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Notation h

For a set S we denote by |8| tie nuer of elements that 5 contains

and frequently vrite it as s; similarly t abbreviates |'r| for a set ", otc.

[pd

2” Jenotes tie class of 1ll suisets of tie set S, @ stands for the empty

get. R, as usual, represents the real line and .z* the set of positive inte-

gers. Yor a vector v in n", A is the it" coponent of v. Tiue symbol

i is5 used bothi as a number and as tne name of a rlayer in i, but its meaning

vill be clear from the context.

md i bl A EE P TP G D B ea eEEr e

{ }
“MA.A—L—-,_‘_ . e —— a




oy

1. INTIPOOUCTIO!. In n-verson cooperative qame in cliaracteristic ’tnct.i.nn |

form is a pair (Jd,v) wlhere ¥ = (1,2,...,n) 1is a szet of n n~lhyers; and \

v is a function A |

vith the property v(#) = 0. Intuitively v(S) represents ti.e "worth' ("value", :

"pover") of the coalition S of players, i.e., the least payoff that S can

quarantee itself no matter what tiie other players (that are not in §) do.
Given a game v it i desirable to have a measure of the apriori ‘'value" of
eac. player in v.

Denote the class of all gawes on i by G.

Let ¢ Dbe a function
¢: G =+ I‘.n

which we intervret as follows: ¢i(v) is the value of the :l."'ll player in
the ganme V..

Shapley proposes three axioms which the function ¢ ought to satisfy.
In order to state ther it is necessary to first define a fev concepts. =ll
garies in the definitions bhelow are assuned to e in G.

1. S is called a carrier for v if

v(T) = v(T.Iig) for all TcCil.

2, If m: N-+ I is a perrutation of i, then the game mv is defined by

"y (T) = v(n(T)) for all TCN.

3. Given any twvo ganes v, and v,_, the game V

1 2 + v, is defined by

1

(v]. + vz) (T) = vl('r) + VZ(T) for all TCN,

Reproduced from

best available copY:
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Shapley's axiomg are:

J£ S is any carrier for v, then Z o, (V) = v(s).

irs
For any permu:ation n and iell,
¢"('i)(w) = Oi(V)
If v, anl v, are any gqames, then

1l 2

<b(v1 + v2) - ¢(v1) + o(vz).
Shapley provel the folloving
Thenrem I. There is a unique function ¢, defined on G, vhich
satisfies *he axioms Sl1, S2, §S3.
Proof. For each coalition S define the game Vicse by

0 if SET
Ve, o™ ® ¢ if ser.

Ther 1t is clear that S and its supersets are all carriers for vs.c'
Therefore, by 61,

Z ¢, (v ) me, amd
ies + s

¢.(v_ ) = ¢ vhenever jgs
iesu{3} 1 S.c’ . . '

This implies that ¢j(vs'c) = 0 whenever jfgS. NMAlso if v is a permutation
of i which interchanges i and Jj (for any ies and jes and leaves
the other players fixcd, then it is clear that ws,c- vs,c and thus, by
sz,

¢i(vs'c) = ¢j(vs,c) for any ies and jeS.
Therefore o(vs'c) is unique, if ¢ exists, and is given by

c/151 if ieS
¢ 0s,c? ™ o0 if iss
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No'r the games {vs'clﬂ # SCN, ceR} form an additive hasis for the vector
space G, and a proof of the theoren coulu be obtained by siiowing this
[Shapley, 1953]. However, for our purposes, it is useful to consider the
games (v;'c |6 # scu, cer} defined by

- c if 7 =58

Vs,ef™ " o if Tys.

Any game v can be written as a finite sum of games of the type Ve o
!

Hence the uniqueness of ¢ follows, using S3, if we can show that each

9'>(vs'c) is unique.
Assume that 4>(vs c) is unique for ISI =k +1,...,n. (This is obviously
’
L [ ]
true for |S| = n lecause Vv - v .) e till then shaw that ¢(v_ )

1j . g,c 5,¢

is unique for ISI = K.
Let 51""'51. he all of the proper supersets of S. Note that lsil >k

L}
for i=1,...,k, thus ¢(vsi,c) is unique by the inductive assumption.

B +
ut VSOC = VS,C vsl'c 4~ 0“....--.:- + Szc

Therefore, by 83, st,c) = “vs,c) + st 'c)+---+ Mvsuc) (1)

1l
Since all the texms except ¢(v;'c) are unique, so is ¢(v;'c). This concludes
the proof that ¢, if it exists, is unique.
The proof of uniqueness has implicit in it, as vas to he expected, a recipn
for constructing 4. Suppose

(s-1) 1 {n-s)!

