AD-781 338

THE MNINLINEAR DYNAMICS OF PLATES
AND SHELLS

A. S, Volmir

Foreign Technology Division
Wright-Patterson Air Force Base, Ohio

16 April 1974

DiSTRIBUTED BY:

National Technica! Information Service

U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151




THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
REPRODUCE LEGIBLY.



EDITED TRANSLATION |

FTD-HC-23-851-74

FTD-HC -23-851-7".

16 April 1074

THE NONLINEAR DYNAMICS OF PLATES AND SHELLS

By: A. S. Voi'mir

English pages: S5O

Source: Nelineynaya Dinamika Plastinok i1 Obolochek,

1972, pp. 1-432

Country of Origin: USSR

Translated under: F33657-72-D=0.255

Requester: FTD/"DTI
Approved for public release;
distribution unlimlited.

THIS TRANSLATION 1S A RENDITION OF THE ORIGL.
’ NAL FOREIGN TEXT WITHOUT ANY ANALYTICAL OR
EDITORIAL COMMENT. STATEMENTS OR THEORIES
ADVOCATED OR IMPL IED ARE THOSE OF THE SOURCE
AND DO KOT NECESSARILY REFLECT THE POSITION
OR OPINION OF THE FOREIGN TECHNOLOGY DI-
. VISION,

PREPARED BV

TRANSLATION DIVISION
FOREIGN TECHNOLOGY DIVISION
WP.AFB, ONIO.

FTD-HC-223-851-74

Date i¢ Aor 10 7%




e

T

e

Preface
This book deals wlth nonlinear dynamic probiems of the theory of plates and shellis.

Cver the course of the last three decades, the attention ot authors concerned with
the theory of thin plates and shells has been concentrated malnly on the problems of
statics. These studies include the known work on methods of reducing static three-
dimensional theory of solid deformable bodies to two-dimensional theory, on the stat’c
stability of shells in the small and large, on slowly developing creep of plates and
shells, etc. Although these problems must not by any means be considered solved, the
theoretical and experimental data accumulated In the literature already permit fairly

reliable practical calculations of many actual structures.

At the present time, the emphasis In the study of plate and shell theory Is shift-
ing info the realm of dynamics. This is explained primarily by the demands of aviation
and space englineering; let us note that these were the areas responsible for the sig-
nificant progress in shell theory that we are now witnessing. However, the study of
the dynamic behavior of structures is aiso of essentlal importance for ship bullding,

engineerirg structures, etc.

Most unsafe for thin-walled shell-type structures Is a combination of static loads
with various types of dynamic actions. Such combined loads frequently resuit in snaps

(pops.) of the shell, which in meny cases succeed each other and lead to the formation

of ratigue cracks. Fallure of the structure may then occur within a very short period.

A description of the process of snapping of a shell can be given only from the

points of view of geometrically nonlinear theory. However, exhaustion of the bearing

capacity cf shells frequently involves accumulation of plastic strains, and therefore
it is important to study physically nonitnear systems as well. Thus, nonlinear prob-

lems of plate and shell dynamics are of major practical interest.

Until recently, nonlinear dynamics ¢f plates and shells have been given comparativeiy
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fittie attention in the literature. Presented below are data of theoretical and ex-
perimental studies in this field, obtaired wver the course of the last few years by
the authors and his collaborators. In addition, on attempt was made to systematize
the existing !iterature and to present results that can be applied directly In prac-

tic~!l calculations.
Tre sook consists of ten chapters.

Chapter | contains the fundamental eqguations of aynamic theory of large-deflection
plates and shells. ‘'et us note that a series of fundamental studies have dealt with
general nonlinear shell theory in the last thirty-years. Analysis of these studles
is beyond the scope of this book. The first chapter discusses only those mathematical

models that are subsequently used in the solution of specific problems.

