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* FOREWORD

The work reported herein, covering the period 10 April 1972 to

31 December 1972, was carried out by the Infrared and Optics Division of

the Environmental Research Institute of Michigan (formerly the Willow

Run Laboratories of The University of Michigan), Ann Arbor, Michigan.

The work was performed under Contract DAAD05-72-C-0216 for the Army

Ballistic Research Laboratories, and was done in three parts, each of

which represent one volume.

i.',e three volumes are:

i - Polarized Bidirectional Reflectance With

Lambertian or Non-Lambertian Diffuse Component.

II - Polarized Spectral Emittance From 4 to 14 pm.

III - Wavelength Dependence of Polarized Bidirectional

Reflectance.

The internal number for volume II of this report is 192500-I-T(II)

i
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1. INTRODUCTION

Most materials on the earth's surface emit a large portion of their

radiated energy in the thermal-infrared wavelength region. If irregularities

of the surface of a natural target are very large compared to the wavelength

of emitted radiation, total emissivity measurements are the prime source

of information. However, if the surface irregularities of a target are

small compared to the wavelength of emitted radiation, the surface tends

to be more specular and the electric vectors of this emitted radiation

will vibrate in preferential directions, giving rise to an observable

emission polarization. For relatively smooth surfaces, therefore, polar-

ization measurements are an additional source of information. Since the

surfaces of military targets are generally smoother and have more ordered

geometric patterns than naturally occurring materials, polarization is a

potentially important parameter for target discrimination.

The purpose of this report is to describe a phenomenological model

for predicting emission polarization of paints using as input only a

single, near-normal reflectivity spectrum.

2. MODEL DESCRIPTION

For the case of an emitting polished surface, that portion of the

emitted radiance at some angle 8 to the target surface normal that has

its electric vector vibrating perpendicular to the plane of emission

(containing the surface normal and the propagation vector), divided by

half the radiance emitted by a blackbody at the same temperature, is called

the perpendicular component Yj|(6) of the emissivity. (Note: All the emissivity

components are wavelength dependent, but the A notation will be suppressed.]

Likewise, the parallel enissivity component EWO(0) defines that portion of

radiation emitted with electric vector vibration parallel to the plane of

emission. The total emissivity E(8) is half the sum of E1 (e) and EI1 (e).

The degree of polarization for emission can be defined as:

S= [E1 I(O) - E1(e)j/[E11 (e) + E1(e)). (1)



The relationship between the emission polarization components and
reflection polarization components can be found from a consideration of
the reflection experiment where source (at 0 ) and observed (at 0 r) are
located on opposite sides of the target surface normal at an. angle
0 = 0 i = 0 r Let R and R1  be the reflectivity components for radiation
"with electric vectors vibrating perpendicular and parallel, respectively,
to the plane of incidence containing the incident and reflected rays. With
the constraint that 0 = 0. 6r, implying that the plane of emission coin-

1 r
cides with the plane of incidence, Kirchhoff's law dictates (for equilibrium

conditions) that

E 10)i = I - R(0)i, (2a) E(0)ii = 1 - R(0)1 1 . (2b)

The reflectivity flux ccmponents are functions only of 06 = r = 0
i r

and the complex index of refraction of the target material is given by
N = n - ik. Expressions for RL and R1 i in terms of Ue, n, and k are as

follows [1]:

[(a- cose )2 t b&J
R 1 (0) = (2 +b 2  

3a)
[(a - cos 0)2 + b2]

R1( 2 2 2 2- (b

-- .-- RI,(0) =l[~(a- cos0)2 +b b]j ( (a -sine tan0)2 +b b2I,- (b

[(a + Cos 0) + b [(a + sino tan 0) + b21

where

2- -2+ [ + ( - 2 -2 e21

a 2 sin k sin

and b2 1k +k 2 + ~ +[n 2 2 -)2]I}

b a {-n + + sin20 + [4n k + (n - sin2 e)

From Eqs. (1), (2), and (3), therefore, it is possible to express the degree of
emission polarization P as a function of 0, n, and k.
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For materials which exhibit ceststrahlen bands in the thermal-IR

wavelength regioxi, n and k are strongly wavelength-dependent in that

region. The wavelength dependence of PE for a given material can be

calculated from Eqs. (1), (2), and (3) if the dispersion curves of

n and k are known. Once these dispersion curves have been determined

as continuous functions of wavelength for a given paint, it is then

possible to calculate the emission polarization for all 0 as a

function of A. This will be calculated for several O.D. paints.

One means for determining the indices of refraction is the classical

oscillator fitting method. The complex index of refraction N - n - ik

can be calculated as a function of frequency v, according to a classical

oscillator model of crystals [2], from the following equations:

2nk = Y47rp. V22 - 2 j

2 0 2 22 )+ 2]

n 2 -k 2 = c + ýOr vj [2 2- (4)
- = (V• + 2 V2 2 +Y2 V12 V2 1 4

where p J, 'J, and v.j are the strength, width, and frequency, respectively,

of the jth lattice oscillator and c is the high frequency dielectric con-

stant. If these oscillator parameters are known, n and k are calculable

from Eq. (4). If they are unknown, they can be estimated by the following

procedure. Initial guesses for the oscillator parameters are assumed, (see

Appendix D) and a normal incidence Fresnel reflectivity curve R(v) is cal-

culated from the equation:

= [n(v) - 1] 2 + k 2 v)(5R ') (5)
[n(v) + 1]2 + k2(v)

10



A computer program, which employs an IBM scientific subroutine, [see Appendix

F] compares the theoretical reflectivity curve calculated from Eq. (5) with an

experimental normal incidence spectral reflectivity curve for a smooth sur-

face of the specimen, changes the oscillator parameters in Eq. (4),

calculates a new theoretical curve, and reiterates until a good fit is

made between theoretical and experimental curves. With the oscillator

parameters of the best-fitting theoretical curve, the indices can then

be calculated from Eq. (4). (See Appendix D for use of Oscillator Program.)

3. MEASUREMENTS

The measurements in this program consisted of two phases. The first

phase consisted of a spectral scan of the emittance from each sample with

a normal angle of observation. The second phase consisted of angular

scans of the emittance with receiver polarizer set alternately perpendiculai

and parallel to the receiver incidence pLane. In this latter case, each

scan took place at a particular wavelength.

In the following paragraphs we provide a brief description of the

instrument which was used for these measurements, followed by data which

resulted.

3.1 The Instrument

The field infrared spectroradiometer (FISR) which was utilized is a

double-beam instrument with output proportional to the radiance difference

between the objects filling the fields of the two Herschelian reflecting

telescopes. The measurement of the difference is accomplished by a reflective

chopper which alternately samples the radiation from the two telescopes.

After being chopped, the radiation froi the two telesceopes is imaged at a

common focal plane at which a tield stop slit is placed, limiting the FOV

to a 0.6' x 2.5* field. The fore-optics just described are illustrated in Figure

1. The chopped energy passing through the field stop slit is refocused,

by a 900 off-axis ellipsoid mirror, onto an entrance aperture which lies

immediately in front of the circular variable-filter (CVF) monochromator.

11
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The CVF then transmits a narrow spectral band of this energy to a 45* off-

axis ellipsoid mirror, which refocuses it onto the detector.

The generated ac detector signal is amplified and then synchronously

demodulated. The synchronous demodulator transforms those components of

the signal which have the particular frequency of the chopper modulation

into a proportional dc signal, while rejecting those components with

different frequency (i.e., noise). Thus, at the output a dc signal is

presented which has a value at any point in time proportional tn the energy

difference between the two optical beams at a particular wavelength deter-

mined by the CVF position. Mechanical rotation of the CVF provides a

spectral scan. The output voltage is recorded by using a digital voltmeter

as an analog-to-digital converter and printing on a digital paper-tape

printer, and the wavelength is registered simultaneously by printing the

digital output of a shaft encoder mechanically linked to the CVF.

The spectrometer portion of the system utilized a circular variable

filter for spectral dispersion in the range from 2.5 Lo 14.5pm. The CVF

has the advantage of providing more efficient energy transmission than a

prism disperser, allowing faster spectral scan rates or narrower spectral

resolution for a given energy input.

In order to achieve high system sensitivity, an indium antimonide and

a mercury doped germanium detector are used to cover the wavelength regions

2.5 to 5.5mm and 4.5 to 14.5wm, respectively. These detectors are readily

interchangeable, so one may be replaced by the other during the course of

scanning from 2.5 to 14.5Sm without stopping the instrument.

