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TECHNICAL DISCUSSION 

I. High Gain Lasers 

During the year 1972 v/e concluded our work on high gain lasers. 

The work consisted of theoretical and experimental investigation 

of spectral, temporal and modal properties of extremely high gain lasers. 

The experiments were conducted using xenon 3.51 ym lasers with gains up 

to 60 db/m. 

A number of significant effects were predicted by the theory and 

checked in experiments. A number of resulting publications (see References 

1 and 2) the the Ph.D. thesis of Dr. L. Casperson summarize the results. 

II. Nonlinear Optics 

Accurate measurements were performed to determine the nonlinear 

optical properties of a number of important materials. These include KDP, 

RDP, RDA, and Li 10.,. The results are described in the enclosed Reference 3. 

A theoretical analysis was carried out which points out a new 

technique for phase matching in nonlinear optical interactions.  The 

technique involves fine corrugation of thin dielectric waveguides. Details 

are presented in Reference 4. 

III. Optical  Damage 

Working with C. Giuliano of the Hughes Research Laboratories, it 

was shown experimentally and theoretically that the use of an elliptical 

cross section Gaussian beam can lead to large increases in the self focus- 

ing damage threshold of laser materials. 



■ 

This suggests the incorporation of astigmatic optics in high 

power laser systems (see Reference 5). 
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Ref.  1 

Reprinted from APPLIED OPTICS. Vol. 11. p-Ke 462, February 1972 
Copyright 1972 by the Optical Society of America and reprinted by permission of the copyright owner 
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Gain and Dispersion Focusing in a High Gain Laser 

Lee W. Casperson and Amnon Yariv 

The transverse modes of a laser resonator containing a medium with a strong radial gain profile differ 
greatly from the modes of a similar resonator containing a low gain medium. FocusmR and defocusmg 
effects result from the gain profile and from the associated dispersion profile. The dispersion focusing 
causes an asymmetry in the power output as the laser is tuned across the gain line. The theory has been 
verified using a high gain 3.51-^ xenon laser. 

I. Introduction 
^i lenslike media having an approximately quadratic 

radial variation of either the gain or the index of refrac- 
tion there is a focusing or defocusing of propagating 
Gaussian beams.1'2 A positive index profile results in a 
spot size öf an unmatched beam which oscillates periodi- 
cally with distance, while a positive gain profile causes 
the beam to approach a steady-state spot size. In a 
high gain gas discharge there is often a strong profile 
of the gain, so that gain focusing is likely to be impor- 
tant. However, whenever a medium has a gain spec- 
trum, it must also have an associated dispersion spec- 
trum. Therefore, dispersion focusing efTects must al- 
ways accompany gain focusing. It is the purpose of 
this paper to show that the two types of focusing are 
comparable in importance and that, moreover, the dis- 
persion focusing may lead to asymmetry in Lamb dip 
measurements. Ordinarily asymmetries in the output 
of simple gas lasers are attributed to collisions between 
the atoms.3'4 The lasers considered are assumed to be 
operated very near threshold, so that self-focusing is 
unimportant.5 This treatment is based on one given 
elsewhere.6 

s 
II. Theory 

A lenslike medium is one in which the complex propa- 
gation constant fc varies quadratically with radius ac- 
cording to 

Here a is the exponential gain constant for the electric 
field and /3 is related to the index of refraction by 

ifc - fco - Jfcjr'. 

The real and imaginary parts of h are given by 

fc = /J + ia. 

(1) 

(2) 

Both authors were with the Division of Engineering and Ap- 
plied Science, California Iiislitulc of Technology, Pasadena, 
California 9110!); L. W. Casperson is now with the UCLA 
School of Engineering and Applied Science. 

Received 4 June 1971. 

0 = 2Tn/X. (3) 

The easiest way to study the propagation of Gaussian 
beams through such lenslike media is in terms of the 
complex beam parameter q given by 

l/9 = (1/ß) - ^„/xio«), (4) 

where R is the radius of curvature of the phase fronts, 
w is the spot size of the beam, and Xm is the wavelength 
in the medium. The same beam parameter may also 
be used to characterize higher order Laguerre-Gaussian 
and Hermite-Gaussian beams. 

From the wave equation one finds that the propaga- 
tion of q is governed by the Ricatti equation1 

(I/?)1 + (d/rfzKl/g) + (fc»A«) - 0- (5) 

For simplicity we assume here that saturation is unim- 
portant and the coefficients fco and fcj are independent 
of position along the axis of the medium.   The solution 
of Eq. (5) is 

l/9i=  {l(l/?i)cos(fc,/fco)^l - ((fci/fco)'sinCWto)'*! 1 

+ {Ki/giKtcA»)' sin(fci,/fco),2l + Ioos(fci/fct)»«l}.   (6) 

Except when (fej/fco)1 is real, the beam parameter at 
large distances approaches the limiting value 

+ {I/«« - =«(*,/*.)*}. (7) 

where the upper sign is used if Im^/fco)1 > 0 and the 
lower sign is used if ImCfco/fco)5 < 0. 

In the special case ImCfc^/fco)' = 0, Re^/fco)* f 0 
(no gain profile), the beam parameter oscillates periodi- 
cally without approaching a steady-state value. If 
(fcj/fco)1 = 0 so that there is no profile at all, Eq. (6) 
reduces to the free space result 

9» = 9i + «• W 

Otherwise, after some oscillation the beam goes to the 
limit given in Eq. (7).   From Eqs. (4) and (7) the limit- 
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ing spot size is 

tc. = (XB/»)»[±Re(Wfco)1]-t (9) 

and the limiting radius of curvature of the phase fronts 
is 

Ä. - [ilmfoAo)»]' (10) 

The spot size given by Eq. (9) must be real if the 
beam is to be confined by the medium. With our sign 
convention this moans that the real and imaginary parts 
of (h/ko)J must have the same sign, or that 

lm{k,/k„) > 0. (ii) 

With Eq. (2) this stability condition is simply 

«i > 0, (12) 

provided that the gain per wavelength is small {ßo » 
ao). In other words, the gain profile causes a damped 
focusing such that the beam approaches a stable steady- 
stats value if and only if the gain is highest on the axis 
of the medium. It is only this stable situation which is 
of interest in the remainder of this paper. From Eqs. 
(9) and (10) the spot size is 

w- - (X„/1r)»{±Re[((3, + ta,)/j8,J*) "» (13) 

and the radius of curvature of the phase fronts is 

Ä. = ( ±lm[0, + tai)//3ol Jl "'. (14) 

We have described so far the propagation of Gaussian 
beams in long high gain laser amplifiers. The transverse 
modes of a laser resonator containing a high gain me- 
dium are most easily found using complex beam 
matrices.2 In the remainder of this paper we consider 
only the simplest type of high gain laser, which consists 
of a plane parallel resonator filled with a lenslike 
medium. Such a configuration can be well approxi- 
mated in practice. The spot size everywhere in this 
laser is equal to the limiting value given by Eq. (13), 
which can be written as 

to = ((Tal/4Xm){[l + (ft/a,)»]* + (ft/a.)!)-1.        (15) 

This result can be applied to lasers with various types 
of index profiles. In the following, only profiles due to 
the gain and dispersion will be considered. 

To find how the spot size in Eq. (15) depends on fre- 
quency, it is necessary to know the frequency depen- 
dence of a2 and ft. In a Doppler-broadened medium 
the unsaturated intensity gain g is a Gaussian function 
of frequency and «»(x) may be written 

cit(x) = ((7,72)6-'', (16) 

where a; = 2(j/ - v0){ln2)i/AVD is a normalized fre- 
quency and g-i' is the line center value of the quadratic 
term in the intensity gain constant. The quadratic 
term in the index of refraction of a Doppler-broadened 
medium is7 

«•(*) = {Xgt'/2*ti)F(x), 

where F{x) is Dawson's integral given by 

Fix) m e-'' I    e''dt. 

