a scalar d'Alembertian :]2 if ¢t is to be interpreted

as a scalar, ¢. The substitution juc* mentioned yields
2.V _ 24 = 4 a \Y
trace ({J ¢u) DOg¢ 3 ¢3\,¢u (7.2)

v . ,
hence av¢u = 0 implies ¢: = ¢ = scalar. In the process of quantization

we shall therefore need only the condition®

. Vi _
L <]av¢ul> =0 (7.3)

The commutation relations are

$*(x') $(x) - $(x) b*(x') = iD(x-x') (7.4)

3

e ik(x - x')
. / d'*kek e (7.5)
(2m)t ¢ -x?2

5(x-x') =

which, by a suitable substitution, are fo.nd to be eguivalent to a
Gupta type of guantization.9 Both the treatment of the subsidiary
conditions (7.3) and the derivation of the equations of motion follow
the Gupta procedure with similar end results. The process of guanti-
zation being fairly stendard the main improvement in the subject of
quantized gravity is here due to the improvement of the background
theory. Since there exists hardly any possibility of testing the
guantized theory in the foreseable future we shall emphasize below
only some formal matters which seem to show that the present theory

meshes quite naturally with the microscopic laws of quantum mechanics.

By virtue of the local Lorentz invariance of the background theory

the gquantization is here a literal adaptation of theusuzl method of
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quantization with the added feature that guv{;) is now one of the ob-

servables. The metric is therefore given ly its expectation value

g = <|guv|> = <|r.'| .

e2(¢ = 2¢)l>
JHv

(7.6)

Conceptually this is a lerge departure from the Einsteinian viewpoint
where guv(x) is itself the gravitational field. 1he following comments
might be of interest: a) Defining the vacuum by $]> = 0 and assuming
no quanta, real or virtual, are present anywhere the expectation value
of (7.6) reduces to nuv alone. Hence a completely empty space has the
property of global Lorentz structure, b) If we introduce a prescribed
classical source cuuuv ailow a large number of quanta (real and/or
virtual) the espectation value of guv approaches the solutions (time-
dependent and/or statlc, solutions of the theory, c) Due to the behavior

29

of 900 as a negative exponential 900 + e ¥ the theory does not seem to
have the self energy difficulty although a renormalization might still
be required as a redefinition of the rest-mass or of guv, d) In prin-
ciple a massive gravitational field with a rest mass y is possible to
conceive and this would seem to obviate the nec:ssity of dealing with

an infrared divergence due to zero graviton rest-mass. It is, however,
difficult to justify such an assumption physically as gravity seems to
be such a long-range force that it applies at distances of intergalactic
size, e) Since in the absence of a gravitational stress-energy tensor,
t:, the two formulae Dv(cuuuv) = 0 and Dv(cuv) = 0 are egquivalent the
microscopic theory of gravity presented in this section may be conceived
as a kind of spontaneous symmetry breaking, f) Quantized form agrees

with the cross-section for gravitational radiation stated previouslys.

According to the theoru gravitons act as normal spin-2 particles with

vanishing rest mass and standard (NZ),properties of polarizationlo.
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