Two temperature-controlled blackbody calibration sources are provided

for insertion at the entrance optics in either or both of the two channels.

In the normal mode of operation, a blackbody remains in one channel, and

the other channel, having previously been calibrated, views the target of

interest. In this way the system can be used to measure absolute radiance.

Alternatively, if the target temperature is known, or if a black surface

at the same temperature is available, the spectral emittance of the surfs*

can be determined. These blackbodies are only suitable for the spectral

13



range 4.5 to 14.51im. Calibration sources below 4.5pm have not as yet

been implemented. However, for these reflective wavelengths (less than

4.5pm), a calibrated reflectance panel may be inserted in the reference

beam and the instrument then used to make relative reflectance measure-

ments.

Supplementary instrumentation has been developed to permit the basic

FISR equipment to be used for obtaining directional polarized emissivity

data. Two similar samples maintained at different known temperatures are

separately viewed through each port of the FISR, and the difference in

radiance values is measured. From this measured difference, with the

available temperature information, the emissivity can be calculated. The

sample temperatures are maintained by thermally controlled water baths.

The sample holder is designed to be operated either at a fixed viewing

angle or by revolving and permitting a scan of the sample surface.

Complete details of the FISR can be found in reference 4.

3.2 Spectral Emittance

Figures 2, 3 and 4 show the spectral emittance data in plotted form.

In each case there are many scans, some of which cover different spectral

regions than others. Each scan number has its own symbol so it can be

roughly identified on the plot. Shown also are curves representing both

accuracy and precision of the measurements. Accuracy is determined with

respect to both systematic and random errors. Precision is determined with

respect to noise in the recorded voltage. (Reference 4 provides a complete

discussion of determination of accuracy and precision in this context.)

Note that for all three samples, there is an apparent dip in the spectrum

between 9.5pm and lOwm. This dip is interpreted to be a restatrahlen band.

Str'ucture of this sort arises from the wavelength dependence of the indices

of refraction. (In section 1, we have described how one calculates the

indices of refraction by use of a classical oscillator fitting method.)

14
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Note also that in Figure 3 there is an apparent discrepancy in that
scans numbers 3 and 4 are translated upward with respect to scans 2 and 23.
This discrepancy appears to be due to a combination of calibration error
and difficulty of maintaining accurate measurement of environment temperature

during the measurements. The problem is still being analyzed. In the validation
(see Section 4) scans 3 and 4 were used. In view of the apparent difficulty
it is not clear that these were the most appropriate.

1
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3.3 Polarized Emittance vs. Angle

Figures 5 through 16 show the variation for each sample at a variety

of wavelengths of relative polarized emittance. In each case the curve

which rakresent parallel polarization is a plot of ell(e) I N O) and

that which represents perpendicular polarization is e (e) - EE1 O
Therefore, for each angle, degree of polarization is extracted from

the data by equation (1), where substituting eii(O) and e (6) for Eye)

nd E I(O) leaves P unchanged, since EII(0) - E 1OE - E(O). [See Appendix
A]. Comparison of model predictions with selected measurement data from

this group is described in Section 4.1

r
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4. MODEL VALIDATION

Figure 17 shows results of the emittance model for an 0. D.

paint, calculated last year as part of the Target Signature Analysis

Program of ERIM, for the U. S. Air Force. In this figure the degree of

polarization of the emittance of an 0. D. paint sample was calculated

as a function of wavelength for the case of no reflective input other

than clear sky radiance. The target was assumed to be at a temperature

T - 300*K and the angle of observation was chosen to be er - 70. In this

theoretical treatment, the paint was assumed to be a perfectly specular

surface, with neglible volume and multi-surface reflection. A normal-

incidence reflectivity curve was fit with the classical oscillator model

discussed above to find values for the complex index of refraction

N - n - ik as a function of wavelength. These indices were then fed

into Fresnel equations for R11 and R (Eq. 3) from which E1 1 (8) and E1 (0)

were calculated from Eq. (2). Emission polarization was then calculated

from Eq. (1).

The degree of polarization of most naturally-occurring materials is

low in the thermal IR, compared to the polarization of painted surfaces.

The only known measurements of emission polarization from natural materials

are given in Table I, which shows the degree of polarization for a few

natural targets measured broadband (approximately 8 to 14um) under clear,

humid sky conditions [3). The highest degree of polarization in approximately

2% for these materials, as compared with approximately 9Z for an O.D. paint

sample measured at the same angle (0 - 75*) under the same conditions.

Had the measurements been in a 2pm-wide band centered near 9.8pm, Figure 17

predicts that for the O.D. paint the degree of polarization would have

been appreciably higher. The increase in the degree of polarization in

the reststrahlen band for target materials may be useful in the discrimina-

tion of such targets from backgrounds like water, which also can have a

high degree of polarization.
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TABLE I

POLARIZATION FIELD MEASURvmeNTS

(August 5, 1970, Clear
Sky Conditions, Willow
Run Airport)

Jo I
(Measured

Name macroscopic iL )M L.& 2 •surface nor- sr cmL sr __

emal)

Packed Beach 75* 4.80 4.63 .0180
Sand

Packed Beach 60 1 4.88 4.82 .0062
Sand

Wet Sand 753 5.08 4.88 .0208

Granite Rock 75" 5.37 5.16 .0199
(Irregular
shape, nat-

ural surface)

Lot - detected radiance from target with electric vector vibrating
parallel to plane of emission

L& - detected radiance from target with electric vector vibrating
perpendicular to plane of emission
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For the natural materials in Table I, the degree of polarization

generally increased with increasing observation angle for 8 > 500, but

the measured polarization was so slight for e < 500 that it fell below

noise levels of the radiometer system. As for angular dependence of

polarization from 0. D. paint, Table II gives measured and calculated

values for the degree of polarization of the erittance for 0 from 100 to

70* for a wavelength of 9.83om, the center of the reststrahlen bard.

For 8 > 400 the emission polarization of paints can be quite large com-

pared with that of natural target materials.

The good agreement between calculated results and the measured values

shown in Table II were encouraging enough to justify further validation

with respect to other O.D. paint samples. Under this BRL contract, three

O.D. painted surfaces were studied using an ERIM spectrometer which enabled

us to measure spectral radiance distributions as well as polarization de-

pendent radiance as a function of observation angle. The samples are

labeled 2017, 2022, and 2023.

Compared with the earlier sample (1792), these three O.D. paints ex-

hibited less pronounced restatrahlen bandg; hence, their degree of polar-

ization is neither as large or as wavelength dependent. Table III shows

the measured and calculated (from the above model) degree of polarization

for the three O.D. paints 2017. 2022, and 2023 at angular increments of

10* for wavelengths of 10.6pm, 12.0pm, 9.7pm, 8.3um, and 5.3um. No

calculations were made for the 5.3pm wavelength primarily because the data

were very noisy below 7lm.

As can be observed from the "Model Result" and "Meaured" columns, the

model always predicts a higher degree of polarization than is measured,

owing to the assumptions in the model that the paint surfaces are perfectly

smooth and that the paint layer is optically thick. The middle column

under each paint sample 3hows the product of multiplying the sample result

times a constant factor of 0.75. The physical reason for choosing a constant
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correction factor is that the surface roughness should affect radiation

from all wavelengths and angles about the same, if the roughness is on

a much different scale of magnitude than the wavelength variation (5um -

12pm) used for the calculations of this model. The magnitude of the

S I constant factor, however, was chosen solely on an empirical basis. As

shown in Table III, the product of the model result and the 0.75 factor

is within experimental error of the polarization measurements for 6 of 6

measurements on 0. D. paint 2017, for 22 of 28 measurements on O.D. paint

2022, and for 15 of 27 measurements on O.D. paint 2023. The calculation

of experimental error is explained in Appendix A. Overall, these cal-

culated results for three paint samples and 4 wavelengths fell within

experimental error for 43 of 61 measurements, or 70% of the time. On

this basis, the model (including the 0.75 constant multiplicative factor)

has been verified for degree of polarization calculations.

Figures 18, 19, and 20 are plots of relative polarized emittance versus

polar angle at X - lO. 6 pm for O.D. paints 2017, 2022, and 2023 respectively.