(17) 

(18) 

Therefore ft (a;) is simply 

ßi(x) = (g,'/ir*)F(x). (19) 

»•(») »•/i 

Using Eqs. (16) and (19) in Eq. (15), one obtains the 
following expression for the frequency-dependent spot 
size of a plane parallel gain-focused laser: 

(20) 

It is convenient to define the normalized spot size w*(x) 
given by 

(j1 + [^]-j' + ^)-', (21) 
which is equal to the actual spot size divided by its 
line center value.   A plot of w*(x) is given in Fig. 1. 

Fig. 1 

Also plotted in the figure is the function e1'1*, which 
would represent the frequency dependence of the 
normalized spot size if dispersion focusing were ne- 
glected. The asymmetry of the spot size results from 
the positive and negative dispersion focusing, which 
occur, respectively, for positive and negative values of 
the frequency x. The minimum value of the spot size 
is at a frequency of about x ~ 0.6 rather than at line 
center. 

We are primarily interested here in inhomogeneously 
broadened media, but the results for homogeneous 
broadening are similar. In an unsaturated homoge- 
neous medium the gain is the Lorentzian 

at(y) = (?,72){l/ri + y')], (22) 

wheie y = 2{v — vo)/bvn is a normalized frequency. 
The index of refraction is 

ni(y) = (X(?.74ir)(j//(1 + j/«)l. (23) 

Therefore, from Eq. (15) the spot size is given by 

w = j(ir(;.78X„)(l/(l + !/»)][(! + j,»)» + j,]j -i.     (24) 

These homogeneous results are not considered further. 

•1-9 -10 -.5 0 .5 1.0 1.5 "x 
Fig. 1.    Solid line is the normalized spot size as a function of 
frequency.    Dashed line is the spot size neglecting dispersion 

focusing. 
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The difference between the spot sizes indicated by 
the two curves in Fig. 1 is at most of the order of 10%. 
Nevertheless, the dispersion focusing could, in principle, 
be detected directly by scanning the output beam profile 
of a laser if the oscillation frequency were known. A 
more important practical consequence of the dispersion 
focusing is that the total power output of the laser 
becomes asymmetric about line center. One expects 
that for equal values of the gain, the larger the beam 
spot size, the greater the output power. In particular, 
the maximum power output of the läse does not occur 
when the oscillation frequency is at gaiu center (neglect- 
ing the Lamb dip, of course). The asymmetry in the 
power output is easily measured and provides a fairly 
direct indication of dispersion focusing. 

The growth of intensity in a saturating one-dimen- 
sional inhomogeneousiy broadened laser is governed by 
the well-known expression 

il/dz = (?//(! + »/)», (25) 

where s is a saturation parameter. For simplicity dis- 
tributed losses are neglected. For very weak satura- 
tion (si «1) Eq. (25) reduces to the homogeneous ap- 
proximatio:i 

dl/fo = gl/{l + isl). (26) 

If the laser beam were uniform over an area of radius iv 
and there were no gain profile, then the corresponding 
result for the growth of the total power would be 

dP/dz = goP/ll + K*P/irw«)J. (27) 

Equation (27) can be shown to be also valid for a 
Gaussian beam with nearly plane phase fronts in a 
medium with a quadratic gain profile, provided that 
the square of the spot size w is much smaller than the 
square of the discharge diameter ro.6 This is not always 
a good approximation but it is valid for our experi- 
ments, go is the unsaturated gain at the .axis of the 
medium. The result for a homogeneously broadened 
medium would be the same as Eq. (27) except that the 
factor ^ would be missing. 

If one mirror is highly reflecting, Eq. (27) can be in- 
tegrated for one loop through the laser medium, and the 
result is 

|(«/»w«)(P, - Pt) = 2g4 - ln(Ft/Fi), (28) 

where I is the length of the medium. This integration is 
possible as long as the right and left traveling beams 
interact with different velocity classes of atoms. If the 
reflectivity of the output mirror is R and the transmis- 
sion is T, then Eq. (2S) may be solved for the output 
power Po as 

P, - (2*w>/s)[T/(l - ß)](2^ + laß). (29) 

A similar result can be obtained for homogeneously 
broadened lasers. 

Using Eq.  (20)  for the frequency-dependent spot 
size with go = g^c~x\ one obtains finally 

P,(x) - (4ro/«)(FXM/1.44ff()')V','»[r/(l - ft)](2(/o7c-•, + InÄ) 

X (|1 + [2P(x)e',/V,l1l, + [2F(x)e''/'i])-K    (30) 

We have assumed here that the medium has a Bessel 
function radial gain profile, so that the quadratic term 
is2 

g, - ^(2.88/ro«). (31) 

Equation (30) is the general expression for the fre- 
quency dependence of the output power of a Doppler- 
broadened laser oscillator (neglecting the Lamb dip). 
The exact calculation of the Lamb dip is difficult in 
high gain lasers. However, as long as the homogeneous 
line width is small compared to the Doppler line width, 
the Lamb dip provides a useful indication of line center 
(x = 0) without significantly affecting the over-all line 
shape. 

It is convenient to define the normalized power spec- 
trum 

P.»(X)  =   (€-•' 

where 

^•'«({l + l2F(x)e',/^]'\i 

+ [mW/r*])-*,   (32) 

ö = -(lnÄ/2j7o'0 (33) 

is a threshold parameter which is less than unity if the 
laser is saturated. Equation (32) is plotted in Fig. 2 
for various values of the parameter b. Evidently when 
the laser is above threshold, the greatest output occurs 
at a slightly negative frequency rather than at line 
center. Near threshold (b -*■ 1) this effect diminishes 
and the greatest output occurs near x = 0. Also plotted 
in Fig. 2 is the gain spectrum e~z\ 

The asymmetry of the power spectrum is most con- 
veniently chjincterized by the location in frequency of 
the power maximum. In Fig. 5 is a plot of this fre- 
quency as a function of the threshold parameter b. 
The plots in Figs. 2 and 5 are not quantitatively correct 
for all values of b. From Eqs. (27) and (29) this homo- 
geneous approximation is only valid in an inhomoge- 
neousiy broadened medium as long as the product (2gol 
-j- lnß)(l — ß)_1 is small compared to unity.   In a 

Fig. 2.   Normalized power output as a function of frequency for 
various values of the threshokl parameter.   Dashed line is the gain 

spectrum. 
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high loss laser (R « 1) this is the same as requiring that 
b be nearly equal to unity. Nevertheless, these results 
are expected to be qualitatively correct for most values 
of b. 

It is possible to obtain a simpler approximate expres- 
sion for the output power as a function of frequency 
which is valid for small values of x. One find^ after 
some algebra that Eq. (32) may be expanded to second 
order in a; as 

P.*(x) ~ (1 - 6) - ((1 - b)/,i]x + {[(1 - ft)/2r] 

- Id + b)/2l)x*.    (34) 

The maximum of this spectrum occurs at the frequency 

aw = {r-J - [(i + 6)/(l - &)],!}-i. (35) 

If h is nearly equal to unity, then the maximum is at 

aw = -[(1 -b)/2ir»J. (36) 

This equation is plotted as a dashed line in Fig. 5. The 
two line.- in the figure are in good agreement in the limit 
of weak saturation. 

In this section we have discussed focusing effects 
which are due to the gain and dispersion profiles which 
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xenon omphfier attenuators 

movable 
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amplifier 
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S chopper 
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Fig. 3.   Experimental setup. 

may be associated with a high gain laser transition. It 
was shown that the spot size of a waveguided beam is 
greater for frequencies belov, gain center than for fre- 
quencies greater than gain center. As a consequence 
of this focusing asymmetry, the power output maximum 
occurs at a frequency slightly below gain center. Ex- 
perimental verification of the theory is described in the 
next section. 

III.   Experiment 
The gain focusing and dispersion focusing have been 

observed experimentally using a high gain 3.51-/« xenon 
laser. In a discharge laser of this type the gain maxi- 
mum must be at the axis of the discharge with the gain 
falling to zero at the tube walls. This gain profile 
niakes the xenon laser appropriate for studying focusing 
Lll CClS. 

riI
TSie S^0t Size in a siniple f)lane Parallel resonator 

illed with an unsaturated high gain medium is given 
by Eq. (20).   For frequencies near line center Dawson's 
integral F(x) goes to zero and the spot size is simply 

v>ix) = (8XM/^,)». (37) 

Experimental investigations of this result have been 
reported previously.2 The purpose of this section is to 
consider experimentally the more subtle frequency 
asymmetry resulting from dispersion focusing. 