Chapters [1-V cxamine the various types of vibratcry motions of plates and shells.
Specific problems pertaining to natural and forced vibrations are apparentiy presented
here four the first time. In some casazs, we abandoned the c~ua'!' model in the form of a
system with one degree of freedom, characteristic of the majori» of previous -tudles
deallng with nonlinear vibrations of elastic systems. In the section pertaining to

self-induced vibrations, principal attention is given to new date on pare; flutter.
Chapters Vi-1X describe the behavior of thin-walled systems under dynamic locading.
It inctudes an analysis of deformation of plates and shells under rapid and very rapid

Impact loads of different types.

Finally, Chapter X presents some problems of shel! and plate dynamics requiring
a statistical approach.

Thic book fuilows the author's previous monographs, Flexible Plates and Shel!s

(Moscow, 1956) and Stability of Deformable Systems (Moscow, 1967). The author trled

to avoid repetitions as much as possible; many relations are given without cerivation,

with references to the 1956 and 1967 books. This applies particularly Yo Chapters V-
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VIil and X, which are closely related to the corresponding sections of the monegraph
"Stabllity of Deformabie Systems". The blollography for These chapters pertains to
literature published mainly after 1967.

The formulas and illustrations are numbered according to chapter; in references

to formulas within the chapters, their numbers were omltted.

The manuscript of the book was carefully reviewed by L.!. Balabukh, who made a
number of valuable comments. The large job of editing the mziuscript was done by
I.G. Kil'dibekov. The authour thanks them sincerely, as well as all those who helped

him in the preparation of the individual chapters oi the book.

A.S. Vol'mir
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Let that which floats In vacil 'zti{:g outllne
Be :zecured in flrm ideas
Goethe, Faust

Chapter |
General Relatlonships of Nonlinear Shell Theory
I. Classification of Dynamic Probiems of Nonlinear Theory of Plates and Shells

During the last few decades, shell theory, which 1s a natural continuation and
extension of plate theory, has undergone an extenslve development. The monographs of
V.Z. Vlasov [1.10], A.L. Gol'denveyzer [I.13], N.A. Kil'chevskly [1.15], A.i. Lur'ye
C1.187, Kh.M. Mushtari and K.Z. Galimov [1.21], V.V. Novozhllov [1.22], A. Love [1.32],
and S.P. Timoshenkc [ 1.387] contain the fundamental reiationships of modern she!l theory;
they also give the solution to many speclfic examples. However, these books dlscuss
malnly statlc problems. However, at the present time, problems of dynamic behavlor of
plates and shells are becoming Increasingly important. Among them are studles of periodic
or nearly periodic vibratlons of thin-walled structures including plates and shells and

their unsteady deformation under rapld and Impact loading.

The study of shell vibrations was begun by Raylelgh In his Theory of Sound. Re-

cently, studies In thls area have been published by N.A. Alumyae, L.i. Balabukh, V.V,
Bolotin, E.l. Grigolyuk, and others. The exlsting |iterature usually deals with small

vibrations of elastic shells, when the relatlonships between the deformations and dlis-

placements on the one hard and deformations and stresses on the other can be assumed to
be llnear. Even in this formulatlon, such probtems prove to be very difficult, Whlle
small vibrations of plates are associated only with the appearance of flexural stresses
proper, in the case of a shell, membrane stresses add on to them. Depending on the
contour of the shell and flxing conditlons, we obtain a glven spectrum of frequencles
and vibration forms. For some types of vibrations, flexural stresses, and for others,

membrane stresses are predominant. The character of the state of srress may change
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markedly along the leading dimensions of the shell during the vibrattons as the distance

from the edge increases.

A special chapter of vibrat!on theory is the study of non!inear vibrations, which
have important specific properties. Motions of this kind may arisec in plates and shells
at large displacements, when the deformations and displacements are relcied by nonlinear
relations. On the other hand, deformations may lie beyond the range of applicablilty of

Hooke's law and depend nonlinearly on the stresses.

In this book, we will deal with ncnlinear vibratlons of plates and shells. This
is ore of the areas of general noniinear mechanics of deformable solids or, in a broader

framework, of nonlinear mechanics of continuous media.