They show how the parallel and perpendicular components of emittance cal-

culated by the model compared with experimental measurements. No multi-

plicative or other factors have been employed to alter the oscillator model

results in these figures. The relative polarized emittances are

e(8) "E(o) adea () - E( Figure 18 shows a good correlation bet-

wean theoretical and observed relative polarized emittanceas for paint 2017,

where 4 unpolarized, near-normal spectral emittance curves were averaged

to produce the input for the oscillator model. Figure 19 shows what can

happen when the unpolarixed spectral emittance curves have measurement

discrepancies. An average of the test two curves was used as oscillator

model input to produce the dashed line. The two worst curves were used to

produce the results shown by the rectangles, and the circles show what

happens when all four curves are averaged prior to application of the
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TABLE II

COMPARISON CF THEORETICALLY CALCULATED AND
EXPERILLNTALLY MEASURED DEGREE OF POLARIZATION

FOR EMITTANCE FOR X- 9.83um
(O.D. Paint A01792)

SCalculated Measured
Degree of Polarization Degree of Polarization

100 0.581 0.25I

20* 2.37% 1.06%

300 5.45Z 3.47%

40o 10o.03o 7.50%

50 1 16.35% 12.56%

600 24.71% 20.25%

70* 35.44Z 32.46%
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TABLE III

COMPARISON OF THEORETICALLY CALCULATED AND EXPERIMETALLY

MUASURED DEGREE OF POLARIZATION FOR O.D. PAINTS

O.D. Paint A02017 O.D. Paint A02022 O.D. Paint A020"i3

Calculated Calculated Calculated
(Z) Measured (M) (1)H easured'Maue

Model Multiplied (M) deMultpled Multiplied M(2
Result by 0., 75bResult esult b 0.75 (_)

" 0O 0.3 0.2 0.3±1.9 0.3 0.2 0.3±1.5 0.6 0.5 0.9_+1.8
10.6pa O 1.4 1.0 1.9±1.9 1.3 1.0 1.0±1.5 2.3 1.7 1.4±1.8

O 3.3 2.5 2.8±1.9 2.1 2.3 2.2±1.5 5.1 3.8 2.7±1.8
"* 6.1 4.6 4.5±1.9 5.7 4.3 4.3±1.5 9.0 6.8 4.1±1.8
* 10.2 7.7 7.7±1.9 9.5 7.1 7.0±1.5 13.7 10.3 7.3±1.8

0' 15.9 11.9 L2.3±2.0 14.6 11.0 11.4±1.6 19.2 14.4 11.3±1.9
0" 23.7 17.8 - 21.4 16.1 16.7±1.7 25.5 19.1 17.0±2.1

0' 0.3 0.2 <0.3±1.9 0.4 0.3 <0.5±2.0
12.Oum 1.1 0.8 0.7±1.9 1.8 1.4 <0.5±2.0

2.6 2.0 2.6±1.9 4.1 3.1 1.6±2.0
00 5.0 3.8 4.5±1.9 7.5 5.6 3.3±2.0
00 8.4 6.3 7.5±1.9 12.0 9.0 6.6±2.0
00 13.3 10.0 12.0±2.0 17.6 13.2 10.2±2.1
00 20.0 15.0 18.0±2.2 24.7 18.5 15.712.3

0- 0.4 0.3 <0.3±2.0 0.7 0.5 c0.5±2.0
9.7ma as 1.7 1.3 1.3±_2.0 2.7 2.0 c0.5±2.0

0 3.8 2.9 2.9t2.0 5.9 4.4 2.4*2.0
0 6.9 5.2 5.4±2.0 10.0 7.5 4.6±2.0

11.0 8.3 9.7±2.0 14.7 11.0 8.0±2.0
01 12.2 14.6±2.1 19.8 14.9 L2.3±2.1
"0 22.6 17.2 21.7t2.4 25.3 19.0 8.6±2.4

S 06 0.4 0.3 0.3_1.8 0.8 0.6 1.0±1.9
8.31-' 20 1.8 1.4 0.7±1.8 3.3 2.5 1.6±1.9

30 4.2 3.2 2.0±1.8 7.1 5.3 3.5.1.9
40 7.4 5.6 3.5i1.8 11.5 8.6 5.6±1.9
01.3 8.5 6.3±1.8 15.9 11.9 9.8±1.9

60 5.4 11.6 9.5±1.9 20.0 15.0 5.6±2.0
70 9.6 14.7 L5.0±2.1 23.8 17.9 -

x 10 0.2 -

5.3Lu 20" 0.8 0.3
30@ 1.8 1.5
40" 3.2 2.9
500 5.5 5.1
60* 9.0 8.7
70" 13.9
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oscillator model. This points out the need for better spectral emittance

measurements as inputs to the model. Figure 20 shows the poorer results

with paint 2023. The oscillator model was applied twice to the average

of 4 spectral emittance curves, with almost the same results. The poorer

agreement in Figure 20 is obvious also in the smaller than expected

calculated degree of polarization results of Table III for paint 2023.

5. CONCLUSIONS

The oscillator model for calculating polari-ed components of spectral

emittance and degree of polarization in the thermal infrared region for

smooth-surfaced targets has produced theoretical values that are within

experimbntal measurement accuracy 70Z of the time. The accuracy of the

model could be improved with better measurements of unpolarized, near-

normal spectral emittance values. Such measurements could be improved by

utilizing a parabolic reflectometer in the reflection mode instead of FISR, in

the emission mode because of the greater absolute accuracy afforded by the

former. FISR measurements would still probably be preferred for the re-

lative polarized emittance versus polar angle measurements, because of the

induced polarization inherent to the parabolic reflectometer. The model

itself could probably be improved by accounting for thin-film transmission

of paint on metal, but this might not be required after better spectral

emittance measurements are available.

Although the O.D. paints used in this investigation are similar in

spectral emittance features, the oscillator model should work at least as

well for other smooth-surfaced materials which exhibit

marked dispersion (high A-dependence of the spectral emittance) in the

thermal IR region, such as teflon, mylar, and possibly phenolics.

The most important feature of this model is that the degree of polar-

ixation can be calculated for smooth-surfaced materials in the thermal IR

region for any A (from about 7 to 15um) and any polar angle, with only a

measurement of spectral emittance from 7 - 15mm at near-normal incidence

required. This will save considerable time and money on experimental

measurements. 2



APPENDIX A

DETER1INATION OF EXPERIMENTAL ERROR IN

MEASUREMENT OF DEGREE OF POLARIZATION

The equation for degree of polarization can be written as:

(ll(e) - 1(e ) a ll (e) 
( A)

PE) = El l(e) + Ej(e) e 11 (e) + e fO(e)

where e ) = - relative polarized emit•ance, parallel component

Sel ) -( relative polarized emittance, perpendicular component
S~E(0)

All of the above and following parameters are wavelength and anle dependent,

but the X and e notation will be suppressed here.

The error in PE due to errors in measured values of ell an e1 , respectively,

can be represented by:

1____ 1 2e['e - As 2 e 1  tl 2 (A-2)! %I " e~ +el (el e) I ((7l+ el) 2el(A•
i e+ (ell e(ell + ej)

APEJ F (e +- s (A-3)
+ ej (,, + i)2J(ejm(ll +.eQ 2

The total error in Pa can be described as:

"E " (2) -( + 22 J 2/(eje' + (e"AeQ.12  (A-4)

emittance. It will be assumed that Ae1 1 and Ae. are equal and that the

addition of a polarizer into the optical system increases the precision
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error by a factor of vr, such that

e1, - Ase- r a (A-5)

When equation (A-5) is substituted into equation (A-6), the resultant error

inPE from error measurements in e and ea is:

APE 2 12) - 2.828 ej 2 (A-6)
(oi. P+ )e 2 a P ( e

The AP is multiplied by 100 in Table III to get Z APE. It can be observed

from equation (A-6) thatAP is not a strong function of the values of eE

and ea, and thatAP1 % 2.828ap for small 9, where ell and e/ are near 1.0

in value.
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APPENDIX B

DOCUMENTATION FOR CLASSICAL

OSCILLATOR FITTING PROGRAM

The oscillator fitting program is designed to compute oscillator

parameters from which effective indices of refraction can be calculated,

according to Eq. (1) of the text. Initial estimates of the number of

oscillators responsible for spectral features of the specimen and

the strengths (S), frequency positions (NU - 10,000, for A in pm), and

widths (GAMMA) of each oscillator must be made. The dielectric constant

at infinite frequency (E) must also be made known. [Note: Here E - E.]