.¢c if ies
nl

¢i(vs,c) =

8 , (8=1)!{n=-8)!
n-8’ nl

- { .c if 1igs.

for s = |s| =X+ 1,...,n, This is obuiously true for |S| = n since




Y, S

v‘]'c = v”'c. It follovs, nsing (1), that \

¢i(' ym d8lln=s)l .. s

Vs,c nl : |
(8, (s-1)i(n-8)l !
(n-s' il c if igs ‘

for |s| = k. ',
It is now straightforvard to obtain d¢(v) for any v. !

]
Since v = X v
gps 1 SIS

$(v) = ,,gcn“"s"'“” by S3.

The rigant-nand-side, when simplified, qives

by » ] LERERL yig vy
{ieTCN}

Suapley's familiar formula. It is easy to verify that ¢, defined as above,
satisfies the axions §S1,52,53. This completes the proof of theorem-I.

2. UJIQUEJESS FOR SULCLNWSSES One can restrict S1,52,S3 to subclasses

K of G. 82 is then recuired to hold only if nvek vhenever veK, and §3 .
only if v1 + v2 eX whenever vlex and vzcl:. The cuestion arises wvhether

the axioms, so restricted, specify a unique ¢ on K. That they specify at

least one ¢ is clear by considering the restriction of the Shapley value on

G to K. By folloving the procedure given in the above proof we can establish

the uniqueness of ¢ for certain XK. It needs to be emphasized that in each

case the proof of the unicueness of ¢ on K is given by a recursive construc-

tion of ¢ on K wvhich parallels the construction in the proof of theorem I.

(The case X = D recuires a somevhat special treatment whicii is outlined helov).

Therefore it is not necessary to turn to ¢ on G and restrict its dormain to

K in order to prove the existence of ¢ on K.
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The case X = D, D is the subclass of G which consists of all superadditive

games in G, i.e., games v in G for vhich v(SI!T) 2 v(S) + v(T) vhenever |
Sfi = @. Thouqh Shapley's nroof in [Snapley 1953) is aiso a proof of tueorem I, 1

it is essentlially concerned with D, vliich is perhaps 'thy games of tiie type Y

L
Vg o are not considered in it. (Necall tnat v is not in D if S ¥ N).
’

S'c |

L
ilovvever (v S.c | #¥scu,cen} does help one to construct Shapley's proof also.
[

'le first show that (vs c | g¥scN,cer} forms a hasis for G. Suppose that
’

1
Yol

Is| = x+1,...n. mhis is trivially true for |S| = n because, as ve have

L
remarked before, v =v_ ., Let |s*| = k. since
v,c 1,c
L}

is in the linear span of {v,r 1 |T is a superset of S} ‘hen »
’

' 1
K p * = “Tees *
Veei1 " Vsi1 T Ves,2 Vee,1 (2)

wvhere S{,....S; are all the proper supersets of S*, and since by the

q
inductive assumption each Veu 1 is in the linear span of {v,r 1 | T is a
il ’

[ ]
superset of si}, it follows that v

ge,1 18 in the linear span of {v'r,l | T

1
is a superset of S*}. From the fact that {vs 1 | #¥sc v} spans G, wve
’

now wee that {vs 1 | ## sc} also spans G. It is in fact a basis for G
[

J
becanse it has the same number of elements as {vs 1 | #scN} which is well
14

known to be a basis.

Some of the c¢_. on the

Express a v in D uniquely as: v = ):csvs’l. -

natmiang
£ .

right hand side may be negative so that the equation may contain games that

are not in D. This would prevent an application of S3 which is restricted

to D. .o overcorme this, transpose terms tszith negative Cg coefficients to

the left. Then it is easy to see that the nev ecuation will only contain

games that are in D. An application of S3 nov proves the uniqueness of

[ ]
¢ on D. To find Cq explicitly, first express each Vg1 in terms of ~
’

the basis (v, | | #¥scu)} using (2) and induction, and then substitute into
’

e N B B
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ve ): Vo v (D) It can be shovn in this rray that cg ™ z (-l)sntv(T)c
ﬂﬂ Ca] 4 * T cs

'mich of course enables us to write out an explicit forrmula for ¢(v) as is (
done in {Saapley, 1953]}. Tuis is not simple, hovtever, and it is easier to
show tlile existence of ¢ on L Dby restricting the previously obtained ¢ on {
G to D. ,!

Others cases, X ¥ D. In the folloving examples(:lich are by no means exhaus-¥% !

tive) tiile proof of the uniqueness of ¢ on the given X is completely

i,  siad hmas $EmEne $GOUENE 4 WNT

parallel to the proof of theoren I, and involves a sinilar recursive construction
Y of ¢.

A. The subclass of all simple games, i.e., all games v for which v(S) = 0

s

or 1, for any Sctl.
3. The subclass of all games v for which v(S) = 0 whenever |s| £ k; as
vell as the subclass of all simple games with tnis restriction.