The apparatus is shown in Fig. 3. The dc discharge 
was about ö.ö mm in diameter imd 1.1 m in length. The 
right mirror was highly reflecting and could be trans- 
lated longitudinally by means of a motor drive. The 
cavity length was 1.29 m, so the emptv cavity mode 
spacing would be about c/2L = 116 MHz. Synchro- 
nous detection was used to improve the signal-to-noise 
ratio, and monoisotopic xenon was used to prevent un- 
necessary asymmetries in the output. The xenon 
pressure was maintained at about 5 /* by means of a 
liquid nitrogen trap.8 

A typical plot of the power output for decreasing 
cavity length (increasing frequency) is shown in Fig. 4. 
The laser was operated very near threshold and the 
peaks represent successive longitudinal modes. These 
peaks are to be compared to the theoretical curves 
shown in Fig. 2. In the experimental plot there is a dip 
in the output power on the high frequency side of the 
peak. This is the Lamb dip and it results from the 
interaction of the left and right traveling beams with 
atoms which have zero z-component of velocity. Thus 
the Lamb dip provides a convenient indication of the 
frequency x = 0. 

Comparison of the experimental and theoretical plots 
shows that the power maximum is shifted down in fre- 
quency by roughly the amount predicted by the dis- 
persion focusing theory.  Some data are shown in Fig. 5. 
The value of the gain as a function of discharge current 
was determined by introducing known losses into the 
cavity and reducing the current until threshold was 
reached.   The reflectivity of the output mirror was 4% 
and the value of b is given by Eq. (33).  For the analysis 
of the data it was necessary to take into account mode 
pulling, because with a dispersive medium of this sort 
the rate of change of the frequency with mirror position 
may be greatly reduced near line center.9   For a rigor- 
ous comparison of the experimental and theoretical 
results over the entire spect; im it would have been 
necessary to include the nonlinear mode pulling which 
occurs near the wings of the gain line.   The pressure 
was low enough in these experiments that collision ef- 
fects are believed to be completely unimportant.   The 
experiments indicate that the threshold Lamb dip in 
xenon has a width of about 6 ± I MHz and a depth 
somewhat greatev than the 10% enhanced Lamb dip 
reported previously.10 

A possible cause of asymmetry in the power measure- 
ments is the mass motijn of the emitting atoms.11 

Particularly in a low pressure dc discharge one might 
expect a drift of the ions toward the cathode compen- 
sated by a drift of neutral atoms toward the anode. In 
a high gain laser the Doppler shifts resulting from this 
mass motion would result in an asymmetry of the out- 
put power spectrum. However, the asymmetry for 
light emerging from one end of the . er would be ex- 
pected to be in the opposite direction to the asymmetry 
for light emerging from the other end.   To check this 
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Fig. 4.    Power output for decreasing cavity length with a dis- 
charge current of 18 mA. 

1.0    b 

Fig. 5.   Frequency of the power maximum vs the threshold 
parameter 6.   The solid line is a theoretical result obtained from 
Eq. (32) and the dashed line is a plot of Eq. (36).   The circles 

are experimental values. 

possibility a resonator was constructed having equally 
transmitting mirrors at the two ends. It was found 
that-the power spectrum was identical at the two ends 
of the laser, indicating that for the conditions of our 
experiments drift of the atoms is unimportant. The 
shift resulting from the known abundances of impurity 
isotopes is estimated to be small compared to the ob- 
served asymmetry. 

IV.   Conclusion 
The transverse modes of a laser containing a high 

gain medium may differ significantly from the modes of 
a similar low gain laser because of gain and dispersion 
focusing. The dispersion effects result in an asymmetry 
of the output power spectrum which could be important 
in any Lamb dip measurements in lasers with moder- 
ately high gain. Experiments with a high gain 3.51-M 
xenon laser have yielded results in agreement with the 
theory. While only plane parallel resonators have 
been considered here, the results may readily may be 
extended to more cor   Mcated laser configurations. 

This research was supported by the Advanced Re- 
search Projects Agency through the Army Research 
Office, and by the Air Force Office of Scientific Re- 
search. 
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Spectral Narrowing in High-Gain Lasers 

LPE W. CASPERSON AND AMNON YARIV, FELLOW, IEEE 

Abstract—Tht dependence of spectral narrowing in lasers on the 
line-broadening mechanism is investigated including the effects of 
saturation and distributed loss. It is found that in the unsaturated 
regime the narrowing is essentially independent of the resonance 
brosdening mechanism and the narrowed line approaches a Gaus- 
sian. The onset of saturation slows or reverses the narrowing 
process. Experimental results have been obtained using a 3.51-M 

xenon laser. 

I. INTRODUCTION 

IPECTRAL narrowing refers to the fact that under 
some circumstances radiation incident on a laser 
amplifier or generated within an amplifier will 

emerge with a spectrum which is narrower than the one it 
started with [1]. In high-gain lasers spectral narrowing 
may be substantial and can provide a highly stable and 
monochromatic light source. The applications of such 
optical frequency standards in metrology are well 
known [2]. Comparison of the input and output spectra 
of a laser amplifier might provide a sensitive indirect 
measurement of the amplifier gain. 

The purpose of this paper is to study in some detail 
the influence of an amplifying medium on a spectral 
continuum including the effects of saturation and dis- 
tributed loss. Emphasis is placed on the important prob- 
lem of superradiance, but narrowing in other amplifiers 
is also considered and limiting line widths are determined. 

The starting point for this investigation is a general 
expression for the incremental gain of a monochromatic 
signal in a laser amplifier. From the derivation of Gor- 
don et al [3] the intensity of radiation at the frequency 
ri in a Doppler broadened medium is described by 

Doppler broadening. The homogeneous and Doppler line 
widths are given respectively by Avh and Avo- The deriva- 
tion can be generalized in a straightforward fashion to 
the interaction with an optical continuum and the result is 

dz 
MM 

•/: 
cxp (-tV) 

"(1 + (y - y,)\i + * £ IM ^ 1 
dy   (2) 

where / (t/i) is the spectral density at the frequency yi. 
This result neglects any coherent interaction between 
the frequency components of the spectrum. However, it is 
found in practice that even with monochromatic fields 
coherence effects are usually unimportant [4] and the 
neglect of coherence makes possible a number of useful 
analytic solutions. Also, the extreme saturation that is 
necessary for coherence effects is generally found to im- 
pede the narrowing process, so that in any practical 
situation strong saturation would be avoided. 

II. UNSATUBATED AMPLIFIERS 

In an unsaturated amplifier the growth of an intensity 
continuum is governed by 

dl(yi,z) 
dz g{yi)iiyi, *) - «^(y«.2) + wivd-     & 

dz       T   J_. 
exp (-«V) 

t1+^ - ^i1+1+1- vA 
dy 

(1) 

where y(v) = 2{v — vo)/^vk is a normalized frequency, 
ik is a pumping constant, s is a saturation parameter, 
and the natural damping ratio « = (AVJAVD) Vln 2 
measures the relative importance of homogeneous and 
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The unsaturated incremental gain spectrum giyi) is, for 
simplicity, assumed to be independent of the distance z. 
The second term on the right side of (3) represents dis- 
tributed losses. The last term is the spontaneous "mis- 
sion, which has the same frequency dependence 0(2/1) 
as the incremental gain. This one-dimensional model is 
approximately valid in narrow bore amplifiers having 
a length much greater than the diameter. The coefficient 
1; is then proportional to the spontaneous emission rate 
and to a geometrical factor that depends on the ampli- 
fier dimensions. A more rigorous three-dimensional treat- 
ment would have to account for the spatial distribution 
of the emitting atoms [5], the strong focusing effects that 
are common in high-gain lasers [6], and reflections at 
the boundaries of the amplifying medium. Solving for 
an amplifier of length z yields 

7(2/,, 4 = /(?/,, 0) exp [(giy,) - ot)z\ 

+ wiyt) (exp [(0(2/,) - a)z] - 1).       (4) 
0(yi) - « 

Superradiance will be considered first. In a super- 
radiant sov.ree there is no input and if losses are negli- 
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gible (4) simplifies to 

I(y„ a) = ^(exp [giy^z] - 1). (5) 

Defining /(y,) as the fraction of the line center intensity 
at the frequency J/I yields 

Ky"z)- 7(0, 2)  ^   exp [Ä] - l" (6) 

Most lasers can be classed as either homogeneously or 
inhomogeneously broadened and only these cases will be 
considered here. 