The second group of problems studied in thls book and finding Increasingly broader
practical applications pertains to the behavior of plates and shells under Impulsive
actions. While the analysis of periodic vibrations may irvolve a certain steady moticn
of the system, in problems of dynamic loading, most of the attention is concentrated on
unsteady, fransient processes. Such a process usually consists in an abrupt fransition,
i.e., a jump of the system from steady motion of one type to some other motion. This
phenomenon is particularly characteristic of shells and is termed popping or snapping.

Popping of a shell Is usually accompanied by substartial displacements. For this reason,

the study of the behavior of plates and shells under impulsive actions will be suffi-
ciently complete only If it Is conducted for large deflections, from the points of view
of nonlinear theory. However, In some examples the iInitlal stage of a ftransier, process

can also be studied with the ald of llnearized relations.
tet us turn to the initlal relatlonships of the dynamics of plates and shells.
2. Some Background Information on Shells

Betow we shall study thin shells, l.e., bodi=s, one of whose measurements (the

shell thickness) is much smaller than the other two. As a rule, the shell thlickness
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will be assumed to be constant. The surface dividing the shell thickness in half is

called the middle surface. |f the middle surface is a plane, we obtain a thin plate.

shells may be classified according according to the contour of the middle surface.
The <implest examples are cylindrica! (Figure |.l a) or conlcal (Figure |.l b) shells
with a circu.ar cross sectlion. The figures show stralght lines running along the length
cf the shell, i.e., merldians, and circles of the cross sections, l.e., parallels. We

draw & normal N to the middle surface, then variously orlented planes containing N

Figure 1.1. Section of closed circuit shell: a)
cvlindrical, b) conical.

(Figure 1.2). At the intersection of these planes with the surface ve obtain curves
which are normal sections of the middle surface. To ctaracierize the surface, It is
imporrtant to determine at each of its points the larjest and smallest radil of curva-
ture will be that of the meridians in both cases: tha centers of curvature for them
will lie at infinity. f however the planes normal to the meridional ones are drawn,
the lines thus obtained will have the smallest radius of curvature. The corresponding
centers of curvature will be located at the points of intersection of the normal with
the axis of svmmetry. For a circular cylindrical sheil, the smallest radius of curva-

ture is the same as the radius of the cross section.

A third example of a shell of the simplest shape Is the spherical shell. Here

the radii of curvature of all the normal sections are equal!.
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Flgure 1.2. Normai sec~
tions of middle surface
of shell.

The above examples of shells are speclal cases of shells of revolution. Flgure
1.3 shows a secticn of the middle surface of a shel! of revolutlon of arbitrary shape
by a meridional plane. Let us also draw the normal N in this figure; the centers of
curvature of the normal section will fle on thls normal.

Sdad s S e

Figure i.3. Centers
of curvature of nor-
mal sections of a

shell of revoiution.

Let the center of curvature of the meridian line bs locuted at polint Cl; the z
center of curvature of the section by the plane normal to the meridlional plane will
be located at point C2 cf Intersection of the normal with the axls of symmetry., We
denote the corresponding radil of curvature by P and Pye It can be shown that one
of tham Is the largest, and the other, the smallest In comparison with the radli of
curvature of all the normal sections passing through a given point m. The directions

of these two noimal sections with extreme propertles define the so-called principal
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directions for point m. If we now draw the llnes whose tangents will colncide with
the ‘principal directions at each point of the middle surface, we obtaln rhe so-called
lines of curvature. For a shell of revolutlon, the iInes of curvature wlll be the

meridians and parallels.

In the most general case of a shell of arbitrary conflguration, the principal
directions and corresponding principal radli cf curvature P and p, can be determlned
at each point of the middle surface In the same manner (Figure |.4). |f the centers
of curvature Ci and 02 lle on the same side of the middle surface, we w!ll arbltrariiy
assign the same slign to the radil P angd Pys and In the opposite case, different signs.