C. The subclass of all games v in vhich cesrtain players 11,...,1 are

k
distinguished and v(S) = 0 if {11....,11‘}¢S; as well as the suhclass of all

[ ] e ]

simple games with this .restriction.

Remarks. (I). The convex cone generated by the simple games with veto players

[E= 2 S Y

s

(i.e., players i such that v(S) = 0 if igs, for all SCN) is the sub-

class L of all games vith non-empty cores [Spinneto, 1971). Therefore case

o
foeay

C shows that the axioms uniquely specifiy the Shapley value on L. 1In fact
this is true for convex conss generated Ly the class of games jn any one of

5, B, or C or their unions.

e
it iy

(II). For any PG, |P| < ®», ye can determine in a finite number of steps

Fl whether or not the axioms uniquely specify the Shapley valie on P; and if
they do not, we can construct different ¢'s on P vhich satisfy the axioms.
| ] Indeed, this corresponds to checking vhether a certain system of linear ecua-
: l tions has a unique solution or not. The size of this system can be cut down
|
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using a procedure which mimics the proof of theorem I. (''e omit the details.)

]
3. 1OWOTONIC SIiPLE GAL.ES Let C be the subclass of all rmonotonic simple

ganes ir. G, 1i.e., simple games v for vhich wv(S) = 1 implies that v(T) =1

vhenever S cT. aAnd let C be the subclass of all superadditive simple

games in 4.

)
Tihe axioms S1,52,5S3 do not unicuely svecify the Shapley value on C

or C if INI > 2. First note that the games in C or C for vhich the

value is determined by S1 and S2 alone are precisely of tiie type Vg 1°
’

H

! (] " ]
Pick a game v in C (and thus also in C since C CC ) vhich is not of

the type vs 1° An example of one is:
’
v(l-{i}) = v(N-{j}) = v(§¥) = 1, and
v(s) = 0 for all otiier g Cy
vhere 1 and Jj are any v distinct playexs in 1, and wlere we assume that
la| > 2.

Set ¢i(V) = ¢j(v) = p, vhere p is an arbitrary real nurber, and set

1-2
¢k(V) = ]N—_Thrr for k¥i,J.

Then it is obvious that ¢(v) satisfies Sl and S2. It also satisfies S3

L] ] "
vacuously. Fox suppose v+ v =v foraveC anda v ec. . Then

1] 131 ”
v(id) + v () = v (N). But v(id) = 1), therefors v (N) = 1, which implies
"

L} ] [ 1
that v (1) = 0. Thus v = 0 since v 1is monotonic. Also, if v-v =y

[} [13 y
and a vec' , then two cases arise: (a) v (N) = 1, therefore

]
for a veC

' ? L "
v (i) =0, and sov =0, (b) v (N) = 0 which implies that v = 0, and

hence v = v ., There is no question, therefore, of S3 being violated for

]
any choice of p, and so ¢ 4is not uniquely specified on C cor C by

s1,s2,83.
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[ ]
Hovever, if we replace S3 DLy a variant of it, 83 (vrich vill be

[ ]
stated nelov), then a unique % is specifiedon C or C and it i~ just
the Shapley value.

In what followe we ill write out only the case for C , because the /

' " ’ {
case for C is obtained by replacing C by C  throughout.

LH " ]

]
First ve make a feu definitions. For veC and veC let vV v

denote the garie fiven by

t
1 ifeither v(S) =1 or v (S) =1

1]
(Vy vI(S) ™ 4 4¢ v(s) =0 and v (S) = O.

1] " " ]
Wote tnat vy v may not alvays be in C fora v in C anda v in
" 1] ]

] t
C. (Howvever v yv isin C vhenever v is in C and v is in

1 L}
C.). Let v Av denote the game given by

1if v(5) =1 and v (5)=.1

(v AV )(S) = '
0 if wv(S) =0 or v (S) = 0.

Iet us make a simple check to see that v § v'ec whenever veC and v ec'.
It v Av'tcu, then there are coalitions S and T, SNT =@, such that
(v 'Av.)(s UT) < (v A v')(S) + (v Av.)('r). But by the definition of v Av'
this means that either v(s UT) < v(S) + v(T) or v'(s uTr) < v'(s) + v' (T),
which is a contradiction. (A similar argument shows that C' is closed under
A).
‘le are now in a position to state 83'=

[} ] ”
83 . If v YyvEeC vwhenever ve C and v €eC then

Plvy v.) + o(v Av') =¢(v) + ¢(v').

] ]
(In stating S3 for C we may drop the "if"lscause vy veC alvays.)
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Theorer II. There is a unique function ¢, defined on C", vhich
satisfies the axioms 51,52,53'. lioreover, this ¢ is just the Shapley value.
Proof. Every v in c has a finite number of minimal winning coalitions

51"”‘51-' i.e. coalitions S, such that v(T) =1 if S5 c T for some

i i

i and vw(T) = 0 |if Si¢T for all i. Clearly

vVeyvy

s '1 vvsz'lv -oooov vsk'l .