For homogeneous broadening (t S> 1) and no satura- 
tion the gain from (2) is simply the lorentzian 

ff(j/l)hom   = 
1 

VT 11 + y. 
(7) 

The spectral width, defined as the separation between 
the two frequencies at which the spectral intensity is 
down to i its peak value, is obtained by combining (7) 
with (6) for / = i The result is 

A ^     I   kz I 
' Vir e In i(exp [kz/ ■/V«] + i) 

- 1. (8) 

For short distances (kz/ y/^t « 1) the line width given by 
(8) is just the homogeneous line width &vh. For long 
distances (fcz/Vre >> 1) (8) simplifies to 

I 

kz Ar, yam) S(0)b„m2 
(9) 

Thus the narrowing effect becomes important when the 
product gWbam z becomes comparable to unity. The ap- 
proximate result given by (9) becomes valid after the 
width is narrowed to about one half of its initial value. 

For an unsaturated inhomogeneously broadened am- 
plifier (t « 1) and for radiation not too far in the wings 
of the line (j/i <SC 1/2 e2) the gain from (2) is the Gaus- 
sian 

g(Ui)i*bom =■ k exp (- Sy,2). (10) 

Combining this with (6) for / = ^ yields 

A*,. = AvDyj— 
kz - In In ^[exp(A-z) + 1] 

In 2 (11) 

For short distance {kz ^ I) the width of the emission 
is equal to the Doppler width A^. For long distances 
(kz » 1) one finds 

Av,«hon — Af/, —7=- 
Vkz 

AVD 

Vg'iOh nhom* 
(12) 

These results suggest that the narrowing proceeds in 
about the same fashion independent of the line broad- 
ening mechanisms. To verify this conclusion, one may 
consider a completely general incremental gain function 
giyi) with a maximum at the frequency yo = 0. Assum- 
ing that giyi)  is differcntiable in the neighborhood of 

zero, it may be expanded as 

g(yi) " g<,- gtVt* + Mt* + 9*y* + •■■        (13) 
where go and (72 are positive. The spectrum of the super- 
radiance is given by (6) as 

f(Vt) 

- exP Kg" - gsji1 + gsj* + ■••)z] - 1 
exp [goz] - 1 

.xpMexp[-(gJ] exp [(^)3] exp (( )<] • ■ • - 1 

(14) 

exp 

exp lgnz] - 1 

where AB = {zg„)-1/n. 
At large distances  {goz »  1)  the zero-order terms 

cancel/leaving 

Kvd =* exp [-{$] exp [(^)3] exp [( )*] • • •• .   (15) 

Also, at very large distances one finds that An « AB., 
so that the Gaussian factor is much narrower than the 
others. Consequently, all of the factors but the first may 
be replaced with their value at line center. Therefore, 

/d/,) ~ exp [-(£)*] ■ Vg 
= •       (16) 

This is in agreement with the previous results for homo- 
geneous and inhomogencous broadening as may be veri- 
fied by expanding g(^I) of (7) and (10) in power series 
in i/i to obtain g?. More generally if the incremental gain 
has several maxima, the emission will eventually resolve 
itself into narrowing Gaussian lines centered on the gain 
maxima. This resolving effect has been observed by 
Parks et al. [7]. 

So far only superradiance has been considered. If an 
amplifier has an input I{y,, 0) and negligible spontane- 
ous emission, (6) for the output light spectrum is re- 
placed by 

P(u   ,) = ÜILLPI exp [g(y,)e} 
KV"Z>      7(0,0)  exp[0(O)*J (17) 

At large distances this becomes 

f(yi,z) Ä-j^f" exp ^--[-(£)'] 7(0, 0) A, = ~^. (18) 
Vg2z 

If the input is reasonably smooth the output spectrum 
is simply 

7X^)^exp[-(-£)2]. (19) 

If the input is a narrow Gaussian of width Aln, the out- 
put will be a Gaussian of width A™, such that 

The concept of gain narrowing is sometimes useful 
instead of spectral narrowing. The two are obviously 
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closely related. If one a—miic^ that the input spectrum 
in 117) is white, ilien the infonsity factors cancel and 
Fdji) is a general expression for the gain spectrum of 
an amplifier normalized to unity on line center. Expres- 
sions for the gain line width, for example, are then oh- 
tained by setting /■' equal to one half and solving (17) 
for i/n/s- For an inhomogeneousiy broadened amplifier 
the result» may be made to conform with those of 
Hotz [8]. 

In summary, one may conch..le that in an unsaturatod 
amplifier the width of the amplified spectrum decreases 
with distance. The shape of the spectrum approaches 
a Gaussian as the effective part of the gain approaches 
a quadratic. As an example, in a helium-xenon discharge 
the gain may be 400 dB/m [5| or nearly k = 100 so that 
the spectrum of a superradiant source 1 m long would 
be narrowed according to (12) by a factor of ten pro- 
vided saturation did not occur. The Doppler width of 
xenon at room temperature is about Ai/j = 100 MHz, 
so the narrowed radiation would have a width of about 
10 MHz. Since the frequency of the 3,51-/i transition 
is about 10' MHz, the light would be monochromatic to 
a part in .107. Collimation in a long high-gain gas laser 
is taken care of by the gain profile of the medium it- 
self [6] and there should not be much difliculty in con- 
structing a gas discharge amplifier of arbitrary length. 
However, care is necessary to prevent saturation as will 
be shown in the next section. 

III. SATURATION EFFECTS 

The intensity of amplified spontaneous emission can 
easily reach the saturation level. When this happens the 
behavior of the spectrum becomes considerably more 
complicated and for a completely general treatment 
computer solutions are required. We present here ana- 
lytic solutions for certain important limiting situations 
and also some general computer results. 

For a homogeneously broadened amplifier all of the 
factors but the Gaussian may be removed from the 
integral in (2). The result of the integration is 

dlQj,) =    Mjy,) 1 

where 

h(z) = 1 + s r I 
i-„ 1 + y? 

(21) 

(22) 

and distributed losses are ignored. Thus the gain profile 
remains Lorontzian even with saturation, although its 
amplitude decreases. The quadratic term in the frequency 
expansion of the gain decreases in magnitude and hence 
a narrow Gaussian beam will continue to narrow, but 
at a reduced rate as saturation becomes important. Solv- 
ing as before yields for large distances 

totom = AvKyj v^ 6 In 2 / A; j 
Hz) 

(23) 
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To proceed, expressions for h{z) must be obtained. 
For an intensity spectrum that is narrow compared 

to AiA (22) becomes 

h(z) ~ 1 + s f /(J/O dyn 1+s/, (24) 

where It is the total intensity. Such a spectrum would 
be obtained, for example, at large distances ((7(0)hom* 
^> 1) in a superradiant amplifier. To evaluate ^(2), 
it is first necessary to find expressions for /(. In this ap- 
proximation (21) may be integrated over frequency 
yielding 

dz 
kl, 

V* «(1   +  S/,) 
(25) 

Thus in an unsaturated amplifier the intensity grows 
according to 

A = /io exp [fe/ Vir e] (26) 

while in a highly saturated amplifier the intensity is 
governed by 

/,  = /.o + 
kz 

VTT es 
(27) 

The intensity in the saturated amplifier eventually 
reaches the point at which the loss terra — alt, which 
was neglected initially, is comparable to the saturated 
gain term. If losses are included, the intensity is gov- 
erned by 

dlt kl, 
al, = 0, 

<& "  Vff e(l -f slt) 

which for sit 2> 1 has the steady-state solution 

/f = _A_. 
VV (as 

These results may be collected as 

(28) 

(29) 

/. = 

/'0 cxp [TTJ 

7.0 + 
kz 

ts 

iv; «as 

lossless 
unsaturated 
regime 

lossless 
saturated 
regime 

loss-limited 
saturated regime. (30) 

They are similar to Rigrod's solutions [9] for monochro- 
matic radiation at gain center. 