Figure 1.4, Sectlons of a
shell of negatlve curvature
(left) and positive curva-
ture (right).

The product of the principal curvatures kl = l/p| and k2 = I/p2 for a given point
is called the Gaussian curvature of a surface (or, more briefly, surface curvature):
r = kikyi the half-sum Is called the mean curvature: k = I/2(kl + kz). A cylindrical
shell and a conlcal shell both have a middle surface of zerc curvature. A spherical

shell has a positive curvature. If we conslder a toroldal shell, however, {Flgure |.5),
't will have @ positive curvature in one part of the surface (polnt A), and a negative

ENTPRORY SO L SPRIRRE SRR

S R

£ abideaii




i da ol

T

i
B - 1

curvature In the other (point B).

Figure 1.5, A toroldal
shell of clrcular cross
section has a positive
curvature at point A
and 2 negative one at
potat B.

Shells and plates have been finding increasingly wide applications in technology
In the last few decades. The body of a spaceship is a structure consisting of differ-
ent types of shells of revolution, l.e., cylindrical, conical, and spherical. The
fuselage of an airplane as a whole, i.e., together with the stiffening ribs, may be
treated as a cylindrical shell. The wing of an airplane can alsc be represented as
a shell or plate having a different rigidlty in different directicns. Other shells
are jet engine bodies, all-metal railroad car bodies, submarine hulls, etc. Shells
are also found in engineering structures In the form of varicus tanks, pipes, domes,
and other coverings of bulldings, etc. Along with static stresses, such structures
may csperience rapidly changing lcads. The behavior of structures acted upon by such
loads has a number of characteristics. For this reason, the study of the behavior of

shells and plates acted upon by dynamic factors is very essentlal.

3, Description of Shell Models

A series of assumptions must be made In establishing a model representing real
shells in theoretical studies.
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et us begin with a characterization of the structure of a shell and its material.
Shells of the most varled structure are found in the technical applications mentloned
above. They Include, for example, two- and three-iayer shelis; structures consisting
of composite materials such as glass-reinforced, graphite-reinforced and boron plastics,
and shells stiffened with ribs.

The description of the dynamic behavior of such shells Is very complex. As the
simplest model, this chapter will consider singlie-layer shells made of a homogeneous

isotropic material. However, such a homogeneous lsotropic material may possess dlf-
ferent properties.

If we consider the effects of plastic or viscoplastic deformation, we should pro-
ceed from nonlinear relationships between the stresses, deformations, and rates of
change of these quantities with time. As a rule, however, the material will be assumed

to be elastic and to obey Hooke's Law.

It should be kept in mind that the mechanical characteristics of a material at
high deformation rates may have values differing markedly from statlc ones. The modu-
lus of elasticity increases slightly, and the elastic limit, yleld point, and ultimate
strength may increase by 50% or more.

Hereinafter, we will conslider shells of constant thickness h.

A distinctive feature of the gensra!l relationships pertalning to thin shells is
the reductlon of equations of a three-dimensional problem of elasticity theory to eque-
tions for iwo measurements. Moreover, for a single-layer homogeneous shell, It Is

natural to place the coordlnate system at the middle surface of the shell. For example,

we cun take the middle-surface lines of curvature as the principal coordinate directlions.

One of the ways of reducing a three-dimensional problem to a two-dimensional one

is to adopt the hypothesis of nondeformable normals (+he Kirchhoff-Love hypothesis?},

whereby any fiber normal to the middle surface before deformation remains stralght and

R




Figure |,6. Shell element
subjected to an external
foad and Internal forces.

normal to the mjddle surface in its new conflguration after deformation; in additlon,
the length of the fiber remains unchanged along the thickness of the shell. In an
add'tional assumption, the normal stresses In the direction of th: normal to the middle

Figure 1.7. Transverse forces in shel] sec-
tion (a) and as resultants of tangential
forces (b).

surface may be neglected in comparison with the principal stresses.

By principal stresses in shel! theory are meant the norma! and tangentia' -tresses
in the middle surface itself and in the shell layers parallel to it.