To begin with one assumes at least one oscillator is located at

each reflectance maximum in the infrared reflectance spectrum. This

determines the initial numberef oscillators and their positions (NU).

The initial values of E, S, and GAMMA can be taken to be equal to the

values determined for the O.D. paint 2017 in Table B-1. Table B-1 gives

the result of the oscillator fitting program for the three O.D. paints

listed in Table 1 of the text.

The program will refine the position, strength, and shape of the

given oscillators, but it will not add or delete oscillators. However,

if an oscillator is grossly superfluous, the strength will be decreased,

and/or the width will be increased, to such an extent as to make its

contribution negligible.

The program returns an error parameter before supplying the new

oscillator parameters. If the error parameter is 0, convergence (under

the input EPS and ESTt has taken place, otherwise it has not. Whether

or not convergence has taken place, it is often advisable to look at the

oscillator parameters and the emittance values calculated from them to

decide if additional oscillators should be added and/or subtracted, or

whether the limlelng conditions (ESP, EST) should be changed. If the

theoretical and wxperimental reflectance curves do not quantitatively

match, i.e. do not peak and trough near the same wavelengths, addition or

subtraction of an oscillator is called for. In general, two things ore

*See last page of this Appendix for definitions.
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necessary to judge a good fit: a sum of the differences squared (between

theoretical and experimental spectral reflectance) less than about 10-2

and a qualitative match between peaks and valleys of experimental and

theoretical spectral reflectance curves. For low-contrast materials

(small reststrahlen bands), a good quantitative fit is usually not a sufficient

criterion for successful fitting, as seen by the results for sample 2023

in Table B-1 and Table 1 of the text. (See discussion in text of Appendix C.)
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TABLE B-1

EFFECTIVE OSCILLATOR PARAMETERS FOR POINTS RESULTING

FROM CLASSICAL OSCILLATOR FITTING PROGRAM

0. D. Paint Sample Oscillator Parameters

E S NU GAMMA

A02017 1.040 0.5421 993.7 0.3234
0.1053 1373.9 0.4264

A02022 1.051 0.0866 787.8 0.1190
0.5716 988.4 0.4168

A02023 .728 1.076 828.0 .7384
.2456 1022.6 4.683

I

i
I

2I

t ........



DATA DECK FOR THE OSCILLATOR PROGRAM

CARD I FORMAT VARIABLES(s) DESCRIPTION

20AA A Any title up to 80
characters in length
(including blanks).

2 15, E15.5, LIMIT,EPS,EST LIMIT - number of interations
and F10.O desired (30 is a good choice);

EPS - test value for the
expected absolute error
(see the write-up on FMFP;
despite what it says 0.05
has worked reasonably well);
EST - estimated value of F(x)
(also see Appendix F).

3 15 N Three times the number of
cards of type 4, plus 1 (i.e.,
total number of parameters
needed to describe all the
oscillators with card types
4 and 5).

4 3FI0.0 S,NU,GAMMA S - strength of the
oscillator; NU - location
of the oscillaotr (in wave
numbers); GAMMA - width
of oscillator.

5 F10.0 E Dielectric constant at in-
finite frequency

6 15 M Number of points used to
describe the curve (i.e.,
no. of cards of type 7).

7 2F10.0 WIN(I),RIN(I) WIN(I) - wave number for the
data point; RIN(I) - percent
emittance at WIN(I). Use as
many of these as necessary to
throughly delineate the curve
(at least 45-50).
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APPENDIX C

DOCUMENTATION FOR PROGRAM 'EMISPOLt.

EMISPOL is a straightforward program, in which the oscillator para-

meters from the previous program are input parameters. Output is degree of

polarization (PERPOL) and ell(O) and ea(0), relative eamittance components.

Where reststrahlen bands are small, it is important to note that the

index of refraction as determined by the oscillator program is not reliable.

If band structure is not pronounced it is difficult to determine suitable

oscillator parameters. On the other hand, the emissivity is then not very

spectrally dependent, which means that it is reasonable to regard the

refractive index as constant over the same wavelength region.

Under these circumstances it is valid to by-pass the oscillator pro-

gram and feed a constant value for refractive index into EMISPOL. Doing

so requires a slight modification of EHISPOL. Imediately after statement

600 (see EHISPOL listing in Appendix E), the program calls in a subroutine

which calculates n and k given the final oscillator parameters. This

subroutine (and heuce the oscillator program) can be by-passed by sub-

stituting a statement which supplies values for n and k. Values can be

determined from the Brewster angle as described in Volume I of this report.
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DATA DECK FOR EMISPOL

CARD # FORMAT NAME DESCRIPTION AND/OR COMMNS

1 10A4 ITITLE Any title information, up to
80 characters.

be provided (a maximum of 185;

Ssee card 10).

3 F5.3 EPS E from Program OSSC.

4 12 NPTS No. of Oscillators (a maximum
of 8).

5 7F8.2 FR(I) NU values from Program OSSC.

6 7F8.4 SI S values from ProgramOSSC.

6 7F8.4 G(I) GAS values from Program OSSC.

8 13 M No. of Al's (a maximum of 10)
(see card 11).

9 13 T Temperature of the object which
is emitting (in degrees K).

10 10F8.3 LAMDA(J) Lamda's at which saittance
polarization is calculated for
each AI(N).

11 FlO.6 AI(N) Angles of incidence (1 per card).
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APPENDIX D

PROGRAM LISTING - OSCILLATOR

DIMENSION RF:1I3t600)vC1(602)902(602)
DIMENSION WI:(300),RINI 300)
DIMENSION LASEL(6)
DIMENSInN LtiKg9),LBL(9)#L8M(2)
REAL XS(25),H(27)
REAL X(25),G(25),D(000).A(20),DATA(250)
DATA L8L/36H ALPHA
DATA LABEL/4H R .4W El ,4H,E2 ,4H-EF ,4H N t4H K

C *o....e...e . ieeoe.*eeoe~eo...eeeeee..oeoe*.eeeeeo~oeeoeeeeoeoeeee

REAC(5,548)A,LIMITEPSEST
548 FORNAT120A4,/15PE15.50Fl0.0)

C REAC(5,55)N
55 FnRIAI( 5)

REAC(5,5)(X(I),l-I ,N)
C5 FORMAT(3F10.O)

WRITE(6,40)AL IMIT,EPSFST
40 FURI'AI(IHl,20A4v/' LIMIT OF ITERATIONS IS0915.* EPS IS OPE15.59//

0 ESTIPATED F(X)= It F12.5#/)

WRITE(69470))
470 FORMAT(5xt*INIrIAL GUESSES FOR OSCILLATOR PARAMETERS ARE #/ )/

NMAIN-1
C---------------------------------------------------------------------------- 4

WRITE(6,471) EX(j)tIJI NM)
471 FORMAT(14X,SI,16X,INU,14X,IGAMMA'.,/(5X*E12.5,8XE12.58

*8XtE12.53)
C -

h4ITE(6P472)X(N)
472 FORYAT(3X, OE(INF): I #F12.4)

C
VTEAN5051 MS~WRITE(6,1T661M

1766 FORAT(P CARD COUNtT IS t P15)

2000 FORPATIf*RSFLECTivIrY 6ASEO ON INITIAL GUESSES*/)

SNWRITE16,4871SC eIweeeeeeeoeeeeeeeeeeeeeeeeeeeeee
C

555 FOAVAT(2Fl.O0)

" 29 X(I)wSCPT(X(I)l
ZTL-O
CC 10 Jul.,?
RIXl J)xalNIJ)/100.