Using (24) and (30), (23) may be written for large 
distances as 

// 
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lossless 
unsaturated 
regime • 

83 

Aiv 
Ayk 

^'"2 

/   ln2 

Jin    ,- 
V, 

V 
In 2 
az 

lossless 
saturated 
regime 

loss-limited 
saturated regime. (31) 

These results are valid provided that the spectrum is 
much narrower than the homogeneous line width before 
saturation sets in. As the gain is pulled down by satura- 
tion, the narrowing rate is slowed. When losses become 
important, the gain curve is clamped and the narrowing 
speeds up again. In a homogeneously broadened amplifier 
neither saturation nor losses stop the narrowing process. 
In Fig. 1 are some numerical solutions for the line width 
of the emission from a homogeneously broadened super- 
radiant laser amplifier as a function of the normalized 
distance Z1.om = fcz/Cv^« In 2). For simplicity losses 
are assumed to be negligible. The parameter in these 
plots is the product S = srj. 

For an inhomogeneously broadened amplifier (e « 1) 
it will be assumed that the intensity is nearly uniform 
over a natural line width. Then the intensity spectrum 
may be removed from the denominator integral in (2) 
and the result simplifies to 

1    dljy.) 
Ky,)    dz 

k exp (-tW) (32) 

%,.«)-i 

The spectral density .T(j/() is found in the various regions 
from (32) in a mannei essentially identical to the homo- 
geneous case. The results are 

lossless 
/(y,, 0) exp [kz exp [-ey,*]] unsaturated 

regime 

lossless 
saturated 
regime 

loss-limited 
saturated 
regime 

(33) 

and consequently the spectral width for large distances is 

lossless 
unsaturated 
regime 

lossless 
saturated 
regime 

loss-limited 
saturated regime. 

/U/.,0) + -*exp[-cV] 

— exp  -«2/i I 
TOS 

AVD 

Vkz 

Fig. 1.   Superradiant narrowing in a homogeneously broadened 
amplifier for various values of 8 = sij. 

Fig. 2.   Superradiant narrowing in a Doppler broadened amplifier 
for various values of 8 = SIJ. 

It is evident that the effects of saturation on narrow- 
ing in an inhomogeneously broadened amplifier are sig- 
nificantly different from the effects in a homogeneously 
broadened amplifier. In the inhomogencous case the onset 
of saturation reverses the narrowing process and restores 
the radiation to its Doppler line shape. This occurs be- 
cause the center of the line saturates first, while the wings 
continue to grow exponentially. This analysis is valid 
provided that the intensity spectrum remains broad com- 
pared to the homogeneous line width. If the spectrum be- 
comes narrow compared to AiÄ, the rebroadening would 
be expected to occur more slowly. Some numerical re- 
sults for superradiant narrowing in an inhomogeneously 
broadened laser are shown in Fig. 2. 

The minimum line width for a simple inhomogencous 
superradiant source may be readily calculated. From 
(32) it is evident that saturation becomes important 
when livo) = 1/TS. Then, using (5), one finds that 
saturation occurs at a distance zMt given approximately 

by 

... = kz.,t = In (l + ^) 0(0)*. 

~ — Inirsij. (35) 

Use of this expression in (12) yields the minimum line 
width 

(34) 
Ai-i, 

Avp 

V- In IT ST) 

(30) 
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.Thus, if, for example, , ^ 5 X Kh» W/m1 and s ^ 6 X 
10-' m2/\V in a xenon laser, then the Doppler line can be 
narrowed by at most a factor of about 5.5 before satura- 
tion becomes important at a distance (for k ~ 15) of 
about 2.0 m. These values for v anc, s are judged to be rea- 
sonably valid for a simple xenon laser used in some of oai 
experiments based on the data of Clark [10J. This nar- 
rowing is not too impressive, and decreasing v by orders 
of magnitude does not help much, since the dependence 
on v involves a logarithm and a square root. 

A possible scheme for reducing the ultimate line width 
is to place attenuators between sections of the amplifying 
medium [11]. These would cut down the intensity to 
prevent saturation without affecting the narrowing proc- 
ess. Even in such a system, however, the spectral line 
width could never approach zero because there is always 
broadband background noise being added to the beam 
by spontaneous emission. The result of the background 
is that the spectrum must eventually approach a narrow 
limiting line shape. 

The narrowest possible line would be obtained in a 
long amplifier with distributed losses whish are just suf- 
ficient to keep the line center intensity somewhat below 
the saturation intensity l/^s. To get an estimate of this 
limiting line shape one can write (3) for steady state 
with 7(y0) = l/^g 

0 = «2-   « + 
rs     re '  Wo- (37) 

Thus, the appropriate value for the loss constant « is 

« m 0o(l + irsr,). (38) 

Using this result, (3) away from line center can be 
written at steady state as 

0 = gWfa) - g0{\ + r«,)/^,) + ^(j,,)       (39) 

with the solution 

&>(1 + KST)) - g(yl) 
1 + TSr] _ eM (40) 

Oo 

Keeping the second-order term in the power-series ex- 
pansion of giy,) leads finally to the intensity spectrum 

/(y.) - l/*s 
1 + (ffi/rsri9o)yt' (41) 

Therefore, the narrowest possible line is a Lorentzian of 
width 

^min   =   AVk-J1- 
92 

(42) 

If the gain profile is the Gaussian given by (10) then 
92 - got' and the line width is simply 

^ = ^ v*sv = >„ ^ (43) 

% 
?EEE JOUBNAL OP QUANTUM ELECTRONICS, FEBBUAFT 1972' 

Using the approximate numbers given previously for s 
and ,, one finds that the Doppler line would be nar- 
rowed by a factor of about 4 x lO"7. A Doppler width 
of AFD sa 10« Hz could yield an intensity spectrum of 
about 40-Hz width. If the osc.llation frequency were 
about 10" Hr as in xenon, the output could be used as 
an absolute frequency standard with a stability of about 
four parts in 10". Similar calculations can be carried out 
for the limiting line shape in a laser incorporating dis- 
crete rather than continuous losses. 

The preceding discussion suggests that superradiant 
lasers could be useful as extremely stable frequency 
standards. Some practical limitations on such a system 
should be emphasized. The intensity only approaches its 
limiting form at a rate given by (12). Thus, to obtain a 
line width of 40 Hz for a gain constant of fc ~ 100 m- 
the overall length of the laser would have to be greater 
than 10» m. However, higher gain media are available 
and for some applications superradiant lasers should be 
useful as absolute frequency standards. 

IV. EXPERIMENT 

We describe here an experiment that has been per- 
formed m an effort to verify some of the conclusions of 
the previous sections regarding spectral nar-owing The 
apparatus used for this study consisted of a dc xenon 
discharge having an active region of 5.5 mm diameter 
and^.l-m length. The xenon pressure was maintained 
« about 5 ? by means of a liquid nitrogen trap [121. 
The laser was operated as a single mirror superradiant 
source. 

To measure the width of the chopped superradiant 
output, we allowed it to impinge on an InAs junction 
detector The resulting current was then fed into a con- 
ventional RF spectrum analyzer followed by a lock-in 
amplifier. It can be shown that under these conditions a 
Gaussian optical intensity spectrum !{() will -ive rise 
to a low frequency spectrum [ 13]. 