Let us conslider a shell element defined by sections along the coordinate |ines
g, n (Figure 1.6) and acte on, generally speaking, by a transverse load of intensity

d N
lan 29
on the one rand, and bending movements Ml’ M, on the other (open arrows in the flgure

q. The normal forces in each of these sections may be reduced to forces N

represent the moment vectors). The tangential forces are reduced tc the shearing forces

le, T2I and twisting moments le, HZI'

. «m.“:w




Let us now turn to the transverse forces Ol, 02 shown in Flgure 1.7 a. They uie
tne equivalent of the fangential forces acting in the sections &, n themselves (Figure
1.7 b) and directed along the normal to the middle surface*. The same type of tangen-

tial forces are set up In the cross sections of beams subjected to cross bending.

In static problems, the internal forces acting on a shell element balance an ex~
ternal transverse load as follows. On the one hand, equilibrium Is reached thanks to
the forces in the middle surface. This Is illustrated In Flgure 1.8 with the example
of a distorted panel: +the normal forces N In the sections of the paneil produce an
equivalent, balancing external load. If In additlon, there are no bending or twisting
moments in the sections of the shell, the latter may be descrited as belng a zero-
moment shell. On the other hand, in a flat plate with small deflections, equlfibrium
of the element can be obtained only as a result of a difference of the transverse forces
Q (Figure 1.9), which in turn are related to the bending and twisting moments. In the
general case of a moment shell, there is a comblned action of the forces In the middle
surface, transverse forces and moments.

In the dynamics problems of Interest to us, using d'Alembert's principle, we must
introduce the Inertial forces Into consideration. Let us flrst determine the inertial
forces corresponding to displacements of the shell elements along the normal. Denoting
the normal displacements, i.e., deflections, by w, we obtaln the inertial force per unit
volume, equal to [—(Y/g)(azwlafz)], where y Is the density of the material, g is the
acceleration due to gravlty, and * Is the time. We simllarly find the inertlal forces
corresponding to displacements u, v.

Let us now turn to deformations connected with the different types of forces.
Forces N cause elongatlons or contractions along the coordinate llnes £, n, and forces
T cause a shift of the element in the middie surface. The effect of moments M is mani-
fested in a change of the shell curvature, and that of momenis H, In a torsion of the
element. As for the shearlng strains due to the shearing forces and to the correspond-

ing tangentlal stresses T, these stralns are usually neglected.

¥Their reclprocal tangentlal forces are actling in the layers paralle! to the mid-
dle surface. .

S
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Figure 1.8. In a shell,
an external transverse
load is partlally bal-
anced by forces in the
middle surface.

W o nde A il St i

The above scheme of the stressed and strained state of a shell, based on the

] Kirchhoff-Love hypothesis, may be regarded as a first-approximation model. [t has

proven convenient in solving many static and dynamic problems; the resuits thus ob-

tained are in many cases sufficiently accurate for practlcal appiications.

Figure 1.9. In a plate
and shell, the external
load is partially bal-
anced by transverse
forces.

Wa wiil now turn to an analysis of the fundamental relationships of dynamic

shell theory for such a model.
4. Deformations and Displacements

Let us examine more closely the stralned state of a shell of arbltrary contour,

= (5=
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assuming that the deflections of the points of the middle surface may be of the same

order as tne shell thickness. The x, y, z Carteslan coordinates will be used hereln-

after. We wlll stipulate that the x, v coordinate lines colncide with the lines of

curvature of ‘the middle surface. Line z will be directed along the normal to the mid-

dle surface toward the center of curvature. We will use the right-handed coordinate *

syster below. The displacements of middle-surface polnts along the x, y, z directions
will be denoted by u, v, w.