ZuYY-iR(NIJ)
ZLTaZLr+Z*Z

WRIT•(fi-v) WIN'(J)tRIN(JIYYqZ

10 CONT 1;LCi

W 1 TklT ( v 112),'LT

1112 FORPATI 5X91 SUP CF THE DIFFEKENCES SQUARED IS 'PE12.*4
CALL FU'NCTI(1•oW1'J4IN)
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EXTERNAL FUNCT
IFILIMIT .EQ. 0)GO TO 250
CALL FI'FP(FUNCTN,XFGESTEPSLIMITIER.B)

250 CONTINUE
00 19 Iul.0

19 XS(I)=XII)..2

WRITEI 6,745)
q745 FORMATIIHI)

WRITE(6,473)F, IER
.473 FOqfPAT(3X*///*FITTING HAS BEEN COMPLETED WITH FIX)m 04E15.89//

**AND ERROR PARAMETER 0#'15//* FITTED VALUES FOR OSCILLATOR',
.'PARA)'ETERS ARE 1/1

WRITE(6,471) IXS( I), IuloNMl
WRITEI 6,472)XSIN)
WR ITE 6.487)

487 FORI'ATI1H1.o3XIENERGY R(EXP) R(FITTED) DIFFERENCE'/
ZLT=O
D0 13 J=19M
YY=FUNXINtX,WIN(J) I
ZVYY-RINIJ).
ZLTsZLT+Z*Z

WRITEI6p16)WINfJbvRINIJ)#YYvZ
16 FORVATI1Xv4F12.5)-

13 CONTINUE

WRITEI6, 111Z)ZLT

SUOROUTINE FUNCTIIMoWiNtRIN)
DIMNSION WIN(300)#RINI300)
RETrURN
ENTRY FUNCTlNrX,VAL,GRAr)
REAL X125)9;;RAO(25)
REAL WIIO)tSf1O)vGI1O)
REAL P1300)tQ(300),V(300)
COMPLEX Zv0I 300. 1O)9E1300),H(300)
NNu.%/3
DO I IslN.N
Lw3.I I-I)
SI I)aX(L.1)
WI I)uXII..+Z)

1 GII)nXuL.3)

00 2 JalN'J
Wlul./6(lJ)e62
G2uC143.*2
00 2 IsloM
WWaWINI I)#W2

2 04Ii,J)aSIJ)/CMPLXII.-WW4*2,-WW.*G2)

Do 3 Ju),u
Eli )PEINF**2
DO 4 Jul*NI
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4 EtlI)=E(I)+SEJ).O( I.J)
E~i)-CEXPE .5*CLOG(E IJ)))

IF(REAL(EE I)).LT*.CdEEI3'-E(1)
P41 3aCABS(EE I) )*'-Z..aREALEE( I*) 3+.
QEI)aP(l)+4.*REAL(EE())

3 V I )aP I I)/Q I )-R I N1I)

ýVA L .

DOO 33 1-19MI
33 VAL-VAL.VE I)..?

WRITE16,76) VAL
76 FORlPATflXtEl4.51

Z=CCAJG(E(fI))

DO 6 J=19N'I
L=3*(J-1)
GRAC(L+1)wO
GRACE L42)-Q
GRACE L+3)=O
.W2=G(J)/W(J)**2
W3=-C(J)**2/WI J)**3
W5=-Z./W( J)I*.5
DO 6 I19M
GRACEL.1)=GRAtDIL41)4REALEH41).D(I.J))
Z-HE I 3.01IPJ).*Z*lo1NE 13
GRAC(L,2)aGRAC)EL.2).REALEZeCMPLX(WINEII.W5,W3)
GRACE L+3)=GRADEL+3)-AIMAG(Z)*W2

6 CONTINUE
GRACE N)aO
Do d 11,lm

8 GRAC(N)=GNAD(N)+REALEHE I) )*EINF
RFJ URN
END

FUNCTIC-4 FIJNXEN,X2WIN)
REAL X125)
REAL Wil0),GEIO)tSl1O)
NN-N/3
D0 I Isl1 NN

GE IuXEL.3)
CUNTINUE
cnvMPLEX E
E-XE N) '.2
DO 2 J1,vNN
EuE.SEJ)..2/CMIPLX(I.-(WIN/WEJ)..2)..2,-WIN*GEJI..Z/WIJ)..2)

2 CONT I UE
E*CEXPE .5*CLOGE El)
IFEREAL(E)hLTO. )Eu-E
FUNXuCABSEE E-1.)/EE+1.) )**Z
RETURN
END
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APPENDIX E
PROGPA'1 LISTING - EMISPOL

DIMENSION4 L AMDA (I'S5.A18 5) wAX (185) 9A I 10),ER ' 135),9EL 185)

DIMENSION FR(8)rSI 8JG(9)sEE( 185)
DII4ENSI-ON DERPCOL(195)
COI4PCN F.AS9G
COMMON NPTS96PS
REAL. LAMDAgNSKYNTAR,NR*NL
INTEGER T
INTEGER SKY

C INPUT
100 REAC (5.5) [TITLE

5 FOflPAT(10A4)
WRITE (6,6) ITITLE

6 FCDPYAT (IHLvl0A4)
REAC (5910) K

10 FORM'AT (13)
REAC (5,12) EPS

12 FORLVAT (F5.3)
REAC (5,21) NPTS

21 FORMAT 112)
REAC (5,20) (FR(1),I:1,'JPTS)

20 FORVAT W88.2)
REAC (5,25) (S(1)91-1,NPTS)

25 FORM~AT (9F8.4)
REAC (5,25) (G(I),1-1,NPrS)
REAC (5,40) M

40 FORM~AT (13)
56 REAC (5r60) T
60 FORMAT (13)

609 REAC (5,610) (LAMDA(l),l-19K)
610 FORM'AT (10F8.0)

Nwa
645 NaN +

REAC (5,650) AIIN)
650 FOkV!AT (F10.6)

Al N)=90.0-A!(N)
DO 660 Ixl,K
NSKYI(NI )=0.0
IF (N*c-EoM) GO TO 600
Go rU 645

660 CONTINJUE
C CALCULATIONS

600 DO 700 JJ-1,K
CALL ANAKILAMOA(JJ)tAN(JJ)tAK(JJ))

700 CONTINJUE
00 200 111.,M
All 11)-Alll!)*3.1416/18O.
Do 150 Jj.1,K

A-0. 5. +AN'1 ji ) ..2-AK( JJ ) .2-(SIN(Ali( I)) ) '2+0)

1 IISCrRT(A).COSIA~lII)))..24-8)'

RL-(ER.II(SQRT(A)-SIN(AIIIit).TANIAI(II)))..24.B))/
1 1 lSQRTl )+SINIAI( II))OTA.NIAlIII)))..2*a)
NTA.(m1.19E4/IILA9CA(JJ)..5).(IEXP(1.438tSE4/(t.AMOAIjj).T)))-1.0))
ER lJJ) z*'JiRR

EL(JJ)=l.0-RL
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DE(JJ)uELIJJ)-ER(JJ)
NR(JJ)=(RR&.NSKY(11,JJ)/2.0)1+ERfJJ).tNTAR/2.O)
NL(J.J)u(RL.NSKYIII.JJ)/2.0)+IEL(JJ)ONTAR/2.0)
PN(Jj)aNL(JJI-f4R(JJI
PERPOL(JJ)-(EL(JJ)-ERIJJ))/IELIJJ)+ER(JJ))

150 CONTINUE
Al!! )uAI(I!X )e1SO./3.I416
WRITE 16070) AIEIII),Tt(LAMDA(LhvAN(L)tAKIL),NSKYIIIPL),ER(L),ELIL)
1,DE(L? ,NRIL ),NL(L) ,ON(LvEEIL) .PERPOLIL) ,L1tKI

70 FORMAT [//#Ala %,FS.3/9'TEMP- *,15,/,1X.'LAMDAt3X,'AN*,6X,*AK*,6X
l,'NSKY',7X,'ER',9X,'*EL',9X,'DE',9X,'NR%#9X,'NL',9Xt*DN',9X,*EE',7X
2,' PERtPCL'/, IFb.2,2X,F6.4,2XF6.4,ZX,E1O.4.1XE1O.49,1X.E1O.4,1X
3,El10.4, lXEI. 3, lX, 9. 3,IXE9.3, lXE1O.4, 1XElO.43

200 CONTINUE
GO TO 100
ENDC

F ~SUBROUTINE ANAK(LAMBDA,A'JAK)
DIMENSION FR(8)vS(8)9G(8)
COMP'0N FRSsG
COMPON, NPTSEPS
REAL LAMODA
F 10O0C./LA?16DEA
AE-C.

OfT 110 KKul,NPTS

12)
AE-CQ*(EFR(KK) )0.2-F**2)4AE
cba( .S*G(KK )*FR(KK )*F*QG) +8

110 CONTI%)LE
AA=AE+EPS
ANUSQRTI .5.AA+SQRr(AA**2+4..IBB..2))1)
AK=HBt/AN
RETURN
END
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APPENDIX F

PROGRAM LISTING AND INSTRUCTIONS FOR IBM SCIENTIFIC

SUBROUTINE- FMFP

(This material in this Appendix Is a direct copy cf an

IBM Scientific Subroutine as it appears in IBM Manual

GH20-0205-4 of System/360 Scientific Subroutine Package,

Version III, Programuer's Manual.) I
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Extremum of Functions

Subroutines FMFP and DFMFP

These subroutines perform the calculation of an un-
constrained minimum of a function of several varl-
ables using a method proposed by Davidson. The
underlying method is described In the article by
R. Fletcher and M.J.D. Powell, "A Rapidly Con-
vergent Descent Method for Minimization", Computer
Journal, vol. 6, its. 2, 1963, pp. 163 - 168.