»W « l  /(Ö/(| + ,) <%, (44) 

which is also Gaussian and whose width is larger by v5 
than that of 7(f). J 

of VyPiCal^eCtrUm " Sh0Wn in Fig- 3 for a «urrent 
f.!, ,o -Th!lCUITent responds to a gain of about 
Tn^ m.u The

J
sPectrum ^ approximately Gaussian 

in shape with a width of about 20 MHz. Therefore, the 
width of the original intensity spectrum is about 14 MHz 

The double-pass length of the laser amplifying medium 
is 2.2 m Using (12), the intensity spectrum should be 
nanowedfrom the Doppler width by the factor Vkz = 

,™(Sg-2) : 5-14- " the D0PPler ™dtI> ^re A.. . 
,Q^m'    ueVhe intenSity 8peCtlBl ^dth should be 
iy.5 MHz which is in satisfactory agreement with the 

could be due to a small amount of nonrcsonant feedback 
scattered back into the laser. Care was also necessary to 
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L 
FIR. :?.    Superradiant output spectrum for nn RO-niA 

discharge current with S-MIIz/div dispersion. 

0.4 

Fig. 4.   Spectral width versus k~m. 

prevent resonant feedback, which could result, for ex- 
ample, from reflections off the detector. Resonant feed- 
back led to longitudinal modes, which could be detected 
as periodic intensity fluctuations as the single mirror was 
scanned longitudinally. 

Some experimental data are collected in Fig. 4. Accord- 
ing to (12) the superradiant line width should be in- 
versely proportional to the square root of the gain con- 
stant, which is in satisfactory agreement with the data. 
Line width data have not been obtained for lower values 
of gain because of the limited sensitivity of our detection 
system. At higher levels of gain the laser amplifier in- 
evitably began to oscillate so that again meaningful data 
could not be obtained. These are only preliminary results 
and more refined experiments are in progress. 

V. CONCLUSION 

It has been shown in this paper that a gain profile 
which is quadratic in frequency near its maximum can 
support a narrowing Gaussian radiation spectrum. The 
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spectral width viiries inversely as the square root of dis- 
tance at long distances. In a hoiuogeneously broadened 
amplifier saturation slows tiic narrowing process, while 
in an inhomogencously broadened amplifier saturation 
restores the line to its original inhoraogeneous line ühape. 
Narrowed amplifiers are useful in spectroscopy, gain 
measurements, and anywhere a stable absolute frequency 
standard is needed. 

Analogous results are obtained for laser oscillators if 
the coordinate z is replaced by the time coordinate ci/«o- 
One finds that the spectrum of an abruptly started laser 
oscillator should be a narrowing Gaussian that ap- 
proaches ultimately a narrow limiting Lcrentzian line 
because of spontaneous emission. The nairowing in this 
case results from the Fabry-Perot transmission reso- 
nances of the oscillator. Nonrcsonant os^'Ilators operated 
near threshold may also be useful as freq. ency standards. 
Nonrj»sonance can be obtained by making tha cavity long 
so that the modes are closely spaced or by replacing one 
of the cavity mirrors with a scatterer [14]. 
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The nonlinear coefficients of RDP  RDA   anri I nn   h-,,,, i. 

We wish to report the measurement of the non- 
linear coefficients of RbH2P04(RDP), RbH2As04 
(RDA) and LilOa relative to dze of KH2P04(KDP) 
|1|T.  Previous measurements f2| of f/36 of RDP 
and RDA used pulsed laser sources and thus are 
subject to a higher degree of uncertainty than 
measurements employing cw sources.  The non- 
linear coefficient of LilOs has previously been 
measured to good accuracy [3| and was included 
in our measurements as a check on the accuracy 
of the experimental technique. 

Our experimental setup employed a cw ruby 
as the fundamental light source,  A schematic of 
the experimental arrangement is shown in fig. 1. 
The laser is similar to that described by Evtuhov 
and Neeland [4| and operated at an output power 
level of 100-200 mW.  The output power was con- 
tinuously monitored and an iris inside the cavity 
assured TEM00 operation.  The second harmonic 
power at 3472 A was detected using a vacuum 
photodiode and standard lock-in amplifier tech- 
niques. 

Because of Lfie rapidly diverging output of our 
laserft and in order to achieve easily observable 
UV outputs, it was convenient to focus tightly 
into the nonlinear crystals.  Two different focal 

• This work is supported in part by a grant from the 
General Dynamics Corporation and by the Advanced 
Research Projects Agency through the Army Re- 
search Office - Durham. 

** Fannie and -lohn Hertz Doctoral Fellow 
t rf-jüfKDP)     (l.o ± o.4) ■ 10-9 csu. 

tt The output confocal parameter of the laser was 
measured [5j to be b     2.S cm where b - 2rü)?/Aand 
0Q is the minimum gaussian beam radius. 

LASER       BS     f,     BS       PI ML P2      f,       F       C 

THERMOPILE I 

CRYSTAL 

DrrTl LOCK-IN 
AMP 

•JUD 

LOCK-IN 
AMP 

^  

Fig. 1. Experimental arrangement for measuring rela- 
tive second-harmonic powers and focused beam pro- 
files. Laser: iu ruby: BS: brain splitter: i]: focusing 
lens: \-,: collecting lens: PI and 1>2: crossed polarizers' 
F: red-cut. L'V-pnss niters; C: chopper; S: 75 p slit; 
Dl: phototube with S-4 surface: D2: phototube with S-l 

surface. 

length lenses were used and the transverse pro- 
file of the focused beam scanned with detector- 
slit combination to obtain the confocal parameter 
in alrt  The measured confocal parameters were 
then used with the measured relative UV powers 
and the focused-bcam theory of Boyd and Klein- 
man (6| to obtain the nonlinear coefficients rela- 
tive to r/36(KDP). 

For KDP, RDP and RDA, all losses are as- 
sumed to be negligible at both 6943 A and 3472 A 
The loss at 6943 A in LilOa is also neglected 
but the crystal used in our measurements dot's 
have a finite absorption at 3472 A. On the basis 
of measurements on a number of crystals (71   we 
have used a * 2 cm-1 for the extraordinary second- 
harmonic wave in our LiI03 crystal. 

| The confocal parameter of a propagating gaussian 
beam can be determined by measuring- the spot 
radius at tv o points along the direction of propaga- 
tion and applying the formulas of Pearson et al  [5J 
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Table 1 
Experimental values and relative nonlinear coefficients 

'rystal 

Phase 
matching 

angle 
Crystal 

length (•.•tn) d 

rf/rf36(KDP) 

prevlo'is |ref.J            new value 

Kl)l' 51° 2,5 dS6 1.0                                        1.0 
HDP 67° 1.8 dan 1.04 '. 0.15 [2]                 0.92 t 0.1 
HDA 90° 1.9 '/:iü 0.04 i 0.15 |2]                 1.04 i 0.1 
UK)., 02° 0.4 du U t 1.5    [3J               11.2   ± 1.2 

The results of our measurements are shown 
in table 1 along with previously reported values 
for the relative nonlinear coefficients.  The 
values of d d36(KDP) for RDP and LilOß agree 
with previous measurements to within the experi- 
mental error, but the value for RDA is 70°; larger. 
All crystals were angle-tuned except RDA which 
was temperature-tuned.   For our RDA crystal, 
manufactured by Quantum Technology, phase- 
matching at 90° to the optic axis occurred at a 
crystal temperature of 97.40C and the second- 
harmonic versus temperature scan had a full- 
width at half-maximum  if approximately 1.80C. 

The authors would like to express their in- 
debtedness to Dr. Viktor Evtuhov for the loan of 

the KDP,  RDP, and LiJOs crystals and for his 
b'jipful comments and suggestions. 
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Phase-matchable nonlinear optical interactions in periodic thin films1 
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A proposal for a new method of phase matching in nonlinear optical interactions is made. A 
periodic perturbation of the surface of a thin-film wavcRuide generates space harmonics 
with new propagation constants which can be phase matched. An analysis of this proposal 
shows it to be particularly interesting for a .-lass of thin-film nonlinear devices using the 
cubic optically isotropic semiconductors (such as GaAs, GaP, etc.) which possess high non- 
linear optical coefficients but are not phase matchable by the conventional birefringent 
techniques 

Optically isotropic materials have, to date, not been 
used in nonlinear optical applications because the con- 
ventional technique of birefringent phase matching can- 
not be applied. This has, so far, precluded the use of 
many highly norMnear materials, such ?.s GaAs, from 
practical utilization in second-harmonic generation, 
parametric oscillation, and frequency upconversion. 