Our objective will be to express the relatlonships tetween the deformations and
disglacements. The displacements of the middle-layer polnts along the coordinate llnes
are functions of x, y coordinates and time t: u = ulx, y, ¥), v = vix, y, 1), ard the
same applles to deflectlons w = wix, y, t). The displacements of an arbitrary point

with coordhate (prior to deformation) z, which will be denoted by uz(x, Y, z, 1), etc.,
wlll be assumed equal to

z dw -
Ww==H4—2 i
. (a.n
vy —z L (L)
dy '
w s,

The flrst of these relations Is Illustrated by Figure 1.10, which shows the section

of a shell by the plane tangent to lines x and z. As the shel! is deformed, the normal
to line x rotates through the same angle dw/dx as the tangent | to the same line. This
is a consequence of the Kirchhoff-Love hypothesis. The signs In expressions (l) corres-
pond to the frame of refeience we have chosen.

Let us turn to the determination of deformations In some layer parallel to the
middle surface and separated from It by a dlstance z. The elongation strains In the
direction of lines x, y wlll be denoted by si, es, and the shear strain, by YZ. The

quantities ei. e;, ¥¢ depend on the displacements uz, vz, "

We will first determine the straln components E;, es due to displacements u?, V&,
Consider an element ABCD of a glven shell layer¥, defined by sectlions normal to lines )

*We are dealing with +he projection of a layer element on the plane tangent to
lines x, y at polnt A.

- 14 -
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x, y (Figure 1.11). Polnt A, whose coordlnates will be x, vy, undergoes dlsplacements

Flgure 1.10. Deformation of
a shell element according to
the Kirchhoff-Love hypothesis.

Figure I.l1l. Strafns in a shell
fayer parallel to the middle surface.

]
uz, vz; for polnt B with coordinates x + dx, y, the displacements are w? o+ (Buzfax)dx,

v2 + (avz/ax)dx. For point C with coordinates x, y + dy, we obtain the quantitles
Z + (3u¥/ay)dy, vE + (3vF/ay)dy.

The new length dx of the element after deformation will be

dsy =0, = [(dx -+ 3 ax)f + (22 ax) ",

asy=ax {1+ [2 G-+ (50 ) + (G

or

- 15 -
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We will expand this expression In a serles; considering the expresslion 11 square
brackets to be smail In comparison wlth unity, we obtain
1 't
| ds,edx{l +?[2 S .
on? \? Fi I Y ]
+iaw ) + ()} :
z oz ¥
The elongation straln, dependent on u®, v*, wlii be
Au? L {Auf\2 | | [ do*\?
&= o 5.‘( o) +3(5) (a)
By analogy, the expression for the elongation straln along llne y Is found to be
do* Lfaet\2 1 (Pt \2 (b)
=t el w05 )
xz
Figure 1.12. Straln
components in the
middle surface due
to radlal displace-
rents.
Let us now determine the components of strains e:, eZ due to a general dispiace-
ment toward the center of curvzture (or away from it) of the element in the sectlon
normal to line y (Flgure 1.12). If the length of the element Is inltiatliy dx = pxde, '
)

- {6 -
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then after the displacement It will be (px = w)de. The corresponding strain of the

element turns out to be

(pr — @) d0y — py dO, ~n w ¥
p‘ dU. Pz = k‘w. (a )

7 s
el

Fere we took w® = w. Similarly, for coordinate line y, we obtain

g’.—:—-k w,
' ‘ ")

We will subsequently assume k>< and ky for the portion of the shell under consideration

to be constant.

We then find the elongation strains arising from the change in deflection along
the coordinate lines. |f the deflection at point A along the z direction Is equal to
w (Figure 1.13), the deflections of points B and C amount to  w - (Jw/dxydy and

Wep (i dy)dy. respect'vel /. Neglecting the distortion of a smafl element, we tind

its new length
e a1 4 (45

Proceeding as in the derivation of expression {(a), we find

e

lMﬁ*dY“-F%(mHYL

Hence we obtain the strain

w Mo e 1 de 1"
e ) -
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For line y, by analogy we have

,‘/"E‘L'_Y, (b'")

-\

Let us now determine the shear strain Yz. The first component of this strain,
dependent on the displacements uz, vz, will be determined as the difference between