It Is assumed that the function f of the n variables
SXl, xn (abbreviated as argument vector x) may
be computed together with Its gradient vector g(x)
for any point x. The generalized Taylor expansion
for functions of several variables is

I fTxG+x)
f(x+u) - f(x) () u +-u G()u + higher terms

where g is the gradient vector and G the matrix of
second order partial derivatives. Vectors are as-
sumed to be column vectors; uT means transpose of
vector u. It is assumed that in the neighborhood of
the required minimum Xmln the function is approxi-
mated closely by the first three terms of its Taylor
expansion, giving

1 T
f÷x)Ax (x- T G(xm)(x - )

min 2 min) m min

since g(xmin) - 0. Then the gradient is seen to be
approximately g(x) = G(xmin) (x - Xmin).

Assume now that the symmetric matrix G is
positive definite. Then the following equation holds
true: = G-1

mm -mn (Xmin) ,g(x)

which would allow xmin to be calculated in one step
if G-1 (Xmin) were available,

To approach GUI (xmin), a method of successive
linear searches In G-^onJugate directioins is used.
Starting with the identity matrix G(0) a I, a sequence
of symmetric matrices G(O) is generated which tends
to G-1. At the (i+l)st iteration atep a linear search
is made in direction h(0) - - GO) gfi), where g(i) is
an abbreviation for g(x(i)). By means of the linear
search the minimum of y(t) w f(x(i) + t.0h()) is deter-
mined, giving argument 0(÷) - 0) + ti . h0)..

The argument of the minimum x(i+1 ) on the line
through x() in direction h(W) is determined by the
relation that scalar product (g(I+l), h(1)) - 0.

( ) -1 (i

Now: x) +) T, t I
n-1 I

and: g(n) =gO) + t-i 4,'h

i-h
!tathematics--Extromum of
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Therefore:
ni-

scalar product (g(n). h(J) n t, (0h(l). h(J))

Suppose now that the vectors h(0 ). h(1 ).
hI(n-) are G-conjugate, satisfying (GhO). h(J)) "
0 for 1 iiJ. Then (g(n)0 hMR) - 0, and since h(O),

,.., h('- 1 ) form a basis, g(n) - 0 and x(n)
xyMn. This shows that the minimum is located at
the nth iteration' for a quadratic function when using
successive linear searches for 0-conjugate direc-
tions.

For the generation of G-conjugate directions,
(0). (0)

start with h(0) = -g and calculate successive

directions h') by means of h'f = G')g'). where~~~~~~ +O 1smdfe oG ) h(1)
G is Modifiod to ( so that h is an eigen-

vector of the matrix GO+ 1) G with elgenvalue 1. This

ensures that G0) approaches G01 as x(1) approaches
x min. An easy calculation shows:

G# + 1) ,aGO )+ dxT - GO)dg d TG
ST.dg d GT )dg

with dg g0 ÷1 ) •g0)

dx- xO ) - x0)

where all vectors are regarded as column vectors,
and superscript T means transpose of column
vector--that is, row vector.

The strategy adopted for termination of the suc-
cessive linear searches is as follows:

1. If the function value has not decreased in the
last iteration step, the search for the minimum is
terminated provided the gradient is already suffi-
clOntly small; otherwise, the next step is in the
direction of steepest descent.

2. If the argument vector and the direction vea-
change by very small amounts, and at loast a

Iterations are performed, the minimizAtio. is ter-
minated a&pin.

3. IU the number of iterations exceeds an upper
bxmd furnished by the user. further calculation is
bypsased, and an error code ts set to I/dieating
poor Converpnee. Hathmatics--Extremum of

59 Functions



4. f one of the successive linear searches Indl-
cates that no constrained minimum exists, further
calculation (s bypassed again, and the error code is
set to 2 indicating that it is likely that no minimumI •~eists. 1

i• The Ith term GM is reset to the identity matrix If

there Is indication that the current G(i) is not pool-
give definite, or if the formula for G(O + 1) breaks
down due to zero divisors.

The linear search technique used in subroutines
FMFP and DFMFP is as follows. For a given argu-
meat vector x and a vector h defining a direction
through x, a local minimum of the function y(l)

Sf(x+th) is determined. This means that a value tm
must be determined such that y' (tm) = 0.

Given y' (t) - scalar product (g(x+th), h), there-
fore y(t) and y'(t) may be calculated for any value of
t, and:

y(O) = f(x) and y'(0) - (g(x), h)

In case y'(s2) - 0, tm is set equal to s2 and
xm - x + s2, h Is used as argument of a constrained
minimum on the line through x with direction h. In
the second and third case a minimum lies between
the points xl =x +sl.handx2 =x+s2 - hi that is,
tm must be in the interval (el, s2).

The argument of the minimum is obtained by
means of cubic interpolation using the function and
derivative values at the points xl, x2. Let x3 =
x + s3 * h be the argument of the minimum of the
third degree interpolation polynomial. Thefi:

as0 8 2 -a(92 - at) w at + (a- i) (el - s2)

with: a. y' (s2) + w - z
y js2) - y'(sl) + 2w

and: x.3 y(ZC) - y() + y' (ei) + y' (62)

w X je 81)ý. y'(02))

If foxS)5 f(xl) and f(xS) Sf (x2), xm Is sMt equal to
x3 and used as argument of the wanted minimum
along the given line. Otherwise the interval (xi, x2)
is reduced by replacing xi by x3 if f(x3) S f(xl) and
jg~xi), h ) 0 0, and by replacing x2 by xS in all other
caues. Then the interpolation process is repeated Hathmaatica--Extreitm of
for this new reduced interval. Functions
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£ CFMFP 10

4 -C"- pU~~ NE- FMF P POF PSI 6
5 C FMFP S0
6 C PURPflSE 00~F4FP W6
I. 7. *C - -Tn FIND A LOCAL MINIMUM OF A FUNCTIOlN OF SEVERAL VARIABLES FMFP 70
8 C BY THE -METHOD OF FLETCHEN AjND _pnwfLL' FMFP' S60
9 C ____________________________ FMFP 90

10o USAGE FidFP 100

II__CCALL_ FNF.P(F-UNCT-N.#X.FP.G@E-STEPSLIHITIER,H) F MF P £110

13 C DESCRIPTION OF PARAMETERS..- FMFP 130

14 C FUNCT ;U3ER-nRITTEN SUBROUIJTNE toNCERNING 'TH4E -FU-NCT-ION f-OFMFP 140"
I S._ C_ RE MINIMIZED. IT MtII8?REOF THF FORM FMFP ISO
16 C SRfTi4E7WFINCTCN 0ARG,-VAL, GRAD) NPe

17 -- C.......... AN') MUiST SERVE THE FOLLOWING PURPOSE __FMFP 170
Is C FUR EACH N-DTHENSIOI4AL ARGUMENT VECTnR ARO,. 18F0IS

19.........- -.. FUNCTInN VALUE AND GRADIENT VECTOR MUST RE COMPUTEDFMFP 190
20 C ANN') ON RETURN, STnRED IN VAL ANO -GRAD' RESPECTIVELYPFMFP 200-

P1~.CN - NUMMFR OF VARIABLE$ ___ FMFP_2?SO
22 C x - VECInR UF DIMENSION N CONTAINING THE INITIAL FmFPi )220

)3 C ARGUMENT NMERE THE ITERATION STARTS. ON RETUNPN,- MFP A-30

P4 C Y HOLUS THE ARGUMENT CflRRESPONDING TO THE ---FMFP 24140
25 C - .CUMPUlTED MINIMu;M FUNCTION VALUE FMFP 250
P6 C F -SiNGILE VARIARLE CONTAINING THE 144MiNikuM UNCTIJW ---- MFP 260