One approach to phase matching in optically isotropic 
materials involves the use of dimensional dispersion in 
thin-film waveguides.1 Another suggestion2'3 utilizes 
periodically laminated structures. The realization of 
this last approach involves a fractional wavelength con- 
trol of the lamination period and has not yet oeen 
demonstrated. 

As an outgrowth of our experiments on light guiding in 
epitaxial GaAs thin films,4 we have considered a new 
spatial modulation approach to phase matching, which 
involves a periodic corrugation of one (or more) of the 
boundaries of the thK.-film waveguide, as shown in 
Fig. 1. 

A more careful investigation of this idea leads to the 
conclusion that the expected magnitude of the effect, 
using presently available materials and techniques, is 
such as to encourage serious efforts to implement it. 
The main results of the analysis are presented in what 
follows. 

Consider a single propagating mode, say w, in a thin 
(uncorrugated) waveguide with a principal transverse 
field component, 

El(x,z,t) = C''mexg,[i^t-ßaz)]ea„(x), (D 

in the presence of a sinusoidal boundary perturbation 
whose period A is large enough so as not to couple into 
the continuum ("leaky") modes5; the wave has the Flo- 
quet form 

El(X,z,t) = Cm{z) exp[<M - ^)]^W 
m 

= exp[j{a»/ - ^)kSWjiAl exPf- »«(Zir/AH 

(2) 
where Cm(z) is periodic in A. The mode consists of an 
infinite number of space harmonics, each with its phase 
constant 

ß*n = ß*+n2ii/K,    M = ±1,2,... . (3) 

Phase-matched interactions are thus no longer limited 
to the principal value of ß but can involve the space 
harmonics. As an example, second-harmonic genera- 
tion can be achieved by matching the fundamental (M = 0) 

space harmonic at CJ to the first (n = ±1) space harmonic 
at 2 w, so that 

^U=2^±(27r/A). (4) 

The penalty for using the space harmonics is that the 
conversion efficiency is reduced relative to the phase- 
matched interaction in the bulk by a factor which in the 
example just quoted is approximately equal to 
\A\^ I2. A meaningful evaluation of the feasibility of 
phase matching by periodic surface perturbation pre- 
requires a solution for the amplitudes of the space 
harmonics Amn. 

A solution of Maxwell's equations for a TE mode, to be 
described elsewhere, gives 

32CM 

3z2 -Wm^-^-Wmf  \sJx)\2*nHx,z)dx,    (5) 

Where An2{*,z) is the deviation, due to surface corruga- 
tion, of the actual index (squared) of refraction from 
that of a planar boundary film. ka = 2i!f\ and bm{x) is 
normalized according to /." I <?m(.r)12 dx = 1. When a, the 
corrugation amplitude, is small compared to the thick- 
ness /, we can replace <?n(Ar) in Eq. (5) by <?m(0), and 
assuming 32Cm/a22«ßm3Cm/3z, we obtain 

C^) = Cm(0)exp p *n(0)l "MJ ■DflA 
47rfl KxH! 

(6) 

The corrugation thus causes a (spatial) phase modulation 
of the mode, so that, using Eq. (2) and a Bessel-func- 

"2 film 

x» -I- 

substrate 

FIG.  1. Model of a thin-film waveguide with a periodic 
perturbation of one interface. 
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tion expansion of Eq. (6), we get the following solution 
for the mode: 

£B(x,2,0 = CM(0)exp[iM- <i>)l«fSW 

X jC iiyjjMj exp{- J^S - n(2i7/A)H 

■P"    ~   {nu)2n2u \ej      Wt ' 
(13) 

where 

M": 
fegl^(0)l2("J-l)aA 

(8) 

Equation (7) gives explicitly the relative amplitudes of 
the space harmonics generated by the surface corruga- 
tion. This result can now be used in analyzing nonlinear 
interactions in a thin film. To be specific we consider 
an example of second-harmonic generation in which both 
the injut (w) and output (2w) are in the same, say m=0, 
wavegjide mode. We thus have 

ES{x,z,t) = LAnexp[i(wt-ß'Z)z]e%{x), 

El»(x,*,t)=LBnexp[U2ut-PJ?U]sluix), 
(9) 

where ß%r=ßg~n2ir/A, andA„ and Bm are defined by Eq. 
(7). The second-harmonic polarization generated by 
gQ{x,z,t) is taken as 

tr"'{x,z,t) = dETiAnA,exp{i[2ut - {ß» + ß?U]}[eZ{x)Y, 

(10) 

where d is the appropriate bulk nonlinear tensor ele- 
ment. The rate of growth of the average power in the 
second-harmonic mode is 

dz 

= Wwd ImfcBE >\nM*Bm exp[i(9^ + ^ - iS^z ] 

x r[e0{x)Ui"{x)dx),. (11) 

where W is the waveguide width in the y direction. 
Equation (11) shows immediately that a phase-matched 
interaction is due to triplets (n,l,m) or space harmonics 
for which the exponent in Eq. (11) vanishes, or, using 
Eq. (3), a phase-matched interaction occurs when 

2^ _ ßj- + (w + / _ m){2fi/A) = 0. (12) 

Phase matching in first order occurs if we choose the 
period A so that 2|3£ - 0|u±2Tr/A =0. The synchronous 
contributions, in this case, arise from the triplets 
(0,0,1), (0,-1,0), and (-1,0,0). A simple manipula- 
tion of Eq. (11) in which all non-phase-matched contri- 
butions are ignored, in which ß is assumed to be equal 
to the bulk propagation vector, and where the energy 
is assumed to be confined mostly within the height / of 
the guide gives 

in the nondepleted pump approximation. This result is 
of a form identical to the bulk interaction6 except that 
here the effective nonlinear coefficient is 

The approximate equality is used since the exact nu- 
merical coefficient, which is of the order of magnitude 
of unity, involves the transverse overlap integral and 
the relative magnitude and sign of the three first-order 
contributions. It will be included in a more complete 
forthcoming paper. 

The conversion efficiency from w to 2w is seen to be 
proportional to the modo power density Pu/\Vt. Since W 
and / can be made comparable to X, this power density 
can become very large even for small power input. The 
penalty for using surface corrugation is a reduction of 
the effective nonlinear coefficient by the factor ~J1(.V/£). 
Using Eq. (8) in the case of a GaAs epitaxial film with 
t = 6 M, «2 = 3.5, and «2-«3=0.2, for a fundamental 
wave ^t \, = 10.6 M we find that first-order phase 
matching requires a corrugation with a period of A = 107 
ß and that, for a = 0.5 ß, d.,,^doiA»- " is interesting 
to note that, even allowing for the 25x reduction of 
the effective nonlinearity, using dG2As=< 1.2X10-21 MKS, 
the effective coefficient is comparable to that of LiNbOj, 
one of the best phase-matchable materials presently 
used. 

Note added in proof: Nonlinear interactions involving a 
spatial periodic modulation of the nonlinear coefficient 
d rather than the modulation of the height are also pos- 
sible and will be discussed separately. 

Experimental techniques for fabricating surface cor- 
rugations in GaAs with periods as small as 0.28 ß have 
been developed in cooperation with Dr. H. Garvin of 
the Hughes Research Laboratories. The availability of 
such techniques plus the fast evolving technology of 
GaAlAs epitaxy should make possible the development 
of tunable optical parametric oscillctors, "nconverters, 
and second-harmonic generators using th'n films. 
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Enhancement of self-focusing threshold in sapphire with elliptical beams* 
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The Dower threshold «or optically induced bulk damage in sapphire is a sensitive function of 
[he enjticlty of the incident beam shape. Experimental results are consistent with a simple 
self-focusing theory. 