¥
the right angle formed by sides dx, dy before defcrmation and the angle formed by
these sides after deformation (Flgure }.11):
2. unt Aot (d)
Y= tour
Figure 1.13. Elongation
strains in the middle sur-
face, due to large deflec-
tions.
The component of shear strain corresponding to deflection w will be found by
considering Figure |.13. The la*ter shows how a right-angle triangie* with sides dx,
dy Is distorted by the deformation. Using an expression of type (c), we determine
the squares of lengths of the sides after deformation:
duw \? ids.)! == (! Aey?
(s =(@xp 1 +(52)], sy =wor[t+(55))-
4
*The projection of the layer element Is cunsidered here as well. See previous
foctnote.
}
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The square of the third slide 8202 will be equal to

B = txP [t + (2 |+ @1 +{55)] -
~asiven(3v)[1+ (310 + (5]

Here one can assume ds'ds2 = dxdy fto within small terms of higher order.

On the other hand, comparing *he lengths of segments 882 and CCZ' we obtaln

— 5 : ()
S A Yo 2
(BL = () + (g} + {55y — 52 as.
Comparing expressions (e) and (f) and assuming cos(%._y')asvﬁ , we have
e _ dw duw (d")
S Ox {Ili

Using the results obtained, we write the complete expressions for elongation and
shear stralns in a shell layer separaved by distance z from the middle surface:

u 1 fant\e , 1 fadvt\? I(Qw )’»‘
1= 5 - b + 3 (G0 )+ (57) + 2 (5E) -
v Loutye, 1 nu'y 1(:g£r, 2
&=y — kv +'2'(du_)+ (y el )
e Ont dv' dw ,')i
) T'-u-+ vt dx Jdy °

Since we are studving the deformation of thin flexible shells and plates, we can
assume that the angies of rotation awZ/ax, awz/Sy, related to the deflection consider-
ably exceed tne values of the derivatives 3u/ox, 3u/dy etc. pertaining to strains in
the body of the material. We will assume that the squares of the derivatives (3w"/ax)*
are of the same order as the components auz/ax, etc; then the squares of derivatives
of type (Swz/ax)2 of these expresslonc may be neglected. We arrive <t the simpler re-
lations
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ot V(e
":'“_"u_x“‘k W+ g (dx) '
ov? Jw
5= 3=k +4(35].
(1.3)
‘,_—...f’."_ + + dw aw
\ dy dx ox oy ]
We make further use of expressions (|) for displacements of an arbltrary point
over the thickness; we then obtaln M
s 47u D \? i
o= g~k (7] =2 l
dp 2 R
== o () — 2 5, (1.4)
dn Ju L)i d o, e l
=35yt oot hm A T T

We introduce *the symbols € Ey and y for the strains in the middle surface (for
= 0); they will be equal to

]
an 113 Do b
V=g ko 5T O,

dy Jy v aly

C (1.5)

The total strains of an arbltrary point along the thickness ei, e; and YZ consist
of strains In the middle surface ey, Y and bending strains, for which we wilt! Introduce
the symbols € rp? Ey’b’ Yy The bending strains are equal to

AN . 1KY o ( ' -6)

Cron==—2 oxt T e ot

When (5) and (6) are taken into account, expressions (4) take the form

e e cln g v, e Copp VY + b LIcri
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It Is Important to note that the strains in the middle surface according to (5)
are not independent; they are express.d In terms of the same functions u, v, w. Dif-
ferentiating the second of rslations(5) twice with respect to x, the first relation
twice with respect to y, and the third, with respect to x and y successively, after
some simple transformations we arrive at the following equation of compatibility or
continulty of stralns in the middle surface:

Jey 0'ey a7y ( e )1‘ dw Y P

Ty T T Ty o \oviyl T T T T R gyl T by T - (1.8)

We will now examine the stressed state of a shell.
5. Stress State. Relationship between Forces and Deformations