27 ___C ____VALUE ON RETURN, I.E. FxF X) . FMFP RIO
p8 C G *VECTnk OF OIMENSION N CONTAINING T14E GRAnItN'T F-tPW-R60
?9 C VECIPH COORLWPNDING 10 THE MINIMUM ON-REyluRN,. FMFP P911
30 C I.E. G:G(X)l FMFP 300
'St C ERT *-IS AN FSTV4ATE OF THE 4INIMUM.FUNCTInN VALUE. FMFP 110

32 C E03 TESTVALUE REPRESENTING T4E EXkPECILD ABSOL.UTE ERPOR.FMFP 320
'___C__. A -Rt*sflN~bLt CHUICF I -S. EQ* ~ j. __F, ______FMFP 330

31s C SU-EW.HAT GREATER THAN IQW*'(.fl, WHERE 1 5 H FUEP 340'
-% C NU)AdFk OF SICNIFYCANT nIGITS IN.FLOATING. POINT... FWFP 350
36 C REPRF5FNTATInN, FmPP 360

- 7 C -LIMIT - MAVIMUM NuOHER UP ITERATIONS. FMFP 370
38 C IERi - ERROR PARAMETER FM4PP 360

'59 C TEO u 0 MEANS CUNVFRG-ENCF WAS OIUTAINED -FmFP 390
40 C TER I MEANS 4O CONVERGENCE IN LIMI1T ITERATIONS PMFP 0006
at C -- ER 9-1 MEANS ERRORS !N GRADIENT CALCULATION -- FMFP 410
02 C TER 2 2 MEANS LINEAR SEARCH TECHNIQUE INDICATES FMPP 420
4 3 C IT IS LIKELY THAT THFRE EXISTS Nn MINIMUM, FF 430

44 C m - W3RKTNG STORAGE OF DIMENSInN N*(N0T)li, FmFP 400

off C RLMAWqx PNIFP.860F

7: ;; I) TwE SIJWPOIITINF NAME RFPLACING THE ;DUM;M7Y ARIMN UNTFF
48 413TRE CLA ) s LTFRALIN THE. CALLING PROGR AN. FmFP 060

49 IT Ir 18SETTU i I p TFPINGIN ONE OP THE COMPUTED) FMFP 490

S3 C NCESE 1 SAL hf TEINITIAL ARGUMENT *as FWFP 550

S? i ru NFP 70
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Al1 C FMFP 610
62 c "ET~noI FMFP1 NO
63 c THE 4IETIOD 13 DESCRISEO IN THE F.p!L.A)WIN0 ARYZCLF ______FMFP. 630

AR N LECNRAND H.J.O. POWELLp A .RAPTh DESCENfQT NKd -fOR- -FMFPr64r
65 C " TNT 411ATTOMP__ F 650o
66 C. CnmPUTER JOURNAL VOL,6o, IS3e Pe 19630, PP,.163-166. F4FP-` 660

73 C .....Ne~161~.___ _______68

766CA0L FUNCT(NV, N#XFG)TEP#IITIPH FMp"9
*7. C - -- . *FMFP. 710i

76 C RtIENSET3 DUMMYIO VAhTRIABL ENS AEIETIYMT FMFP -720
73 -- - ERUON- U_______ FMFP 710

14 C., FMFP '740

77- C ~ 3 FMFP.17q0

_____ N.C- RESET_________________________- FMFP 700
J9 IFR80S5. F4FP 790

no Knuayo F'MFP 900'

P1 3 NCKL)UO1 FMF P 630l
P4 I XBN31 FMFP 440

9s. C- STD fIEAO LO4 F'47P ASO.

86 CFMFP 9*0

m02 on 3's ____F"FP.A960
£00 KUN*JL FMPP 900

9--J-H -------.--------.- ---..-... M 100

9 S.. _ . 5... gnUTRKINTLRCTN..2l FmFP 950
96. WE* j FmFP'l60-
197 - AEFNJ0 VALVG. FP0 70

In' Tu-GLA'A4(- __ FMFP1O9O9
110 mNj~(w),, FMIPIIOOO

111 G TO IFmFPI0IdO

104 S OTIU FFvI040
£15V C 9noJS FMFPIOtk

116 KRJ+N36

In9 - NNAU0. ______ ____ FMFP1090
Ito IFNLANUO. # FMFPI200

K*K*-L -F.M P 1 11



121 C FMFP1210
122 C CALCUOLATE nZPECT*Ui O-AC-ER: TIVE'NO-tUETVALJUE-9FOR-DOIRC~tION FMFP1Ui~i
123 C VECTnR H AND GRADIENT vECTOR 6. FMFPIR30

12 O10 F:, MFP1246
125 HNNRMHNNQMARS(h(Jl) - -.-- ... ...-

126 GNRMSGf4RM+Am3(G(J)) FHF P1 2b0
127 l0*.DyuYmYH(J)*GCJ)-_.. _ _- FPI7
126 FMFP1PRO

-129--C ___ REPE~AT SFARCH IN OTREC Tj9N OF STEEPEST DF3C9NT IF DIOE-CYTONAL FNFP1P9(1
110 C DERIVATIVE APPEARS Tn UE POSITTIVE OR ZERO, FMFP13Ofl

132 C FMFP13.20
133.. C - REPEAT SEAOCH IN VIRECTION 4OF-STFEPES ..DE~SCENT .DIRC TON FMFP1330
134 C VECTnR H IS St4ALLCUCMPARED TM CRADIENT VECTOR G. FMFP1340

Z 135 FjENS/~~.~Pq5.t1 MFP135O
136 C EI4F01360
117 . - REARCM 4INIM-UM ALONQTpfT ry_11_ ____ FNP11lO.
136 C FMFEP118fi
139 .~.C.__. REANCHALUN6_1 F OR Ff51 YE DO3RECT.KONA. FMFP1390 ___

140 12 FYaF FM'FP1400
34 AFa?..(SIIpy fNFPIUIq.

142 FMOUI MFP1420
143 C FMFP1430i
144 -C (IUSE ESTIMATE FOR STEPSIZf ONLY IF IT 18 POSITIVE A'40 LFOR TAAN FMFPj440

145. C1. OT I4NIRE TA 1A IPIE ____ FMFP1450
146 IFC*LFA)15,15,1'3' FMFP1460
JO?___7__ 1 3 IF(ALFAwAM~OA)j4t15.15 FMFP14*70
14 1 4 IAMHDANALFA FMFP1400
149 t.- 5 ALFASfi-------..-- -----..- .--.. . .-.... _ ___FMFPI490

1SO0 FMFPISOO
15 i __ C _ . SAvt FUNCTIUN AN) DE~RIVATIVE VALU4ER IO LDRUMEINT __ ____FMFP15IO

156l F~mFY FMFP1520
153 D~aY _________________________________________ FMFP1530)

150 C F MFP1540
155 _ ._C . STFP ARGUIMENT ALONG N____ MF1S
lr~b DO 17 Iw1,N F'*P1560

is?_1 FMFPIS7(0

I56 C PMFPI580
159 .C........._ compioTF.uMpcTflu VALUE AND G*AffIN O E ejM3FFlQ

160 CALL FUNCTCN#Y#F.*G) FMFPIAOb
1#41 FYsF FMFP161O
14.2 CFMFP1620
163 C . CUMPIITF OINQECTTUNAL DlERIVATIVE DY FUR NEW ARPUMENT. TERMINATE FMFP16,30
164. C SEARCH, YE UY 1S POSITIVE. IF flY IS YERU THE MINIMUMN IS PFJUNfl FMPPI6'40

166 DO 1a latei FMIP1460
IA ## 1 DVaflY*G(1)*s4C1 FMFP1670
16a IPFlMY1I@.3be2? FMFP1A68l
169 c FMFP1690
£70 C TERMINATE SEARCH AL~fl IF T49 FUNCTION VALUE INDICATES THAT FpIO
171 C A 41414U" WAS MLENPASSED)_____#f11

171 C FmfIL 173 4
1746 C REPEAT SEARCH AND DOUBLE MstESZE FrOer UITNta SFA14cMFrs EMEPIQ
175 - 0 ANbftAnAwBI4A*ALFA FMFP17bO