1
vhere the right hand side is defined associatively. Let nl (v) = min {p€z+|
there exists a winimal winning coalition T of v such that ITI = p} and
let nz(v) = the number of minimal winning coalitions T of v such that
7| = n*w).

The proof of the uniqueness of v will be by induction on nl (v) and
n’ (v).

For nl(v) = n,vseyv

v,1’

Lerma I. Suppose ¢ (v) has been shovm to be unicue for all v such

in which case ¢(v) is obviously unique.

that nl(v) = k+¢l, k+2,...,n. Then ¢(v) is unique tthen nl(v) =k and
n2 (v) = 1.
Proof. Let S be the unique minimal winning coalition with k players.

If S 4is the only minimal winning coalition ¢# v, then v = vs 1 and ¢ (v)
!

is unique. Otherwise let s,,...,sm denote all of the minimal winning
coalitions of v apart from S.

Note: ISiI >k for 1<4i< m since n(v) = 1. Now

v

% )V Y
m

s, 1"V

(vsl,l Ws,a V...V
]

say, v V vsil-v

]
It follows that nl {v) > k. Therefore ¢(v .) is unicue by the inductive
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]

assumption. Further, nl( Av ) > x. This is obvious from the definition

Vs,1
[}
of A. Therefore v(vAv ) is also unique by the inductive assumption. Invoke

)
asiom S3 . Then

L} 1 L}

$(v) m d(v y Vs,l) = ¢g(v) + w(vs,l) = ¢(vs'1Av )
Since all the thiree vectors on the right hand side are unique, so is ¢ (v).
Lemma II. Supnose ¢ (v) has been sho'm to be unicue for all v such

taat eitier

nl(v) = k+1,.../n (3)
1 2
or n(v) =k and n'(v) = 1,...,] (4)

Then ¢(v) is unique when nl(v) = k and xNP(V) =3+ 1.

Proof: Let sl,. «esS be the minimal winning coalitions of v with

j+l
k players each. And let Tl""'Tm be all the other minimal vwinning coalitions
of v. By the conditions on nl(v) and n2(v) it is clear that lT:I.I > k

for 1 <i gn. Uow

Fpavev¥r av¥s vy "sj,l’ v "sj+1.1 i
say, v"V v - v
sj+1'1
clearly v" satisfies (4) and .v"Avs KL satisfies (3). Therefore ¢ (v )
, J+1
and ¢ (v Avs , 1) are both unique by the inductive assumption.
j+l
By S3 ',
$lv) = 4(v Vv
sj+1'1)
“d(v) + 6y ) - 0 (v Av )
sj"l'l Sj+1'1
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vilch proves the uniqueness of ¢(v). h

Putting together lemmas I and II w2 get that ¢(v) is unique for any
feasible numbers n]'(v) and nz(v), i.e., for all veC , which concludes

the proof of the theorem.

L}
It is clear that the Shapley value % on G satisfies S51,52,S3 when

" ] ] '
it is restricted to C . Indeed v+v = (VVv)+ (vAv) where we

regard the + as taking place in the vector space G. Hence by S3 ¢(v) +
] )
7 $p(v) m¢(lvvv) +4(vaA v'). Thus the Shapley value is the unique ¢ on

" ]
} C which satisfies sS1,52,S3 .

However, we need not depend on the ¢ already defined on G to establish
the existence of ¢ on C". It is quite clear that implicit in the proof of
uniqueness is a recursive construction of ¢. (We omit this because it is
straightforward.)

? n
Remarks: (III) Theorem II holds when we replace C (respectively C )

L} (]
# : by certain subclasses of C (respectively C ). The proofs are similar
and involve stopping the induction at appropriate stages, and considering

games that take on values in {cj0} instead of (1,0}. We give just two

] [}
examples: Subclasses of C (or C ) for which (1) wv(s) =0 if |S| Lk,

(2) v(8) =0 if {i,,...4 }gs.

(Iv) " Let F be the class of all monotonic simple games which do not have

pistining

"ties", i.e., games V for which v(5) = 1 if and only if v(N\S) = 0.

(This class contains the class of all weighted majority games for which the

—

kil ey

quota is greater than half the total weight.) By changing S1, but retaining

[ ]
§2 and S3 , we can obtain an axiomatic foundation for the Banzhaf value

“

in its unnormalized form (Lucas, 1973) when it is restricted to P. Further,

]
we can redefine the Banshaf value on C \r in a reasonable way so that the

Al S e
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sams axioms specify this extended function on C' also. The proof of this h
is similar to the proof of theorem II, and will appear in a forthcoming paper.
The above statements hold if we replace "monotonic"” by "superadditive"

and "C " by "C " throughout.
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