Within the limits of our ussumptions, we can treat the stress state of a shell
as a result of superpositlon of three states. One of them corresponds to the so-called
membrane stresses; hereinafter we will #requently call them stresses in the middle sur-
face. The second state corresponds to bending stresses, normal and tangential, changing
{inearly along the thizkness; the "neutral" layer in which the bending stresses are zero

coincides with the middle layer. These two stress states taken together determine the

"classical" forces. Flnally, the third state corresponds to transverse tangential stresses.
In the variant of the theory under consideration, oniy the resultants of these stresses

are taken into account; they are Investigated in more detal!l in another varlant given ]
below (9).

Figure 1.14. Membrane stresces
In sections of a shell.

by

-2 -

Dkt e




gl

Let us Isclate a shell element whose faces colincide with tangents to fines x
and y. Ffigure |.14 shows the membrane stresses: normal ones O O and tangentlal
ones T. 1f we isolate the portions of the edges having a length equal to unity, we

will be able to determine the normai forces Nx' Ny and tangential force T correspond- .
ing fo these stresses:

N,=o,h, N,=oa,, T==1h (1.9)

Figure i.15. Bending and
twisting moments In sec~
tions of a shell.

Figure 1.16. Transverse
forces and corresponding tan-
gentlial stresses In sections
cf a shell.

Let us now turn to bending stresses. We denote the normal stresses by O rp?
cy‘b and the tangentlal stresses by Tpe It 1s evident that they will be assoclated ¢

with bending moments Mx’ My and twisting moment H (Figure 1.15), These quantitles,
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'; corresponding to a unit length of the faces of the e'ement, wlll be equal to
P 33 b2 " (1.10)
; M= [ ouzdz M= [ oudz, H== j t,zdz. (1.10)
—hi2 —h/2 -h.i
b . The transverse stresses shown In Figure |.16 will be denoted by Txy, Tyz; they
1 are related to the transverse forces Qx, Oy per unit length of the sectlion as follows:
E
£ ] n2
; (il
§ Q== ft,,dz. Qy== f T, dz,
] P ~lig? —hi2
;_
P Thus, the Integral characteristics of the forces and ths local stresses are re-
q lated by (9)-¢!1). \
i
g In deriving the expressions relating the forces and moments to the strains, we 1
] will proceed from the assumption that the strains lie In the effective range of
2 1
j Hooke's law. 1
b !
: 1
For strains in the middle sur sce, we can write the well-known relations ]
; e 2 Oy 9y ay Tt 2 ;
| s TRV . SN N LT (1.12) }
i )
i where G is the modulus of elasticity In shear. Hence
t
, . .
k . “z-—T‘_ e (51+lmy)u Oy= 'I—:-u-;(!.,-{»-lle,),
— £__ (1.12a)
BT EaT A
Considering relations (5) and (9), we find
Eh du dw
Ne=Tayor —haw (52 +
7 oo 1 { e \?
*'" ib'_ w +-u' g '
- l}“f ('“)]} (.13 ,
/] e e 3
N:'=1—p'{§7_k"w (:ml+ 3
au

+"[1’T—,“w (dt ”
T= 2(IL:{,:||) (ﬂ" + :;: + :): i)‘:.)
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we then determine the stiresses at an arbitrary point with coordinates z:

E E 2 —-_._"_:__
o =g tue) g=1=ml bl =g v
(1.14)

The expressions for bending and twisting moments (10), allowing for relat'ons (6),

will take the form »
=—p(2e 4,2
M= D(r!.t' tn 01[_")'

My==-1’(""" +u%';",1).

T

_ PN (.15
H=—=D(l—p) T
D r'enotes the cylindrical rigidity of the shell
_ i
D“luhqm‘ (1.16)

The dependences of tra~sverse f.. - s Qx and Qy on the displacements are not given here,
since the conditlions of equilibrium of the element are used for thelr derivation in this

model; the corresponding expressions wiil be given in the next section.

6. Approximate Equations of Motion

We will derive t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>