176 ALEANAMMDA FFI6
171_ C Ewtgfl '1U 4CN.i!O _____ P"P0177

--.- C - - FMFPI700
179 C TERNINATE IF THE CHANGE INo ARGUMENT B9T.S. VERY LARGE F"tP179fl

IPMI.WAO..1)1.bJ FMIPINOO

63 ___ ____



C
1a C LINEAR~ 3FARCH TECI1NIQUE INIIICATES THAT' kfl NiNtmU4ExiesT im~p1ia1

1A4 ~~RETURN-FFIR
IRS C FMFPIRSO

16 c INTLRPftLATF CUmicif.LY IN-TI$E NTERVAL -DEFINEDSY-j T1HE FARCH -- F"49PP160-
187 C AbflVF W~t COMPUTF TaiP ARGUMENT X FOR w14IC1 THE INTERPULATION -. FmFP1A41
186 C PULYN0141AL 18 MINIP4IZE6 - PHPI68o
Ing P2 Teo# _________________________FMEFP1890

10^ 21FAnMuADA')?If194 -4F 0-1 q 6C

191 24 Zz3.*(FvoPY)/AMRDA~f)X#OY ___ MP9O
192 ALFA*AMAXICSC)A8DSCY) FHFPI920
193 D-FXZAF F PNP1.93O
194 DAFI'P*DLAD/LVOYAF NFP1940

-9 .IF(r1A1FA)%I,2%5.2S F!57PL¶50
196- Z5 WWALFA*ftQRT(D4:FAi) F04OP1960

LQT ALFA~nY-DVW+W+
106 IF (ALFA) 250,251,25

L 199 *. 250 ALFA&(DY-ZlW)/ALF& ~-----.. ~
200 GO TU 952

-2nl .2S ALF An (1OY.W),/9Z*O)X+Z+DY)
2fl2 Z52 ALFAUALFA.'A46MA
an3 DO 26 121.'4 40A__ 7M(i) - FP1980-
204 26 X(I)u(tf)+(T-AFaM) FNFPO990
205 C . PFP2000.
206 C TERMNATE, IF THE VALUE OF THE ACTUAL FUNCTION AT ITS LESS FMfP2010
.207 C __ _THAN THEFUINCTION VALUES1 AT TiEITRA 0OR qN9184wI.FUCEFMFP2o02
2n06 THF TNTEUviL'-By C~flOsImc UNE END0-POINT EQUAL TO I AND REPEAT F4IP~0S0'
209 C THE TNTEQpflLATTON, . We4CýNEnPOwPNT I6CHMOOSEN DEPFkO N.HFP24
210 C VALUE n1F T4E FUINCTION 'AND ITS GCRADIENT At X- P#4FP2fl50-
2t1 C _FMIFP9660.

212 CALL FUbJCT(N#Y#FGC - FMPP2076*
IF (F-FX127,07f,2 _______________ _______.FMFPi0810

214 P7 IF(F-FY)34v36*Z4 FMFP2090
21b, PS2 DALFAVO. -_________ . . F"FP21,00
a16 on P9 I31ev4 FmfpaIIo
217 P9 D AL FA 80A L FA.C)(J +... .--. 1 4 - -- FMFP2I2O
215 IF(0ALFA)l0vS3#33 FMFP213(f
219-......... 50 IF(F-FX)32, 3I31,3...... . __ _FmFP2IGO.q.

220 31 IF(DX-0ALVA)3Pr3br3e FMFP2150
221 32 F~sF .. . . .FMFP2160..

222 O~aOAI.FA FMFP2I 70
22.1 TNALFA -. . . . .- FMFPi1fO.

2;04 4400AWROALFA PP29
Gr)' TO 23 _____________________

a22 33 IF(FY-F13%oA4#35 FPFP9210
2?7 34 ZF(O-OALFA) 3s, 36s 3N... .. . . . . . .~ FMPPf22q,

ap53 FVaF PI4FPZ?311
229 DYmnALFA . F41P2?'ao

212 CWP27
2*3 C TFR"ZNATK# IF P114CTIUN 4A3 NUT, OLCOMASKIEDURING LAST..TEAATION....
23* 3* IF COI.0r-rteps) S1016038
235
236 C CnMPUTE OIPFERLNCC VECTORS OF ARGMENET AND 6RA0IENT poUw -

-a7- L-- NiTW CDNSEWCUY.LJILP.ATDNa
als 35 Ofl.37 J8104
239.. KNJ -
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242 37 H(K)uXCJ)-piCK) -. .- - .--. ~-. . -. .. . -

243 .- _C.. .. __ _ __ 238
24h4 C T EqT LNGTH OF ARGUMENT VECIRANDFIICTIO VECTOR F-4FP290-
245 C IF AT LEAST N ITFRATbONS._!AVk PEEN.EXECUTED. TERMINATEs, TF_, FMFP2400
246 c BOTHi ARE LESS THAN EPS FMFP2410
247 I_ FRauo - . - . I
240 IFC1KOUNT7.Ni)O2,39fW ----.--- - FMFPJ430

250__ 14. 39To0. ______________________________FMFP2a40

20zo*0 F~MFP24S0'
291 . - nf 40 jai. 14.. -..------. FMFP2460 I
252 AnN+J FMIPP470
253 - . 11i(K) _______________________ FMFP2430

254 KxK+N FMFP2449O
2%5 -- ... T3T*AP S(MH(K( _ FtFP2S00
256 40 ZmZ+*N*IIKi F'MFPai510
257 - F(NNRM-EP3)aI!,81e42 FMNFPZS20
258 41 IFCT-FPS)5b,56#,42 FMFP2SIO
259 C FMFPa5'aO
260 C TERMYNATP F NUMB~i___FR 1 OF 0ATTONS_ WOULD E000E LIT FMFPi!550
261 ___ 42_IFCKQUUN!-.L1N743.0Sf,50 _f.MF.P256O
242 CFFi?
263 .-- C PREPARE IJPfA!JNG OFMATRTX M -----. --..- FMFP2580O
264 83 ALFAmOo FMFPiS94
265.......Dn a7 Jul,%d F___----- ----.. MFP2400
266 KvJ+N3 FMFP2610
267 __ Wuoo. _____________________________ FMFPZ&20
268 0n 46 Lolsk OMFPý630
249 . LXN+L ... -FP'FP26440

270 wsw*N(KL)*4(IK3 FMFP2650
271 1F(i_-.)44#45v4S _ . FMFP2460
272 44 KSK+N-L Fm4P2610
273 GM_____________________ TO 4) FMP266

744S KwK~l *FMIP2690
275 46 CflNTINUF __ FMFP42700
276 KvN*J FMFPO?10
277 ALFA11ALFA~d*14(K)......-- ~- --- . . . . . FMFP2?20
878 47 N(J)BW FF23
279 -. C __. FMFP2? 40
240 c REPWA IfPC INW iSULT3S_'FFM Pib0_
281 C ARE NOT qATISFACTOQY---------------- FMPP2760
284 IFCZ.ALFA1448.i,48 FMFP2770
243 C FMFP27SO
284 C UPOATE *4ATQIW g4 FMFP2790
295 4___ 56. oN31 ___ ___FMFP2ROO

26DO 49 LU. i- M~~h
2lk7 KLsN2+L FMFPR28O
im8 on 49 Jut.' ..--..-- F100030S
2A9 NJ§42+J F Mf OI) A4 0
200 14(M)a'I(K).N(KL).N(NJ)/Z.m(L).w(J)/ALFA . -P"FP2At)6

.191 49 K0901 _____ VFRZpbn
2Q2GO TO b pM01740

201 c ENOI)'F ITERATION LMOON FMFP2AS 0
20 - F0MFP09A9

as$ C NU CnNVERGENCE AFTER -LIMIT. ITERATIINS FNFPiWoo
206 soIraul PMFP2*06

.197- __ FTURN----- ------- MFP2926

2*9 C RESTDRE 'IL' VALUES O0F FUNCTIMM AND ARGUMENTSPP 24
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301 KRt424J FF2
302 91 XCJ)uS4(K) FMP2~P970

-1 03 CALL FU'ICTCN#XvF#6) _______________FFMP%?80

304 C MFPq990
365 - C REPEAT SEARCH INDIRECTION OF STEEPEST DESCENT IF DERIVATIVE FMFP3000
306 "C FAILq TO 6V SUFftFiCkT~fY SMALL FMF~P3010
307 IFCGMRM.EP6l55,bv53 __________FMFP5020

306 FtdFP3036
3ITEST Fli REPEATED FAILURE OF ITERATION FNFP3040

310 S3 IF(ILR)56*5.,54 FMFP30SO
311 S4 IERB-1 ________FMFP.3&060

312 GnT3 I FMFPSO7O

314 S6 RFTURN FMFP3090

"... .. . Fs i, Fi40 90

END OF FILF
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