We wish to report observations of the strong influence 
of departures from circularity of an optical beam on the 
power threshold for optically induced bulk damage in 
sapphire. This threshold, which id known to arise from 
th« formation of a catastrophic self-focus in the medi- 
um,1 is found to increase appreciably when the beam 
cross section is distorted from a circle to an ellipse, 
and when vertical and horizontal confocal parameters 
differ (leading to ellipsoidal phase fronts). These ob- 
servations are consistent with the theoretical predic- 
tions of Vorob'yev2 and Shvartsburg,3 which are extend- 
ed slightly here to apply to our experiment. 

Our experiments were performed using the output of a 
single-mode Q-switched ruby laser and amplifier fo- 
cused inside sapphire samples with different lenses. 
The laser and associated monitoring apparatus are de- 
scribed in detail elsewhere.4 The far-field beam pro- 
file was measured to be Gaussian down to S% of the 
peak, using a modified multiple-lens camera technique. 
Typical pulse lengths are 20 nsec. The sapphire sam- 
ples are typically 3-in. -long by i-in. -square bars. 

Damage threshold powers for circular beams of differ- 
ent sizes are shown in Table I and compared with re- 
sults for elliptical beams. The first three entries in 
Table I show the increased threshold power with beam 
size indicating the influence of electrostriction.1 The 
dimensions listed in Table I are those at the beam 
waist, near which the self-focus first forms at thresh- 
old for circular beams. The remaining entries in Table 
I show the effect of noncircular beam shapes. The fourth 
entry gives the threshold power for an elliptical beam 
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whose short dimension is the same as the first entry, 
whose long dimension is the same as the third entry, 
and whose area is the same as the second entry. We see 
that the threshold power is appreciably higher for the 
elliptical beam compared with any of the circular 
beams. The last two entries in Table 1 show data for 
more elongated elliptical beams where we were unable 
to reach threshold at the maximum power available from 
our system. 

Each power threshold in Table I was determined from a 
series of eight laser shots of differing peak powers. 
When damage occurred, the damaged region was found 
to possess a circular rather than an elliptical cross 
section. In fact, the appearance of the damage tracks 
formed above threshold was indistinguishable from 
those caused by circular beams. The tracks themselves 
were confined to the region between the two line foci of 
our astigmatic optical system, but there is no evidence 
that they would not extend beyond the upstream focus at 
higher powers. 

To correlate these observations with theory, we have 
found it necessary to resort to the "paraxial-ray-con- 
stant-shape" analysis of self-focusing outlined in Ref. 5. 
More accurate numerical solutions of the nonlinear 
wave equation, such as those employed in Ref. 1, are 
extremely difficult to obtain in this case, because the 
noncircular beam shape requires an additional degree 
of freedom in the computer code. Nevertheless, the ap- 
proximate analysis has had some qualitative success,6 

and leads to simple expressions. 



TABLE 1. Comparison of darnjuc threshold powers for circular and elliptical beams of different sizes. 

Type of beam Radius1 itim) 

Circular beams 14 
(dimensions at low- v      37 
Intensity waist) 100 

Elliptical beams (dimen- 14 xlOO 
sions at upstream uw- 14 xi200 
Intensity waist) 7X1200 

6.3xio2 

44X102 

308 xio2 

44X102 
535X10J 

270 xio2 

•The beam radius Is defined as the l/e radius for the intensity. 
•This is the distance between the two line foci u ee M. Born 
and E. Wolf, Principles of Optics, 3rd Ed.  iPe -gamon, 

Area (/inv) Damage threshold power 
(MW) 

Astigmatic focal length11 

in medium (cm) 

0.51± 0.04 
0. 74± 0.07 
1.23± 0.10 

6.0± 0.50 
>17e 

>17e 

2.99 

London, 1965), p. 171). 
cUnable to reach threshold at this power. 

Assuming an optical field of the form 

E = iE0 exp(iV) expiUkz - w<)] + c. c., 

E0 = Em{z)exp[~ |(^/fl« +y/ft»)], 

we find by the method of Ref. 5 the following equations 
for the horizontal and vertical beam parameters a and 
b: 

= 0 occurs only if P/Pl exceeds 

k? 

k2 

dla 
dz2 

2 
a3 

n 
(tb 

*11-1   JL 
dz2 ~ b3 ~ ab2 

(1) 

(2) 

Here ri = P/Pl, where P is the total power and P^K'C/ 

tejk2 in Gaussian units. The first terms on the right- 
hand sides of Eqs. (1) and (2) represent the effect of 
diffraction, while the second terms arise from the non- 
linear contribution Kj^ to the dielectric constant, n is 
the linear refractive index. Vorob'yev,2 who derived 
Eqs. (1) and (2) in a different way, has shown that they 
imply 

l^+W-o. (3) 

which can be integrated to give 

*V + b2) = [feV0 + bl) + (2/a0b0) in, - 7,)12
2 

+ 2k2(a0äQ + b0bB)z+kHal+bl). (4) 

Here a0 and b0 are the axes of the ellipse formed by the 
e'1 points of the transverse intensity profile at 2 = 0, 
and r)c-a0/2b0+b0/2a0. The initial rates of change ä0 

and b0 are simply related to the principal radii of curva- 
ture /ia and Rb of the phase fronts at 2 =0: 

Using Eq. (4), the reader may easily find that the on- 
axis intensity, which is inversely proportional to 2ab 
So2 +ft2, becomes infinite at the point 

zf.=ka0b0W\-l)-i/2, (5) 

for plane incident phase fronts and ?) > TJC . It is therefore 
clear that the critical power for self-focusing is 

Pc=vA  (/e4=Ä»=«), (6) 

which equals P1 for circular beams. For finite values of 
Ra and flM a real solution for z of the condition w2 + ö2 

'J«=nc + 
jkaobj' 

4^ 
(± . JLV 

For P = T]ccI-l, the self-focus occurs at z = zQ, where 

-(^ + b2)/z0 = al/Ra + K/R.. 

For higher powers the self-focus will be found at 

^-i + fVKMto- TJAJc Ü72 

(7) 

(8) 

(9) 

For the fourth entry in Table I, the beam parameters 
are a0 = 0.179 mm, ö0=0.232 mm, ü0 = 4.05 cm, and 
Äs=7.04cm. The measured power threshold for the 
onset of bulk damage was from five to twelve limes 
higher thnn that for circular beams of comparable di- 
mensions, ana ihe damage first appeared at 2=5.8 cm 
from the entrance face.  ^ ;suming that the damage 
should first appear when a catastrophic self-focus forms 
at P = \CP1, we expect from Eqs. (7) and (8) that the 
threshold power should be increased by r}cc = 12.7 and 
that the damage at threshold should appear at 20 = 5.51 
cm. Thf latter figure agrees well with the measured 
value, and the change in critical power is certainly of 
the right order. Unfortunately, our knowledge of the 
influence of the transient electrostrictive contribution 
to ea is too poor to allow us to know which of the first 
three entries in Table I we should choose as Pl. The 
first entry (P, =0.51 MW) gives excellent agreement 
with theory, but the electrostrictive response for an 
ellipticjtl beam can hardly be as large as that for a 
circular beam whose diameter equals the small radius 
of the ellipse. Nevertheless, the agreement with theory 
is sufficiently good to allow us to conclude that the 
damage morphology and threshold are well understood 
in terms of the self-focusing theory. 

The theory outlined above gives simple formulas for the 
powers and distances at which the quantity n2 + ö2 van- 
ishes, but the intensity can become infinite only if the 
area nab of the beam van.shes. A closer examination of 
the solutions of Eqs. (1) and (2) shows that a and b both 
vanish at the same point. Prior to this point, the ratio 
a/b approaches unity. This is consistent with the ob- 
servation that the cross sections of the damaged region 
have a circular shape along the en*ire length of the 
damage track. We remind the reader that at some point 
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between the astigmatic line foci the low-intensity-beam 
cross section must be circular, but elsewhere it is 
elliptical 

These results imply that difficulties which arise from 
bulk damage due to self-focusing in high-power optical 
systems can be avoided or amelloratisd by the proper 
choice of beam parameters. 

The authors are grateful to V. Evtuhov for helpful dis- 
cussions and for providing English translations of Refs. 
2 and 3. 
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